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Singular anisotropic elliptic equations with
gradient-dependent lower order terms

Barbara Brandolini and Florica C. Cirstea

Abstract. We prove the existence of weak solutions for a general class of
Dirichlet anisotropic elliptic problems of the form

Au+ ®(z,u, Vu) = ¥(u, Vu) + Bu + f

on a bounded open subset @ € RY (N > 2), where f € L'(Q) is ar-
bitrary. Our models are Au = — Z;\le 9;(|0u|Pi ~20;u) and ®(u, Vu) =
(1 + Z;V=1 aj|aju|pﬂ) [u|™%u, with m,p; > 1, a; >0for 1 <j < N and
Zg:l(l/pk) > 1. The main novelty is the inclusion of a possibly singular
gradient-dependent term W(u, Vu) = Z;\le |u|% = 2w |9;u|% , where 8; > 0
and 0 < ¢; < p; for 1 < j < N. Under suitable conditions, we prove the
existence of solutions by distinguishing two cases: 1) for every 1 < j < N,
we have 6; > 1 and 2) there exists 1 < 7 < N such that 6; < 1. In the
latter situation, assuming that f > 0 a.e. in {2, we obtain non-negative
solutions for our problem.
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Keywords. Anisotropic operators, Boundary singularity, Leray—Lions
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1. Introduction and main results

Motivated by our study initiated in [16], in this paper we obtain existence
of solutions for general singular anisotropic elliptic equations in a bounded,
open subset Q2 C RY (N > 2), subject to a homogeneous Dirichlet boundary
condition, © = 0 on 9€2. We impose no smoothness assumptions on the bound-
ary of ). The equations under consideration feature a low summability data
f € LY(9), a lower-order term ®(z,u, Vu) satisfying a “good sign” condition,
an “anisotropic natural growth” in the gradient and no upper bound restric-
tion in |u| (see (1.13) and (1.14)). The novelty of our work here consists in
the introduction of a possibly singular gradient-dependent term ¥ (u, Vu) (as
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in (1.3)) which cannot be incorporated in ® and cannot be treated with the
arguments in [16]. The main contribution in this paper is to show that, under
suitable assumptions, our problem (1.11) admits solutions « in the anisotropic

Sobolev space Wol’F(Q) such that ®(z,u, Vu) € LY(Q).

Let W(}’?(Q) be the closure of C'2°(£2) (the set of smooth functions with
compact support in €2) with respect to the norm

N
el 7 ) = D 1950l 0,
j=1

where we assume that
1<pj<pjt1<oo forevery 1 <j<N-—-1 and p<N. (1.1)

Here, p := N/ Zj.vzl(l/pj) is the harmonic mean of p1,...,py. We write 0;u
for the partial derivative Ou/dz;. We use WL (Q) for the dual of Wol’y(Q)
and (-,-) for the duality between W17 (Q) and Wol’ﬁ(ﬂ). Since p < N, the
embedding W, ’?(Q) — L*(§2) is continuous for every s € [1,p*] and compact
for every s € [1,p*), where p* := Np/(N —p) stands for the anisotropic Sobolev
exponent (see Remark A.3 in the “Appendix”).

Before introducing our general problem in Sect. 1.2 and the main results
associated with it (Theorems 1.4 and 1.5), we present a model. For every
(t,€) € R x RN, we define

N
(I)O(ta 6) =|ao+ Z aj|§j‘pj |t‘m72t7 (12)

j=1

where m > 1, a9 >0, a; >0 for 1 < j < N, whereas

N
U(t,€) = [t 2] (1.3)
j=1

with ; >0and 0 <g; <pj; forall 1 <j < N.

Let h € W17 (Q) and f € LY(Q) be arbitrary. The model for our
problem is as follows:

N
=3 0;(|05ulP 0;u) +®o(u,Vu) =T (u,Vu) +h +f inQ
j=1

uweWEP(Q), ®o(u, Vu) € LH(Q).

(1.4)

Regarding {6, }1<<n, we distinguish two cases:
Case 1: (Non-singular) For every 1 < j < N, we have 6; > 1.
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Case 2: (Mildly singular) We have 6; < 1 for some 1 < j < N. In this
case, we will impose some restrictions, such as h = 0 and f > 0 a.e. in €, to
obtain non-negative solutions of (1.4).

The strongly singular case when 6; < 0 for some 1 < j < N requires
different ideas and techniques and will be considered elsewhere.

To give the notion of solution of (1.4), for v € Wol’y(Q) N L>(Q) and Uy €

Wolj(Q), we define
IUO(U) = / \I/(Uo, VU()) vdz. (15)
{lUo|>0}

By a solution of (1.4) we mean a function Uy € VVO1 o (€2), which is non-negative
in Case 2, such that ®(Uy, VUy) € L*(Q) and for every v € W, 7 (Q)NL>(Q),
we have Iy, (v) € R and

N
/Z|8jU@|p1728jU06jvd$+/q)o(U(),VUo)’de
=1 ¢ (1.6)
:IUO(v)—i—(h,v)—i—/fvdx.
Q

We leverage @ to get the existence of solutions of (1.4) for every f € LY(Q).
This is reflected in a (lower bound) condition on m > 1. To be precise, we
define

0.1
N?{].S]SN a;q; =0, jpj>p},

Pi—4q

P?::{lgjgN:ajqj>0, mj>1}, (17)
g (D

where m; := Pi — 4 (jp] —p> .
aj pbj —4qj

When either N or P is non-empty, we need m > 1 to satisfy
0.1
m > max —22— and m > min {0;,m;} for every j € P%. (1.8)

JENT Pj — qj

We first illustrate our main results for the model problem in (1.4).

Theorem 1.1. Let (1.1)-(1.3) and (1.8) hold. Let h € W47 (Q) and f €
LY(Q) be arbitrary. When f # 0, we assume that minj<j<ya; > 0. As-
sume Case 1 or Case 2 and, in the latter, let h = 0 and f > 0 a.e. in €.
Then, (1.4) has a solution Uy € Wol’?(ﬂ). Moreover, for f = 0, we have
that ®o(Uy, VUo) Uy and V(Uy, VUy) Uy belong to L*(2) and (1.6) holds for
v = Uo.

Remark 1.2. Let us stress that if we take ¢; = 0 for every 1 < j < IV, that is
Pz =0, and 0; > p for some 1 < j < N, that is N3 # 0, then (1.8) reads as
m > maxjen, 0, which is the natural condition to expect when we look for

solutions in the energy space Wol’? ().
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1.1. A brief history of the problem

To understand how our results fit within the literature, we review what is
known in the isotropic case, where the model problem is the following:

—Apu+ Au|™2u = c(u)|Vul? + f in Q,
(1.9)
u=0 on 0f.

Here, —A,u = —div (|Vu|p_2Vu) is the p-Laplacian operator with 1 < p <
00, A >0, m > 1, ¢ > 0 and ¢(-) is a continuous, non-negative function.
We start by considering A = 0, ¢(-) constant and f summable enough. The
case 0 < g < p — 1 is well-known. Indeed, the existence of a solution u in
VVO1 P(Q) follows easily from a priori estimates, which are obtained using u
as a test function. This is part of the general theory of pseudo-monotone
operators by J. Leray and J.-L. Lions (see, for example, [41]). When f has
low summability, the main questions appear to be solved (see, for instance,
[7,10] and the references therein). The limiting case ¢ = p — 1 is more difficult
since the operator —Apu — ¢|Vul? is not coercive for large c¢. This difficulty
has been first overcome by Bottaro and Marina in [14] when p = 2, and by
various authors in the nonlinear case (see, for example, [10,24]).

We now focus our attention on the case p — 1 < ¢ < p. When ¢ = p, the
existence of a bounded weak solution is proved in [12] when f € L"(Q) with
r > N/p. The case f € LV/P(Q) is treated in [29], which shows that there
exists a positive constant C' = C(3, N,p) such that, if || f[|~/»q) < C, then

a solution u € W, P(Q) of problem (1.9) exists such that exp (%|u|) —-1le€

Wy (Q). Similar results are proved in the case p— 1 < ¢ < p (see [28,38] and
the references therein).

The authors of [6] consider the case p — 1 < ¢ < p and look for sharp
assumptions on f in order to have a solution obtained as a limit of approxi-
mations (SOLA).

As far as we know, the more challenging case is ¢ > p: it requires a com-
pletely different approach and it appears to be largely open (see, for instance,
[18] and the references therein).

The case A = 0, ¢(u) = u® with a > 0 and p = ¢ = 2 is considered in
the paper [1]. Among other things, the authors prove that if & > 0 and f >0
is sufficiently small, then there exists a positive solution in HZ (). In [2] (see
also [8,19,37]) any value of @ € R and 1 < ¢ < 2 is allowed. The authors prove
that: if « < —1/q and f € L'(2), then there exists a distributional solution;
if -1/¢ <a<0and f e L"(Q) with » > N/2, then there exists a solution in
HY(Q); if @ > 0, then there exists a solution only if f is small enough. In [35]
the presence of an absorption term, which corresponds to A > 0 and m = 2,
is used to prove the existence of a bounded solution in H _(Q) when o < 0,
p=g¢=2and f is a bounded, non-negative function. In [36] the authors allow
the presence of a sign-changing datum f and they discuss related questions as
the existence of solutions when the datum f € L"(2), »r > N/2, or it is less
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regular, or the boundedness of the solutions when r > N/2. Regarding the
existence of classical solutions, we refer the interested reader to [47].

Sharp a priori estimates for solutions to anisotropic problems with A =0
and ¢ = 0 have been proved by Cianchi [21] (see also [4,5]) by introducing
a convenient notion of rearrangement satisfying an anisotropic version of the
Pélya-Szego principle. For other results on anisotropic problems we refer the
interested reader to the recent papers [3,20,22,25-27,30-32,37].

We end this section by recalling the paper [13] (see the pioneering papers
[23,39,43], as well as [15,17,33,40] for the anisotropic equivalent), where the
Dirichlet homogeneous problem relative to the equation —Au = f/u® is con-
sidered. The authors distinguish three cases: 0 < « < 1, « =1 and a > 1. The
first two cases can be treated using approximation techniques and providing
the existence of a unique solution in Hg (£2). The validity of a strong compari-
son principle is a fundamental tool in order to prove the monotonicity, and also
a uniform bound far from zero, of the sequence of solutions of the approximate
problems. We stress that this kind of arguments cannot be generalized to the
anisotropic setting because of the lack of a strong maximum principle (see [45],
as well as [34,42] for existence results without the use of a strong maximum
principle).

1.2. Our general problem
We remark that the principal part in (1.4) is the anisotropic p’-Laplacian oper-
ator Au = — Z;VZI 0;(|0;u|Pi=20;u). It is the prototype of a coercive, bounded,
continuous and pseudo-monotone operator A : W, ’?(Q) — W=LP(Q) in di-
vergence form

N

Au = —Z8j(Aj(x,u,Vu)). (1.10)

j=1
In this paper, we give existence results for general singular anisotropic elliptic
problems such as

{ Au + @(z,u,Vu) +0(z,u,Vu) = ¥(u,Vu) + Bu + f in Q L.11)
1.11

u € Wol’?(ﬂ), ®(x,u, Vu) € L*(Q),

where f € L'(Q2) and A is as in (1.10) with A4;(z,t,€) : @ x R x RN —
R a Carathéodory function for each 1 < j < N (that is, measurable on €
for every (t,£) € R x RY and continuous in t,¢ for a.e. z € Q). Moreover,
O(x,t,¢), O(x,t,£) : @ x R x RN — R are also Carathéodory functions. For
any r > 1, let 7/ =r/(r — 1) be the conjugate exponent of r.

The conditions on A, ® and © are similar to those in [16]. We assume
that there exist constants vy, > 0 and non-negative functions 7, € L Q)
for 1 < j < N such that for a.e. x € ), for all ¢ € R and every 5,56 RN, we
have
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Pi[coercivity],

ZA xtfazzqum

=1
N

> (A t.6) - A, t,8) (6 - &) >0 e AE

i=1
1/p}
Pi)

[monotonicity],
We note that in the growth condition in (1.12), we take the greatest expo-
nent for |t| regarding the anisotropic Sobolev inequalities. For the pseudo-
monotonicity of A, see [16, Lemma 2.7].
Assume that there exist a constant Cg > 0, a non-negative function

c € LY(Q) and a continuous non-decreasing function ¢ : R — R such that for
a.e. z € Qand all (¢,£) € R x RV,

|©(z,t,8)| < Ce, th)(x t,€) >0,

(1.12)

N
|A;(z,t,8)| < v |mj(x) + [tP" /P + (

[growth condition)].

@ (x,t,€)| < o(]t]) Z|§J|PJ+c : (1.13)

|D(z,t,8)| > |Po(t,&)], where Ppis as in (1.2). (1.14)

Compared with [16], we have the extra assumption (1.14) to deal with the new
term W in (1.3).

The operator 9B in (1.11) belongs to the general class B€ introduced
n [16]. By B€ we denote the class of bounded operators B : Wol’?(ﬂ) —
W*L?(Q) satisfying two properties:

(Py) The operator A — B from W&?(Q) into W—L7'(Q) is coercive in the
sense that

(Au — Bu, u)

— OQ.
Hu||W01»7(Q)

— 00 as ||uHW1 7 ()

(P2) If ug — u and v, — v (weakly) in WOI’?(Q) as { — oo, then

Elim (Bug,ve) = (Bu,v).

We recall from [16] that our assumption (Ps) is somehow reminiscent of (i4i)
in the Hypothesis (IT) of Theorem 1 in the celebrated paper [41] by Leray
and Lions. Every operator satisfying (P») is strongly continuous (see [16]) and
thus pseudo-monotone (cf. [46, p. 586]). However, unlike A, the operator —25
is not necessarily coercive (see Example 1.2).

Let B¢, be the class of operators in BE satisfying the extra condition
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(P3) For vg > 0 in the coercivity condition of (1.12) and each k& > 0, it
holds

Yo Z ”a u| L7 (Q — (Bu, Tpu) — o0 as ~ 0.

HUHWOL?(Q)

We use T}, for the truncation at height k, see (1.19).
To indicate that the operator A is associated with the class B¢ and BE .,

respectively, we shall write BE(A) and B (A), respectively. We recall from
[16] examples of B in BE(A).

Example. Let F € L®)'(Q) and h, h € W=17"(Q) be arbitrary. Let p, oy, € R
for 0 < k < 4. For every u € Wo’p (92), we define

(1) Bu=h;

(2) %U—F+p|u|§*2uwith1<19<pifp>0and1<19<p if p < 0;

(3) Bu = (ap +a1||u|| @) T aa|(h,u)[%2)(ash + auF) with r € [1,p*); w
take by € (0,p/p)) and by € (0,p; — 1) if ag # 0; by € (0,p — 1) and
bQG(O,pl/p)ifozng /

(4) Bu = —ZJ 105 (B + |[u]7i7tu), where 3; € LPi(Q) and o} € (0,p/p})
forall 1 <j< N

In each example, B belongs to the class BE((1 —¢).A) for every € € [0, 1).

Definition 1.3. A function Uy € WO1 ’?(Q), which is non-negative in Case 2,
is said to be a solution of (1.11) if ®(x, Uy, VUy) € L*(Q) and for every v €

Wo'? (9) N L=(9),
Sv.,f(v) = (BUp,v) if ¥ =0, (1.15)
Sv.e,(v) = (BUo,v) + Iy, (v) if T #0, (1.16)
where Iy, (v) and Sy,.e,r(v) are given respectively by (1.5) and

Sue,0,f(v) == (AU, v) +/ O (x,Up, VUy) vdx
Q

—l—/@(sc,UmVUO)vdx—/fvdﬂc.
Q Q

To simplify the notation, we have not included A and ® in the symbol
Suy,0.7(v). When f =0, we simply write Sy,.e(v) instead of Sy, e,r(v).

Assuming (1.12) and (1.13), we have shown in [16, Theorem 1.3] that
when ¥ =0 and f =0, then (1.11) has a solution Uy for every 9B in the class
BE(A). Moreover, ®(z, Uy, VUy) Uy € L*(Q2) and (1.15) holds for v = Uy. If,
in addition, there exist constants [, > 0 such that

N
(2, 8,6 =) |17 (1.17)

Jj=1

for all [t| > 1, a.e. z € Q and all £ € RY, then (1.11) with ¥ = 0 has at least
a solution for every f € L'(Q) and B in the class B, (A).
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In this paper, under suitable hypotheses, we prove the existence of so-

lutions for (1.11) with ¥ in (1.3) (see Theorems 1.4 and 1.5 below). Let

v* = max{4v,0} be the positive and negative parts of v. In Case 2, we look

for non-negative solutions of (1.11) and assume, in addition, that
(Bv,v™) >0, (Bw,z) >0 forall v,w,z € Wol’?(ﬂ)
with w, z > 0,
f(z)>0>0(x,t,¢) ae z€Qandall (¢, € R x RY
®(2,0,0) = A;(2,0,0) =0 a.c zeQ, forall 1 <j <N.
Without further mention, we henceforth understand that (1.18) holds when-

ever Case 2 occurs.
Our main results are stated below.

(1.18)

Theorem 1.4. Let (1.1), (1.3), (1.8), and (1.12)—(1.14) hold. Let f = 0 in
(1.11). Suppose that B belongs to the class BE((1 — ¢).A) for some € € (0,1).
Assume Case 1 or Case 2. Then, there exists a solution Uy € W&’?(Q)QL’”(Q)
of (1.11). Moreover, both ®(z, Uy, VUy)Uy and ¥ (Uy, VUy)Ug belong to L(Q)
and (1.16) holds for v = Uj.

When N4 UP5 = (), then Theorem 1.4 gives that (1.11) admits a solution
for every m > 1.

If in the framework of Theorem 1.4, we have min;<;j<x a; > 0 (in relation
to (1.14)), then we obtain the existence of solutions for (1.11) for every f €
L'(2) and B in the class BE, ((1 — £).A) for some € € (0,1). More precisely,
we prove the following result.

Theorem 1.5. Let (1.1), (1.3), (1.8) and (1.12)—(1.14) hold and, in addition,
minj<j<y a; > 0. Let f € L*(2). Suppose that B belongs to the class BE, ((1—
e)A) for some € € (0,1). Assume Case 1 or Case 2. Then, (1.11) has at least

a solution ug € W(}’?(Q).

1.3. Notation

As usual, in the following sections, we will denote by C a positive constant,
the value of which can change from line to line.
For k > 0, we let Ty, : R — R stand for the truncation at height k, that is,

S

Tip(s)=s if|s| <k, Tx(s)= km if [s] > k. (1.19)

Moreover, we define Gy, : R — R by

Gr(s) = s —Ti(s) for every s € R, (1.20)
so that G = 0 on [—k, k].
For every u € W&’?(Q) and for a.e. x € Q, we define

Aj(u)(z) == Aj(z,u(x), Vu(x)) forevery 1 <j <N,

(u) (2 (2, u(z), Vu(z)),  @o(u)(z) = Po(u(x), Vu(z)),

\Y

u )
U u(x)), Y(u)(x):=¥(u(z), Vu(x)).

(0] =
O(u)(z) == O(z, u(x),
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1,7 .
For u,v,w € W' * (Q), we introduce &,(v,w) as follows

Z (xz,u, Vv) — Aj(z,u, Vw)] 0;(v — w). (1.21)

j=1

We set 7 = (p17p25 e apN) and ?l = (p/17p/27 e 7plN)
As usual, y,, stands for the characteristic function of a set w C R¥.

1.4. Strategy for the proof of Theorems 1.4 and 1.5

We first take f = 0 in (1.11) and in the framework of Theorem 1.4, we obtain a
solution Uy (with additional properties that ®(Uy) Uy € LY (Q) and ¥ (Uy) Uy €
LY(9), allowing us to take v = Uy in (1.16)). The difficulty in our analysis arises
from the interaction of the absorption term ® with the gradient-dependent
lower order term ¥. We point out that ¥ cannot be integrated into ® since
they have the same sign but appear in the opposite sides of (1.11). Moreover,
U(u) is not part of Bu either (except in very special cases such as ¢; = 0
and 1 < 6; < pfor all 1 < j < N). Hence, we cannot tackle ¥(u) directly in
the framework of our paper [16]. We overcome this obstacle by approximating
U(u) by bounded functions Wy, (u) with |[¥,,(u)| =) < Nn for every n > 1
(see Sect. 2).

We consider a sequence of approximate problems corresponding to (1.11)
with f = 0 and ¥ replaced by {¥,,},>1. Then, for each n > 1, by applying
Theorem 1.3 in [16], we obtain the existence of a solution U,, € W&’?(Q) N
L™(Q) for the approximate problem

AU + d(U) + O(U) = U, (U) + BU  in Q,
{ UeWh?(Q), &U)eL Q).

Moreover, U, is non-negative in Case 2 in view of the hypothesis (1.18) (see
Lemma 2.1). We capture the properties of U, in Proposition 2. 3 to be proved
in Sect.4. We are able to get a suitable upper bound for fQ Un) Uy, dx via
Lemma 4.1. To show that {U,,},, is bounded in W, " ( ) and also in L™(),
we rely on (1.8) and the property (P;) of B in the class BE((1 —¢) .A). Hence,
up to a subsequence, {U, },>1 converges weakly in both W&’?(Q) and L™(Q)
to a function Uy € Wol’?(Q) NL™(Q). It turns out that Uy is a good candidate
for a solution of (1.11). In addition to ¥, (U,), we need to handle another
gradient-dependent term, namely, ®(U,,). To deal with these terms, we show
in Proposition 2.4 that, up to a subsequence,

(1.22)

U,, — Uy (strongly) in Wol’?(Q) as n — oo. (1.23)
To prove (1.23), it is enough to show that for a subsequence of {U,, },, we have
Eu, (UE,UF) -0 in LYQ) asn — oo, (1.24)
where we define
N
v, (U, ) = [Aj(x,Un, VUE) = Aj(2, Un, VUF)0;(UF = U).

Jj=1
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Indeed, from (1.24) we obtain that, up to a subsequence, VUF — VUSE a.e. in

Qand UF — Ug (strongly) in WOI’?(Q) as n — oo. For details, see Lemma A.4
in the “Appendix”.

Broadly speaking, the proof of (1.24) is inspired by the approach in the
celebrated paper [9] dealing with Leray—Lions operators from I/VO1 P(Q) into
WL (€©2). We point out that, in our case, the analysis becomes more techni-
cally involved given the anisotropic setting with the modified growth condition
in (1.12) and the inclusion of B and ¥. Based on the property (P;) of B and a
careful use of the absorption term, we show that limsup,, . ||Gr(Un) ||W01,?(Q)
< Wi, where limy_.oo Wy, = 0, see Lemma 5.2. This is an essential tool not
only in the proof of (1.24) but also in that of Lemma A.4 (see Remark A.5).
The technical details in the proof of Proposition 2.4 are deferred to Sect. 6.

Then, by Propositions 2.3 and 2.4, we can apply Vitali’s Theorem to
obtain that

®(U,) — ®(Uy) in LYQ) asn— . (1.25)
We end the proof of Theorem 1.4 by showing that, up to a subsequence of U,,,

we have
Iy,(v) = lim [ ¥, (U,)vdx = Sy,.e(v) — (BUy,v) (1.26)
n—oo Q
for every v € Wol’?(ﬂ) N L>(Q). For details see Sect. 3.
We remark that it is possible to make the proof of Theorem 1.4 work with

only the strong convergence in W, ’?(Q) for the truncations Ty (U, ), namely,
proving that up to a subsequence,

T (Up) — Tk (Up) in WOI’?(Q) as n — oo, for every k > 1. (1.27)

It is this latter strategy that we adopted in our paper [16] for ¥ = 0
(inspired by [11]), first to obtain the existence of solutions for f = 0 and then
building upon it also for f € L'(Q2). But unlike Theorem 1.4, the approxima-
tion argument for f = 0 in [16] concerned the absorption term ®.

For Theorem 1.5 dealing with a low summability term f € L!(Q), we use
a well-known approximation: we replace f in (1.11) by a sequence {f, }n>1 of
L% (Q)-functions such that |f,| < |f| for each n > 1 and f, — f in LY(Q)
as n — oo. For the approximate problem, we use Theorem 1.4 to gain a
solution u,, € Wol’?(Q). The additional assumption min;<;<nya; > 0 and
the extra property (P3) for 9B in B€, ((1 — €).A) are needed to obtain in
Proposition 7.3 that the solutions w,, are uniformly bounded in WO1 ’?(Q) with
respect to n. Since here we test the approximate problem with T (u,,) (and not
U, which is potentially unbounded), we can only derive that {®(u,)}, (and
not {®(uy,) uy fn>1) is uniformly bounded in L'(2) uniformly with respect to
n. However, this suffices to get that ®(ug) € L'(Q), where ug is the weak limit
in W&’?(Q) of (a subsequence of) {uy},>1. In Proposition 7.4, we establish
the analogue of (1.27). To this end, we use [16, Lemma A.5] (and a diagonal
argument) to reduce the proof to showing that for every k£ > 1 and, up to
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subsequence,
Eu, (Ti(un), Ti(up)) — 0 in L'(Q) as n — oc. (1.28)

(For the definition of &,, see (1.21).) To prove (1.28), we adapt the approach
in our paper [16] by testing the approximate problem with

v = (Ti(un) — Tie(uo)) exp (A (Ti(un) — Ti(u0))?)
for A = A(k) > 0 large enough. The new ingredient here corresponds to getting
a good control of I, for this test function (see Lemma 7.6).

Bearing in mind the strong convergence of T (uy,) to Tk (up) in Wol’y(Q)
as n — oo, we can obtain the analogue of (1.25) and then pass to the limit
in the approximate problem to obtain suitable counterparts of (1.26) (see
Lemma 7.7 for details). Putting together the above results, we conclude that

uy € Wg’?(Q) is a solution of (1.11).

1.5. Structure of the paper

In Sect.2 we consider the sequence of approximate problems (1.22) and we
establish the existence of solutions, which are non-negative in Case 2. We
state the a priori estimates and the strong convergence of such solutions in
WO1 7 (), deferring their proofs to Sect.4 and 6, respectively. Based on these
properties, we complete the proof of Theorem 1.4 in Sect.3. In Sect.5 we
include several results that are invoked in Sect.6. Sect.7 contains the proof
of Theorem 1.5. For the reader’s convenience, in the “Appendix” we present
some details which are modifications of arguments known in the literature or
already contained in our recent paper [16].

2. Approximate problems

We always assume that (1.1), (1.3), (1.12) and (1.13) hold. Unless otherwise
stated, we also understand that ® satisfies (1.14) and B belongs to the class
BE((1 —€)A) for some £ € (0,1) (see Sect. 2.2 below for an exception). We
first take f =0 in (1.11).

2.1. Setting up the approximation

We introduce the sets
J={1<j<N: 0;>1}, Jo:={1<j<N: 0<§; <1}
Case 1 (respectively, Case 2) in Theorem 1.4 corresponds to Jo = () (respec-
tively, Jo # 0).
Let n > 1 be arbitrary. For each 1 < j < N, we define
[t1]% 2t [to| @
1+ L[ty]05=t]to|e
In Case 1, for each 1 < j < N, we extend Hj ,(t1,t2) on (—o00,0] x R
with the same formula as in (2.1). In Case 2, for each j € J; (when J; is

not empty), we extend Hj,,(t1,t2) on (—o0,0] X R so that it becomes an even
function in the first variable.

Hjm(tl,tg) = for all (tl,tg) € (0,00) x R. (21)
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In Case 1 or Case 2, we define V,, from Wol’?(ﬂ) into L*°(Q2) as follows
\I/n(u) =V (U) + Vo, (u)7 (22)

where U, 7, (u) and ¥,, s, (u) are functions from € to R given by

Vg (W) (@) = Y Hj(u(@), Oju()),

JE€J1
Wi, (w)(2) 3= Y Hy (u(@)| + 1/n, 0ju(z)).
JEJ2
Clearly, ¥,,(u) € L>(Q) for all u € Wol’?(Q) and ||y, (u)| £ ) < Nn.
As explained in Sect. 1.4, we consider the approximate problem (1.22).

2.2. Existence of solutions for (1.22)

We point out that for the existence of solutions of (1.22), we do not need ®
to satisfy (1.14). Moreover, the operator 8 can be taken in the class BE(A)
(rather than BE((1 — ¢).A) for some ¢ € (0,1)).

Lemma 2.1. Let (1.1), (1.3), (1.12) and (1.13) hold. Suppose that B belongs to
the class BE(A). Assume Case 1 or Case 2. For every n > 1, problem (1.22)
admits a solution U, which in addition satisfies ®(U,) U, € L*(Q) and

St 0(Un) = / U, (Un) Uy dit + (BT, U). (2.4)
Q
Moreover, in Case 2, we have U, > 0 a.e. in €.

Proof. By applying Theorem 1.3 in [16], with © there replaced by © — ¥,
we obtain that (1.22) has a solution U, (in the sense of Definition 1.3 with
U = 0), satisfying

Su, e(v) = /Q U, (Un)vde + (BU,,v) (2.5)

for all v € W&’?(Q) N L*(2). Moreover, ®(U,,) U, € L*(Q) and (2.4) holds.
We now show that in Case 2, we have U,, > 0 a.e. in €. Since U,; may not be

in L>®(92), we cannot directly use v = U, in (2.5). However, for every k > 0,

we have T3, (U,;) € Wg’y(Q) N L> (). Hence, by taking v = T} (U,;) in (2.5),
we obtain that

St (Tu(U)) = / U, (U) To(U; ) de + (BU, To(U7)). (2.6

Notice that ||Tx (U, )|l \i1.5 < U N7 for all £k > 0.
n Wi P () n Wy P (Q)

Moreover, 0;(Tx(U,;)) — 0;U,; ae. in Q as k — oo, for every 1 < j < N,

so that Tj,(U; ) — U, (weakly) in Wy (Q) as k — oco. Since AU,, and BU,,

n

belong to W17 (Q), it follows that
klirn (AU, T (U,)) = (AU,, U, ),
klirn (BU,, Tr (U, )) = (BU,, U, ).
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Recalling that ®(U,) U, € L'(Q), [¥n(Un)| L) < Nn and (1.13) holds,
from the Dominated Convergence Theorem, we can pass to the limit £ — oo
n (2.6) to find that

Su,0(U;) = [ WalUn) Uy do+ (BULUy ). (27)
Q

In view of (1.18), we see that the right-hand side of (2.7) is non-negative. Using

also the coercivity condition in (1.12), we infer that the left-hand side of (2.7)

is bounded above by

N
_ ,,Oz/
j=1"1

|8jUn|pj dx + / (I)(Un) Un dx

U, <0} {U, <0}

—l—/ oU,)U,dz | .
{Un<0}

From the sign-conditions on ® and © in (1.13) and (1.18), respectively, we
see that all terms contained in the round brackets of (2.8) are non-negative.
Hence, meas ({U,, < 0}) =0 and so U,, > 0 a.e. in . O

(2.8)

Remark 2.2. If, in addition, ® satisfies (1.14), then for the solution U, of (1.22)
provided by Lemma 2.1, we have U,, € L™ (). This follows from the property
o(U,) U, € L(Q).

2.3. Strong convergence of U,

Throughout this section, we work in the framework of Theorem 1.4. Then,
Lemma 2.1 and Remark 2.2 give that for every n > 1, the approximate problem
(1.22) has a solution U,, € Wol’?(Q) N L™(2). In Proposition 2.3 we derive
essential a priori estimates in W, ’?(Q) and in L™(Q) for the sequence of
solutions {U, },>1, which up to a subsequence, converges weakly to some Uy
both in Wol’?(ﬂ) and in L™(Q). In Proposition 2.4, we show that, up to a
subsequence, {Uy,},>1 converges strongly to Uy in W&?(Q) as n — 00, see
(2.12). We aim to prove that Up is a solution of (1.11) with f = 0. In Sects. 4
and 6, respectively, we prove Propositions 2.3 and 2.4, which are the crux of
the proof of Theorem 1.4.

Proposition 2.3. Let (1.1), (1.3), (1.8) and (1.12)—(1.14) hold. Let f = 0. Sup-
pose that B belongs to the class BE((1 — €)A) for some € € (0,1). Assume
Case 1 or Case 2.

(a) There exists a constant C > 0 such that for every n > 1, the solution U,
given by Lemma 2.1 satisfies

1Vl @y + Ul zom e +/ O(U) Uy da

@ (2.9)

+/ (U, Uy dz < C.
Q
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(b) There exists Uy € W(}’?(Q) N L™(Q) such that, up to a subsequence, as
n— 00
U, — Uy (weakly) both in W&’?(Q) and in L™(Q),

A (2.10)
U, — Uy a.e. in Q.

Proposition 2.4. In the framework of Proposition 2.3, up to a subsequence, we
have

VU, — VU a.e. in  as n — oo, (2.11)
U, — Uy (strongly) in Wol’?(Q) as n — 00. (2.12)

Remark 2.5. Under the same assumptions as in Proposition 2.3, by Fatou’s
Lemma we immediately infer that ®(Up) € L'(€2). Furthermore, using Fatou’s
Lemma and (2.9)—(2.11), we find that ®(Uy) Uy and ¥(Up) Uy belong to L (2).

3. Proof of Theorem 1.4 completed

Let m satisfy (1.8) and f = 0. We show that the function Uy in Proposition 2.4
is a solution of (1.11). Once this is established, we readily obtain that (1.16)
holds for v = Up in both Case 1 and Case 2 with a reasoning similar to
Lemma 2.1. Indeed, by taking v = Ty (Up) in (1.16) and letting &k go to infinity,
we get the claim.

We now prove (1.16). As already pointed out in Sect. 1.4, we just need

to check (1.26) for every v € Wol’y(Q) N L> (). We first establish the second
identity in (1.26), that is

lim [ U, (U,)vdr = Sy,e(v) — (BUy,v). (3.1)

Proof of (3.1). Since U,, — Uy and VU,, — VUj a.e. in Q2 as n — 0o, we have
oU,) — O(Uy) and A;(U,) — A;(Uy) ae. in (3.2)

for1<j< N.Letve W(}’F(Q)QL"O(Q) be arbitrary. Now, © satisfies (1.13).
Thus, by the Dominated Convergence Theorem, we obtain that ©(U,)v —
O(Up)v in L'(2) as n — oo. Since {A4;(Uy,)},>1 is uniformly bounded in
L (©2) with respect to n, from (3.2) we get that, up to a subsequence,

A;(U,) = A;(Up) (weakly) in LP3(2) as n — oo (3.3)
for every 1 < j < N. It follows that lim, . (AU, v) = (AU, v). Using that
U, — Uy (weakly) in Wy P (Q) as n — oo, the property (P,) for the operator
B yields that lim,, ..o (BU,,v) = (BUy,v). Thus, by passing to the limit as
n — oo in (2.5), we gain (3.1) whenever

®(U,) — ®(Uy) (strongly) in L*(Q) as n — oo. (3.4)
Since ®(U,) — ®(Up) a.e. in Q as n — oo and ®(Uy) € LY(Q) (see Re-

mark 2.5), by Vitali’s Theorem, it is enough to show that {®(U,)}, is uni-
formly integrable over Q). Let w be any measurable subset of 2 and M > 0 be
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arbitrary. By the growth condition of ® in (1.13), we have

N
B de < o) | S 10, T U
/wﬁ{UnSM} ; 125 o

+/>

On the other hand, using (2.9) and the sign-condition on ® in (1.13), we see

that
C
/ @ |m<7/ D Undz < < (3.6)
wn{|Un|>M} M’

where C' > 0 is a constant independent of n and w. Since ¢ € L'(Q2) and
0; T (Up) — 0T (Up) in LPi(Q) as n — oo for all 1 < j < N (see (2.12)),
from (3.5) and (3.6) we get the equi-integrability of {®(U,)}, over Q. By

(3.5)

Vitali’s Theorem, we end the proof of (3.4). O
It remains to show the first identity in (1.26), that is
lim [ U,(U,)vdx = / U (Up)vdax (3.7)
nmeeJa {IUo|>0}

for every v € Wol’?(Q) N L>(9Q).
Recall that N and P are given in (1.7). We define

0.1
N—C>:={1§j§N:ajq]'=O, Jp]<p},

‘ Dj — g5 (3.8)

P%»ZZ{lSjSNIajq]'>O, mjgl}

It follows that
{1SjSNZClej:O}:N?UN%, 3.9
{1§3§N0JQJ>O}ZPH>UP% ()
For every 1 < 7 < N, we introduce the notation

J'rn,pJ / ‘U |m|a U |p] df,['
(3.10)

Yo, 4, (U ):/ﬁmm@mww.

Q

To prove (3.7), we treat Case 1 in Sect. 3.1 and Case 2 in Sect. 3.2.

3.1. Proof of (3.7) in Case 1

Here, 6; > 1 for each 1 < j < N. Since .J; = (), from (2.2) and (2.3), we find

that U,,(U,) = VU, 5, (U,) = Z] 1 H; (U, 0;Uy,), with H; ,,(-,-) defined in

(2.1). So, to prove (3.7), it suffices to show that (up to a subsequence)

lim H]n(Un,é) U, )vdx:/ Uo|%=2Uq |0;Up|% vdx  (3.11)
Q

n—oo

for every 1 <j < N and all v € Wol’?(ﬂ) N L2 ().
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Let 1 < j < N be arbitrary. By Proposition 2.4, we have

Hjn(Un, 0;Uy) — [Up|% 72Uy |0;Up|¥  ace. in Qasn —oco.  (3.12)
We next show that there exists s > 1 (depending on j) such that

1H . (Un, 05Un) || e ) < C (3.13)
for a positive constant C' independent of n. We distinguish the following two
situations.
(a) Let j € No UNZS (when ajg; = 0). We define s as follows
s=m'if je€ Ny and s=p'if j € NS.

Let ¢; be given by
% @

1
¢;j := (meas (Q))/A | where —=1- o
j j

(3.14)

By Holder’s inequality and Proposition 2.3, we infer that

1 (Uns 05Un) 222 < €5 1Unll) s ) 105Un 1 s gy < C

where C' is a positive constant independent of n.

(b) Let j € Pz UPE (when a;q; > 0). Let 3y, , (Uy) be as in (3.10). In each of
the situations below, we use Holder’s inequality and Proposition 2.3 to obtain
(3.13) for suitable s > 1.

(b1) If m > (6; — 1)p;/q;, then by choosing 1 < s < p;/q;, we see that
[ Hjn(Un, 0;Un)

)
0, (0;—1)

1_95 =
< (meas ()" % (Tpp, (Un)) ™ H8 Un ||LP7(Q)

Pj

(b2) If0; —1 <m < (0; — 1)p;/q;, then for 1 < s <m/(8; — 1), we have
[ Hjn(Un, 0;Un) | s (02)

‘79

1 %t —1-
< (meas (©2))* (Fmp, (U )) I ||Lm(g
(b3) If 1 < m < 6; — 1, then we always have m > m;. Indeed, if j € Pz,
then the assumption (1.8) gives that m > min{6;, m,;} = m,. If, in turn,
J € P%, then mj <1 <m. Hence, m >m; for j € Pz U P leads to
||Hj,n(UmajUn)HLp’(Q)
(1]’(7”*'“]') EL”
< (meas (Q)) PP (j ,pJ( )) ||U ||L:D(Q) "
Thus, (3.13) holds with s = p’
This proves (3.13) for every 1 < j < N. Then, using (3.12), we have, up to a
subsequence,
Hj o (Un, 0;U,) — |Up|%2Uq [0;Up|%  (weakly) in L*(Q)
as n — oo, where s > 1 is chosen according to (a), (b1), (b2) or (bs) (for
the latter, we take s = p’). Thus, (3.11) follows for every 1 < j < N and all
ve WP (Q)NLX(Q).
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3.2. Proof of (3.7) in Case 2

Let v be an arbitrary non-negative function in Wol’ﬁ (Q)NL>(0). By Lemma 2.1,
for each n > 1, we have U,, > 0 a.e. in € and the same applies to Uy. Hence,
proving (3.7) amounts to showing that

/Q(‘I’n,Jl(Un) + Vo g, (Un))vdx

N

. q;
ﬁz/ |‘9ﬂf]_°0|v vdx (3.15)
{Uo>0} Uy 7

=1

as n — oo, where ¥,, 5, (U,,) and ¥,, ;,(U,,) can be obtained from (2.3) replac-
ing u by U,.

From U, € Wol’?(Q)7 it follows that VUy = 0 a.e. in {Uy = 0}. For every
Jj € Ji we have 6; > 1 so that with the same argument given for Case 1 in
Sect. 3.1, we find that

lim [ W, s, (U,)vde= lim Z/Hn (Un, 8;Up) v d:
Q

n—00 n—oo
Q@ JE€J1

Z/ Ugj_1|8on|qudx.
JEJ {Uo>0}

Hence, by (3.7), we get that there exists lim,,_ fQ U, 5, (Uy) vdz. To reach
(3.15), it remains to show that

NIALZ
lim [ U, 5, U,)vdx = Z / 19;Uol® vdx. (3.16)

1-0;
n (o] J
Q jer, M o>0} Uy

To this aim, let us notice that, for every o > 0, we have

/ U, 7, (Up)vdx :/ U, 5, (Up)vde
Q

{U,>0}

(3.17)
+ / U, 5, (Up)vde.
{UnSU}
Fix 0 > 0 such that o ¢ £, where we define
E:={o>0: meas({Uy=0}) > 0}. (3.18)
We show that
0;Up|¥
(1) lim U, g, (Up)vde = Z / | Jlf(l_J vdr
n—oo o 4 o U J
{Un>0} jer, J{Uo>a} Uy (3.19)
(79) lim lim U, 1, (Up)vde =0.

oc—0n—oo {U. <o}

Assuming that the assertions in (3.19) have been proved, we end the proof of
(3.16) as follows. We have X (1,50, < X{Uy>0,} fOr 0 < o1 < 02, and the set £



58 Page 18 of 58 B. Brandolini and F. C. Cirstea NoDEA

n (3.18) is at most countable. Moreover, from (3.17) and (3.19), we see that

0;Up|%
/ | O| vder < lim [ ¥, 5, (U,)vde < co.
J wesey Uy U

Hence, by the Monotone Convergence Theorem, we deduce that

lim  lim U5, (Up) vdz
o—0,0¢E n—00 {Up>c}

0;Up|%
= Z / | T 09| vdx < oo.
i€y J{U0>0} U,

(3.20)

Using (3.19) and (3.20) in (3.17), we obtain (3.16). It remains to show (3.19).
(i) Let j € Jo be arbitrary. We conclude (i) by proving that

. q;
/ (U + =0T, ) vde — 000" 4 (3.1
{Un>a} {Uo>o} Uy ™

as n — o0o. For every measurable subset w of €2, we have

/ (U +—,0;U, )vdm
wn{U, >0}

IIUHme -

1-23
< Ha Un |LP7(Q) (meas (w)) 77 .

From Proposition 2.3, using that o ¢ £, we obtain that
X{Un.>0} =7 X{Up>o} &-C. in the set {UO 7é 0'},

as well as

|6 U0|q]
=g, X{Up>o} U ae. in Q
Us
as n — oo. By Vitali’s Theorem, we conclude the proof of (3.21).
(ii) Let Z, : [0,00) — [0,1] be the following function

<U + — 8 U, > X{Un>0'} v —

1 if 0 <s <o,
Zy(s)=< 2—s/cif o <s <20,
0 if 20 < s.

For w € W&’?(Q) we define

Z/ 8vd$+/9<1>( ) Zo(w)vdz.  (3.22)

Observe that Z,(Up) — X{u,—0} a.e. in @ as 0 — 0 and Uy € Wg?(Q)
implies that VU = 0 a.e. in {Up = 0}. From (1.18), we have ®(z,0,0) =0
and A;(z,0,0) = 0 a.e. in Q, for every 1 < j < N. It follows that £, ,(Up) — 0
as 0 — 0. Hence, we conclude the assertion of (ii) in (3.19) by showing that

OS/ U, 5, (Up) vdx < Ls,(Uy,) for all n > 1, (3.23)
{U,<o}

lim L, ,(Un) = Low(U). (3.24)

n—oo
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From (1.18), we have (BU,,Z, (U,)v) > 0 and O(U,) < 0 for every n >
1. Thus, by taking v Z,(U,) > 0 as a test function in (2.5) and using the
coercivity condition in (1.12), we see that

Vo

N
Lo o(U) 222 / 0,0 v da
! L g Z {o<Up<20} o

j=1 (3.25)

+/QZG(Un)\Iln(Un)vdz.

Since Z,(U,) =1 in {U,, < o}, from (3.25), we derive (3.23).

Using that Z,(U,) — Z5(Up) a.e. in Q as n — oo, by Lebesgue’s Domi-
nated Convergence Theorem, for each 1 < j < N, we find that Z,(U,) 0;v —
Z,(Uy) Ojv (strongly) in LPi(Q) as n — oo. This, jointly with (3.3), implies
that

lim Z/A 8vdx—Z/A Uo) Z,(Uy) Ojv dx.

Similar to the proof of (3.4), we have ®(U,,) Z,(U,) — ®(Up) Z,(Up) in L*(£2)
as n — oo. Then, using w = U, in (3.22) and letting n — oo, we obtain (3.24).
The proof of (3.16), and hence of (3.15), is now complete.
This ends the proof of Theorem 1.4. O

4. Proof of Proposition 2.3

For each n > 1, the solution U,, € W(}’?(Q) NL™(Q) of (1.22) given in Lemma
2.1 satisfies

(AU, U, — (BU,,U,) +/ (U, U, dzx

- (4.1)

:7/ @(Un)Undl’Jr/ U, (U,) U, dz.
Q

Q
(a) We prove that there exists a constant C' > 0 such that (2.9) holds for
all n > 1.

We first show that {Up,},>1 is bounded in W&’F(Q). We have assumed
that 9B belongs to the class BE((1—¢).A) for some ¢ > 0. Using the coercivity
condition in (1.12), (1.14) and (3.10), we find that the left-hand side of (4.1)
is bounded below by

evg Z 10k U7 ) + ([(1 = €).A = BJUn, Uy)
(4.2)
+C1()HUn|

L™(Q) + Z ajjm,pj (Un)

JEPZUPS

We observe that a; > 0 for every j € Py UP2. We now consider the right-hand
side of (4.1). Using (1.13) and the anisotropic Sobolev inequality (A.2) in the
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“Appendix”, we find a positive constant C', independent of n, such that

/ O(U,) Uy d .
Q

By Young’s inequality, for each § > 0, there exists a constant Cs > 0, depend-
ing on ¢, such that

< Col|Unllzr (@) < CllUnllya7 g

n) Up dz

<CZ||‘9I<U | ek ()
=1 (4.3)

N
< 52 ||3kUnHIZZk(Q) +Cs foralln > 1.
=1

By (3.10), we have

N
/ U, (U) Uy dr < / ) Unde 330, (4.4)
Q Q =

In Lemma 4.1, we obtain a suitable upper bound for ijl J0,,q;(Upn). To
this end, we distinguish the case m > 6;p;/q; from m < 6;p;/q; whenever
j € Pz UPS. We observe that P UPS = {1 <j<N: a;q; >0} is a union
of three sets:

Pz U Pé = ﬁ?,l U ﬁ?’z U PE’,S? (4.5)
where we define

~ 0.1,
Hn:{jEP—u»UPéz m>ifj},
J

. 0.1 0.1
7.2 :{j€P—> 9j<p,m<jfj}u{j€P§:m<fj} (4.6)
J J

0..
P {jeP;»: Qij,m<]p]}.

4qj

Lemma 4.1. For any § > 0, there exists a positive constant Cs such that, for
every n > 1,

N
> 30,0, (Un) S NO|U| Py +6 > T, (Un)
j=1 jEPZUPS
N (4.7)
+ (L4 NS 0Unl s ) + Cs-
k=1

Proof. For the inequalities in (4.8), (4.9), (4.11)—(4.13) below, we use Holder’s
inequality, then Young’s inequality (see Lemma A.l in the “Appendix”). In
what follows, we understand that 6 > 0 is arbitrary and Cs > 0 is a suitable
constant depending on §.

(I) We first estimate Jg, 4, (Uy) for every j € N U NS when we let ¢;
and \; be as in (3.14).
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o Let j € N. Condition (1.8) gives that A; > 1 so that

3937%( ) < C]”U |Lm(Q)”a Un HLPJ (Q)
< 0| Unl om0y + 0110 Unllh; () + Cs.

(4.8)

e Let j € NS. Using Lemma A.1 and the anisotropic Sobolev inequality (A.2)
in the “Appendix”, we find a positive constant C, depending on N, p’, ¢;, 0;
and meas (€2), such that

~ 0; ;
J9j7q]‘(U ) < Cj Un HL]P(Q ||8'UnH(£]Pj(Q)

0.
+4; o
< C|9,U, II&J > 11 106Unl for ()
ke{L,..NN\{j} (4.9)

< (SZ 10k U (15 () + Cs-

(II) We now estimate Jg, 4, (Un) for every j € Pg U PS when we define

q; P fax
1—= ifj e P34,
Dj a,l
L 1 0;
¢j = (meas ()% and — =¢ 1 -~ if j € Py s, (4.10)
Aj m
GM =) e B
27 o

Recall that P := {1 < j < N : ajq; > 0, m; > 1}. Condition (1.8)
implies that m > min{6;, m;} whenever j € Pz and, moreover, min{6;, m;} =
0; if and only if 6; > p.

e For every j € ]3?)1, we obtain that

r;9% %
30,0, (Un) < ¢ 110;Unll 7o @) T, (Un))™ (4.11)
< 0 Tmp; (Un) + 6110, UnllTs, @) T Cs
e Let j € Py 5. In this case, we have m > 0; so that
N 0,— 25 4
Jﬂj,qj(U ) < Cj ” ”Lm Q)] (Jm Pj (U ))pj (4.12)

<6 Tmp; (Un) + 8[|Un |7}

Lm (Q) + 05 .

e Let j € P 2. Then m > m;. By Hélder’s inequality, Lemma A.1 and the
anisotropic Sobolev inequality (A.2) in the “Appendix”, we find a positive
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constant C' = C(N, P, q;,0;, m, meas (Q2)) such that

ma; qj

0;— 95
30,0, (Un) < ¢ 10l oy (o, (Un)) 7

< C Ty, (U %IIH&UWé§7 ) (4.13)

<d6Tm ,PJ +6Z||8/€U ||ka(Q)+C5'

By adding the inequalities in (4.8), (4.9), (4.11)—(4.13), we complete the proof
of (4.7). O

Proof of Proposition 2.3 completed. From (1.14) and the definition of P
and P%, we have ap > 0 and minjep_ype a; > 0. We choose § > 0 small such
that

evg > (N +2)§, a9 > N6 and jezraglgp?c a; > 9. (4.14)

By (4.3), (4.4) and Lemma 4.1, there exists a positive constant Cs such that
for each n > 1, the right-hand side of (4.1) is bounded above by

N
(N +2)8 > 10kUnlPsr ) + N[ Fon 0

k=1 (4.15)
+6 Z Jimp; (Un) + Cs.
jGP—‘{UP_:.

For ease of reference, we introduce G,, as follows

S, = HUnHZLM(Q) + Z Jmp; (Un) 2 0.
jEP7UP§

In view of (4.1), the quantity in (4.2) is bounded above by that in (4.15).
Hence, using the inequalities in (4.14), we infer that for some small constant
e1 > 0, we have

<Z 10k Un o ) + > +((1 =)A= BJU,, Un) <C5  (4.16)

for every n > 1. Now, from the hypothesis that 8 belongs to the class
SB@((l— )A) withe € (0, 1), we have the coercivity of the operator (1—¢).4A—B
from Wo 7 Q) into W17 (Q) Hence, (4.16) implies that {U,, },,>1 is bounded
in Wol’ P (Q). Since B : W 7 (Q) — W=L7'(Q) is bounded, we find a positive
constant C such that [(BU,,U,)| < C for every n > 1. Using also the coer-
civity assumption in (1.12), the inequality in (4.16) gives the boundedness of
{G&,}n>1. Using this fact into (4.4) and (4.7), we conclude from (4.4) that

og/mwmwmg/mmm%mga
Q Q

\_/,_\
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where C > 0 is a constant independent of n > 1. Returning to (4.1) and
using (4.3), we obtain that the sequence of positive functions {®(U,) Uy, }n>1
is bounded in L!(£2). The proof of (2.9) is now complete. O

(b) From (2.9), there exists a function Uy € Wol’?(ﬂ) NL™(Q) such that,
up to a subsequence, (2.10) holds. This completes the proof of Proposition 2.3.
O

Remark 4.2. From (2.10), we have UF — U (weakly) in Wol’?(ﬂ) asn — 0o,
which yields that lim,, ., (AU, U — UF) = 0.

n

5. Applications of Proposition 2.3

Throughout this section, the assumptions of Proposition 2.3 hold. For each
n > 1 let U, be the solution of (1.22) provided by Lemma 2.1.

Lemma 5.1. Let w be a measurable subset of Q. Assume that {V,}n>1 is a
sequence in Wy P () N L™(Q) satisfying |Vy| < |Un| onw for alln > 1. Then,
for every 7 € (0,1) small enough and B € (1/7,m/7) fixed, there exists a
positive constant C, independent of w, such that

N

> [t U B Vil do < CValGaiey + Vel Froe) (51

j=1
for allm > 1.

Proof. Fix 7 small satisfying 0 < 7 < min{m — 1, mini<;<n{6;},1}. Since
|V.| < |U,| on w for all n > 1, we have |U,|""! < |V,,|7~! on w so that

/ 1%~ 10,U 99|V der < / U0V |Vl dz (5.2)
w Q

for every 1 < j < N. Recall from (3.8), (3.9), and (4.5) that
{1<j<N}=NgUNSUP; UPg,UPg,.
By Hélder’s inequality, with ¢; given (3.14), for every j € N5, we have

/ |Un‘0j_7|8jUn|Qj|Vn|T dz
Q

(5.3)
05— J T
< Cj ||Un||Lp(Q)HajUn||%Pj (Q)”VHHLP(Q)'
By the definition of ]3?72 in (4.6), we can take 7 small such that
0<T<9j—% foreveryjeﬁ?z.
Dj '
Using ¢; given by (4.10), for every j € 13?’2, we derive that
PR A A
& » (5.4)

J

~ q*] 03‘77 Py T
<¢j (Jm’pj)m ||Un||LP(Q) ”VHHLP(Q)'
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We fix g € (1/7,m/7). From (1.8), we have A; > 1 for every j € N—, where \;
is given by (3.14). We choose 7 > 0 small such that (m—1) 7 < m/\; for every
j € N, which implies that \; m/(m+T)\ ) < . Hence, for every j € N, by

1
defining ¢; n_ = (meas (€))% tEE , we obtain that
/|Un|0j_7|ajUn|qj|Vn|de
(5.5)

0;—T1 T
< ¢ N- |Un ||Lm(Q ”8 Un ||ij (Q)HVn”Lfﬁ(Q)

We diminish 7 such that 0 < 7 < (p; — g;)/p; for every j € ﬁ?,r Using that
m > p;0;/q; for every j € ﬁ?,u by Holder’s inequality, we infer that

/ |Un|0j_T|ajUn|qj |Vo|™ dz
Q (5.6)

9

pj(6;
< ¢ py, Gy) ™ 0,0, ||LPJ(Q) ||V L5
Pizd95 1
P = (meas (2)) 7 7.
Finally, for every j € Py 5, we have p < 0; <m < 8p;/q; in view of (1.8).
We let 7 > 0 small such that 7 < (m —0;)/(m — 1) for every j € Py 3. Then,
Holder’s inequality yields that

for every j € P—> 1, where ¢

/ U= 0,0 V| dt
o (5.7)

maq;

~ i 05 —T—%;
< gy (Tmp,) " NUnll iy ™ 1VallLes(o
m—6+r
for every j € Py 3, where we define ¢; p_  := (meas (Q)) ™

1
il
From (5.2)—(5.7), jointly with the a priori estimates in (2.9), we derive
(5.1).

O
We remark that, as n — oo,
Gr(Un) = G(Up) (weakly) in W7 (Q) and in L™(Q) 58)
GR(UnllLr@) = |G (Uo)llLr (@),  where 1 <r <m,
and
Gr(Uf) =0 (weakly) in WH7 (Q) as k — oo. (5.9)
For every k > 1, we define
Zng o= U = T (US). (5.10)

In the proof of Lemma 5.2 below, we need several properties of {zf & tn, Which
we summarise next.
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Properties of {zik}n
From (2.9) and (5.10), we see that {sz}n is bounded in W&’?(Q) and also
in L™(Q) and, up to a subsequence,

zh = Uy —Th(US)" = G(Uy) ace. in Q as n — oo,

o (5.11)
Zok — (U = T(U))” =0 ae. in Q as n — .

Hence, up to a subsequence, using also Remark A.3 in the “Appendix”, as
n — oo, we have

2t = G(U) (weakly) in WP () and in L™ (),

Zp g = Gk(Ug') (strongly) in LP(Q), (512)
Z, 1, — 0 (weakly) in Wg’?(Q) and in L™(Q), .

%, 1, — 0 (strongly) in LP(Q2).
From (5.9) and (5.12), by passing to a subsequence, we deduce that

tim 27 llze @) = 1GR(U)lLr@) — 0 as k — oo,
(5.13)

Jm [z e o) = 0.

Let r € (1,m) be arbitrary. By Vitali’s Theorem and (5.11), up to a subse-
quence, we get that

(Ug)

; +
Jim [z

e (5.14)
Jim [z, [l @) = 0.

Since B satisfies the property (P;), from (5.12) we have, up to a subsequence,

lim (%Un,zn o) = (BUy, Gi(Uy)) and lim (BUn, 2, ;) = 0.

By applying Lemma 5.1, we obtain Lemma 5.2 to be used in the proof of
Proposition 2.4.

Lemma 5.2. There exist {Wi}tr>1 and {Zg}p>1 with limg_oo Wi, = limg_. o0
Zy. = 0 such that, up to a subsequence of {U,}, we have for each k > 1

hmbupn—mxn ||G1€( )”Wl 7 (Q) < Wk’ (515)
limsup,, oo (AUn, 21 ) < Zg. (5.16)
Proof. By a well-known diagonal argument, it suffices to show that for every

k > 1, there exists a subsequence of {U,} such that (5.15) and (5.16) hold.
Let £ > 1 be arbitrary.
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We prove (5.15). Since Gy(U,) = U,, — T(U,) and 0;T(U,) = 0;U,
X{|U,|<k} for 1 < j < N, by the coercivity assumption in (1.12), we have

<.AU,L,G/€ / n 6 U dx
Z {lUn |>k}

> VOZ/ 0; U |P7 da (5.17)

{|Un|>k}

=1 Z 10;Gx (U, Lp]
Since t G (t) > 0 for every ¢ € R, by the sign-condition in (1.13), we find that

Gi(U,) ®(U,) > 0 for all n > 1. Then, by Lemma 2.1, we can test (2.5) with
v = Gy(U,) and using (1.13), we get

(AU, Gr(Up)) < (AU, G (U, /Gk U,)dx
< [ Va0 GulUn) o+ [(BU, Gu(U)] (5.18)
Q

4O / G (U] da
Q

Since B satisfies the property (P»), using (5.8) we infer that
[(BU,, G, (Uy,))| + Co/ |G (U, )| dx converges to

(5.19)

[{BUo, Gi(Uo))| + Ce | Gr(Uo) L1 () as n — oo

By (2.2), we see that
/ U, (Uy) Gi(Uy) doe
Q

N (5.20)

<[ O IGuU,) da.

jz:; {lUn|>k}

Observe that 0 < |G (Uy)| < |Uy| on {|U,| > k}. By Lemma 5.1, for small
7> 0and f € (1/7,m/7) fixed, there exists a positive constant C, independent
of n and k, such that

N
S [ U G e
j=1/{lUn[>k}

< C (G oy + 1GE T ey ) -
From (5.20) and (5.21), using (5.8) it follows that

lim sup/ U, (U,) Gr(Uy,) dx
Q

n—oo

(5.21)

< C (IGHT) Ty + IGHT) sy ) = P
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Using this fact, jointly with (5.17), (5.18) and (5.19), we arrive at

Vo hmsupz 10,Gr(U. )”LPJ ()

<Ry + [(BUo, Gk (Uo))| + Col|Gr (Vo) 1 (0)-

(5.22)

Since G (Up) — 0 (weakly) in Wg’?(Q) and in L™ () as k — oo, using that
703 € (1,m), we find that (up to a subsequence),
Gr(Upy) — 0 (strongly) in LP(Q) and in L7™%(Q) as k — oo.

Hence, limg_, o R = 0 and, moreover, the right-hand side of (5.22) converges
to 0 as k — oo. The proof of (5.15) is complete.
We now establish (5.16). Let £ > 0 be arbitrary. We take v = Tg(Z;;k) €

Wol’? () N L>(R) as a test function in (2.5) and, proceeding as in the proof

of Lemma 2.1, by letting ¢ — oo, we get that (2.5) holds for v = z:k €

Wol’?(Q) N L™(£2). This, jointly with (1.13), implies that
(AU 230 < [ 0alU2) 25 o+ 1BV, 25

+C@/z:;kdx.
o™

From the definition of ¥,, in (2.2), we have

(5.23)

/xy (U) kd:p<2/ a0, U |92 dr. (5.24)
Q zn x>0}

Observe that 2z, < U, on {2, > 0}. Then, from Lemma 5.1, for sufficiently
small 7 > 0 and 8 € (1/7,m/7) fixed, there exists a positive constant C,
independent of n and k, such that

Z/ Unl =103 Un|® 2y, dax
zn k>0} '

< C (sl oy + 15 allEoae) ) -
By using (5.23), (5.24), (5.25), (5.13) and (5.14), we conclude (5.16) with Z
given by
Zi = C (IGHUHEa(y + IGK U oy ) + 1B, Gr(UF))
+ CG)HGk(UJ)”Ll(Qy

From (5.9), (5.13) and (5.14), we have limj_,o, Z = 0 since 74 € (1,m). This
ends the proof of Lemma 5.2. O

(5.25)

For A > 0, we define ¢) : R — R as follows
ox(t) = texp (M?) for every t € R. (5.26)
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We define Iy(n, k) by
Io(n, k) = Collpr(z )l — /Q U (Un) o3 (2 ) e
— (BUp, or (o).

Lemma 5.3. Up to a subsequence of {Uy},, we have

limsup Iy(n, k) <0 for each k > 1.

n—oo

(5.27)

Proof. Tt suffices to show that for each £ > 1, by passing to a subsequence
of {Upn}, we have limsup,,_, . lo(n,k) < 0. Since U, — Up and pa(2,, ;) —
0 (weakly) in W&’?(Q) as n — 00, by the property (P.) for B, we have
im0 (BUn, —pa(2, ;) = 0. Moreover, up to a subsequence, ¢x(2,, ;) — 0
(strongly) in L'(Q) as n — oo. Thus, it remains to show that

lim sup (—/ U (Un) (2, 1) dx) <0. (5.28)
n—oo o)
From (2.2), we have
- [ en) ds
)
: / |Un|® 703 Un|% 0 (27 1) dx
J;Jl {U.<0} ’ (5.29)

< M Z / U %710, Un | 27, ,, da.
0 :

JEJ1
Let j € J1 be arbitrary. In view of Lemma 5.1, for sufficiently small 7 > 0 and

B € (1/7,m/7) fixed, there exists a positive constant C, independent of n and
k, such that

J A AT
(U227} (5.30)
< C (Imllzne + lzmilieaca ) -

We write  as the union of {|U,| <z} and {|Uy| > 2z, , }. Since 0; > 1, we
see that |U,[% 1 < (Z;’k)(’f_1 on {|Uy| <z, }. This and (5.30) imply that

S ol 2 e <0 (Voo + sl

—|—/ |0,;U,, |% (z;)k)oj dz.
Q

With (5.29) and (5.31) in mind, to conclude (5.28), it suffices to show that for
each j € Jy, each term in the right-hand side of (5.31) converges to zero as
n — oo.

In light of (5.13) and (5.14), we see that the right-hand side of (5.30)
converges to 0 as n — oo using here that 78 € (1,m). For every j € Jy, let

(5.31)
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a; € (0,0;) satisfy 1 < 9; < m, where we define 9; = (0; — o)p;/(p; — ¢;)-
Since Zp g S k, by Holder’s inequality, we have

/Q|ajUn|qj (Z;k)e,l dr < k% /Q ‘ajUn‘Qj (Z;k)ej—aj dr
a; q; 10—
<k HajU”HLJPJ(Q)||Zn,k||;ﬂj(;2).
The choice of a; yields that limy .o ||z, |19, o) = 0- Then, for every j € Ji,

the last term in the right-hand side of (5.31) converges to 0 as n — oo. This
completes the proof of (5.28). O

6. Proof of Proposition 2.4

As explained in Sect. 1.4, we conclude (2.11) and (2.12) by showing that (1.24)
holds. We observe that in Case 2, we need only prove that &, (U5, U;") — 0
in L'(Q) as n — oo since all U,, and, hence, Uy are non-negative functions.
Similarly, we can establish the other convergence claim in (1.24). We thus
show the details only for &, (U}, Uy ) in (1.24) and leave the modifications
for &y, (U, ,U; ) to the reader noting that instead of z, j in (5.10), one needs
to work with y,, i defined by y,, 1 = U, — Tix(Uy ).

In light of the monotonicity assumption in (1.12), we have &, (U5, Uy") >
0 a.e. in Q. Hence, to attain (1.24) for &y, (U}, U;"), it remains to show that

limsup/ Eu, (U, US)dx <0. (6.1)
Q

n—oo

Notation. Let w be a measurable subset of {2 and v,w,z € W&’?(Q). We
introduce

Eju, (v,w) = A;(x,Un(2), Vo(z)) = Aj(z, Un(z), Vw(z)),
N
Enw(v,w,z) = Z/ E;u,(v,w)0;zdx. (62)

If either of the variables v, w and z or w depends on n, we drop the subscript
nin B, (v, w, z).
Fix k > 0. We define 2, x as in (5.10). From (1.20), we see that Gy (Uy") >

0 a.e. in . Since
Ul Uy = Z;;k kT Gr(Uy),

n

we infer that
/ v, (UF U do =Eo(TW(Uy), Us U = U)
Q
+ Eo(U,, Ti(Uy ), 2,7 1) (6.3)
+ Ea(Uy Te(Ug ) =%, 1)
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We show that, up to a subsequence of {U,}, there exist p; € LPi(Q) for
1 <37 < N such that

lim Eqo(Tw(US), U, Ge(UF)) Z / 1 ;G (U) (6.4)

n— oo

Indeed, by the growth condition in (1.12), there exists a positive constant C,
independent of n and k such that, for 1 < j < N, it holds

Ay U U D1 g + 14y (.U VU )
+ ||Aj(5177UanUrJLr)

L@ (6.5)
I < C

Hence, passing to a subsequence of {U,, }, we can find p1; € LPS (Qfor1<j<
N such that

Eju, (T(UF),UF) = p; (weakly) in L5 (Q) as n — oo. (6.6)

This proves the claim in (6.4).
We complete the proof of (6.1) assuming that the next two results hold.

Lemma 6.1. For every k > 1, there exist R1(k) and Rq(k) such that, up to a
subsequence of {Up}n>1, we have
limsup Eq(Ty(US), Uy, U — US) < Ri(k),
n—oo
hmsup EQ(UTJLraTk(U[;r)a Z'Ik) S RQ(k)a

n—oo

where limg_, oo Ry (k) = limg_, o, Ra(k) = 0.

Lemma 6.2. For every k > 1, by passing to a subsequence of {Uy}n>1, we
have
limsup Eq(U,", T1.(US), —2,1) < 0. (6.7)
For the proof of Lemmata 6.1 and 6.2, we refer to Sects.6.1 and 6.2,
respectively.
Hence, by using a diagonal argument, there exists a subsequence of {U,, }n,>1
such that for every k > 1 (6.4) holds and Lemmata 6.1 and 6.2 apply.
Consequently, using also (6.3), we deduce that

limsup/é’yn (U5, U dx
n—oo

(6.8)
< Ry (k) + Ra(k) + Z /Q 1 0;Gr(Uy) dx
j=1

for every integer k > 1.
Hence, by using (5.9) and letting £ — oo in (6.8), we conclude the proof
of (6.1).
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6.1. Proof of Lemma 6.1
Let k > 1. By Lemma 5.2, it suffices to show that there exist a positive constant
C, independent of k, and Ry (k) with limy_,o, Ro(k) = 0 such that

limsup Eq (T (U, Uy, UF — U

n

oo (6.9)

< C limsup ||Gk(Un)||W01,?(Q) — Ry (k),
and
limsup Eq(U,F, T (U, zik)
noe A . (6.10)
< limsup(AUn, 2, ;) + C limsup ||Gk(Un)||W01,¢(Q).

Proof of (6.9). We define Ly(n, k), La(n, k) and Lz(n, k) by
Li(n, k) == Equ, 1<xy(Te(Ug), U, U = Uy,
Ly(n, k) == Equ, 1> (Te(Ug ). Uy, U,),
Ls(n, k) := Equ, =6y (Te(Ug), U, U
N
= Z/ Eju, (T(UH), UH) 8;U; de.
{lUn|>k}

j=1
It follows that
EQ(Tk(UJ), U0+, Ut — UOJF) = Ly(n,k) + La(n, k) — Lz(n, k).  (6.11)

Note that x{u,|>£10;U = X{u,>k10;Gr(Uy) for every 1 < j < N. Hence,
by Holder’s inequality and (6.5), we obtain that
|La(n, k)| = | Equ, >k (Ti(U"), Uy, Gr(Us))|

< O Gu(U) (6.12)

||W01?(Q)a

where C' > 0 is a constant independent of n and k.
By the Dominated Convergence Theorem, we see that Ro(k) — 0 as k — oo,
where we define

N

Ro(k) = Z/ Ej,U()(O)UO) aon dx. (613)
j=17{Uo=k}

Using (6.11) and (6.12), we finish the proof of (6.9) by showing that
nler;O L3(n,k) = Ro(k) and nlirgo Li(n,k) =0. (6.14)
Let 1 < j < N be arbitrary. As n — oo, we have
X{|Un|2k}5'on+ — X{Uo>k}93Uo (strongly) in LP7(9Q). (6.15)

Since E;p, (Tu(US),Us") — Eju, (T(Uy),Uf) ae. in Q as n — oo, using
(6.5) and passing to a subsequence of {U,}, we find that

B, (Tu(UF), US) = E;u, (Ti(Uy), Uf) weakly in LPi () (6.16)
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as n — oo. Hence, from (6.15) and (6.16), we infer that as n — oo
E;u, (Tk(US'), UJ)X{IUnIZk}ajUS_ converges to
Ej 0y (Th(Ug ), U )X {uo=k30;Uo  (strongly) in L'(€).
This proves the first limit in (6.14) since
E; v, (Tu(U), US") = Ej 1,(0,Up) on {Uy > k}.

Let 1 < j < N be arbitrary. We now remark that the sequences {E; v, (T (U ),
US) Xq1vn 1<kt b §45 (@, Un, VIR(UY)) X{jv, <k} }n are uniformly integrable
in L5 (Q) with respect to n. Since U,, — Uy a.e. in  as n — o0, by Vitali’s
Theorem, we obtain that as n — oo

E;u, (Tk(Ugr) X{|U,|<k} converges to (6.17)
E; vy (T(U) U ) Xqiuo|<ky in LP5 (), '

) X{|U,.|<k} converges to
| {IUn|<k} (6.18)

)
o)
Az, Up, VTR (UF)
)) X{[o|<ky i L3 ().

Aj(z, Uy, VT (US
Recall that 9;U5 — 9;Uy and 95z, — 8;G1(Uy) (weakly) in LPi(9) as

n — o0o. Since X{jv,|<k} ;G (Uy") = 0, using (6.17) and (6.18), we conclude
that as n — oo

Eju, (Te(U), UH) xqu. 1<k 05 (U7 —UgT) — 0in LY(Q),  (6.19)
Aj($7 Un, VTk(UO )) X{lUnlgk} 3jzn,k — 0in L (Q) (6.20)

Moreover, from (6.19) and the squeeze law, we get the second limit in
(6.14).

Proof of (6.10). We define Py (n, k) and Py(n, k) as follows

(n, k) Z/ (2, Un, VTIL(US)) 952, dz,
{1U. |<k} '

N
Py(n, k) := Z/ Aj(x,Un, VTe(U)) 05(—2) ) da.
o U=k}
Since on the set {U,, > k} we have z:{k =U, — Ty (Uy) and 9,U,, = 0;G1(Uy,)
for 1 < j < N, the definition of Py(n, k) yields that Pa(n,k) = Pa1(n, k) +
P5 5(n, k), where

Por(n, k) Z/ (@, Un, VTL(UF ) 8,Gi (Un) d
Up, >k}
N
P2)2(n, k‘) = Z/ Aj(l‘,Un,VUo) 8on dx.
{U,>k}N{0<Up<k}
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From (6.20), we get lim,, .o P1(n, k) = 0. When z:;k > 0, then U;} >0
so that

Uy =Uf on{z}, >0} and (AUS, z%,) = (AU, 21 ,).

n ok
Hence, we arrive at
Eo(U,\ Ti(Uy ) 2y 1) = (AUn 2, 1) — Pr(n, k) + Pa(n, k).
Consequently, we end the proof of (6.10) once we show that
limsup Pa(n, k) < Chmsup |G (U,

n—oo

)l 7 () (6.21)

where C' is a positive constant independent of k.
As for (6.12), we find a positive constant C, independent of n and k such
that

|P2 1(n, k)| < C||G(U (6.22)

7 -
For 1 < j < N, by the Dominated Convergence Theorem, we get x (v, >k}
X{0<Uo<k}93Uo — 0 (strongly) in LPi(Q2) as n — oo. Since Aj;(z,Up, VU) —
Aj(x,Uy, VUy) (weakly) in LPi () as n — oo, we infer that lim,,_ P 2(n, k)
= 0. This, together with (6.22), proves (6.21).

The proof of Lemma 6.1 is now complete. O

Remark 6.3. The reasoning in the proof of lim,, ., L1(n,k) = 0 cannot be
extended to get lim,, oo Eo(Tx(Uy ), Uy, U —U") = 0. Indeed, in the growth
condition in (1.12), we have taken the greatest exponent for |¢| regarding the
anisotropic Sobolev inequalities so that we don’t have the compactness of the

embedding W&’?(Q) < LP"(Q). Hence, we cannot infer that {E; y, (Ti(U;"),
Ui )Yn>1 is uniformly integrable in LPi () with respect to n.

6.2. Proof of Lemma 6.2
We need to show that, up to a subsequence, (6.7) holds, namely,

n—oo

lim sup/ D(n,k)dz <0, (6.23)

where we define D(n, k) by

Mz

D(n, (z,U,, VU;)

1 (6.24)
—Aj(x,Un, VT (U )] 05 (=2, )

We choose A = A(k) > 0 large such that 403 A > ¢?(k), where ¢ appears in
the growth assumption on ® in (1.13), while vy > 0 is given by the coercivity
condition in (1.12). We define ¢y as in (5.26). Our choice of A ensures that for
every t € R

J

o ok), 1 L)) 1
At o0, t] + 1> 0 and, hence, ¢ (¢) ” lox(t)] > 5 (6.25)
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Recall that Iy(n, k) is defined in (5.27). For convenience, we set

L, k) = zN: /Q A5, Un, VT(UF)) 0502 (2 1)) d

j=1

+EQ(Un7 U:, @A(Z;,k))’ (6'26)
Iy(n, k) == i/ﬂ [4;(z,U,, VUT) 0, T, (U)

e

+A;(z, U, VTR (U)) 8jzn)k] @A(z;’k) dx.

We divide the proof of (6.23) into two steps.
STEP 1. Let vy and ¢, ¢ be as in (1.12) and (1.13), respectively. We have

% / D(n7 k) dx SI(](TL, k) —+ Il(n, k)
! L) (6.27)
+ o(k) [2 + /Q c(x) oalz, ) dz| .

o

Proof of STEP 1. On the set {U, > Ty(U; )}, we have D(n,k) = 0 since
Z, = 0 and, hence, ajz;k =0for 1 <j < N.In turn, on the set {U, <
Ti(US)}, we find that Zok = Ti.(U") = U} and, by the monotonicity condition
in (1.12), it follows that D(n, k) > 0. Hence, we have

D(n,k) >0, =z, €[0,k],

Ox (20 1) 05(—20 1) = oa(2,4) 03U = Tip(Uy)) ae. in Q

for each 1 < j < N. Then, using (6.25), we find that

(6.28)

1
5 | D(n,k)dz < [ D(n,k)p\(z,,)dx
2/9 /9 n (6.29)

From (6.24) and (6.26), we observe that

/Q D(n, K) ph(emy) di = Bo(U, Tu(U3 ), —oa(24)

= Il(n, k) + <~/4Un7 _(P)\(Z;,k»'

(6.30)

Since z, ;. € Wol’?(ﬂ) N L>(Q), we have px(z, ;) € WOI’?(Q) N L>®(Q) so
that @i (z, ;) can be taken as a test function in (2.5). Hence, using (1.13) and
Iy(n, k) given by (5.27), we find that

(AUn,—go)\(z;k)) S/K)Q(Un)go,\(z;,k)da:+Io(n,k). (6.31)



NoDEA Singular anisotropic elliptic equations Page 35 of 58 58

In view of (6.29)—(6.31), we conclude (6.27) by showing that
Joy D(n, k) a(25,) da + Lo(n, )

Yo

+/QC($) @A(zn,k)d‘r:| (k).

/ (I)(Un) ‘10)\(27:,]9) dr < l
@ (6.32)

To this end, we next prove that

JRCAT RO

where I3(n, k) is defined by

N

13(77’7 k)
)

+ /Q c(:c)go,\(z;k)da:) (6.33)

I3(n, k) = A;j(Un) 0;Un (2, ) da. (6.34)

=1 /{0<Un§Tk(Uo*)}

Indeed, since z,, = 0 on {U, > T(U)} and ®(U,) < 0 < ea(2,,) on
{U,, <0}, we have

/ B(U,) () de = / B(U,) a2 ) d
Q {UF <Tu(USH}

<[ O(U,) () da
{0<UL<T%(UF)}

Next, from the growth condition on ® in (1.13) and the coercivity condition
n (1.12), we get

/ B(U,) a2 ) d
{0<U. <Tw (U )}

s¢<k>/{0<U e Z\aU P+ e(a) | oalany) de
o(k)

Yo

<

Iy(n, k) + 6(k) /Q (@) a(z ) da.

Consequently, the assertion of (6.33) is proved.
Since ¢(z,, ;) = 0 on {U, > T (U}, we have

N
Is(n, k) = Z/QAj(x, Un, VU 0,;UF ox(z, ) dx
/ (6.35)

= /QD(n, k) 90)\(2;,/@) dz + Ir(n, k),

where I5(n, k) is given in (6.26). From (6.33) and (6.35), we attain (6.32). This
ends the proof of (6.27) and of Step 1. O

STEP 2. Proof of (6.23) concluded.
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Proof of STEP 2. Since 0 < ¢(z) oa(z,, ;) < k e’ c(x) a.e. in  and ¢(x) @
(z ;k) — 0 a.e. in 2 as n — oo, by the Dominated Convergence Theorem, we

have lim, .o [ ¢(x) pa(2, ;) dz = 0. In view of Step 1 and Lemma 5.3, we
conclude Step 2 by bhowmg that, up to a subsequence,
lim I1(n,k) =0 and lim Iy(n,k) =0. (6.36)

From (5.12), we have that both 2z, , and ¢i(z, ;) converge to 0 weakly in
W(}’?(Q) as n — oo. In particular, for each 1 < 7 < N, it holds

9j(pal2, 1)) — 0 (weakly) in LP7(2) as n — oo. (6.37)

We recall that z,, = Tx(Uy) on {U, < 0} and oz, ) = 0 on {U, >

T (Ug)}-
(1) We show that lim,_,o [1(n,k) = 0. If I 1(n, k) is the first term in
I(n, k) in (6.26), then

Ia(n, k) = Z /M} (2, Un, VIL(U)) 05 (oA (TH(UF) de .

+ Aj(x,Un, VTR (US )05 (2 (2, ) da.

j_l/{0<Un<Tk(Uo+)}

Let 1 < j < N be arbitrary. By the Dominated Convergence Theorem, we get
X(u, <0y 95 (oA (Ti(Uy ))) — 0 (strongly) in L™ () (6.39)
as n — oo. Hence, using that
Aj(2,Upn, VI (Uy ) — Aj(2, Uy, VT(Uy")) (weakly) in LP5 ()

as n — 00, we obtain that the first term in the right-hand side of (6.38)
converges to 0 as n — oo. Moreover, on {0 < U,, < Tk(Ugr)}, we have U,, < k
and the family {|Aj(z,Un,VTk(Ugr))V’;}nZl is uniformly integrable. Then,
based on

Aj(x, U, VT(U)) — Aj(z,Uo, VIR (UF)) ae. in Q
as n — 00, by Vitali’s Theorem, we infer that as n — co
Aj(z,Un, VTR (U )) X{0<U, <T(U)} Converges to
Aj(z, U07VTk(UJ))X{ogUong(U;)} in Lp;(Q)

This, jointly with (6.37), implies that the second term in the right-hand side
of (6.38) converges to 0 as n — oo. This proves that lim, .o, I1,1(n, k) = 0.

We now show that the remaining term in the definition of Iy(n,k) in
(6.26) converges to 0 as n — oo, that is,

(6.40)

hm EQ(Una U:a ()0)\(21;]@)) = 0

n—oo



NoDEA Singular anisotropic elliptic equations Page 37 of 58 58

By the definition of Ey . (-,-,-) in (6.2), since 2, , = Te(US) = —znk on
{U,, <0}, we get

Eq(Up, U+,<p>\(zf )

_Z/ (2, U, VU — A, (1, U, VU905 (o7 (TH (U
Un <0}

As for (6.6), by passing to a subsequence of {U,}, we get that
{42, Un, VU)o, {Aj(@,Un, VU ) bny {452, Un, VTR(Ug))
converge weakly in L”3 (€2) as n — oo. This and (6.39) yield
lim Eo(Un, Uy, 0a(2,,,)) = 0.

n—oo

(2) We show that lim;, .o I>(n, k) = 0. From (5.11) and 0 < z, , < k a.e

in 2, we have ¢x(z,, ;) — 0 a.e. in Qasn — oo and 0 < pa(z, )<ke>‘k a.e.
in . Thus, by the Dominated Convergence Theorem, for each 1<j<N, we
find that as n — oo

ea(2, 1) 05Tk(Ug ) — 0 (strongly) in L3 (),
X{U, <0} @A(Tk(UJ)) 0jznk — 0 (strongly) in L7 (Q).

Consequently, as n — oo, we get

N
Z/ Aj(x,Un, VU @1 (2, 1) 95Tk (Ug") d — 0,

N (6.41)

/ Ay (@, Uny VT(U)) o0 (Te(UiF)) 0y 20 dat — .
{U,<0}

For 1 < j < N, we have z,, = —z, , on {0 < U, < Tk(UJ)} so that
using (6.40) and the weak convergence 0;z, , — 0 in LP7(§2) as n — oo, we
arrive at

A (z, UanTk(Uar))X{OgU,Lng(UJ)} djznx — 0 in L'(Q)

as n — 0o. It follows that

A‘.L“,UH,VT U 2, 1) 02n i da
Z/O<U ey SO IO ) O

converges to 0 as n — oo.

Since ¢a(z,, ) = 0 on {U, > Ty(Uy)}, from (6.41) and (6.42), we find that

7

lim,, . I2(n, k) = 0, completing the proof of (6.36) and of Step 2. O

This finishes the proof of Lemma 6.2. O
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7. Proof of Theorem 1.5

Let (1.1), (1.3), (1.8) and (1.12)—(1.14) hold and, in addition, let min;<;j<n a; >
0. Here, we suppose that the function f in (1.11) is not identically 0. In Case 2,
we assume that f > 0 a.e. in 2. We approximate f by a sequence of functions
fn € L*°(Q), taking for instance

W
= T T

In particular, in Case 2, we have f, > 0 a.e. in 2. We remark the following
properties

for a.e. z € Q.

[fnl <|f] ae.in Q, f, — f a.e. in Q,

fn — f (strongly) in L'(©2) as n — oc. (7.1)

With this approximation, assuming that B belongs to BE((1 —¢€) .A) for some
e € (0,1), in either Case 1 or Case 2, we can apply Theorem 1.4 for the problem
generated by (1.11) with f,, instead of f. Then such an approximate problem
admits at least a solution u,, namely,

Auy, + @(up) + O(uy) = ¥(uy) + Buy, + fr, in Q,
- 7.2
u, € Wy P (),  ®(uy,) € L*(9). 72)
Moreover, ®(u,,)u, and ¥(u,)u, belong to L1 (£2),
L, (v) = / U(uy,)vdr € R
{|un‘>0}
and
Sun0.f.(0) = I, (v) + (Buy,v) (7.3)

for every v € Wol’?(ﬂ) N L>(Q). Furthermore, (7.3) holds for v = w,,.

In the rest of the paper, we understand that u,, is a solution of (7.2) with
the above-mentioned properties that we obtain from Theorem 1.4.

But, unlike Theorem 1.4, to prove that {u,},>1 is uniformly bounded

in WO1 ’?(Q), we need B to satisfy the extra condition (Ps) associated with
(1 —e) A, namely, for every k > 0,

N
(1= 2)vo 3 19ull}hs ) — (Bu, Th(w) — oo (7.4)
j=1

as ||u||W1,;>(Q) — o00. Thus, B belongs to the class BC,((1 — ). A). This
0
assumption is made throughout this section.
All the results in this section are derived in the framework of Theorem 1.5.

7.1. A priori estimates

In order to obtain a priori estimates for w,, solving (7.2) we need the following
result, which is in the spirit of Lemma 4.1.
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Lemma 7.1. Let k > 1 be arbitrary and ®q be given by (1.2). Then, for every
p >0, there exists a constant C, > 0 such that for all n > 1, we have

N
Ly, (Ti(wn)) <p > 105unll s o) + p/{| Pk}l%(un)\dx +Cp (75
j=1 Un |2

Remark 7.2. The property ®(u,)u, € L'(2) and (1.14) ensure that
f{lun\>k} |Po(up)|dx < oo for all k> 1 and n > 1.

We define

Tmo1(k,up) = / |, |1 da,
{lun|>k}

Ity ) = [ a0 d
{lun|>k}
If in the definition of J,, 1, (K, u,), we replace m — 1 and p; by 6; — 1 and

q;, respectively, then we obtain Jp, _1 4, (K, un).

Proof of Lemma 7.1. We observe that

N
jm—l(ka un) + Z jm—l,pj (k'7 un)

i=1
1
< [ Do (un)] dx < oo.
Ming<k<N Ok Joju,|>k}

Using the definition of I, (v), we see that

Ly, (Tx(un))
N N
= Z/ |un|91|ajun|‘1j d:L‘—‘y—ij@j_l)qj(k,un)
j=1 /{0<]un|<k} j=1 (7.6)
N
<23 k% / 10| da + kS o, 1.4, (k).
j=1 @ j€

Let 6 > 0 be arbitrary. By Holder’s inequality and Young’s inequality, there
exists a constant Cs > 0 such that for every n > 1,

N N B

> [ oyt do <Y (meas () 05003, o

=179 =1

! (7.7)

N
< 52 ||6j“n||?1’j Q) + Cs.
j=1

Let j € J; be arbitrary. To estimate Jg, 1 4, (K, u,), we distinguish several
cases:

Case (a) Let ¢; = 0 and 6; > p+ 1. Then, j € N% and from (1.8), we
have m > 6;. Hence, by Young’s inequality, there exists a constant C5 > 0
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such that for all n > 1,
To, 1.0, (k) = / |~ da < 8T 1 (kyun) + Cs. (7.8
{lun|>k}

Case (b) Let ¢j = 0 and §; < p+ 1. We set 7, = 1 — (0; — 1)/p and
C; = (meas (Q))". By Holder’s inequality, Remark A.3 and Lemma A.1 in the
“Appendix”, we find constants C' > 0 (depending on N, P, 6; and meas (£2))
and Cs > 0 such that for all n > 1,

1

N 0. —
~ 0;—1 4
Jo;-1,9; (k,up) < Cj ||un||LJp(Q) < CH ||aiun||[}€i(ﬂ)
i=1
N (7.9)
<8 [10iunlfi ) + Cs-
i=1
When ¢; > 0, we define (; as follows
“1Doas
Gimy—1- m=Da (7.10)
Dj

Case (c¢) Let ¢; > 0 and ¢; < 0. We set 7, = 1 — ¢;/p; and C; =
(meas (2))". Then, by Holder’s inequality and Lemma A.1, there exists Cs > 0
such that

Pji¢y 6;—1

_2J>3 v
j@j*l,‘]j(lﬁu’ﬂ) <C; ||ajun||L;;L(§;) (jmfl,m‘ (k’u”)) "
< ajmfl,pj (kvun) + (SHaJunHzI),JPJ Q) + Cé'

(7.11)

Case (d) Let g; > 0 and ¢; > 0. We distinguish three sub-cases:

(d1) Let mj > 1 and 6; > p. Then, j € Pz and from (1.8), we have m > 0; =
min{m;, 6;}. We set v; := (m —6;)/(m — 1) and C; := (meas (Q2))". It
follows that

YIRS i
C; (jm—l(k7un))m_l (Jm—l,pj (k’un)) " (712)
0 Im—1(k,un) + 6 Im—1,p, (K, un) + Cs,

where Cs > 0 is a suitable constant depending on J.
(d2) Let m; > 1 and #; < p. Then, from (1.8), we see that m > m; =
min{m;,6;}.
(ds) Let m; < 1. Here, we have m > 1 > m;.
We next treat sub-cases (dz2) and (d3) together to get (7.14) below. Using
that m > m;, we define
. 1T ,
=1 G Gy B o)), (7.13)
b p; PLPj bj
We let C; = (meas(92))"’. By Holder’s inequality, the anisotropic Sobolev
inequality (A.2) in the “Appendix” and Lemma A.1, we find constants C' > 0



NoDEA Singular anisotropic elliptic equations Page 41 of 58 58

(depending on N, P, 0;, ¢;, m and meas (Q2)) and Cs > 0 such that for all
n > 1, we have

jﬁ’j—qu (k,upn) < CjHUnH%p(Q) (jm—l,pj (kvun))rj

3 N 1
S C (jm—l,pj (k, Un)) Pj H ||aiUn||[{\;i Q) (7.14)

i=1

N
< 0m1p, (kyun) +0) 1817, () + Cs-
=1

Since § > 0 is arbitrary, the conclusion of Lemma 7.1 follows from (7.6) based
on the inequalities in (7.7)—(7.9), (7.11), (7.12) and (7.14). O

We now proceed with the proof of the a priori estimates of u,.

Proposition 7.3. The following hold.

(a) There exists a positive constant C' such that for all n > 1, we have
||un||W01,5>(Q) + /Q |P(uy,)|dx < C. (7.15)

(b) There exists ug € Wol’?(ﬂ) such that, up to a subsequence of {un}n>1,

Up — ug (weakly) in Wg’?(Q) as n — oo, (7.16)
Uy — U a.e. in Q as n — oo. )
Proof. (a) Fix k > 1 large such that k™' (k—1) minj<j<x a; > 1. We define

N
K= / Aj(uy) Ojup dr — (Buy, Tk (uy)). (7.17)
{‘un‘<k}

j=1
We have 0;Ty(un) = X{ju,|<k} Ojtn a.e. in Q for 1 < j < N. By the sign-
condition of ® in (1.13), we see that
D (up) T (un) = ®(up) uy >0 on {|u,| < k}.

Since [[fullziy < 1z, by taking v = T(un) € WEP (@) 1 L(9) in
(7.3), we find that

K.+ k/ |P(uy)|de < Co + Ly, (Tr(un)), (7.18)

where Co := k (|| f| 11 (0) + Co meas (2)). Lemma 7.1 gives that for every p >
0, there exists a constant C, > 0 such that (7.5) holds for all n > 1. Using
(7.5) into (7.18), we find that

it (b=p) [ (0| ds
{lun|>k}
N (7.19)
< Co+ /)Z ||8jun“i]?j ot Cp.-

Jj=1
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We fix 0 < p < min{1,erp}. Hence, using (7.17), (1.14), our choice of k and
the coercivity condition in (1.12), we derive that

N
Yo Z Hajun”ijpj © (B, Tr(un))
j=1

N
< Cot pd 0juall7s 0 + o

j=1

By the choice of p and (7.4), we conclude the boundedness of {u,, },, in W, 7 Q).

Since B is a bounded operator from W&’?(Q) into its dual, we have
[(Buy, Tr,(un))| < C, where C' is a positive constant independent of n. Thus,
from (7.19), we readily deduce that

/ 1@ (uy)| da < C.
{lun|>k}

Using the growth condition of @ in (1.13), we find that

/ |®(uy)|de < C
{‘un‘<k}

for all n > 1. This completes the proof of (7.15).
(b) Up to a subsequence, the assertion in (7.16) follows from (7.15). O

7.2. Strong convergence of T} (u,,)

Our aim in this section is to prove the following Proposition 7.4.

Proposition 7.4. Up to a subsequence of {un}n, as n — oo, we have

Vu,, — Vug a.e. in )

. 1,7 (7-20)
Ty (un) — Ti(uo) (strongly) in Wy ¥ (£2)

for every positive integer k.

Remark 7.5. We have ®(ug) € L'(2). Indeed, using the a.e. convergences of
{un} and {Vu,} in (7.16) and (7.20), respectively, we obtain that |®(u,)| —
|®(up)| a.e. in © as n — oo. Then, the claim follows from (7.15) and Fatou’s
Lemma.

To derive (7.20), we can proceed as in the proof of Lemma 4.2 in [16].
However, the new ingredient here is Lemma 7.6, which is due to the introduc-
tion of ¥ in (1.11).
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We define Q;(n,k) and R;j(n,k) for 1 < j < N, as well as Vj(n, k) if
j € J1 and Wj(n, k) if j € Jy as follows

Q;(n.k) = / 1571 B140 | (k — T (1)) diz,
{unzk}

Rj(n, k) := / un|% 01| % (k + T (uo)) da,

un Sk} (7.21)

Vi (n, k) = / 109 [t — T ()]
{0<]un|<k}

Wj(n, k)= / [t |0 0510 (i, — Th(10)) .
{Tx (uo)<un<k}

Let oy be as in the proof of Lemma 6.2 (see (5.26)). For every n,k > 1,
we set

Zn,k = Tk(un) - Tk(uo) (722)
Lemma 7.6. We have
limsup I,,,, (oA (Znk)) < 0. (7.23)
n—oo

Proof. Since ox(Zn.k) = Zn i e>‘(z"v’€)27 from (1.3) we find that

N
Lun (3 (Zos)) = 3 / ]~ Bt0m | (K — Ti(u0)) > @ )" d
j=1/{un=k}

N
+ Z/ [un % 7| O5un | (k + Ti(uo)) %) da
j=1/{un<—k}

N
+> / [t | =21 | 914 | (1, — T (u0)) X #0)" dr.
j=1 {0<|un|<k}

Since |Zy, ;| < 2k a.e. in Q, using (7.21), we infer that

N
%&Zf’k)) < Z(Qj(n, k) + R;(n, k))

i=1 (7.24)
+ Y ETIVnk) + Y W(n, k).
jed jeda
We separate the case j € Jo from j € J;.

(I) Let j € Jo, which pertains to Case 2 when u,, > 0 a.e. in § and,
hence, ug > 0 a.e. in 2. Remark that (k — T (uo))X{u,>k} — 0 in L®i/5)" (Q)
as n — o0. Since {0;up }n>1 is bounded in L7 (Q), by Holder’s inequality, we
infer that

0 S Qj (n, ]f)

S kej_lHajun”%jpj (22) ||(k - Tk(UO))X{uWZk} HL(pj/qj)l(Q) —0
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as n — oco. With a similar argument, we obtain that
lim R;(n,k)=0.

n—oo

Let 0 < 7 < min;e g, 0;. Hence, 7 € (0,1) and
[n] % (un — Ti(uo)) < k%77 (un — Ti(uo))"
on the set {Tj(up) < u, < k}. Since
(tn — Tr(©0)) " X{Ty (uo)<un<ik} — 0 in L(pf/qf)/(Q) as n — oo,

proceeding as above, we obtain that
0 S Wj (Tl, k)

< k5T 05unl Pr o) (= T (10)) X (o) <etm < | 05 0507
— 0 asn — oo.
(IT) We now assume that j € J; and we show that
Qj(n,k) =0 asn — oo. (7.25)
As in the proof of Lemma 7.1, we distinguish several situations:

Case (a). Let ¢;j = 0 and 6; > p + 1. In this case, j € N+ and hence,
(1.8) yields that m > 6;.

Case (b). Let ¢; =0 and 6; < p+ 1.

In Cases (a) and (b) above, we define v; = 1—(6; —1)/r, where r = m—1
in Case (a) and r = p in Case (b). Then, by Holder’s inequality and (7.15), we
have

0 < Qj (’ﬂ, k)
< ||u7l||LT(Q)||(k = T (u0)) Xqun >k}l 1/ (@ —0asn— oo

For Cases (c) and (d) below, we define (; as in (7.10).

Case (c) Let ¢; > 0 and ¢; < 0. Defining v; = 1 —¢;/p;, similar to (7.11),
we get

_PiS 41
Qs (1,1) <05l 5 g (o ()
X |I(k = Tk (w0)) Xgun >k}l 1177 ()
Case (d) Let ¢; > 0 and ¢; > 0. We have three sub-cases, see (d;)-(ds)
in Lemma 7.1.
(d1) Let m; > 1 and 6; > p. Defining ; = (m —0;)/(m — 1), similar to (7.12),
we see that

(7.26)

~ S, i
Q;(n, k) < (Fm1.(un)) ™7 (Im-1,p, (un)) ™ (7.27)
X |[(k = Th(uo)) Xgun >k}l 177 ()

We treat the remaining sub-cases (dz) and (d3) together and define v, as
in (7.13). Analogous to (7.14), we find that

Qj(n7k) SHUnHijp(Q) (jmfl,pj (un)) ri

(7.28)
x| (k = Tie(u0)) X un >k} [l 17 0
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By (7.15), the right-hand side of each of the inequalities in (7.26), (7.27)
and (7.28) converges to 0 as n — oco. So, in any of the Cases (a)—(d), we get
(7.25) for j € Jy. With the same reasoning, we obtain that lim, .. R;(n,k) =
0 for every j € Jy. Using that (u, — Tk(u0))X{0<|u,|<k} — 0 in Lwi/5)" (Q)
as n — 00, we find that V;(n,k) — 0 as n — oo. Thus, the right-hand side of
(7.24) converges to 0 as n — oo. The proof of (7.23) is complete. 0

Proof of Proposition 7.4. Using Lemma A.5 in [16], to obtain (7.20), it suffices
to show that for every integer k > 1, there exists a subsequence of {u,}
(depending on k and relabeled {u,}) such that (1.28) holds. We first note
that, as n — oo,

Eun (Ti(un), Tie(u0)) X{jun|>ky — 0 (strongly) in L'(Q). (7.29)
Indeed, from (6.2) and (7.22), we have

N
5un (Tk(un) Tk U() ZEJ U, Tk(un) Tk(UO))a Zn k-
Jj=1

For all 1 < j < N, since 0;Ty(un) = X{ju,|<k}0jUn, the Dominated Conver-
gence Theorem yields

0j Znks X{Jun |2k} = —05U0 X{Jun| >k} X{Juol<k} — O (7.30)
(strongly) in LPi () as n — oo.
Similar to (6.6), by passing to a subsequence of {u,, }, foreach 1 < j < N,
we see that {E; ., (Tk(un), Tk(uo))}, converges weakly in LPi(Q) as n — .
Hence, we obtain (7.29).
Using the monotonicity assumption in (1.12), we get that
Eu, (T (un), Tk (up)) > 0 a.e.in Q.

Hence, in view of (7.29), to conclude (1.28), it remains to show that, up to a
subsequence,
lim sup / Eu (T (n), Tr () da: < 0, (7.31)
n—=o0 J{|un|<k}
We set

5518 5= ) = 2 (Zo ),

(7.32)
Z/un<k} (x,un, V) fa(n, k) 0,2, 1, dz,

where v € Wol’p (). Since Ty (un) = uy on {Ju,| < k}, from (6.25) and the
definition of &, in (1.21), we infer that
1

- Eu, (T (un), Ti(ug)) do < Fo g (un) — Fo e (Tr (uo)).
2/{|un|<k} (T (un), Tie(uo)) k(un) k(T (o))

The proof of (7.31) follows now by establishing that
(1) lm F x(Tk(up)) =0, (i) limsup Fpx(uy) <0. (7.33)

n—oo
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Since |Z, 1| < 2k, we find a constant Cj, > 0 such that |f(n, k)| < Cj for all
n > 1. For arbitrary 1 < j < N, with the same reasoning as for (6.18), we have
that Aj(z,un, VIk(u0)) X{ju,|<k} converges to Aj(x,uo, VIk(u0)) X{juo|<k}
(strongly) in LPi(Q) as n — oo. Hence, using that 0;jZn 1 — 0 (weakly) in
LPi(Q) as n — oo, we find that A;(x,u,, VTk(u0)) X{ju, <k} 9jZnxr — 0 in
LY(Q) as n — oo. Thus, by the squeeze law, we obtain the first limit in (7.33).
To prove (ii) in (7.33), we take as a test function in (7.3) the function

v = ox(Zns) € WHP (Q) N L=(9). (7.34)

Compared with [16], we have the extra term I, (v) in the right-hand side of
(7.3). Then, I, (¢x(Zn k)) is the additional term which appears when bound-
ing from above F,, i (uy). By following the ideas in the proof of Lemmata 3.2
and 4.2 in [16] (see Lemma A.6 in the “Appendix” for details), we arrive at

Frk(tun) < Sk(n) + Lu, (0x(Zn,k)), (7.35)

where, up to a subsequence of {u,}, lim,, o, Sk(n) = 0. From Lemma 7.6 and
(7.35), we conclude (ii) in (7.33). This ends the proof of Proposition 7.4. [

7.3. Proof of Theorem 1.5 concluded

Here, we obtain that ug € W&’?(Q) is a solution of (1.11) by combining
Propositions 7.3 and 7.4 with Lemma 7.7 below.

Lemma 7.7. Let u,, andug be as in Proposition 7.3. Then, up to a subsequence,
we have

I,,(v) = lim I, (v) = Suy0,f(v) — (Bug,v) (7.36)

n—oo

for every v € W&’F(Q) N L>(£).

Proof. We start by proving the second equality in (7.36). Let v € Wol’?(Q) N
L>°(Q) be arbitrary. From (7.1), we have

lim fnvdx—/fvdx

Reasoning as in the proof of (3.1), we obtain
O(un)v — O(up)v in LY(Q) asn — oo,

limy, oo (A(up), v) = (A(up),v) and limy, oo (B, v) = (Bug, v). Since P(ug)
€ LY(Q) (see Remark 7.5), it is enough to show that

®(u,) — ®(up) (strongly) in L'(Q) as n — oo. (7.37)

By Vitali’s Theorem, it suffices to show the uniform integrability of {®(uy,)}n>1
over ).

Fix M > 2 arbitrary. Let w be any measurable subset of 2. We regain
(3.5) with u,, instead of U,,. However, the proof of (3.6) does not translate here
since from Proposition 7.3 we only have the uniform boundedness in L!(Q) for
{®(un)}n>1 (rather than for {®(uy,) uy }rn>1). The case ¥ = 0 is treated in [16,
Lemma 4.3] by adapting and extending to the anisotropic case an approach
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from [11]. We give the details since compared with [16] we need to deal with
the new term ¥ in (1.3). In (7.3), we take

v =T (Gar—1(un)) € WEP () N L2 (Q).

Then, using the coercivity condition in (1.12) and (1.13), we obtain the esti-
mate

[ getars [ (1] + Co) do
{lun|>M} {lun|>M—1}

+ (B, Ty (Crr—1(un)))|
+ I, (T (Gar—1(un))).

Now, up to a subsequence of {u,}, from (7.16), we have

(7.38)

T (Gar—1(un)) = T1(Grr—1(ug)) (weakly) in W7 () as n — oo.

Using this in (7.38), jointly with (7.1) and the property (Pz) for B, we find
that

limsup/ |D(uy,)| dx
{|un|>M}

n—o0

3/ (If| + Co) dz + |(Buo, Ty (Grr—1(uo)))|  (7:39)
{luo|>M~1}

+limsup |1, (T1(Gar—1(un)))|-

Since T1 (G p—1(un)) = 0 on {Ju,| < M — 1}, we have
N
(B (Gara (w)] < Y a0y, . (7.40)
j=1 {l“anM_l}

Let ppr—1(v) := meas {|v| > M —1}. We next bound from above the right-hand
side of (7.40).
(I) For every j € Ja, using that M > 2 and 6; < 1, we find that

/ %105 | e
{|un|>M—1} (7.41)
< (M = 1) 0junl| P ) (ar—1(wn)) 79777

(IT) Let j € J; corresponding to 6; > 1. We are guided by the reasoning in
Lemma 7.6. In relation to the upper bound for @;(n, k) in the proof of (7.25),
we replace (kK — Ty (u0))X{u, >k} DY X{ju.|>Mm—1}- Hence, using also (7.15), we
obtain a positive constant C, independent of n and M, such that

/ [tn| MO ¥ d < C (par—1(un))? (7.42)
{lun|=M—1}

where 7; € (0,1) is defined according to (a)-(d) in the proof of (7.25).
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In light of (7.41) and (7.42), we infer from (7.40) that
limsup |1, (Th (Gar—1(un)))|

n—oo

<C Y (a1 (uo) ™ 47P 3 (par—1(uo))™ |

Jj€J2 Jjen

where C' > 0 is a constant independent of M. As ppr—1(ug) converges to
0 as M — oo, by choosing M > 2 large, we can make limsup,,_, |1y,
(Th(Gprr—1(up)))| as small as desired. Using this fact in (7.39), we conclude
that [ |®(uwn)|X{ju,|>rm} dz is small uniformly in n and w. This finishes the
proof of (7.37).

We now establish the first equality in (7.36) for every v € W, ’?(Q) N
L*>(§). We follow the ideas in the proof of (3.7), working here with ¥, u,, and
ug instead of ¥,,, U, and Uy, respectively. Hence, for every j € Jp, the reader
should replace H; ,,(Un, 9;Uy) by |tn|%=2u,|0ju,|% .

For every j € Jy, corresponding to (3.13), we want to show that there exists
s; > 1 such that

et |% =211 |0 | || 55 (2) < C (7.43)

for a positive constant C' independent of n. We need to adjust the argument in
Sect. 3.1. The reason is that instead of {|u,||rm)}n>1 and {Jpp, (un) fn>1
being uniformly bounded in n, we only have that { [, [u,|™"!d2},>1 and
{Jm-1,p; (n)}n>1 are uniformly bounded (see Proposition 7.3 (a)). With sim-
ilar ideas to those given in the proof of (7.25), based on Hélder’s inequality,
we obtain (7.43) by taking s; = 1/(1 — ~;), where ~; € (0, 1) is defined as for
(7.42).

Now, we use Proposition 7.3 (b) and (7.20) to deduce that

1| 2 | 0jun| Y — |uo|% "2ug|0juo|  ace. in Q asn — oo.
Using (7.43), we infer that, up to a subsequence,
|t | 21 | Djun |V — Juo|% 2o |Djup|V (weakly) in L% (£2)
as m — 00, proving that

lim Z/|un|91_2un\8jun|qﬂ'vdx
n—oo Q

JE€J1

= / luo|* 20| Djuo| Vv dar.
Q

Jj€I

(7.44)

As mentioned before, for w € WOIW(Q) N L (), we have Vw = 0 a.e. in
{w = 0}. Hence, the above identity holds if instead of  we put {|u,| > 0}
in the left-hand side of (7.44) and {|ug| > 0} in the right-hand side. This

completes the proof of (7.36) in Case 1.
In Case 2, the proof of (7.36) adapts almost verbatim from Sect. 3.2 re-
membering to work with ¥ instead of W¥,,. This ends the proof of Lemma 7.7.
O
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Appendix A

In this paper, we need the following version of Young’s inequality.

Lemma A.1. (Young’s inequality) Let N > 2 be an integer. Assume that
0B1, ..., 08N are positive numbers and 1 < Ry < oo for each 1 < k < N — 1.
If ZkN;ll(l/Rk) < 1, then for every § > 0, there exists a positive constant Cy
(depending on ) such that

N N—-1
I3 <0 B +Cspiv,
k=1 k=1
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where we define Ry = |1 — fj;ll(l/Rk) B
We recall the anisotropic Sobolev inequality in [44, Theorem 1.2].

Lemma A.2. Let N > 2 be an integer. If 1 < p; < 0o for every1 < j < N and
p < N, then there exists a positive constant S = S(N, D), such that

[y <sH\|au||Lp](RN) for allue CZ(®Y), (A1)
Jj=1

where, as usual, p* := Np/(N — p).

Remark A.3. Let Q be a bounded, open subset of RY with N > 2. If 1 < pj <
oo for every 1 < j < N and p < N, then by a density argument, (A.1) extends

to all w € W7 (Q) so that the arithmetic-geometric mean inequality yields
0

ull o) <8 H l95ull )
(A.2)

2\%

al S
Z 185ull 7 @) = T lullwe7 o

for all u € I/VO1 7(Q) Moreover, using Holder’s inequality, the embedding
Wy P (Q) — L*(Q) is continuous for every s € [1,p*] and compact for ev-
ery s € [1,p*).

Lemma A.4. Let the assumptions of Proposition 2.3 hold. Suppose that
Eu, (U, UF) =0 in LY(Q) asn — . (A.3)
Then, up to a subsequence, we have

VUE — VU a.e. in Q asn — oo, (A4)
UEx — U (strongly) in W&’?(Q) as n — 00. (A.5)
Proof. From (A.3), we see that, up to a subsequence,
Eu, (U, UF) -0 ae. inQ asn — oo.
We prove (A.4). Recall from Proposition 2.3 that (2.10) holds. Let Z
be a subset of © with meas(Z) = 0 such that for every x € Q\ Z, we have

\USE(z)] < oo, [VUE(z)] < 00, [n;(x)] < oo for all 1 < j < N, as well as

Un(2)* = Ui (), Eu, (UL, UE)(z) — 0asn — oco. (A.6)
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We fix z € 2\ Z. By the monotonicity and coercivity assumptions in (1.12),
we find that

N
Eu, (UL, U) = v »_ [0;UF ()|

j=1
N (A.7)
Z (2, Un, VUT) 0;U
+ Aj(z,U,, VUy) ;UL
By Young’s inequality, for every ¢ > 0, there exists Cs > 0 such that
|45 (@, Un, VU, Ui | <81A; (@, Un, VU + C50;U5 ()" 48)

‘Aj(x7 Unvv{](;t)ajUr:zt' S(SlajUni(x)‘pJ + 05‘Aj(x7 Unvv{]gz)lp;

for every 1 < j < N. We use the growth condition in (1.12) to bound from
above the right-hand side of each inequality in (A.8). Then, there exist positive
constants C' and Cf, both independent of n (only C§ depends on §) such that
Eu, (UE,UF)(x) is bounded below by

N
(vo = C8) Y |0;U ()P

j=1
— C} Zn )+ |Un ()P +22|8U0 )|Ps

Using (A.6) and choosing 6 € (0,v/C), we conclude that
{|IVUZ(z)|},, is uniformly bounded with respect to n. (A.9)

Let z € Q\ Z be arbitrary. To prove that VU,  (z) — VU (z) as n — oo, we
show that any accumulation point = of {VU, ()}, coincides with VU (z).
From (A.9), we have |Z| < co. By (A.6) and the continuity of A;(z,-,-) with
respect to the last two variables, we get that &, (U}, Uy )(z) converges to

Z (z,Uo(2), B) — A;(z, Uo (@), VU (2))] (8; — 0;U7 (x))

Jj=1
as n — oo. This, jointly with (A.6) and the monotonicity condition in (1.12),
gives that = = VU, (z). Similarly, we obtain that
VU, (x) — VU, () as n— oo.

The proof of (A.4) is complete since z € Q \ Z is arbitrary and meas (Z) = 0.

In order to prove (A.5), we use (A.4), (A.7), Lemma 5.2 and Vitali’s
Theorem. We see that {|9;UF — 8;UZ|P7},, is a sequence of non-negative inte-
grable functions, converging to 0 a.e. on {2 as n — 0. So, we conclude (A.5) by

showing that, up to a subsequence, {Zjvzl |0, UE|Pi } is uniformly integrable
n
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over €. Now, up to a subsequence, we have for each 1 < j < N,
Aj(x,U,, VUZE) = Aj(z, Uy, VUF) (weakly) in L¥i(Q)  (A.10)

as n — oo. Indeed, {A;(x,U,, VUZF)}, is bounded in LV (Q) from the growth
condition in (1.12) and the boundedness of {U,}, in W&’?(Q) and, hence, in
LP" (). Moreover, {A;(x, Uy, VUF)}, — Aj(z, Uy, VUF) ace. in Q as n — oo
using (A.4), the convergence U,, — Uy a.e. in Q (from (2.10)) and the continuity
of Aj(z,-,-) in the last two variables. Hence, up to a subsequence, we have
(A. 10) Consequently, for each 1 < j < N, we get

Aj(x, U, VUE),UF — Aj(2,Up, VUF) 0;UF  in LY(Q)  (A.11)

as n — 0o.
Let k£ > 1 be arbitrary. For each 1 < 57 < N, we next prove that, as
n — oo,

Aj(2,Up, VUF) X (0,1 <ky O;UE converges to (A12)
A;(@, U, VUG) Xjvol <k 9305 in LH(Q). .

Fix 1 < j < N arbitrary. Note that {|A4,(z, Un,VUOi)|p3'X{|U"|Sk}}n is uni-
formly integrable over (2 and

Aj(2,Un, VUF )X (U128 — A5 (2, Uo, VU)X (0] <k}
a.e. in  as n — oo. Thus, by Vitali’s Theorem,
A (2, Un, VUG) X {12y — Aj (2, Uo, VU )X (jug) <iy 0 LP5 ()

as n — oo. This proves (A.12) since 9;UF — 9,Uf (weakly) in LPi(Q) as
n — oo (see Remark 4.2).

By Holder’s inequality, we get a constant C' > 0 (independent of k) such
that for all n > 1,

Z/ (2,U,, VUF) 0;UZ| da
{|Un \>k}
= Z/ (2, Un, VUFE) 8;G(U,,)| da (A.13)
vk >k}

< CZ 105G (Un)llL7i ()
Using (A.13), Jomtly with Lemma 5.2, we get that, up to a subsequence,

hmsupZ/{lU |>k} (2,Un, VUSE) ;UE | dx < CWy,,  (A.14)

n—oo

for each k > 1, where limy_.o, W), = 0. Using (A.3), (A.11), (A.12) and (A.14),
from (A.7), we get that {Z;V:1 |0, UE|Pi } is uniformly integrable over 2. This
ends the proof of (A.5). O
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Remark A.5. We need Lemma 5.2 to control the integral in the left-hand side
of (A.13). Indeed, we cannot conclude the convergence A;(z, U,,, VUF) ;UF —
Aj(x, Uy, VUY) ajUOi in L'(Q) as n — oo for the same reason as in Re-
mark 6.3.

Lemma A.6. In the framework of Theorem 1.5, we have (7.35).

Proof. Recall that Z,, ;, = Tk (upn) — Tx(uo). From (7.16), we have Z, ; — 0

a.e. in Q asn — oo and Z, ;, — 0 (weakly) in WOL?(Q) as n — o0o. Moreover,
as n — oo, we find that

ox(Znk) — 0 ae. in Q

1= (A.15)
ox(Zp ) — 0 (weakly) in Wy P ().

Observe that u,, Z, , > 0 on the set {|u,,| > k}, which gives that ®(u,) pr(Zn k)
X{lun|>k} = 0. Thus, by testing (7.3) with

v =px(Zn1) € Wy P () N L),

we obtain that

(A, 0x(Zn k) + /{un<k} D(un) pr(Zn,k) dx (A.16)

< en,k + I, (W/\(Zn,k))’

where /,, ;. is defined by

U e i = (Bn, x(Zn,k)) —/Q@(Un)s@,\(zn,k)dfﬂ-f—/gfn ox(Zn i) de.

The first term in ¢, , converges to 0 as n — oo from (7.16), (A.15) and the
property (Pz) of 8. Since |O(uy)| < Co and (7.1) holds, by the Dominated
Convergence Theorem, we get that the second, as well as the third term in
£y, 1, converges to 0 as n — oo. Hence, lim,, .o €y, = 0.

To simplify exposition, we now introduce some notation:

Xy (n) = (k) /{ DS A ) Tk (w) + o) (e

j=1
N

Yi(n) = Z/QAj(un) PA(Zn k) Xl | <k} X{Jun| 2k} Ojtt0 d.
j=1

We rewrite the first term in the left-hand side of (A.16) as follows

(At o2 (Zup)) = X521 S <ky A () 95 (Zne) 03 Zn i dx = Yi(n).
(A7)



58 Page 54 of 58 B. Brandolini and F. C. Cirstea NoDEA

The coercivity condition in (1.12) and the growth condition of ® in (1.13)
imply that

|P(wn )| X{jun <k}

1 X A8
< ¢(k) P D Aj(un) Ot + (@) | X(fun<h)- (1%

Jj=1

In the right-hand side of (A.18) we replace d;u, by 0;Z, 1 + 0;T%(uo), then
we multiply the inequality by | (Z, k)| and integrate over Q with respect to
x. Tt follows that the second term in the left-hand side of (A.16) is at least

ok v

Vo

[ ) [oA(Z0i] 0, Zue s = X,
Hun | <k}

j=1
Using this fact, as well as (A.17), in (A.16), we see that F,, 1 (u,,) (defined in
(7.32)) satisfies
Fok(un) < Xp(n) +Yie(n) + ok + Lu, (00(Zn1))- (A.19)
Since limy, o £, = 0, by showing that

lim Xj(n) = lim Yi(n) =0,

we conclude (7.35). Using (A.15) and ¢ € L'(€2), we infer from the Dominated
Convergence Theorem that

C(I)|(p)\(Zn,k)| X{\u"\<k} — 01in Ll(Q) as n — oQ. (A20)

Next, up to a subsequence of {u,}, A;(u,) converges weakly in LPi(Q) as
n — oo for all 1 < j < N. Hence, Zjvzl Aj(un) Ojug converges in L'() as
n — oo. Then, there exists a non-negative function F € L*() (independent
of n) such that, up to a subsequence of {u,}, ‘Zjvzl Aj(un) Ojug| < F ae. in
Q for all n > 1. By the Dominated Convergence Theorem, as n — oo,

N
> Aj(un) 9T (uo) |02 (Zn k)| X{Jun|<ky — 0 in L1(9). (A.21)
j=1

From (A.20) and (A.21), we find that lim,,_... Xx(n) = 0. Remark that |} (Z,, 1)

is bounded above by a constant independent of n and X {juy|<k} X{ju,|>k} — 0

a.e. in ) as n — oo. Hence, we can use a similar argument as for Xy (n), to

obtain that, up to a subsequence of {u,}, lim, o Yx(n) = 0. From (A.19), we
conclude (7.35) with Si(n) = Xi(n) + Yi(n) + £y k. O
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