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Abstract

We study analytical properties of a semi-discrete discontinuous Galerkin (DG) scheme
for the kinetic Cucker—Smale (CS) equation. The kinetic CS equation appears in the
mean-field limit of the particle CS model and it corresponds to the dissipative Vlasov
type equation approximating the large particle CS system. For this proposed DG
scheme, we show that it exhibits analytical properties such as the conservation of mass,
L?-stability and convergence to the sufficiently regular solution, as the mesh-size tends
to zero. In particular, we verify that the convergence rate of the DG numerical solution
to the sufficiently regular kinetic solution is dependent on the Sobolev regularity of the
kinetic soluiton. We also present several numerical simulations for low-dimensional
cases.

Keywords Flocking - Clusters - Discontinuous Galerkin method - Kinetic model

Dedicated to the memory of prof. Salvatore Rionero.

Francesco Gargano, Seung-Yeal Ha and Vincenzo Sciacca have contributed equally to this work.

B Vincenzo Sciacca
vincenzo.sciacca@unipa.it

Francesco Gargano
francesco.gargano @unipa.it

Seung-Yeal Ha

syha@snu.ac.kr

Department of Engineering, University of Palermo, Viale delle Scienze, Ed. 8, 90133 Palermo,
Italy

Department of Mathematical Sciences, Research Institute of Mathematics, Seoul National
University, Seoul 08826, Republic of Korea

Department of Mathematics and Computer Science, University of Palermo, via Archirafi 34, 90123
Palermo, Italy

Published online: 01 July 2023 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11587-023-00791-z&domain=pdf
http://orcid.org/0000-0003-4688-828X

F.Gargano et al.

Mathematics Subject Classification 34165 - 35A34 - 65M12 - 65M15 - 65M60 -
65N30 - 74A25 - 82C22 - 92D25

1 Introduction

Flocking of self-propelled particles (agents) denotes a collective motion in which par-
ticles are organized into an ordered state from a disordered state only using the limited
environmental information and simple rules. It appears in natural and man-made sys-
tems [1, 4, 5, 47, 49], e.g., flocking of birds, drones and robots, flocking of birds,
swarming of fish and herding of sheep, etc. Despite of its ubiquitous presence, mod-
eling and analysis for flocking were begun only several decades ago. After Reynolds’
boid model [45], Vicsek et al.[48] proposed a simple discrete planar model with a
unit speed constraint. As far as the authors know, there is no rigorous convergence
proof for the Vicsek model (see [37] for a convergence proof under a priori connected
assumption for each instant). To circumvent this a priori connectedness assumption,
Cucker and Smale introduced a second-order Newton type model [22, 23] for position
and velocity which we call it as the Cucker—Smale (in short CS) model. In fact, the CS
model uses a weighted sum of relative velocities as an force. For a brief introduction
on CS flocking, we refer to a survey article [13]. To set up the stage, we begin with a
brief discussion for the (particle) CS model.

Let x; and §&; be the position and velocity of the ith CS particle on a spatial domain
QY (C Rd), respectively. Then, the CS model reads as follows.

Xxi=¢&, t>0, ie[N]:={1,...,N},
R 1
§i=ﬁzlﬂ(xj',xz')(§j—éi), W

j=1

where N and ¢ denote the total number of particles and Lipschitz continuous com-
munication weight function satisfying symmetry and boundedness, respectively: there
exists a positive constant vy, such that

W(xd’):I/f(y,x), O<W(xv)’)§1/va Vx,y69x~ (2)

The global well-posedness for (1)—(2) is guaranteed by the standard Cauchy—Lipschitz
theory. Hence, most literature for (1) are concerned with the emergence of flocking
under various contexts, e.g., collision avoidance [18, 19], stochastic environment [2,
21, 25, 26, 33, 44], time-delay [27], network topologies [20, 24, 38, 39], relativistic
and thermodynamic effects [32, 36], etc.

On the other hand, when the number of particles is sufficiently large (namely a
mesoscopic regime), direct integration of (1) will be too expensive to describe the
motion of CS ensemble with N >> 1. Hence, as an effective mean-field approximation
of alarge particle system (1), we can use the corresponding mean-field kinetic equation
(see [34] for the mean-field limit). More precisely, let f = f(¢, x, &) be the one-
particle distribution function at position x, velocity & at time ¢. Then, the temporal-
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phase space evolution of f is governed by the following initial boundary value problem
to the kinetic CS equation on a spatial domain *(C R?):

Wf+&-Vaf + Ve (Fa()f) =0, 1>0, (x,§) € Q" xR,

3
59|, = fox. ), ¥

subject to suitable boundary conditions on 9(2* x R9). Here F,( f) is a velocity
alignment force whose explicit form is given as follows:

Fa(f)(ta)ﬁs):_/

Y (x, x:)(§ — &) (1, Xx, Ex)dxsdby. 4)
Q¥ xRd

The global well-posedness and flocking dynamics of the Cauchy problem (3)—(4)
have been extensively studied in [11, 29, 34, 35]. However due to the non-local nature
of (4), numerical implementation of (3) is less investigated. Recently, structure and
positivity preserving schemes are proposed for the related collective models such as
the continuum Kuramoto model [8] and kinetic flocking model [46]. In particular, the
latter work [46] introduces a fully discrete DG scheme for (1) and flocking model [40]
in one-dimensional setting and the author also showed that his DG scheme exhibits
a positivity preserving property which results in the stability in L' under the suitable
CFL type condition on time-step and mesh size. The DG method, proposed in [46],
can be reduced to a classical high order finite volume method, which is proved to
be positive preserving, for (3), where the transport term is neglected and the velocity
alignment (4) is independent on the space variable. As long as there is no confusion,
we will use the jargons “kinetic model” and “kinetic equation” interchangeably.

The main results of this paper are two-fold. First, we introduce a local discontinuous
Galerkin method for the computation of the approximate solution with high order
approximations in time, space and velocity (see Sect.2.2. Indeed, the preservation of
high order accuracy allows us to investigate complicate structures in space, as it has
already been observed for macroscopic models. Discontinuous Galerkin methods [6,
15,17,30, 31] are particularly suited for transport type equations with several attractive
properties, such as their easiness for adaptivity and parallel computation, and their nice
stability properties. We refer to the survey paper [16] and the references therein for a
discontinuous Galerkin methods. For discontinuous Galerkin methods solving kinetic
type equations we refer to [3, 12]. Discontinuous Galerkin methods are particularly
suitable for transport type equations with several attractive properties, such as their
easiness for adaptivity and parallel computation, and their nice stability properties.
Second, we study L>-stability, consistency and convergence of numerical solutions
given by the discontinuous Galerkin method for (3) and (4) (see Theorem 2.5).

The paper after this introduction is organized as follows. In Sect. 2, we study basic
properties and well-posedness of the kinetic CS model, and discuss a semi discrete
discontinuous Galerkin numerical approximation and main results. In Sect. 3, we study
the mass conservation and L2-stability of the numerical solutions. In Sect. 4, we pro-
vide an L?-convergence of numerical solutions to the regular solutions to the kinetic
CS model. In Sect.5, we present several numerical implementations in one and two
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dimensional settings. Finally, Sect. 6 is devoted to a brief summary of our main results
and some remaining issues for a future work.

Notation In what follows, we often suppress domain depencence Q* x R? for Lebesgue
space LP (U x RY):

- lze =1 llr@rxrey, 1=p=o0c.

As long as there is no confusion, we use the subscript and superscript to denote
the particle number and component, respectively, i.e., xl.j , Sl.j are the jth spatial and
velocity component of the ith particle:

xi= - xh e, &=, &) eR

i

2 Preliminaries and main results
In this section, we first present basic properties of the kinetic Cucker—Smale model
and review the global well-posedness of the Cauchy problem to (3)—(4), and then we

delineate a semi-discrete discontinuous Galerkin method and provide our main results
on the L2-stability and convergence of numerical solutions.

2.1 The kinetic CS equation on Q* = RY

Consider the Cauchy problem to the kinetic CS equation on the whole space R??:

Wf+Ve-GH+Ve - (Fa(HH=0, >0, (x,6) e R¥,

5
fex8)| = fo o). ©

In what follows, we discuss the propagation of the first three velocity moments: for
>0,

mo(t) = / £t Ddz, mi() = / Ef(t2dz, o) = / EPf (1 2)dz,
R2d R2d R2d

where z = (x, &) and dz = d&dx.
Lemma 2.1 Let f = f(t, 2) be a global classical solution to (5) which decays to zero

sufficiently fast at infinity in the phase space. Then, velocity moments m;, i =0, 1,2
satisfy the following relations: fort > 0,

(i) mo(t) = mo(0), m(t) =m(0).
t
(i) ma(1) = m2(0) —f / Y, x)[E = El* £ (5. 24) f (5, 2)dzadzds.
0 R4d
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Proof (i) The first relation directly follows from the integration of (5); over R using
the divergence theorem and fast decay of f at infinity. For the second relation, we
multiply & to (5); to find

HEN+ Ve - E®ES) + Ve - EQFu(N)f) =dF.(f)f.

Again we integrate the above equation over R?? using the symmetry property of ¥/,
and use the divergence theorem to find the desired relation.

(i1) We use (5); to find

08P 1) = 1610 f = —I6 (Ve €£) + Ve - (Fa())))
= —Vi - (EPEf) = Ve - (EPFa(f)f) +2E - Fa()) ]

Q)

Now, we integrate (6) over R?4 and use index exchange transformation (x,§) <
(x4, &) to get

d
o |, e fdz=2 f (& Fa(f) fdz
r JR2d R2d
= —2/ (x, x:)8 - (§ = E) f (1, 2:) [ (1, 2)d24dz
R4d
=2 [ Y xE - (E = E)F (1 20 f (1, 2)dzadz
R4d
—— [, e xle =620 £ 0,z

Again, we integrate the above relation in time to get the desired estimate. O

Remark 1 Note that if we assume that initial total mass is unity, then total mass is
conserved in time:

/m ft,2)dz=1, t>0.
R

Next, we discuss the dynamics of particle trajectories (or bi-characteristics) corre-
sponding to (5). For this, we rewrite (5); into a quasi-linear form:

0f +& -V f + Fo(f) Ve f =—=(Ve - Fo(f))f, t>0. (7
Note that the coefficient —(Vg - F,,(f)) in the R. H. S. of (7) can be rewritten as
Ve F ) =d [ k) £ £,

This yields
Ve - Fa(fllLe < dyymo(t) = dpmo(0).

@ Springer



F.Gargano et al.

For (x, &) € supp(, ¢) fo, we define bi-charteristics (forward particle trajectory):

(x(1),5@1)) = (x(;0,x,8), (5 :0,x,8)))

as a solution to the following ODE system:

X(t) =&(@), t>0,
E(n) = - /de V(x (1), x:) (E(1) — &) [ (1, X, Ex)dxsdEy, ®)
(x(0),£(0)) = (x, §).

Lemma 2.2 Suppose that the communication weight function \r satisfies an extra con-
dition together with (2): there exists positive constants Y, and \ry such that

O0<VYm <y¥@) <ym, Yr=0, )

and let (x(t), &(t)) be the particle trajectory of (5) issued from (x, &) € supp fo at
time 0. Then, the ith velocity component &;(t) satisfies

En<EW<EwW, 1=0.

Here uniform lower and upper bounds §' " and Ei are defined as follows.

£ (1) = , Leld],

_ Ym [m2(0) ( Yim mZ_(O))e—l//M'nOT

"oV me© TE O+ SO

Yy [m© o [ma0)
0= oo T EO @)

Proof We use the same argument in [35]. For (x, §) € supp, ¢) fo at time 0, we set

(10)

x() =x(4;0,x,8) and &) =£(@#;0,x,8), t>0.
Then, it follows from (8), that for / € [d],

dS (t)

/ Y (0, x)E (1) = £ f (1, X, E)dxodE,

- /R VO, %0 f 0 xe, £dx.ds. &) o

+ A;zd Y (0), x)ELF (2, X, E)dx,dEs
= —a1(DE' (1) + aa(1).

Below, we estimate «;, i = 1, 2 one by one.
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e (Estimate of «1): we apply the extra condition (9) to find
Ymmo < a1 (1) < Yymo, ¢ > 0. (12)

o (Estimate of «»): again, we use (9), the Cauchy-Schwarz inequality and Lemma 2.1
to obtain

(1)) < Y / ELLF(t o E)dxndEs
RZd

1 1
<v( [P0 odnae) ([ reogadraz) O
= Yy mo(O)ma(r) < kYpry/mo(0)m2(0).

Now, in (11) we combine all the estimates (12) and (13) to get differential inequalities:

d [
—YamoE (1) — Ym0 @ (0) < 'fdf’) < Yo (1) + Yary/mo @m0,

Then, we use the Gronwall type arguments to derive the desired estimates. O

Remark 2 Below, we briefly comment on the result of Lemma2.2.

1. Note that the explicit relations (10) imply

m2(0) Ym | m2(0)
mo(o} o B0, Jim €0 =~

2. Suppose that communication weight and initial datum satisfy

. . ,'0 .
mm{ 1r5nil£d€ 0)

v =1, mo0) <oo, |m(0)| < oo.
Then, it follows from (11) that particle trajectory &’ (z) satisfies

ds® _

7 —my(0)§(t) +m1(0), t> 0.

By direct calculation, one has

~ my(0) ~miO)y 0
e0 =0 ()

3 m1(0) 1 om0y oy
) =x+ o T mo(O)( mo(O))(] <
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Therefore we have

m1(0) m1(0) 1( M®Nﬂ

A 50 = ol = A O = = T @ T mo0)

Next, we return to the global well-posedness of (5). Then, the global well-posedness
of (6) follows from a priori WX *-estimates along the particle trajectory.

Theorem 2.3 [35] Suppose that the initial datum fy is compactly supported in the
phase space and sufficiently regular such that

fo € WoX (R, for some integer k > 2.

Then for any T € (0, 00), there exists a unique classical solution f(t) € Wk (R??)
fort € (0, T) and a positive constant C(T) such that

sup || f(Dllwroe = CD) follwk.oo-

0<t<T
Proof The proof is basically based on a priori estimate on the control of W*-*°-norm

for f along bi-characteristics: for 7' € (0, 00), let (x(¢), £(¢)) be a particle trajectory
defined by (8). Then, we have

%f(t,X(t), £(1)) <dyymof(t,x(),&(r), t>0.
This yields
If @)l < ™M™ foll e, 1€ (0, T).
For the higher-order W* > -estimate, we use the same arguments to get

sup || f(Dllwroe = CD)l follwk.oo- (14)

0<t<T

Then we combine the above a priori estimate (14) and standard local existence result
to derive a global existence of classical solution for k£ > 2. We refer to [35] for details.
O

Next, we discuss a global well-posedness of a measure-valued solution to the
Cauchy problem (5). For the concept of measure-valued solutions, we refer to [34].
Now, we briefly recall some jargons. For the particle solution (x; (¢), & (¢)) to (1), we
introduce the associated empirical measure w (@)

N
1
Wm=ﬁ§&wmw
i=1
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Then we can show that " satisfies the Eq. (5) in the sense of distributions, i.e., 1"V
is a measure-valued solution to (5).

Let M(R??) be the set of positive Radon measures and we fix T > 0. Then, we
define the set S of test functions and a bounded Lipschitz distance dpy (i1, n2) on S
as follows:

h(x)—h
S:= {h:RZd — R : |hllze <1 and Lip(h) := supM < 1],
xXF#Ey ||X—)’||

dBL(m,m::sup{\f hdm—/ hdpa|: for . i € MR,
heS R4 x R4 R4 x R4

Theorem 2.4 [34] Suppose that the initial measure fodxdé € M®R*?) is com-
pactly supported, and we take a sequence of p.f)v of measures of the form [,L(I)V =

& 2 86x0).:(0)) Such that
lim dpr (1), fodédx) = 0.
N—o0

Define the empirical measure |4y (t) made of particle solution (x;, &) with initial data
(xi(0), & (0)). Then there exists a unique measure-valued solution f to (5) with the
initial datum fo such that

Nlim dpr(uN (1), f()dxdE) =0 for t > 0.

2.2 A semi-discrete DG scheme

In this subsection, we describe a semi-discrete DG scheme for (5) on the spatial
periodic domain Q*.

Suppose that ¥ and initial datum fj are spatially periodic with the same period, and
compactly supported in the velocity variable. Then, it is easy to see that the solution
f is periodic in spatial variable and compactly supported in velocity variable as well.
Before we describe the DG scheme, we first discuss finite-dimensional function spaces.
Let @ = Q* x Qf ¢ R? x R? be an open bounded set such that

supp f(,x,) C 5, t>0, xeQ",

and we set 92 and Q¢ to be the boundaries of Q¥ and Q¢ , respectively. Let Pj, (Q*) =
{Q} and P (QF) = {Qi} be the partitions of * and ¢ with maximal amplitude /,
respectively and we define a partition of 2 as follows:

Pu(QF x QF) = {sz; X QT xQF Qe Pu(Q), @ € Ph(szg)}.

@ Springer



F.Gargano et al.

On the other hand, for a nonnegative integer k, let Pk (Qz X Qi) be the set of polyno-
mials of total degree at most k on Q2 x Qi We define the discrete P-type space:

gk = {g e LY Q" x Q) g o € PR x @), Qf x @ € Pr(F x Qé)}

Rkl

to be used for the approximation of the kinetic function f. We also recall that one can
replace the space Qh by the space Pk(Q ) x Pk (Q ). Moreover, we use the Q-type
space, Qk(QZ X Qi) which is the set of polynomials of degree at most k in each
variable in € x Qi, then

sz{geLz(QxeE):g

et € 0K x ), Qf x & € PL(Q" x szf)},
h h

or the space Qk(Q)‘ ) x QF (Q ). The presented results hold for each space defined
above in the same manner. For the simplicity of notation, we formulate our results
in the space g,’; only, but the same arguments can be done for Q-type space. We will
make this more precise in Sect. 5.

Next, we are ready to delineate a semi-discrete DG scheme for (5). For fixed k, h

and Q7 x Qi € Pr(QF x QF), we look for f,(t, -, ) € GF such that

0
/ o gras — / i€ Vigdnds / Falfi) fo - Vegdxde
Q

"XQE ot

[ TEmgdsde+ [ G neg duds =0, forall g € G
I x gL

j <982,

Fu (fi) (t.x.6) = —/QX =) € = 80 i 13, £ ded,

15)
where n, and ng are the outward unit normal vectors of 92 and 9 Qi, resepctively and
all hat functions are numerical fluxes determined by upwind condition (see upwind
standard formulation [6, 12]):

1 - nxl

ThE ny =& ng{fu)y — [faly s
(16)
FuFa (f) -ne = Fa (fa) - ne {fn}e — M [fnle
where
+ —
{fale == S (637, 6) + S (127 §) and [fil, := fa (£, x7,8) = fu (£, 37, 6)

2

are the average and the jump across the edge Qf N Qz_ for a piecewise functions fj,

in x, with xT € Qf and x~ € QZ_, respectively. The expressions { fi}¢ and [ f]e
can be defined similarly.
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2.3 Main results

Define the local mass density oy, as

Pt x) = / Fiult, x, E)dE.
Qf

Now, we are ready to state our main results in the following theorem.

Theorem 2.5 Suppose that initial datum f (0, -, -) is compactly supported and lies in
the space W (2 x QF), and let f be a classical solution to (5) such that

fe H2(0,T) x QF x QF), fork >0,

and let fj € gﬁ be a numerical solution given by the semi-discrete DG scheme
supplemented with periodic boundary conditions in Q* x Qf. Then, for any ho, T €
(0, 00), there exists a positive constant Ct = C(f, T, ho) such that for h < hg and
t € [0, T, the following assertions hold:

1. (Mass conservation and L*-stability):

d
| o x)dx =0 and 1fs®)ll 2 < Cr. (17
QX

2. ( Lz-convergence ):

IF &) = fa@®ll 2 < Crh*+1/2 (18)

Proof Since the proof is very lengthy, we leave its proof in Sects. 3 and 5. O

3 Mass conservation and L2-stability

In this section, we provide the proof of the first assertion (17) on the mass conservation
and the L2-stability of the numerical solution f}, to the semi-discrete DG scheme
described in Sect.2.2.

3.1 Mass conservation

For fixed & and k, let f} € g’,g be the numerical solution to the semi-discrete nonlinear
Galerkin method for (5) supplemented with periodic boundary conditions. We choose
the test function

o9
ll
—_

Then, it is easy to see that

geg;f, foreachk >0, V,g=0 and Vegg=0.
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This and (15); yield

d

sl fodxdt + / Tok - nydsydé + f FiFa(fn) - nedxdse = 0.
dt Jorxat H ¢

i I X Q; Q<9

19)
We sum (19) over all the partitions using the periodic boundary condition to find the
mass conservation:

d

d
— t,x,8)dxdé = — t,x)dx = 0.
o QXmgfh( x, §)dxd§ dt/gxph( x)dx

3.2 L2-stability
Let h, k and T > O be fixed. Suppose that the initial datum f,(0,-,-) €
(C1 N WZ'OO) (Qx X Q‘f) andlet f;, € g’,; be a numerical solution to (15) with periodic

boundary conditions. Then, (17), can be divided into two steps.
e Step A (Differential inequality for || f5 IIiz): we claim that

d ’ R
- dxd Ve - F, dxdé <0, 20
dtz/s;ﬁxﬂi Jidx EJFZ/Q;;XQi e Fa(fn) Jiy dxd& < (20)

foreacht > 0.
Proof of claim (20) In (15);, we choose g = f, as a test function to find

0
o= [ pande~ [ pieVepidxds— [ fiFu) - Vefidras
Q Q% Q; xQ

§ &
i X2, dt h

+ [ sﬁ,\s e f dsdE + / . FaFa(fi) - ne £ dxdse
GQZXQ,] X6

h h
5
= ZI”'
i=1

(21)
In what follows, we estimate each term Zy; one by one. O
¢ Case A.1 (Estimates of Z;1): by direct calculation, we have
d fn 1d )
—— fpdxdé = —— dxdé§. 22
S s =35 [ frave @2)
h h
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¢ Case A.2 (Estimate of 71, and Z;3): by integration by parts, we have

I
Z[?;xﬂi Fuf - Ve fu dxds :ZE/;ng'VXf”ZdXdS

_Z/XXQE ; < )dxdg_ Z/mes n, (fh>x dsyd&

=—Z/_ e € Ui Ll dsdt.
3&2‘1‘1th
(23)

Similarly, we have

me o a0 - Vi fo dxde
0 X5 9y
_ / fi (24)
o Z X Qé 2 VS F (fh)dde + Z nE F (fh) {fh}g [fh dxdsE.

¢ Case A.3 (Estimate of Z14 and Z5): by direct calculations, we have

Z/Qx o JoE - nafi dseds = — Z/ Ji& - Ufil, dsxdg,

Qi xQ;
> / th (fi) - ne fy dxds; == / tha(fw ng [ fulg dxdse.
(25)

In (21), we combine (22), (23), (24), (25) and use (16) to get the desired estimate:
e / fdxde + - f 2V - Fy (fy) dédx
- Z/ o s =) Ui

(foFa (i) - e = Fa (fi - me Ufibe ) Ufle dxdlse

=—-Z/

BQ x Q&

& -l Ll dsedx - —Z/ L drds
E 0’

where we used (16) in the last equality.
e Step B (A bound for || fj, ||i2): it follows from (20) that

d
T Ifall32 < || Ve - Fa ()] joe 1full72 < d¥mll fu (Ol I fall32. (26
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where we used (2), (15); and conservation of mass to find

||V§ - Fy (fh)“LOO(QXXQEX 0,7]) = de”fh(O)”Ll
Then, we apply Gronwall’s lemma for (26) to obtain, for ¢ € [0, T,
1 fin oo D125 < 1 fn o, 012, VMUt < 5 (- 0)][2, VM IO T,

Now we set

Ayl fpOll, 1 T
Cr:=e 2

to get the desired L’-stability estimate:

sup [l fa(®)ll 2@ xt) < Cr-

0<t<T

4 Preparatory lemmas for convergence analysis

In this section, we study several preparatory estimates to be used in the L?-convergence
of the numerical solution fj for (15) to the classical solution f for (5).

4.1 Error functional

Let f an g be piecewise C! functions in each partition box Q; and Qi, and we also
assume that f has integrable first time-derivative. Then, we set

Ef.g) =Y / QE Loanag -3 [ e Vigavis

&
5 <2

-y / TFa) - Vegdds

3

&
Q2 xQ;

Feomgdsae+ Y [ FRG) -6 dvds.
h X 0%y

For a classical solution f and semi-disctete DG solution f},, one has

E(f.8)=0; E(fn.8)=0, Vgeg.

Note that

&= 5(f,g)—€(fh g)
N fo of az(f fi)gdxds — Z/ (U = 0k - Vs
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£y / g s dsd

=:L(f~fn,8)
-y / ) Vegdrde + ) / Tl 5w

=N(f.9)
[-Y / i Fut ) Vegdnde + 3 f FaT) g8 dxds |

=N(fn.8)

where L is the linear part of £, while the terms N and N}, are nonlinear.

4.2 Estimates for £ and A/

In this subsection, we study reduced expressions for the linear and nonlinear function-
als introduced in (27). We denote the L?-projection onto Qﬁ by Py, and we set

on:=f—=Puf, Sn:=Pn(f—fn), en:i=on+6é,=f— fr : total error. (28)

Lemma 4.1 The linear functional L defined in (27) satisfies

L(f = finb) = MZ/ P+ Z/ 16 -l (3412 dsd§ +KC, (29)

I xQ}
where KC is given by

doy,
K= Z/xms 5 Ondixdé — Z/ ahs-vxahdxdg

£y / CuE -y (], sy

QXXQ

(30)

Proof It follows from (28) that

f = fn=o0n+d. (€29)
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Then, we use (31) to get

Lf = fn, ) =L (on, 8n) + L Bn, )

doy
= Z/',‘,xsf o —0pdxd§ — Z/1 UhE'VxShdxd{-‘
+ Z/ OnE - ny8; dsy dE

QXXQ

35

+§/ E o s ydxde — §/ 6h$~VX8hdxd$
X2, ot X

+ / ShE - .8, ds,dE

9% XQh

doy, %y,
[ (5 B
+ 5 Z / I& - ol [84]F dscd

QX

- Z/  on§ - Vidpdxdg +Zf OnE - ny8; dsydé
- Q*xQ
dop, sy
) (W G s
+ 52/ e nll [0 dsede

Qx5

~X [ ok Vo + X [ GE ol dsas
Xth

X
Qx,

Z/v of TW xd§ + 5 Z/ E nel (8312 dsidg + K,

where K is given by (30). O
Lemma 4.2 The functional N defined in (27) satisfies

N(f,81) — Niu(fns 1)
ZZ/X of Ve - (Fa(f — fn) [) dndxd§
n XS

(32)
1
b3 [ IE 8P drdss + .
22 T X002 «f ¢
where H is given by
Hz_Z/ . Fa(fi) on - Veby dxdg
97939
(33)

o (ahF (fh)> - ng [8] dxdse.
n X084,
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Proof Recall that
N(f o) = Zf . [Fa(f) - Vedpdxds
- Z/%Q FEL(F) - nes;, dxdse,
Ni(fns 8n) = — Z/x ” JnFa(fn) - Vedndxd§
- Z/% FuFa(fn) - nes;, dxdse.
Then, these yield

NS, 8n) — Nu(fn, 81)
- Z/ [fF (f) = fnFa(fn)] - Vedpdxdé

* Z/xxaszg

=11 + 1.

S = fuFalf)) - nedy, dadsg

Next, we estimate the term Z; one by one.

o (Estimate of 7;): note that
—In = Z_/ [fF (f) = fuFa(fn)] - Vedndxdt
= Z/ . (Fa(f) = Fa(fu) [~ Vedndxd§
W<,
+ Zf . Fo(fn) (f = fn) - Vedpdxd§
QxQ
= Z_/ e (Fa(f) — Fa(fn)) [ - Vedpdxd§
W<,
+ Zf‘ of Fo(fn) (on +68p) - Vedpdxdé
h
= Zf . (Fa(f = fw)) f - Vedpdxds
€, xQ h
+ Z/X of Fo(fn)on - Vedpdxd§
[Rehl)

+ fQ  Fa(fi) 8y - Vedndxds
7S,

@ Springer



F.Gargano et al.

= —(Ton + o1z + Z213). (34)

Below, we estimate the term Z51;, i = 1, 2, 3 one by one.

¢ (Estimate of —Z511 and —Z»3): note that
I = —Z/X o Ve - (Fa(f — fu) ) dndxd§

+ 2 / ©oct FalF = i) ) - ngdy dxdsg
: (35)

- Z/X EVS'(Fa(f—fh)f)cshdxdg

+ 2. f Fa( = fi) f) - e [ dxdse,

xdﬂh

and

82\
~Di3 = —Z/  Fa(fa) - ne (%) dxdse
7 X0, (36)

o (Estimate of Z5,): by direct estimate, we have

o= Y [ (SR~ (Tal)) -medy dxdse

X 00

2 / st ((F =T Fafi)) - nedy dxds;

= Z/X (FFalh) = EaCh)) - n 184 dxdlse

x5

+ / Xms — T Fafi)) - ne 18] dxds; 37)

=2 f x (FFlh) = FFali)) - ne (811 dxdlse

><8§2

+ Zf (onFalhi)) - ne 18] ddsg

xaQ

- Z/ . ShETfh)) -ng [8p]dxdse.
I
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Finally, we combine all the estimates (34), (35), (36) and (37) to obtain

N(f s 8n) — Ni(fn, 8)
=Y [ Ve (Rulr 0 ) dudna
Q xQ;

- Z/M . (Fal = Ji) ) - ne [84] dxds
- Z/X Fu(fa) on - Vedpdxde — 72/r
+ Z/
R
- ot 5hFa(fh)) g 1841 dxd

= Z/sz Ve (Falf = fi) ) dndxdg — Z/th o Falon Ve
- %Z/ZXMF - ne [52] dxds5+2/

Qf 09
- Z/ . 5hFa(fh)> -ng [8p]dxdse,
X082

. Fa(fi) (fn) - ne [8%] dxdsg
x 082y,

(FFa(h) = FFa(fi)) - ne L8] dds

XGQ

(onFalln)) - ne () dxds

CThFa(fh)> - ng [8]dxdse

(38)
where we used
(FulT=I0) ) = (FFaCh) = FaCTi))

Moreover, we have

1
_EZ/QMQE Fo(fn) - ng [87] dxdse +Z/

QX039

1
= E Z/( . |Fa(fh)‘ [5h]2dxds§. (39)
I3 h

Sth (fh)) -ng [6p]dxdse

We combine (38) and (39) to obtain

N(f,80) — Nu(fn, )
= Z/ Vs (Fa(f = fn) ) dpdxd§ — Z/ Fa(fn) on - Vedpdxdé

+Z/

(onFalF)) - ne ) dxdse + 5 mexmi |Fa(f)] 18] dxds.
(40)

><d§2

O
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4.3 L*°-estimates for /C and H

In this subsection, we study uniform bound estimate for functionals defined in (30)
and (33). For this, we first recall a lemma regarding approximation and Poincare type
inequality. We set

Q=0 xQf, Q=9 xQ} € Pu(Q).

Lemma 4.3 [15] Let k and h be a nonnegative integer and positive real number, respec-
tively, and let @ = Q x QF be a periodic domain in x and & -variables. We denote the
L2-projection onto g,]j by Py,. Then, there exists a positive constant C = C(k, Q) > 0
independent of h such that the following assertions hold.

1. (Approximation properties): for any g € H**1(Q) and Q, € Py (),
g = Paglliz, + 4218 = Pagllizga, < CH ™ lglungy  (41)

2. (Poincare type inequality): for any g € P*(Q2,) with Qj, € Pp(),

C
IVgllz2,) = Z”g”LZ(Qh)v IVegllr2 g, = —||g||L2(§z,, (42)
Now, we are ready to provide L*-estimates for I and H in the following two
lemmas.

Lemma 4.4 For a positive constant hg, if h < hg, there exits a positive constant
C = C(k, Q) independent of the mesh sizes h such that

af
Il EC(h2k+2 al, R G 1 e + 1641132 )
(43)
ray / 6 -l (12 syt
Q)‘XQ
Proof Note that
K= Z/XXQE SO dxdg — Z/ ohg - Vi SpdxdE
44
+ 3 / GhE -y 1841, ds.dt “4)
Q"xQ
=: 131 + 132 + I33.
Below, we estimate the term Z3;, i = 1, 2, 3 one by one.
e (Estimate of Z31): now, we use (41) and Young’s inequality to get
don 9oy, |° 1 C ot | f 1 2
'Z[V o e Srnde| < ‘ el 3 Iaals = Stz 2 oty
(45)
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o (Estimate of Z35): let & be the L projection of & onto the piecewise constant space
with respect to Py (€2). Then, we have

ohE - VySpdrds — / on (& — E) - Vydpdde
Z/-;xszj Z Qi xQj

(46)
+ / onéo - Vyidpdxdé.
Z QxS !

By definition of oy, in (28), it follows from [28] that

> / opéo - Vydpdxdg = 0. (47)
ix,
Then, we use (41), (42), (46) and (47) to find
‘Z / . onb - Vadpdxdg| = | Y on (6 — o) - Vadpduds
ZXQh QF XQE

h h (48)

I — &oll 2 lonllz2 Vadnll 2 < CHF M| f | ace 180112

1
SC (B 21 e + 1841132

IA

IA

where we used || — &y~ < Ch in [28].
o (Estimate of Z33): we use (40) to find

|Z fa OnE - 1y (4] dsxdE

< lonl 1§ - nx| [[8n]x| dsxd§
Z/aggxgi ) o

1 / 2 1 2
<z 1§ - nxl o, dsyd§ + 5 / & - nx| [Only disxd§
ZZ 9 e 22 90 x B
1
2 241 L , 2
= Clf e 77 4 5 > /asz),;xgzi 1§ - nx| [8n]y dsxds.

(49)

In (44), we combine all the estimates (45), (48) and (49) to find the desired estimate.
O

Recall that the quantity || F,(f)ll« is bounded for each time ¢t € [0, T] as f, €
Pr(Q).
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Lemma4.5 For ho > 0, if h < hy, there exits a positive constant C = C(k, Q2)
independent of the mesh sizes h such that

[l < € (RN FaCidlloo I/ g 18l z2 + 11£ s BT

! (50)
+ EZ[; .. |Fa(fn) - ng| [8n)? dxdsg.
p X 05ey

Proof 1t follows from (33) that

[H| <

Z/ . Fa(fn) on - Vedpdxd§
Q<

=:T41 + Z1s2.

(D
+

Below, we estimate the term Z4; one by one.
o (Estimate of Z45): we use (40) and (41) to obtain

Iy

IA

Z/ ¢ | Fa(fn) - ne| lonl 1[8x]] dxdse
7, X0,
1 / 5
5 Fy(fn) - ng| lon|”dxds
22 szzxaszi| ‘ d d
1 / 5
+ 5 Fa(fn) - ng| [8n]” dxds
2 Z Q;xasz§| ¢ d d

1
< CIf B P + 23 / NEa) - ne] 1907 v,
X 0S2,

IA

(52)

o (Estimate of Z4;): similarly, one has

Tat < 1 FaCfidlloo Nonll 2 | Vedn| 2 < CHM IFaCfidlloo 1 g 18Rl 2. (53)
In (51), we combine (52) and (53) to get the desired estimate. O

In the following lemma, we give an L?-estimate of the velocity divergence of the
interaction term:

Lemma4.6 For ho > 0, if h < hg, there exits a positive constant C = C(k, 2)
independent of the mesh sizes h such that

1V - (Falf = D 132 = C (B2 11200 + 184135 ). (54)

@ Springer



On the stability and convergence of a semi-discrete...

Proof We use (41) and (42) to find the desired estimate:
IV - (Fu(f = fa)) 172
sd [ [ pe = nlPIF = v 6 dédxdeds
Q' x Q¢ SO xQf

= C(Nonls + 184113 ) = € (W2 £ e + 18012)-

5 L2-convergence

In this section, we provide the proof of the second part in Theorem 2.3 on L>-
convergence. Suppose that the initial data £, (0) lies in (C' N W5 °)(Q* x Q), k > 2
and f is the corresponding classical solution to (3)—(4) satisfying the regularity
assumption:

fe H2([0,T) x Q" x QF), fork >0.

Let fj, € g’,; be the numerical solution given by the semi-discrete DG scheme supple-
mented with periodic boundary conditions in % x Qf. Then, we claim that for any
ho > 0, there exists a positive constant Ct = C(f, T, ho) > 0 such that for i < hg

If @) = fiu®llz2 < Crh Y2, 1 €10, T1. (55)
In what follows, we provide a derivation of (55). For this, we use (29), (32) and

to find

2dr Z/Q" o idxds + 5 Z/ 5 ny| (8112 dsydé + K
* va gVE (Fa(f = fn) [)Ondxd§ 56)

+ = Z/ |F(fh)| [641* dxdss +H =0,

where K and H are given in (30) and (33), respectively. We use (43), (50) and (54) to
rewrite (56) as
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2
o ngxg S2dxde
+ = Z/
_||f||LooZ/ Ws (Fa(f = fu))] 18] dxdg + K] + K|

af
at

| - el [8n)7 dscd& + < Z / |Fa(fh>| [84)* dxdse

X
Qxh

A

| /\

S (19 Bl = fin [} + 113:) + a2

Hk+1

O I+ Clan + 5 Y /Q o 6 el s
X

+ W FL (il o 1LF st 180122+ C 1Lf 150000 B2
+ = Zf |F(fh) ne| [8n)? dxdse

af

< c—||f||Looh2’<+2||f||Hk+1 + Cllf oo Inliz + CH*42 | =

Hk+1

+ Ch* 2| £13 0 + C 181172 + > Z/ Y (8113 dsxd§
QX Q;

+ BN FL i)l L F N s I8l 2

1
OB P 257 [ R e 11 dxdse.
QF x99
This yields

I3nll72 < 5 L FlleoCHER2 | 2 pert 1S ClalT, + ChH2 ) =

+ CRHF2) 12+ CUSRI2 S + B 1 Fa i)l oo 111 et 185112
+ CIF I e BT

EE

‘ i

Hk+1

(57)

Now, we estimate || F, (fn) |l as follows.

|Fa(fn) < / . [V (Ix — XD E — &l | fn (1, x4, §)| dxsd by

QY xQ
<h fullgr < xh (18l + ol + 1 F 1)
< Ch(I8nllz2 + lonll2 + 1 fll1)

= C(M 18l + K2l gr + 1 ).
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Since h < hg, we can chose a positive constant C such that one can rewrite (57) as

L s

24"

of
dat
+ CR*F2| f 3 + ClISnlI T2 + CH N £l it 181172 + CR*F2 1 £ 12 180112
+ CH UL 1 e 180122 + C I F 10 R

1
< EIIfIILocCth” £ 131 + 1 f Iz CllSRIG 2 + ChP*H?

Hk+1

1 1
< (C||f||Loo + €+ CH N fll e + S CHH2 + 5) 184117

1 d
S R4 | f s+ O 37{

2k+2 2
2 + CR P £

Hk+1

C C
+ SN ger + 2NN N Wgear + C I Wi B

Again, this yields
1d
577 18172 = kI, + Ch¥ L (58)

Finally, we apply Gronwall’s lemma to (58) and use the projection inequality (41) to
find

If = fallz2 < U8alI72 + 841172 + llonll7, < CA*FT

This completes the proof.

In the sequel, we provide a corollary which improves the L2-stability estimate and
the L bound of the interaction function in term of %, and the L2-norm of the classical
solution.

Corollary 5.1 Suppose that the same assumptions in Theorem 2.5 hold, and let f and
fn € g’,; be a classical solution to (5) and a numerical solution given by the semi-
discrete DG scheme supplemented with periodic boundary conditions in 2 x QF.
Then, we have the following estimates:

@ I fall 2 < CRF2 1 f ) o
D) I Fafidll = Ch (B2 4 112)

i) Ve - Fa(fillim = € (B2 4 £12)
Proof (i) Note that

ISl < If = full2 + 1 f 1l 2

Then, we use the above relation and (18) to get the desired estimate.
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(i1) We use the result (i) and the relation

|Fa(fidl = ChlLfillr = ChIfull2 < Ch(CHHY2 4 ) 0).

The third estimate can be treated analogously. O

6 Numerical simulations

In this section, we present several numerical results. Let ¢;, for j = 1,..., N be

the Ng-polynomials of k almost degree in the box € x Qi (for example Lagrange
interpolant polynomials or Legendre polynomial expansion). Then, we set

N )
St x.6) =" [0 ). fu=(f..... i)

Jj=1
On each box of the partition, we have the following system of ODEs:

dfy,
—_— = f
M o Sy),

where the square matrices M = (M;;), S I = (Silj) and a vector S%(f},) are defined
as follows.

My = [ o0, drds, St =Sy + S0,
h > 5eh

Sh= / 91, £)E - Voo (x, §)dxdE + /  9IE - nagy dsidt,
QFxQ

X
n <3 Ay, x Q2

Ni

St =Y" ( [ o vgqsidxds) 7
hX

j=1 i
! - ) .
+ 2055 (fszf,xaszi biFalfn) - ned; dmg) fi

and the integral in the interaction term F,( f3,) is computed by the Cavalieri-Simpson
rule on a grid which ensures the 4% convergence. To solve the method of lines ODE
resulting from the semi-discrete DG scheme (M is invertible and R = M~1S):

dfy,
Ch Rty
yr (fr)
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we use the total variation diminishing third order Runge—Kutta method (see [30, 31]):

£ = fl,’; + AR,
; (3t 400 + AR

I
G+ =3 (6 267 +28RA?))

(2
f," =

where f}! represents a numerical approximation of the solution at discrete time ¢".
Such time stepping methods are the convex combinations of the Euler forward time
discretization. We now present a numerical experiment.

Consider the domain
Q x QF =[—m, 7] x [-2,2]

with boundary condition in the x domain and zero at the boundary of the velocity
domain. The region is divided into N rectangles, and we choose Lagrange polynomial
of degree less then 2 (N, = 6), on each rectangle. Consider the following initial datum:

Joe, ) = 0.1 ¢ 20019761022 1 g g5 o 15[00.0 64057
1 0.3 ¢ S0[@ 077 +(E+0.4)]
As the initial datum is rapidly decaying, it is almost zero at the boundaries of the

computational domain considered. So that we can assume that it is periodic in x and
with compact support in §&. As a communication weight function, we consider

1

Y(x—yh) = ———p,
I+ @& =yH2

with 8 = 2 (see [13]). The numerical computation is performed up to a time such that
the numerical solution is compactly supported in the & variable. In our case this time
is t & 2.5. The order of accuracy of the method is summarized in the table below,
where the errors and the orders are computed at time ¢ = 1:

N L2 error Order L error Order
k=2 16 0.113 1.98 0.0855 2.73

64 0.0381 2.22 0.0253 2.94

256 0.0142 2.48 0.0105 3.01

In Fig. 1, we show the temporal evolution of the mass density function
pn(t, x) = / Tu(t, x, §)dé
[-2,2]
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0.08 — T T T T T T
—t=0
—t=1 [

0.04499 T T T T

0.04498

0.04497

0.04496

0.04495

lloalls

0.04494

0.04493

0.04492

0.04491
0

t

(b) Temporal evolution of total mass
Fig. 1 Temporal evolutions of pj, and [|op |1

and the evolution in time of the total mass f[_n 2] Ph (t, x)dx, which is shown to be
constant up to fifth digit order.

7 Conclusion
In this paper, we have presented a semi-discrete DG scheme tor the kinetic Cucker—
Smale equation. The kinetic Cucker—Smale equation is a dissipative Vlasov type

equation whose total energy is non-increasing along the solution. This is a contrasted
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difference with the classical Vlasov equation. From the viewpoint of numerics, due to
the non-local nature of velocity alignment forcing, its numerical studies are vary few,
compared to extensive analytical studies. We showed that our proposed semi-discrete
DG scheme exhibits three crucial properties such as the total mass conservation, L>-
stability estimate and L2-convergence of the numerical solution to the corresponding
classical solution to the kinetic CS equation. Moreover, we showed that the conver-
gence is at most k + %, as long as the target classical solution lies in H**2. In this
paper, we assume that the communication weight function is bounded. However, there
are several analytical studies [7, 9, 10, 14, 41-43] for the particle and kinetic CS
models with singular communication weights. Thus, it would be interesting to extend
current DG method to the setting with a singular communication weight. We leave
this interesting problem for a future work.
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