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Abstract

Metallic nanowire networks are promising candidates for next-generation transparent con-

ductors, owing to their exceptional electrical and thermal conductivity, high optical trans-

parency, and mechanical flexibility. A nanowire network is a disordered arrangement of

nanowires that exhibits no discernible long-range order or periodicity. Previous studies have

placed significant emphasis on the individual analysis of electrical resistance, optical trans-

mission, and thermal conduction in diverse network materials. Nonetheless, insufficient focus

has been devoted to comprehending the relationship between the multiple extrinsic and in-

trinsic variables that characterize a disordered nanowire network (or an ensemble of them)

and the trade-offs that arise when investigating the system response trio of namely electri-

cal/optical/thermal natures. This thesis presents a comprehensive computational study that

exclusively employs theoretical and numerical models to examine the thermoelectric and op-

tical characteristics of two types of disordered metallic nanowire networks: (i) junction-based

random nanowire networks and (ii) seamless random nanowire networks. The raw materials

that compose their nanowires are metals namely, silver, gold, copper, and aluminium and we

used a variety of computational tools to obtain prominent physical quantities that infer the

network’s performance such as sheet (electrical) resistance, optical transmission, and temper-

ature variation. A range of adjustable parameters, including those pertaining to geometrical

structure in device design, have been systematically tuned in order to conduct a figure of

merit analysis with respect to thermal and electrical conduction, and optical transmission of

the network materials. Moreover, we obtained local current and temperature mappings that

detail the conduction mechanisms used by the networks to propagate signals through their

disordered skeleton. We verified that, under certain conditions, junction-based and seam-

less nanowire networks fall into the same temperature distribution mechanisms that can be

generally described with Weibull probability density functions. This study offers valuable in-

sights into the electrical/optical/thermal performance of disordered nanowire networks prone

to transparent conductor applications.
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same transparent grid pattern as in panel (b). Reproduced from Ref. [97]
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3.4 Average optical transmittance against sheet resistance of Ag NWN devices
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Chapter 1

Introduction

1.1 Nanowire Networks

The significant advancements made in nanotechnology have a major impact on a wide range

of modern industries [1–3]. It is well established that the properties of nanomaterials are

highly connected to their physically constrained structures and intrinsic features, which in-

clude their geometrical shapes and sizes, atomic structure, and chemical compositions [4,5].

When a material’s dimensions are shrunk to the nanoscale, its fundamental properties can

be dramatically altered [6]. For instance, nanomaterials have a substantially higher surface-

areas-to-volume ratio than their bulk counterparts, resulting in increased chemical reactiv-

ity/sensitivity and mechanical strength [7]. Similarly, at the nanoscale, quantum effects can

become far more important in shaping the characteristics and properties of the materials,

resulting in unique electrical, optical, thermal, mechanical, and magnetic behaviours [8].

For example, structural feature such as sufficiently large aspect ratios in nanomaterials is

advantageous to light-propagation paths toward photonic circuit integrations [9]. Hence,

identifying nanomaterials according to their physical properties is critical for comprehend-

ing the diversity of their nanostructures. They can be classified into four types according to

their dimensions including zero dimension (0D), one dimension (1D), two dimensions (2D),

1



and three dimensions (3D) [10]. The majority of 0D nanomaterials are in the category of

quantum dots with characteristic sizes smaller than 100 nm [11]; examples include Fullerene-

based quantum dots [12], graphene quantum dots [13], carbon quantum dots [14], inorganic

quantum dots [15], and magnetic nanoparticles [16]. Nanostructures are considered to be 1D

if their thickness and width are in the nanoscale range but their length is in the micrometer

(µm) range or greater. Nanowires [17], nanotubes [18] and nanofibers [19] are all examples

of 1D nanomaterials. 2D nanomaterials have width and length that are in the micrometer

range and yet their depth is in the very few nanometer (nm) range. Graphene, being one

of the most commonly noted 2D materials, has unique characteristics that make it useful

in a broad range of applications [20]. Materials that are not restricted to nanoscale in any

dimension are called 3D materials or bulks; bundles of nanowires, nanotubes, and multi-layer

materials may all be found in this category [21]. It is worth mentioning that materials man-

ufactured in the mesoscale (∼ 0.1 mm to 5 mm) can be viewed as bridging the gap between

macro- and microscale systems because they share traits with both classifications while still

holding their own distinct properties [22]. In this thesis, we will focus on 1D nanomaterials

composed of solid wide segments with lengths of the order of micrometers and width/depth

of the order of nanometers.

Nanowires can be metallic, semiconducting, or insulating based on their chemical com-

positions and electronic properties, with metallic and insulating nanowires being particu-

larly suited for plasmonic, and photonic applications, while semiconducting nanowires show

promise for light generation and sensing applications [25–27]. Metallic nanowires have been

intensively studied as a valuable 1D nanostructure because of their unique features, which

include outstanding thermal and electrical conductivity, high aspect ratio, remarkable me-

chanical flexibility, exceptional optical transparency, and so on [28–31]. As a result of this,

metallic nanowires are being viewed as multifunctional engineering materials because of

their unique properties, which are not present in their bulk equivalents [32, 33]. Metallic

nanowires research has sparked innovation in a number of fields over the last two decades,
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Figure 1.1: (Top panels) Transmission electron microscopy (TEM) images from [23]: (a) bare
silver nanowire, (b) silver nanowire coated with ZnO, (c) and silver nanowire coated with
SnO2. (Bottom panels) Scanning electron microscopy (SEM) images: (d) gold nanotubes,
and (e) silver nanowires. Panels (d,e): reprinted (adapted) with permission from reference
[24]. Copyright 2003 American Chemical Society.

including flexible transparent conductive films and electrodes [34–36], conductive polymer

nanocomposites [37, 38], touch sensors [39, 40], photovoltaic cells [41, 42], electrochromic

devices [43, 44], wearable optoelectronic devices [45, 46], thermal energy storage [47, 48],

biomedical science [49, 50] and chemical sensors [51, 52], brain-inspired neuromorphic com-

puting applications [53, 54], and transparent heaters [55, 56]. Silver [57, 58], copper [59, 60],

gold [61, 62], and aluminum nanowires [63, 64], in particular, have advanced rapidly on the

frontier of metallic nanowire technologies, making them up-and-coming candidates for next-

generation engineering materials [55,65,66]. The development of characterization techniques,

on the other hand, has led to numerous synthesis processes that produce metallic nanowires

of uniform size at minimal cost [29,55,65,66]. Metallic nanowires have been manufactured us-

ing a variety of shape-controlled processes, including hard template [67], soft template [68],
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electro-deposition [69], wet reduction [70], and chemical vapour deposition [71] methods.

Among the numerous metallic nanowires, Ag, Au, Al, and Cu have received significant at-

tention, owing to their similar physical and chemical properties at room temperature [31].

Figure 1.1 shows Ag nanowires and Au nanotubes fabricated at different geometries and

compositions. Figure 1.1 (a-c) illustrate bare and coated Ag nanowires [23] whereas Figure

1.1 (d) evidences the hollow cross-section of Au nanotubes with bundles of (e) bare (solid)

Ag nanowires [24].

Many of these nanowires can be bundled together to form thin films or synthetic lay-

ers that can be used in modern electronics. The need for faster, smaller, and more powerful

electronics has been a significant driving force in increasing demands for transparent conduc-

tive electrodes which are crucial components for flexible thermoelectronic and optoelectronic

devices [66, 72]. Indium Tin Oxides (ITO) is the most often used transparent conductive

electrode material today, but limitations raise from its brittle ceramic nature, shortage of

supply, and high cost of preparation using the vacuum deposition technique. Such challenges

linked to ITO limit its broad use in emerging flexible devices and other next-generation appli-

cations [73]. Numerous efforts have been undertaken to produce ITO substitutes, including

carbon nanotube networks [74], graphene thin films [75], conductive polymers [76], and metal

nanowire networks (NWNs) [29,73]. When deciding on the best material for a given applica-

tion, it is critical to evaluate the costs associated with the raw materials and manufacturing

procedures required to create the electrode or device component [29, 73]. Among these ma-

terials, metallic nanowires as transparent electrodes are considered promising candidates to

replace ITO due to their superior electrical, thermal, mechanical, and optical properties and

low cost of fabrication [29, 55, 66, 73]. Metal NWNs are composed of randomly distributed

nanowires over a substrate in which the nanowire interconnects entangle in a disordered

fashion to form a percolative network.
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Figure 1.2: (a) SEM off-angle cross-sectional image reveals touching-wire (junction-based)
connections in Ag nanowires. (b) SEM off-angle cross-sectional image reveals tightly linked
Ag nanowires with smooth surfaces after mechanically compressed junction treatment. Pan-
els (a,b): images from [77] and reproduced with permission from Springer Nature. (c) TEM
image of an Ag nanowire junction before junction optical treatment. (d) TEM image of an
Ag nanowire junction after optical welding. Panels (c,d): images from [78] and reproduced
with permission from Springer Nature.

Solution-based deposition methods such as Meyer rod [79], dip, or spray coating [80] can

be used to efficiently construct NWN samples of distinct sizes. Large junction resistances

between intersecting nanowires in the network can be a result of the surface coatings of

individual nanowires, which are generally made of insulating oxides or polymers [81, 82].

Direct measurements of junction resistances have been carried out for a variety of nanowire

systems, and the influence of these observations on the overall device behaviour has been

thoroughly investigated [83,84]. However, even after using severe post-treatment techniques

such as annealing, electroforming, or plasmonic welding, the impact of junction resistances in

NWNs can be a rather complex task to resolve [82,83]. Figure 1.2 (a,b) display SEM images
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of Ag nanowire junctions of a network before and after the mechanical pressing treatment [77]

while (c,d) show TEM images of Ag nanowire junctions before and after junction plasmonic

welding [78]. Regardless of the junction treatment, the contact point between each pair

of nanowires will never offer “zero resistance” as porous interfaces between the wires and

the presence of defects can still play a role in the wire-to-wire conduction process. Yet,

experimental realizations of NWNs for applications in flexible transparent conductors are a

broad topic that will be reviewed in the next section.

1.1.1 Transparent Conductors

Transparent conducting electrodes (TCEs) or simply transparent conductors (TCs) are ma-

terials that combine high electrical conduction and high optical transparency, primarily in

the visible spectral range, which are typically trade-off physical properties [29, 55, 65, 66].

Flexible displays and touch screens [85], thin-film heaters [86], wearable sensors [87], neu-

ral interfaces [88], and solar cells [89] are some of the technologies in which TCEs have

demonstrated notable operational efficiency. ITO has dominated the industry for decades

due to its excellent transparency and conductivity [29, 66]. However, indium scarcity and

the requirement for high-vacuum deposition and high-temperature annealing still keep the

costs of ITO as TCEs relatively high. Furthermore, its intrinsic brittleness has limited its

prospective applications in burgeoning optoelectronics, which necessitate not only excellent

transparency and conductivity but also mechanical flexibility. Alternatives have lately been

offered, including conducting polymers [76], carbon nanotubes [74], graphene [75], and metal-

lic networks [66,90]. Among them, unstable conducting polymers with low conductivity are

still far from practical implementation [91]; carbon nanotubes are also not competitive due

to high junction resistance and semiconducting properties [92]; and transparent graphene,

despite its high mobility, cannot compete in conductivity with ITO due to its low carrier

concentration and the costly large-area fabrication processes [93]. Metallic networks, partic-

ularly Ag NWNs, on the other hand, have become a well-known replacement for ITO due
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to their outstanding optical transmittance, electrical and thermal conductivity as well as

mechanical flexibility [94]. Figure 1.3 depicts SEM images of Ag random NWNs [94]. Other

NWNs and array layouts made of other metals, e.g. Al, can be found in [95].

Figure 1.3: (a) SEM image of an Ag NWN. (b) High-magnification of an Ag NWN from
panel (a). Images taken from [94].

1.1.2 Structural Properties of Nanowire Networks

The geometrical, physical, and intrinsic factors of the nanowire materials, as well as the de-

vice arrangement, have a significant impact on the performance of nanowire networks which

includes the electrical and thermal conductivity, optical transmittance besides mechanical

flexibility [29, 55, 56, 90]. A variety of control parameters affects these properties of such

networks, including structural ones such as the nanowire aspect ratio (AR), defined as the

nanowire length (Lw) divided by the nanowire diameter (dw) or AR◯ = Lw/dw in which

the subscript ◯ indicates AR of cylindrical nanowires with a circular cross-sectional area.

However, NWNs are not restricted to only cylindrical nanowires; they can be fabricated with

other layouts and designs, e.g., seamless NWNs (pattern-based junctionless NWNs that will

be discussed later in Chapter 4) are composed of nanowire segments or nanochannels with

rectangular cross-sectional areas with AR defined as the width of the nanowire (Ww) divided

by its depth (Dw), or AR∎ =Ww/Dw in which the subscript ∎ indicates AR of nanowires with
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a rectangular/square cross-sectional area. The NWN density (nw), defined as the number of

nanowires per unit of area, the orientation of the nanowires with respect to a reference axis,

the effects of nanowire curvature or wire persistence length, and the network area fraction

(AF) [96–98] are also other parameters that can be tuned to control the electrical-optical-

thermal properties of NWN systems. Not only the individual nanowires can be synthesized

at different geometries, shapes, and sizes but also the layout of the network device can

be constructed according to a variety of forms [99, 100]. Figure 1.4 depicts several NWN

structures composed of diverse layouts and materials deposited on a substrate. This figure

shows experimental and computer-generated images of distinct NWN layouts that inspired

the work of this thesis. Figures 1.4 (a,b) depict a random NWN created by distributing Ag

nanowires over a square surface without any particular constraint. The network is shown for

both experimental SEM image [101] and a computer-generated model [97], respectively. Such

NWNs are referred to as “standard” NWNs throughout this thesis. Random metallic NWNs

are resistive arrays that exhibit equivalent or sheet resistance (Rs) that can be determined

experimentally or by numerical methods. Rs is mostly dependent on the connectivity pro-

file of the network, junction resistance values (Rjxn) originated from the multiple interwire

connections, and the inner resistance of the nanowires themselves (Rin) [82, 102]. Figures

1.4 (c,d) display experimental [103] and computer-generated Ag NWN structure [97] with a

different device layout; these networks are patterned with squared gaps forming small voids

or “windows” with the intent of enhancing transparency features. These types of networks

are called mesh or transparent grid design NWNs [103,104]. A closer inspection of all NWN

examples in this figure can already demonstrate that such systems are not entirely made

of perfectly straight wires. Figures 1.4 (e,f) illustrate experimental SEM image [105] and

computer-generated of combined straight and curved Ag nanowires [97] randomly deposited

over a substrate area, respectively. These are referred to as “hybrid” NWNs throughout

this thesis, indicating the fact that they are made of both straight and curved nanowires.

We will discuss in detail the characterization and computational study done on the NWNs
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depicted in Figures 1.4 (a-f) in Chapter 3. These are referred to as junction-based NWNs

since electrical signals essentially flow from wire to wire through their contact points. Fig-

ures 1.4 (g,h) show an experimental SEM image of a silicon NWN [81] manufactured as a

continuous nano-crack network alongside its computer-generated representation. The key

difference between the network shown in Figures 1.4 (g,h) and the junction-based NWNs in

Figures 1.4 (a-f) is that the nanowires in the former are seamlessly connected to each other,

whereas in the latter, the nanowires are connected in such a way that they generate extra

resistance at their junctions. This seamless connectivity in the network shown in Figures 1.4

(g,h) can potentially lead to improved electrical conductivity and performance compared to

the standard NWNs. Figures 1.4 (g,h) are referred to as “seamless” NWNs throughout this

thesis to remind the fact that they lack contact junctions at the nanowires intersections, and

we will discuss more details about this type of network in Chapter 4.
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Figure 1.4: (a) Micrograph experimental image of a random (standard) Ag NWN [101] paired
with a (b) computational representation of this type of NWN [97]. Panel (a): reproduced
from Ref. [101] with permission from the PCCP Owner Societies. Panel (b): reproduced from
Ref. [97] with permission from the Royal Society of Chemistry. (c) Micrograph experimental
image of an Ag mesh-pattern NWN paired with a (d) computational representation of this
type of NWN [97]. Panel (c): image reprinted (adapted) with permission from reference [103].
Copyright 2020 American Chemical Society. Panel (d): reproduced from Ref. [97] with
permission from the Royal Society of Chemistry. (e) Micrograph experimental image of an Ag
hybrid curved-straight NWN [105] paired with a (f) computational representation of this type
of NWN [97]. Panel (f): reproduced from Ref. [97] with permission from the Royal Society of
Chemistry. (g) Micrograph experimental image of a seamless silicon NWN from [81] paired
with a (h) computational representation of this type of NWN. Panel (h): reproduced from
Ref. [106] with permission from the Royal Society of Chemistry. In the computer-generated
panels, different elements of the NWNs are colour-coded to aid in their identification. The
junctions between two nanowires are represented by black circles, straight nanowires are
depicted as grey sticks and curved ones are shown as blue semi-circles. Additionally, vertical
yellow (or green) thick lines on each side of the network represent source and drain electrodes
for electrical modelling.

Given the wide variety of tunable parameters, distinct NWN device layouts, and complex

trade-off physical responses, the goal of this thesis is to develop a comprehensive computa-

tional framework that can shed light on the electrical-optical-thermal properties of disordered

NWN systems that are prone to TCE applications. This computational framework has the

purpose to inform on how typical trade-off quantities such as sheet resistance and optical

transmission can be optimized with respect to the structural and intrinsic tunable param-
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eters of distinct NWN layouts. In other words, we are able to establish tunable strategies

for the parameters to decide for instance how much optical transmission one can trade for

lower resistance values and vice-versa. The coupled thermal-electrical responses are also

investigated and are contrasted in terms of the system’s tunable parameters and its over-

all connectivity features. We built a modular computational framework that can navigate

through four sub-modules addressing distinct responses and characterization schemes of dis-

ordered NWNs as shown in Figure 1.5. The sub-modules can conduct statistical ensemble

analysis of numerous NWN samples as well as customized analysis of an individual NWN

structure built with very specific settings. Before going into the physical responses (electri-

cal, optical, and thermal), an in-depth spatial characterization of the NWN structure (or an

ensemble of them) is conducted using in-house scripts which give information on the network

connectivity, density, junction or intersection mappings, and nanowire characteristic length

distributions if applicable. This stage is required so we can establish a relationship between

the structural features of the NWNs with their physical responses. This structural map-

ping is hence fed into the “electrical”, “optical”, and “thermal” sub-modules equipped with

distinct software to extract prominent physical responses from the NWNs including sheet

resistance, optical transmission, current-flow and temperature distribution profiles. More

details on each computational procedure will be given in the subsequent chapters but, to

also enable the coupling of these sub-modules and their respective outcomes, one requires

the use of a rich set of computational packages as the following: in-house scripts written in

Python programming language, a Mie light scattering theory (MLST) [107] MATLAB pack-

aged named MatScat written by [108, 109], and COMSOL Multiphysics® software [110], a

multiphysics simulation package that allows users to simulate and analyze complex physical

phenomena involving multiple physics schemes and with the aid of graphical user interface

(GUI). This schematic summarizes the computational framework followed throughout this

thesis; note that even though the scope of this thesis is purely computational, we always

compared our numerical results with experimental findings by extensive literature search.
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Figure 1.5: Schematics of the computational framework developed to study the thermo-
electro-optical properties of disordered metallic NWNs in this work. To conduct a compre-
hensive analysis of NWNs, it is necessary to define several key parameters related to their
structural design, such as aspect ratio, area fraction, nanowire density, angular orientation,
curvature, device layout, and intrinsic material properties. This is included in the spatial
“characterization” module. Once these parameters are established, the next steps involve
the development of computational modules for electrical, optical, and thermal simulations,
employing COMSOL Multiphysics® software [110] as well as in-house computational imple-
mentations to provide a thorough understanding of the behaviour of NWNs under various
conditions. This whole framework is equipped to perform statistical studies in ensembles
of NWNs or customized studies of individual NWN structures. Reproduced from Ref. [106]
permission from the Royal Society of Chemistry.

1.1.3 Electrical and Optical Properties of Nanowire Networks

The electrical and optical properties of NWNs have been widely investigated over the past

decade by theoretical and experimental efforts. Due to the disordered and percolative na-

12



ture of NWNs, it can be rather difficult to pinpoint a (Rs, Top) pair for a given set of

structural/intrinsic parameters with certainty. But most importantly, the electrodes that

will probe the electrical response of the NWNs need to percolate, i.e., nanowires need to

be dispersed in such a way that the electrodes are shortcut by them. Many experimental

and computational studies devoted to determining the electro-optical properties of metallic

NWNs which can be analyzed in terms of figures of merit (FOM) in which Rs and Top, taken

for distinct NWN devices, can be plotted as Cartesian axes to see how these quantities cor-

relate in response to a spanning parameter phase space [98, 111]. Many works have pointed

out that metal NWNs can exhibit low Rs ⩽ 100 Ω/◻ (units of ohms per square) and high

optical transparency Top ≥ 90% with regards to their chemical compositions, geometrical and

physical properties of the nanowires as well as the device-architecture [29, 72, 96]. Bae et

al. [111] highlighted that TCEs must have high optical transmittance, typically, Top ≥ 90%,

while the electrical Rs varies according to the device’s operation and purpose. From touch

screens and flexible displays to solar cells, these technologies typically function at resistance

levels ranging from 500 Ω/◻ to lower as 1 Ω/◻ [111]. The latter discusses the typical sheet

resistance ranges for various applications involving TCEs. For most industrial applications,

TCEs may have a sheet resistance of less than 500 Ω/◻. Organic light-emitting diodes and

solar cells, for instance, should have sheet resistances < 50 Ω/◻, while touchscreens should

have sheet resistances of 200 − 500 Ω/◻, according to industry standards [111]. Figure 1.6

shows a FOM collection for various transparent conductor devices made of distinct materials

and layouts to also highlight the sheet resistance variance among the various applications

and the desired high optical transmittance values (> 90%) [98]. Still in terms of FOM, Figure

1.7 shows a comparison between the standard TCE ITO with other contemporary thin-film

nanoscale materials and a schematics to illustrate the costs of fabricating some of these ma-

terial groups with respect to their conductivity. These figures illustrate that the trade-off

between high optical transmittance, low sheet resistance, and costs are significant aspects to

be considered when choosing material alternatives for TCE applications [58, 112].
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Figure 1.6: Relationship between sheet resistance and optical transmittance for various
transparent conductor applications (photovoltaic (PV), screen/lighting, capacitive and re-
sistive touch screens, and antistatic coatings) highlighted on the top part of the panel [98].
Legend distinguishes materials in their respective transparent conductor technologies. This
data information was taken from the references [113] (Cu Nanotrough and ITO), [114] (MTI
Nanoweb), [115] (Ag 360 - Bellet), [116] (Ag 1000 - Kim), [117] (Cu 2280 - Ye), [117, 118]
(Graphene), and [119] (PEDOT:PSS).
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Figure 1.7: (a) FOM for several material groups. Reproduced by permission from [120].
(b) Schematics illustrating the costs in terms of the conductivity properties of each material
group, including the standard ITO and Ag mesh/nanowires [112].

Many experimental works have effectively performed FOM trade-off analysis in NWN thin

films, however, many questions remain unanswered and empirical examination can be costly

and time-consuming [96]. Experimental sample sizes can be limited, undermining therefore

a meaningful statistical analysis of the FOM and other physical properties such as spatial

characterization of the NWN samples and their temperature distribution profiles. NWNs

can also be described analytically; several research studies have attempted to find closed-

form equations for estimating the sheet resistance and optical transmittance of 2D random

percolating networks. Interestingly, there are analytical formulations of the effective sheet

resistance and optical transmittance as a function of physical parameters which are worth

understanding to elucidate typical trends between Rs and Top [82,101,121,122]. Nonetheless,

there is not a universal or generalized closed-form expression ruling the correlation of Rs and

Top. Some of these analytical approaches are empirical or semi-empirical which require fitting

with experimental data for very specific sample characteristics and conditions [123,124]. One

can utilize the following expression to predict the relationship between transmittance and

sheet resistance of a material. This equation can be useful for designing and optimizing

transparent conductive materials but its applicability should be carefully evaluated for each

specific case [125,126]:
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Top = [1 +
188.5

Rs

× σopt

σcond

]
−2
. (1.1)

In the above equation, σcond is the electrical conductivity of metal nanowires, and σopt is the

optical conductivity related to the chemical compositions of the nanowires. Equation (1.1)

establishes a phenomenological relation between Top and Rs that emphasizes the trade-off

aspect of these two quantities, and how they can relate with intrinsic quantities such as

σopt and σcond. But this relation is also linked to other specifics associated with the NWN

connectivity and device layout, turning it into a non-ubiquitous relation [123].

1.1.4 Thermal Properties of Nanowire Networks

Metallic nanowires’ thermal characteristics include their thermal conductivity, temperature

dependency of their electrical conductivity, and thermal stability [127–129]. There have

been studies on how the thermal conductivity of metallic nanowires relates to their electrical

conductivity. It has been found that the thermal (kcond) and electrical (σcond) conductivities

of metals are inextricably linked via the Wiedemann–Franz law [130] given by

L = (kcond
σcond

) 1

T
(1.2)

in which T is the temperature and L is the Lorenz number, typically L = 2.44 × 10−8

WΩK-2 [131, 132]. It is important to note that the proportionality factor of the Wiede-

mann–Franz law can vary with respect to the material’s characteristic sizes. For instance,

the thermal conductivity of platinum (Pt) nanowires (Lw ∼ 10µm and dw ∼ 100 nm) was

recently compared to electrical conductivity measurements at ambient temperature. The

electrical and thermal conductivity of the nanowire was reduced by a factor of 2.5 and 3.4,

respectively, as compared to bulk data [132]. Thus, the Lorenz number of the nanowire

was discovered to be lower than the bulk Lorenz number of metals, with a 25% differ-

ence [131, 132]. This drop is frequently linked to electron scattering at grain boundaries.
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Grain boundaries are the borders between crystalline grains in a substance. As electrons

travel through a material, they can confront grain boundaries, which can behave as imped-

iments that scatter the electrons and restrict their mobility. This phenomenon is known as

“electrons scattering at grain boundaries”. In the context of nanowires, grain boundaries

can have a substantial effect on the material’s electrical, thermal, and mechanical charac-

teristics. With nanowires, the size of the wire is comparable to the dimension of the grains,

hence grain boundaries can have a greater impact on the behaviour of the material than in

bulk structures. This could result in perturbations to the nanowire’s thermal and electrical

conductivities as well as their mechanical characteristics. Comprehending and controlling

grain boundary behaviour is crucial to the development of high-performance nanowires for

a variety of applications [133,134].

Heat, oxygen, and moisture have all been shown to impact the thermal properties of indi-

vidual metallic nanowires and NWNs which can lead to negative outcomes such as structural

failures as a result of melting. Many efforts have been dedicated to probing their thermal

applicability in electronic systems [127, 135]. For example, even though the melting point

of Ag in its bulk form is extremely high (1173 K), multiple investigations have proven that

when Ag nanowires are subjected to temperatures of 523 K or higher, they degrade into

nanodots as a result of Rayleigh instability. Rayleigh instability is a phenomenon in which a

thin structure fractures into small elements as a result of surface tension when its diameter

gets ever so small that its surface energy surpasses its bulk energy. In a nanowire subjected

to a high electrical potential, the electric field generates axial compression, degrading the

nanowire’s diameter. As the diameter grows too thin, the wire fragments into nanodots or

smaller particles [136]. This can be even more of an issue when dealing with random metallic

NWNs in which the electrical and heat fluxes in the network are not uniformly distributed

across it [127, 137]. As another example, the breakdown of the Au NWNs at high current

densities was investigated using infrared microscopy as shown in Figure 1.8 [129]. This

technique is advantageous for discovering and identifying hotspots inside the network that
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contribute to the network’s failure. A further drawback of the random NWNs is that the

contact area between the nanowires is extremely small, in the range of a few tens of nanome-

ters, i.e., not conducive to efficient thermal diffusion [138]. Because of this, it is necessary to

measure and evaluate the localized electrical and thermal dynamic behaviour in individual

nanowires during the device operation if one wants to have a detailed understanding of the

thermal mechanisms involved in the disordered nanowire mesh [139]. Several papers on the

thermal phenomena of metal NWNs have been published employing experimental techniques

such as electrical mapping [140] and thermoreflectance [141], but sufficient thermal/spatial

resolution can be a challenge to achieve in such experiments. This is where computational

simulations can be of aid as those conducted in this thesis and inspired by computational

efforts such as in [128]. Because it is extremely hard to monitor the electrical current and

thermal profiles experimentally at each nanowire, we dedicated to investigating not only

the optical and electrical responses of disordered NWNs but also their thermal properties;

this was done with multiphysics simulation packages [110] that can provide high-resolution

thermal/spatial profiles and allow us to set realistic materials’ settings and conditions.
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Figure 1.8: (a-e) A series of thermal photos taken at various points in time demonstrating
the disintegration of the Au NWN on PET (polyethylene terephthalate) at 1.3 V. The
temperature of the Au NWN grows with time, resulting in hotspots and eventually the
network’s failure. In panel (c), the grey portions around the heater’s centre indicate picture
saturation and correspond to the heater network’s hottest places. (f) Infrared radiance
image of an unpowered network following a breakdown, highlighting the damaged wires in
the bright zone in the network’s core. (g) SEM images of the network from the locations
of breakdown (highlighted by the red circles). (h-j) Optical images at high magnification
illustrating the breakdown areas. Image Reprinted (adapted) with permission from [129].
Copyright 2017 American Chemical Society.
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1.2 Thesis Outline and Objectives

This thesis comprises five chapters, including this introduction. Our main goal is to provide

a comprehensive study, by means of computational tools, that can inform on the electro-

optical-thermal properties of TCEs made of random NWNs. Such physical properties often

relate in a trade-off manner in which one can be improved at the expense of the other and vice-

versa. For this reason, we devised a computational framework that can quantify how much

gain/loss seemingly competitive physical responses in NWN systems impart on each other.

In the following chapters, we will highlight the main computational tools and methods used

to address the research goal elucidated above. Computational and theoretical descriptions

such as the ones we worked with are very important because they allow making predictions

about the electro-optical-thermal responses of highly disordered nanostructures such as the

NWNs studied in this thesis and help us understand the main physical mechanisms ruling

the intensity of such responses. NWNs as TCEs need to offer optimum transparency, tun-

able sheet resistance, and thermal stability, and these properties were covered in this work.

Mechanical durability is also an important quality for next-generation flexible display tech-

nologies, however, we did not have time to explore this last property. The computational

study of the mechanical properties of TCE NWNs will be discussed in Chapter 5 as an

outlook for future work leading from this thesis. Overall, all these qualities (electro-optical-

thermal-mechanical) are controlled by the network’s underlying charge-carrier dynamics and

geometric properties, which have been emphasised by several publications in the literature,

many of which have been undertaken by our group and collaborators at Trinity College

Dublin [98, 101, 142–144]. Particularly, my most recent contributions to the field resulting

from this thesis can be found in [97,106,145].

Chapter 2 lays down the theoretical foundation and mathematical background that will

be used throughout this thesis. We describe in detail the theories and models behind the

computational toolkit we developed during this PhD experience. Some of the concepts are

but not limited to: percolation theory, graph/network characterization, Mie light scattering
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theory, Kirchhoff’s circuit laws, conduction properties of nanomaterials, and resistive net-

work theory. Chapter 3 covers the computational framework and its algorithms that model

the electro-optical specifications of two distinct NWN layouts: the (standard) random NWNs

and NWNs patterned by a transparent mesh to enhance transparency [97]. Aluminium, gold,

copper, and silver nanowires are the materials of choice for transparent conducting electrodes

in this study. We have investigated a diverse range of tunable parameters, including the net-

work area fraction (AF), length-to-diameter aspect ratio (AR), and the angular orientations

of the nanowires. Aside from that, the optical extinction efficiency coefficients of each mate-

rial were predicted using two different approaches: Mie light scattering theory implemented

in MatScat package developed by Schäfer [108, 109] and the finite element method (FEM)

incorporated in COMSOL Multiphysics® simulation software. We were able to calculate and

compare distinct FOM to establish the main trade-offs related to enhancing optical trans-

mittance with the expense of reducing conductance and vice-versa. This study provided

valuable insights into the design of next-generation TCE devices which are NWN-based [97].

Chapter 4 expands on what was developed in Chapter 3, albeit with a shift in focus to-

wards the investigation of thermo-electro-optical properties of the so-called seamless NWNs.

The latter is a nanostructure comprising nanowires devoid of any interwire contact junctions,

thereby exhibiting a continuous and uninterrupted network configuration. The absence of

junctions endows the NWN with distinct characteristics, such as elevated conductivity and

surface area-to-volume ratios, rendering it an auspicious contender for a broad spectrum of

applications in nanotechnology. Employing in-house computational methods and coupled

electro-thermal models developed in COMSOL Multiphysics® software [110], we have car-

ried out an in-depth computational work to examine the thermo-electro-optical properties

of seamless NWNs and how they relate with their geometrical characteristics. Combin-

ing Ohm’s law and Kirchhoff’s circuit laws, sheet resistance estimates for random seamless

NWNs were conducted and contrasted to those derived using COMSOL Multiphysics® soft-

ware [110]. In this study, aluminium, gold, copper, and silver nanowires were used to evaluate
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the transparent and electrical conduction performance of the systems as well as how they

respond thermally [106]. Chapter 5 contains the conclusions of this thesis and also presents

an outlook for future work.

This study presents significant contributions to the topic of computational modelling of

transparent conductors utilizing NWNs, which are highlighted by the following key deliveries:

• Consolidation of a robust computational framework applicable to seamless and junction-

based metallic NWNs at microscale dimensions that provide a systematic figure of merit

analysis of optical transmission versus sheet resistance plus insights on their coupled

electro-thermal properties.

• Comprehensive examination of various geometrical factors and their influence on the

disordered NWNs ultimate performance and responses. This study considers the tun-

ing of geometrical/spatial parameters such as area fraction, aspect ratio, network den-

sity, angular distribution constraints, grid-pattern layout, and variation in nanowire

dimensions and curvature. NWNs of distinct material composition were also studied;

we focused on metallic nanowires made of Ag, Al, Au, and Cu so we can contrast in

quantitative terms their intrinsic material features. For example, the optical extinction

efficiency factors of Ag, Al, Au, and Cu were calculated for two prevalent nanowire

geometries, namely circular and square cross-sectional areas. The spectral data en-

compassing a broad wavelength range from 200 nm to 1200 nm has been examined,

and are validated by Mie light scattering theory.

• The present study has also examined hybrid network architectures made of a mixture

of straight and curved nanowires to reflect more realistic NWN scenarios since not all

nanowires are perfectly straight; they can exhibit curvature, kinks, and mechanical

distortions. Such curvature-related defects are known to increase the overall resistance

of the network with the advantage of reducing its coverage area fraction. Such reduction

favours the optical transmission of the NWNs. We quantified this trade-off in hybrid
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NWNs composed of distinct concentrations of straight and curved nanowires. The

latter was modelled as semi-circles so that we can control their arc length and radius.

• Contribution to the bulk of knowledge related to electro-thermal conduction transport

at diffusive regimes of disordered interconnected nanomaterials under external stimuli

or distinct operational conditions. This is particularly relevant due to the frequent

occurrence of current density aggregation at specific locations in the network material,

resulting in the formation of localized hotspots with elevated currents/temperatures

that may damage individual nanowires locally. This phenomenon can cause break-

downs in the network and lead to excessive average temperatures and sufficiently high

sheet resistance.

• Some of the collective features of many-body systems such as NWNs can be under-

stood in terms of probability distributions that can be described by means of proba-

bility density functions fitting those distributions. In particular, previous works have

demonstrated that the Weibull probability density function can envelop temperature

distributions in junction-based NWNs [141, 146]. Our study demonstrates that the

Weibull probability density function also describes temperature distributions in seam-

less NWNs, suggesting that Weibull may be characteristic of the thermal properties

of random NWNs comprised of disordered resistor networks set at certain physical

conditions.

• In addition to figures of merit, electromagnetic emissions generated by device com-

ponents at high frequencies, e.g. radio frequency (RF), are also an important factor

in transparent conductors since excessive emissions can not only cause device mal-

function and shorten its operational lifetime but can also affect human health. We

performed an analysis of the electromagnetic interference shielding effectiveness (EMI

SE) in NWNs from a model [147–150] that relates the sheet resistance with the EMI

SE performance of the NWN. As a result, we were able to quantify EMI SE from the
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electrical properties of NWN films to estimate their specific electromagnetic emissions.

It is important to note that the focus of my PhD work was on the study of NWNs in

the context of TCEs resulting in the main articles in [97, 106]. However, right at the start

of this PhD experience, I did have the opportunity to participate as co-author in the study

“Nonlinear ion drift-diffusion memristance description of TiO2 RRAM devices” [145]. The

purpose of my participation in that work was to give me an introduction to computational

programming and to get acquainted with some of the in-house codes describing conduction

mechanisms in individual nanowires. Computational physics was not part of my background

prior to this PhD experience, nonetheless, this initial collaboration enabled me a hands-on

approach to some of the computational tools relevant to what became the main topic of this

thesis which is the study of electrical-optical-thermal properties of TCE NWNs. A practical

exercise to get acquainted with computational numerical methods is to solve ordinary differ-

ential equations (ODE) that model a certain physical phenomenon. In that work [145], I was

able to test how well a set of ODEs fitted experimental current-voltage hysteresis obtained

for single nanowires made of Au–Ti/TiO2/Ti–Au exhibiting intriguing resistive-switching

features prone for use in Resistive Random Access Memory (RRAM) technologies. The

current-voltage characteristics of these nanowires are rich in terms of physical mechanisms

competing including Schottky barrier, quantum tunnelling, ionic drift/diffusion, and nega-

tive differential resistance (NDR) behaviour. A complex set of nonlinear ODEs was adapted

to capture all stages and dynamical features outlined by the experimental current-voltage

characteristics obtained by our collaborators at Trinity College Dublin [145]. Once this in-

troductory computational work was completed for my learning, we established the current

line of research aiming at the computational description of TCE NWNs as outlined in the

chapters of this thesis.
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Chapter 2

Theoretical Background and

Methodology

2.1 Percolation Theory

In the context of NWNs, the term “percolative NWN” refers to a network of nanowires that

are randomly oriented and interconnected in such a manner as to enable the transport of

electrical current across the network. The fact that there is a threshold density of nanowires

beyond which the network turns conductive and below which it continues to be insulating is

one of the most important characteristics of such a network. Percolation theory [151–153],

which explains the critical behaviour of systems formed of randomly dispersed/positioned

elements that are connected, can describe this threshold behaviour. The application of

percolation theory to our work could be illustrated by Figure 2.1. The computer-generated

disordered NWNs sandwiched between source/drain electrodes are depicted in Figure 2.1

(a-c). Panel (a) exhibits a lack of enough nanowire density, below the critical threshold

density, while panels (b,c) have high nanowire densities above the threshold critical density.

This results in panel (a) being unable to facilitate current flow through the network, whereas

panels (b,c) enable current flow between the source and drain electrodes. It is important
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to note that changes in the network structure can alter the current flow path, as shown in

panels (b,c), where the least resistive path is altered (represented by the connected black

stick nanowires). Panel (b) depicts a standard disordered NWN, while panel (c) shows the

same NWN with a grid-pattern window architecture.

Figure 2.1: (a-c) Computer-generated random NWNs in two phases (percolative and non-
percolative). The two vertical blue lines represent source/drain electrodes. The black con-
nected sticks show the least resistive path through which current can flow through stick
nanowires between source/drain electrodes. Nanowires are displayed by red lines. (a) A
non-percolative random NWN with insufficient nanowire density so that electrodes are not
bridged. (b) Standard random NWN with enough density (3.2 nanowires per µm2) to per-
colate. The four cyan windows only serve to mark locations in which an alteration is going
to be made in the NWN structure as depicted on panel (c). (c) Same NWN structure shown
in panel (b) with grid-pattern design (2.3 nanowires per µm2).

Percolation, in the broad context of condensed matter physics, can be defined as the

process by which paths through a porous material are formed or connected; it can refer to

any type of information that may be deemed to travel through a system that displays a

collection of open and closed channels [153]. Everyday life is filled with simple instances of

percolation, the most prominent being the percolation of water through ground coffee beans

to provide that wonderful caffeine boost that appears to drive our contemporary world.

The phenomenon of percolation has been used in a wide variety of fields, including but

not limited to physics [153], petroleum [154], ecology [155], and material science [156], to

name just a few. Percolation theory investigates how elements in a particular system are

related to one another and their behaviours when clustered together. These elements may be

linked to one another in a number of different ways, and the connections between them can
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be interpreted as either open or closed routes. Studying a percolating system is primarily

concerned with determining the density of open paths at which a phase transition occurs

in one or more system characteristics. An important feature of transitions in percolating

media is that they are often linked with the production of an overlaid cluster that spans the

system. The critical density nc at which this happens is being sought in the investigation of

percolating systems [123]. In the context of the NWN spanning electrodes, this quantity can

be defined as the critical nanowire density at which source and drain electrodes are connected

by nanowires randomly spread in between and this can be obtained numerically, typically

via Monte Carlo simulations in stick percolation systems as will be discussed later. Before

addressing percolation concepts in the context of NWN TCEs, it is important to provide a

few definitions and nomenclature related types of percolation commonly studied in physical

systems [153]:

• Site percolation: open or closed pathways are constrained to a regular lattice of sites in

these systems. If two sites share one side of the designated lattice, they are considered

linked. A site is either open and empty or closed and inhabited under this approach.

• Bond percolation: the sides of the unit cell are either open or closed, and the lattice

sides are considered bonds. If the lattice vertices share a closed bond, they become

sites and are considered linked.

• Discrete percolation: systems that include a regular lattice of points where each point

has a chance of being either occupied or unoccupied. Connected or nearby occupied

points create clusters, and when the frequency of occupancy rises, clusters combine to

produce bigger clusters so that the system can ultimately percolate.

• Continuum percolation: systems in which no discretization of the sites is conducted;

sites or objects are dispersed randomly in these systems and are deemed to be related

if the basis touches or overlaps. NWNs fall in this percolation category.
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A system must have at least one cluster that meets the system’s percolation require-

ments for it to be percolating. Figure 2.2 provides graphical representations of bond and

site percolations on a discrete square lattice, respectively. This exemplifies a case of discrete

percolation in which the spatial domain is regular and periodic, outlining a square lattice

mesh. An extensive study on 2D continuum percolation of randomly distributed objects

of different shapes (circles, sticks, and squares) was done by [157]. The 2D random stick

percolation problem is a continuum percolation case we use to represent graphically a real

NWN system. The boundaries of our system are specified by the electrodes that will inter-

rogate the NWN electrically. In this way, one can define the density percolation threshold

as the lowest concentration of nanowires that percolate the electrodes to produce electrical

conduction through the network frame. If electrodes are not percolated, no conduction oc-

curs as it is assumed that the NWN is deposited over an insulating substrate. A randomly

generated NWN is made of nanowires that have the same likelihood of landing anywhere on

the substrate and their orientation with respect to a reference axis is also selected randomly.

Pike and Seager [151] utilized percolation theory and simulations to demonstrate that the

critical density of randomly oriented 2D sticks (nc) could be estimated using the following

expression [151]

ncL
2
w = Qc (2.1)

in which Lw is the length of the sticks (considering all the same) and Qc is a constant that

can be determined numerically; in the case of random stick percolation, it was found that

Qc ≈ 5.7 [151]. It is worth mentioning that the criteria for a connection to occur between

two sticks is that their centres should be within Lw of one another and that their relative

orientations be such that they intersect. NWNs in which the nanowire density is nw ≪ nc are

likely not electrically active and thus inappropriate for use in TCE applications [99,124,151].

However, if nw ≫ nc, the NWN is most likely electrically bridged, however, a trade-off effect

starts to emerge in which denser NWNs can be good for electrical conduction but not for

optical transparency. As denser the NWN is, more light will be obstructed, limiting its
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performance in terms of transparency.

Figure 2.2: Representation of (a) bond percolation and (b) site percolation. On both panels,
two boundaries of the lattice (top and bottom) are spanned (or percolated) by (a) bonds
represented by bold edges and (b) sites represented by black squares.

The underlying basis of the electrical characteristics of 2D NWNs is a percolation process

applied to a resistive circuit network. The conductance of the network is governed by the

number and length of the network’s electrical channels. These channels are produced by

the interconnection of sticks across the network and often have a complicated geometry of

parallel and series resistances. The most extensively and effectively utilized techniques for

investigating percolation behaviours in the 2D random sticks (with resistive properties) are

based on Monte Carlo schemes [152]. These investigations focus on statistical percolation, in

which sticks are dispersed randomly on a surface and create percolating routes as their density

rises. This also enables ensemble treatment in which averages and standard deviations of

the relevant physical quantities can be obtained by generating multiple configurational NWN

samples. Many of our findings and results require a robust statistical treatment in which

ensembles made of multiple NWN samples are computer-generated in a controllable fashion,

e.g., many of our analyses require ensembles of NWNs of fixed densities in which the spatial
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arrangement of the nanowires is simply shuffled, but keeping nw at a fixed value.

2.2 Electrical Modeling of Random Nanowire Networks

For a network with random connectivity, a more generalized method based on graph and

Kirchhoff’s circuit laws is more suitable to extract the electrical properties of a resistive

network such as our NWNs. The illustration of the method in this section is based on

the materials contained in O’Callaghan’s thesis [82] that served as base literature for my

studies. The simplest picture is to represent the NWN as a mathematical graph in which

the nanowires are treated as equipotential nodes and their pair-wise connections are resistive

edges. Therefore, a NWN containing N wires can be mapped into a graph of Nw nodes

with Ew edges labelled as Ew ≡ (i, j) if wires i and j are connected. The edges represent

conductive connections with an associated conductance value of gij. Figure 2.3 shows a graph

example with Nw = 5 and Ew = 6 (represented by the line segments and with their respective

conductance values, gij). This graph is identified as a weighted graph with conductances used

as weights for the edges [82, 158] and the nodes labelled by integer numbers are nanowires.

I will use this graph to illustrate the construction of the Kirchhoff resistive matrix that

can be used to solve the Kirchhoff circuit equations considering the presence of a current

source. This scheme was coded in a programming script written in Python language [159]

to characterize NWNs electrically.
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Figure 2.3: A graph example containing Nw = 5 nodes (circles) and Ew = 6 edges (line
segments). Each edge has a weight given by a conductance value gij being (i, j) a pair of
linked index nodes. Here, the subscript “w” stands for “wire”.

The connectivity of a (weighted) graph can be described by the so-called Adjacency

matrix, Â, which stores the information of the nearest connected neighbours of each node. If

nodes i and j (i /= j ) are connected, then the off-diagonal elements of this matrix are given by

gij and zero otherwise. The (weighted) degree of each node di can be stored in the so-called

Degree matrix, D̂, a diagonal matrix whose non-zero elements are given by [160–162]

di =
Nw

∑
j=1

Aij (2.2)

where Aij are the Adjacency matrix elements. The Laplacian matrix of the graph, L̂, can

be obtained by subtracting these two matrices as L̂ = D̂ − Â. For example, for the graph in

Figure 2.3, these three matrices are given by
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Â =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 g12 0 g14 0

g12 0 g23 g24 0

0 g23 0 g34 0

g14 g24 g34 0 g45

0 0 0 g45 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

D̂ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

d1

d2 0
d3

0 d4

d5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

L̂ = D̂ − Â =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

d1 −g12 0 −g14 0

−g12 d2 −g23 −g24 0

0 −g23 d3 −g34 0

−g14 −g24 −g34 d4 −g45

0 0 0 −g45 d5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

(2.3)

This weighted Laplacian matrix is also known as the Kirchhoff matrix or conductance

matrix because it is a matrix carrying conductance information. In a conductor, Ohm’s law

is given by G∆V = I where G is the conductance, ∆V is the voltage drop, and I is the

current. The resistance is simply R = 1/G. For a circuit network with multiple voltage nodes

and conductors as in the graph of Figure 2.3, Ohm’s law can be written in matrix form as

Ĝ V⃗ = I⃗ (2.4)

in which Ĝ ≡ L̂, V⃗ is a voltage vector containing the voltages at each node and I⃗ is the

current vector whose elements are non-zero only at the nodal sources and sinks. Applying
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Kirchhoff’s current law in which the sum of currents flowing in and out of a circuit node is

conserved, it is possible to make the equivalence

d1 = g12 + g14

d2 = g12 + g23 + g24

d3 = g23 + g34

d4 = g14 + g24 + g34 + g45

d5 = g45 (2.5)

in which di in the equations above are identified as weighted degrees. The equivalences

above should serve to guarantee that the Kirchhoff’s voltage law stating that the sum of the

voltage differences around any closed loop in a circuit must be zero will be respected when

we write the system of linear circuit equations embedded in Equation (2.4). Let’s assume

that a pair of nodes m and n can act as source and drain of current, respectively. This means

one can inject an amount of current i0 at node m and extract it at node n. The elements

of the current vector can then be written as Ij = i0(δjm − δjn) where j = 1, ...,Nw and δ is

the Kronecker Delta. Source and sink nodes are used to simulate the presence of electrodes

that will perturb and probe the electrical properties of the circuit network. Equation (2.4)

can now be solved for V⃗ using a numerical library that solves a system of linear equations

of the type L̂ x⃗ = b⃗ where L̂ is a symmetric matrix, b⃗ is a given vector, and x⃗ is a vector

with unknowns. From the solution of V⃗ , the equivalent resistance (Req) taken between two

reference nodes (m,n) can be calculated as

(Req)mn =
∣ Vm − Vn ∣

i0
. (2.6)

For example, consider the graph in Figure 2.3 with i0 = 1 A and gij = 1 S ∀ (i, j) pair, by

constructing its associated Laplacian matrix and solving the system of linear circuit equations
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with two particular configurations of current sources, we obtained an equivalent resistance

of (Req)15 = (Req)35 = 1.625 Ω. This framework for computing equivalent resistances and

other electrical properties in resistive NWNs is a subset of a more generalized algorithm

named Modified Nodal Analysis (MNA) [161] which provides a recipe to extract electrical

quantities out of complex circuits that can be made of multiple current/voltage sources,

resistors, capacitors, and inductors. Due to the simplicity of our device setup (a two-terminal

resistive NWN), we do not need to code all circuit modalities and conditions required for the

generalized MNA method, as a result, we implemented the simple matrix scheme elucidated

in this section.

2.2.1 Computational Methods for Random Nanowire Networks

The resistance of a NWN is dependent on a variety of key parameters, including length and

diameter of the nanowires, interwire junction resistances (Rjxn), nanowire inner resistance

(Rin), nanowire or network density (nw), connectivity profile, device dimensions, to mention

a few [29, 66, 82, 84, 97, 98, 144, 163]. An effective method for addressing this complicated

parameter phase space is to use computers and to map the NWN onto a node-voltage analysis

in which each nanowire is a node and is linked to its closest neighbours with a resistor

modelling the electrical properties of the interwire junction. If a nanowire is mapped as an

equipotential node, we can say that a simplification is being made in the model because one

loses information related to the inner wire resistance; this equipotential nodal representation

does not enable a resolution to distinguish nodes within the same nanowire that would

be modelled by Rin. Within this approximation, an assumption can be made that states

that the junction resistance Rjxn is substantially larger than the nanowire inner resistance

Rin and so dominates the network’s electrical performance. This methodology has been

known as the Junction Dominated Assumption (JDA) [144]. According to Monte Carlo

simulations, the conduction profile in conductive stick networks is particularly sensitive to

the ratio Rin/Rjxn [82, 164]. The resistive behaviour of carbon nanotube networks has been
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effectively estimated utilizing JDA because the resistance of individual nanotubes is very

low in comparison to the resistance of a junction formed by two nanotubes [83]. Metallic

nanowire junctions, on the other hand, have been revealed to have relatively lower junction

resistances, and as a consequence, the nanowires themselves have a considerable effect on the

network conductivity [78]. In the following, a model is presented that accounts for both of the

nanowire resistances (Rin and Rjxn) referred to as the Multi-Nodal Representation (MNR).

We debate how MNR and JDA are affected in distinct ways by the underlying parameters

that were discussed at the beginning of this section. To compute the sheet resistance of a

NWN, the nanowire mesh must be converted into a mathematical graph that reflects the

connectivity information of the network to which node-voltage points are allocated. Thus,

Kirchhoff’s system of linear equations can be constructed. Each wire in the JDA mapping is

represented by a common-voltage circuit node coupled to other wires by junction resistors. A

NWN with Nw wires can produce an Nw-node resistive graph. An off-diagonal component of

the Kirchhoff matrix is an interwire junction conductance between wires i and j. Figure 2.4

(a) shows a diagram of a basic NWN (top) and its JDA visual presentation (bottom) [144].

This graphical depiction has three nodes, one per nanowire, and two interwire junctions

with resistance Rjxn. Because there is no contact between wires W1 and W2, there is no

resistance in the graph presentation for this connection. Within the JDA, the placements of

the nanowires are arbitrary; only the network’s connectivity profile and Rjxn values dictate its

electrical characteristics. Because this mapping only affects interwire connection, the inner

wire resistances Rin of the nanowire segments are not accounted for in this model [142,144].
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Figure 2.4: (a) (Junction Dominated Approximation - JDA) NWN schematic with three
wires labelled as W1, W2, and W3 and two interwire junctions (by contact), one between
wires (W1,W3) and the other between wires (W2,W3) [144]. A circuit representation of the
NWN is shown underneath the drawing; there are three equipotential nodes consisting of
three wires and two interwire junction resistors represented by black resistor symbols with
resistances Rjxn. (b) (Multi-Nodal Representation - MNR) A detailed look at the three
wires depicted in panel (a) [144]. The four connecting nodes are represented by the red dots
designated C1, C2, C3, and C4. The NWN is represented by a MNR circuit underneath the
sketch. Connection (voltage) nodes belonging to the same junction are indicated in black
and connected by a junction resistor Rjxn. The neighbouring connection nodes on W3, C2
and C4, are linked by a nanowire segment resistor Rin, shown by a yellow resistor symbol.
Reproduced from Ref. [144] with permission from the Royal Society of Chemistry.

Although JDA appears to work well for materials that have reasonably high junction

resistances, discarding the nanowire resistance is not an ideal solution for materials in which

the nanowire resistance is comparable to the resistance of the junctions. Integrating the inner

wire resistance contribution to the model via MNR as described earlier results in an increase

in the level of complexity of the simulations. The MNR description takes into consideration

the finite material resistance of the wires as shown in Figure 2.4 (b), which not only makes

the model more robust and flexible but also enables it to explain a greater variety of wire

systems with distinctively different material properties [82,96,144]. Figure 2.4 (b) depicts a

NWN motif with its corresponding MNR graph representation [144]. In this architecture, the

total number of nodes is 2Nj, wherein Nj is the total number of junctions in the system. The
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inner wire resistor between nodes C2 and C4 is coloured yellow, whereas the two junction

resistors (C1,C2) and (C3,C4) are coloured black. It is also worth noting that contributions

from the wires’ dead ends are not reflected in this picture. Unlike the JDA, MNR requires the

positions of the wires and their respective intersections in the system to be considered because

the lengths between adjacent connection nodes are crucial for the computation of nanowire

inner resistances. Due to the usage of a large number of voltage nodes to split the wires,

this technique needs a considerable amount of computing resources; memory and processing

demands are substantially greater depending on the size of the NWN to be studied. Besides

computation/numerical methods, analytical descriptions based on effective medium theory

(EMT) were also attempted to minimize dependency on computing power [101] to relate the

sheet resistance of the network with a multitude of characteristic parameters such as the wire

density, Rjxn, the nanowire resistivity (ρ), the electrode size and separation. The support

of closed-form analytical expressions helps to reduce the amount of memory and time that

is used for numerical computation, but with the expense that some physical considerations

are treated only ‘effectively’. In this thesis, we will prioritize the complete MNR description

in which all nanowire segments and material specifications are fully considered in the model

since we aim at a computational description for quantitative prediction rather than just

qualitative.

2.3 Characterization of Random Nanowire Networks

Before conducting any electrical, optical, or thermal assessment on the NWNs, we need

to perform a spatial characterization of their network structure so this information can be

related to the physical responses that we are going to study. All NWN samples studied in

this thesis are computer-generated; some of their spatial features can be set during their

digital generation, and some can be quantified or processed after the NWN structure has

been generated. The computational aspect of this work gives us freedom to generate NWN

37



structures with different levels of complexity, e.g., a widely adopted simplification is to

generate random NWNs considering that the lengths of all wires are the same. However, the

length of actual nanowires manufactured experimentally is never precisely the same [82,102].

As such, we can generate random NWNs composed of nanowires of distinct lengths built

from a distribution of lengths. A common nanowire length distribution provided by our

experimental collaborators in Trinity College Dublin is to consider that Lw is Gaussian

distributed. For instance, many of their Ag nanowire sample batches exhibit ⟨Lw⟩ = 7 µm

Gaussian distributed with a dispersion of σstd = 1.8 µm [82, 102, 144]. As a result, we have

the possibility of computer-generating NWNs made of nanowires of distinct lengths and

diameters as well that can be picked from a pre-defined probability distribution. This is

exemplified in Figure 2.5 which shows on panel (a) a computer-generated NWN with all

interwire connections already detected (black circles) and vertical wire segments (in blue)

that will act as electrodes. That NWN does not have all nanowires with the exact same

length, they were sorted from a dispersed nanowire length distribution as shown on panel

(b).
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Figure 2.5: (a) A computer-generated random NWN with a wire density of nw = 0.25µm-2

composed of nanowires (red lines) with ⟨Lw⟩ = 7 µm and σstd = 0.01 µm (standard deviation)
taken from the Gaussian length distribution shown on panel (b). The dimensions of the
network are 30 × 30µm, and the electrodes are indicated by the vertical blue lines on each
side of the network. The intersections between two nanowires are shown by the black circles.
(b) Histograms of nanowire lengths are shown in red bars and the corresponding normal
distribution in black bell shape with ⟨Lw⟩ = 7 ± 0.01 µm.

The placement, shape, and material properties of the electrodes used to interrogate the

NWN electrically are also important factors that can affect the resistance and current flow

characteristics of the system [100]. Resistance is expected to increase with the separation of

the electrodes and this is depicted in Figure 2.6 (a). Each data point was calculated using in-

house codes written in Python language [159] that compute the sheet resistance of random

NWNs with a fixed number of nanowires Nw = 300. Another important characterization

conducted by our computational implementation is to predict how the nw relates to the

density of interwire junctions (nj). This can be obtained by building a NWN ensemble at

incremental nanowire densities and determining the average interwire intersections per unit of

area. Figure 2.6 (b) depicts this relation which is expected to follow a quadratic dependence

as nj = wjL2
wn

2
w with wj being a fitting parameter determined as wj = 0.318 [82,165].
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Figure 2.6: (a) Sheet resistance versus electrode separation obtained for an ensemble of
random NWNs made of Ag nanowires. Every data point is the average taken from 10 NWN
samples, and we also depict the standard deviation as error bars. The dimensions of the
NWNs were fixed at 30×30 µm. The resistances were calculated assuming JDA for the sake
of illustration. All junction resistances were set to be Rjxn = 30 Ω, and the nanowire lengths
were set to be Lw = 7 µm for all nanowires, and the total number of nanowires was fixed at
Nw = 300. (b) Interwire junction density versus nanowire density obtained for ensembles of
random NWNs made of Ag. Every data point is the average taken from 10 NWN samples,
and we also depict the standard deviation as error bars.

The junction resistance information is a common resistive metric between MNR and

JDA. To compare the difference between these two models, one may require to fix Rjxn

and run the simulation for a variety of different NWN geometries to find the relationship

between these two approaches. This relationship has been already investigated in our group

in past works [144], but we repeated the same analysis in this thesis to make sure that our

most updated codes can also reproduce the expected differences between the two approaches.

Figure 2.7 (a) depicts the sheet resistance versus nanowire density for JDA and MNR models

for NWNs made of nanowires of fixed aspect ratio AR = Lw/dw = 233, in which dw is the

diameter of the nanowires and Lw being the length of nanowires. The junction resistances

were fixed at Rjxn = 30 Ω. In this figure, when both models have the same density, MNR

exhibits greater sheet resistances than JDA; this is because MNR considers Rin, making

the network systems more “resistive”. The sheet resistance values depicted in the figure

are average values taken over 10 random NWN configurational samples and the error bars
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represent standard deviations. Deviations around ⟨Rs⟩ are found to be larger, particularly

for NWNs with densities close to that of the network’s critical density (nc ∼ 0.1 µm-2)

which can be estimated from Equation (2.1). This enhancement in uncertainty in the sheet

resistance is a reflection of the sparsity of the network in which spatial fluctuations associated

with the randomness of the nanowires’ positions play a larger role in the electrical response

of sufficiently sparse systems. The sheet resistance average (and its associated standard

deviation) is reduced as the NWN density increases due to the creation of additional parallel

pathways in the network.
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Figure 2.7: (a) The impact of varying nw on the Rs for Ag NWNs with dimensions of
30 × 30 µm and nanowires of 7 µm in length using two distinct voltage-nodal approaches:
JDA and MNR. For the case of the MNR simulation, the diameter of the nanowires is fixed
at 30 nm where we can obtain the AR ∼ 233. Each data point represents the average sheet
resistance taken over an ensemble containing 10 random NWNs and the error bars represent
the standard deviations. The junction resistance was fixed at Rjxn = 30 Ω, and ρ = 19.2 nΩm.
(b) The influence that the junction resistance has on the sheet resistance of random NWNs
treated in accordance with JDA and MNR. Both models predict that the sheet resistance
increases linearly with the junction resistance but they are offset due to the contribution
of inner wire resistances that JDA does not account for. The red horizontal dashed line
indicates an experimental sheet resistance value measured in laboratory. If that particular
NWN sample was treated in accordance with MNR or JDA, the models would consider
different junction resistance contributions which are reflected/marked by the vertical dashed
lines. Linear functions were fitted to the numerical results in which the slope (a0) and the
intercept (R0) of the functional Rs(Rj) = a0Rj + R0 can be determined for both models,
MNR and JDA. Note that in this figure Rj ≡ Rjxn. Other parameters relevant to this result
are the nanowire resistivity of ρ = 22.6 nΩm, the diameter of the nanowires dw = 50 nm, the
wire density of nw = 0.28 µm-2 and the wire lengths of Lw = 6.7 µm. Panel (b) is reproduced
from Ref. [144] with permission from the Royal Society of Chemistry.

Figure 2.7 (b) shows the computed Rs as a function of the Rjxn for JDA (dashed line

in black) and MNR (blue solid line). This result can be found in [144]. Note that in that

figure notation, Rj ≡ Rjxn. It can be observed that the sheet resistance increases linearly

with Rj for both descriptions (JDA and MNR). The two models are not identical in every

respect; for example, JDA accounts only for the junction resistances of the NWNs, as a

result, Rs will only consider this contribution in the form of Rs = a0Rj, in which the slope a0

can be determined numerically. The latter carries information about the nanowire density
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and effective information about the NWN connectivity. MNR, however, incorporates the

inner resistances of the wires, as a result, Rs needs to account for two main contributions

coming from the junction and inner resistances, i.e., Rs = a0Rj +R0, where a0 is the slope

and R0 is the resistance intercept that the network would have if all interwire resistances

were set at Rj = 0. Hence, the discrepancy in R0 between the JDA and MNR models

compensates for the effect of the Rin on the total sheet resistance, and it is solely governed

by the network’s design, material properties, and connection. It is important to discuss this

result to establish the quantitative difference between the JDA and MNR models which will

be adopted intermittently in this thesis. Emphasis will be given to MNR due to its enhanced

quantitative features due to the possibility of incorporating materials’ properties by means

of inner resistances. We worked mostly with random NWNs made of metallic nanowires, i.e.,

Ag, Au, Al, and Cu, in which distinct material information can be included in the model by

altering the resistivity value ρ.

2.4 Optical Modelling of Random Nanowire Networks

After introducing the electro-model used to describe the electrical resistance properties of

random NWNs, we proceed in introducing the optical model that will allow us to compute

the optical transmission of the studied systems. Levels of transparency in thin films have a

direct relation with its optical transmission, which can be intuitively understood as how much

light the film enables to be transmitted. How much light can pass through the NWN depends

strongly on the nanowire density and the reflective properties of the materials used for the

nanowires. Therefore, a number of different strategies for correlating the NWN density

with their optical performance have been presented. Some of these approaches are semi-

empirical in nature and did not take into consideration the nanowire dimensions; instead,

they relied on extrapolating bulk percolation behaviour to derive the sheet resistance (Rs)

and optical transmittance (Top) of NWNs [102,166]. Other works combining experimentation
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and theoretical analysis to relate the electro-optical characteristics of NWNs such as in

Equation (1.1) [126] have been successful in establishing overall trends between Rs and Top,

but these predictions can be highly dependent on nanofabrication specs and instrumentation

settings. The applicability of these models can be rather restricted; more specifically, they

might rely on diameter- and wavelength-dependent coefficient values, or they might only

apply to networks that are in the percolation regime, i.e., networks that are relatively sparse

with Top > 90 % [167]. One of the goals of this study is to establish an experimental-free

computational method that will allow one to extract the optical characteristics of NWNs

regardless of their geometry, shape, and wavelength of incident light.

To gain a grasp of the optical characteristics of a NWN, one must first analyse what

percentage of its surface area is covered by the nanowires. If the amount of light that is

blocked by a single nanowire is comparable to its geometric cross-section extension, then

the amount of light that is blocked by a whole NWN is roughly equal to its AF (area

fraction) given by the area covered by the nanowires divided by the total area in which the

network is deposited. An effective way of computing a NWN AF is given by the following

expression [84,97,98,166]

AF = nw Lw dw (2.7)

in which nw is the number of nanowires per unit area, dw is the diameter of the nanowires,

and Lw is the length of the nanowires. In addition, the quantity of light that is obstructed by

a single nanowire can be characterised by its extinction efficiency coefficient denoted by the

Qext = σext/A, where σext is the extinction cross-section and A is the nanowire cross-section

area projected onto a plane perpendicular to the incident beam. Thus, the amount of light

that is blocked by a NWN film is thus AF ×Qext and the attenuation in optical transmittance

will obey the Beer-Lambert law given by [84,97,98,166]

%Top = exp{−AF ×Qext}. (2.8)
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From the equation above, the determination of the AF can be done effectively via Equa-

tion (2.7) or it can be computed in detail by inspecting the area coverage outlined by a

given NWN geometry using image processing techniques. The calculation of Qext however

needs a robust theory that accounts for the interaction of light with matter. In this thesis,

the MLST [107] and the FEM methodology coupled with Maxwell’s equations employed in

COMSOL Multiphysics® software [110] were adopted to carry out the calculations neces-

sary for determining the extinction optical properties in nanowires. Within the framework

of the MLST formalism [107], optical characteristics are derived from the effective analytical

solutions to Maxwell’s equations, which take into account the scattering of electromagnetic

radiation by nanoparticles. One of the shortcomings of the MLST approach is that its ac-

curate solution is limited to only highly symmetrical geometries such as cylinders, spheres,

and spheroids [168], for which independent radial and angular dependencies of solutions ac-

cording to the object’s coordinate systems can be written. The book written by Bohren

and Huffman provides a comprehensive analysis of the precise electromagnetic wave solution

required for MLST [107]. To calculate the extinction efficiency coefficients, we examined the

Mie electromagnetic wave scattering solution that was presented for a uniform infinite cylin-

der implemented in the MatScat software and created by Schäfer [109, 169]. The outcome

of this analysis is the Qext = Qsca +Qabs, in which Qabs, Qsca, and Qext are the absorption,

scattering, and extinction efficiency factors, respectively. The COMSOL Multiphysics® in-

terface modelling software [110] is an alternate tool for simulating the optical transmission

of nanoparticles with unusual forms such as curved nanowires or nanowires of square cross-

section shapes. We were able to solve Maxwell’s differential equations in both 2D and 3D

space domains by modelling the dispersed electric field of the particle subjected to light using

COMSOL Multiphysics® software [110] at either the nano or microscales. The FEM analysis

was carried out using the “electromagnetic waves” and the “frequency domain” interfaces

that are accessible in the RF module within COMSOL Multiphysics® software [110]. In the

next sub-sections, we will detail the background of both methods (MLST and FEM) used
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in this thesis to determine the Qext of distinct nanowire systems which consequently allowed

us to quantify Top in conjunction with in-house programming codes that output Rs values.

This is the first step towards coupling electro-optical degrees of freedom in NWN systems.

2.4.1 Mie Light Scattering Theory (MLST)

MLST [170] can be used to predict scattering cross sections for single spherical or infinite

cylindrical particles irradiated by a plane wave [107]. The size parameter X = 2πRradius/λ

characterizes the scattered field, where Rradius and λ denote the particle’s radius and the

wavelength in the surrounding medium, respectively. The relative refractive index midx =

ns/nl describes the ratio of the refractive index of the scattering particle and surrounding

medium. It is worth noting that the complex refractive index can be defined by both real

and imaginary parts as such ϵ = ñ + ik̃ in which the real component of a refractive index is

the ratio of the speed of light in free space to the phase velocity of an electromagnetic wave

in the medium, and the imaginary part is associated to the absorption coefficient [107,171].

Figure 2.8 gives the refractive index of the target four materials of this thesis (Ag, Au, Al,

and Cu) as a function of wavelength ranging from 200 nm to 1200 nm [172–174]. As it can be

seen, almost all materials own similar imaginary indices (blue line) within the visible light

wavelength (delimited by the vertical black dashed lines) except Al which inherits higher

absorption coefficients. Furthermore, comparing the refractive indices of Au with Cu, one

may conclude that they will behave similarly under identical situations as they follow the

same trend. Another interesting feature is the fact that Ag exhibits relatively low ñ values

within the visible wavelength region (∼ 400 nm to 700 nm). Because our focus is on the visible

wavelength region, we will concentrate on quantifying materials’ properties and identifying

the best materials’ performance for TCE applications within this spectral wavelength range.
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Figure 2.8: Real (ñ, red colour circles) and imaginary (k̃, blue colour circles) components
of the refractive index of four materials including (a) Ag [172, 174], (b) Au [172, 174], (c)
Al [173,174], (d) and Cu [172,174] as a function of wavelength. The vertical dashed lines on
panel (a) illustrate the visible wavelength region which is ∼ 400 nm to 700 nm.

This thesis aims to calculate the optical transmission of disordered NWNs by accounting

for the effects of optical scattering at the nano and microscales. To do so, it is vital to

have a firm grasp of the fundamental quantities concerning optical scattering from particles,

in particular those with the shape of a cylinder as nanowires have this geometry. The

size and composition of the particles and the wavelength of the incoming light all have
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impacts on the scattering direction of light. The MLST gives a rigorous framework to

explain the interaction of light with nanoparticles, allowing for a mathematical description

of the scattering behaviour of light by solid-state particles. According to the MLST, the

polarization of the dispersed light from a solid cylinder depends on both the polarization state

of the incoming light and the cylinder’s orientation. The extinction efficiency factor (Qext =

σext/A) is a fundamental parameter obtained from the MLST to characterise the capacity of

a particle to scatter and absorb incoming light. The term refers to the proportion of the total

extinction cross-sectional area (σext) of a particle in relation to its geometric cross-sectional

area (A). The total extinction cross-sectional area (calculated from all the scattered fields off

the particles exposed to unpolarized light) is equivalent to the average of the scattering and

absorption cross-sectional areas of the particle. In MLST, the polarization of the incoming

light is a crucial factor. Light waves can appear either polarized or unpolarized (oscillation

of light in all possible directions perpendicular to the direction of travel), depending on the

direction of the electric field vector that constitutes the wave. Depending on the size, shape,

and direction of the scattering particles, polarized light could interact with them differently,

resulting in more intricate scattering patterns and polarization effects. Unpolarized light,

on the other hand, is a combination of light waves of various polarizations and phases. It

is easier to compute the scattering cross-section for unpolarized light since the scattering

patterns are the average across all polarization states. It is also frequently more suitable and

relevant to deal with unpolarized light because this is the case in many practical real-world

applications [107,170,171].

In order to obtain the final form of the optical scattering expressions for the case of

an infinite solid cylinder, one needs to write the time-dependent Maxwell’s equations in

such a way that the field vectors
Ð→
E (electric field) and

Ð→
H (magnetic field) satisfy the vec-

tor wave equation in cylindrical coordinate system [107]. Then, we employ appropriate

boundary conditions such that Lw >> dw (2Rradius) to consider the cylinder to be infinitely

long [107,170,171]. Consider the case of an infinite cylinder with a radius Rradius, on which
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an incident plane wave forms an angle ζ with the axis of the cylinder. There are two potential

polarizations for the incident beam: I) the electric field polarization plane is perpendicular

to the axis of the cylinder, and II) the electric field polarization plane is parallel to the axis

of the cylinder [107, 170, 171]. In the next, we are going to introduce the main equations

that provide the relevant quantities for our optical description which are Qext and Qsca as-

sociated with solid cylindrical structures being incident by an electromagnetic wave. It is

not the scope of this work to re-derive all these equations as their formal derivation can be

found in many textbooks and theses [107,170,171]. Our intent is just to highlight their main

dependencies with the scattering properties of nanowires exposed to light as studied in this

thesis.

Case I: The electric field polarization plane is perpendicular to the axis of the cylinder

[107,170,171].

In this particular case, the efficiency factor of the scattering can be described by the following

formula

Qsca,I =
2

X [∣b0I ∣
2 + 2

∞
∑
n=1
(∣bnI ∣2 + ∣anI ∣2)] (2.9)

and the efficiency factor of the extinction can be written as

Qext,I =
2

X Re [b0I + 2
∞
∑
n=1

bnI] (2.10)

in which X = 2πRradius/λ is the size parameter defined earlier, b0I , bnI , and anI are the

coefficients that require to be defined as a function of the diameter of the cylinder and their

relative refractive indices to the surrounding medium as follows:

anI =
CnVn −BnDn

WnVn + iDn
2 , bnI =

WnBn + iDnCn

WnVn + iDn
2 (2.11)

where subscript “I” stands for ‘Case I’, n is the index that runs the summation over the

quantities, and the coefficients Cn, Vn, Bn, Wn, and Dn are described by the following

expressions
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Dn = n cos(ζ)ηJn(η)Hn
(1)(ξ) (ξ

2

η2
− 1) ,

Cn = n cos(ζ)ηJn(η)Jn(ξ) (
ξ2

η2
− 1) ,

Bn = ξ [m2
idxξJn

′(η)Jn(ξ) − ηJn(η)Jn′(ξ)] ,

Vn = ξ [m2
idxξJn

′(η)Hn
(1)(ξ) − ηJn(η)Hn

′(1)(ξ)] ,

Wn = iξ [ηJn(η)Hn
′(1)(ξ) − ξJn′(η)Hn

(1)(ξ)] ,

ξ = X sin(ζ), η = X
√
m2

idx − cos 2(ζ).

(2.12)

In the above equations, Jn and H
(1)
n are the Riccati-Bessel functions first kind of n-order.

The prime character denotes differentiation with regard to the argument that is enclosed in

the parentheses. ζ is the angle formed between the incident plane wave with the axis of the

cylinder, and η is the dimensionless simplified coefficient. If the incident field is in a direction

that is perpendicular to the axis of the cylinder (ζ = 900), anI = 0. Thus, bnI will be

bnI(ζ = 900) = Jn(midxX)Jn′(X) −midxJn
′(midxX)Jn(X)

Jn(midxX)Hn
′(1)(X) −midxJn

′(midxX)Hn
(1)(X)

. (2.13)

Case II: The electric field polarization plane is parallel to the axis of the cylinder.

Similarly, the efficiency factor of the scattering for Case II is

Qsca,II =
2

X [∣a0II ∣
2 + 2

∞
∑
n=1
(∣anII ∣2 + ∣bnII ∣2)] (2.14)

and the efficiency factor of the extinction can be written as

Qext,II =
2

X Re [a0II + 2
∞
∑
n=1

anII] (2.15)
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with a0II , anII , and b0II coefficients given as

anII =
−AnVn − iCnDn

WnVn + iDn
2 , bnII = −i

CnWn +AnDn

WnVn + iDn
2 (2.16)

in which An is

An = iξ [ξJn′(η)Jn(ξ) − ηJn(η)J ′(ξ)] . (2.17)

The terms Vn, Cn, Dn, and Wn are same as those defined in Equation (2.12).

Ultimately, if the incident beam is unpolarized, the efficiencies are

Qsca =
1

2
(Qsca,I +Qsca,II), Qext =

1

2
(Qext,I +Qext,II). (2.18)

Figure 2.9 depicts a cylinder over the Cartesian coordinate system in which its axis is aligned

with the ẑ-axis. This cylinder is illuminated by an unpolarized incident beam having a

wavenumber of k = 2π/λ propagating along the x̂-axis and λ is the wavelength.

Figure 2.9: A cylinder structure over a Cartesian coordinate system to illustrate the geometry
adopted for the cases I and II described in the main text; Rradius is the radius of the cylinder,

and k is the wavenumber.
Ð→
E and

Ð→
H are the electric and magnetic vector fields, respectively.
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The description above is a brief overview of the MLST for an infinite cylinder and it

can be found coded in a MATLAB package named MatScat developed by Schäfer [109,169].

We installed MatScat and ran for distinct nanowire diameters, material composition, and

incident wavelength to determine Qext required to compute the optical transmission of NWNs

as in Equation (2.8). The AF in the equation is determined by our in-house codes that can

compute the coverage area of a NWN based on the pixel information of a computer-generated

NWN image. By combining Rs and %Top in a plot, we can obtain the FOM of NWN

systems as done in earlier studies [84,98] with great agreement with experimental trends. We

considered the Qext taken from MatScat as the standard for the extinction values used in our

simulations. Nonetheless, besides MatScat, we also set another modelling scheme to obtain

Qext values that gave us more flexibility in establishing other conditions for our studied

systems which go beyond the idealized infinite cylinder case, e.g., nanowires of squared

cross-section shapes or finite nanowires. We set up a COMSOL Multiphysics® [110] model

to characterize light scattering due to a solid cylinder (and other object shapes) that also

provided Qext values for our FOM simulations. The setup for the COMSOL Multiphysics®

[110] model is based on finite element method (FEM) and some of its key settings are

explained below. All criteria and settings for the COMSOL [110] model were done considering

that there should always be a match between the numbers outputted by MatScat and the

COMSOL [110] software when infinite and uniform structures were investigated.

2.4.2 Optical Simulation Applying Finite Element Method

In this research, we used the MLST implemented in MatScat software [108] and the FEM

technique introduced in COMSOL Multiphysics® software [110] to characterise the spec-

tral properties of individual nanowires. This section explains the process involved in the

construction of the nanowire model with incident light using COMSOL Multiphysics® soft-

ware [110]. In order to numerically solve Maxwell’s equations in the frequency domain, a

FEM analysis was created. This analysis made use of the “electromagnetic waves” and “fre-
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quency domain” interfaces that are accessible by the RF module in COMSOL software [110].

The infinite cylinder was modelled in COMSOL [110] by placing a 2D circular disc in the

xy-plane. This disc was designed to be illuminated by a plane wave that travelled in a di-

rection normal to the object and had two incident excitation modes, which are depicted in

Figure 2.10: the transverse magnetic (TM) mode and the transverse electric mode (TE). In

our setup, the direction of the electromagnetic wave was along the ŷ-axis, and its polariza-

tions were aligned with the x̂- and ẑ-axes. By averaging the two perpendicular electric field

polarizations, the optical extinction coefficients were derived. Nanowires with diameters of

30 nm and 50 nm have been created in order to generate a model of the 2D circular disc.

To simulate confined and non-reflecting infinite domains, the perfectly matched layer (PML)

was given the required amount of thickness. Mesh computing was used to discretize both the

object’s surface (in 2D) and its volume (in 3D). The latter was accomplished via the use of

‘physics-controlled mesh refining’ even though we meet the custom setting for elements’ size

by progressively shifting the mesh from normal to extremely fine. This method was carried

out so that the meshed geometry would be suitable for spectral identification. The skewness

measure revealed that the lowest and average element quality of our mesh were 0.5647 and

0.8303, respectively. We solved Maxwell’s wave equations numerically with regard to the

distributed electric field as

∇ × µr
−1(∇ × E⃗) − k02 (ϵr −

jσcond

ωϵ0
) E⃗ = 0, k0 =

2πf

c
. (2.19)
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Figure 2.10: (a) A single nanowire is shown schematically as a cylinder when the incident
electric field impinges on the object’s surface. The excitation rays were perpendicular to
the surface and travelled along the ŷ-axis. The cylinder symbolises a nanowire with light
travelling in the ŷ direction and two orthogonal polarizations: TM and TE, which represent
transverse magnetic and transverse electric polarized waves, respectively. (b) A 2D circular
disc was built to model the circular cross-section of an infinite cylinder. The circle represents
the cylinder’s cross-section (top view). The meshing components are represented by the green
line segments and dots that are distributed across the space. Reproduced from Ref. [97] with
permission from the Royal Society of Chemistry.

In the above equation, ϵr and µr are the relative permittivity and permeability, respectively.

In addition, ϵ0, σcond, E⃗, ω, f , and c describe the vacuum permittivity, electrical conductivity,

electric field, angular frequency, wave’s frequency, and the speed of light, respectively. ∇×

is the “curl operator”, and j is the imaginary number. The total extinction cross-section

can be calculated as σext = σsca + σabs where σext, σsca, and σabs stand for the extinction,

scattering, and absorption cross-sections (in units of meter for 2D and in square meters for

the 3D modelling), respectively. Their explicit definitions are given as [175,176]

σabs =
Wabs

Pinc

, σsca =
Wsca

Pinc

(2.20)

in which the absorbed energy rate is denoted by Wabs and the dispersed energy rate is

denoted by Wsca and both are in units of W (Watts). The quantity Pinc represents the

incident irradiance, which can be calculated based on the energy flux of the incident wave
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in units of Wm−2. The rate at which the nanowire absorbs energy, as shown in Equation

(2.20), can be outlined by the integration of the energy loss, denoted by Qloss, over the

volume element dV . The following relationship can be used to interpret this integration

Wabs =∭ QlossdV =
1

2∭ Re{JtotE∗ + jωBH∗}dV, Jtot = σcondE + jωD (2.21)

in which Jtot is the total current density, the electric displacement field is given by D, and the

magnetic field is denoted by B(H) (strength). The symbol “ ∗ ” in the superscript implies

a conjugate gradient and Re{⋯} takes the real part of the term. The Gauss Divergence

Theorem states that the amount of a vector field passing through a closed surface is related

to the amount of divergence of the vector field within the enclosed volume. Hence, Wsca can

be given by

Wsca =∯ Re{(E⃗sca × H⃗∗sca) ⋅ n̂ dS}. (2.22)

In the integration of the enclosed surface shown above, n̂ is the surface normal unit vector

pointing outward, dS is the surface integral element, and “sca” is the associated scattering

label. Due to the fact that we used plane waves, the flux of the relevant Poynting vector is

approximated as (k̂ represents the direction of the incident wave)

Pinc =
1

2cϵ0
∣Einc

2∣ k̂ (2.23)

in which Einc is the incident electric field. To acquire the optical efficiency values, Q = σ/A

(Qext, Qsca, and Qabs), the cross-sections (σext, σsca, and σabs) for each contribution are

divided by the nanowire’s respective cross-sectional area (A). For the 2D circular disc model,

the cross-sectional area is represented by a line segment that has the same length as the disk’s

diameter. In the case of the 3D cylinder model, the cross-sectional region is reflected by a

rectangle defined by the length and the diameter of the 3D nanowire (see Figure 2.11).

Using a 3D model to study straight nanowires also gave us the possibility of studying curved
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nanowires. As illustrated in Figure 2.11, it is crucial to examine the cross-sectional area of a

nanowire which is bent in three dimensions by subtracting the area that is contained inside

two concentric semicircles.

Figure 2.11: Cross-section view of (a) a straight nanowire and (b) a curved nanowire. (a)
Surface area of a finite cylinder (rod) that envelops an area which is rectangular with A =
Length × Diameter. (b) Cross-sectional view of a bent nanowire (side view). The area of the
cross-section, denoted by A, can be calculated by integrating the surface integral element
probing radial (rradial) and angular (θ) degrees of freedom. θ is integrated within the range
of [0, π], and the radial element is integrated from the inner radius (shown by the red arrow,
rradius) all the way out to the outer radius (indicated by the blue arrow, Rradius). Reproduced
from Ref. [97] with permission from the Royal Society of Chemistry.

Figure 2.12 (a-c) illustrates the absorption, scattering, and extinction efficiency coeffi-

cients that were calculated using COMSOL Multiphysics® software [110] for the 2D mod-

elling approach. The findings are presented for four different materials, namely Ag, Au, Al,

and Cu, shaped as a cylinder of diameter of 30 nm. The comparatively high Qext values

demonstrated by Al within the shown wavelength suggest that Al may provide weaker trans-

parencies in contrast to the other materials. As a result, Al is less desirable for use in appli-

cations requiring transparent conductors because of these relatively high Qext values. These

findings are in excellent agreement with those produced via MatScat [108], as we will discuss

further in Chapter 3. This figure also shows a comparison between the 2D and 3D modelling

schemes applied to describe the efficiency coefficients of an Ag cylindrical nanowire shaped

in a straight or bent fashion (see Figure 2.12 (d)). The dimensions of the nanowire (diameter
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and length) were set to be dw = 50 nm and Lw = 7 µm. Assessing the efficiency coefficients

of an infinite Ag cylinder captured by the 2D circular disc model [blue lines on panels (a-d)]

and a finite nanowire captured by the 3D rod model [magenta and black lines on panel (d)],

reveals that they both have a similar trend; however, the 3D rod model (straight and curved)

exhibits peaks above 600 nm wavelengths. Curved and straight Ag nanowires display com-

parable Qext behaviour, with the exception that the peaks are displaced. One needs to keep

this in mind while evaluating the optical characteristics of curved and straight nanowires,

especially for wavelength ranges greater than 600 nm. The interaction between light and a

nanowire can result in the generation of a plasmon, which is a collective oscillation of free

electrons in the metal. The phenomenon of resonance takes place when the frequency of the

incident light aligns with the natural frequency of the oscillating electrons of the nanowire,

resulting in a heightened absorption or scattering of light by the nanowire. The interaction

between light and a nanowire results in the emergence of plasmons. Plasmons can be stimu-

lated by the incoming light and exhibit resonance at distinct frequencies [177]. Subsequently,

the plasmon has the capability to emit energy through the dispersion of light. The extent

of scattering emanating from the nanowire is significantly influenced by the dimensions and

configuration of the nanowire, in conjunction with the wavelength and polarization of the

incoming light. The scattering spectrum of a thin nanowire exhibits a sequence of distinct

resonance peaks. The resonances manifest due to the Fabry-Pérot cavity-like behaviour of

plasmons within the nanowire. The Fabry-Pérot cavity is a system where light undergoes

multiple reflections between two mirrors, resulting in constructive/destructive interference

and the emergence of resonant modes. Plasmons have the ability to undergo reflection in a

back-and-forth manner between the two extremities of a nanowire. This phenomenon results

in constructive/destructive interference and the consequent emergence of resonance peaks in

the scattering spectrum. The characteristics of the resonance peaks are contingent upon the

dimensions, cross-sectional area, and constitutive properties of the nanowire. Through the

manipulation of these parameters, it is feasible to customise the scattering spectrum and
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fabricate nanowires possessing distinct optical characteristics that can be utilized in diverse

applications such as photonics, sensing, and imaging. The phenomenon of scattering from

thin nanowires is intricate and heavily reliant on the interplay between the geometry of the

nanowire and plasmon resonances [178]. The plasmon resonances are observed in the form

of sharp peaks in our investigation as shown in Figure 2.12 (d).
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Figure 2.12: (a) Absorption, (b) scattering, and (c) extinction efficiency coefficients com-
puted employing COMSOL Multiphysics® software [110] for different materials (Ag, Al, Au,
Cu) for nanowires with cylindrical shapes of diameters of 30 nm. The wavelength spanned
between 200 nm and 1250 nm. These outcomes were determined using the 2D circular disc
model. (d) Extinction efficiency values as a function of wavelength ranging from 350 nm to
750 nm of an Ag single nanowire obtained using COMSOL Multiphysics® software [110]. The
magenta, black, and blue lines refer to straight-finite, curved-finite, and infinite nanowires,
respectively. In this case, the nanowires have the same diameter of 50 nm and length of
7 µm for both straight or curved (arc length) configurations. These figures were re-plotted
according to the calculations and results depicted in our publication [97].
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Figure 2.13: Electric field intensity colour map around an Ag (a) straight-finite and (b)
curved-finite nanowire or nanorod. The geometrical features of the nanowire are the diameter
of dw = 50 nm and the finite arc/straight length of Lw = 7 µm. The wave of the electric field,
in this case, travels along the ẑ-axis, and it has two different polarizations along the x̂-axis
and the ŷ-axis. The electric field strength present on each panel is quantified in the colour
bar. Colour maps illustrate the illumination of an Ag (a) straight-finite nanowire by a 680
nm light wave and by a (b) curved-finite nanowire 700 nm light wave. These wavelength
values correspond to Qext peaks found in Figure 2.12 (d). Reproduced from Ref. [97] with
permission from the Royal Society of Chemistry.

Figure 2.13 depicts the optical characterizations of the 3D straight-finite and curved-

finite Ag nanowires. The figure displays the simulated electric field intensity surrounding

the Ag nanowire at the wavelengths of 680 nm (straight) and 700 nm (curved), respectively.

Each of these wavelengths coincides with the peaks in the Qext plot seen in Figure 2.12

(d). Oscillations in the electric field intensity surrounding the wires are observed and caused

by the localised surface plasmon resonance which can be detected at certain ratios of the

wavelength of the incident light (λ) and the aspect ratio of the object AR, i.e., λ/AR [178–

181].

Now that the main theoretical background is covered, Chapter 3 will examine the tun-

ability of the electrical and optical properties of standard random NWNs. The chapter will

focus on the examination of the trade-off between two distinct network configurations: a

randomly dispersed nanowire structure and an alternative structure that integrates an ad-

ditional grid pattern to enhance light transmission. Furthermore, Chapter 3 delves into an

investigation of how the geometric characteristics of nanowires, such as their curvature and
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orientation, can impact the electrical and optical features of these irregular networks.

2.5 Note on Computational Resources

Some of the computational scripts designed in-house to obtain the results achieved in this

work were run on high-performance workstations available at the University of Calgary

(ARC), and the Digital Research Alliance of Canada. MatScat package [108] and other

supporting MATLAB/Python libraries were successfully installed in our workstations from

which serial jobs were submitted to run in the background/queues for the required calculation

walltime. We also utilized the CAD Compute Cluster within the CMC Microsystems [182]

to perform COMSOL calculations. On average, our jobs required 16 hours to execute a

complete optical scattering simulation of a nanowire in a 2D environment using COMSOL

Multiphysics® software [110] as will be described in Chapter 3. A typical 2D job utilized

two nodes and a total of 32 cores, with an average memory of 2584 MB. Furthermore, on

average, our jobs required ∼3.5 hours to execute an electrothermal computational analysis

in a 3D setting in COMSOL Multiphysics® software [110] as will be described in Chapter

4. For some of these tasks, our jobs used two nodes and a total of 32 cores, with an average

memory of 4907 MB.
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Chapter 3

Exploring The Tunability of Electrical

and Optical Properties of Random

Nanowire Networks

Preamble

This chapter is based on Esteki et al. “Tuning the electro-optical properties of nanowire

networks” published in Nanoscale [97].

3.1 Introduction

Conductive and transparent metallic nanowire networks are seen as possible replacements

for ITO in upcoming flexible next-generation technologies owing to their outstanding opto-

electronic characteristics and inexpensive production costs. Such systems rely heavily on the

geometrical, physical, and intrinsic features of the nanowire materials, as well as the arrange-

ment of the device. Prior to construction, it is vital to simulate and quantify the optical and

electrical responses of the device using detailed computational analysis. In this chapter, we

provide a computational toolset that uses the electro-optical characteristics of several de-
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vice layouts, including conventional random NWNs and transparent mesh pattern layouts.

Nanowires of Al, Au, Cu, and Ag are the materials of interest for transparent conducting

electrodes in this research. We have investigated a range of adjustable factors, such as net-

work area percentage, length-to-diameter aspect ratio, and nanowires angular orientations,

under a variety of device designs. In addition, the optical extinction efficiency factors of each

material are evaluated using two distinct methods: MLST [107–109] and FEM in COMSOL

Multiphysics® software [110]. We analysed a variety of nanowire network architectures and

estimated their relative FOM (optical transmittance versus sheet resistance), from which

conclusions may be drawn on the design of next-generation transparent conductor devices.

Following that, we will discuss the estimated and computed outcomes in accordance with

the theoretical explanation presented in Chapter 2. The findings of the study that is carried

out throughout this thesis are reported and published in this citation [97].

Many of today’s electrical and optoelectronic gadgets demand the use of transparent

conducting films as one of their layered parts [28, 90]. Particularly, TCEs composed of

metallic NWNs [183] are a viable replacement for the most widely used ITO [184], which

has been leading the planar display technology in recent years. However, the significant cost

and restricted availability of indium, as well as ITO’s brittle character and costly produc-

tion procedure (through vapour phase sputtering [185]), have motivated scientists to explore

other materials [29,72,90]. Metallic NWNs have exhibited mechanical deformability, minimal

manufacturing costs, excellent optical transmission, and outstanding electrical/thermal con-

ductivity [29,30,186]. Other technologies in which NWNs have shown remarkable operational

efficiency include flexible displays and touchscreens [85], solar cells [89], wearable sensors [87],

thin-film heaters [86], neural interfaces [88], and neuromorphic computing [54, 163] just to

mention a few. According to Bae et al. [111], TCEs are required to have a high optical trans-

mittance, which is normally ∼ 90%, while the electrical sheet resistance is dependent on the

operation and function of the device. These technologies, which range from touchscreens, and

flexible displays up to solar cells, often function with unique resistance values that may be
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as low as 1 Ω/◻ or as high as 500 Ω/◻ [111]. Thus, it is crucial to fine-tune these two param-

eters (transmittance and resistance) when engineering TCE devices for a particular purpose.

Diverse materials, including conductive polymers [76], carbon nanotubes [74], graphene [92],

ultra-thin metal films [129], and metallic nanowires [28, 187], have been evaluated as TCEs

with the primary objective of determining the optimal trade-off between electrical conduc-

tion and optical transmittance [73]. Consequently, a FOM quantification is commonly used

in which Top versus Rs for various raw materials, intrinsic physical properties, and device

designs [55,90,188] are produced to evaluate the performance of the device as a transparent

conductive medium. Recent computational and experimental research has focused on FOM

patterns to establish the best design of metallic NWNs as TCEs [84, 96, 98, 189, 190]. The

electro-optical characteristics of these networks are affected by a number of design factors,

including structural ones such as nanowire aspect ratio (AR◯) [96, 167], which is defined

as the nanowire length (Lw) divided by the nanowire diameter (dw), network density (nw),

which is quantified by the number of nanowires per unit of area, nanowire orientation [191],

wire persistence lengths or curvature effects [192–194], and network area fraction (AF). In

addition, electro-optical characteristics encompass junction resistances between nanowires

(Rjxn), inner nanowire resistances given as Rin = ρLw/A with A being the cross-sectional

area of the cylinder and ρ being the resistivity, and optical extinction coefficients (Qext).

Ultimately, geometrical aspects associated with device design, such as electrode shapes [100]

and the incorporation of transparent grid patterns [104], together impact the percolative

characteristic of the system’s conduction and its light transmission. For example, it has

been established, for instance, that the connection between Rs and AF is nonlinear and

inverse; as the AF ratio rises, Rs will decrease, indicating that the increase in area coverage

enhances electrical transport by creating extra parallel routes across the device [96]. If the

wire density is increased at a given nanowire AR◯, Rs will decrease nonlinearly, with the

resistance of a dense NWN moving from a percolative to bulk-like behaviour regime and

saturating at a constant resistance value that relies on the bulk material characteristics and
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film dimensions [190, 195]. Concurrently, this rise in density lowers optical transparency as

a consequence of the increase in area coverage when more nanowires are introduced per unit

of area. Wire density, however, is not the only factor that might influence the electro-optical

properties of NWNs [189]. Such a multidimensional parameter phase space has prompted

researchers to design optimal parameter configurations and settings to provide the best FOM

trade-off between the greatest feasible transparency and an adjustable sheet resistance range

acceptable for a certain TCE technology [163,188].

RF emissions are also worth investigating as they may not only create malfunctions

and limit the operational life of the device but can also have a negative impact on human

health [196]. EMI SE (electromagnetic interference shielding effectiveness) must thus be

considered while fabricating TCE films [104, 150, 197]. ITO films, for example, are stated

to have a Rs ∼ 10 Ω/◻ and an optical transmittance of ∼ 90%, while Ag NWNs have a

Rs ∼ 20 Ω/◻ and optical transmittance of ∼ 91% [198]. In the frequency range of 0.5 −

3.0 GHz, ITO is reported to display EMI SE of 14 decibels (dB) @ 84.1% transmittance,

while Ag NWNs exhibit EMI SE of 13.5 dB @ 90.3% transmittance [199]. In this chapter,

we carried out a detailed computational investigation of randomly distributed and grid-

patterned NWNs and evaluated their FOM for a number of metallic nanowire materials,

including Ag, Al, and Au NWNs. Additionally, the contribution of nanowire alignment to

the network’s electrical conductance is investigated. The optical transmittance computations

are performed utilizing the MLST [107, 170] and FEM with the COMSOL Multiphysics®

software [110], and the sheet resistance is calculated with the simplified MNA [101, 144,

162] for a resistive circuit network as described in Chapter 2. All the details about the

electrical and optical computations are laid out in Chapter 2. We have discovered that

an optimal compromise between optical transmittance and sheet resistance can be achieved

by manipulating the grid-pattern architecture of the networks, the density, the nanowire

orientation, material parameters as well as AR◯, and AF. In addition, we have investigated

hybrid network architectures comprised of straight and curved nanowires represented as a
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semicircle and analysed the influence of curvature on the overall conductance behaviour of

the film. This study will contribute to the growth of cutting-edge TCE devices constructed

out of metallic NWNs with optimum electro-optical capabilities by recommending materials

and device layouts that can be customised for each kind of device.

3.2 Electro-Optical Modelling

To encapsulate the combined electrical and optical features of unique NWN systems, we

have devised a computational approach that separately analyzes electrical resistance and

optical transmission. The Monte Carlo approach is used to generate a random NWN as the

initial step in the simulation process. Line segments that resemble cylindrical nanowires are

randomly arranged in a squared area region. Inter nanowire connections are characterised by

overlapping line segments, and all junctions are recognised prior to the electrical conduction

simulations to assess network connectivity. The whole network structure is visualized as

a resistive circuit network that has a number of voltage nodal points as well as inner and

junction resistances. A two-terminal source/drain electrode configuration coupled to the

network is assumed, and Ohm’s law paired with Kirchhoff circuit rules is used to calculate

the network sheet resistance as detailed in Chapter 2.

The optical property calculations are carried out employing two methodologies: (1)

MLST [107] and (2) FEM with COMSOL Multiphysics® software [110]. MLST derives opti-

cal characteristics using accurate analytical solutions to Maxwell’s equations that account for

the scattering of electromagnetic radiation by particles [107]. One of the constraints of the

MLST approach is that its accurate solution is limited to extremely symmetrical geometries,

such as cylinders, spheres, and spheroids [168], for which one may write independent radial

and angular dependency of solutions based on the object’s coordinate systems. The book

by Bohren and Huffman [107] provides a full discussion of the detailed electromagnetic wave

solution for MLST, which is also briefly given in Chapter 2. In this work, we examined the
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recommended Mie electromagnetic wave scattering solution for an infinite uniform cylinder

as implemented in the MatScat program [109] to calculate the extinction efficiency coeffi-

cients given by Qext = Qsca+Qabs in which Qext, Qsca, and Qabs are the extinction, scattering,

and absorption coefficients, respectively.

COMSOL Multiphysics® interface modelling [110] provides an alternate method for

calculating the optical transmission of particles having irregular forms, such as curved

nanowires. We utilized COMSOL Multiphysics® software [110] to simulate the dispersed

electric field off of the objects at nano and microscales by solving Maxwell’s differential

equations in 2D and 3D space domains. The “electromagnetic waves” and “frequency do-

main” interfaces of the RF module were used for the FEM study. MatScat [108] calculated

optical efficiencies that served as our standard approach for reproducing experimental FOM

trends, as shown in previous publications [84, 98]. In this manner, criteria for COMSOL

Multiphysics® modelling [110] were determined using MatScat outcomes for uniform and

infinite structures as a reference. For example, we have created an infinite cylinder model

in COMSOL Multiphysics® software [110] by constructing a 2D circular disc reflecting the

cross-section of a cylindrical nanowire enveloped by an outer circular disc that is the PML

to truncate the physical domain in an infinite space medium. The simulation region was

sufficiently partitioned into a physics-controlled meshing, and the interior disc material was

chosen to match the known characteristics of the nanowire of interest, with air as the sur-

rounding medium. The total effective optical response is determined by the influence of a

background electromagnetic wave (E0 = 1 Vm−1) on the surface of the nanowire when the

wavelength of the plane wave is modulated from ∼300 to 1200 nm (or ∼350 to 750 nm in the

case of 3D curved and straight nanowires, see Figure 2.12 (d)). We utilized Johnson and

Christy’s [172, 174] integrated wavelength-dependent permittivity parameters in COMSOL

Multiphysics® software [110] material database. To calculate the absorption, scattering,

and extinction coefficients, suitable boundary conditions such as perfect electric conductors

(PECs) and scattering boundary conditions, as well as surface and volume integrations, as
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specified in Chapter 2, were needed. The direction of the target was adjusted such that the

major axis of an infinite cylinder is perpendicular to the evolution of the electromagnetic

field. Similar to MatScat [108], we have computed and averaged both orthogonal polar-

izations of the incident beam, one with an electric field perpendicular to the cylinder axis

while the other parallel to it. Qext is strongly affected by a number of variables, includ-

ing the diameter of the nanowire, the wavelength of the incoming beam, and the nanowire

material’s complex refractive index. Here, we determined the maximum light transmission,

which represents the extinction efficiency factors at normal light incidence to the TCE film.

The resulting extinction efficiency coefficients are taken as input data for the Beer-Lambert

theorem [166] given in Equation (2.8) to analyze Top.

To calculate the EMI SE of the NWNs, one can take into account the contribution from

the total of three EMI losses: (1) microwave absorption (SEA), (2) microwave reflection

(SER), and (3) multiple reflections (SEMR) [200]. The following equation can be used to

estimate an independent frequency relationship (greater than 30 MHz) between EMI SE and

Rs [147,148,200]:

EMI SE = 20 log10 (1 +
Z0

2Rs

) (3.1)

in which Z0 = 376.7 Ω is the free space wave impedance. This equation demonstrates how the

sheet resistance influences the EMI SE performance, highlighting the need of characterising

the electrical characteristics of TCE films to satisfy the requirements of certain technological

applications.
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3.3 Results and Discussion

3.3.1 Nanowire Network Characterization

Herein, we demonstrate network configurations that were modelled in order to obtain nu-

merically the FOM for many NWN devices and materials, including Al, Ag, and Au. To

modify the electrical and optical responses of NWNs, we altered the percolation onset and

the nanowires’ inherent properties. Figure 3.1 displays schematics of the NWN systems stud-

ied in this section: (a) standard random NWNs, (b) random NWNs with a transparent grid

pattern, (c) NWNs built of oriented nanowires by establishing their maximum angle with

the horizontal axis at a given value θmax, and (d) NWNs formed of oriented nanowires with

the transparent grid-pattern. In addition, the impacts of the presence of curved nanowires in

NWNs will be explored. Experimental micrographs of NWNs reveal the existence of curved

or even L-shaped (kinked) wires, hence hybrid NWNs are created to represent more realistic

physical systems [99, 201]. The NWNs have dimensions of 30 × 30 µm, indicating that the

source and drain electrodes are separated by 30 µm. The aspect ratios (AR◯ = Lw/dw) of the

nanowires studied range from 100 to 228. We performed simulations to calculate FOM for

all system scenarios presented in Figure 3.1 for metallic nanowire materials. The nanowires’

angular confinement with relative to the horizontal x̂-axis was set between θmax = ±36o and

θmax = ±75o. We ran simulations by adjusting all physical parameters, comprising NWN

density and area fraction, nanowire length and diameter. The mean sheet resistance and

its standard deviation have been determined for a collection of NWNs with a fixed density

and 10 random spatial configuration trials. We designated the applicable resistivity values

of ρ = 19.26 nΩm, ρ = 16.85 nΩm, and ρ = 25 nΩm for Ag [98,163], Al [81], and Au [202,203],

respectively. Variations in material properties and fabrication techniques can result in signif-

icant fluctuations in the resistance of junctions within NWNs. The range of reported values

for junction resistance is typically between 1−200 Ω for metallic systems [81,83,84,163,202].

Furthermore, it is expected that the incorporation of junction resistance will lead to a linear
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rise in the total sheet resistance of the network [144]. Thus, we set this value to Rjxn = 50 Ω

for the findings reported in this section.

Figure 3.1: Diagrams of the four NWN systems examined in this study. In each panel, the
grey lines indicate nanowires and the black circles depict their contact locations. The golden
objects denote metallic electrodes to which a current source (not visible) is linked. The
device dimension is 30 × 30 µm and all nanowires are made of a fixed length of Lw = 7 µm.
(a) Standard random NWN with wire density of nw = 0.3 nanowires per µm2. (b) A 3 × 3
transparent grid shown with red squares is patterned over a random NWN with wire density
of nw = 0.3 nanowires per µm2. This method aims to increase the transparency of the films.
Each square is 4×4 µm in dimension. To clarify, the red squares mark regions in the NWN in
which there are no nanowires, i.e., these are empty spaces. (c) A random NWN consisting of
nw = 0.4 nanowires per µm2 with angular constraints. Each nanowire is randomly distributed
throughout the device’s surface; however, their orientation is limited by a maximum angle
(in this example θmax = ±45o) relative to the horizontal axis. (d) NWN combining the same
structural features as in panel (c) and the same transparent grid pattern as in panel (b).
Reproduced from Ref. [97] with permission from the Royal Society of Chemistry.

Optical Qext for metallic nanowires consisting of four distinct materials (Ag, Al, Au,
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and Cu) with diameters of dw = 30 nm and dw = 50 nm were computed as a function of

the light wavelength (λ) in the range of 300 − 1200 nm using both the MLST and FEM

approaches and depicted in Figure 3.2. Qext was calculated for an infinite cylinder using

two separate light scattering techniques, MatScat and FEM, with the latter accessible in the

RF module of COMSOL Multiphysics® software. Figure 3.2 (a-d) indicates that the two

approaches provide comparable results over the whole spectrum of wavelengths and cylinder

sizes. Local electric field enhancement is material-dependent, with Al nanowire exhibiting the

most powerful electric field scattering distributions at longer wavelengths. The computation

of FOM for NWN TCEs is based on the combination of this coefficient and the numerically

calculated AF of the NWNs, which yields the optical transmission through Equation (2.8).

We utilized the Qext value at λ = 546 nm (taken from Figure 3.2) to quantify the optical

transmission of every system examined in this study.
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Figure 3.2: Qext of an individual nanowire calculated as a function of light wavelength varying
from 300 to 1200 nm. The average of the two perpendicular electric field polarizations was
used to determine all Qext values. Each panel displays the findings for a certain metallic
material: (a) Ag, (b) Au, (c) Cu, and (d) Al. The legend presented in panel (a) applies to
all remaining panels. All panels display findings for nanowires with two diameters, dw = 30
nm (black symbols and lines) and dw = 50 nm (red symbols and lines). MatScat [108, 109]
(full lines) and COMSOL Multiphysics® software were utilized to conduct simulations [110].
Reproduced from Ref. [97] with permission from the Royal Society of Chemistry.

3.3.2 Electro-Optical Analysis of Metallic Nanowire Networks

The investigation of FOM for a range of materials and the impacts caused by either the

nature of the materials or the structural aspects of the TCE NWN devices turns out to

be a challenging optimization problem that can be carried out efficiently with computa-

tional simulations such as the ones conducted here. It is a trade-off analysis in which high

transparencies necessitate decreasing area fraction while low sheet resistance necessitates the

inverse.
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Figure 3.3: Results of various nanowire aspect ratios (here, AR≡AR◯) in terms of average
optical transmittance expressed as a percentage Top versus average Rs. Each data point is
averaged across 10 random NWN samples with a particular density nw. All systems are
30× 30 µm in dimensions. NWN density was increased in increments of 0.025 nanowires per
µm2 from 0.3 up to 0.7. The findings of NWN TCE devices produced using Ag nanowires
are shown in the upper panels (a and b), whereas Al nanowires are displayed in the lower
panels (c and d). The left panels (a and c) display the FOM for standard random NWNs,
while the right panels (b and d) display the FOM for transparent grid-pattern NWNs. The
latter was generated with a 3 × 3 transparent grid as depicted in Figure 3.1. Reproduced
from Ref. [97] with permission from the Royal Society of Chemistry.

Figure 3.3 displays mean Rs × Top throughout AR◯ range of 100 − 228 for varied NWN

densities. Figure 3.3 (a,b) shows, respectively, the estimated FOM for random Ag NWNs

with a standard and transparent grid layout, respectively. Figure 3.3 (c,d) exhibits the FOM

for a standard and transparent grid pattern, respectively, produced from a different material,

Al NWNs. The data depicted in Figures 3.3 (a) and (c) shows that Rs ranges ∼ 10−80 Ω for

both Ag and Al NWNs. However, it is apparent that Ag NWNs exhibit superior performance

in terms of optical transmittance compared to Al NWNs. The data depicted in Figures 3.3
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(b) and (d), on the other hand, show that the inclusion of a transparent grid pattern improves

the optical transmission of the NWNs with a trade-off in sheet resistance with Rs ranging

∼ 25 − 150 Ω.

In addition to the transparent grid pattern, imposing an angular limit on the nanowire

alignments is another method for managing FOM in NWN devices. The greatest angle

at which wires may be orientated with regard to the horizontal axis is regulated in the

calculations; nevertheless, the location of the wires remains random. Figure 3.4 is a summary

of these outcomes for standard and grid-mesh Ag NWNs with angle restraints. The latter

adds a mechanism to tune the resistance range of our NWN devices. The amplification

of sheet resistance variations in transparent grid-pattern NWNs is a further characteristic

offered by this method. When the nanowire alignment is constrained, a new source of

fluctuations in the sheet resistance values is introduced. These fluctuations will be the

subject of a subsequent in-depth discussion when we examine the flow of current through

the network frame. When compared to the other alignment trials, it was determined that

θmax = ±75o was the dominating alignment angle to produce a greater FOM in terms of

higher Top and lower Rs.

Figure 3.5 depicts the FOM for another metal material studied in this research, Au

NWN systems. For standard random and transparent grid-pattern Au NWNs of various

ARs, the average optical transmittance versus sheet resistance was calculated. The graph

also illustrates how the sheet resistance of the devices alters as a function of their AF.

Transparent grids have a quantifiable influence on the network coverage area as shown in the

figure. The area coverage is reduced by eliminating material from the network that allows

light to flow through. By manipulating the AF in our devices, we can select how much

transparency gain and sheet resistance loss the TCE devices will endure.
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Figure 3.4: Average optical transmittance against sheet resistance of Ag NWN devices with
a certain angular orientation of nanowires about the horizontal x̂-axis. Two sets of AR
are selected and shown in dashed-upper triangle lines and dashed-circle lines for 100 and
159, respectively. The maximum angles are established for both ARs (AR≡AR◯) as follows:
θmax = ±36o, ± 45o, ± 60o, ± 75o. All systems are 30 × 30 µm in dimensions. Each data
point is averaged across 10 random NWN samples. nw was increased in increments of 0.025
nanowires per µm2 from 0.3 up to 0.7. Panel (a) displays the findings for standard random
Ag NWNs, while panel (b) displays the results for Ag NWNs with a transparent grid pattern.
Transparent grid NWNs were constructed using a 3 × 3 transparent grid just as in Figure
3.1. Reproduced from Ref. [97] with permission from the Royal Society of Chemistry.
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Figure 3.5: Top panels illustrate the FOM of varied nanowire aspect ratios (AR≡AR◯) in
terms of average optical transmittance expressed as a percentage Top versus average Rs in
(a) random standard NWNs and (b) transparent grid-pattern NWNs constructed with Au
nanowires. Each data point is averaged across 10 random NWN samples with a particular
density nw. All systems are 30 × 30 µm in dimension. NWN density was increased in
increments of 0.025 nanowires per µm2 from 0.3 up to 0.7. The average Rs against AF are
shown in the bottom panels for the identical systems that were investigated in the top panels:
(c) for standard random Au NWNs and (d) for transparent grid-pattern Au NWNs. The
transparent grid NWNs were constructed using a 3×3 grid just as in Figure 3.1. Reproduced
from Ref. [97] with permission from the Royal Society of Chemistry.

All of these FOM results are, without a doubt, dependent on certain simulation param-

eters being used, such as the resistivity of the material, the resistances of the junctions, the

geometrical aspects of the nanowires, the device dimensions and layout, and the optical fea-

tures, to name just a few. These may be derived through ab initio approaches or from the data

gained from experiments. We discovered trustworthy parameter sources [81,84,163,163,203],

which allowed us to develop a diverse set of results that are pertinent to TCE research and to

demonstrate the strength of our computational toolkit by analysing the relationship between
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optical transmission and sheet resistance in a wide range of NWN systems.

To visually investigate the conduction mechanism prevailing in the NWNs investigated

in this study, a spatial characterisation of electrical current flow across the NWN systems

was carried out. This study is performed by numerically calculating the current flow via

each nanowire segment on the network and translating this data into current colour maps,

as shown in Figure 3.6. Current map results for a random and transparent grid-pattern Ag

NWNs are shown in the top panels. The bottom panels depict current maps for a random

and transparent grid-pattern Ag NWN with θmax = ±45o for the orientation of the nanowires.

Figure 3.6: Current colour mappings determined for various Ag NWN structures. All sys-
tems are 30 × 30 µm in dimension. All networks have a constant wire density of nw = 0.4
nanowires per µm2. Colour bars indicate current intensity values in arbitrary units. The top
panels (a,b) represent projections for a NWN with a random and transparent grid layout,
respectively. The transparent grids are shown by cyan squares. Each square is 4 × 4 µm in
dimension. The bottom panels (c,d) show current projections for a random and transparent
grid-pattern Ag NWN, with orientation constraints imposed; in this instance, the maximum
alignment of the nanowires relative to the horizontal axis is θmax = ±45o. Reproduced from
Ref. [97] with permission from the Royal Society of Chemistry.
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One may observe that the random NWN has topographically scattered current flow. The

installation of transparent grids, which restricts the flow of current across particular network

sectors, modifies this tendency. Figure 3.6 (b) depicts a “current hotspot” in the region of

the left (source) electrode, which expands out as the current is directed towards the right

(drain) electrode. The current will have a preferred orientation to flow when the angular

restriction is enforced as shown in Figure 3.6 (c). As seen in Figure 3.6 (d), the transparent

grid will partly obstruct this flow, which could result in more pronounced fluctuations in the

sheet resistance when comparing samples with different densities. This indicates that the

transparent grid and nanowire orientation may be utilized to regulate the network’s current

flow locally.

Figure 3.7 displays the mean EMI SE × nn for AR◯ ranges of 100 − 200 for NWNs made

of Ag and Au. Figure 3.7 (a) and (b) illustrate the outcomes for standard and transparent

grid-pattern random Ag nanowires, respectively. Likewise, Figure 3.7 (c) and (d) exhibit the

EMI SE outcomes for standard and transparent grid-pattern random NWNs, respectively,

fabricated from a different material, Au nanowires. As seen in the figure, EMI SE is much

larger for standard NWNs than for transparent grid networks; hence, a shielding mechanism

is necessary to regulate the transmission of electromagnetic waves across the system.

For the analysis of curvature effects in NWNs, Figure 3.8 depicts the comparison of Ag

NWNs made of purely straight nanowires with hybrid NWNs containing a certain concentra-

tion of straight and curved nanowires. We began by estimating the average ⟨Rs⟩ and ⟨AF ⟩

of an Ag NWN ensemble with a density of nw = 0.4 µm-2 that consisted only of straight

wires and no curved ones (see Figure 3.8(a)). nc denotes the density of curved wires, and

in this initial condition, nc = 0. The following panels illustrate ⟨Rs⟩ and ⟨AF ⟩ of an Ag

NWN ensemble having a concentration of curved nanowires such that the overall network

density is maintained at 0.4 µm-2, i.e., nw + nc = 0.4 µm-2. The figure also includes images

taken from the NWN ensemble as a visual aid. Percolation effects and resistivity trends

in curved NWNs have been studied in earlier studies [99, 204] and our findings agree with
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their predictions showing that the network’s sheet resistance rises as the concentration of

curved wires increases. Curved wires, on the other hand, can increase optical transparency

by reducing their area fraction.

Figure 3.7: Average EMI SE (dB) as a function of density nw in units of nanowires per
µm2 for various nanowire aspect ratios (AR≡AR◯ = 100− 200). Each data point is averaged
across 10 random NWN samples with a particular density nw. All systems are 30×30 µm in
dimensions. The top panels (a,b) exhibit the results of NWN TCE devices produced from
Ag nanowires, while the bottom panels (c,d) display the results of Au nanowires. The EMI
SE as a function of density nw is plotted in the left panels (a,c) for standard random NWNs,
while the right panels (b,d) are for transparent grid-pattern NWNs. The transparent grid
NWNs were constructed using a 3 × 3 grid just as in Figure 3.1. Reproduced from Ref. [97]
with permission from the Royal Society of Chemistry.
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Figure 3.8: Purely straight and hybridised straight/curved Ag NWNs. Grey and blue seg-
ments depict nanowires that are either straight or curved, respectively, and black circles
indicate where the wires intersect. Golden vertical lines depict metallic electrodes that are
connected to a current source (not shown). All systems are 30 × 30 µm in dimensions. The
length of the straight nanowires and the arc length of the curved nanowires are fixed to
Lw = 7 µm. The network diagrams are only a snapshot of an ensemble of 10 NWNs whose
corresponding mean ⟨Rs⟩ and ⟨AF⟩ are displayed in each panel. The standard deviation
associated with Rs is also provided, while the standard deviation associated with AF is on
the order of 10−4 for all instances investigated. nw and nc stand for the densities of straight
and curved nanowires, respectively. (a) NWN comprised of only straight Ag nanowires
(nw = 0.4 µm-2 and nc = 0). (b–d) Ag hybridised NWNs where nc is increased (nw decreases)
in such a way as to maintain the total density of network constant at 0.4 µm-2. Densities
are in units of number of nanowires per µm2. Reproduced from Ref. [97] with permission
from the Royal Society of Chemistry.
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Figure 3.9: Electric field variation across the circular cross-section of a nanowire in the xy
plane. The nanowires are composed of (a) Ag, (b) Au, (c) Cu, and (d) Al, and dw = 50 nm.
A λ = 560 nm plane wave with ŷ-axis propagation and two perpendicular polarizations is
used to illuminate the cylinder with its axis aligned along the ẑ-axis. The strength of the
electric field (V/nm) computed by averaging two perpendicular polarizations is shown in the
colour bar. Reproduced from Ref. [97] with permission from the Royal Society of Chemistry.

Ultimately, in this analysis, one needs to quantify how much light a solid nanowire cylin-

der, made of a metallic material, scatters. Figure 3.9 exhibits the electric field scattering

planar profiles for λ = 560 nm, which are calculated employing COMSOL Multiphysics®

software [110]. We detect an increase in optical attenuation and greater scattering electric

field as a consequence of the heterogeneous distribution of the local electric field around the

nanowire circular cross-section, except for Al in which this phenomenon results from applied

electrical dipole resonance [205]. Depending on the material composition, shape, size, and

dielectric environment of the nanowire, this phenomenon can occur when the nanowire is

smaller than the wavelength of the incoming light [206]. In the case of the Al nanowire,

when an external electric field causes electrons to be displaced in response, the polarization

of negative and positive charges on each side of the nanowire results in a zero-field electric
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field, which cancels out any external field that could be present within the conductor. The

polarizability of the material influences both the dipole moment’s orientation and the dipole

strength of this dipole moment [207]. COMSOL Multiphysics® software [110] was used

to perform further optical cross-section calculations on a 3D finite Ag straight and curved

nanowire with dw = 50 nm and Lw = 7 µm and illustrated in Figure 2.12. According to

Figure 2.12 (d), curved and straight Ag nanowires exhibit no substantial difference in op-

tical extinction characteristics. Nonetheless, curved nanowires do impact the network area

fraction as demonstrated in Figure 3.8.

3.4 Summary

This chapter concludes with a comprehensive discussion of the electro-optical modelling of

metallic NWNs that could be employed as transparent conductors. We have created a robust

computational framework to estimate the sheet resistance, optical transmittance, and elec-

tromagnetic interference shielding performance of various NWN designs, including random

NWNs, transparent grid-patterned networks, and NWNs with monitored angular nanowire

orientation. We found that the conduction and optical characteristics of the films can be

modified by adjusting the geometrical factors associated with device structure, such as the

grid-pattern network, coupled with the relevant network parameters, such as the aspect

ratio and area fraction. In particular, the nanowire alignment can be used as a further

degree of freedom to alter the device’s total current flow and FOM. Two approaches were

used to compute the optical response properties: MLST [107–109] and FEM implemented

using the RF module (wave optics) in the COMSOL Multiphysics® software [110]. The

approaches were established in complete concordance with one another and were able to

capture the electromagnetic scattering characteristics of metallic nanowires in their entirety.

We have observed a clear trade-off when adopting grid-pattern networks as opposed to stan-

dard random networks, whereby optical transmittance is increased at the expense of higher
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resistances.

The investigation of EMI SE has revealed that the configuration of the device’s structure,

specifically the grid-pattern design, is a critical factor in determining the degree of shield-

ing effectiveness. Hence, through the manipulation of the grid-pattern design, the shielding

effectiveness of the apparatus can be accurately regulated to fulfil distinct electro-optical

prerequisites. To clarify, it is possible to customise the efficacy of electromagnetic inter-

ference EMI shielding by modifying the grid-pattern design to attain the intended level of

attenuation based on specific electro-optical circumstances. These methodologies will enable

us to investigate the electro-optical properties of nanowire materials as thin metallic films

as a tunable test platform prior to device manufacturing in the lab.

To conclude, the electro-optical computational methodology used in this work has been

employed in past works conducted in the group and its output has been compared with

experimental results and other prominent works found in the literature. Sheet resistance

values have been compared with experimental results as discussed in [144]; an extensive

literature gathering was conducted by Manning et al. [98] and contrasted with the results

this computational methodology obtained, with remarkable agreement in terms of orders

of magnitude (see also Figure 1.6). Manning et al. also investigated the electro-optical

properties of Cu NWNs experimentally and computationally [84]. The same computational

tools were adapted to carry on our last works published in [97,106]. This confirms that the

computational tools and models we used to describe the electro-optical responses in NWN

systems are consolidated and are capable of providing results comparable with experimental

and other computational findings in the literature.
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Chapter 4

Thermo-Electro-Optical Properties of

Seamless Nanowire Networks

Preamble

This chapter is based on Esteki et al. “Thermo-electro-optical properties of seamless metallic

nanowire networks for transparent conductor applications” published in Nanoscale [106].

4.1 Introduction

Besides the standard junction-based NWNs studied in the previous chapter, we adapted

our computational framework to investigate the electro-optical (and thermal) properties of

another complex network material named seamless NWNs that also exhibit optimum TCE

features. A seamless NWN is a structure comprised of nanowires without touching point con-

nections, resulting in a continuous and unbroken network configuration. Its unique charac-

teristics, including high conductivity and surface area-to-volume ratios, make it a prospective

contender for a wide variety of nanotechnology applications. Using in-house computational

implementations and an electrothermal model developed in COMSOL Multiphysics® soft-

ware [110], we have done in-depth computational research to examine the thermo-electro-
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optical properties of seamless NWNs and comprehend their geometrical characteristics in

this chapter. Using Ohm’s law in conjunction with Kirchhoff’s circuit laws, sheet resistance

calculations were carried out for a random planar resistor network that map the connectiv-

ity of the seamless NWN and compared to those produced using COMSOL Multiphysics®

software [110]. Ag, Au, Al, and Cu nanowires are the materials of choice in this study for

evaluating the transparent conduction performance of these systems. We have investigated

a vast array of tuning factors, such as the network area fraction (AF), the width-to-depth

aspect ratio (AR∎ = Ww/Dw), and the length of the nanowire segment. As will be intro-

duced later, note that the cross-section surface shape of nanowires in seamless NWNs can

also be squared/rectangular, for this reason, the AR subscript has been changed accord-

ingly. We produced FOM (optical transmittance/temperature versus sheet resistance) and

temperature profile distributions to characterise the performance of real-world transparent

conductors idealised with seamless NWNs. Our investigation focused on the thermo-electro-

optical responses of the seamless NWNs and the examination of many regulating parameters

based on system design considerations in order to shed light on how to improve the electrical

transport, optical qualities, and thermal management of these technologies.

As mentioned before, TCEs are critical elements of a variety of thermo- [208, 209] and

optoelectronic [120] devices. NWNs comprised of metal nanowires have attracted significant

interest due to their excellent electrical/thermal conductivities, optical transmission, and

mechanical strength [65, 66, 73]. Much research has been conducted on random percolative

NWNs generated with diverse metal nanowire materials [28, 29, 66, 73, 186, 187]; nonethe-

less, the contact between individual nanowires increases the equivalent network sheet resis-

tance (Rs) [78, 83, 84, 210]. To mitigate the influence of the interwire junction resistances,

the literature specifies a number of processing techniques for enhancing the junction con-

duction qualities, such as plasmonic welding [211, 212], mechanical pressing [77, 213, 214],

and thermal annealing [215, 216]. Despite intensive efforts, the improvement potential of

junction resistances is limited, and there is no standard for improving junction resistance
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levels [83]. One option is to totally change the network architecture over the standard

random NWN while retaining the connection and functionality that serve as the founda-

tion of any percolative complex system. Lately, continuous metal networks, also known

as nano-based crack templates with seamless connections [217], have been presented as a

viable replacement to standard random NWNs. Metallic seamless NWNs are commonly

manufactured using lithographic methods such as phase shift lithography [218,219], crackle

lithography [220, 221], nanoimprint lithography [219, 222], soft lithography [219, 223], and

photolithography [219, 224]. Compared to standard disordered NWNs, nano-cracked seam-

less networks offer a few distinct benefits [122]. The transparency and sheet resistance of

seamless NWNs can be modulated through multiple factors. Several factors can be consid-

ered to modify the electrical properties of a wire mesh, such as adjusting the wire width,

varying the thickness of the metal employed, manipulating the mesh geometry, and utilis-

ing metals with distinct resistance values. For example, Figure 4.1 (a) presents a seamless

NWN made of silicon nanowires for high-performance photodetector applications [81, 220].

In Figure 4.1 (b), we see a cutaway of the seamless NWN analysed herein that was created

in a computer simulation. The inset provides information on the geometry of the nanowire

segments assumed to have a rectangular cross-section, defined by their depth (Dw) and width

(Ww). Subsequent sections will delve deeper into the technical aspects and specifications of

these networks.
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Figure 4.1: (a) An experimental SEM image of a silicon seamless NWN [81]. (b) A NWN
structure created from a Voronoi diagram imported into the COMSOL Multiphysics® soft-
ware simulations for this investigation. The nanowire segment has a rectangular cross-section
with the dimensions Dw and Ww reflecting the channel’s depth and width, respectively (see
inset on panel (c)). Panels (b,c) were reproduced from Ref. [106] with permission from the
Royal Society of Chemistry.

These seamless characteristics typically boost the active percolative route fraction of

the network, hence decreasing the sheet resistance and enhancing the light transmittance

by allowing light to enter the empty regions between the created cracks or voids. The

optimal sheet resistance and optical transmittance values for TCE-based designs have been

documented in the literature to be Rs ∼ 10 Ω/◻ and Top ∼ 90% in the visible wavelength

range [198]. However, it should be noted that the range of sheet resistance values is dependent

on the specific application for which the TCE will be utilized [97,111]. Thermo-electro-optical

efficiency of cracked seamless NWNs is dependent on a number of design variables, such as

the network material’s geometry, the length of the nanowires (Lw), the network density (nw)

defined as the number of nanowires per unit of area, the network area fraction (AF), and the

aspect ratio (AR∎) defined as the width (Ww) divided by the depth (Dw) of the channel cross-

sectional structure [84,97,98,121,143,163]. Note that for a standard NWN, AR◯ = Lw/dw can

be expressed as the ratio of nanowire length (Lw) to diameter (dw) as defined in Chapter 3.

However, for a seamless NWN, AR∎ = Ww/Dw can be defined as the ratio of nanowire width
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(Ww) to its depth (Dw) considering a rectangular shaped nanowire channel. Other intrinsic

properties relevant to this study, the thermal conductivity (kcond) and emissivity (ϵradi) as well

as heat transfer (hconv) coefficients are crucial to characterize thermal transport throughout

the network [128, 225, 226]. The Rs relies on the contact resistance between the network

material and the device terminals as well as the inner nanowire resistances determined by

Rin = ρLw/A, where A is the channel cross-sectional area, Lw is the channel length segment,

and ρ is the material resistivity [96–98]. The optical transmittance of seamless NWNs

is also dependent on the network AF and the corresponding optical extinction efficiency

Qext as defined in Equation (2.8). It is challenging to verify the collective influence of

such a high-dimensional variable phase space on the thermo-electro-optical characteristics of

extremely disordered materials since one cannot depend on translation/rotational symmetry

principles and nonlinear phenomena typically do play a role. It is known that the AF

acts as a geometrical correlation parameter between the electrical resistance and the optical

transmission of the material, resulting in a trade-off nonlinear relationship [96, 98]. So, a

FOM assessment, often shown as a Top against Rs graph, is necessary for characterising the

impact of geometrical factors and inherent raw material qualities on measuring the electro-

optical efficiency of NWNs. Ag, Au, Cu, and Al have all been studied in relation to their

FOM of typical random NWNs, with Ag being shown to exhibit superior performance across

a range of nw and AF [29,97,187,227].

In addition to their use in applications requiring an electro-optical response, metallic

NWNs are also put to use as transparent heaters in places like displays and smart windows,

where defogging or temperature management is crucial [55]. As a result, high-voltage and

high-temperature settings pose challenges to the thermal stability of metallic NWNs [86]. An

ideal NWN is that it should exhibit a uniform temperature profile throughout the network

while being resistant to thermal shocks caused by high heating rates that could otherwise dis-

rupt the system’s electrothermal processing and equilibrium temperature [55,129]. Because

of the high temperatures concentrated at certain points in the wire segments, a network
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can fail if the temperature distribution is not sufficiently uniform. Thus, it is crucial to

forecast device performance by calculating the local current density and thermal pathways

by evaluating the spatial electrical and thermal processes across the network. The spatial

pattern of self-heating and hotspot clustering in complex materials can be captured using a

number of existing high-resolution imaging techniques, such as thermoreflectance [129, 141]

and electrical mapping [140]; however, such measurements are restricted to evaluating the

local average temperatures of the networks. The localised temperature distribution of indi-

vidual nanowire channels is therefore very challenging to obtain experimentally at nanometer

precision [127–129,141,228]. Zeng et al. [128] conducted a study on the electrothermal prop-

erties of nanoscale systems by analyzing the current density and temperature distributions in

continuous nano-crack networks made of Ag. The results of their study revealed significant

temperature differences within the network, which could potentially lead to the failure of a

junction due to electronic migration processes that are heat-assisted. While seamless net-

works of nano-cracks have been widely studied through experimentation [127–129,228–233],

progress in the theoretical and computational aspects of this field has been limited. This is

due to several computational challenges, such as the need to explore a large parameter phase

space, integrate the device with other circuit components, and customize raw materials for

specific applications [122,128,234].

In this chapter, we outline the findings of an extensive computational study into the

thermo-electro-optical characteristics of template-based metallic networks incorporating seam-

less junctions formed from a variety of materials such as Ag, Au, Al, and Cu. We developed

a FOM analysis by tuning a wide range of variables relating to the geometrical aspects of the

systems, such as the Dw, Ww, and Lw of the nanochannels, as well as the nw, the nanochan-

nel AR∎ =Ww/Dw, and the AF, to establish the electro-optical properties of such networks.

Nanowire segments with randomly linked ends are what we call “nanochannels” in a seamless

NWN, where they form a percolative complex network. Calculations of optical extinction

efficiency are performed using FEM in COMSOL Multiphysics® [110], whereas Rs values for
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resistive circuit networks are produced employing the simplified MNA [97, 101, 144, 162] as

described in Chapter 2. Our computational methodology demonstrates that template-based

metallic nanowire networks outperform standard random NWNs in terms of electro-optical

performance. COMSOL Multiphysics® software [110] was used to create electrothermal

computations to evaluate the current density and temperature profile distributions with

nanoscale precision at various voltage levels. Current density hotspots have been detected in

some portions of the network, primarily at sufficiently acute/thin nanowire junctions, where

mobile electrons are squandering energy. When we apply a bias voltage to these networks,

our thermoelectric model reveals that the resulting spatial temperature distribution follows a

Weibull distribution, implying widespread electrical involvement from all segment channels.

It is critical to understand and forecast the possibility of melting/failure of metallic materials

(Ag, Au, Al, Cu) in an electrical operation, hence we have evaluated maximum temperature

values for several seamless network scenarios made of target metallic components.

4.2 Methodology

We used a two-step procedure to model the thermo-electro-optical characteristics of metallic

seamless NWNs. To begin, we analyzed the network’s electro-optical performance by creating

a computational toolset that concurrently produces electrical sheet resistance and optical

transmission data. In this stage, we developed custom scripts in Python [159] with the

help of relevant network-based packages and tools including Shapely [235], Networkx [236],

and Scipy [237] to represent the spatial structure of the disordered seamless NWNs. This

is mostly a computational study, however, the design of the examined seamless NWNs is

driven by the experimental works of Sheerin et al. [81, 220] and several other discoveries

focusing on seamless or patterned network materials [129, 230, 238–240]. For computational

studies, a virtual representation of a NWN can be created by means of applying image

processing techniques to NWN micrograph images, which enables the extraction of nodal,
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connectivity, and segment information [144]. This information is then used to construct

a mathematical graph that accurately represents the NWN in a virtual form. The same

connectivity and graph labelling can be applied to planar seamless NWNs. Several works [81,

128,241] have analysed experimental images of seamless NWNs, and one can visually identify

that the topology of these networks can be emulated using a tile pattern similar to Voronoi

diagrams. Although image processing approaches are useful for generating precise geometries

of NWN-based systems, their sample size limitations prevent them from being used in studies

based on ensemble analysis and the calculation of average and standard deviation values.

We improved the generation of virtual seamless NWNs by taking into account the fact

that their network topology is a Voronoi tessellation with a random distribution of centre

points as shown in Figure 4.2. The Voronoi diagrams are a spatial partitioning technique

that utilises the proximity of points to divide space into regions. This method has proven

to be a useful tool for representing the structural intricacies of diverse complex systems,

including biological cells [242] and fractured soils [243]. Voronoi cells, which are constituted

by geometric configurations of points, are circumscribed by Voronoi edges, a set of line

segments that establish the limits between neighbouring cells. Voronoi diagrams possess the

ability to not only depict the arrangement of points but also the interconnections among

them, thereby rendering them a potent tool for generating intricate network systems. By

utilizing Voronoi diagrams, researchers can gain insights into the properties of these systems

and better understand their connectivity and spatial features. In this fashion, Voronoi

cells can be interpreted as plane-partition polygon objects with channel-like line segments

arbitrarily dispersed inside a device surface area (see Figure 4.2).
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Figure 4.2: (a) Planar Voronoi graph created by our computer scripts. The graph consists of
purple dots which represent Voronoi center points that are randomly placed over a certain
area. The blue dots indicate the vertices that connect multiple line segments, also known as
edges or ridges, shown as red lines. In the main text, a ridge is referred to as a conducting
nanochannel or a nanowire segment. The closed polygons or cells are also known as regions
or faces; we coloured one of them yellow for the sake of visualization. (b) The Voronoi
diagram in (a) is transformed into a seamless NWN device in which the internal Voronoi
pattern is coupled to source/drain electrodes (vertical green rectangles). This transformation
creates a NWN mapped from a Voronoi diagram. The black line segments are interconnected
seamless nanochannels or nanowire segments. The device size is 50 × 50 µm, the density of
the network is set to nw = 0.05 nanowire segments per µm2, and the nanowire segments have
a mean length of ⟨Lw⟩ = 7 µm. Reproduced from Ref. [106] with permission from the Royal
Society of Chemistry.

As seamless NWNs lack interwire contact junctions, the sheet resistance of the device is

determined by extrinsic and intrinsic factors such as geometrical features, the resistances of

the individual nanochannels (Rin) and the interfaces between the nanochannels and the two-

terminal source and drain electrodes (Rc or contact resistances). Rin = ρL/A provides the

resistances of the inner nanochannels, and Rc can be approximated as ⟨Rin⟩ if one assumes

that the contact resistance is not sufficiently different from the already existing metallic in-

ner resistances of the network. While contact resistances between the seamless NWN and

the electrodes are prone to variations owing to variables such as the electrode material, the

existence of interface defects, and the details of the device fabrication, Rc ∼ ⟨Rin⟩ is to be
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expected as we prioritise the use of metallic materials. Characteristics of ascribed resistiv-

ity used to simulate metallic elements of seamless networks include ρAg = 19.23 nΩm [225],

ρAu = 25 nΩm [244], ρAl = 62.5 nΩm [245], and ρCu = 25.51 nΩm [246]. As a result, the whole

network topology is converted into a resistive circuit network with inner/contact resistances

that link a complex group of voltage nodal points that constitute a Voronoi diagram. This

circuit data is described by Ohm’s and Kirchhoff’s circuit laws, which can be numerically

calculated for each voltage node to obtain the network’s total sheet resistance Rs. Earlier

publications in the group [101,142–144,163] and previous chapters in this thesis provide the

crucial details and mathematical explanations of our technique employed in this research.

The optical response parameters are obtained through a simulation of the dispersed electric

field around a nanoscale object in a 2D space domain by solving Maxwell’s differential equa-

tions. This is accomplished using FEM in COMSOL. The main outcome of our COMSOL

Multiphysics® modelling [110] is the estimation of the optical efficiency coefficients described

as Qext = Qabs+Qsca in which Qext, Qsca, and Qabs are the extinction, scattering, and absorp-

tion coefficient efficiencies, respectively. The optical COMSOL Multiphysics® [110] analysis

in this chapter was based on our previous work [97] (see Chapter 3) that estimated the

optical spectra of a cylinder cross-section of a nanowire under direct light incidence. The

results obtained from this analysis were compared to those obtained using MLST for an

infinite cylinder [107, 108]. MLST and our optical COMSOL Multiphysics® [110] simula-

tion were found to agree quite well (see Figure 3.2). In this analysis, we focus on seamless

NWNs, which differ from conventional cylinders in that their cross-section is of squared or

rectangular shape. Thus, we have used the same method to calculate the total effective

optical spectra of this targeted study, which is an object with a squared/rectangular sur-

face area in a channel-like nanowire form. Chapter 2 contains detailed information on the

COMSOL Multiphysics® [110] modelling configurations, including the background electro-

magnetic wave, PECs, scattering boundary conditions, and meshing of the object. Addi-

tionally, it provides relevant information on Maxwell’s electromagnetic wave equations that
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need to be solved to perform the simulation. In this optical modelling study, the refractive

index information for various materials such as Ag, Au, Al, and Cu, has been used. The

refractive index information is wavelength-dependent and has been taken from Johnson and

Christy [172] built in COMSOL Multiphysics® software [110] material database [110]. The

surface of a nanochannel placed within a PML and surrounded by air is illuminated by a

perpendicularly incident linearly polarized plane wave. The electromagnetic responses in

2D were computed using the RF module of COMSOL Multiphysics® software [110]. The

incident light is assumed to be a plane wave propagating in space with two orthogonal elec-

tromagnetic wave polarizations. It is essential to point out that one distinction between the

seamless NWNs in this chapter and the standard random NWNs in the previous chapter is

that the seamless networks’ nanochannel segments are square-shaped (not cylindrical). Seg-

ments of nanochannels are envisioned to be generated cuboids on a surface. The full-wave

electromagnetic solutions were computed over the wavelength ranging from 150 to 1200 nm

for square-shaped nanochannels with side lengths of Dw = 30 nm and Dw = 50 nm. The

optical Qext is inserted into the Equation (2.8) to calculate the optical transmission of a

seamless NWN. In Equation (2.8), Qext is the optical extinction efficiency factor obtained by

COMSOL Multiphysics® [110] simulations and AF is the area fraction of a seamless film.

AF represents the proportion of the film’s surface area that is covered by the nanochannels

and can be calculated using a mean-field approach by AF = nw × ⟨Lw⟩ ×Ww, where nw is

the density of nanochannels, Lw is the average length of the nanochannels, and Ww repre-

sents the width of the nanochannels. However, because we know the pixel and segment-wise

length information after we image-generate the seamless NWNs, we were able to compute the

accurate area fraction coverage, preventing its overestimation. Thus, a FOM is created by

averaging the electrical sheet resistance and the optical transmission of a collection of seam-

less NWNs with known and regulated geometrical features (such as nanochannel density,

nanochannel aspect ratio, etc.).

As a second stage in our simulations, we delved at a more comprehensive 3D model of
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Joule heating in a seamless NWN composed of Ag, Au, Al, and Cu. The variation in current

density throughout the network is the reason for local heat transfer, and our study aims to

better understand this mechanism. Using the COMSOL Multiphysics® software [110] with

the “electric current” (EC) and “heat transfer in solid” (HT) modules coupled, we derived

the thermo-electrical characteristics of the complex seamless NWNs. An initial 2D Voronoi

diagram was constructed in DXF Voronoi pattern generator software [247], and then all of its

points and dimensions were imported into SOLIDWORKS 2020 CAD design software [182]

to be used in the development of the 3D random metallic seamless films. With a given AR∎

= Ww/Dw, we get a 3D Voronoi network as shown in Figure 4.1 (b). The seamless 3D NWN

structure is imported into COMSOL Multiphysics® software [110], where the software’s

meshing boundary conditions and physical laws are utilized to construct an electrothermal

model. To ensure that the network remains stable and not suspended, a 3D PET substrate is

designed and used as the base for constructing the seamless network. The model incorporates

a two-terminal configuration with electrodes built from the same metallic material as the

seamless NWN architecture so that a DC bias voltage can be applied to electrically probe

the network. By elevating the applied bias voltage, it is anticipated that the seamless NWN

structure will produce Joule heating induced by the current. Then, heat transfer equations

are solved by taking into account the principal intrinsic parameters that govern heat transfer

mechanisms in solids, such as the thermal conductivity (kcond), the convection (hconv), and the

emissivity (ϵradi) coefficients of all components included in the model, along with the contact

thermal conductance set in place between the seamless NWN and the substrate. It has

been noted by earlier works that the heat transport equations take into consideration three

mechanisms [128,129]: (i) heat conduction between the seamless film and the substrate, (ii)

heat convection between the seamless film and the ambient air at room temperature, and (iii)

heat radiation released from the seamless film to the environment. Therefore, it is possible

to express the power balance equation for a solid object as follows [55,128,129,248]
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mcp
dT
dt = QJoule − (Qconv +Qradi)

QJoule = σcond∣∇V ∣2 +∇ ⋅ kcond∇T

Qconv = Ahconv(T − Tamb)

Qradi = Aδϵradi(T 4 − T 4
amb)

(4.1)

in which T denotes the temperature with Tamb referring to the ambient temperature. m

and cp are the mass and specific heat at constant pressure of the material (Ag, Au, Al, Cu)

forming the NWN, respectively, t represents the time, and δ = 5.67 × 10−8 Wm-2K-4 is the

Stefan Boltzmann constant [55]. The terms ‘cond’, ‘conv’, and ‘radi’ are used as individual

subscripts to denote the modes of heat transfer: conduction, convection, and radiation,

respectively. The symbols used to represent different physical quantities are as follows: σcond

represents electrical conductivity, V represents voltage and A stands for the area over which

heat is transferred. The terms Qi show the power contributions associated with each mode

of heat transfer, i = cond, conv, radi. Additionally, there is a term QJoule which indicates

the power associated with Joule heating, which is the conversion of electrical energy into

heat energy within a conductor. Note we adjusted the emissivity coefficients to zero for the

duration of our simulation since we detected no discernible influence on the overall results.

All the parameters that are utilized in our COMSOL Multiphysics® electro-thermal model

are reported in Table 4.1.

Table 4.1: Electro-thermal coefficients employed in our COMSOL Multiphysics® simulations
for several seamless NWN materials made of Ag, Au, Al, and Cu. kcond and σcond are the
thermal and electrical conductivity, respectively.

Material kcond (Wm-1K-1) σcond (Sm-1)

Ag [225] 325 5.20 × 107
Au [244] 200 4.00 × 107
Al [245] 120 1.60 × 107
Cu [246] 65 3.90 × 107

The thermal properties of metallic nanostructures are influenced by a range of factors,
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such as intrinsic material and geometric characteristics as well as environmental conditions.

Therefore, to establish a reference point for heat transfer convection between the NWN

and the environment, the benchmark value for free convection of air [249], hconv−air = 10

Wm-2K-1 was selected [250]. Furthermore, the contact thermal resistance, which is the

inverse of contact thermal conductance, between the NWN and the substrate was set to 10−8

Wm-2K-1 [251]. In our approach, we considered the effect of temperature on both thermal

conductivity and electrical resistivity, while applying different voltages. To incorporate these

effects, we used the Wiedemann-Franz law [131] relationship; this law states that the ratio of

electronic thermal conductivity to electrical conductivity in a metal is directly proportional

to the temperature. Further details on this relationship will be discussed in the following

sections.

The present study employs a semi-classical (phenomenological) methodology to describe

the electro-optical-thermal characteristics of Voronoi-based seamless NWNs made of metallic

materials. Despite the complex nature of these materials, which consist of multiple nanowire

segments linked in a Voronoi fashion, we were able to investigate their collective behaviour

as networks at the microscale level (50× 50 µm). Moreover, considering that the fabrication

process of such networks usually does not rely on high-precision instrumentation methods to

achieve precise nanoscale architectures, their structure may also contain numerous imperfec-

tions and defects impacting the charge carriers’ trajectories. Under these conditions, we can

assume that the elastic mean free path is smaller than the dimensions of the network device

in which many elastic scattering events can occur while the electrons propagate through its

structure. This is the case in which the charge carriers travel diffusively through the network

and at elevated temperatures in which the phase coherence length is sufficiently small typi-

cally. Our methodology, however, carriers a semi-classical aspect in which nanoscale effects

can be incorporated in an effective way by not using conductivity values estimated from the

classical Drude model; we take these values from measurements done in nanowires whose

values deviate from the classical Drude model, giving a semi-classical (and phenomenologi-
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cal) aspect to our description. This is how we included, in an effective way, effects associated

with the characteristic nanoscale dimensions of the individual nanowires. Yet, it is impor-

tant to stress that the NWNs here studied are also complex systems in the microscales as all

nanowires integrate to form complex interconnects that propagate currents in their intricated

network frame.

4.3 Results and Discussion

4.3.1 Spatial, Electrical, and Optical Characterization

This study uses Voronoi diagrams, as shown in Figure 4.2, to describe the spatial organisation

of NWN topologies that are seamless. Polygons constructed according to the Voronoi pattern

criteria enclose a random distribution of centres (purple circles) as shown in Figure 4.2 (a).

Figure 4.2 (b) depicts this conceptualization, in which the ridges of the polygons are regarded

to be nanowire segments that join together to create a random seamless NWN structure. The

size of the NWN devices under study are 50 × 50 µm, and the source and drain electrodes,

shown as green rectangles in Figure 4.2 (b), are spaced 50 µm apart to allow for electrical

interrogation of the network. The rectangular or square cross-sectional area of a nanowire

can be utilized to calculate the AR∎ = Ww/Dw, a metric that can be used to uniquely

identify a seamless NWN. It is important to keep in mind that our seamless NWNs are

created inside a set device area, such as 50 × 50 µm, which describes common sizes for such

devices. As a consequence, the average ridge length of the network shortens as the number of

polygon centres grows. Figure 4.3 displays the outcomes of statistical analysis and topological

characterisation done on an ensemble of computer-generated seamless Voronoi NWNs. For

a set of 1000 Voronoi NWN samples produced with 500 centres, histograms of perimeter,

ridge lengths, and polygon area were obtained. Each Voronoi sample was limited to a square

with dimensions of 50 × 50 µm. To describe the electrical properties of finite-size Voronoi

networks, we can use these histograms to learn about their typical length and area scales.
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It is important to note that the y-axes of the histograms are labelled as ‘density’, indicating

that the probability density function at each bin is normalized to one upon integration.

In line with previous studies, we confirmed that the distribution of polygon areas is well

described by a two-parameter Gamma distribution [252,253]:

f(x,α, β) = βαxα−1e−βx

Γ(α) (4.2)

in which x is a random variable, Γ(...) is the Gamma function, α is the shape parameter,

and β is the inverse of the scale parameter. Through nonlinear curve fitting analysis, we

obtained the values of α and β for the two-parameter Gamma distribution in Figure 4.3

(c) to be α = 3.66 and β = 0.7. Figure 4.3 (d) illustrates how the average ridge length

fluctuates as a function of the number of centres employed to construct the Voronoi NWNs.

Since our seamless Voronoi networks are finite, their average ridge length decreases as more

centre points are dispersed across the 50×50 µm region, and this will influence the computed

resistance and optical transmission values, as we shall illustrate in the subsequent sections.

The trend in Figure 4.3 (d) (red dashed line) is a fitted power law Nc = C⟨L⟩γ, where Nc

corresponds to the number of centres, C = 1800 and γ = −1.95.
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Figure 4.3: A spatial characterisation was performed on an ensemble of Voronoi NWNs,
each of which had a randomly generated centre point from which the ridges/polygons were
produced. Panels (a,b,c) exhibit histograms of perimeter length, ridge length, and region
area, respectively, for 1000 Voronoi NWNs produced with 500 randomly distributed centres.
All Voronoi diagrams were constructed inside a squared area of 50×50 µm in size. The y-axes
of the histograms are expressed in terms of ‘density’, which indicates that the integration
over the probability density function at the bin is normalized to one. Panel (d) shows the
variation in the number of Voronoi center points (Nc) with respect to the average ridge
length, ⟨L⟩. Dashed lines on panels (c,d) relate to fittings of: (c) a Gamma distribution as
given in Equation (4.2) in the main text and (d) a power law given by Nc = C⟨L⟩γ. The
fitting parameters are α = 3.66 (Gamma distribution shape parameter), β = 0.7 (Gamma
distribution inverse scale parameter), and the power law parameters are C = 1800 and γ =
−1.95. Reproduced from Ref. [106] with permission from the Royal Society of Chemistry.

First, we must determine the optical extinction coefficient efficiency, Qext, which defines

the intrinsic optical characteristics of the nanowires forming the networks, before we can

demonstrate the FOM trade-offs in seamless NWNs. The spectral extinction data for four

types of nanowire materials made of Ag, Au, Al, and Cu were generated using COMSOL

Multiphysics® software [110] and shown in Figure 4.4. The incident wavelengths were varied

between 200 nm to 1250 nm, and the orientation of the nanowires was adjusted so that the

main axis of the square-shaped nanowires was perpendicular to the direction of the incident
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wave. We have calculated and determined the average values of two perpendicular polariza-

tions of the incident beam. One polarization had an electric field oriented perpendicularly

to the axis of the square-shaped nanowire, while the other polarization had an electric field

parallel to the same axis. The curves are distinguished by length scales and cross-sectional

regions that are distinct: the cross-sectional area of square-shaped nanowires is given by

A∎ = Ww
2 = Dw

2, while that of circular (cylindrical) nanowires is given by A◯ = π(dw/2)2,

where dw is the diameter of the circle. To study the light-scattering effects resulting from

an increase in the thickness of the nanowires, we maintained two pertinent length scales

(Dw =Ww and dw) at a fixed value of 30 nm and 50 nm. By doing so, we obtained optical

extinction efficiencies that allowed us to visualize the impact of widening the thickness of the

nanowires. The dimensionless optical extinction efficiencies over the whole range of interest

not only exhibit different behaviours largely owing to the alteration of the raw materials

but also varies with regard to length scales and nanowire form. In general, square-shaped

nanowires exhibit greater optical extinction efficiency than cylindrical ones. This character-

istic will have significant implications when computing the optical transmission of seamless

NWNs.
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Figure 4.4: Wavelength dependent optical extinction efficiency factors (Qext) over the wave-
length range of 200 nm to 1250 nm obtained for distinct metallic materials: (a) Ag, (b)
Al, (c) Au, and (d) Cu. These outcomes were calculated using COMSOL Multiphysics®

software [110] with the electromagnetic wave’s propagation along the ŷ-axis, and its polar-
izations are along the x̂- and ẑ-axis. Nanowires of different cross-sectional geometries were
modelled: a square-shaped nanowire of width Ww = Dw = 30 nm and 50 nm (shown as W
or D without subscript “w”), and a cylindrical nanowire of diameter dw = 30 nm and 50 nm
(shown as d without subscript “w”). Reproduced from Ref. [106] with permission from the
Royal Society of Chemistry.

We used COMSOL Multiphysics® software [110] to calculate the planar profiles of elec-

tric field scattering, which are displayed in Figure 4.5. The calculations were carried out

for a square-shaped nanowire made of different metals and exposed to a light wave with a

wavelength of λ = 550 nm propagating along the ŷ-axis. Two normal polarizations were con-
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sidered, one along the x̂-axis and the other along the ẑ-axis. The squared edges undoubtedly

contribute to the nanowire’s electric field dispersion. Because the electric field is proportional

to the charge density, nanochannels with sharp vertices exhibit powerful electric fields at the

tips, indicating high charge densities. As a result of the inhomogeneous distribution of the

local electric field surrounding the nanowire square cross-section, we observe an enhance-

ment in optical dispersion and a stronger scattering electric field, except for Al [205], which

is formed via induced electric dipole resonance. The electric field within an Al nanowire is

negligible due to the polarization of positive and negative charges on opposite sides of the

nanochannel in response to the external electric field. This polarization creates an internal

field that counteracts the external one inside the conductor. The strength of this dipole mo-

ment and its generation is influenced by the material’s polarizability, as well as the shape,

size, and dielectric environment of the nanowire [254]. Furthermore, a comparison of the

relative electric field strengths between square and circular nanowire cross-sections shows a

field enhancement of around 1.2. This enhancement helps explain why the calculated optical

extinction efficiencies for squared-shape nanowires are considerably higher [255] as shown

in Figure 4.4. In summary, the electric field intensity distribution surrounding a square

cross-section, referred to as a square nanochannel, exhibits higher values when compared

to a circular cross-section, referred to as a cylinder nanowire, for nanomaterial structures

composed of Ag, Au, Al, and Cu.
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Figure 4.5: Electric field distribution around a square cross-section in the xy plane of a
nanowire made of four different materials Ag, Au, Cu, and Al, each having equal edge sizes
of Dw = Ww = 50 nm. The square geometry is illuminated by a plane wave of λ = 550 nm
wavelength, with the direction of propagation along the ŷ-axis and two normal polarizations
along the x̂- and ẑ-axis. The colour bar in the figure represents the electric field intensity
(in V/nm) simulated in COMSOL Multiphysics® software [110] based on the average of two
electric field polarizations perpendicular to each other. Reproduced from Ref. [106] with
permission from the Royal Society of Chemistry.

Figure 4.6 demonstrates the optical transmission versus sheet resistance trade-off for

seamless NWNs produced as Voronoi diagrams. Each point on the panel was computed for

a given number of centre points randomly dispersed throughout a 50 × 50µm surface area,

and this result was produced for an ensemble of seamless NWNs comprising 50 samples.

The value of Nc was varied from 25 to 300 in steps of 25, with a descending order of

resistance values. Two materials, Ag and Al, were analyzed to compare their FOM. The

Voronoi networks were transformed into a weighted mathematical graph consisting of voltage

nodes and edges, with the weights representing the inner wire resistances. To overcome the

dependency on the contact resistances, the extended electrodes shown in Figure 4.2 (b) were
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designated to the node in the Voronoi structure that was the farthest to the left (source)

and the node that was the farthest to the right (drain). To determine the overall sheet

resistance of a network, the “resistance distance” associated with the graph is calculated. The

optical transmittance is determined using Equation (2.8), where the value of Qext is obtained

from Figure 4.4 and is adjusted to the visible wavelength of 550 nm. The area fraction is

obtained from the top-view Voronoi images generated by the computer simulation. Our

analysis shows the estimated trends in terms of design variables. Seamless networks made

of materials with less resistance and greater cross-sectional areas are ideal candidates for

electrical conductors. For example, square-shaped Ag NWNs with a width of Ww = 50 nm

reveal resistances of ⟨Rs⟩ < 250 Ω. They also exhibit relatively high optical transmission, with

the lowest estimated at ≈ 97% Reducing the width of the Ag squared nanowires to Ww = 30

nm boosts the optical transmission to ≈ 99%. Al seamless NWNs branch at greater resistance

ranges and weaker optical transmission values than Ag seamless NWNs due to the material’s

high resistivity and high extinction features. Our model, however, still predicts optical

transmissions over 90% for all analysed parameters, providing quantitative confirmation

that seamless NWNs are excellent candidates for transparent conductor applications.
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Figure 4.6: FOM for ensembles of Voronoi seamless NWNs of various geometries and materi-
als that relate the average optical transmission to the average sheet resistance. The averages
were calculated using 50 Voronoi NWN samples as an ensemble for Ag and Al nanoma-
terials. The Voronoi ridges have either a square (Sq, filled square symbols) or a circular
cross-section (Cl, hollow circular symbols). As shown in the legend, 30 and 50 nm were two
distinctive ridge width dimensions that were examined. For cylindrical ridges with circular
cross-sectional areas, the dimension relates to their diameter indicated by d (equivalent to
previous notation as dw) and the dimension for squared shape ridges has their depth equals
to the width given by D =W (equivalent to previous notation as Dw and Ww). Reproduced
from Ref. [106] with permission from the Royal Society of Chemistry.

One may question, however, how seamless NWNs compare to junction-based random

NWNs deposited on a surface in terms of overall performance. The latter is distinguished by

a connectivity profile of interwire junctions that provide additional resistance to the overall

sheet resistance. Furthermore, a portion of the wire segment in a NWN-based junction can

act as a “dead end” and does not participate in the conduction process, but it does add to

the total area fraction. Because of fundamental design differences in connection and nodal

structure, seamless and junction-based NWNs cannot be compared directly. As a result

of their transversal interwire connections, junction-based NWNs have a 3D connectivity

profile. Nonetheless, qualitative comparisons can be based entirely on the normal orders

of magnitude that their sheet resistances and optical transmissions can achieve. Figure

4.7 compares the electro-optical performance of two distinct NWNs, seamless and standard
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junction-based. The figure illustrates the Top versus Rs results for an Ag NWN device

with dimensions of 20×20µm. The NWN insets correspond to snapshots of two comparable

NWNs (junction-based in green and seamless in red) in terms of area fraction with nanowire’s

average length ⟨L⟩ = 4.6 µm, for the sake of visualization. For all tested examples shown

in the figure, we tried to generate standard and seamless NWNs with similar geometric

arrangements despite their different connection characteristics. The standard NWNs consist

of cylindrical nanowires with a set diameter of dw = 50 nm, while the seamless NWNs

are comprised of Voronoi templates with square-shaped ridges of a defined depth Dw = 50

nm. Even though the projected transmittance shown in Figure 4.7 is higher for seamless

NWNs due to their relatively low AF, it is worth reminding that the estimated Qext for

seamless square-shaped nanowires tends to be larger than those with circular cross-sections

(see Figure 4.4). Pike and Seager [151] have provided a criterion for determining the critical

density of randomly oriented 2D sticks to percolate. The criterion states that a connection

can be established between two sticks if their centers are within a distance Lw of each other,

where Lw is the length of the sticks, and their relative direction is such that they intersect.

Based on this criterion, they have derived an equation to calculate the critical density of

a percolative stick network according to Equation (2.1). Hence, a standard NWN must

meet this criterion for a complex system to efficiently percolate but, in a seamless NWN,

there are no such constraints since the system template is already designed to percolate

the electrodes. This is an additional perk of seamless NWNs compared to the standard

NWNs. We can conclude that the simulation technique used in this study is effective at

capturing the essential characteristics of the systems’ electrical and optical responses and

our simulated findings coincide with the observations provided by Kumar et al. [121] for

comparison between seamless and conventional NWNs.
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Figure 4.7: Top versus Rs of seamless and standard (junction-based) NWNs made of Ag.
The diameter of cylindrical nanowires for the standard NWNs is dw = 50 nm and the depth
of the nanochannel for seamless NWNs is Dw = 50 nm. The widths of the seamless NWNs
are varied from Ww = 50 nm to Ww = 350 nm to alter the AF of the standard NWNs and to
obtain the selection of points shown on the plot. All systems are 20 × 20µm in size. Each
data point represents the mean of 10 samples of random spatial configurations. The junction
resistance (Rjxn) between two nanowires in standard NWNs and the contact resistance with
the source/drain electrodes (Rc) are all set to Rc = Rjxn = 10 Ω [83]. The NWN insets
correspond to snapshots of two comparable NWNs (junction-based in green and seamless in
red) of nanowire’s average length ⟨L⟩ = 4.6 µm. Reproduced from Ref. [106] with permission
from the Royal Society of Chemistry.

4.3.2 Electro-Thermal Characterization

In this section, we compare the numerical findings obtained using in-house scripts to those

derived utilising electro-thermal steady-state modelling in COMSOL Multiphysics® soft-

ware [110]. With the help of COMSOL Multiphysics® software [110], we can investigate
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additional physical quantities including temperature, electrostatic potential, and current

density profiles. In this manner, the connection between the network’s topology and its

electric and thermal characteristics can be studied in detail. To verify that our COMSOL

Multiphysics® [110] seamless NWN simulation complies with our in-house scripts that sup-

ply electrical characteristics, we estimated the sheet resistance trend at constant AR∎ while

altering AF, and vice versa, and compared the two techniques. This comparison is displayed

in Figure 4.8, where the agreement between the two computing methods is evident.

Figure 4.8: Sheet resistance (Rs) for seamless Voronoi NWNs systematically determined by
(a) altering AF while maintaining AR (here AR≡AR∎ = Ww/Dw) constant, and (b) vice
versa. The values were calculated using two different computational techniques: COMSOL
Multiphysics® software [110] (circular symbols, designated as “COMSOL”) and our own
scripts based on Kirchhoff’s circuit rules and circuit networks (triangular symbols, tagged
as “Calculated”). Each system is 50 × 50µm in size, and two different raw materials – Ag
and Au – were explored. The estimated average values for the sheet resistances applying our
scripts are based upon an ensemble of 10 randomly chosen spatial Voronoi configurations, but
for the COMSOL Multiphysics® [110] findings, each data point was associated with a single
imported CAD (computer-aided design) file. Reproduced from Ref. [106] with permission
from the Royal Society of Chemistry.

Table 4.1 provides the electrical and thermal conductivity characteristics for both meth-

ods. Note that Figure 4.8 (b) demonstrates a seemingly counter-intuitive increase in sheet

resistance with an increasing aspect ratio of nanowires. It is essential to point out, however,

that building Voronoi networks to feed the COMSOL Multiphysics® software [110] has its
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limitations, especially for Voronoi networks of limited sizes, which are the focus of this study.

Figure 4.8 (b) conceals the fact that even with borders set at 50 × 50µm, the density (num-

ber of ridges per unit of area) of the Voronoi networks does not remain constant. Since the

resulting seamless Voronoi networks get sparser in terms of ridge number and lengths, the

sheet resistance similarly increases with the aspect ratio (here is AR∎ =Ww/Dw).

To study the effect of Joule heating and, ultimately, to map how the local current density

and temperature gradient profiles in the seamless NWNs distribute under various operated

voltages, we conducted the thermal characterization in conjunction with the electrical analy-

sis utilising Wiedemann-law Franz’s relationship [130,131] that relates electrical and thermal

conductivity as depicted in Figure 4.9. The Wiedemann-Franz law [130, 131] is a physical

principle that describes the relationship between the thermal conductivity and electrical con-

ductivity of certain nanoscale metal materials. Specifically, the law states that the ratio of

a metal’s thermal conductivity (kcond) to its electrical conductivity (σcond) is proportional to

the temperature (T ) of the metal, and this proportionality is given by the Lorenz number

(L) and can be written as kcond/σcond = LT . In other words, L is a constant of proportionality

that relates the two conductivities at a given temperature. The Lorenz number is a funda-

mental constant of physics that has been experimentally determined for various metals [131]

and is found to be L = 2.44 × 10−8 WΩK-2 [130,131].
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Figure 4.9: Temperature-dependent change in electrical conductivity for four metals, Ag,
Au, Al, and Cu, while the thermal conductivity remains constant at the reported values in
Table 4.1 for each nanowire material. The plot demonstrates how the Wiedemann-Franz
law [130, 131] applies to these metals, as the ratio of thermal conductivity to electrical
conductivity (Lorenz number) is proportional to the temperature for each metal as predicted
by the law. Reproduced from Ref. [106] with permission from the Royal Society of Chemistry.

Figure 4.10 (a) depicts the spatial snapshot of a Voronoi diagram prepared for elec-

trothermal modelling in COMSOL Multiphysics® software [110]. As mentioned earlier, the

aspect ratio and area fraction of the networks could also be adjusted to examine the impact

of network geometry on the film’s response. The simulated spatial electrostatic potential

is shown in Figure 4.10 (b). Electrodes having an induced voltage differential of 1.6 V

are shown by the vertical lines at the network’s ends. Ag nanoridges were laid down in a

50×50µm tessellation pattern according to the Voronoi method. From 0 V (ground, left) to

1.6 V (right), the electrostatic potential is shown to increase fairly linearly along the length

of the device. By adjusting the sourced voltage from 0.1 V to 4.6 V in increments of 0.5

V, the sheet resistance and average network temperature were analysed. Figure 4.11 upper

panels (a,b) illustrate the sheet resistance versus applied voltage for Ag and Au seamless

NWNs, respectively, with fixed AR∎ = 2.0 and varied AF = 0.08 to 0.25, whereas the lower

panels (c,d) illustrate the findings for fixed AF = 0.185 and varying AR∎ = 0.1 to 3.0. These

111



findings are the output of a COMSOL Multiphysics® [110] calculation. Furthermore, Figure

4.12 displays the calculated sheet resistance versus applied voltage for various AR∎ and AF

associated with additional seamless network materials, such as Al and Cu, using the same

model.

Figure 4.10: (a) COMSOL Multiphysics® software-generated [110] schematic illustration of
a seamless conductive NWN model. A 50 × 50µm sized Voronoi diagram is placed on a
substrate (grey cuboid). (b) Calculated surface electrostatic potential with a bias voltage
drop of 1.6 V established on the same seamless NWN seen in (a) with the setting that
the ridges are formed of Ag material. The colour gradient illustrates a gradual increase in
electric potential from the left side (represented by the dark blue colour) to the right side
(represented by the red colour) of the device. This progression is determined by the nominal
terminals of the device, which are represented by vertical lines located at either end of the
device. The left terminal is designated as “ground”, while the right terminal is designated as
“source”. Reproduced from Ref. [106] with permission from the Royal Society of Chemistry.

Comparing Figures 4.11 and 4.12 reveals that the sheet resistance is both thermally and

electrically material-dependent under identical network design and supply voltage. Al sheet

resistances range lower values (maximum values ∼ 40 Ω) than Cu NWNs (maximum values

∼ 80 Ω) throughout the same range of applied bias voltage, even though Cu’s electrical

conductivity is designed to be 2.5 times larger than that of Al (see Table 4.1). This is

because Al has a thermal conductivity of around 1.8 times greater than Cu, therefore Cu

seamless NWNs have a higher sheet resistance [256]. Figures 4.11 and 4.12 illustrate that
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the sheet resistance (Rs) can be modified in nanostructured seamless films by a number of

means, including the material’s intrinsic properties, such as its kcond and σcond.

Figure 4.11: Estimated Rs versus supplied voltage obtained with COMSOL Multiphysics®

software [110] for seamless NWN systems. All seamless NWNs are 50× 50µm in size. Every
data point refers to a single imported seamless NWN CAD file for COMSOL Multiphysics®

simulation [110]. (Top panels) Rs as a function of applied bias voltage for systems made
of (a) Ag and (b) Au NWNs with fixed AR∎ = 2.0 and various densities and AF values.
(Bottom panels) Rs as a function of applied bias voltage for systems made of (c) Ag and (d)
Au NWNs with fixed AF = 0.185 and various densities and AR∎ values (here AR≡AR∎ =
Ww/Dw). Reproduced from Ref. [106] with permission from the Royal Society of Chemistry.

We show that the average temperature of the NWNs can be adjusted by manipulating the

same phase space parameter that affects their electrical characteristics. An electric current

runs through a resistor when a voltage drop is placed across it and heat is produced from the
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many-particle collisions occurring inside the conductor known as Joule heating. The resistor’s

temperature rises as a result and, in the case of seamless NWNs made up of many nanoscale

resistors, we were able to calculate the average temperature rise over the whole network as

displayed in Figure 4.13. Figures 4.11 and 4.12 paired with 4.13 illustrate the outcome of the

Wiedemann-Franz law which describes how electrical conductivity changes with temperature.

The Wiedemann-Franz law predicts a reduction in electrical conductivity as a function of

temperature, assuming that thermal conductivity remains invariant (see Figure 4.9) [130–

132, 248]. This is also a way of simulating Joule heating, the phenomenon in which current

flow produces thermal energy in an electrical conductor. When current flows through a wire,

a part of the electrical energy is converted into heat energy due to some resistance experienced

by it, hence, heating the wire. Microscopically, this means that heat is generated when the

conduction electrons transfer energy to the conductor’s atoms/ions by means of collisions. In

our COMSOL Multiphysics® model [110], we have assumed that the fluctuation in electrical

resistivity (which is the inverse of electrical conductivity, ρ = 1/σcond) is more significant

than the fluctuation in thermal conductivity with temperature changes. This assumption is

supported by literature that shows that for a material such as Ag [225], within a temperature

range of 50 − 300 K, kcond(300 K)/kcond(50 K) ≈ 1.6 while ρ(300 K)/ρ(50 K) ≈ 4.0 [225, 244–

246]. Our models of seamless NWNs exhibit sheet resistances ranging from Rs ≈ 1− 80 Ω by

altering the NWNs’ metallic composition and network/structural characteristics. Figure 4.13

depicts the network average temperature against various supplied bias voltages for seamless

NWNs made of Ag, Au, Al, and Cu with AR∎ = 2.0 and area fractions ranging from AF =

0.08−0.25. This finding demonstrates that with comparable device specifications and network

design, Ag and Au provide greater temperature values than Al and Cu. In general, our

estimated sheet resistances (see Figures 4.11 and 4.12) and network average temperatures (see

Figure 4.13) are responsive to material and network arrangement, and these results are within

the same orders of magnitude as earlier published studies [55,86,127–129,140,241,257–259].
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Figure 4.12: Rs versus supplied voltage obtained with COMSOL Multiphysics® software
[110]. All seamless NWNs are 50 × 50 µm in size. Every data point refers to a single
imported seamless NWN CAD design for COMSOL Multiphysics® simulation [110]. (Top
panels) Rs as a function of applied bias voltage for systems made of (a) Al and (b) Cu
NWNs with fixed AR∎ = 2.0 and various densities and AF values. (Bottom panels) Rs as
a function of applied bias voltage for systems made of (c) Al and (d) Cu NWNs with fixed
AF = 0.185 and various densities and AR∎ values (here AR is AR∎ = Ww/Dw). Reproduced
from Ref. [106] with permission from the Royal Society of Chemistry.

An additional aspect addressed in this chapter that affects the temperature profile dis-

tribution within the metallic seamless NWNs and, hence the sheet resistance is the contact
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thermal conductance between the seamless NWN and the substrate. An important factor

in the transport of heat in nanodevices is the contact/interfacial thermal resistance (the

inverse of the contact thermal conductance). An in-depth understanding of nanoscale in-

terfacial heat transport processes is essential for nanoelectronics integration [251, 260, 261].

We altered the contact thermal conductance between the metallic seamless NWN and the

substrate, as shown in Figure 4.14, to examine the effect this parameter has on the sheet

resistance and the average temperature across the network. In this analysis, we compared

calculated findings for a few specially selected case studies, involving AF = 0.185 and 0.25

and voltages of 1.1 V and 2.6 V for Ag and Au seamless NWN nanomaterials, with AR∎

= 2.0. Due to the variation in nanostructure and material manufacturing, the contact ther-

mal conductance can differ significantly. Therefore, to maintain consistency, we selected the

most common range of contact thermal conductance values reported in the literature for

metallic nanowires, which is typically within the range of ∼ 107 to ∼ 108 Wm-2K-1 [251,260].
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Figure 4.13: Estimated average network temperature (Tave) in Kelvin (K) as a function of
supplied voltage (V) for seamless NWNs made of different nanomaterials including (a) Ag,
(b) Au, (c) Al, and (d) Cu. All seamless NWNs are 50×50µm in size. Every data point refers
to a single imported seamless NWN CAD file for COMSOL Multiphysics® simulation [110].
In all panels, the ridge aspect ratio was fixed at AR∎ = 2.0 and distinct curves refer to
different area fraction values as shown on the legend in panel (a) (here AR≡AR∎ =Ww/Dw).
Reproduced from Ref. [106] with permission from the Royal Society of Chemistry.

Figure 4.14 (a) and (c) illustrates how an increase in contact thermal conductivity leads

to a drop in the average network temperature. According to the Wiedemann-Franz equation,

it is found that the electrical conductivity increases as the temperature drops. In addition,

better thermal coupling between the network and the substrate can be accomplished by

raising the contact thermal conductance. Hence, the network could “cool down” due to the
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optimised heat exchange. The decreased sheet resistance seen in Figures 4.14 (b) and (d)

provides more evidence in favour of this interpretation. We will talk more about how disor-

dered nanomaterials, like seamless NWNs, can display substantial pockets of heat, referred

to as hotspots. In light of these results, it is reasonable to assume that the contact thermal

conductance can be employed as a further regularization factor for modulating the thermal

and electrical properties of seamless NWNs.
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Figure 4.14: Estimated (a) Tave and (b) Rs as a function of contact thermal conductance
results for 1.1 V, fixed AR∎, different area fraction values, and nanomaterials (Ag and Au).
Estimated (c) Tave and (d) Rs as a function of contact thermal conductance results for 2.6
V, fixed AR∎, different area fraction values, and nanomaterials (Ag and Au). All seamless
NWNs are 50 × 50µm in size. Every data point refers to a single imported seamless NWN
CAD file for COMSOL Multiphysics® simulation [110]. The regulating factors are comprised
of the fixed AR∎ = 2.0, AF = 0.185 and 0.25, and bias voltage 1.1 V, shown by dash lines,
and bias voltage 2.6 V, shown by solid lines. The materials chosen here are represented
by two distinct symbols: Ag is denoted by circle symbols, while Au is denoted by square
symbols (here AR≡AR∎ = Ww/Dw). Reproduced from Ref. [106] with permission from the
Royal Society of Chemistry.

Seamless NWNs, with their planar percolated structure and undisrupted connection
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arrangement, allow for a more precise spatial analysis in the form of colour maps that

demonstrate the distribution of certain quantities throughout their nanowire segments. The

temperature profile and local current density for a seamless NWN were determined using

COMSOL Multiphysics® software [110] and are shown in Figure 4.15. The NWN is sus-

ceptible to electrical breakdown, which can occur if an active percolative nanowire reaches

its threshold melting temperature. This leads to the disruption of current flow and results

in a sudden change in the sheet resistance of the network. We performed electrothermal

COMSOL Multiphysics® modelling [110], and the red areas in Figure 4.15 represent key

nanochannels or junctions that have reached significant current densities or temperatures.

Applying a different voltage will result in a different electric current density and temper-

ature profile distribution throughout the network. If we apply a two-terminal electrode

arrangement to a heterogeneous percolated metallic network, as shown in Figure 4.15 (a),

we observe the characteristic electrostatic potential increase from drain to source. Current

flows (conventionally) from source to drain terminals – depicted as vertical lines at the far

left and right regions of the device – but the network creates a heterogeneous environment

for current/temperature dispersion, which is apparent in Figure 4.15. The concentration of

high current densities in the NWN occurs primarily at ridges that are oriented in a nearly

horizontal direction or are aligned with the electric field direction established by the voltage

difference at the terminals. This is due to the likelihood of these areas having a higher density

of active percolative nanowires that can reach their critical melting temperature and cause

electrical breakdown. Joule heating can cause melting and rupture in nanoscale ridges that

are overwhelmed with current. Figure 4.15 (b) shows the network temperature distribution

and demonstrates that “hotter” regions correspond to those with higher current densities

(see Figure 4.15 (c)). Using the same model to analyse various seamless NWNs with diverse

geometries yields temperature distributions that can be indicative of the presence of critical

“hotspots” in the networks as displayed in Figure 4.15 (f).
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Figure 4.15: Colour maps produced from the electrothermal COMSOL Multiphysics®

model [110] of an Ag seamless NWN. (a) Electrostatic potential generated along the source
and drain electrodes. (b) Local network temperature profile and (c) current density across
the same seamless NWN. (d) Magnified screenshot of the central region of the network in
panel (a); this illustrates how the electrostatic potential varies at that region. (e) Magnified
screenshot at the right electrode of the network in panel (b); this illustrates how the tem-
perature fluctuates in the vicinity of the electrode. The circles emphasise crucial “hotspots”
of high temperatures coloured in red. (f) Magnified screenshot at a seamless section from
panel (c) showing high current densities coloured in red. The seamless NWNs is 50 × 50µm
in size, AR∎ = 1.0, AF = 0.185, and voltage drop of 3.1 V. Reproduced from Ref. [106] with
permission from the Royal Society of Chemistry.

Using high-spatial-resolution visualization analysis of temperature fluctuation throughout

the network areas, we can understand better the device’s conduction channels and the phys-

ical features that hinder performance, particularly in regard to electrothermal fracture [141].

Because of this, the temperature profiles determined by COMSOL Multiphysics® simula-

tion [110] (see Figure 4.15 (b)) for a seamless NWN with settings of fixed AF = 0.185 and

AR∎ = 3 were graphed as probability distributions that can be fitted by probability density

functions (PDFs) of temperature differences (∆T ) as depicted in Figure 4.16. In this context,

the temperature variation ∆T is defined as the outcome of deducting the predicted temper-

ature from the ambient temperature, as determined by our simulations. Two bias voltages

of 1.1 V and 4.6 V were applied to networks constructed of Ag, Al, Au, and Cu nanowire
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ridges, and various temperature mappings were generated using COMSOL Multiphysics®

software [110] from which the temperature gradient distributions were ascertained. All distri-

butions adhere to the two-parameter Weibull distribution, which is supported by our fitting

study and is represented as

p(x, k,φ) = k

φ
( x
φ
)
k−1

e−(x/φ)
k

(4.3)

in which k is the shape parameter, φ is the scaling parameter, and x is the random variable.

Regardless of the specifics of the networks’ topology or the materials used, a Weibull PDF can

properly reflect the distributions of temperature variations. Similarly as seen and reported

in earlier studies [141,146], the temperature distributions of standard disordered conducting

networks commonly exhibit a Weibull pattern.

Figure 4.16: (Symbols) Temperature difference distributions obtained for seamless NWNs
made of different nanomaterials, AR∎ = 3, AF = 0.185 and two fixed biased voltages at (a)
1.1 V (b) 4.6 V. These were calculated utilizing COMSOL Multiphysics® software [110] for
electrothermal simulations. The Weibull PDF was fitted for each case study as indicated
by the dashed lines. The fitting parameters are provided in the legends. Panels reproduced
from Ref. [106] with permission from the Royal Society of Chemistry.

To establish the Weibull distribution of temperature profiles, it is crucial to take into

122



account the impact of Joule heating on the percolative behaviour of the network. The Weibull

PDF is verified to be well-fit to the estimated temperature distributions in Figure 4.16 for

metallic seamless NWNs. Previously, it was shown that junction-based random NWNs

exhibit the universal temperature characteristic given by the same two-parameter Weibull

PDF [141, 146]. Our numerical results demonstrate that the heat transport parameters

of seamless metallic NWNs also follow the Weibull distribution. Our findings supplement

the existing literature on thermal Weibull profiles in spatially inhomogeneous percolating

networks observed for junction-based and seamless NWN systems.

Let’s now analyse and interpret the results shown in Figure 4.16; the majority of the

PDFs are right-skewed, indicating that, for a given bias voltage, the temperature of the

large percentage of the nanowires actively involving in the spreading of current rises relative

to the initial temperature setting. In addition, this finding illustrates that the Weibull fitting

parameters rely on the materials being used, which can be examined in terms of the total

electrical current in the network, the latter of which will be addressed later. Weibull PDF’s

central features reveal intriguing differences across the materials; for example, Ag seamless

NWNs show a higher temperature change dispersion with a mode at ∼55 K, whereas Cu

seamless NWNs show a smaller spread with a mode placed at ∼7 K. Weibull PDFs are often

used to describe random variables labelled as “time-to-failure”, and by varying the value of

the exponent k, we can learn more about the failure rate of the system under study. if k > 1,

it implies that the failure rate of a system tends to rise over time, which can be attributed

to the phenomenon of ageing where certain components of the system can deteriorate or

wear out as time progresses. Our “ageing” process is temperature-driven, hence the random

variable is ∆T (or “∆T -to-failure”). In Figure 4.16, the k-values of all the NWNs reflect

failure rates that rise with temperature difference. According to the average of a Weibull

PDF, we can predict the average temperature difference to failure (⟨∆T ⟩f ) as

⟨∆T ⟩f = φΓ(1 + 1

k
) . (4.4)
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Table 4.2 presents the mode and mean temperature-change to failure values for the seam-

less NWNs illustrated in Figure 4.16 (b). The data reveals that the Ag NWN has the highest

mean temperature-change to failure, which is ∼84 K, while the Cu NWN has the lowest mean

temperature-change to failure, which is ∼24 K.

Table 4.2: Mode and mean temperature-change to failure (⟨∆T ⟩f ) calculated from the
Weibull PDF fitted on the data of Figure 4.16 (b).

Material Mode (K) ⟨∆T ⟩f (K)

Ag 55.16 84.39
Au 32.02 59.28
Al 18.12 43.10
Cu 7.61 24.75

Based on the Weibull distribution analysis, we conclude that the Ag NWN is bet-

ter equipped to withstand greater temperature fluctuations because of its efficient cur-

rent/temperature spreading mechanism. Although the Cu NWN’s self-heating mechanism

and material attenuation can cover smaller temperature swings, its inability to expand out

in the presence of more extreme heat makes them more vulnerable to electrothermal failure.

Figure 4.17 presents a direct examination of the Weibull parameters derived from the fitting

in Figure 4.16 at fixed 4.6 V and from another thermal analysis we performed for the iden-

tical systems but setting the voltage at 1.1 V. For this investigation, we plotted the total

current passing through each seamless NWN constructed from distinct nanomaterials. The

scatters in the plot for both voltage values are arranged in a crescent order, corresponding

to distinct metals in a specific sequence: Cu→ Al → Au → Ag. The currents were calculated

using Ohm’s law Im = V /Rm, in which V is the constant voltage shown in the legend, and

Rm is the electrical resistance of each material (m = Cu, Al, Au, Ag) obtained from the

COMSOL Multiphysics® model [110]. It is evident that both Weibull parameters (k and φ)

exhibit distinct linear trends, particularly the scale parameter, indicating a scaling charac-

teristic with the fixed voltage. In panel (a), there is a linear fit represented by the equation

y = cx+b. The dependent variable y represents the φ/V γ ratio, and the independent variable

x represents the current Im for each material m. To make the linear trends of the two voltage
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sets align visually, the scaling exponent γ was adjusted and found to be γ = 1.27. For the

high (Vh = 4.6 V) and low voltage (Vl = 1.1 V) regimes in panel (a), the slope and linear shift

were fitted to be ch ≈ cl ≈ 14, with values for bh = 0.477 and bl = 0.129, respectively. In panel

(b), there was no need to determine a voltage scaling exponent for the shape parameter k

because the alignment of the slope was already visible. The slope and linear shift for this

case were found to be ch ≈ cl ≈ 0.61, with values for bh = 1.108 and bl = 1.011, respectively.

In conclusion, the analysis shown in Figure 4.17 generalises the Weibull thermal response of

seamless NWNs constructed from different metals, in which the parameters can be derived

via linear extrapolation of the models described here.

Figure 4.17: Analysis of the Weibull fitting parameters (φ, k) derived in Figure 4.16 as a
function of voltage and materials’ differences. The current shown in both panels serves as a
proxy to indicate changes in the material. The scatters in the plot, for both high and low
voltage values, correspond to a crescent order indicating a current increase with the material
change: Cu→ Al → Au → Ag. In both panels, back circles show the data representing a high
voltage regime (Vh = 4.6 V) whereas red squares show the data representing a low voltage
regime (Vl = 1.1 V). The dashed lines are linear fits obtained from y = cx + b. The slope and
the linear shift calculated in all linear fittings are: (a) ch ≈ cl ≈ 14, with values for bh = 0.477
and bl = 0.129. The scale parameter φ was scaled by V γ to visually align the slope trends
for different voltage values. The scaling exponent was found γ = 1.27. (b) ch ≈ cl ≈ 0.61, with
values for bh = 1.108 and bl = 1.011. Reproduced from Ref. [106] with permission from the
Royal Society of Chemistry.

4.4 Summary

This research employed computational techniques to analyse the thermo-electro-optical prop-

erties of seamless metallic NWNs with potential use as transparent conductors in flexible

125



display technologies. In this study, we demonstrated our computational framework for iden-

tifying material-dependent features and designing bespoke systems using nanowires made

of Ag, Au, Al, and Cu. We established a computational method that incorporates electro-

optical-thermal evaluation of seamless NWN thin films. Using this method, we were able

to span a large parametric phase space, which involves intrinsic material properties, struc-

tural features of the device layouts, and coupling terms describing the exchange between

the NWN and electrodes or substrate. Our primary results demonstrate, in a qualitative

sense, that the FOM of seamless NWNs performs better than junction-based NWNs, making

seamless NWNs a more suitable option for applications requiring transparent conductors.

The sheet resistance ranges of the seamless NWNs studied here were heavily influenced by

the material composition. Nevertheless, the seamless 2D structure of the NWNs, which

was modelled as Voronoi diagrams, generally promoted transparency. Numerical predictions

indicated that the NWNs had optical transmissions exceeding > 95%. We conducted a sig-

nificant analysis to examine the local electrical and thermal impacts that could result in

structural network failures, specifically wire segment breakdown, caused by Joule heating.

Our results demonstrate that seamless NWNs display a temperature gradient distribution

that can be described using a two-parameter Weibull probability density function, regard-

less of the materials’ characteristics, bias voltage, and most crucially network node mapping.

Our studies reveal that seamless NWNs fall into the same Weibull temperature distribution

classification as junction-based NWNs, based on a comparison with earlier research that

explored temperature profiles in junction-based NWNs. By comprehending the properties

of Weibull distributions, we were able to derive crucial details about the seamless NWNs

investigated in this study: Ag seamless NWNs have a broader temperature-spreading mech-

anism that permits better temperature tolerances than, for instance, Cu seamless NWNs.

This research furthers our understanding of the basic principles behind the electrical conduc-

tion, optical transmission, and thermal aspects of seamless NWN devices. In conclusion, our

robust computational framework appears as a crucial tool for informing the design and de-
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velopment of versatile thermoelectric and electro-optical devices comprised of network-based

nanostructures, as well as for providing accurate quantitative estimates of their thermo-

electro-optical responses, which can support experimental efforts targeting their application

in next-generation display technologies. It is also worth mentioning that we attempted to

perform a direct comparison of our quantitative results here depicted. This is to make sure

once more that our computational framework is tuned with past predictions conducted the-

oretically/computationally and experimentally. This comparison – catalogued in a table –

can be found in Appendix A.
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Chapter 5

Conclusions

This thesis explores the electro-optical-thermal characteristics of random NWNs by means

of computational tools that can perform qualitative and quantitative analyses of physical

quantities that describe the coupling and trade-off behaviours of those responses. This

study uses computational and theoretical methods to anticipate the electro-optical-thermal

responses of extremely disordered NWN structures and to elucidate the basic physical prin-

ciples that drive these responses. The ability to forecast the behaviour of complex systems

and gain insight into the processes responsible for that behaviour is a key reason why these

computational tools and theoretical descriptions are so valuable. This thesis explores the

characteristics of NWNs that are essential for their use as TCEs, including high transparency,

variable sheet resistance, and thermal stability. Meanwhile, time restrictions prevented us

from investigating another important facet of flexible display technologies: their mechani-

cal endurance. The upcoming section will provide a scholarly discourse on the mechanical

properties of these intricate networks as an outlook. The primary experimental findings

related to this aspect will be highlighted, along with an overview of the relevant theoret-

ical and computational investigations that can be integrated to establish a comprehensive

understanding of the mechanical properties, in conjunction with the electro-optical-thermal

properties expounded in this thesis. Below, I will briefly summarise the topics discussed in
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each chapter of this thesis and our key conclusions.

A thorough introduction to metallic nanowires and their possible use in disordered NWNs

as transparent conductors were provided in Chapter 1. The inherent characteristics of these

materials, such as inner resistance, and the junction resistance that emerges when two

nanowires cross and touch were discussed in detail in this chapter. The chapter also looked at

introducing the electrical, optical, and thermal characteristics of disordered metallic NWNs,

and in the context of how they functioned in an actual nanodevice. Several well-known

examples of NWNs in which they are manufactured using different methods to modify the

nanostructure physical characteristics of these materials for specific uses were also briefly

covered in this chapter, including the junction-based (standard) disordered NWNs and the

seamless NWNs. We introduced the research objectives that led to this work which is how

complex NWN systems behave electrically, optically, and thermally and how can we couple

these responses so one can understand how they affect each other.

The mathematical and theoretical foundations laid forth in Chapter 2 are the bedrock

upon which the computational toolset presented in the rest of this thesis is built. This chapter

provides an in-depth explanation of the theories and models that serve as the foundation

for the computational framework. These theories and models include but are not limited

to, percolation theory, graph/network characterization, MLST, Kirchhoff’s circuit laws, the

conduction properties of nanomaterials, Multiphysics computational package, and resistive

network theory.

The computational framework and techniques for modelling the electro-optical character-

istics of two distinct NWN layouts namely standard random NWNs and networks patterned

with a transparent mesh to increase transparency are discussed in detail in Chapter 3 [97].

Nanowires of various metals including Ag, Al, Cu, and Au are used as transparent conducting

electrodes in this research, and a number of adjustable parameters, including network area

fraction, length-to-diameter aspect ratio, and angular orientations of nanowires, are explored.

MLST with MatScat developed by Schäfer [108,109] and FEM in COMSOL Multiphysics®

129



software [110] were employed to provide predictions about the optical extinction efficiency

coefficients of each material. The work gives useful insights into the trade-offs between im-

proved optical transmittance and lower conductance via the analysis of different figures of

merit (optical transmittance versus sheet resistance), which can influence the design of next-

generation transparent conductor devices based on NWNs. We have identified and quantified

the trade-off when employing grid-pattern networks instead of standard random networks by

achieving more optical transmittance while hindering conductance. Moreover, the calculated

EMI SE demonstrated that device layout such as grid-pattern design is a dominant factor

and hence it can be re-casted to a certain level of attenuation to meet specific electro-optical

criteria.

Chapter 4 builds upon the previous one by focusing on the investigation of the thermo-

electro-optical properties of seamless NWNs, which are networks that do not have any junc-

tions (by wire-wire contact), resulting in a continuous and uninterrupted network struc-

ture [106]. These NWNs possess unique properties, such as high conductivity and surface

area-to-volume ratios, making them attractive for various applications in nanotechnology. To

explore these properties, we employed in-house computational methods and electro-thermal

models developed in COMSOL Multiphysics® software [110] to conduct a detailed com-

putational analysis. Our in-house computational scripts estimated the sheet resistance of

random seamless NWNs using Ohm’s law and Kirchhoff’s circuit laws and compared them

with those obtained using COMSOL Multiphysics®. The study focused on four types of

nanowires, including Al, Au, Cu, and Ag, to evaluate their transparent and electrical con-

duction properties, as well as their thermal response. We obtained corresponding figures of

merit (optical transmittance versus sheet resistance) and temperature distributions to pro-

vide a complete characterization of the performance of transparent conductors idealized with

seamless NWNs. Our calculations demonstrated in quantitative terms that material compo-

sition heavily impacts the sheet resistance ranges of the studied seamless NWNs, however,

overall, their seamless 2D structure (modelled as Voronoi diagrams) favoured transparency
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with numerical predictions indicating optical transmissions > 95%. Our findings reveal that

seamless NWNs exhibit temperature difference distributions that can be modelled using a

two-parameter Weibull probability density function, irrespective of the materials’ proper-

ties, applied bias voltage, and most importantly network nodal mapping. By comparing

with previous works that investigated temperature profiles in junction-based NWNs, our re-

sults confirm that seamless NWNs fall in the same Weibull temperature distribution category

as junction-based NWNs. By understanding the characteristics of Weibull distributions, we

were able to infer important specifics about the seamless films analyzed in this work. For

instance, Ag seamless NWNs exhibit a wider temperature-spreading mechanism that allows

for greater tolerances to temperature variations than for instance Cu seamless NWNs. This

study contributes to the advancement of knowledge regarding the fundamental mechanisms

underlying electrical conduction, optical transmission, and thermal properties of seamless

NWN devices.

In summary, our robust computational framework detailed in this thesis appears as an

important tool to inform the design and development of versatile thermoelectric and electro-

optical devices made of NWN structures prone to transparent conductor applications and to

provide reliable quantitative predictions of their thermo-electro-optical responses that can

assist experimental efforts targeting their use in next-generation display technologies.

5.1 Outlook

Mechanical flexibility is another important feature that TCEs built out of the random NWNs

required for applications in next-generation display technologies and solar cells [32, 39,262].

Such applications require endurance to mechanical distortions. The sheet resistance of the

distorted NWN can increase significantly in comparison to the resistance of the original

network when subjected to external deformation such as bending [186, 263]. Thus, many

percolation paths that exist within the network can be cut off upon bending, and the network
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resistance rises as a consequence [190]. This resistance enhancement due to deformation

is specific to 1D random networks and has not been observed significantly in other TCs

including 2D (flake-like) and bulk materials [156]. To be more precise, a NWN encased in a

thin film has exceptional mechanical resilience under a variety of bending test configurations.

Therefore, many experimental efforts to overcome basic limits for mechanical durability

have resulted in improved performance of random NWNs under harsh mechanical settings

[28, 190, 264]. Metallic nanowires, particularly Ag nanowires, have a variety of mechanical

qualities, the most notable of which are their surface roughness, flexibility, and bending

capabilities. Low surface roughness is a critical criterion for optoelectronic device use as

it has a significant impact on the device’s functioning ability and efficacy [66, 265]. The

roughness of the surface is highly dependent on the quality of the metal nanowires and the

manufacturing method. By fabricating nanowires with long lengths and nanoscale diameters,

the roughness and contact resistances between the nanowires may be efficiently reduced.

Eliminating nanojunctions between nanowires by the previously described approaches can

also massively reduce surface roughness and contact resistances [66,265]. As a flexible device

is desired, having a high deformation performance as a flexible transparent electrode is a

necessity. The electrical conductivity of the metal nanowire-based device should endure

minor variations after repeated bending under a particular bending angle, which is not only

linked to flexibility stability but also directly to conductivity stability [28].

Due to the difficulty in regulating and manipulating NWNs during mechanical testing,

determining and quantifying their mechanical properties can be a challenging task. The ob-

tained mechanical properties from the current scientific literature report a wide variability in

mechanical reactions depending on multiple lab setups and nanofabricated materials’ charac-

teristics. For example, the mechanical behaviour of individual nanowires can be influenced

by imperfections, such as defects or impurities, resulting in variations in their properties.

The accumulation of imperfections in NWNs can result in a subsequent deterioration of

the mechanical properties of the entire network. Insufficient knowledge of the intrinsic and
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size-dependent behaviour of nanowires upon mechanical deformation is a source of difficulty

for such studies. To obtain a complete comprehension of the ultimate performance of com-

plex networks, it is critical to simultaneously examine their electrical, optical, thermal, and

mechanical characteristics. A list of the most important theoretical parameters that are typ-

ically controlled to determine the mechanical properties of NWNs is: (i) the elastic modulus

that evaluates the stiffness of the NWN; (ii) yield strength that evaluates the amount of

stress required to deform the NWN permanently; (iii) fracture strength that measures the

maximum stress that the NWN can sustain before it breaks; (iv) plasticity that measures

the amount of deformation that the NWN can undergo before it fails; (v) toughness that

assesses the amount of energy needed to break the NWN, and (vi) yield strain that evaluates

the amount of strain that the NWN can undergo before it starts to exhibiting permanent

deformation [264].

In the context of investigating the mechanical properties of NWNs, experimental exam-

inations as done in [266] can serve as the basis for developing computational models that

allow for thorough testing of the structural and intrinsic properties of NWNs, and their

resultant influence on the mechanical flexibility performance of nanodevices. Researchers

can benefit from using a computational framework to replicate NWNs’ behaviour and get

a deeper understanding of the factors behind NWNs’ optimised-superior performance. For

example, Hwang et al. [190] have developed quantitative models to predict the electrical per-

formance of random NWNs when exposed to external bending deformation. Their models

rely on Monte Carlo-based simulations, which allow for an assessment of the behaviour of

the networks. By utilizing solutions derived from their models, they were able to enhance

the tolerance of the Rs of the networks subjected to deformation. They concluded that to

enhance the tolerance of Rs against the bending of the network, increasing the AF and the

length of individual nanowires can be an effective strategy. In addition, by aligning the

nanowires parallel to the bend axis, it is possible to improve the network’s efficacy even

further in terms of Rs tolerance. Therefore, these works plus the computational framework
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conducted in this thesis can serve as motivation for future work resulting in the incorpora-

tion of an in-depth mechanical analysis coupled with the electro-optical-thermal responses

of disordered NWNs.
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[109] Jan-Patrick Schäfer. Implementierung und Anwendung analytischer und numerischer

Verfahren zur Lösung der Maxwellgleichungen für die Untersuchung der Lichtausbre-

itung in biologischem Gewebe. PhD thesis, Universität Ulm, 2011.

[110] COMSOL ® V. 5.6. COMSOL AB, Stockholm, Sweden.

148

https://www.mathworks.com/matlabcentral/fileexchange/36831-matscat
https://www.mathworks.com/matlabcentral/fileexchange/36831-matscat


[111] Sukang Bae, Sang Jin Kim, Dolly Shin, Jong-Hyun Ahn, and Byung Hee

Hong. Towards industrial applications of graphene electrodes. Physica Scripta,

2012(T146):014024, 2012.

[112] I. Dierking. Carbon allotropes as ITO electrode replacement materials in liquid crystal

devices. C, 6(4):80, 2020.

[113] L. X. He and S. C. Tjong. Nanostructured transparent conductive films: fabrication,

characterization and applications. Materials Science and Engineering: R: Reports,

109:1–101, 2016.

[114] Mukti Aryal, Joseph Geddes, Oliver Seitz, Jonathan Wassei, Ian McMackin, and Boris

Kobrin. Sub-micron transparent metal mesh conductor for touch screen displays. SID

Symposium Digest of Technical Papers, 45:194–196, 2014.

[115] D. Bellet, M. Lagrange, T. Sannicolo, S. Aghazadehchors, V. H. Nguyen, D. P. Langley,
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[130] R. Franz and G. Wiedemann. Ueber die Wärme-Leitungsfähigkeit der Metalle. Annalen

Der Physik, 165(8):497–531, 1853.

[131] Jianli Wang, Zhizheng Wu, Chengkun Mao, Yunfeng Zhao, Juekuan Yang, and Yunfei

Chen. Effect of electrical contact resistance on measurement of thermal conductiv-

ity and Wiedemann-Franz law for individual metallic nanowires. Scientific Reports,

8:4862, 2018.

[132] F. Völklein, H. Reith, T. W. Cornelius, M. Rauber, and R. Neumann. The experimental

investigation of thermal conductivity and the Wiedemann–Franz law for single metallic

nanowires. Nanotechnology, 20(32):325706, 2009.

[133] Yue Shi, Liang He, Qian Deng, Quanxiao Liu, Luhai Li, Wei Wang, Zhiqing Xin, and

Ruping Liu. Synthesis and applications of silver nanowires for transparent conductive

films. Micromachines, 10(5):330, 2019.

[134] Lin Qiu, Ning Zhu, Yanhui Feng, Efstathios E. Michaelides, Gawe l Ży la, Dengwei Jing,
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[186] Thomas Sannicolo, Mélanie Lagrange, Anthony Cabos, Caroline Celle, Jean-Pierre

Simonato, and Daniel Bellet. Metallic nanowire-based transparent electrodes for next

generation flexible devices: a review. Small, 12(44):6052–6075, 2016.

[187] Sedigheh Pirsalami, Seyed Mojtaba Zebarjad, and Habib Daneshmanesh. An overview

of metallic nanowire networks, promising building blocks for next generation trans-

157



parent conductors: emergence, fundamentals and challenges. Journal of Electronic

Materials, 46(8):4707–4715, 2017.

[188] Bong Sup Shim, Jian Zhu, Edward Jan, Kevin Critchley, and Nicholas A. Kotov.

Transparent conductors from layer-by-layer assembled SWNT films: importance of

mechanical properties and a new figure of merit. ACS Nano, 4(7):3725–3734, 2010.

[189] Fei Han, Thirupathi Maloth, Gilles Lubineau, Recep Yaldiz, and Amit Tevtia. Compu-

tational investigation of the morphology, efficiency, and properties of silver nano wires

networks in transparent conductive film. Scientific Reports, 8:17494, 2018.

[190] Jinyoung Hwang, Hiesang Sohn, and Sang Hyun Lee. Computational characterization

and control of electrical conductivity of nanowire composite network under mechanical

deformation. Scientific Reports, 8:16617, 2018.

[191] Milind Jagota and Nelson Tansu. Conductivity of nanowire arrays under random and

ordered orientation configurations. Scientific Reports, 5:10219, 2015.

[192] Mohammad-Reza Azani, Azin Hassanpour, Yuri Yu Tarasevich, Irina V. Vodolazskaya,

and Andrei V. Eserkepov. Transparent electrodes with nanorings: a computational

point of view. Journal of Applied Physics, 125(23):234903, 2019.

[193] A. Belardini, M. Centini Larciprete, M. Centini, E. Fazio, C. Sibilia, D. Chiappe,

C. Martella, A. Toma, M. Giordano, and F. Buatier De Mongeot. Circular dichroism

in the optical second-harmonic emission of curved gold metal nanowires. Physical

Review Letters, 107(25):257401, 2011.

[194] Ye Zhang, Jiangna Guo, Dan Xu, Yi Sun, and Feng Yan. Synthesis of ultrathin

semicircle-shaped copper nanowires in ethanol solution for low haze flexible transparent

conductors. Nano Research, 11(7):3899–3910, 2018.

158



[195] Sophie Sorel, Daniel Bellet, and Jonathan N. Coleman. Relationship between mate-

rial properties and transparent heater performance for both bulk-like and percolative

nanostructured networks. ACS Nano, 8(5):4805–4814, 2014.

[196] Faisal Shahzad, Mohamed Alhabeb, Christine B. Hatter, Babak Anasori, Soon

Man Hong, Chong Min Koo, and Yury Gogotsi. Electromagnetic interference shielding

with 2D transition metal carbides (MXenes). Science, 353(6304):1137–1140, 2016.

[197] Bing Zhou, Mengjie Su, Daozheng Yang, Gaojie Han, Yuezhan Feng, Bo Wang,

Jialu Ma, Jianmin Ma, Chuntai Liu, and Changyu Shen. Flexible MXene/silver

nanowire-based transparent conductive film with electromagnetic interference shield-

ing and electro-photo-thermal performance. ACS Applied Materials & Interfaces,

12(36):40859–40869, 2020.

[198] Wenting Li, Huan Zhang, Shengwei Shi, Jinxin Xu, Xin Qin, Qiqi He, Kecong Yang,

Wubin Dai, Gang Liu, Quanguo Zhou, et al. Recent progress in silver nanowire net-

works for flexible organic electronics. Journal of Materials Chemistry C, 8(14):4636–

4674, 2020.

[199] Dong Gyu Kim, Jong Han Choi, Duck-Kyun Choi, and Sang Woo Kim. Highly bend-

able and durable transparent electromagnetic interference shielding film prepared by

wet sintering of silver nanowires. ACS Applied Materials & Interfaces, 10(35):29730–

29740, 2018.

[200] Parveen Saini and Manju Arora. Microwave absorption and EMI shielding behavior

of nanocomposites based on intrinsically conducting polymers, graphene and carbon

nanotubes. New Polymers for Special Applications, 3:73–112, 2012.

[201] Xiaojuan Ni, Chao Hui, Ninghai Su, Wei Jiang, and Feng Liu. Monte Carlo simulations

of electrical percolation in multicomponent thin films with nanofillers. Nanotechnology,

29(7):075401, 2018.

159



[202] Philip E. Lyons, Sukanta De, Jamil Elias, Matthias Schamel, Laetitia Philippe,

Allen T. Bellew, John J. Boland, and Jonathan N. Coleman. High-performance trans-

parent conductors from networks of gold nanowires. The Journal of Physical Chemistry

Letters, 2(24):3058–3062, 2011.

[203] Kevin Critchley, Bishnu P. Khanal, Marcin  L. Górzny, Leonid Vigderman, Stephen D.
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Ngoc Duy Nguyen, and Daniel Bellet. Metallic nanowire networks: effects of ther-

mal annealing on electrical resistance. Nanoscale, 6(22):13535–13543, 2014.

161



[217] Jinwei Gao, Zhike Xian, Guofu Zhou, Jun-Ming Liu, and Krzysztof Kempa. Nature-

inspired metallic networks for transparent electrodes. Advanced Functional Materials,

28(24):1705023, 2018.

[218] Moon Kyu Kwak, Jong G. Ok, Jae Yong Lee, and L. Jay Guo. Continuous phase-shift

lithography with a roll-type mask and application to transparent conductor fabrication.

Nanotechnology, 23(34):344008, 2012.

[219] K. D. M. Rao, Christoph Hunger, Ritu Gupta, Giridhar U. Kulkarni, and Mukundan

Thelakkat. A cracked polymer templated metal network as a transparent conduct-

ing electrode for ITO-free organic solar cells. Physical Chemistry Chemical Physics,

16(29):15107–15110, 2014.

[220] Mozakkar Hossain, Gundam Sandeep Kumar, S. N. Barimar Prabhava, Emmet D.

Sheerin, David McCloskey, Somobrata Acharya, K. D. M. Rao, and John J. Boland.

Transparent, flexible silicon nanostructured wire networks with seamless junctions for

high-performance photodetector applications. ACS Nano, 12(5):4727–4735, 2018.

[221] K. D. M. Rao, Ritu Gupta, and Giridhar U. Kulkarni. Fabrication of large area, high-

performance, transparent conducting electrodes using a spontaneously formed crackle

network as template. Advanced Materials Interfaces, 1(6):1400090, 2014.

[222] M. G. Kang and L. Jay Guo. Nanoimprinted semitransparent metal electrodes and

their application in organic light-emitting diodes. Advanced Materials, 19(10):1391–

1396, 2007.

[223] Ritu Gupta and Giridhar U. Kulkarni. Holistic method for evaluating large area trans-

parent conducting electrodes. ACS Applied Materials & Interfaces, 5(3):730–736, 2013.

[224] Jingyu Zou, Hin-Lap Yip, Steven K. Hau, and Alex K. Y. Jen. Metal grid/conducting

polymer hybrid transparent electrode for inverted polymer solar cells. Applied Physics

Letters, 96(20):96, 2010.

162



[225] Yang Zhao, Matthew L. Fitzgerald, Yi Tao, Zhiliang Pan, Godfrey Sauti, Dongyan Xu,

Ya-Qiong Xu, and Deyu Li. Electrical and thermal transport through silver nanowires

and their contacts: effects of elastic stiffening. Nano Letters, 20(10):7389–7396, 2020.

[226] Maxime Verdier, David Lacroix, and Konstantinos Termentzidis. Thermal transport

in two-and three-dimensional nanowire networks. Physical Review B, 98(15):155434,

2018.

[227] Cheng Zhang, Chengang Ji, Yong-Bum Park, and L. Jay Guo. Thin-metal-film-based

transparent conductors: Material preparation, optical design, and device applications.

Advanced Optical Materials, 9(3):2001298, 2021.

[228] Su Shen, Shi-Yu Chen, Dong-Yu Zhang, and Yan-Hua Liu. High-performance compos-

ite Ag-Ni mesh based flexible transparent conductive film as multifunctional devices.

Optics Express, 26(21):27545–27554, 2018.

[229] A. S. Voronin, Y. V. Fadeev, I. V. Govorun, I. V. Podshivalov, M. M. Simunin, I. A.

Tambasov, D. V. Karpova, T. E. Smolyarova, A. V. Lukyanenko, A. A. Karacharov,

et al. Cu–Ag and Ni–Ag meshes based on cracked template as efficient transparent

electromagnetic shielding coating with excellent mechanical performance. Journal of

Materials Science, 56(26):14741–14762, 2021.

[230] Monee K. Roul, Jasmine Beckford, Brandon Obasogie, Kelsea Yarbrough, Messaoud

Bahoura, and A. K. Pradhan. High-performance transparent film heater using ran-

dom mesowire silver network. Journal of Materials Science: Materials in Electronics,

29:21088–21096, 2018.

[231] Bing Han, Yuanlin Huang, Ruopeng Li, Qiang Peng, Junyi Luo, Ke Pei, Andrzej

Herczynski, Krzysztof Kempa, Zhifeng Ren, and Jinwei Gao. Bio-inspired networks

for optoelectronic applications. Nature Communications, 5:5674, 2014.

163



[232] Jinwook Jung, Kyun Kyu Kim, Young D. Suh, Sukjoon Hong, Junyeob Yeo, and

Seung Hwan Ko. Recent progress in controlled nano/micro cracking as an alternative

nano-patterning method for functional applications. Nanoscale Horizons, 5(7):1036–

1049, 2020.

[233] Qiang Peng, Songru Li, Bing Han, Qikun Rong, Xubing Lu, Qianming Wang, Min

Zeng, Guofu Zhou, Jun-Ming Liu, Krzysztof Kempa, et al. Colossal figure of merit

in transparent-conducting metallic ribbon networks. Advanced Materials Technologies,

1(6), 2016.

[234] Christopher P. Muzzillo. Metal nano-grids for transparent conduction in solar cells.

Solar Energy Materials and Solar Cells, 169:68–77, 2017.

[235] Shapley 1.0.3. https://pypi.org/project/shapley.

[236] Networkx 3.2. https://networkx.org.

[237] Scipy 1.10.1. https://scipy.org.

[238] Mengqi Cui, Xiaohan Zhang, Qikun Rong, Li Nian, Lingling Shui, Guofu Zhou, and

Na Li. High conductivity and transparency metal network fabricated by acrylic col-

loidal self-cracking template for flexible thermochromic device. Organic Electronics,

83:105763, 2020.

[239] Vivekanandan Raman, Yong-Hwan Cho, Hye-Min Kim, Yong-Jun Kim, Hyeong-Min

Sim, and Han-Ki Kim. Ag mesh network framework based nano composite for trans-

parent conductive functional electrodes for capacitive touch sensor and thin film heater.

Ceramics International, 47(19):27230–27240, 2021.

[240] Bobby Singh Soram, Jiuyi Dai, Tolendra Kshetri, Nam Hoon Kim, and Joong Hee Lee.

Vertically grown and intertwined Co(OH)2 nanosheez@Ni-mesh network for transpar-

ent flexible supercapacitor. Chemical Engineering Journal, 391:123540, 2020.

164



[241] Kin Wai Cheuk, Ke Pei, and Paddy K. L. Chan. Degradation mechanism of a junction-

free transparent silver network electrode. RSC Advances, 6(77):73769–73775, 2016.

[242] Claude Indermitte, T. h .M. Liebling, Marc Troyanov, and Heinz Clémençon. Voronoi
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Appendix A

Supplementary Information: Chapter

4

This material is based on Esteki et al. “Thermo-electro-optical properties of seamless metal-

lic nanowire networks for transparent conductor applications” (supplementary information)

published in Nanoscale [106].

Table A.1 presents a comprehensive literature review of the electro-thermal characteristics

of different NWN configurations composed of metallic materials including Ag, Au, Al, and

Cu [106]. These NWNs were fabricated with varying device dimensions and exposed to

diverse bias voltages. Notably, these works have already addressed the topic of transparent

conductors possessing optical transmissions of a sufficiently high magnitude (i.e. ≳ 90%).

Consequently, this particular information has been omitted from the table. The present

study demonstrates a high degree of concurrence between the outcomes of our computational

examination and the previously reported (empirical) observations, thereby attesting to the

robustness of our computational analysis. Despite the smaller dimensions of our seamless

NWNs, the electrothermal outcomes demonstrate consistency with the experimental results.

The reduced dimensions of our NWNs suggest enhanced electrical and thermal conductivity,

making them highly suitable for use as transparent electrodes. Several notable findings from
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the table deserve attention as follows:

• The average temperatures we obtained for seamless Cu NWNs align with the results

reported in references [267] and [268]. However, they are significantly lower compared

to the findings of reference [269]. It is worth noting that reference [269] investigated

regular seamless Cu meshes, which can exhibit considerable differences in tempera-

ture distributions when compared to the more disordered network frames, such as the

Voronoi arrangement studied in our work.

• The literature contains a broad range of average temperatures achieved for seamless

Ag NWNs, as indicated in the first five rows of the table. Our results are consistent

with the findings of references [230] and [270], in which Voronoi-like Ag NWNs fabri-

cated on insulating substrates were investigated experimentally. Other experimental

setups result in temperature differences as for the case of reference [271], in which Ag

NWNs were utilized as paper-based heaters. Figure 4.14 showcases how adjusting the

contact thermal conductance enables tuning the thermal interaction between the NWN

and the substrate. That figure shows that elevating the contact thermal conductance

leads to a notable decrease in the average temperature of Ag NWNs, reaching average

temperature ranges of approximately ∼300 K. Therefore, the NWN-substrate thermal

interaction is an important factor to take into account when computing average tem-

peratures of the network materials.

• The sheet resistance values reported in the cited works on Table A.1 appear to be

comparatively lower than some of our estimations due to significant differences in

the NWN sizes. It is worth noting that sheet resistance (Rs) values are significantly

influenced by the contact resistance (Rc) between the NWN and the electrodes used for

electrical interrogation. Rc is a quantity that can be challenging to determine precisely

as it describes the contact resistance of an interface between two distinctive materials,

the NWN and the electrode. In our simulations, we assumed sufficiently good contacts
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between the NWN and the electrodes by setting Rc ∼ 1 Ω or Rc ≈ ⟨Rin⟩, in which ⟨Rin⟩

is the average inner resistance of all nanowire segments within the Voronoi NWN. With

the exception of the study in [271] which presents a wide range of sheet resistance values

for Ag NWNs, our numerical predictions encompass the values of all selected works

depicted on the table for seamless NWNs. We also included, for the sake of reference,

sheet resistance values for NWNs of other layouts than the Voronoi arrangement such

as grid mesh NWNs and junction-based (standard) NWNs.

Table A.1: Literature comparison of physical quantities reported in various studies, including
experimental ones, as well as our own research, focusing on transparent conductors/heaters
fabricated from NWNs [106]. ‘PS’ stands for ‘present study’, ‘N/A’ stands for ‘not applicable’
or ‘not available’ in the corresponding reference, ‘Temp.’ refers to temperature, ‘Rs’ is the
sheet resistance, and ‘Ref.’ stands for ‘reference’.

Material Ww/Dw (µm) Device Area Voltage (V ) Temp. (K) Rs (Ω/◻) Ref.
Ag1 55/0.08 2.5 × 2.5 cm2 N/A 380 8 [128]
Ag1 N/A 5 × 5 cm2 3-9 350 27-142 [271]
Ag1 100/125 4 × 2 cm2 1-5 373 2-6 [272]
Ag1 2-9/1-5 2 × 2 cm2 1-4 473 1.13 [230]
Ag1 21-70/0.3 10 × 8 cm2 8.5 443 1 [270]
Au1 3–20/10 N/A 3-6 320-360 3-6 [273]
Au1 2-10/0.08 0.015 × 0.01 cm2 0.7-1.5 373 1.5-10 [129]
Au1 0.5-2/0.06-0.22 2.5 × 2.5 cm2 7-12 583-783 3.1-5.4 [274]
Al2 2-6/6.5 0.02 × 0.02 cm2 4-14 323-573 3 [275]
Cu3 N/A/0.8 N/A 0.5-5 433 2-160 [269]
Ag3 Diameter: 0.055 N/A 1-4 323-573 1-10 [276]
Ag3 250/0.2 1 × 1 cm2 0.8 343 2-4 [277]
Ag3 7/1.12 0.03 × 0.01 cm2 5 380 2-7 [278]
Au3 5/0.15 2 × 2 cm2 5.5 434 1.5-5.5 [279]
Cu4 Diameter: 0.25 5 × 5 cm2 N/A 345 6.5 [267]
Cu4 Diameter: 0.115 3.5 × 5 cm2 N/A 333 1-124 [268]
Ag1 0.05-0.5/0.05-2 50 × 50 µm2 0.5-4.6 470 1-19 PS.
Au1 0.05-0.5/0.05-2 50 × 50 µm2 0.5-4.6 425 1-28 PS.
Al1 0.05-0.5/0.05-2 50 × 50 µm2 0.5-4.6 390 1-42 PS.
Cu1 0.05-0.5/0.05-2 50 × 50 µm2 0.5-4.6 350 1-80 PS.

1 Seamless NWN
2 Hybrid Seamless NWN
3 Grid Mesh NWN
4 Standard NWN
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