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Abstract 

The ability to measure the level of the quality of transit service provided is of utmost importance 

for customers to assess the level of service they receive and for the transit agency to assess the 

effectiveness of the service improvements made. Despite its importance, the transportation 

industry lacks an efficient, widely accepted, and widely applicable overall level of service (LOS) 

measure. Specifically, one that can assess and compare the overall quality of service (QOS) of 

transit lines or systems or one that can compare different operational performances of the same 

transit line or system is needed.  

The content of the thesis consists of four major parts. The first part critically reviews major 

domains of transit level of service (TLOS) measures in industry and academic literature. It focuses 

on the success in achieving anticipated goals as opposed to the requirement of such a measure. 

Existing measures fall short in incorporating a combined view of both the passenger and operator 

and in assessing the overall TLOS by a single measure. A new approach to evaluate TLOS is 

proposed that has the potential to address these drawbacks.  

The second part of the thesis proposes a novel approach to measure the LOS with respect to the 

value of time (VoT) distribution of the passengers. An implied VoT representing the LOS of a 

particular attribute, a combination of attributes, or overall service is derived and is compared with 

the respective VoT distribution of the passengers to obtain the LOS. An approach to distinguish 

LOS grades depending on the standard deviation (SD) of the VoT distribution is proposed.  

The third part of the thesis engages in developing three LOS measures representing five attributes 

of concern in the thesis. Accordingly, a measure to represent headway and crowding attributes, a 

measure to represent access and travel time attributes, and a measure to represent the reliability 

attribute are developed. Each measure represents an implied VoT figure obtained by simulating an 

existing operation using an analytical model of optimum operation related to the service attributes 

of concern. The analytical model of optimum operation is developed from the basics for reliability 

LOS measure, while for other measures, existing models in the literature are modified and used. 

Finally, the three measures developed are combined using a novel approach to represent the overall 

LOS of a bus route. The development of each LOS measure is accompanied by a numerical 

example explaining the calculation of the LOS of a bus route.  
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The fourth and final part of the thesis applies the developed measures to a bus route operation in 

Calgary. The data for the bus route is obtained from Calgary Transit for the year 2021. While each 

chapter discusses the derived LOS measure and draws conclusions, the final chapter provides 

insights into potential improvements to the suggested approaches and potential future research 

related to the developed work. 
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1. Chapter 1: Background 

1.1. Introduction 

Access to basic human needs is a human right. Different needs being spatially apart, makes 

mobility and access an essential part of human lives. Public transportation is a way a community 

fulfills its own mobility needs for both choice and captive riders. Therefore, access to a public 

transport service can be identified as a right for choice riders and captive riders. The extent to 

which their needs and preferences are met reflects the ‘quality’ of life of a community (Flanagan 

1982). How efficiently and effectively the need for mobility and accessibility is met through the 

public transportation service reflects its ‘Quality of Service’ (QOS). Therefore, an efficient transit 

system will satisfy the needs and preferences of a community to a greater extent promising a better 

quality of life. The role of a transit service provider is to efficiently meet the passenger’s needs for 

mobility and accessibility to provide a higher quality of life for the community in part from public 

funds. As a result, improving the QOS for transit is one of the primary concerns of transit agencies. 

Quality improvement in transit service also improves the quality of life of non-transit riders. 

Transit modal share increment as a result of transit service quality improvement (FitzRoy & Smith, 

1998; Hensher, 1998; Manville & Cummins, 2015; Morpace International Inc & Cambridge 

Systematics Inc, 1999), reduces greenhouse gas (GHG) emission, road traffic crashes, fuel costs 

as well as road traffic congestion (Eboli & Mazzulla, 2007). While reducing GHG improves 

environmental quality, reducing traffic congestion also improves mobility and accessibility of non-

transit riders - especially automobile users - through reduced travel times in the short-term future. 

Therefore, service quality improvement in transit benefits both transit and non-transit riders.  

Hensher (2014) states that improvement of QOS results in reduced average cost per kilometer of 

bus service provision after controlling for fleet size, loading and speed. The primary reason is the 

induced modal shift towards transit as a result of higher QOS, which leads to a higher income per 

unit of service provision. This supports the finding of Newell (1979) that a higher QOS can be 

provided in a particular route when passenger demand for that service is higher. Therefore, public 

transit improvement imposes a positive economy of scale. This implies, the higher the QOS of 

transit, the lesser the generalized cost per trip made by transit, which leads to a higher efficiency 

in fulfilling needs of a community and hence a better quality of life. Therefore, improving public 

transit QOS benefits the whole community, including both the service provider and passenger.  
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To this end, this study formulates a measure to assess the overall QOS of an urban bus route, which 

is necessary for assessing and improving QOS. Unique QOS measures are derived for each or 

combinations of attributes affecting the overall QOS that includes both passenger and operator 

concerns. Individual QOS measures are then combined into one measure that represents the overall 

LOS of the route. What follows in this chapter is the context of the research problems and 

justification of the approach taken in this study to address the problems.  

1.2. Problems of Concern 

Incorporating the rider perception in a QOS measure is critical to ensure an improved QOS is 

sustained by increased ridership. On the contrary, the current practice in the transit industry, as 

described in transit manuals (Canadian Urban Transit Association., 1993; TCRP Project A-15C, 

2013), does not seem to meet the requirement in two main ways. First, the measures described in 

manuals are based on expert opinion as opposed to passenger perceptions of service quality. In the 

same way, measures have also been developed to assess customer satisfaction where operator 

concerns have been disregarded. None of the measures therefore represent a combination of the 

views of both passengers and operators.  

Second, the measures in current practice assess specific attributes of QOS separately rather than 

the service package that riders experience. What riders perceive as the QOS is a holistic view of 

the entire service they experience. An improvement in a single attribute of the transit service does 

not necessarily represent an equivalent improvement in the quality of the entire service provided. 

Therefore, an effort to evaluate the QOS by its constituent attributes separately compromises the 

necessity of such a measure. A nearly accurate estimate of the system-wide perspective of the 

QOS, with due attention to the characteristics of the unique ridership market, of a transit route or 

a system will satisfy this requirement.   

Many researchers (Aronstein, 1976; Fu, 2007; Güner, 2018; Hensher et al., 2003; Prioni & 

Hensher, 2001) have attempted to tackle these problems completely or partly by developing QOS 

measures that incorporate several attributes of a transit service through customer satisfaction 

surveys which are time and money consuming. A major drawback of this approach is that such 

surveys need to be done pre- and post-interventions to determine the improvements made. This 

will consume a significant amount of agency funds. Although such initiatives have been able to 
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tackle the drawbacks in current practice to a certain extent, there are still no measures that also 

incorporate transit agency concerns – mainly costs.  

The term ‘Level of Service’ (LOS) is the most popular term in the field of transit in terms of 

measuring service quality (Higgins & Ryan, 1983). The level of service would ideally mean the 

level of amount of service that has been provided. For example, the level of frequency of service 

can be denoted as 4 to 6 buses per hour, or the level of service based on headway can be denoted 

as 10-15 minutes for the same LOS. The term LOS has initially been used as a measure of 

performance on quantifiable attributes of service by managers of transit to decide on disbursement 

of funds (Higgins & Ryan, 1983). As transit transitioned to more of a welfare service with time, 

passenger perception was also taken into account. Thus, qualitative attributes like comfort and 

convenience related factors were incorporated into the measures of service. Now, agencies are 

measuring the ‘quality’ of service (which includes direct performance as well) rather than 

performance and yet keep using the word LOS rather than QOS. Measures of QOS are continuous 

and are categorized into different levels for easy representation and use. Certain ranges of QOS of 

a single attribute of service are assigned to a certain level. This is evident from the way the 2nd 

edition of the Transit Capacity and Quality of Service Manual (TCQSM) has assigned letter grades 

from ‘A’ to ‘F’ to various ranges of services in different attributes. The term QOS can also be used 

to express an abstract idea of a certain aspect of the service or an idea of the whole service. An 

example is how the passengers perceive the quality of the service of a bus route rather than the 

headway of that bus route. In this study, we will refer to the level of the quality of entire service 

of a bus route or a system by the term ‘LOS’. For the level of QOS of a certain attribute of service, 

for example headway, we will refer to it as ‘Headway LOS’. 

1.3. Literature review 

1.3.1. History 

From the 1950s onward the LOS concept has been widely utilized in the context of highway 

planning and design. Yet, by the end of the 1970s, there have not been well standardized measures 

for evaluating public transport services (Taylor & Brogan, 1978). As early as 1965, the LOS for 

highways had been defined in terms of the effect of several factors including speed, traffic 

interruptions, safety, comfort, freedom to maneuver, travel time, convenience and cost (Spring, 
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2000). The LOS methodologies for transit have been developed to help answer transit efficiency 

questions by transit authorities (Taylor & Brogan, 1978).  

As public transportation changed from a private, profit oriented operation to a public service, 

profitability alone was no longer a viable measure for the evaluation of such a service and as a 

result, the LOS concepts were developed with due attention to the non-monetary values for the 

community that has compelled the inclusion of measures related to the service receiver (Taylor & 

Brogan, 1978). Earliest reported work attributes a transit LOS concept has been performed by the 

National Committee on Urban Transportation which recommends standards for routing, loading, 

frequency of service or headway, stop frequency, speed and regularity of service (National 

Committee on Urban Transportation, 1958).   

Higgins & Ryan (1983), in their work, review the research attempts related to transit LOS and 

measuring QOS by that time. They show how it was stressed in the USA in 1976 and in Australia 

in 1980 where transit agencies were compelled to concentrate on more mundane aspects of public 

transport supply than being concerned with a LOS approach. Because in an LOS approach, user 

attitudes on scheduling, comfort and convenience are given comparatively significant attention in 

the evaluation process that determines the disbursement of funds. This has been a result of rising 

operating deficits where the transport authorities have been pushed to utilize more accounting of 

performance measures. It was further highlighted that central issues pertaining to the debate were: 

(1) LOS being a very complex matter in the broader sense where mutually opposing views of user 

and operator have to be considered together; (2) having no simple and useful measure on urban 

transit LOS as simpler measures have tendencies of being biased in their applications; (3) popular 

measures by that time (cost per passenger kilometer and deficit per passenger) not being able to 

measure benefits to the community that may be obtained from higher LOS standards. The study 

of Higgins & Ryan (1983) further argues that development of a composite index for transit LOS 

is worthless on the grounds that such an index could be subject to mutations (some components 

having a confounding effect on other components) and can be constrained by assumptions by the 

time it becomes of usable form (Higgins & Ryan, 1983). They therefore presented a 

comprehensive framework consisting of five LOS measures for three market segments. 

Heighington and Brogan presented a composite set of guidelines that defines minimum, desirable 

and maximum levels for transit system characteristics based on several earlier individual attempts 



 

5 
 

by transit operations/authorities (Heathington & Brogan, 1975). Their work is only comprised of 

two levels that state whether a transit system is adequate or not, thus depriving the authorities of 

assessing minor system improvements. Botzow developed a methodology capable of assessing the 

ability of a transit system to provide a comfortable ride and reasonable travel times and made it 

analogous to a highway LOS concept by introducing six distinct levels (A to F) of services 

(Botzow, 1974). Botzow’s concept was simple to comprehend and had applications in both 

evaluation and planning where a LOS B has been used for planning of transit systems (Taylor & 

Brogan, 1978). Addressing the issue with the assumption of Botzow’s concept where all users 

assign equal weights to each attribute, Aronstein develops a system standard accounting to 

performance measures as perceived by travelers that assigns different weights for different 

characteristics depending on their importance as determined by Aronstein (1976). Taylor and 

Brogan further examine the different factors constituting the LOS of Public Transportation (Taylor 

& Brogan, 1978).  

Due to the fact that measuring QOS is of utmost importance for service providers, different transit 

authorities have developed their own measures over time (Higgins & Ryan, 1983; Taylor & 

Brogan, 1978). In the absence of a commonly accepted standard defining QOS in transit, the 

Transit Cooperative Research Program (TCRP) of the Transportation Research Board (TRB) 

developed the first edition of the TCQSM in 1999 which specified six designated levels of the 

QOS denoted by letters “A” (Best) to “F” (Worst) as it is easier to refer QOS with several levels 

rather than a continuous scale. TCQSM suggests a framework for assessing QOS that includes 

availability and quality aspects of transit. Here, TCQSM specifies different ranges of service 

quality for each of six sub aspects but does not specify an overall service quality for a transit system 

or a transit route (TCRP Project A-15C, 1999).  

There are several studies that develop LOS measures for individual elements of transit using 

passenger perception acquired through stated preference or revealed preference surveys (dell’Olio 

et al., 2011; Prioni & Hensher, 2001). Some studies have also developed overall QOS measures 

using passenger survey data but output a continuous measure (Fu, 2007; Hensher et al., 2003). 

These measures are data and time intensive and hence expensive. Therefore, they are not viable to 

be estimated frequently for maintenance and quality adherence requirements. Having individual 

LOS grading for different service elements of a transit line or a system, however, compromises 

the requirement of having a LOS measure which is to assess the overall quality of the service. Such 
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methods were mostly the result of transit agency efforts as it is easier to maintain and assess the 

service quality in individual service elements and help administrative decisions (Taylor & Brogan, 

1978).  

On the other hand, selective focus on individual elements of a service can result in incomplete 

evaluation conclusions where it is possible that better alternatives are overlooked (Hodge & Orell, 

1995). Accordingly, the traditional transit LOS measures on service frequency, route density, 

access distance stress the same outcomes everywhere without regard to the actual market’s (riders 

of a certain transit line or the system) specific service requirements (e.g., implementing a headway 

of 20 minutes assuming a LOS of ‘C’ as per the standards whereas the LOS perceived by the riders 

of that transit ride can be ‘E’ where ‘E’ is two grades inferior in quality than ‘C’). Irrespective of 

the fact that many studies highlight the importance of passenger perception in evaluating transit 

LOS (Das & Pandit, 2013), almost all the LOS measures currently in practice, use expert opinion 

in evaluating transit LOS (Highway Research Board, 1950; TCRP Project A-15C, 2013). Universal 

application of measures developed based on expert opinion can impose perceptive differences 

from what passengers really feel which depends on geographical location, culture and income of 

passengers.  

The TCQSM 3rd edition in 2013, introduced a multimodal LOS concept. It provides a single LOS 

letter grade for all the transport modes operating on a certain segment of the road which is 

subjective to the conditions of that particular road segment. Accordingly, this procedure provides 

a single LOS grade for transit only limited to a particular road segment. This LOS depends on 

transit operational characteristics, transit amenity conditions and pedestrian environment. The 

LOS of transit derived for one road segment can be different from that on the next road segment. 

1.3.2. Factors affecting Transit LOS 

1.3.2.1.  Frequency/Headway and Wait Time 

Frequency of the service is one of the main factors affecting transit LOS. Having a more frequent 

service implies potential transit users have access to transit more often and have a lower potential 

wait time at a bus stop. Therefore, service frequency induces ridership and hence improves QOS. 

From the transit agency point of view, service frequency is one of the main factors affecting 

operating costs and will incur a capital cost beyond a certain limit where they must buy new 

vehicles and expand existing fleet size to operate at new higher frequencies. Doubling the 
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frequency can make the operating cost almost double with the exception of automated transit where 

drivers will no more be needed (TCRP Project A-15C, 2013). As the term headway is more 

tangible than frequency of service, most of the researchers that studied frequency have given 

attention mainly to ‘average headway’ for minimizing passenger wait time at station with the 

intention of increasing QOS. However, Hensher et al., (2010) moved beyond the average headway 

and studied service headways in a more disaggregated level by considering headways in different 

time periods such as evening, day and weekends. Studying frequency at different time periods will 

offer the opportunity to better evaluate service performance (Hensher et al., 2010). Pushkarev et 

al., (1977) suggests a different approach for headways which can be used in the land use design to 

achieve a higher QOS on public transit by recommending ranges of headway levels for different 

dwelling unit densities (e.g., number of dwelling units/acre) (Pushkarev & Zupan, 1977). 

1.3.2.2.  Service Span 

Hours of service (Service Span) is another factor affecting Transit LOS. Frequency or headway 

alone does not provide the possibility for a potential transit user to make a trip unless the service 

is provided at the time of day where the user needs to make the trip. A longer service span than 

usually needed provides more flexibility for a potential user and therefore improves the confidence 

of users in choosing transit. This helps expand the potential market group that transit can serve. 

The main negative aspect of utilizing a longer service span is obviously the higher operating costs. 

If all other conditions are constant, increasing service hours by 20% is estimated to increase 

operating cost by 20% (TCRP Project A-15C, 2013) and increasing the service hours beyond the 

normal working hours makes the situation even worse for obvious reasons: transit demand declines 

with time and operator’s pay is higher for overtime. Therefore, a critical trade-off between 

passenger and operator perspectives needs to be achieved in improving LOS. 

1.3.2.3. Access 

Apart from transit headway and service span, access to transit also determines the choice of a 

potential user to use transit for their trip or not. Although there are several modes possible to be 

used in accessing transit, walking is the dominant way in the urban context. Service coverage (area 

where transit service is provided), therefore, has been identified as the area located within an 

acceptable walking distance from a transit service. Route miles per square mile (Route density), 

percentage system area (population) served (Geographic coverage) and transit supportive area 
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served (transit market coverage) are some of the measures employed and described in TCQSM 

(3rd edition) as potential measures of service coverage. A methodology to calculate the transit 

system coverage area is suggested in detail which utilizes a concept called “Transit stop service 

radius”. The ideal transit stop service distance is identified as 400 m factored for effects of street 

connectivity, grade of the street, population and pedestrian crossings. It is also important to note 

that weather, temperature, individual characteristics, and station characteristics can affect the 

walking distance to a bus stop (El-Geneidy et al., 2014). 

1.3.2.4. Passenger Load 

Bunker (2015) investigates the relationship between the passenger loading factor and trip travel 

time. He found that there is a strong relationship between passenger load factor and average travel 

time across the entire span of service. In other words, passengers make longer commutes with 

significantly less comfortable conditions towards peak direction than in the off-peak direction. 

This correlation further implies that higher passenger load factors are associated with longer 

commutes and hence reduced transit LOSs (Bunker, 2015). Shen et al., (2016) propose a bus 

comfort model using survey data to evaluate passenger comfort level which takes both passenger 

load and in-vehicle time into account (Shen et al., 2016). It has been found that, the passenger 

loading factor can be related to perceived in-vehicle time rather than the real in-vehicle time 

(Wardman, 2004). 

1.3.2.5. Reliability 

Reliability is the ability for a transit user to have confidence in the expected service performance 

of the transit system. This is one of the most important measures that forms an attitude towards a 

transit service and affects the perceived LOS of passengers. This is evident from the findings of 

Golob et al., (1972) which support the fact that passengers perceive ‘arriving when planned’ as 

one of the most important service attributes of a transit system (Golob et al., 1972). TCQSM 

presents ‘on time performance’ (percent of schedule deviations that fall within a defined range), 

‘headway adherence’ (coefficient of variation of headways) and ‘excess wait time’ (average of the 

non-negative schedule deviations) as the three main measures of transit reliability (TCRP Project 

A-15C, 2013). It is further reported that on-time performance needs to be measured at locations 

that make sense. As an example, if it is measured at a terminal point where normally almost all the 

passengers have alighted (gotten off) before, it makes no improvement to the passenger perception 
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of QOS. Next-to-last timepoints and timed-transfer centers are recognized as the most efficient 

locations to measure on time performance due to their potential impacts on perceived QOS. ‘On-

time performance’ was found to be the most widely utilized measure on reliability across the North 

American transit industry (Benn, 1995). Not having a widely accepted standard to identify the 

limits (acceptable threshold on deviations from schedule) of being ‘on-time’ is recognized as one 

of the negative aspects of this measure. It was found that in the mid-1990s, about 42% of the transit 

agencies considered vehicle arrivals that are more than 5 minutes late as ‘on-time’ (Benn, 1995) 

whereas it was found that in the Canadian context in 2000, 11 out of 17 agencies only considered 

vehicles as ‘on-time’ if they are no more than 3 to 4 minutes late (Canadian Urban Transit 

Association, 2001). In such a situation, TCQSM defines being ‘on-time’ as arriving 1 min early to 

5 min late as the recommended value.  

For frequent transit services where the headway is approximately 10 minutes or less (maximum 

average wait time at a stop is half the headway), passenger arrival at a stop is normally assumed 

to follows a random distribution whereas the average headway is greater than or equal to 15 

minutes, passengers tend to time their arrival at the stop based on the information available on the 

schedule. Passengers tend to arrive at their station a few minutes earlier to account for the not-

perfectly reliable service in case they miss their bus due to early departure and to account for 

possible slight uncertainties of accessing the stop. Depending on this situation, TCRP Report 113 

(2006) defines four measures of wait time as Excess wait time, Excess platform wait time, Potential 

waiting time and Budgeted waiting time (Furth et al., 2006). The lower the reliability of the transit 

service, the higher the values of the above-mentioned measures and hence the lower the perceived 

transit LOS. 

1.3.2.6. In-vehicle Travel Time 

It is obvious that travel time is one of the major factors affecting transit QOS where most often, 

the reason behind using a personal vehicle is for saving travel time. An average person will 

compare the transit travel time with that of using their next possible alternative which usually is 

their private vehicle. Therefore, one of the most successful measures to account for this factor is 

the ratio between transit and auto (private vehicle) travel times that is in-vehicle transit travel time 

divided by the in-vehicle auto travel time (TCRP Project A-15C, 2013). Lower transit travel time 

will obviously induce an increase in transit ridership while a lower auto travel time will not always 



 

10 
 

decrease the transit ridership as there are other benefits of using public transit as compared to 

private vehicles such as lower costs, less stress in traffic congestions, ability to utilize the transit 

travel time to undergo other activities (e.g. reading, phone calls,  personal works etc.) which will 

outperform the potential travel time saving from private vehicles up to a certain extent depending 

on the circumstances. TCQSM provides passenger and operator perspectives for several levels of 

transit-auto travel time ratios. 

1.3.2.7. Information Availability and Intelligent Transportation Systems (ITS) 

Information Availability (IA) is another major factor found to have a significant impact on 

passengers’ perception of the service quality (NRG Research Group, 2017). This has been made 

possible due to the technological advances in the field of ITS. ITS applies advanced data 

communication technologies to integrate users, vehicles and infrastructure which has made better 

management of transit operations and effective dissemination of information possible. Real Time 

Traveler Information Systems (RTTIS) is one of such outcomes that has become popular among 

both transit users and operators for its benefits over costs (Hatcher et al., 2017). Real time IA has 

impacts on several other major attributes of transit quality. RTTIS for example has reduced the 

passenger waiting time specially in low frequency routes and perceived value of wait time (Lu et 

al., 2018; Watkins et al., 2011). The perceived wait time has been reduced as a result of reducing 

passengers’ anxiety in waiting for the bus through bus arrival information provision at bus stops 

(Fries et al., 2011). A survey found that without any changes to actual on time arrival performance 

of buses, 64% of the passengers has perceived that on time performance (reliability of the service) 

has improved, after the implementation of a bus arrival information system in London (Transit 

Cooperative Research Program, 2003). Apart from RTTIS, ITS has many other forms that have 

significant impacts on other attributes of transit quality. Automatic vehicle location systems have 

been proven to improve reliability (Camus et al., 2005). Transit signal priority (TSP) and other 

transit priority measures (e.g., dedicated bus lanes and queue jumping) reducing transit travel times 

and bus delays significantly (Hatcher et al., 2017) are only a few of the impacts of ITS on transit 

quality. 

1.3.2.8.  Other Factors 

TCRP Report 88 (2003) presents several other factors important for passengers in assessing 

comfort and convenience of transit service which are not as easy to assess as the factors discussed 
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so far. They are identified as Passenger Safety and Security, Customer Service, Compliment and 

Complaint Tracking (Kittelson & Associates et al., 2003). The most recent development in the 

area of LOS can be recognized as the formulation of a composite LOS index – known as the 

multimodal LOS – that can be derived separately for each mode of transport operating on the same 

street section (not grade separated) developed by the TCRP Report 47 (Morpace International Inc 

& Cambridge Systematics Inc, 1999). This measure provides an opportunity to compare relative 

service quality experienced by users of every mode operating on the same street. The interesting 

aspect of this method is that it incorporates several components of a transit trip (Walking to the 

stop, Waiting for transit at station and on-board satisfaction in terms of crowding level and speed) 

into one single letter of LOS. It uses data on transit operation, transit amenity, and pedestrian 

environment to calculate a transit wait-ride score and pedestrian environment score to calculate 

the Transit LOS score that has been divided to six ranges, each denoting a letter from A through 

F. This measure does not represent the LOS of the transit service but the transit LOS of a certain 

road section that takes all the transit services operating in that road section into account. 

1.3.3. Efforts towards an Overall LOS Measure 

To the best of our knowledge, there are no studies that provide a single LOS measure assessing a 

transit line or a system that takes the concerns of both operator and users into account nor such 

measures in practice. The reasons behind such attempts being missing from literature are the many 

challenges such a measure would pose. Some of them can be described as: (1) there are different 

interested parties such as transit agency, passengers, community; (2) there is no specified, widely 

accepted framework to assess LOS; (3) there are several governing attributes both qualitative and 

quantitative; (4) some attributes are competing – e.g., Access time and Travel time; and (5) 

passenger concerns influencing LOS depend on the spatial and temporal ridership market. In fact, 

Higgins and Ryan (1983) claim that it is “extremely difficult” to formulate a single measure that 

incorporates most of the important attributes of a LOS framework owing to the competing nature 

(trade-offs between attributes) of attributes. However, there exist a few studies that have taken this 

risk and been able to address the above challenges in part, but not without their limitations. Table 

1 provides a summary of such studies with an emphasis on their limitations and the framework 

used.  
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Botzow in 1974 proposes six different levels for each of the transit characteristics that he identified 

as important (e.g., adjusted speed, delay, space, acceleration, temperature etc.), and a point scale 

of his own that assigns different amounts of points for achieving each LOS in each characteristic. 

Different amounts of points are assigned for the same service level (for example LOS ‘B’) of 

different attributes depending on the perceived relative importance of the considered attributes by 

the author. The points for these characteristics are then summed up to come up with the total 

amount of points. Then he introduces the ranges of total amount of points for six service levels (A 

through F) that represent the LOS of that transit system. This methodology can be used to compare 

different modes of transit or the variations in the same transit mode. The levels of service suggested 

in this methodology are solely based on the judgement of the author and there is no user perception 

involved. 

Table 1 - Research on formulating an overall LOS 

Name Study Constituent Attributes Limitations 

Level of 
Transit 
Service 
(LOTS) - A 
point scale 
and letter 
grades 

Botzow, 
1974 

7 Variables (Adjusted 
Speed, Delay, Space for 
passengers, 
Temperature, 
Ventilation, Noise) 

Solely depends on expert/author 
opinion, Subjective, Not the passenger 
perception, weights given to attributes 
and the ranges of points assigned for 
each letter grade (A through F) were 
determined by author 

Standard 
Rating for 
Transit - A 
point scale 

Aronstein, 
1976 

14 variables both 
Quantitative and 
Qualitative (Velocity, 
Travel time, Wait time, 
Cost, Safety etc.) 

Depends on expert opinion and CS 
Surveys (SP). Only a point scale - No 
impression on whether the quality is 
good or bad, can be used only to 
compare transit lines. Data intensive. 
Need to be done before and after each 
improvement 



 

13 
 

Service 
Quality 
Index (SQI) 

Hensher, 
2003 

13 Variables 
(Reliability, Travel time, 
Bus fare, frequency, 
having a seat, 
cleanliness, info. Etc.) 

Solely depends on SP CS Surveys. 
The weighting factors and points for 
each attribute derived from the 
extensive survey itself. Data intensive. 
Calculated for segments of a route. 
Need to be done before and after each 
improvement 

Transit 
Service 
Indicator 
(TSI) 

Liping Fu, 
2007 

Service frequency, 
Service span, access, 
travel time, demand 

The measure is the ratio of perceived 
total travel time by auto and transit. 
This indicator highly depends on the 
characteristics of the region 
(Congestion, road conditions, traffic 
prioritizing techniques etc.) Can be 
used to compare. No levels or quality 
implication. Needs to be done before 
and after each improvement 

 

Aronstein (1976) proposes a standard rating (i.e., benchmark rating) for a particular transportation 

system that incorporates traveler experience-based rating for attributes of a transit service and 

assigning a weighting factor depending on the importance of such factors for a given journey. For 

quantitative attributes of service, lowest and highest possible values have been identified 

depending on common sense or previous work. The range of service values between lower and 

upper bounds are then scaled from 0 to 10 where not all the scales are linear. For qualitative 

attributes, the percentage of riders satisfied with a particular attribute will represent the rating of 

that particular attribute where 25% of the riders in the sample are satisfied, the rating will be 2.5 

out of 10. A total of 14 attributes have been introduced and 3 weighting factors are assigned to 3 

clusters of attributes that are identified according to the author’s opinion. The author has then 

introduced values for each of the attributes of a nominal transit system. The final calculated value 

is used to compare the quality of other transit systems/lines depending on its total score. The 

weighting factors assigned, however, have no logical basis and the ratings given for a nominal 

transport system solely reflect the judgment of the author and hence are subjective. Therefore, this 

methodology, while it shows progress in formulating a single indicator to represent service quality, 

fails to represent an unbiased overall passenger perception as some of the attributes (quantitative) 

are still dependent on expert opinion.  
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One of the main drawbacks of these measures, as described in Table 1, is requiring customer 

satisfaction surveys to be conducted as an integral part of the assessment. Conducting passenger 

surveys is significantly time and money intensive. One of the objectives of having an LOS measure 

is to assess the impacts of interventions (e.g., operation changes, investments, extensions etc.) in 

service improvements, LOS assessments need to be carried out before and after each intervention 

to assess the efficiency of such and number of improvements made. Doing pre and post surveys to 

assist this method can sometimes demand more money than the interventions themselves, 

especially in a context where labor costs are comparatively high. Using expert opinion about 

passenger perception on service attributes to counter this issue results in a difference of assessed 

and experienced service quality depending on the characteristics of the ridership market.  

The most recent development in the area of LOS can be recognized as the formulation of a 

composite LOS index that can be derived separately for each mode of transport operating on the 

same street (not grade separated), for a particular section of the street, developed by the TCRP 

Report 47  (Morpace International Inc & Cambridge Systematics Inc, 1999) and incorporated in 

the third edition of the TCQSM (the full version is presented in the Highway Capacity Manual). 

This measure provides an opportunity to compare relative service quality experienced by users of 

every mode operating on a street segment. The uniqueness of this method is that it incorporates all 

the components of a transit trip (walking to the stop, waiting for transit at station and on-board 

travel time) into one single letter of LOS which also depends on the characteristics of other 

transport modes/facilities in the road segment.  

1.4. Measuring QOS based on perspectives 

1.4.1. Importance of both the perspectives of passengers and operators in a measure 

The role of transit provider being to maximize QOS improvement under limited funds, it is 

necessary to identify where the transit QOS is lowest or where there can be the maximum possible 

QOS improvement for a unit of investment. For this purpose, it is necessary to be able to measure 

the QOS of public transit. QOS from a passenger perspective can be defined as ‘to what extent 

does the transit service meet my expectations?’. The same can be described from the operator 

perspective as ‘to what extent does the service meet passenger expectations?”. To be able to 

quantify, the expectations should be measurable and achievable. Having a method to quantify QOS 

helps the service provider identify potential increments in QOS for a unit of investment. It is 
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therefore possible to decide on the ways that funds should be utilized to achieve a maximum return 

on investment. An important point to be noted from a service provider’s point of view is the 

operator cost. It is also a component of the generalized total cost that needs to be minimized, as 

the operator is also funded by the community, which is a cost for the community. A significantly 

high operator cost can lower generalized passenger costs significantly and hence make the 

perceived passenger QOS higher which is not in turn sustainable from a community perspective. 

The third edition of the TCQSM points out that “transit operators must strike a balance between 

the quality of service that passengers would ideally like and the quality of service that a transit 

agency (a) can afford to provide or (b) would reasonably provide, given the demand for transit 

service” (TCRP, 2013). Yet, the TCQSM or any other transit guidelines have not suggested at least 

a conceptual approach, let alone a comprehensive methodology, through which these concerns can 

be addressed. Therefore, in an attempt to suggest such an approach, this study looks at the operator 

cost as similar to the user cost where the summation of both these costs (user and operator) needs 

to be minimized. This will help QOS to be assessed effectively in an overall sense.  

1.4.2. Evolution of Transit Level of Service (TLOS) measures  

From the 1950s the LOS concept has been widely utilized in the context of highway planning and 

design. As early as 1965, the level of service for highways had been defined in terms of the effect 

of several factors including speed, traffic interruptions, safety, comfort, freedom to maneuver, 

travel time, convenience and cost (Spring, 2000). Yet, until the end of 1970s, there have not been 

standardized measures for evaluating public transport services (Taylor & Brogan, 1978). The 

Level of Service methodologies for transit have first been developed to help answer transit 

efficiency questions posed by transit authorities (Taylor & Brogan, 1978).  

As public transportation changed from a private, profit oriented operation to a public service, 

profitability alone was no longer a viable measure for the evaluation of such a service and as a 

result, the LOS concepts were developed with due attention to the non-monetary values for the 

community that has caused the inclusion of measures on service receiver (Taylor & Brogan, 1978). 

Earliest reported work attributed to a TLOS concept has been performed by the US National 

Committee on Urban Transportation which recommends standards for routing, loading, frequency 

of service or headway, stop frequency, speed and regularity of service (National Committee on 

Urban Transportation, 1958).  
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Due to the fact that measuring QOS is of utmost importance for service providers, different transit 

authorities have developed their own measures over time (Higgins & Ryan, 1983; Taylor & 

Brogan, 1978). In the absence of a commonly accepted standard defining QOS in transit, TCRP 

of the TRB, in their first edition of the TCQSM in 1999, specified six designated levels of the QOS 

denoted by letters “A” (Best) to “F” (Worst) as it is easier to refer QOS with several levels rather 

than a continuous scale.  

1.4.3. Passenger Perspective 

As better QOS is possible with a higher passenger demand, passenger perception is important for 

the service provider. Incorporating passenger perception into a measure assessing QOS can 

improve transit ridership and QOS in return. There is a large body of research pointing out the 

importance of user perception in the assessment of transit LOS (Das & Pandit, 2015; Eboli et al., 

2014; Noor et al., 2014; Tyrinopoulos & Antoniou, 2008). Irrespective of the fact that many studies 

stress the importance of passenger perception in evaluating transit LOS, almost all the LOS 

measures currently in practice, use expert opinion (Highway Research Board, 1950; TCRP Project 

A-15C, 2013). Universal application of measures developed based on expert opinion can be 

different from what passengers actually perceive. Overall passenger perspective of the service of 

a particular transit line or a system is subject to the characteristics of the ridership market of that 

transit line/system such as average income, age distribution, trip characteristics, demand profile, 

etc. For example, the same headway of two bus routes along two ridership markets with different 

average incomes and trip purposes will pose different levels of QOS as riders in these two routes 

tend to perceive the value of their wait times differently. 

What is most important in assessing TLOS based on passenger perspective is the identification of 

the set of service attributes that most influence the perceived TLOS. As transit ridership is the 

major concern of the transit agencies and government as higher transit ridership would imply 

higher QOS and hence higher urban living standards, it is critical for the agencies to find out the 

factors that can induce an increase in ridership. This helps transit authorities prioritize their future 

funding on improvement of such factors. Assessing the service attributes affecting transit user 

satisfaction therefore becomes of greater importance for transit agencies. A comprehensive set of 

potential service attributes (48 attributes) that a transit agency can utilize to identify the factors 

that are important for their potential market is presented in the Transport Corporative Research 
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Program (TCRP) Report 47 (Morpace International Inc & Cambridge Systematics Inc, 1999) along 

with a detailed description on how to perform a customer satisfaction survey. There are many other 

researchers who also contributed towards the literature on public transit quality of service 

parameters (Andaleeb et al., 2007; dell’Olio et al., 2010, 2011; Eboli & Mazzulla, 2007; Hensher 

et al., 2010; Mamun et al., 2013).  

There are several studies that develop LOS measures for individual attributes of transit service 

using passenger perception acquired through stated preference or revealed preference surveys 

(dell’Olio et al., 2011; Prioni & Hensher, 2001). Some studies have also developed overall QOS 

measures using passenger survey data that output a continuous measure (Fu, 2007; Hensher et al., 

2003). These measures are data and time intensive and hence expensive. Also, they need customer 

satisfaction surveys to be done pre- and post-intervention to estimate the improvements or change 

in TLOS. Therefore, they are not viable to be estimated frequently for maintenance and quality 

adherence requirements.  

1.4.4. Operator Perspective 

Earliest reported work on TLOS measures was purely based on operator perspective and consisted 

of direct quantitative measures like loading, frequency of service, stop frequency, speed etc. and 

were used mainly to help transit agencies with management. Although, later, owing to the 

significant number of studies pointing out the importance of the passenger perspective towards 

TLOS, most of the studies that have been carried out are based on passenger perception (service 

receiver’s point of view). Due to this reason, there are fewer studies carried out to assess the transit 

LOS that incorporate both the concerns of service receiver and provider. There have been attempts 

to incorporate the operator’s point of view as well into the quality-of-service measures so that the 

assessed level of service will imply the concerns of the operator (budgetary and facility constraints) 

as well. Significant research attention has been paid to the perspective of the operator within the 

LOS framework recently as the rising budget deficit between the higher operating costs of a higher 

LOS and low farebox revenue where transit agencies are pushed to seek subsidies from the 

government (Ibarra-Rojas et al., 2014; Sheth et al., 2007). This is evident from the fact that third 

edition of the TCQSM has included the operator perspective in each and every quality of service 

measure presented for assessing fixed route transit (TCRP Project A-15C, 2013).  
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Irrespective of the demands in academia through literature for TLOS measures to include 

passenger perspectives, the majority of industry practices utilize expert opinion on how passengers 

perceive a given service parameter rather than a way to include real passenger perspective. The 

newest (3rd) edition of the TCQSM bears witness for this claim (TCRP Project A-15C, 2013). 

Therefore, the quality of a transit service assessed on such grounds can most of the time be biased 

towards the operator who would like to reduce costs as much as possible. Operator bias in the 

assessment will provide the operator with the ability to trade operator costs to passenger costs at a 

higher value leaving passengers undervalued. As a result, passenger perception of the service 

rendered will not be accurately represented by the TLOS obtained. Therefore, a balanced view that 

combines both the perspectives of passengers and operator will provide a fair representation of the 

quality of the service provided.  

1.5. A unified measure of TLOS  

1.5.1. The abstract idea of TLOS 

As discussed in the ‘Introduction’, what passengers perceive as TLOS is an overall experience of 

the total service package provided by a particular transit line or a system. This is also what 

operators are concerned about, i.e., sustaining and improving ridership, with respect to the amount 

of funds invested. For the ease of analysis, this abstract idea needs to be estimated as accurately as 

possible. For this purpose, a framework for QOS is required. The greater the number of constituent 

attributes used in the framework, the more accurate or closer the answer would be to the actual 

average abstract idea of passengers. As indicated in section 1.4.2 of this chapter - “Evolution of 

TLOS measures”, one study had identified about 48 potential attributes that can be considered as 

constituents in such a framework. However, studying such a large number of attributes to assist in 

assessing TLOS is not practical. The best approach would be to identify the few, most significant 

constituent attributes to be used in the framework that can yet provide an accurate enough estimate 

about the average passenger perception with least effort (using least number of attributes). There 

have been individual attempts (Garrido & Ortuzar, 1994) and industrial attempts (TCRP Project 

A-15C, 2013) to find the most significant constituent attributes. TCQSM suggests a framework 

for assessing TLOS for the north American context that includes availability and quality aspects 

of transit as constituent attributes. Here, TCQSM specifies different ranges of service quality for 
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each of six attributes of the framework separately but does not specify a unified measure that 

represent TLOS of a transit system or a transit route (TCRP Project A-15C, 1999).  

1.5.2. A Framework for Transit LOS 

In the earliest research, a LOS framework was mainly utilized as a tool to decide on transit agency 

funding where not much emphasis was given to community requirements and benefits; and 

therefore, the measures used to assess LOS were mainly performance measures assessing the 

operation (Higgins and Ryan 1983). As public transport was accepted more as a welfare service 

and community concerns got the better of financial aims of transit agencies, more emphasis on 

user perspective was given in the LOS framework utilized by transit authorities and this is evident 

from the fact that LOS framework of TCQSM 1st edition and 2nd edition are mainly developed on 

user perception. There is a significant amount of research pointing out the importance of 

incorporating user perception in the assessment of transit LOS (Das & Pandit, 2015; Eboli et al., 

2014; Noor et al., 2014; Tyrinopoulos & Antoniou, 2008). However, significant research attention 

has also been paid to the concerns of the operator within the LOS framework recently due to the 

rising budget deficit between the higher operating costs of a higher LOS and low fare box revenue 

where transit agencies are pushed to seek subsidies from the government (Ibarra-Rojas et al., 2014; 

Sheth et al., 2007). This is evident from the fact that the third edition of the TCQSM has included 

the operator perspective in each and every quality of service measure presented for assessing fixed 

route transit (TCRP Project A-15C, 2013).  

Florida Department of Transport developed a Transit LOS indicator (TLOS) which is a composite 

measure that partially represents the transit LOS using a single value. TLOS indicator only 

represents the availability area of QOS framework suggested in the TCQSM, yet it accounts for 

all the measures included under availability and more. Accordingly, TLOS indicator provides a 

single measure of transit availability that constitutes service frequency, service coverage, hours of 

service, population and job densities (Ryus et al., 2000). 

With transit ridership being the major concern of the transit agencies and government, a higher 

transit ridership would imply higher QOS and hence higher urban living standards, it is critical for 

agencies to identify the factors that can induce an increase in ridership. This helps transit 

authorities prioritize their future funding on improvement of such factors. An improved customer 

satisfaction, which can be achieved through an improved service quality in the eyes of users can 
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induce a rise in ridership (Eboli & Mazzulla, 2007). Assessing the service attributes affecting 

transit user satisfaction therefore becomes of greater importance for transit agencies. A 

comprehensive set of potential service attributes (48 attributes) that a transit agency can utilize to 

identify the factors that are important for their captive market is presented in the TCRP Report 47 

(Morpace International Inc & Cambridge Systematics Inc, 1999) along with a detailed description 

on how to perform a customer satisfaction survey. Garrido & Ortuzar (1994) used the Delphi 

method to methodologically identify 12 factors affecting public transport QOS in the context of a 

developing city (Garrido and Ortuzar 1994). There are many other researchers who also 

contributed towards literature on public transit QOS parameters. In a study carried out in South 

Africa, Roebuck showed that the mean journey speed, ratio of flow to capacity and load factor are 

some of the parameters that indicate the transit LOS (Roebuck, 1979). Through a revealed 

preference survey of commuters in the city of Accra, Birago et al., (2017) identified that factors 

such as over-crowding of buses, non-adherence to time schedule, risk of seats being unavailable, 

unavailability of buses at trip origin and destination areas, long waiting times and long in-vehicle 

times have negatively affected the transit LOS.  

The TCRP of the Transport Research Board has conducted a significant amount of the pioneering 

research work that integrated other independent research findings as well in establishing a widely 

accepted QOS framework for transit and has published in first, second and third editions of 

TCQSM. Going through their QOS framework and service measures suggested provides a broader 

yet comprehensive insight of potential factors affecting Transit LOS. Table 2 shows the transit 

QOS framework together with the core service attributes. 

Table 2 - Fixed Route Transit QOS framework of TCQSM 3rd Edition 

Availability Comfort and Convenience 

Frequency Passenger Load 

Access Reliability 

Service Span Travel Time 

Source – TCQSM 3rd edition (2013) 

QOS measures presented in this framework are categorized under two areas namely “Availability” 

and “Comfort and Convenience” as each area affects the mode choice behavior of potential users 
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at two stages. Looking for transit ‘availability’ is a day-to-day quick decision that people take to 

decide on using transit or not whereas ‘comfort and convenience’ is an experience people get 

gradually by using the transit service over time. From a different perspective, the measures falling 

into the availability category like service frequency, service span and transit access are tangible 

performance measures that can be measured directly using mostly the transit operational data 

whereas measures under comfort and convenience like passenger loading, reliability and travel 

time can be identified as intangible measures that cannot be directly measured and need to undergo 

data collection and analysis. One thing to note here is that the service span can only be categorized 

as a measure of transit availability but not the quality of transit availability while the other two 

measures – headway and access – change the passenger perception of transit depending on the 

amount of service provided. Service span only helps them decide whether or not to take transit and 

does not improve or reduce the quality. 

1.6. Challenges and Issues 

To the best of our knowledge, there are no studies that output a single LOS measure assessing the 

overall QOS of a transit line or a system that takes both the concerns of operator and user into 

account. Attempts like that have been rare due to the many challenges such a measure poses. Some 

of them can be described as: (1) there are different interested parties like transit agency, passengers, 

community; (2) there is no specified, widely accepted framework to assess LOS; (3) there are 

several governing attributes both qualitative and quantitative; (4) some attributes are competing – 

e.g., Access time and Travel time; (5) passenger concerns influencing LOS depend on the spatial 

and temporal ridership market. In fact, Higgins & Ryan (1983) claim that it is “extremely difficult” 

to formulate a single measure that incorporates most of the important attributes of a LOS 

framework owing to the competing nature (trade-offs) of attributes.  

As an example, one would like to walk less to the nearest bus stop – or reduce the spacing of the 

bus stops – and reduce the total travel time at the same time. But both these requirements have 

tradeoffs with one another. To reduce walk distance or the access time of the commuters, the 

operator needs to establish bus stops closer on a bus route which will increase the number of bus 

stops. This will increase the total travel time of the route as now the bus has to stop at a higher 

number of bus stops to board and alight passengers (load and unload passengers) although under 

the same operating speed. There are no studies addressing such issues in coming up with an overall 
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LOS measure. Instead, the normal practice has been to utilize separate TLOS gradings for 

individual constituent attributes of the framework (TCRP Project A-15C, 1999).  

Having individual LOS gradings for different service attributes of a transit service, however, 

compromises the requirement of having a LOS measure which is to assess the overall quality of 

the service. Such methods were mostly the results of transit agency efforts as it is easier to maintain 

and assess the service quality in individual service aspects and help administrative decisions 

(Taylor & Brogan, 1978). On the other hand, selective focus on individual attributes of a service 

can result in incomplete evaluation conclusions where it is possible that better alternatives could 

be overlooked (Hodge & Orell, 1995). Accordingly, the traditional transit LOS measures on 

service frequency, route density, access distance etc., stress universal outcomes, without regard to 

the actual service requirements – e.g., a given level of headway, say 10 to 15 minutes, can be a 

preferable headway for a suburban bus route, but the same level of headway will not be preferable 

for an urban bus route, especially in the peak period. 

1.7. Contributions and Novelty  

Although there is a significant amount of work carried out in the field of LOS of urban bus transit, 

to the best of our knowledge, there are no studies proposing a method to assess the overall LOS of 

a transit route, with due attention to both passenger and operator concerns. This study, for the first 

time, formulates a LOS measure to assess the overall LOS of an urban bus route which is the most 

important contribution. Furthermore, unique LOS measures are derived for each or combinations 

of attributes of the LOS framework which includes both passenger and operator concerns. 

Accordingly, the study develops LOS measures for the attribute reliability, for the combination of 

attributes headway and crowding, and for the combination of attributes, travel time and access 

time. The study then combines these three LOS measures into one measure that represents the 

overall LOS of the route.  

The LOS criteria developed for an individual or a combination of attributes of the service will 

provide transit agencies and the public with more useful and efficient insights depending on the 

unique passenger market of a transit service. Current methods usually provide universal measures 

in assessing these attributes which may not be representative of the unique passenger market of 

that transit service. 
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2. Chapter 2: Proposed Approach 

2.1. Introduction 

This study utilizes a similar QOS framework to that presented in TCQSM (described in Chapter 

1) to develop individual QOS measures and combine them. Accordingly, the proposed LOS 

framework that will be considered in this study is shown in the Figure 1. 

 

Figure 1 - Proposed LOS framework 

One of the attributes considered in the TCQSM framework is the ‘service span’. As also described 

in Chapter 1: Background, improving service span is not going to affect the passenger perception 

of transit service quality. For instance, Calgary Transit customer satisfaction survey done in 2016 

reveals that although the service span has become a significant factor for the non-transit users, it 

has not been considered a significant factor affecting transit users – not among the ten most 

important factors affecting the transit quality as identified by the passengers (NRG Research 

Group, 2017). Therefore, service span is not a factor significantly affecting the people taking the 

transit. If the proposed approach concerns the people who are currently not taking the transit but 

possible to take transit in future, service span could have been a significant factor and hence 

required to be included in the framework. Given this background, the attribute ‘service span’ has 
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been excluded from the QOS framework considered in this study while all the other attributes in 

the TCQSM framework have been considered. It is important to note that this study does not intend 

to dive into the problem of determining the appropriate framework but to use one that is available 

in the literature with minor adjustments.  

Owing to the dependence of some of the attributes in the framework – travel time competes with 

access distance while headway affects the crowding – some of the attributes have been combined 

to a single LOS measure. Accordingly, the headway and crowding attributes are represented 

through the Headway and Crowding LOS, while access and travel time attributes are represented 

through Access and Travel Time LOS. Only reliability is represented by a single measure.  The 

combined LOS measure together with sub-LOS measures will be developed in a way that they can 

be used for any urban bus route where key operational parameters are known or can be derived 

using available data, and where the value of time (VoT) distribution of passengers (including mean 

and standard deviation) is available. The approach for deriving the combined LOS measure for the 

overall LOS of a bus route is illustrated in Figure 2.  

 

Figure 2 - Composition of the overall LOS measure 
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2.1.1. Optimal operation of transit routes and square root policy 

The concept of optimum service rates was first propounded in a study attempting to price public 

utilities based on marginalized cost pricing (Vickrey, 1955). However, the pioneering work in the 

field of optimal transport services was carried out by G. F. Newell and Herbert Mohring (Mohring, 

1972; Newell, 1971) with the introduction of the “square root dispatching policy” that states the 

optimal rate at which buses are dispatched is proportional to the square root of the demand rate. 

Although there exists no evidence to date on transit agencies adapting to such strategies, transit 

manuals can be found elaborating the benefits of the use of such methods (Watson et al., 2002). 

However, there exists a significant number of studies based on the pioneering work of Newell on 

square root dispatching policy (Wirasinghe, 1990) where Newell’s dispatching policy has been 

applied to various types of problems ranging from, models of bus service (Clarens & Hurdle, 1975) 

to design of airport limousine services (Banks et al., 1982). The main objective of these attempts 

was to optimize the total cost of operation (user cost plus operator cost) to find out the optimum 

operational parameters. Such outcomes are derived using analytical models of related costs that 

provide valuable insights and functional relationships between variables. S. C. Wirasinghe has 

expanded on Newell’s work on the square root rule through several studies (G. Liu & Wirasinghe, 

1991; Wirasinghe, 1990; Wirasinghe & Liu, 1995b). 

Models of optimal transit operation can be used to estimate perceived user costs using several 

parameters of the service (Watson et al., 2002). Perceived user cost is the multiplication of the 

time spent by a passenger in a certain part of the trip, and the value that a passenger would assign 

– perceived value – for a unit of that time spent. In an optimal operational behavior, a transit agency 

economizes on the cost of a user’s time until it does not cost the operator more than what the user’s 

time is worth (Watson et al., 2002).  

Despite this recommendation, transit agencies most of the time do not operate under optimal 

conditions. It is possible to obtain service parameters required to model an optimal operation with 

respect to a service attribute of interest. For example, the service parameters required to model bus 

frequency (i.e., a service attribute) according to the square root dispatching rule (i.e., optimal 

behavior) developed by Newell (Watson et al., 2002; Wirasinghe, 1990) are: existing frequency 

(headway), bus dispatch cost (available with operator), demand, and average value of wait time of 

passengers. Through these parameters, using an assumed optimal operational behavior, one can 

estimate the average value that operator assumes (or what the operation indirectly assumes) for the 
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value of the wait time of passengers. This can also be described as the value that the operator is 

willing to trade off per unit time of a passenger to operate the service. As the difference between 

this value and the values those passengers would associate themselves with, implies a perceptional 

difference on the quality of the service experienced, this poses an opportunity to identify the quality 

of the service provided depending on the characteristics of the ridership market. This approach is 

used in the proposed methodology to derive the LOS measures on individual or a combination of 

attributes.  

Likewise, a user’s VoT with respect to each aspect or a combination of aspects can be derived 

using already existing models (e.g., square root rule) or models that this study will develop of 

optimal operational behavior. These time values will be compared to the available mean VoT 

distributions of passengers to derive LOS of corresponding attributes. The higher the derived 

(implied) value of time, the higher the LOS. Where only the mean and standard deviation is 

available instead of the type of distribution – mostly the case when time value data are obtained 

through a demand model – a normal distribution is assumed. Therefore, in the approach proposed, 

the VoT of the passengers plays an important role. 

2.1.2. Role of the value of time (VoT)  

The extent to which one’s needs and wants are satisfied implies the quality of life (Flanagan, 1982). 

One of the obstacles in achieving those needs and wants is the time taken through transportation. 

The ability to meet more needs and wants in a shorter period of time contributes towards a higher 

quality of time. A transportation system with a higher QOS will help the community achieve a 

higher amount of ‘needs and wants’ at the cost of less time. Due to this importance of time in 

transportation, the amount of time incurred in transportation has been studied widely in attempts 

to improve the QOS. It could be found that the time spent at different components of a trip had 

different perceived values and hence different costs. Therefore, the time spent on a trip has 

basically been studied in two aspects. 

One aspect is to convert the time spent at each component of a trip – access, wait, ride and transfer 

– to an equivalent perceived ride time i.e., in-vehicle time (Pratt & Evans, 2004; Wardman, 2004). 

The other aspect is to convert the value of a unit time spent at each component of a trip to a single 

equivalent value of a unit time mostly as a percentage of income or wage rate (Concas & Kolpakov, 

2009; Watson et al., 2002). Further research in this subject denotes that non-time quality attributes 
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of a trip also influence the perceived time and hence the perceived total time or perceived total 

cost of a trip. Such findings were evident in studies where load factor of a bus is related to the 

perceived in-vehicle time, and bus stop amenities – shelter, lighting, type of seats – are related to 

equivalent in-vehicle time (Balcombe et al., 2004). Both approaches, however, lead to the same 

outcome to quantify the perceived equivalent total cost of the trip which is, in other words, to 

obtain a generalized total cost.  

Wardman presented a detailed review of the value of wait time studies (Wardman, 2004). Initially, 

the studies were only concerned with the value of in-vehicle time for private transport modes. In 

addition, studies have been conducted on wait and walking times compared to in vehicle times of 

private modes where it was found that walking and waiting times are worth 2.5 times more on 

average than in vehicle times (Quarmby D. A., 1967). However, on average, wait time has been 

valued 2 to 2.5 times more than the in-vehicle time and it is valued more than any time component 

of a transit trip (Mohring et al., 1987; Wardman, 2004). Popular methods of finding out the values 

of time are revealed preference (RP) and stated preference (SP) surveys, which were found to have 

effects on the results derived (Wardman, 2004). 

2.1.3. Normally distributed VoT 

Time values of passengers (value of wait time, value of access time, value of ride time etc.) are 

dependent on many factors like income, age, trip purpose, weather, thus they can be considered 

random (Ben-Akiva et al., 1993) and better represented through a VoT distribution (Mohring et 

al., 1987). In a general population, it is possible to assume that VoT of passengers is normally 

distributed with a unique mean (µ) and a variance (𝜎ଶ) (J. H. Banks, 1991; Rahman, Wirasinghe, 

et al., 2018). VoT is a perception that involves a psychological evaluation that varies by chance. 

From the early beginning of the field of psychology, such a variable is assumed to follow a normal 

distribution according to the ‘Quetelet’s Normal Law of Error’ (Boring, 1961). However, when 

the ridership population deviates from being apparently homogeneous, researchers have also 

assumed VoT be log-normally distributed (Mohring et al., 1987; Yang et al., 2001).  

As also discussed in section 3.2.3 of the Chapter 3, the most widely available statistics for transit 

agencies from the willingness to pay studies and stated preference surveys are the mean and 

standard deviation of the probability distribution of passenger VoT. The shape of the distribution 

is mostly not available. In such circumstances, the shape of the distribution that carries the 



 

28 
 

maximum information entropy (therefore minimizes the risk of errors in the prediction) is the 

normal distribution (Jordaan, 2005). Therefore, this study utilizes a normally distributed VoT of 

passengers with a mean ‘𝜇’ and a standard deviation ‘𝜎’ to relate to the LOS. Therefore, depending 

on where the implied VoT falls in the distribution with respect to the mean and the standard 

deviation, the LOS can be determined. Simply comparing this derived value with the mean value 

of the distribution alone is not able to provide useful insights as the spread of the population also 

plays a significant role. Therefore, a methodology that involves the mean and a measure of the 

spread of data will provide a better relative assessment.  

2.2. Standard deviation to distinguish the levels of QOS 

The applicability of the ‘Normal Law of Error’ for psychological variables such as perceived VoT 

has facilitated the conversion of ordinal scales in psychological testing into equal intervals using 

standard deviation (Boring, 1961). Müller & Gosling (1991), Correia & Wirasinghe (2013) and 

Ndoh & Ashford (1993) utilize this approach to convert the results of passenger satisfaction survey 

data on an ordinal scale to an equal interval continuous scale. In Chapter 3 – Headway LOS, an 

approach is developed to measure the QOS of the attribute of the headway of a bus route using the 

implied mean Value of Wait Time (VoWT) and the mean VoWT distribution of the passenger 

population. Here, the VoWT distribution acts as the continuous scale and is divided into equal 

intervals to denote the LOS using categories. Accordingly, the standard deviation (SD) of the VoT 

distribution becomes a viable candidate for dividing the distribution into equal intervals those 

denote the LOS categories. There are several reasons supporting this decision.  

Inequality in transport has been identified as one of the key elements of the broader issue of 

economic inequality, that contributes to social exclusion and wellbeing and ultimately to the 

economic development. Banister (2018) further points out that the normal practice of comparing 

the performance only with the mean value to meet transport justice leaving out the SD - spread of 

the data, has enforced inequality. The response to this issue most of the time has been to provide 

a minimum required service (Banister, 2018). A solution for this issue can be reached using SD 

along with the mean value in assessing transit quality, to reduce transit inequality.  

The suggested approach, being based on the VoT distribution of the passengers, takes into account 

the income inequality of the passenger population. The suggested approach also considers the 

heterogeneity of the passengers – standard deviation of the VoT parameter accommodates the 
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unobservable preference heterogeneity of the population (Hossain et al., 2015). One example is 

the age difference – middle aged people have higher incomes leading to higher VoTs while young 

and older aged have low incomes leading to having lower VoTs. If the levels of service cover the 

whole VoT distribution, the LOS spectrum represents the whole population where lowest and 

highest income earners have been accounted for. Two potential approaches, as shown in Figure 3 

and Figure 4, are considered. In both the approaches, the majority of the distribution population – 

the peak – is divided using the SD. The two tails, however, have been extended beyond the width 

of a SD to include the entire population. This will only add 0.13% and 0.63% to both the LOS 

grades at the two tails of the distribution in Figure 3 and Figure 4, respectively, compared to the 

LOS grade with a width of one SD. Therefore, both approaches represent the entire population. 

We use a spectrum of letter grades starting from “A” – best –to “F” worst, where a range of one 

SD of values of time represents one LOS grade.  

 

Figure 3 - Value of time distribution with six levels 
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Figure 4 - Value of time distribution with five levels 

𝛾 = 𝑀𝑒𝑎𝑛 𝑉𝑎𝑙𝑢𝑒 𝑜𝑓 𝑇𝑖𝑚𝑒 𝑜𝑓 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠  

𝜇 = 𝑀𝑒𝑎𝑛 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛  

𝜎 = 𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛  

For the approach suggested in Figure 3 and Figure 4, the LOS can be represented by obtaining the 

standardized value – also known as the Z score - of the implied VoT. Comparing this value with 

the standardized values of the category boundaries, the corresponding LOS can be obtained. Here, 

the Z scores for the lower boundary of the lowest quality category – LOS E, and the upper 

boundary of the highest quality category – LOS A, cannot be calculated as they are minus infinity 

and positive infinity respectively.  

Given the implied VoT is 𝛾ᇱ, the corresponding Z-score value can be calculated as, 

 
𝑍(𝛾ᇱ) =

𝛾ᇱ − 𝜇

𝜎
 

1 

Accordingly, depending on the derived Z-score value the corresponding LOS grade can be 

assigned as shown below. 
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  −∞ < 𝑍(𝛾ᇱ) ≤ −1.5 → 𝐿𝑂𝑆 𝐸 

−1.5 < 𝑍(𝛾ᇱ) ≤ −0.5 → 𝐿𝑂𝑆 𝐷 

−0.5 < 𝑍(𝛾ᇱ) ≤ 0.5    → 𝐿𝑂𝑆 𝐶 

   0.5 < 𝑍(𝛾ᇱ) ≤ 1.5    → 𝐿𝑂𝑆 𝐵 

   1.5 < 𝑍(𝛾ᇱ) ≤ ∞      → 𝐿𝑂𝑆 𝐴 

For a normally distributed random variable, the SD (𝜎) can be expressed as follows. 

 
𝜎 = ൤න(𝛾 − 𝜇)ଶ𝑓(𝛾)𝑑𝛾൨

ଵ/ଶ

 
2 

 

 𝑓(𝛾) = probability density function of the VoTs  

According to Equation (2), the deviation of each value (VoT of each passenger) from the mean 

VoT – the distance from each value (𝛾) to the mean – has a direct effect on the SD i.e., a squared 

effect on the variance. Therefore, SD is more sensitive to the values further away from the mean 

as squaring the difference provides more weight. In contrast, the difference between each value 

and the mean has a direct effect on the mean absolute deviation (MAD) as MAD treats all 

deviations equally. MAD can be denoted by ∫|𝛾 − 𝜇|𝑓(𝛾)𝑑𝛾.Accordingly, the further the points 

from the mean, the higher the weightage given to those values in the calculation of SD. MAD on 

the other hand does not provide a special consideration to the data positioned further apart from 

the mean. Each LOS grade – each SD representing each LOS grade – represents a unique portion 

of the population in terms of their values of time. If MAD is utilized to distinguish LOS grades, 

the portion of the population represented by a particular LOS grade is not unique in terms of their 

VoTs.  When the range of the distribution changes - increases or decreases, the portion of the 

population represented by a LOS grade as measured by MAD changes, compared to the case with 

SD. This is evident from the fact that the percentage population covered by each SD on the sides 

of the mean is always a constant while the percentage covered by a MAD, changes when the 

distribution changes – when the range changes as an example.  

The passengers in the lower most percentiles are the ones who are significantly affected by the 

service quality depreciation as they are mostly the captive riders. Therefore, it is important that 
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those representing the tails of the distribution are given due recognition in a measure assessing the 

quality of the service. Utilizing this method guarantees that the same LOS is represented by each 

LOS grade irrespective of the VoT distribution of the population - some cities have more adult 

percentages leading to a higher mean VoT, some cities have a higher mean income – cities in 

developed countries, while some have a lower mean income – cities in less developed and 

emerging economy countries. Utilizing a LOS measure that takes into account the difference in 

the income inequality of the population of a city/community ensures a sense of transport justice 

and better represents the collective passenger perception on service quality. For example, the same 

range of a given operational parameter – 10 to 20 minutes range of headway – will not represent 

the same LOS grade in two unique passenger populations like routes, cities– this aspect is 

discussed in the Headway LOS chapter in detail.  

2.3. Entropy maximizing arrangement of the levels of service 

Requirement of a letter grade system to represent the LOS of a transit system is more of an 

administrative requirement than a scientific one. For this reason, determining a preferable 

arrangement of levels or grades of service lacks a sound theoretical base therefore depriving 

anyone of building a proper argument, making it difficult to prefer one LOS grade arrangement 

over another. Both the approaches suggested in Figure 3 and Figure 4 satisfy the intended 

requirements to a great extent. Yet, one can argue one approach is better or biased than the other. 

Choosing the better arrangement of the LOS grades as denoted by the VoT intervals measured by 

the SD is challenging. The approach with six grades has a slight superficial advantage as it closely 

resembles the approach utilized in the Highway Capacity Manual (HCM) in representing the LOS 

of the road traffic condition (National Research Council (U.S.), 2010). This helps transport 

professionals to easily refer to the letter grade system.  However, the HCM does not provide any 

proof that the six-grade system is the best one. This section intends to propose a method that 

provides at least some logical sense to select a LOS grade arrangement.  

Each LOS grade in each approach accounts for a certain amount of probability. This leads each 

arrangement to a discrete probability distribution where each LOS grade has a probability. This 

can be further explained using Figure 5 and Figure 6 below.  
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Figure 5 - Discrete probability distribution of the five LOS grades approach 

 

 

Figure 6 - Discrete probability distribution of the six LOS grades approach 

Now we have two discrete probability distributions equivalent to the two approaches suggested. 

As mentioned earlier in section 1.3 of this chapter, the distribution that maximizes the information 

entropy, given the information; mean and SD of the distribution, is the normal distribution 

((Jordaan, 2005) – p.294). This is the distribution that minimizes the risk of prediction by 

maximizing the entropy. The concept of information entropy, however, is described as “a jewel 

with many facets” by Jordaan (2005) for its usefulness in many aspects (Sun et al., 2007). Wilson 

(1970) further describes these uses in detail with examples. While SD is a subjective measure of 
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uncertainty – a measure that depends on the numerical values of the VoT distribution, entropy is 

an absolute measure – does not depend on the numerical VoTs. This is also evident from the fact 

that the calculation of the entropy – Equation (3) – does not involve the real values of the variable 

but only the probabilities. For example, in a bi-modal distribution, while changing the distance 

between two peaks affects the SD, it does not affect the entropy. 

Shannon’s information entropy has gained further recognition recently, especially in the field of 

finance, for its explanatory power over the SD-related measures as a risk measure (Bentes & 

Menezes, 2012; Ormos & Zibriczky, 2014). Entropy can be used to determine the distribution with 

the least bias toward the information given about the distribution – mean and SD. The distribution 

with the maximum entropy, makes it the least presumptive distribution that can be used for 

inference (Jaynes, 1957). The higher the entropy of the discrete probabilities, the less the bias 

towards given information. Kapur (1993) also mentions that given partial information about a 

random variable, the distribution with the maximum uncertainty should be used to represent the 

random variable. Therefore, we calculate the entropy of both the discrete probability distributions 

to determine the least biased arrangement of LOS grades. This is the approach as taken in 

determining the least presumptive distribution given the information mean and SD.  

The entropy of a discrete distribution can be denoted by 𝐻(𝑥), where x is the discrete variable 

where in our case, the variables are the LOS grades.  

 
𝐻(𝑥) = − ෍ 𝑃(𝑥௜)ln(𝑃(𝑥௜))

௡

௜ୀଵ

 
3 

where 𝑥௜ are the variables and n is the number of variables – see Jordaan, (2005). 

Approach with six LOS grades 

 
𝐻(𝑥) = − ෍ 𝑃(𝑥௜) ln൫𝑃(𝑥௜)൯

ி

௜ୀ஺

 
4 

where 𝑃௑(𝛾) is the probability density function of 𝛾 – the VoT.   
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For the LOS grade F, 

 
𝑃(𝑥ி) =  න 𝑃௑(𝛾)𝑑𝛾

ఓିଶఙ

ିஶ

 
5 

where 𝜇 and 𝜎 are the mean and SD of the VoT distribution. Using the cumulative probability 

function for a normally distributed random variable, we can rewrite the Equation (5) with limits as 

follows. 

 
න 𝑃௑(𝛾)𝑑𝛾

ఓିଶఙ

ିஶ

=  
1

2
൤1 + erf ൬

𝛾 − 𝜇

√2𝜎
൰൨

ିஶ

ఓିଶఙ

 
6 

Where the erf ( . ) represents the error function given as, 

 
erf(z) =

2

√𝜋
න 𝑒ି௧మ

𝑑𝑡
௭

଴

 
7 

 Therefore, 

𝑃(𝑥ி) =
1

2
൤erf ൬

−2

√2
൰ − erf (−∞)൨ = 0.02275 

and thus 

−𝑃(𝑥ி)ln൫𝑃(𝑥ி)൯ = −0.02275 × ln(0.02275) = 0.0861 

In the same way,  

𝑃(𝑥ா) =  න 𝑃௑(𝛾)𝑑𝛾
ఓିఙ

ఓିଶఙ

 

𝑃(𝑥ா) =
1

2
൤1 + erf ൬

𝛾 − 𝜇

√2𝜎
൰൨

ఓିଶఙ

ఓିఙ

=
1

2
൤erf ൬

−1

√2
൰ − erf ൬

−2

√2
൰൨ 

𝑃(𝑥ா) = 0.1359 

−𝑃(𝑥ா)ln൫𝑃(𝑥ா)൯ = −0.1359 × ln(0.1359) = 0.2712 

Accordingly, 

−𝑃(𝑥஽)ln൫𝑃(𝑥஽)൯ = 0.3413  

−𝑃(𝑥஼)ln൫𝑃(𝑥஼)൯ = 0.3413  
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−𝑃(𝑥஻)ln൫𝑃(𝑥஻)൯ = 0.2712  

−𝑃(𝑥஺)ln൫𝑃(𝑥஺)൯ = 0.0861  

Therefore, the entropy for the approach with six LOS grades is, 

𝐻(𝑥) = − ෍ 𝑃(𝑥௜)ln(𝑃(𝑥௜))

ி

௜ୀ஺

 

𝐻(𝑥) = 1.3972 

Approach with five LOS grades 

 
𝐻(𝑥) = − ෍ 𝑃(𝑥௜) ln൫𝑃(𝑥௜)൯

ா

௜ୀ஺

 
8 

 For the LOS grade F, 

 
𝑃(𝑥ா) =  න 𝑃௑(𝛾)𝑑𝛾

ఓି
ଷఙ
ଶ

ିஶ

 
9 

 Therefore, 

𝑃(𝑥ா) =
1

2
൤erf ൬

−3

2√2
൰ − erf (−∞)൨ = 0.06681 

−𝑃(𝑥ா)ln൫𝑃(𝑥ா)൯ = −0.06681 × ln(0.06681) = 0.1808 

Accordingly, 

−𝑃(𝑥஽)ln൫𝑃(𝑥஽)൯ = 0.3432  

−𝑃(𝑥஼)ln൫𝑃(𝑥஼)൯ = 0.3676  

−𝑃(𝑥஻)ln൫𝑃(𝑥஻)൯ = 0.3432  

−𝑃(𝑥஺)ln൫𝑃(𝑥஺)൯ = 0.1808  

Therefore, the entropy for the approach with five LOS grades – from Equation (8) – is,  

𝐻(𝑥) = 1.4156 
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Information entropy of the approach with five LOS grades is higher by 7% than that of six LOS 

grades. This means the approach with five LOS grades is less biased toward given information – 

statistics of the population of riders in the bus route.  

Therefore, it can be recommended to adopt the approach with the five LOS grades – Figure 5 – for 

its lower bias in denoting the LOS.  

It can be one of the goals for transit agencies to provide and maintain the LOS C as more than half 

the population might find it exceeding expectations. Having a LOS, A would mean that the 

provided service quality is higher than that of expected by 93.32% of the population. That is the 

operator is making the transit service preferable even to the topmost 6.69%. That is, the provided 

quality is much higher than the average expected quality. These passengers are mostly the choice 

or affluent riders and most of the time have other modes to take a trip. This would mean an over-

utilization of the resources where the marginal return is at a minimum. The LOS E represents the 

opposite of this story. That is, the provided (or has been planned to provide) transit service is 

preferable to only the lowermost 6.69%. This portion of the population is mostly the set of people 

who are adversely affected by negative impacts of the service as they often have no other means 

of mobility than transit.  

Combining the derived LOS for different attributes of the service and formulating a single LOS 

measure that represents the overall LOS of a bus route becomes challenging as different 

components are competing with each other. For example, higher LOS in access time can result in 

a lower LOS in trip speed as low stop spacing to improve access also increases the trip time as a 

higher number of stops delay the trip and vice versa. The outline of the overall process is shown 

in the Figure 7. Therefore, a mechanism will be proposed to combine the LOS of different aspects 

and come up with a unique LOS for the bus route. 
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Figure 7 - A general framework of the proposed approach for the combined LOS measure 

for a bus route 

 

 

Formulation of a QOS Framework 

Using existing or newly developed (extended using available ones) 
analytical models for one or a combination of attributes 

in the framework 

Deriving related equivalent implied time values 

LOS measures for individual or a combination of attributes of the framework 

Combining the developed LOS measures to come up 

with a Unified LOS measure 

Assuming an optimal operational behavior 

for each or a combination of aspects of 

operation using existing parameters 

Comparing with available time value 

distributions for passengers in the route 
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2.4. Contributions and Novelty  

Although there is a significant amount of work carried out in the field of LOS of urban bus transit, 

to the best of our knowledge, there are no studies proposing a method to assess the overall LOS of 

a transit route, with due attention to both passenger and operator concerns. This study, for the first 

time, formulates a LOS criterion to assess the overall LOS of an urban bus route which is its most 

important contribution. Furthermore, unique LOS criterions are derived for each or combinations 

of attributes of the LOS framework which includes both passenger and operator concerns. 

The LOS criteria developed for an individual, or a combination of attributes of the service will 

provide transit agencies and the public with more useful and efficient insights depending on the 

unique passenger population of a transit service. Current methods usually provide universal 

measures in assessing these attributes which may not be representative of the unique passenger 

population of that transit service. 
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3. Chapter 3 - Headway Level of Service of an Urban Bus Route 

3.1. Introduction 

Due to the fact that measuring QOS is of utmost importance for a service provider, different transit 

agencies have developed their own measures over time. In the absence of a commonly accepted 

standard defining QOS in transit, the TCRP of the TRB developed the first edition of the TCQSM 

(TCRP Project A-15C, 2003b) in 1999 which specifies six designated levels of the QOS denoted 

by letters “A” (Best) through “F” (Worst). This addressed the convenience and availability aspects 

of transit stops, systems and route segments. In this widely accepted transit LOS framework 

suggested by the TCQSM, transit availability measures have shown a significant importance in 

both the perspectives of passengers and operators. 

The three main measures for assessing transit availability in time and space are the service 

frequency, service span (the time period of a day that the service is available), and access. Attention 

in this chapter is mainly pointed towards the service frequency - the inverse of headway. Increasing 

headway of a service results in increasing average wait time for passengers making the service less 

preferable. Reducing wait times requires headway to be reduced and hence service frequency to 

be higher. This results in higher operational costs as more buses need to be dispatched per unit 

time and in some cases requiring a larger fleet size. It is assumed that a bus route operates under 

the condition where the tradeoff between the operations cost and average passenger wait time cost 

is minimized - optimum operation. A new methodology is presented in this chapter to relate LOS 

with service headway with and without the constraints of bus capacity using the distribution of the 

mean value of wait times (given in $/hr./passenger) of passengers. For this study, we assume the 

optimal operation with respect to the headway attribute (optimum service frequency), which is 

also well known as the ‘square root dispatching policy’ by G.F. Newell, (1971), as given. 

Nevertheless, the square root headway model is still derived in this chapter to support the rest of 

the work. 

3.2. Background 

3.2.1. Headway as a LOS Measure 

As wait time has been found to be an important parameter in assessing the quality of service from 

a passenger perspective (dell’Olio et al., 2011; Turnquist, 1978), many studies have been 

conducted on obtaining a tradeoff between passenger wait time cost and operating cost through 
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achieving an optimal frequency/headway (J. H. Banks, 1990; Jansson, 1980; G. Liu & Wirasinghe, 

1991; Newell, 1971; Wirasinghe, 1990). Hensher relates bus frequency (reciprocal of headway) to 

a QOS measure called Service Quality Index (SQI) (Hensher, 2014; Hensher et al., 2003; Prioni 

& Hensher, 2001). His studies only describe the behavior of SQI depending on different values of 

bus frequency using passenger stated preference surveys.  

TCQSM specifies six designated levels for QOS within a framework concerning availability and 

comfortability aspects of transit. Accordingly, TCQSM specifies six headway ranges for different 

levels of QOS (TCRP Project A-15C, 2003b) as shown in the Figure 8, for example – only two 

ranges are shown. 

 

Figure 8 - Headway ranges as specified by TCQSM (Source - TCQSM 3rd edition 2013) 

3.2.2. User Costs through Square Root Policy 

The concept of optimum service rates was first propounded in a study attempting to price public 

utilities based on marginal cost pricing (Vickrey, 1955). However, the pioneering work in the field 

of optimum transport service operations was carried out by G. F. Newell and Herbert Mohring 

(Mohring, 1972; Newell, 1971) with the introduction of the concept of the “square root dispatching 

policy”. Although evidence is scarce on transit agencies adopting or not adopting such strategies, 
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transit manuals can be found elaborating on the benefits of the use of such methods (Watson et al., 

2002). Additionally, there exists a significant number of studies based on the pioneering work of 

Newell on square root dispatching policy (Wirasinghe, 1990) where Newell’s dispatching policy 

has been applied to various types of problems ranging from, models of bus service to design of 

airport limousine services (J. Banks et al., 1982; Clarens & Hurdle, 1975; Pathak et al., 2020; 

Tirachini et al., 2010). Many authors have expanded on Newell’s work on the square root rule 

(Ansari et al., 2017; Hawkins et al., 2020; Klumpenhouwer & Wirasinghe, 2016; G. Liu & 

Wirasinghe, 1991; Wirasinghe, 1990). The main objective of these attempts was to optimize the 

total cost of operation - user cost plus operator cost - to obtain the optimum operational parameters. 

Such outcomes are derived using closed form analytical models of related costs that provide 

valuable insights and functional relationships between variables. (Ansari et al., 2017; Hawkins et 

al., 2020; Klumpenhouwer & Wirasinghe, 2016; G. Liu & Wirasinghe, 1991; Wirasinghe, 1990). 

The main objective of these attempts was to optimize the total cost of operation - user cost plus 

operator cost - to obtain the optimum operational parameters. Such outcomes are derived using 

closed form analytical models of related costs that provide valuable insights and functional 

relationships between variables.  

Models of optimal transit operation can be used to estimate ‘perceived’ user costs using several 

parameters of the service (Watson et al., 2002). Perceived user cost is the multiplication of the 

time spent by passengers with respect to a certain attribute of service and the value that a passenger 

would assign – perceived value – for a unit of that time spent. In the case of Headway LOS 

(HLOS), it is the average wait time of passengers, multiplied by the mean value of wait time per 

passenger. In an optimal operation, a transit agency seeks to minimize the cost of a user’s time up 

to an amount that the operator assumes as the average value of time of passengers (Watson et al., 

2002). In other words, the mean value of a unit of time of passengers derived from a model on an 

optimal operation can be depicted as the value that the operator is willing to trade off for a unit of 

time of an average passenger (Wirasinghe, 1990). Although transit agencies usually do not operate 

under optimal conditions, it is however possible to obtain service parameters – average demand, 

cost per bus dispatch, average headway – required to model an equivalent optimal operation with 

respect to the service attribute Headway. This way, it is possible to obtain the representative value 

of a unit of wait time that the operator would trade-off – the mean VoWT that an equivalent optimal 

operation will have – on behalf of passengers. The difference between the derived value and the 
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values those passengers would associate themselves with implies a perceptional difference in the 

quality of the service experienced. This perceptional difference poses an opportunity to identify 

the quality of service provided depending on the characteristics of the ridership market. This 

approach is used in the proposed methodology to derive the HLOS measure and is described in 

detail in the following section. 

3.2.3. Value of Wait Time (VoWT) Distribution 

Every trip made by transit has a wait time component greater than or equal to zero incurred either 

at the beginning, at a transfer point or at the end of the trip depending on the trip purpose. The 

higher the amount of this unwilling component, the higher the disutility to make the trip. As this 

component directly affects the choice behavior of potential transit riders, it can be identified as a 

main element of the LOS provided by the transit service to its riders. Due to this reason, the wait 

time in transit has been studied widely to identify its effects on service characteristics such as 

frequency and reliability and hence on LOS (Ansari Esfeh et al., 2022; J. H. Banks, 1991; Hawkins 

et al., 2020; Shires & de Jong, 2009; Turnquist, 1978; Wardman et al., 2016). 

What really affects the choice behavior of potential transit riders is the ‘value’ (cost) of total wait 

time rather than the ‘amount’ of wait time. Value of total wait time is a function of both the amount 

of wait time and the value of a unit of wait time. Therefore, wait time in transit has been explored 

in two major ways which are the amount of wait times and value of a unit of wait time as perceived 

by passengers. As referenced in the section 3.2.2 of this chapter, several researchers starting from 

Newell (1971) have attempted to find the effects of wait time on service attributes such as 

frequency/headway of service and reliability and to find the optimal frequency/headway that 

minimizes the total combined cost – user cost plus operator cost – in a route/network assuming 

different base conditions such as variable demand, fixed demand, different passenger arrival 

distributions to stops etc. Deviating from the traditional trend, (Ansari Esfeh et al., 2022) proposed 

wait time as different portions of headway depending on the proportions of transit user types and 

types of service (Ansari Esfeh et al., 2022). The value of a unit of wait time has also been widely 

studied as there were differences regarding the value of wait time as perceived by the passengers 

not being the same as perceived by the operators (Jansson, 1980).  

Wardman presented a detailed review of the VoWT studies that has been conducted (Wardman, 

2004). Initially, the studies have only concerned the value of in vehicle time for private transport 
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modes. In addition, studies have been conducted on wait and walking times compared to in vehicle 

times of private modes where it was found that walking and waiting times are worth 2.5 times, on 

an average, more than in-vehicle times (Quarmby D. A., 1967). However, on average, wait time 

has been valued 2 to 2.5 times the in-vehicle time and it is valued more than any other time 

component of a transit trip (Mohring et al., 1987; Wardman, 2004).  Methods of determining the 

values of time are RP and SP surveys, which were found to have effects on the results (Wardman, 

2004). 

The VoWT of a passenger varies depending on several factors such as income, age, and trip 

purpose. VoWT is more a personal taste unique to an individual that depends on many factors. 

Mohring et al., (1987) further pointed out that the value assigned for a unit of wait time in transit 

has a close relationship with income of the passengers and hence the average value of wait time 

differs at peak and off-peak times as there are less wage earners at off peak hours (Mohring et al., 

1987). Mohring has done pioneering work deriving distributions for the values of wait time for 

transit riders under different conditions and for peak and off peak. A number of studies assume the 

value of time of passengers to be either normally distributed (Banks 1991; M. M. Rahman, 

Wirasinghe, and Kattan 2018) or log-normally distributed (Leurent, 1994; Mohring et al., 1987; 

Yang et al., 2001).  

Determining the distribution of the mean VoWT of passengers can be difficult. Yet, it is possible 

to obtain key statistics of the distribution through widely conducted studies such as willingness to 

pay and stated preference surveys. For example, see (Hossain et al., 2015; Richardson, 2002). Most 

available key statistics from such studies are the mean and standard deviation. The maximum 

entropy distribution – minimizing the estimation bias – that one can estimate depending on these 

data (fixed data points) is the normal distribution (Jordaan, 2005). Therefore, for this study, we 

will assume the VoWT distribution of the passengers to be normally distributed. 

3.2.4. Bus Capacity and Operating Cost 

For operations under capacity, the size (capacity) of the bus can have an influence on the 

headway/frequency and hence on wait time. For this reason, it is required to identify what type of 

relationship exists between bus capacity (size) and operating costs to minimize tradeoffs between 

wait times and operating costs. A comprehensive analysis of bus operating costs is presented by  
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Jansson, (1980). He showed that 80% of the bus company costs are operating costs and stated the 

relationship between the bus capacity and operating cost is linear, and in the form of; 

 OC = 𝑘 + 𝛼𝐶 10 

where OC represents the operation cost of a bus per unit time, C denotes the capacity (passenger 

carrying capacity) of the bus and 𝑘 𝑎𝑛𝑑 𝛼 are constants. When the round-trip time including 

layover time of a particular bus route is given by ‘T’, the cost for a single dispatch of a bus in that 

route is given by; 

 𝜆஽ = T(𝑘 + 𝛼𝐶) 11 

 where  𝜆஽ represents the cost per bus dispatch. 

3.3. Approach 

Transit trips are produced by the transit agency contributing vehicles, labor, resources and 

passengers contributing their time and transit fare. Just as the operation of public transit has a cost, 

passengers also associate a cost for their time spent making a trip which depends on their value of 

time for each component of the trip – time spent making a part of the trip multiplied by the mean 

value of a unit of time of a passenger for that part of the trip. E.g., Accessing transit, riding, waiting, 

and transferring have different values for a unit of time spent in each of these activities. The 

conditions – operational characteristics such as the values of frequency, passenger demand, speed, 

stop distance, etc. – under which the demand for transit trips is met, can be used to approximately 

estimate the costs incurred by users and operators in a given operation. Optimum operations that 

minimize the tradeoffs between total user cost and operator cost also minimize the total combined 

cost of operator and users. The transit fare cancels out here as it is a cost to passengers and a 

revenue for the operator so that the total cost is unaffected. Therefore, the return on investment of 

public funds – i.e., the operator costs and user costs – is highest when the total cost is the lowest. 

Therefore, a significant amount of transit literature is based on optimized operations. Despite the 

academic interests of optimized operations, it is not clear that the transit industry has incorporated 

such concepts into their practice. However, we are using an equivalent optimum operation for the 

same operational parameters of an existing service to estimate the implied value of wait time of 

passengers to relate it to the HLOS. With this intention we first explore analytical aspects of an 

optimized bus route under different, close to real, base conditions that will be used later in denoting 

the HLOS of a bus route.  
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3.3.1. Case I – A bus route with a demand that is constant with time 

Consider a bus route with a many-to-many demand of P passengers per hour for the whole route 

where buses are never filled – i.e., demand is less than the capacity of the route.  

Let the passenger demand to board a bus (number of passengers that needs to get into the bus) at 

the stop 𝑖 at time 𝑡 given in passengers per hour be 𝑃௜(𝑡). If the time taken from the origin to station 

𝑖 is given by 𝑡௜, the total passenger demand to board the entire route can be denoted as a demand 

at the origin. Let the total passenger demand to board – (hereafter referred to as the “demand”) the 

bus route at time 𝑡 be given by  

 
𝑃(𝑡) = ෍ 𝑃௜(𝑡 + 𝑡௜)

௡

௜ୀ଴

 
12 

where n is the number of stops in the transit line.  

When the demand at the bus stops is fixed over time, Equation (12) becomes, 

 
𝑃 = ෍ 𝑃௜

௡

௜ୀ଴

 
13 

The frequency of the bus route is known, passenger arrivals at the bus stops are random. We 

assume that the bus route has a fixed headway over the period considered. The headway of the bus 

route is denoted by 𝐻 hours, cost of dispatching a bus in this route by 𝜆஽ dollars per dispatch, and 

the mean value of wait time of passengers in the route by 𝛾௪ dollars per hour per passenger.  

We assume the bus route operation is frequency based, and not schedule based. In frequency-based 

bus routes – normally bus routes with a shorter headway than ten minutes – the passengers are not 

checking the schedule – sometimes the schedule is not even published (Ansari Esfeh et al., 2022). 

Therefore, the passenger arrivals to the bus stop are random. The average wait time for a passenger 

depends also on the type of passenger – whether they are planning or non-planning/having a fixed 

arrival time or flexible arrival time. As described by Ansari et. al (2022), calculating the average 

wait time with due attention to these factors yields a better approximation and is data intensive. To 

keep the methodology simple, the type of passenger has not been considered leading to the 

assumption that all the passengers on the bus route are non-planning and hence flexible on their 

arrival time. The methodology presented can however be extended to include the passenger type 
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and type of service – whether frequency based, or schedule based – using the suggested 

modifications as described in the Appendix A.  

Average wait time of a passenger = 𝐻/2 

When the passenger arrivals to the stop are random, the maximum wait time a passenger can 

experience is 𝐻, and the minimum wait time a passenger can experience is zero. Therefore, the 

average wait time is half the headway.  

Average hourly wait time cost for the passengers on the route; 

= (Avg wait time per passenger) × (Value of passenger wait time) × (Passenger demand) 

= ቀ
ு

ଶ
ቁ 𝛾௪P 

Hourly operating cost of the route; 

(Cost per bus dispatch) × (number of bus dispatches per hour) = 𝜆஽൫1
𝐻ൗ ൯  

= 𝜆஽
𝐻ൗ  

Therefore, the total cost, 𝑍 – passenger cost plus operating cost 

 
𝑍 = ൬

𝐻

2
൰ 𝛾௪𝑃 +  

𝜆஽
𝐻ൗ  

14 

 The minimum total cost operations in terms of headway take place when 
డ௓

డு
= 0 ; 

Therefore, the optimum headway that minimizes total cost is given by 𝐻′ as follows by taking the 

derivative of Z by H (𝜆஽ , 𝑃, 𝛾௪ 𝑎𝑠𝑠𝑢𝑚𝑒𝑑 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡)   

 
𝐻ᇱ = ඨ

2𝜆஽

𝑃𝛾௪
 

15 

 The second derivative of the Equation (14) can be shown as; 

 𝜕ଶ𝑍

𝜕𝐻ଶ
=

2𝜆஽

𝐻ଷ
 

16 
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As 𝜆஽ 𝑎𝑛𝑑 𝐻 are positive values, the second derivative in Equation 16 is positive. Therefore, the 

total cost function is strictly convex and the value of headway at the global minimum gives the 

optimum headway. 

For an existing operation of a bus route, it is possible to observe the value of headway, and obtain 

the value of 𝜆஽ and 𝑃 from the transit agency. Using these values, it is possible to derive the 

implied VoWT of passengers for an equivalent optimal operation from the Equation (15) as 

follows.  

 
𝛾௪ =  

2𝜆஽

𝑃𝐻′ଶ
 

17 

Implied VoWT is not necessarily the actual mean value of wait time of passengers. It can be 

interpreted to be used as an indicator of the quality of service provided (Wirasinghe, 1990), and 

this can be measured based on the properties (e.g.- mean VoWT distribution of riders) of the 

ridership population. It is not essentially the QOS experienced by the passengers nor the QOS 

provided as perceived by the operator. It is a measure of the combined QOS in comparison to an 

optimized bus operation with the same parameters, i.e., demand, cost of dispatching, and headway. 

The higher the implied VoWT than the mean of the VoWT distribution of passengers, the higher 

the QOS and hence the LOS provided.   

3.3.2. Case II – A bus route with a demand varying with time 

Consider an urban bus route where the buses are never full – demand of the route is always lower 

than the capacity of the route and varies with time - 𝑃(𝑡). The demand, as derived in Equation 

(12), is used here. Therefore, the optimum headway, which is a function of demand, also becomes 

a function of time – varies with time. However, it is common for transit agencies to use a constant 

headway during a low demand period where line capacity is not reached (normally in off-peak 

operations). Therefore, we assume a constant headway for the round-trip time ‘T’. The total cost 

of the bus route – given round trip time ‘T’ – can then be expressed as; 

 
න 𝑍(𝑡)

 

்

𝑑𝑡 = න
1

2

 

்

𝛾௪𝐻𝑃(𝑡)𝑑𝑡 + න
𝜆஽

𝐻

 

்

𝑑𝑡 
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Equation 18 can be further simplified as follows. 

                                                                    =
1

2
𝛾௪𝐻 න 𝑃(𝑡)𝑑𝑡

 

்

+
𝜆஽

𝐻
𝑇           
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                                                                    =
1

2
𝛾௪𝐻𝑃ത𝑇 +

𝜆஽

𝐻
𝑇        

Taking the derivative in terms of 𝐻 to obtain the optimum headway, 

                                                         
ଵ

்

డ

డு
=

ଵ

ଶ
𝛾௪𝑃ത −

ఒವ

ுమ
= 0            

                  𝐻∗(𝑂𝑝𝑡𝑖𝑚𝑢𝑚 𝐻𝑒𝑎𝑑𝑤𝑎𝑦) =  ൤
2𝜆஽

𝛾௪𝑃ത
൨

ଵ
ଶ

    

 

 
 𝛾ᇱ

௪
(𝑖𝑚𝑝𝑙𝑖𝑒𝑑 𝑉𝑜𝑊𝑇) = ൤

2𝜆஽

𝑃ത𝐻∗ଶ
൨ 
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where 𝑃ത is the mean passenger demand during the period T.  

Appendix A derives the implied VoWT for two routes with equal headways and time varying 

demands and discusses the extension to multiple routes. The derivation of the implied VoWT to 

denote the HLOS for the case of stochastic passenger demand is discussed in the Appendix A. 

 

3.3.3. Effects of demand, cost of dispatch, and VoWT on HLOS of a bus route 

(1)  Demand 

Consider a bus route operating with P1 and P2 average demands given in passengers per hour for 

the line (P1>P2) for the time periods T1 and T2 respectively (T1 and T2 are larger than round trip 

time) and the bus route does not reach the demand capacity during any of these time periods.  Note 

that here the dispatch cost (𝜆஽) of the bus route is the same for both peak and off-peak operations 

and the operator utilizes the same headway for both the time periods T1 and T2. Therefore, 

according to Equation (19), the implied VoWT for the operation during the time period T1 – having 

a demand of P1 – is smaller than for the operation during the time period T2 – having a demand of 

P2. That means, in a particular bus route, if the operator decides to keep the headway the same 

artificially for time periods with different demands where the demand varies during off-peak yet 

not reaching the line capacity, the implied VoWT and hence the Headway LOS varies with 

demand. The higher the demand, the lower the 𝛾ᇱ
௪

 and hence Headway LOS. A passenger will 
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not notice any difference in the Headway LOS that is experienced. Therefore, the Headway LOS 

measured by the implied VoWT here is not entirely about the passenger perception.  

In an overall operational sense, increasing the demand will increase the contribution (cost) of 

passengers – ∫
ଵ

ଶ

 

்
𝛾௪𝐻𝑃(𝑡)𝑑𝑡. If the bus route is keeping the same operational parameters, 

irrespective of the increased demand, the contribution of the operator - ∫
ఒವ

ு

 

்
𝑑𝑡 stays the same as 

headway and dispatch costs are constant. Generalizing this unequal state of contributions to 

assume an optimum condition where user cost is made equal to operator cost, underestimates the 

contribution from passengers - underestimate the average VoWT while demand increases as the 

time component of the trip does not change – in a way that total passenger cost is made equal to 

the operator cost. Therefore, the implied HLOS can be categorized as low from an overall 

passenger perspective because now when the demand is higher the operator undervalues the VoWT 

of passengers in an equivalent optimized operation. This measure can therefore be identified as a 

way of measuring HLOS in an overall perspective where both passenger and operator concerns 

are taken into account.  

(2) Cost of dispatch 

Impact of the dispatch cost on the implied VoWT and hence on the Headway LOS can be described 

in a similar manner to the impact of demand as described above. Assume in a certain bus route, 

the operator decides to utilize a larger bus size with a higher capacity while all the other parameters 

stay the same (i.e.: Demand, Mean VoWT and Headway). As it is obvious that with larger buses 

now the fuel costs and discounted capital costs are higher, the corresponding dispatch cost becomes 

high. Therefore, the hourly operating cost in the bus route - ∫
ఒವ

ு

 

்
𝑑𝑡 is now higher than it was 

before. To assume an optimum operation, the equivalent total passenger cost - ∫
ଵ

ଶ

 

்
𝛾௪𝐻𝑃(𝑡)𝑑𝑡 

now must be high and equal to that of hourly operating cost – two terms in the right side of 

Equation (18) should be equal. As demand is the same, the only way it can be done is to assume a 

higher average VoWT for passengers. The operator functioning with the same headway with a 

larger bus size hence a higher hourly operating cost means that the implied VoWT of passengers 

in an equivalent optimum operation is now higher. The same change can be explained using 

Equation (17) as well. This is also an operational change that a single passenger alone will not 

experience about the service being offered in terms of headway. 
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(3) Headway; 

As opposed to the previous two parameters, Headway has a squared effect on implied VoWT 

(Equation (17)) and hence on Headway LOS. In a bus route where all the parameters except 

headway stay the same, increasing headway will increase the total passenger contribution (cost) - 

∫
ଵ

ଶ

 

்
𝛾௪𝐻𝑃(𝑡)𝑑𝑡, while also reducing the hourly operating cost - ∫

ఒವ

ு

 

்
𝑑𝑡. Now the difference 

between total passenger cost and operator cost has increased - Difference between the two terms 

of the right side of Equation (18). In an assumed equivalent optimum operation where operator 

and passenger costs are equal, the equivalent pseudo VoWT has to be significantly reduced to 

bridge the gap between user costs (∫
ଵ

ଶ

 

்
𝛾௪𝐻𝑃(𝑡)𝑑𝑡) and operator costs (∫

ఒವ

ு

 

்
𝑑𝑡) resulting in a 

severe impact on Headway LOS. Effect of headway changes affects the individual passenger 

perception while also affecting the overall perspective on headway LOS of the bus route. The 

derivation of the implied VoWT to denote the headway LOS considering the effects of headway 

variation is presented in the Appendix A.  

3.3.4. Operations under capacity  

Consider a bus route with fixed one-to-many or many-to-one demand with a fixed headway over 

the period of calculation. There is a limit for the optimum headway imposed due to the limited 

capacity (person capacity) of the buses. TCQSM (third edition) outlines that the transit agencies 

adopt a design person capacity of a bus ranging from 1.25 – 1.5 times the seated capacity – number 

of seats in a bus, depending on the quality that the transit agency needs to provide (TCRP Project 

A-15C, 2013). 

During higher-than-average demand, e.g., peak periods, dispatching buses according to the optimal 

headway might not be enough to meet demand, which leads to some passengers not being able to 

board the bus. Given the demand for the route is 𝑃 passengers per hour for the entire route, and 

the capacity of a bus is ‘𝐶’ number of passengers per bus, the minimum rate of bus dispatches 

required to meet the passenger demand can be derived as below; 

Minimum rate of bus dispatches required to meet the demand = 𝑃/𝐶 per hour 

Utilizing this rate of bus dispatches will transport all the passengers in the stations without leaving 

anyone behind. Otherwise, left behind passengers need to wait for another headway causing the 

total cost of the system to rise significantly – the average wait time of the passengers would be 
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greater than half the headway. Therefore, the rate P/C has to be adopted whenever the rate 

corresponding to the optimum headway is less than P/C.   

The operator can increase the number of buses in operation per hour. We assume the operator has 

buses only with the capacity of 𝐶. Therefore, the maximum time interval - headway - that the 

operator can have between consecutive bus dispatches to at least serve the demand is given by; 

Maximum headway = 
ு௢௨௥

ெ௜௡௜௠௨௠ ௡௨௠௕௘௥ ௢௙ ௕௨௦௦௘௦ ௥௘௤௨௜௥௘ௗ
=  

ଵ

௉/஼
=  

஼

௉
                                     

This headway can be also called the Capacity Headway - 𝐻௖.  

 
𝐻௖ =  

𝐶

𝑃
  

20 

 Therefore, any headway that can be utilized by the operator needs to be less than 𝐻௖.  

The dispatching policy introduced by Newell (1971) and Wirasinghe (1990) does not allow 

passengers to be left behind. According to Newell (1971), the time varying headway under 

capacity operations for a many-to-one time-varying demand can be presented as  

 
𝐻௖(𝑡) =

𝐶

𝑃(𝑡)
 

21 

where 𝐶 is the design capacity of the bus. In a many-to-one or one-to-many bus route, each 

passenger-space is used by one passenger only or not used at all. But, in a many-to-many bus route, 

a passenger-space can be used by several passengers in series. Therefore, to be used in a many-to-

many bus route, Equation (21) can be modified by replacing P(t) with the demand in passenger-

spaces per hour Q(t) for the bus route (Wirasinghe, 1990) as given by the number of passenger 

spaces per hour.  

 
𝐻௖(𝑡) =

𝐶

𝑄(𝑡)
 

22 

Wirasinghe (1990) shows how Q(t) can be derived for a bus route using boarding and alighting 

data. It is important to note here that Q(t) is different from the load of a bus at time t. He further 

shows that, in the common case of a bus route having a fixed maximum load point, Q(t) is equal 

to the rate at which the passengers pass the maximum load point and can be measured by placing 

an observer at the maximum load point. 



 

53 
 

To obtain a uniform headway for a time period, e.g., peak period, we can use the average value of 

the demand in passenger-spaces per unit time at the maximum load point 𝑄. Hence, we have 

 
𝐻௖ =

𝐶

𝑄
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where 𝐻௖ is the uniform headway under capacity operations during peak-period. 

Although 𝑄 is defined as a mean value, demand varies with time as 𝑄(𝑡), and capacity C must be 

able to deal with demand at the height of the peak. Thus, C must be chosen carefully as the sum 

of the seated capacity plus only a portion of the standing capacity. At the height of the peak, the 

bus is then still able to maintain the same uniform headway, but with a higher load, and does not 

leave passengers behind.  

The normal industry practice is to use a “policy-headway,” ℎ, which is subjective to a transit 

agency, as an upper limit of the allowable headways (Wirasinghe, 1990). The intention is to limit 

the maximum waiting time of passengers in the transit system below a given threshold. That is, 

even though there is minimal demand, which makes the optimal headway significantly high, i.e.,  

𝐻ᇱ > ℎ, the transit agency will run buses using ℎ. Having a policy headway ensures a minimum 

quality of service provided by transit agencies because passengers are aware that the waiting time 

will not be longer than a given value under any circumstances, which creates trust. 

Dispatching policy is to utilize the minimum of optimum headway - Equation (15), capacity 

headway - Equation (23), and policy headway. Accordingly, the dispatching policy 𝐻௣ can be 

presented as 

 
𝐻௣ = 𝑀𝑖𝑛 ൝

𝐻ᇱ

𝐻௖

ℎ
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This formulation is carried out for a single line of an urban public bus route with many-to-many 

demand where fleet size (number of buses available to be dispatched on the line) is not a constraint, 

passengers arrive randomly at bus stops, and passengers are served by the first arriving vehicle 

(i.e., passengers are not left behind). 

As far as the headway being used in the bus route is less than the capacity headway, the HLOS of 

the bus service can be related to the implied VoWT from the methods described in sections 3.1 

and 3.2. Under this section, a new method is sought to determine the LOS of a bus service when it 

is operating under the capacity headway.   
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As the aim of the bus operator is to minimize social costs and the operator is also looking to 

minimize the operator’s own costs, it can be assumed reasonably that the operator would use a bus 

size (capacity) that minimizes the total cost (user + operator).  

For a many-to-many bus route operating under the capacity headway, the total cost function can 

be presented as follows; (by substituting 𝐻 = 𝐶/𝑄, and 𝜆஽ = T(𝑘 + 𝛼𝐶) in Equation (14)) 

 
𝑍 =

𝑃𝛾௪𝐶

2Q
+

𝑄𝑇(𝑘 + 𝛼𝐶)

𝐶
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Total cost would become a minimum when 
డ௓

డ஼
= 0 and if 

డమ௓

డ஼మ
> 0; 

As 
డమ௓

డ஼మ
=  

ଶ௞ொ்

஼య
;  

డమ௓

డ஼మ
> 0  (𝑘, 𝑄 𝑎𝑛𝑑 𝐶 are greater than zero). Therefore, for the minimum total 

cost,  

 𝜕𝑍

𝜕𝐶
=

𝑃𝛾௪

2Q
−

𝑄𝑇𝑘

𝐶ଶ
= 0 
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Provides; 

 
𝐶 = ඨ

2𝑘𝑄ଶ𝑇

𝑃𝛾௪
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Therefore, capacity of a bus operating under optimal capacity headway conditions can be presented 

as a function of the mean value of wait time of passengers. 𝐶 = 𝑓(𝛾௪).  

Accordingly, the implied VoWT for any operation under capacity headway of a bus route can be 

expressed as; 

 
𝛾′௪ =

2𝑘𝑄ଶ𝑇

𝑃Cଶ
 

28 

3.3.5. Peak period headway level of service 

During the peak period, a bus route can operate under; (a) normal conditions – a predetermined 

headway (b) capacity headway (c) a combination of both the pre-determined and capacity 

headway. In a bus route where the demand is less than the line capacity all the time, it can run 

according to a pre-determined headway throughout the peak period. In this situation, the HLOS 

can be referred to using the implied VoWT that can be derived using 2𝜆஽
𝑃(𝑡)𝐻ଶൗ . If the demand 
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of the line is always greater than the capacity of the line, the buses have to be dispatched using the 

capacity headway – this varies and is always lower than the optimum headway. In such a situation, 

the HLOS varies with the demand of passenger spaces per hour and the HLOS can be referred to 

using the implied VoWT that can be derived using Equation (28). The demand of a bus route can 

change significantly during the peak period, especially in a bus route mostly running through a 

downtown area. This can lead to a situation where the operator has to operate the bus route under 

both a predetermined headway and a capacity headway. In this section, we seek to develop a 

methodology to derive HLOS for the peak period.  

It can be fairly assumed that the operator runs the line with a pre-determined policy headway (not 

variable) until the demand reaches the line capacity. A transit agency does not have the ability to 

adjust the bus size (capacity) with the varying demand during peak time to maintain a given HLOS 

when the demand is higher than the capacity. Continuing with the same bus size by just adjusting 

the headway when the existing demand cannot be catered with the policy headway, will lead to a 

bus size (C’) running under capacity condition which is not equal to the optimum bus size C. 

Allocation of a non-optimal bus size C’ changes the implied VoWT for the bus route. A lower 

implied VoWT according to the Equation (28) will imply a lower LOS in the transit route and vice 

versa.  

We assume that the demand curves in terms of boardings per hour and seats per hour for the bus 

route are available. It is important to determine the critical demand for a given bus size C when 

the bus route starts to run under capacity condition.  

 
𝑄ᇱ =

𝐶

𝐻
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 𝑄ᇱ denotes the demand of passenger spaces at which the bus route starts to run under capacity 

headway. 𝐶 denotes the bus size. H denotes the pre-determined headway the operator has been 

operating the bus route with. When the passenger space demand of the bus route 𝑄(𝑡) is greater 

than 𝑄ᇱ, the bus route runs under the capacity headway. 

Let’s assume, for a certain bus route, the peak period starts at time 𝑡ௌ and finishes at 𝑡ி. The bus 

route starts to run under capacity headway at time 𝑡஼ௌ and finishes at time 𝑡஼ி. The bus route is 

assumed to be operating under a predetermined headway H. This headway does not vary with time 

or the variable demand until the demand is large enough so that the bus route has to be operated 
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under capacity conditions to avoid passengers being left behind. Beyond this demand, the bus route 

operates with capacity headway - C/Q(t) - which varies with time. The demand beyond which the 

bus route operates under capacity headway is denoted by 𝑄ᇱ. The bus route is assumed to have a 

demand profile during the peak period T’ as follows. 

 

Figure 9 - Peak period demand profile of the bus route 

During normal operation, the implied VoWT can be expressed using Equation (17), and during the 

operations under capacity headway the implied VoWT can be expressed using Equation (28). 

Therefore, we can derive the average implied VoWT for the peak period operation by multiplying 

the implied VoWT of the bus route operation for a given moment by the number of passengers 

affected by that implied VoWT at that particular moment for the peak period and dividing that 

amount by the total number of passengers affected by the varying HLOS throughout the peak 

period. It is important to note here that the number of passengers affected by the implied VoWT 

during an infinitely small time period ‘dt’ - we are assuming the implied VoWT stays constant 

during time period ‘dt’ as the change in demand is small - is the number of passengers boarding 

the bus route during that particular time period ‘dt’. This is because the HLOS only affects the 
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wait time of passengers who are boarding. Accordingly, the average implied VoWT of the bus 

route during the peak period can be obtained as follows. 

 

𝛾′௪,௔௩௚ =
∫

2𝜆஽

𝐻ଶ𝑃(𝑡)
𝑃(𝑡)𝑑𝑡

௧಴ೄ

௧ೄ
+ ∫

2𝑘𝑄(𝑡)ଶ𝑇
𝐶ଶ𝑃(𝑡)

𝑃(𝑡)𝑑𝑡
௧಴ಷ

௧಴ೄ
+ ∫

2𝜆஽

𝐻ଶ𝑃(𝑡)
𝑃(𝑡)𝑑𝑡

௧ಷ

௧಴ಷ

∫ 𝑃(𝑡)𝑑𝑡
௧ಷ

௧ೄ

30 

The above expression can be simplified as below. 

 

𝛾′௪,௔௩௚ =

2𝜆஽

𝐻ଶ [𝑇′ − (𝑡஼ி − 𝑡஼ௌ)] +
2𝑘𝑇
𝐶ଶ ∫ 𝑄(𝑡)ଶ𝑑𝑡

௧಴ಷ

௧಴ೄ

∫ 𝑃(𝑡)𝑑𝑡
௧ಷ

௧ೄ
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 Where 𝑇ᇱ = 𝑡ி − 𝑡ௌ,  which is the duration of the peak period. When 𝑃௉
തതത is the average demand 

for boarding during the peak period 𝑇ᇱ, the term ∫ 𝑃(𝑡)𝑑𝑡
௧ಷ

௧ೄ
 can be replaced by the term 𝑃௉

തതത𝑇ᇱ. 

We can relate the corresponding 𝛾′௪,௔௩௚ to the HLOS using the methods outlined in the section 

3.4 of this chapter. 

3.3.6. Example 

A numerical example has been designed to demonstrate the methodology developed to obtain the 

implied VoWT for a peak hour bus operation. Consider a bus route operation during peak period 

with the following characteristics. 

Table 3 - Operational parameters for the bus route 

Parameter Value 

𝜆஽ 100 ($/dispatch) 

H 0.333 (hrs.) = 20 min 

C 50 passenger spaces 

K 100 ($/hr./dispatch) 

T 1.1 (hrs.) 

The transit agency plans to operate this bus route with a pre-determined headway (H) of 0.333 hrs. 

(20 minutes) during the peak period – 16:00-20:00 hours. The demand for the bus route, however, 

varies significantly during the peak period with a minimum demand of 100 passenger spaces per 

hour and a maximum demand of 200 passenger spaces per hour. As the passenger capacity of the 
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buses used on the bus route is 50 passenger spaces, the operational capacity that this bus route can 

achieve with a policy headway of 0.333 hrs. is 50/0.333 = 150 passengers per hour. The variation 

of the type of headway used with the demand is described below.  

Table 4 - Variation of predetermined headway and capacity headway with demand 

Q(t) Predetermined Headway (H) Capacity Headway (Hc) 

100 0.333 0.500 

110 0.333 0.455 

120 0.333 0.417 

130 0.333 0.385 

140 0.333 0.357 

150 0.333 0.333 

160 0.333 0.313 

170 0.333 0.294 

180 0.333 0.278 

190 0.333 0.263 

200 0.333 0.250 
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Figure 10 - Variation of predetermined and capacity headways with the demand of 

passenger spaces 

The normal practice is to use the minimum headway out of these two headways (Newell, 1971; 

Wirasinghe, 1990). According to Figure 10, the bus route can be operated with the predetermined 

headway up to a demand of 150 pass. spaces/hr. When the demand is higher than 150 pass. 

spaces/hr., the bus route has to be operated according to the capacity headway (Hc). As it is evident 

here, the implied VoWT now has to be obtained using two methods separately for capacity 

operation and normal operation. The implied VoWTs for corresponding demand values can be 

obtained and described below. 

As an example, for the normal operation, the implied VoWT can be obtained using Equation (17) 

with respect to an optimized operation. We consider a boarding demand P(t) when Q(t) is less than 

150 passengers/hr. as an example. The boarding demand P(t) will always be higher than or equal 

to the demand for passenger spaces.  
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𝛾′௪ =
2𝜆஽

𝑃𝐻ଶൗ =
2 ∗ 100

140 ∗ 0.333
= 12.88 ($/ℎ𝑟 − 𝑝𝑎𝑠𝑠. ) 

 

Now let’s assume an example of capacity operation when the demand for passenger spaces Q(t) is 

higher than 150 pass./hr.. In this instance, the implied VoWT can be obtained using the Equation 

(28) with respect to an optimized capacity operation. 

For this example, we assume the boarding demand P(t) and demand for passenger spaces Q(t) to 

vary as shown in Figure 11 and Equations (32) and (33) that conforms with the minimum and 

highest demands stated previously in the text. 

 

Figure 11 - Variation of Q(t) and P(t) during peak period 

 

 𝑄(𝑡) = 200 − 25(𝑡 − 18)ଶ 32 

  𝑃(𝑡) = 230 − 28(𝑡 − 18)ଶ 33 

When Q(t) = 160 pass. spaces/hr., P(t) = 185 pass. /hr. 
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𝛾′௪ =
2𝑘𝑄ଶ𝑇

𝑃Cଶ
=

2 ∗ 100 ∗ 160ଶ ∗ 1.1

185 ∗ 50ଶ
= 12.18 ($/ℎ𝑟 − 𝑝𝑎𝑠𝑠. ) 

Therefore, it is evident that different passengers getting onto the transit system during different 

time intervals having different demand volumes will experience different 𝛾′௪ (implied VoWT) 

values and hence different HLOS. And the variation of this value with the demand is different with 

respect to the type of operation of the bus route – normal operation or capacity operation. In order 

to represent the HLOS of the transit line with one value for the peak period, we need to find a 

representative value for the average implied VoWT for the passengers during peak period. We 

pursue an approach where an average value for the implied VoWT of the passengers riding the 

transit line during the peak period is obtained by multiplying the number of boarding passengers 

by their corresponding implied VoWT using the Equation (31).  

According to Equation (32) and Figure 10, the time at which the bus route starts to run under the 

capacity headway 𝑡஼ௌ – the time when the demand for passenger spaces is higher than the capacity 

(150 pass. spaces/hrs.) is 16.58 hours. Also, the time when the bus route finishes running under 

the capacity headway 𝑡஼ி – the time when the demand for passenger spaces becomes lower than 

the capacity (150 pass. spaces/hr.) is 19.41 hours. Therefore, the bus route will operate with the 

capacity headway from 16.58 hours to 19.41 hours. The peak period starts at 16:00 hours, will end 

at 20:00 hours, and therefore the length of the peak period 𝑇ᇱ is 4 hours.  

Accordingly, the representative average implied VoWT can be obtained as follows; 

𝛾ᇱ
௪,௔௩௚

=

2𝜆஽

𝐻ଶ [𝑇ᇱ − (𝑡஼ி − 𝑡஼ௌ)] +
2𝑘𝑇
𝐶ଶ ∫ 𝑄(𝑡)ଶ𝑑𝑡

௧಴ಷ

௧಴ೄ

∫ 𝑃(𝑡)𝑑𝑡
௧ಷ

௧ೄ

 

න 𝑄(𝑡)ଶ𝑑𝑡
௧಴ಷ

௧಴ೄ

=  ൤125𝑡ହ − 11250𝑡ସ +
1205000

3
𝑡ଷ − 7110000𝑡ଶ + 62410000𝑡൨

ଵ଺.ହ଼

ଵଽ.ସଵ

 

න 𝑄(𝑡)ଶ𝑑𝑡
ଵଽ.ସଵ

ଵ଺.ହ଼

= 95729.96 

Here, ∫ 𝑃(𝑡)𝑑𝑡
௧ಷ

௧ೄ
 is also equal to 𝑃௉

തതത𝑇ᇱ where 𝑃௉
തതത is the mean demand for boarding during the peak 

period. For the example that we are considering, we will adopt the expression ∫ 𝑃(𝑡)𝑑𝑡
௧ಷ

௧ೄ
 directly 

as we know the functional form 𝑃(𝑡) and the integral limits. Accordingly, 
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න 𝑃(𝑡)𝑑𝑡
௧ಷ

௧ೄ

= ൤−
28

3
𝑡ଷ + 504𝑡ଶ − 8842𝑡൨

ଵ଺

ଶ଴

≅ 771 

Therefore,  

𝛾′௪,௔௩௚ = 13.5 ($/ℎ𝑟 − 𝑝𝑎𝑠𝑠. ) 

We assume the operator has the mean and the standard deviation of the distribution of the mean 

value of wait time of passengers. Therefore, it is possible to obtain the corresponding HLOS for 

the transit route during the peak period using the obtained 𝛾′௪,௔௩௚ value according to the methods 

described in the section 3.4 in this chapter.  

3.4. Headway LOS and the Probability Distribution of Mean Value of Wait Time  

3.4.1.  A Letter Grade Scale to Indicate LOS 

The VoWT of passengers varies depending on several reasons such as income, age, trip purpose 

etc. VoWT is more a personal taste unique to an individual that depends on many factors. 

Therefore, in an apparently homogeneous market, it is possible to assume that VoWT of 

passengers are normally distributed with a unique mean (µ) and a variance (𝜎ଶ) (J. H. Banks, 1991; 

Rahman, Kattan, et al., 2018). However, when the ridership market deviates from being apparently 

homogeneous, researchers have also assumed VoWT be log-normally distributed (Mohring et al., 

1987; Yang et al., 2001). As discussed in section 3.2.3 in this chapter, the most widely available 

statistics for transit agencies from willingness to pay studies and stated preference and revealed 

preference studies, conducted as part of the demand estimation processes, are the mean and 

standard deviation of the probability distribution of the mean VoWT of the passengers. The shape 

of the distribution is mostly not available. In such circumstances, the shape of the distribution that 

carries the maximum information entropy - therefore minimizes the risk of errors in the prediction 

(minimum bias) is the normal distribution (Jordaan, 2005). As it is fair enough to assume a normal 

distribution for the mean VoWTs of the passengers, this study utilizes a normally distributed 

VoWTs of passengers to relate to the HLOS. Therefore, depending on where the found implied 

VoWT falls in the distribution with respect to the mean ‘𝜇’ and the standard deviation ‘𝜎’, the 

HLOS can be determined. In this case, the implied VoWT can be referred through characteristics 

of the actual VoWT distribution with the use of a constant ‘k’ (k>0) as follows; 

 𝛾′௪ = µ + k ∗ σ 34 
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5/2 ≤ 𝑘 < 3/2         →       𝐿𝑂𝑆 𝐴  

1/2 ≤ 𝑘 < 3/2         →       𝐿𝑂𝑆 𝐵  

−1/2 ≤ 𝑘 < 1/2      →       𝐿𝑂𝑆 𝐶 

−
3

2
≤ 𝑘 < −1/2      →       𝐿𝑂𝑆 𝐷 

𝑘 < −3/2                  →       𝐿𝑂𝑆 𝐸 

A similar approach that was briefly suggested by Wirasinghe and Vandebona, where a value with 

one standard deviation higher than the mean value of time, denotes a one LOS higher (Wirasinghe 

& Vandebona, 2011), has been utilized in referring to a certain headway LOS. Also, the importance 

and reasoning behind differentiating LOS letter grades depending on the standard deviation (σ) of 

the distribution and the arrangement of the LOS grades across the VoT distribution is further 

described under the Chapter 2 - ‘Proposed Approach’ using Shannon’s information entropy theory. 

The HLOS can be defined using the method shown above as shown below in Figure 12.  

 

Figure 12 - Levels of service with respect to value of wait time distribution 

3.4.2. A Continuous Scale (Percentage) to Indicate LOS 

There are complaints (TCRP Project A-15C, 2013) from some transit agencies/practitioners that a 

letter grade to indicate the LOS compromises one of the needs of having an LOS measure, i.e., 
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being able to quantify and indicate the quality improvements upon interventions (investments, 

operational changes, network restructuring etc.). This is important for transit agencies as LOS 

measures have first been used to help disbursement of limited funds to the best possible alternatives 

in terms of available interventions and report whatever the improvements made upon these 

interventions. According to a letter grade system, where a certain range of quality improvements 

falls into the same level of QOS (one letter grade), the minor quality improvements and even 

significantly large quality improvements (within ′σ/2′ to ′σ′ of 𝛾௪ values in the above case) might 

not indicate any improvements in terms of letter grades. Transit agencies claim that most of the 

interventions result in minor improvements which cannot be depicted in terms of a letter grade 

system.  

In such a case, the LOS can be indicated as a percentage as follows; 

For a normally distributed VoWT population, a certain value 𝛾௪௫ in that population can be 

expressed as follows, 

 𝛾௪௫ = 𝐸(𝛾௪) + 𝑍௞ඥ𝑉𝑎𝑟(𝛾௪) 35 

 𝐸(𝛾௪) = Expected value (mean) of the VoWT distribution 

𝑉𝑎𝑟(𝛾௪) = Variance of the VoWT distribution 

𝑍௞ = Value of standard normal distribution corresponding to the percentage k (confidence level in 

the normal case) 

Implied VoWT (𝛾′௪) can be expressed in this form instead of 𝛾௪௫. Therefore, 

 
𝑍௞ =

𝛾′௪ − 𝐸(𝛾௪)

ඥ𝑉𝑎𝑟(𝛾௪)
 

36 

There is a corresponding percentage for the 𝑍௞ value derived above. Therefore; 

Headway LOS = ⌊𝑘⌋% 

In the same way, for a log normally distributed VoWT population, 𝛾′௪ (despite 𝛾௪௞) can be 

expressed as follows; 

 𝛾′௪ = exp(𝜇 + 𝑍௞ . 𝜎) 37 
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 From these methods, it is possible to express LOS as a percentage which has a simple cognitive 

implication of the how good/bad the LOS is and address the concerns expressed by transit agencies 

in a letter grade system where it is now possible to quantify and express even the smallest 

improvements made. 

3.4.3.  Example I – Normal operation with bus and fleet size not binding 

Assume, for example, an urban bus route with the following service parameters. 

𝜆஽ = 200$ 𝑝𝑒𝑟 𝑏𝑢𝑠 𝑑𝑖𝑠𝑝𝑎𝑡𝑐ℎ,    

𝑃 = 200
𝑝𝑎𝑠𝑠

ℎ𝑟
,    

𝐻 = 0.33 ℎ𝑟𝑠 (20 𝑚𝑖𝑛) 

According to the currently available popular transit guidelines, the HLOS can be chosen as 

follows; 

Table 5 - Frequency LOS for urban transit by TCQSM 1st edition 

 

According to TCQSM (1st edition), the HLOS can be referred to as ‘C’. It is important to note that 

this measurement does not depend on any other parameters but only upon the headway itself. And 

this does not change with where and in what conditions the bus route operates.  

An equivalent optimal operation, based on the available service parameters (allowing only the 

VoWT to vary, as it is what we are about to find out to refer to the LOS), allows us to estimate 

user costs based on operation costs. Hence, we can find out the implied VoWT through the existing 

operation. 

Assuming a large fleet and bus sizes with a constant demand, from Equation (17),  
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𝛾′௪ =  
ଶఒವ

௉ுᇱమ
=

ଶ∗ଶ଴଴

ଶ଴଴∗଴.ଷଷమ
= 18 $/hr/pass. 

Let’s now assume the actual VoWT of passengers are normally distributed with a mean (µ) of 15 

$/hr./pass. And standard deviation (σ) of 4 $/hr./pass. We also propose the 5 levels of quality be 

distinguished by σ as follows justified in the chapter ‘Introduction’. 

 

Figure 13 - VoWT distribution for the example problem with LOS letter grades 

According to this proposed methodology, the previously calculated implied VoWT (𝛾′௪ = 18 

$/hr./pass) falls into the LOS interval B (between 17 and 21). 

Or we can calculate the HLOS as a percentage from the Equation (35) as follows; 

𝛾௪௫ = 𝐸(𝛾௪) + 𝑍௞ඥ𝑉𝑎𝑟(𝛾௪) 

 18 = 15 + 𝑍௞ × 4 

 𝑍௞ =
ଷ

ସ
= 0.75 

 K = 0.77 = 77% = 𝐿𝑂𝑆 

Therefore, the LOS is 77% 

3.4.4.   Example II – A high demand bus route in the peak time with bus size as a constraint 

Assume a proposed bus route having the following service parameters; 
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𝜆஽ = 100$  

𝑄 = 180
௣௔௦௦.௦௣௔௖௘௦

௛௥
    

Bus capacity (size) = 50 passengers per bus 

We assume that a bus cannot take any more passengers than 50 and hence there is no crowding 

effect.  

The operator would normally dispatch buses using square root headway policy with an assumed 

mean VoWT of 10$/hr/pass for the passengers in the bus route. 

First, we need to determine whether this bus route can operate under the optimum (square root) 

headway or not. We assume that the boarding demand to be 200 passes. /hr. at the time when the 

passenger space demand is 180 passenger spaces/hr.  

Sqrt headway = 𝐻ᇱ = ට
ଶఒವ

௉ఊᇱೢ
= ට

ଶ∗ଵ଴଴

ହ଴∗ଵ଴
= 0.31 ℎ𝑟𝑠 

Capacity headway 𝐻௖ = C/Q = 50/180 = 0.27 hrs.  

It can be noted that the capacity headway is lower. If the operator adopts the square root headway, 

passengers will be left behind en route creating significant negative impact on long-term choice 

behavior of passengers leading to a lower passenger demand in future.  

Expected number of passengers per bus if the operator is to adopt the square root headway, 

 = 𝐻ᇱ × 𝑃 =0.31*200 = 62  

 62 > 50 (bus size)   Passengers will be left behind en-route 

As the operator doesn’t want this to happen, the bus route has to run under capacity headway when 

increasing the bus size is not an option. 

Under capacity operations, we can find out the implied VoWT through an equivalent optimal 

operation using Equation (28) if we have the corresponding values for ‘T’, ‘P’ and ‘k’. We assume 

T=1.1, k=100 as also given in Table 3 in this chapter. Accordingly, 

𝛾′௪ =
2𝑘𝑄ଶ𝑇

𝑃Cଶ
=

2 ∗ 100 ∗ 180ଶ ∗ 1.1

200 ∗ 50ଶ
= 14.25 ($/ℎ𝑟 − 𝑝𝑎𝑠𝑠. ) 
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It can be noted here that the resulting VoWT is higher than the value that the operator has assumed 

first - 10$/hr./pass. If we assume the characteristics of the passengers in this bus route are the same 

as for the bus route in the Example I, we can obtain the HLOS by referring to the Figure 13.  

Accordingly, the resulting LOS is ‘C’ 

(𝜇 − 𝜎/2) < 14.25 < (𝜇 + 𝜎/2) ⟹ 𝐿𝑂𝑆 ′𝐶′   

3.5. Discussion and Concluding Remarks 

The value of a unit of wait time can differ with the purpose of the trip. A person waiting for a bus 

to go to work can have a higher VoWT than a person waiting for a bus to go shopping. The value 

of a unit of wait time for the same passenger for the same trip purpose can also differ with other 

factors like weather conditions (very low temperatures), security concerns at stops, facilities given 

at the stop. From an operator perspective, it is possible to take measures to reduce the perceived 

value of waiting time of passengers. For example, having heated stops, facilities like Wi-Fi at 

stops, and improving security at stops can lower the perceived value of the waiting time of 

passengers and hence shift the value of wait time distribution a little towards zero which will 

improve the HLOS in turn. However, research concerning this aspect is scarce. The value of a unit 

of wait time can be studied further accounting for the above-mentioned factors. Literature has also 

discussed the aspect of the VoWT being a function of the elapsed wait time at the stop (Wirasinghe, 

1990) – this aspect is further investigated in the Appendix A as it relates to the HLOS. 

Another important aspect that needs more attention is the amount of waiting time of a passenger. 

The methodology presented has assumed the average wait time of a passenger to be half the 

headway assuming the passengers arrive uniformly, and buses operate with a high frequency 

without a posted schedule. Although most of the related literature has followed a similar method, 

the amount of waiting time of a passenger depends on whether that passenger is planning their 

arrival or not – purpose of the trip makes the passenger plan or not plan their arrival at the 

destination. E.g., passengers traveling to work plan their arrivals and passengers traveling for 

shopping do not usually plan their arrivals. Ansari Esfeh et al., (2022) has conducted an in-depth 

exploration of the effects of these aspects on average passenger wait times. Therefore, the average 

amount of waiting time of the passengers in a route depends on the percentages of planning and 

non-planning passengers. Also, the type of service offered – whether it is frequency based (high 
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frequency) or headway based (low frequency – affects the amount of wait time of the passengers. 

Effects of these aspects on the derivation of an implied VoWT is discussed in the Appendix A. 

The mean value of wait time distribution can be developed through different methods such as 

revealed and stated preference surveys of passengers about their trip choice behaviors under 

different conditions. Mohring et al., (1987) and Wardman (2004) in their studies conduct an in-

depth review of some of the methods that had been utilized to develop value of time distributions 

and effects of such methods on the results obtained. 

If the VoWT implied by the operation is less than the actual mean VoWT of a given passenger, 

the service offered to the passenger implies a lower level of service and vice versa. In the same 

way, if the value of a unit wait time assigned by the operator is higher than the values of wait time 

of the majority of passengers, the service provided by operator is preferable for the majority of the 

passengers and hence can be categorized to have a better LOS.  

With the increase of bus size, the weight and engine capacity of the bus will also be increased. 

Therefore, fuel consumption of the bus increases and the cost per bus kilometer increases resulting 

in an increase in operational costs. At the same time there are other costs that do not vary with the 

bus size like the administration cost, maintenance facilities, and driver-related costs (wage, 

insurance, pension). Therefore, the relationship between bus capacities and operating cost has one 

linearly varying component and a fixed component. The values of the components can vary 

depending on the policies of the operator, type of service offered and where the service is offered 

etc. During the application of this method, the bus operator can come up with their own model for 

the relationship between bus capacity and cost per bus dispatched.  
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4. Chapter 4 – Headway and Crowding Level of Service1 

4.1. Introduction 

As described under section 1.5.2 of the chapter 1 - ‘Background’, passenger crowding – also 

known as passenger loading – is a key attribute of the LOS framework considered in this study. It 

can be seen through the recent literature that crowding in transit has become a pressing issue that 

has drawn significant attention. This can be attributed at least partly to the notion that crowding is 

detrimental to the health of both the transit industry – in terms of delays and low efficiency – and 

passengers – in terms of safety and stress (Cox et al., 2006).  Accordingly, there are many studies 

attempting to quantify the effects of crowding in different stages of a transit trip – in-vehicle, 

waiting and walking – as means to assess its role in modal usage and modal choice in terms of 

service quality. Most of such studies have taken an approach of estimating the value of crowding 

(VoC) empirically through choice experiments for passengers’ willingness to pay for reduced 

crowding. (Li & Hensher, 2011) reviews several crowding valuation studies that present different 

crowding valuation estimates throughout different parts of the world where the common finding 

is the positive correlation of value of passengers’ time and level of crowding.  

Although one of the main intentions of crowding valuation is to monitor the level of service – to 

provide incentives for operators for maintaining a certain level of service in transit operations, the 

relationship between the quality of service and level of crowding is not well established. Çelebi & 

İmre (2020) in such an attempt related the level of crowding in transit to the perceived quality of 

service of passengers through a customer satisfaction survey. Another approach practiced in the 

industry is to define the quality of service depending on the crowding levels as measured by the 

percentage of passengers above the seat capacity (TCRP Project A-15C, 2013). These approaches 

suffer from the drawbacks discussed in section 1.6 of Chapter 1 - ‘Background’. 

Another particular drawback of the existing crowding valuation studies is the assumption that all 

passengers will value a given crowding level equally. However, passengers can exhibit observed 

heterogeneity in their perception toward crowding depending on the trip purpose, income and 

distance (Whelan & Crockett, 2009). Willingness to pay for reduced crowding can also be affected 

by the unobserved heterogeneity among the passengers in a transit line (Alexander, 1993). 

 
1. 1 This chapter has been published in the journal ‘Transportation Research Interdisciplinary Perspectives’ under 

the title “Integrating COVID-19 health risks into crowding costs for transit schedule planning” in March 2022 
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Therefore, the passenger valuation of a given level of crowding can take a range of values which 

is better represented through a distribution. The approach taken in this study to represent a given 

performance level of an attribute that depends on the mean value of time distribution of the 

passengers, resolves this issue. Because the observed and unobserved heterogeneity of the 

passenger perception is now considered through the mean value of time distribution of the 

passengers in the transit line. 

Our approach for developing a LOS measure, as described in detail in the chapter ‘Background’, 

is based on incorporating the concerns of both the operator and passengers by minimizing the 

tradeoffs between their generalized costs. Therefore, in this chapter, we first develop a function to 

represent the average cost of crowding for an hour in a bus route. Then we revisit the optimum 

headway problem in conjunction with the crowding costs. During the time of this study, the 

COVID-19 pandemic took the world by storm creating the worst impact ever on transit worldwide 

leaving transit agencies and operators with many challenges. Recent studies identifying the cost of 

crowding, that is a part of the riding cost in transit, have been amplified owing to significant 

changes in the passenger perception toward crowding affected by the COVID-19 related health 

risks. Therefore, the last part of this chapter investigates this disruption as it relates to crowding 

and headway of the bus route and makes suggestions to alleviate the negative impacts on transit.  

4.2. Background 

This section describes the basic principles used in the methodology to calculate crowding costs 

and measure crowding using the related literature. 

4.2.1. Cost of crowding on an urban bus route 

There are three main approaches that capture the cost due to crowding: the time multiplier, the 

monetary value per unit time, and the monetary value per trip (Li & Hensher, 2011). The first 

approach is to quantify the cost of disutility due to crowding as a markup on the average value of 

riding time. For instance, in (Qin, 2014) and (Whelan & Crockett, 2009), the average value of a 

unit of riding time spent by a passenger is multiplied by a crowding penalty factor to represent the 

disutility experienced by a passenger in a crowded situation inside a transit vehicle. The second 

approach calculates the cost of discomfort due to crowding as a portion of user costs. For example, 

in (Klumpenhouwer & Wirasinghe, 2016) and in (Lu et al., 2008), a value of discomfort (measured 

in dollars per unit time per person) is multiplied by a discomfort factor (a function of crowding 



 

72 
 

level/loading) to represent different levels of crowding. The third approach calculates the cost of 

crowding discomfort as a “per trip” value for a given level of crowding as in (Polydoropoulou & 

Ben-Akiva, 2001) and (Hensher et al., 2011). This study expands the first approach because the 

approach has the advantage of transferring to different contexts.  

4.2.2. Measuring crowding 

Different individuals can view a transit vehicle that has a certain number of passengers as having 

different levels of crowding discomfort. In other words, one person may consider a transit vehicle 

crowded and another person may view the same vehicle as not crowded. Therefore, the level of 

crowding depends on passengers’ perceptions (Whelan & Crockett, 2009). We are interested in 

calculating the user cost associated with crowding discomfort as a markup of the average value of 

riding time as in (Whelan and Crockett 2009); the value of riding time (VoRT) is multiplied by 

the crowding penalty factor (CPF), which is also called the VoRT multiplier. The CPF is a function 

of the level of crowding (LoC). The LoC is measured mainly using the loading factor (L), which 

is the ratio of the number of passengers on board a vehicle to the number of seats in that vehicle 

(Qin, 2014). For a transport mode mostly designed for seated passengers, it is suitable to use “L” 

as the measure of crowding, while for modes designed mostly for standees, the best measure is the 

number of passengers per square meter (TCRP Project A-15C, 1999).  

4.2.3. Crowding Penalty Factor (VoRT multiplier) with loading factor 

CPF is the factor by which the VoRT of a passenger is multiplied to account for the discomfort 

caused by the level of crowding. VoRT can be obtained using stated preference and revealed 

preference surveys (Basu & Hunt, 2012; Lam et al., 1999; Ojeda-Cabral et al., 2016; Rizzi et al., 

2012). Studies have proposed methods to obtain the CPF by modelling the marginal utility of travel 

time as a function of the level of crowding in a transit vehicle (Batarce et al., 2016; Haywood & 

Koning, 2015).   
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4.3. Methodology 

Figure 14 shows the outline of the methodology followed in this chapter. 

                   

 

Figure 14 - Outline of the methodology 

This section first presents the relationship between the VoRT multiplier (CPF) and the loading 

factor (L) to account for crowding discomfort. An analytical model is developed in the next step 

which represents the cost of crowding of a bus route in the objective function followed by a 

methodology to optimize the headway in the presence of crowding. The above steps are developed 

assuming a linear relationship between CPF and L for computational simplicity; if the relationship 

between CPF and L is exponential, limitations exist, and these are shown in the Appendix C. 

4.3.1. Modelling the crowding cost function 

The average cost due to crowding of a given bus route is first calculated. We assume an average 

demand rate and a uniform headway for the time period considered. 

 Number of buses operating (running) on the route at any given moment = 
்ᇲ

ு
 38 

 where 𝑇ᇱ is the round-trip time of a bus from start to end excluding the layover time, and H is the 

uniform headway of the bus route. 

Average load of passengers per bus has been shown to be  𝑃𝐻(𝑙/̅𝐷) by Tirachini, Hensher, and 

Jara-Díaz (2010) and Qin (2014) where 𝑙 ̅is the average trip distance of passengers in the bus route, 

and D is the round-trip length of the bus route. The expression for the average load of passengers 

Relationship 
between CPF 

and load factor

Modelling 
crowding cost 

function

Optimizing 
headway with 
crowding costs

Operations 
under capacity

Effect of the 
pandemic 

health risks



 

74 
 

per bus by Qin (2014) is extended and proved true for a many-to-many demand bus route in the 

Appendix B. 

Therefore, the number of passenger hours spent riding in the bus route per hour 

 𝑃𝐻𝑙 ̅

𝐷

𝑇ᇱ

𝐻
=

𝑃𝑇ᇱ𝑙 ̅

𝐷
 

39 

The average loading factor L is defined as the average number of passengers on a bus divided by 

the seat capacity of the bus:  

 
𝐿 =

𝑃𝐻(𝑙/̅𝐷)  

𝑆
 

40 

where S is the number of available seats on the bus. 

Let the average CPF (the VoRT multiplier) be  

  𝛽 = 1 + ∅𝐿 41 

where ∅ denotes the rate of change in average CPF with the average loading factor. 

In the literature, CPF has been modelled using different functional forms, namely stepwise 

linear (de Palma et al., 2015), exponential (Qin, 2014), stepwise exponential (Qin, 2014), and 

quadratic (Tirachini et al., 2010). Depending on the situation, it can be more appropriate to use an 

exponential form or a quadratic form to model the variation of CPF with the loading factor. We 

use a linear function of CPF and explore the issue of using an exponential form in the Appendix. 

The average perceived VoRT per passenger under crowding, as given by 𝛾௥, can be obtained by 

multiplying the basic average VoRT per passenger (without the effect of crowding), as given by 

𝛾௥
௢, by CPF: 

 𝛾௥ = 𝛾௥
௢𝛽 = (1 + ∅𝐿)𝛾௥

௢ 42 

CPF is always larger than one. That is, the VoRT with discomfort of crowding can take a minimum 

value of VoRT without crowding. Therefore, the ratio of the VoRT with crowding to VoRT 

without crowding is always greater than or equal to one. Hence, the intercept of Equation (41) is 

1.  

 

Therefore, using Equations (40) and (42), we have 
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𝛾௥ = (1 + ∅

𝑃𝐻𝑙 ̅

𝐷𝑆
)𝛾௥

௢ 
43 

It is important to note that in Equation (43), the possible different values of seated and standing 

passengers' perceived ride time have been considered through the average value. 

Using Equations (39) and (43), we can calculate the user costs due to crowding by multiplying the 

number of passenger hours spent on the bus route per hour by the average value of perceived ride 

time of passengers in a bus given by dollars per passenger per hour.  

The cost of riding in crowded conditions per hour is as follows:  

 
𝑇𝐶௥ =

𝑃𝑇ᇱ𝑙 ̅

𝐷
(1 + ∅

𝑃𝐻𝑙 ̅

𝐷𝑆
)𝛾௥

௢ 
44 

Equation (44) denotes the total cost of both riding and crowding bus route passengers per hour. 

However, headway only affects the level of crowding but not the value of riding time of a 

passenger. Therefore, to account only for the additional cost incurred by passengers due to 

crowding discomfort, Equation (44) can be modified. Instead of the perceived average value of 

riding time, we use only the markup applied to the average value of riding time due to crowding, 

which is  

 
𝛾௥ − 𝛾௥

௢ = (1 + ∅
𝑃𝐻𝑙 ̅

𝐷𝑆
)𝛾௥

௢ − 𝛾௥
௢ = ቆ∅

𝑃𝐻𝑙 ̅

𝐷𝑆
ቇ 𝛾௥

௢ 
45 

Therefore, 𝑇𝐶௖௥, the cost of only crowding discomfort, can be obtained as follows: 

 
𝑇𝐶௖௥ =

𝑃𝑇ᇱ𝑙 ̅

𝐷
(𝛾௥ − 𝛾௥

௢) =
𝑃𝑇ᇱ𝑙 ̅

𝐷
ቆ∅

𝑃𝐻𝑙 ̅

𝐷𝑆
ቇ 𝛾௥

௢ 
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Let the average running speed of a bus on a bus route be  

 
𝑉ത =

𝐷

𝑇ᇱ
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Using Equations (46) and (47), 

 
𝑇𝐶௖௥ =

𝑃𝑙 ̅

𝑉ത
∅

𝑃𝐻𝑙 ̅

𝐷𝑆
𝛾௥

௢ 
48 

The ratio of the average trip distance (𝑙)̅ to the average running speed (𝑉ത) is the average trip time 

(𝑡̅) of passengers in the transit line and can therefore be denoted as  
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 𝑙 ̅

𝑉ത
=  𝑡̅ 

49 

Therefore, Equation (48) can be modified as follows: 

 
𝑇𝐶௖௥ =

𝑃ଶ𝑙𝑡̅̅∅𝛾௥
௢𝐻

𝐷𝑆
 

50 

Equation (50) represents the average cost of crowding per hour given in dollars per hour.  

As it can be seen in the Equation (50), the average cost of crowding in the bus route varies linearly 

with the headway for a given bus route with a given average demand in a given period of time. 

The average cost of passenger waiting in the bus route, as given by ቀ
ு

ଶ
ቁ 𝛾௪𝑃 in the Chapter 3 

‘Headway Level of Service of an Urban Bus Route’, is also varying linearly with headway. 

Therefore, the optimum headway should minimize the tradeoffs of waiting and crowding costs of 

passengers and operating costs. 

4.3.2. Optimum headway of operating with consideration of crowding costs  

Using Equation (14) in Chapter 3 and Equation (50), the cost of users, i.e., costs due to both 

crowding discomfort and waiting, and the cost of operators due to the headway of operating bus 

routes can be stated as 

 
𝑍 = ൬

𝐻

2
൰ 𝛾௪𝑃 +

𝑃ଶ𝑙𝑡̅̅∅𝛾௥
௢𝐻

𝐷𝑆
+  

𝜆஽
𝐻ൗ  
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The total cost function when the CPF varies exponentially with the loading factor is derived in the 

Appendix C. 

The optimum headway (H*) that minimizes the total cost of the bus route associated with headway 

can be obtained by taking the derivative of Equation (51) with respect to H and setting the 

derivative equal to zero.  

 
𝐻∗ = ቈ

2𝜆஽𝐷𝑆

𝛾௪𝑃𝐷𝑆+2𝑃ଶ𝑙𝑡̅𝛾̅௥
௢∅

቉

ଵ/ଶ
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The second derivative of Equation (51) with respect to H is positive. 

Hence, 𝐻∗ provides the optimum headway that minimizes the trade-offs between user costs and 

operator costs.  



 

77 
 

Utilizing Equation (44) instead of (50) in the objective function does not affect the result as the 

first term within the brackets of Equation (44) disappears when taking the derivative. While the 

variation in headway affects the level of crowding and the cost due to crowding discomfort, it does 

not affect the cost of riding a bus without crowding. Therefore, the derivative that represents the 

rate of variation of different cost components with respect to headway variation is independent of 

the cost of riding even though it is included in the objective function. However, Equation (50) 

must be used because it conveys the concept accurately. 

Equation (52) can be further rearranged as follows. 

 
𝐻∗ = ቈ

2𝜆஽/𝛾௪𝑃  

1 + (2𝑃𝑙𝑡̅̅𝛾௥
௢∅/𝛾௪𝐷𝑆)

቉

ଵ/ଶ
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Since the denominator of the 𝐻∗ is greater than 1 and the numerator of the Equation (53) is the 

optimum headway without crowding costs (𝐻′), the optimum headway with crowding cost (𝐻∗) is 

always smaller than 𝐻′. This finding is expected because user costs are higher when crowding is 

considered, and the operator has to balance this extra cost utilizing a higher frequency in the bus 

route, which increases operator costs.  

The analytical model represented by Equation (52) shows the interrelation between a bus route's 

parameters and the optimum headway in the presence of crowding costs. As shown, 𝐻∗ varies with 

passenger demand on a bus route, while 𝐻′ only varies with the square root of passenger demand 

because 𝐻∗ is affected by crowding cost and passenger demand has a squared effect on crowding 

cost. It should also be noted that as values of average trip distance, the basic VoRT, VoWT of 

passengers, and ∅ increase, the optimum headway with crowding becomes smaller. Also, for 

longer bus routes and larger bus sizes, the optimum headway with crowding is greater. However, 

all these parameters, except a line's passenger demand, have a square root effect on the optimum 

headway/frequency.  

 

4.3.3. Operations under capacity  

The minimum required headway to meet an available maximum demand of passenger-spaces Q of 

a bus route with buses of passenger carrying capacity 𝐶, to avoid passengers being left behind, is 

given by the capacity headway 𝐻௖ from Equation (23) in the Chapter 3 - ‘Headway LOS’. 
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Substituting the expression for 𝐻௖ instead of 𝐻 in the Equation (50) provides the average passenger 

cost of crowding in the bus route per hour under capacity operations as follows. 

 
𝑇𝐶௖ =

𝑃ଶ𝑙𝑡̅̅∅𝛾௥
௢𝐶

𝑄𝐷𝑆
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Extending the Equation (25) in Chapter 3 for the total cost function under capacity operations to 

include the crowding cost provides. 

 
𝑍 =

𝑃𝛾௪𝐶

2Q
+

𝑃ଶ𝑙𝑡̅̅∅𝛾௥
௢𝐶

𝑄𝐷𝑆
+

𝑄𝑇(𝑘 + 𝛼𝐶)

𝐶
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Taking the partial derivative of the Equation (55) assumes that the other parameters are constant. 

That is, the bus size is also constant. Allowing the passenger carrying capacity (C) to vary while 

the bus size is a constant is another way of allowing the load factor to vary for a given bus size. 

The context simulated by this assumption is analogous to a scenario where the maximum allowable 

load factor, C/S, in the bus route is allowed to vary with which the cost of crowding will be 

variable.  

Total cost would become a minimum when 
డ௓

డ஼
= 0 and if 

డమ௓

డ஼మ
> 0; 

As 
డమ௓

డ஼మ
=  

ଶ௞ொ்

஼య
;  

డమ௓

డ஼మ
> 0  (As 𝑘, 𝑄, 𝑇 𝑎𝑛𝑑 𝐶 are greater than zero). Therefore, for the minimum 

total cost,  

 𝜕𝑍

𝜕𝐶
=

𝑃𝛾௪

2Q
+

𝑃ଶ𝑙𝑡̅̅∅𝛾௥
௢

𝑄𝐷𝑆
−

𝑄𝑇𝑘

𝐶ଶ
= 0 

56 

Provides the optimum design capacity (𝐶∗); 

 
𝐶∗ = ඨ

2𝑘𝑄ଶ𝑇

𝑃𝛾௪ + (2𝑃ଶ𝑙𝑡̅̅∅𝛾௥
௢/𝐷𝑆)

 
57 

Therefore, the design capacity of a bus operating under optimal capacity headway conditions can 

be presented as a function of the mean VoWT and mean VoRT of passengers.  

 𝐶∗ = 𝑓(𝛾௪, 𝛾௥
௢) 58 

In the context of planning a bus route, operators might need to find a suitable bus size that can 

provide a specified/desirable LOS during capacity operations. The best way to approach such a 
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situation is to assume a maximum allowable load factor which then becomes a constant in the 

Equation (55). Transit agency can decide their maximum allowable load factor constrained by a 

maximum of crush capacity. If the maximum allowable load factor is 𝐿௠,  

 𝐶 = 𝐿௠𝑆 59 

Then the problem becomes about finding the bus size that can deliver a predetermined LOS. The 

approach to this is by modeling the total cost function in terms of the bus size and finding the 

optimum bus size as follows. 

Substituting for C in the Equation (55) from the Equation (59), 

 
𝑍 =

𝑃𝛾௪𝐿௠𝑆

2Q
+

𝑃ଶ𝑙𝑡̅̅∅𝛾௥
௢𝐿௠

𝑄𝐷
+

𝑄𝑇(𝑘 + 𝛼𝐿௠𝑆)

𝐿௠𝑆
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Total cost would become a minimum when 
డ௓

డௌ
= 0 and if 

డమ௓

డௌమ
> 0; 

As 
డమ௓

డௌమ
=  

ଶ௞ொ்

(௅೘ௌ)య
;  

డమ௓

డௌమ
> 0 . Therefore, for the minimum total cost,  

 𝜕𝑍

𝜕𝐶
=

𝑃𝛾௪𝐿௠

2Q
−

𝑄𝑇𝑘

(𝐿௠𝑆)ଶ
= 0 
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Provides the optimum bus size (𝑆∗); 

 
𝑆∗ = ඨ

2𝑘𝑄ଶ𝑇

𝑃𝛾௪𝐿௠
ଷ  

62 

𝑆∗ is a function of the VoWT - 𝛾௪. 

It can be seen from Equation (61) that the crowding cost component disappears while taking the 

partial derivative with respect to the bus size. This is because now the load factor is fixed, the cost 

of crowding is independent of the bus size. Therefore, the optimum bus size no longer depends on 

the cost of crowding – as the bus size, given in number of seats per bus, does not concern the level 

of crowding in the bus (different bus sizes can have the same level of crowding/loading).  

For a given bus size S and maximum allowable load factor 𝐿௠, the HLOS can be estimated from 

finding the implied VoWT 𝛾௪′. 
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𝛾௪′ =

2𝑘𝑄ଶ𝑇

𝑃𝐿௠
ଷ 𝑆ଶ
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The HLOS can be obtained following the general procedure outlined in chapter 2 - ‘Proposed 

Approach’. According to Equation (63), the HLOS depends on the bus size and the maximum 

allowable load factor – the load factor at the design capacity - 𝐿௠. This is because, utilizing a 

larger design capacity - 𝐿௠𝑆 – increases the wait time of the passengers. Also, 𝐿௠ has a more 

significant influence on the headway LOS than the bus size.  

4.3.4. Headway and Crowding Level of Service 

4.3.4.1. Normal operations 

According to Equation (50), the cost of crowding is a function of the headway of the bus route. As 

headway increases, the operator cost decreases, and the cost of crowding and waiting for the 

passengers increases. Therefore, the tradeoff is in between the sum of crowding and waiting costs 

of the users and the operator cost. As described in Chapter 1 – ‘Background’, the transit trips 

happen when users contribute their time – generalized cost of time – and operators contribute their 

resources – cost of operations. The concept behind deriving the LOS measures is to compare the 

existing operation with an optimum operation where the tradeoff between user and operator costs 

is at a minimum. Accordingly, in a situation where the summation of both the crowding and 

waiting cost of passengers impacts the user cost that is in tradeoff with the operator costs, it is 

more appropriate to use a single LOS measure for the attributes headway and crowding combined.  

Comparing Equation (53) with Equation (15) in Chapter 3, ‘Headway LOS’, where the optimum 

headway is a function of the mean VoWT of the passengers, the optimum headway in the presence 

of the crowding costs is also a function of both the mean VoWT and the mean value of ride time 

(VoRT) of passengers. Time valuation studies have mainly explored and reported the VoRT of the 

passengers – also known as in-vehicle-time (IVT) – as opposed to other time valuations like 

VoWT, value of access (walk) time (VoAT), etc., (Wardman, 2004; Wardman et al., 2016). Where 

the VoWT and VoAT are reported, they were typically secondary to VoRT (Wardman, 2004). 

Wardman (2004) in his study – one of the most comprehensive review studies to date on public 

transport time valuations – provides emphasis on this and presents formulae for deriving the public 

transport VoRT, VoWT and VoAT depending on the VoRT for car users which, according to 

Wardman, is the most available and reliable source for time valuations. (Wardman et al., 2016) in 
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their study take a similar approach by developing a meta-model for deriving VoRT, and the VoWT 

and VoAT in terms of VoRT, depending on the gross domestic product of a country for the 

European context. This evidence bears witness to the versatility of the VoRT in representing the 

other time related attributes in a trip made using public transportation. Accordingly, Wardman 

(2004) suggests that it is more appropriate to value the VoWT and VoAT at 2.5 and 2 times the 

VoRT as opposed to the conventional wisdom at that time in transportation planning to value both 

the VoWT and VoAT at twice the VoRT. Taking a similar approach, the mean VoWT in Equation 

(52) can be expressed by multiplying the mean VoRT by a factor (𝜌). 

 𝛾௪ = 𝜌𝛾௥
௢ 64 

Chapter 4 - Quality of Service Concepts - of the TCQSM third edition reports the nominal values 

and ranges for 𝜌 in the context of United States (US) - Exhibit 4-5 (Quality of Service Concepts, 

2013). . Balcombe et al., (2004) presents the theoretical framework to derive the factor 𝜌 using the 

utility specification used in time valuation studies.  

Accordingly, the Equation (52) can be modified using Equation (64) as a function of only the 

VoRT. 

 
𝐻∗ = ቈ

2𝜆஽𝐷𝑆

(𝜌𝑃𝐷𝑆+2𝑃ଶ𝑙𝑡̅̅∅)𝛾௥
௢

቉

ଵ/ଶ
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For an existing bus operation, using the practiced headway, the implied base VoRT (𝛾௥
௢ᇱ) can be 

derived as follows using the Equation (65). 

 
𝛾௥

௢ᇱ
=

2𝜆஽

൫𝜌𝑃+2𝑃ଶ𝑙𝑡̅̅∅/𝐷𝑆൯𝐻ଶ
 

66 

The implied VoRT derived from Equation (66) can be compared against the mean VoRT 

distribution of the passengers to derive the combined headway and crowding LOS (H&C LOS) of 

the bus route as described in the Chapter 2 - ‘Proposed Approach’.  

In a typical situation of a city having origin destination survey done for planning purposes, the 

values of 𝑙,̅ 𝑡̅ and 𝑃 can be easily derived. Section 4.5.1 of this chapter describes an approach to 

obtain generic values for ∅ with loading and section 4.4.3 of this chapter presents an approach for 

developing values for ∅ for a specific context using a stated preference study if more accurate 

estimations are required. Similarly, values reported in the TCQSM – chapter 4 or in the literature 
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can be used as generic values for 𝜌 or a methodology presented in the cited studies in this section 

can be utilized for deriving more accurate estimations if necessary.  

It is important to note here that, as compared to the implied VoWT to derive headway LOS in 

Equation (17) in the Chapter 3, the implied VoRT in the case of combined headway and crowding 

LOS depends on several other parameters specific to the bus route and operation such as D, S, 𝑙 ̅

and 𝑡̅. It also depends on population specific values such as ∅ and 𝜌. The value of ∅ relates the 

implied VoRT to the crowding cost while the value of 𝜌 relates it to the waiting cost through the 

VoWT. The higher the sensitivity of CPF for the loading factor (∅), the lower the 𝛾௥
௢ᇱ representing 

a lower H&C LOS as perceived by the passengers. A similar relationship exists between the value 

of 𝜌 and H&C LOS. The value of 𝜌 that depends on how passengers value their wait time versus 

ride time normally remains unchanged over time unless there are significant behavioral changes 

such as technological disruptions for passenger travel e.g., having the ability to engage in other 

relevant work en-route through internet. This is not the case for different geographical locations 

as US and United Kingdom (UK) report values with slight variations (“Quality of Service 

Concepts,” 2013). Increasing demand and headway can be seen to decrease 𝛾௥
௢ᇱ in a similar scale 

implying that decreasing H&C LOS from increasing demand can be compensated by increasing 

the frequency of the bus route. D on the other hand can be seen to have confounding effects on 

both the denominator and enumerator of the Equation (25). In a typical situation of a bus route, 

there can be a relationship between the average trip distance (𝑙)̅ and the length of the bus route (D) 

where the 𝑙 ̅can be represented as a fraction of D, then the value of 𝛾௥
௢ᇱ becomes independent of 

the value of D. If this happens, the H&C LOS tends to increase with the ratio 𝑙/̅𝐷, i.e., the higher 

the average trip distance of the passengers in the route compared to the route length, the lower the 

H&C LOS. This can be attributed to the increased average crowding cost of the passengers for 

traveling a comparatively longer time in a given loading condition.  

Substituting for 𝑙,̅ 𝐷, and 𝑆 in the Equation (66) from Equation (40) provides, 

 
𝛾௥

௢ᇱ
=

2𝜆஽

(𝜌𝐻 + 2𝐿𝑡∅̅)𝑃𝐻
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that shows increasing the average load factor (L) of the bus route decreases the H&C LOS.  
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4.3.4.2. Capacity Operations 

Under capacity operations when a bus route operates with a given bus size, the optimum design 

becomes a function of both the mean VoRT and mean VoWT.  

Using Equation (64), Equation (57) can be modified as follows to make the optimum design 

capacity a function of the mean VoRT. 

 
𝐶∗ = ඨ

2𝑘𝑄ଶ𝑇

𝜌𝑃𝛾௥
௢ + (2𝑃ଶ𝑙𝑡̅∅̅𝛾௥

௢/𝐷𝑆)
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For an existing capacity operation, using the practiced design capacity 𝐶, the implied base VoRT 

(𝛾௥
௢ᇱ) can be derived as follows using the Equation (68). 

 
𝛾௥

௢ᇱ
=

2𝑘𝑄ଶ𝑇

𝐶ଶ𝜌𝑃 + (2𝐶ଶ𝑃ଶ𝑙𝑡̅∅̅/𝐷𝑆)
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Equation (69) can be further simplified using the Equation 20 in the Chapter 3 for capacity 

headway 𝐻௖ as follows. 

 
𝛾௥

௢ᇱ
=

2𝑘𝑇

ൣ𝜌𝑃 + (2𝑃ଶ𝑙𝑡̅̅∅/𝐷𝑆)൧𝐻௖
ଶ 
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Comparing the implied VoRT for capacity operation with the implied VoRT for normal operations 

– Equations (70) and (66) – shows that the term in the denominator is the same except for the 

corresponding headway used depending on the type of operation. The term in the numerator of 

Equation (66) can be expanded using the Equation (11) from Chapter 3 to show that the numerator 

of the Equation (70) is a part of it as follows. 

 2𝜆஽ = 2T(𝑘 + 𝛼𝐶) = 2𝑘𝑇 + 2𝑇𝛼𝐶 71 

Therefore, while 𝛾௥
௢ᇱ for normal operations increases with the increasing design capacity, 𝛾௥

௢ᇱ for 

capacity operations decreases with the increasing design capacity and has a squared effect as 

𝐻௖
ଶ = 𝐶ଶ/𝑄ଶ. This is because at normal operations, increasing the design capacity – bus size – 

will create more space inside the bus for the passengers and hence reduce the cost component of 

crowding leading to an increased implied VoRT. This will increase the H&C LOS. At capacity 

operations, increasing the design capacity will not change the level of crowding as buses are 

dispatched fully through the maximum load section. Although this increases the number of people 
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experiencing a given level of crowding which in turn increases the cost of crowding leading to a 

reduced implied VoRT. This will decrease the H&C LOS.  

 

4.4. Integrating COVID-19 health risks into crowding costs 

4.4.1. Introduction 

This study was carried out in a time when the COVID-19 pandemic had taken the world by storm, 

impacting public transportation systems worldwide severely. The pandemic has created 

unprecedented challenges needing transit authorities to reevaluate the existing practices of transit 

operations. One of the areas affected is transit quality of service. Existing approaches assessing 

transit quality had to be changed as now passenger perception of the transit service had 

significantly changed. As a result, this study explores the issue of transit passenger perception 

being affected by the pandemic health risks and suggests an approach that can address this issue.  

The rapid spread of COVID-19 had profound effects on the lives of people worldwide. The World 

Health Organization (WHO) declared COVID-19 a pandemic on 11th March 2020 (WHO, 2020). 

Among the steps taken to curb the spread of COVID-19, social distancing measures and travel 

restrictions had a detrimental effect on the public transportation (PT) sector. Fear of contamination 

from exposure to other people, along with government restrictions, resulted in a plunge in PT 

demand of 70% - 90% (UITP, 2020). The loss of PT demand can mostly be attributed to reduced 

travel demand resulting from a combination of public health restrictions, working from home, 

online schooling, shift to online shopping, transit service cuts, and loss of employment. PT as a 

mode absorbed some of the most adverse effects (Tirachini & Cats, 2020). The coronavirus 

pandemic may prove to be a catalyst for long-term changes in trip making behavior. Many people 

might continue to work remotely, at least part time, which means travelling to work fewer days 

per week. In addition, because of passengers’ concerns about PT hygiene (Beck & Hensher, 2020) 

and their reluctance to use transit (Labonté-Lemoyne et al., 2020), there is a risk of significantly 

lower PT ridership levels even in the aftermath of the pandemic.  

The negative impacts of reduced PT demand are widespread. While it directly impacts transit 

agencies, it will have a ripple effect on several layers of society. Revenue loss due to lower 

ridership reduces a transit agency's capability to provide the same service levels. This revenue loss 

therefore results in reduced frequency and time span of service, which are evident during and after 
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lockdowns due to COVID-19 (Gkiotsalitis & Cats, 2020). Cuts to service adversely affect the 

quality of service offered, leading to an even lower demand. This downward spiral trend will 

crucially affect social equity and deprive parts of some communities of their accessibility and 

mobility needs that could not be otherwise met for seniors, school children, essential workers, and 

other segments of the population. The resulting shift away from transit also leads to increased 

passenger car use, which creates other problems, such as increased greenhouse gas (GHG) 

emissions, traffic accidents, fuel costs, and traffic congestion (Eboli & Mazzulla, 2007). The 

importance of preventing transit demand and mode share degradation during the phased re-opening 

of the economy and the aftermath of the pandemic is evident.  

Transit agencies face many challenges in adapting their services while considering COVID-19 

health risks and the changes in transit demand levels. Although the economy will eventually reopen 

from lockdown, it will go through many ups and downs because reopening will be affected by the 

penetration rate of COVID-19 vaccines and the variants of the virus that might cause further waves 

of spread. Therefore, for a given community, the state of the pandemic has been dynamic and 

uncertain. Because of the lack of useful decision support tools to help redesign services in times 

of dynamic uncertainty, transit agencies have resorted to ad-hoc measures (Gkiotsalitis & Cats, 

2020). To accommodate reduced demand due to COVID-19, most transit agencies in North 

America have responded by cutting services and operating on reduced schedules and capacities. 

Such cuts in service cause a further downward spiral in transit demand (Tirachini & Cats, 2020). 

While fare revenue is reduced, unit operating cost has increased because of the need to address 

varying health safety measures and social distancing guidelines. 

This chapter revisits the optimum headway problem and considers crowding in conjunction with 

the issues of public health, quality of service, capital, and operating costs of the system. In this 

approach, COVID-19 related issues are considered as part of passengers' perceived health risks 

associated with crowding using a crowding penalty factor, i.e., the value of ride time multiplier 

under crowding. At a particular crowding level, the perceived risk of crowding is incorporated 

differently for various pandemic levels. The developed approach is numerically tested using a 

simple case of a single bus route with and without the constraint of bus size.  
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4.4.2. Background  

This section is divided into five parts. First, it reviews the recent literature on the impact of the 

COVID-19 pandemic on transit operations. It then discusses the recent attempts to revise transit 

operations to cope with the challenges posed by the pandemic. The following section briefly 

explores the new generalized user and operator costs due to the pandemic, which is integral to 

minimizing the tradeoffs between user and operator costs. The last two parts of this section 

describe the basic principles used in the methodology to calculate crowding costs and measure 

crowding using the related literature. 

4.4.2.1. COVID-19 impacts on transit  

During different pandemic stages, the PT demand was significantly lower due to travel and activity 

restrictions and fear of infection (Honey-Rosés et al., 2020). Even in the aftermath of the pandemic, 

researchers anticipate a potential increase in teleworking and teleshopping (Orro et al., 2020; 

Shamshiripour et al., 2020). While these new trends in trip making behavior point towards a 

sustained reduction in PT demand, they do not necessarily mean a reduction in transit modal share. 

In contrast, a reduction in transit modal share during and post-COVID-19 expresses a preference 

for other modes. Studies show that there is a significant reduction in the modal share of transit in 

response to COVID-19 (Apple, 2021; Orro et al., 2020). This shift can be attributed, at least in 

part, to negative passenger perceptions of the potential health risks of riding transit (Przybylowski 

et al., 2021) t. If these negative perceptions are not properly addressed during the transition stage, 

the reduction in the modal share of transit may be sustained for an extended period in the aftermath 

of the pandemic (Przybylowski et al., 2021; Tirachini & Cats, 2020).  

4.4.2.2. Attempts to alleviate pandemic induced issues in transit operations 

Studies on addressing pandemic related issues in transit scheduling attempt to allocate transit 

agency resources optimally while introducing capacity reductions brought on by social distancing 

measures as constraints (Gkiotsalitis & Cats, 2020; Tirachini & Cats, 2020). This approach can be 

further explored through models that set frequencies for a single line (Furth and Wilson 1981) or 

for a network with limited resources as constraints (Yu et al., 2011); models that maximize 

resource allocation can also be used (Verbas & Mahmassani, 2013). Gkiotsalitis and Cats (2021) 

extend the approach of Furth & Wilson (1981) to a network-wide problem of optimal frequency 

setting. Their approach considers the lost revenue from passengers left behind because of transit 

vehicles adhering to social distancing measures (restricting adjacent seats, etc.) with the objective 
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of minimizing the tradeoffs between user and operator costs. These approaches, however, do not 

consider the new perceived discomfort cost, induced by COVID-19, in riding in a crowded vehicle. 

Perceived risk is the primary factor that influences human decision-making behavior (Bavel et al., 

2020). The perceived health risk of being in an enclosed space with a crowd has reduced the use 

of public transport during the pandemic (Dandapat et al., 2020) and will continue to do so post-

pandemic. In fact, crowding was found to be the most important factor in mode choice during the 

pandemic (Shin et al., 2021). Research has revealed that passengers’ willingness to return to transit 

significantly depends on perceived safety and comfort of using transit during the pandemic 

(Kopsidas et al., 2021; Przybylowski et al., 2021). Tan & Ma (2020) found that people who 

perceived a higher risk of contracting the virus by taking transit had a lower probability of taking 

transit. Further, passenger perception of public transit being safe was found to have increased 

overall satisfaction with transit (Dong et al., 2021). Supporting these claims, studies report that 

negative perception of crowding was magnified by an amount of 1.04 – 1.23 due to the pandemic 

(Cho & Park, 2021). Shin et al., (2021) reported that metro passengers in the city of New York 

showed ride time crowding multiplier values of 2.13 and 2.65 for sitting and standing passengers, 

respectively. Pollock et al., (2021) reported an implied cost increment of about $37 CAD due to 

the disutility of high pandemic severity compared to low pandemic severity as measured by the 

number of daily infections. Therefore, it is evident that transit mode choice during the re-opening 

stages and the aftermath of COVID-19 will continue to be significantly influenced by the perceived 

health risk/safety. 

4.4.2.3. Pandemic induced generalized costs of transit 

Although the evidence that reveals the significance of crowding induced health risks for transit 

riders in determining transit attractiveness post-COVID-19, there are no studies that investigate 

the effects of crowding induced health risks in transit scheduling. Consequently, some transit 

agencies have adopted the physical distancing measures recommended by health professionals to 

curb the spread; these measures mean that there is a specific maximum level of crowding allowed 

in transit vehicles (Kamga & Eickemeyer, 2021). Nevertheless, different people can view this same 

level of crowding as having different levels of risk, which will affect transit demand. This situation 

can even propagate to the aftermath of a pandemic when transit systems may not require social 

distancing measures, but passengers may still have residual anxiety from COVID-19. To develop 
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an analytical expression for the optimal headway of a transit line, we first briefly explore the 

generalized costs of users and operators. 

The pandemic has had a multifaceted impact on generalized operator and user costs. Table 6 

highlights some cost increments due to the pandemic. Of the operator and user-related cost 

increments, all except crowding discomfort due to COVID-19 health risk can be directly 

quantified. For example, the increased operator costs are reflected in the cost of dispatching a 

transit vehicle on a particular route that is discussed later in the paper. Increased passenger costs 

are directly reflected in the increased values of ride and wait time of the passengers. The discomfort 

due to crowding depends on passenger’s perceptions of COVID-19 health risks while riding transit 

and therefore becomes a challenging issue that requires considerable theoretical support. 

Table 6 - Sudden effects of the covid-19 pandemic on operator and user costs 

Increases in Operator Costs Increases in User Costs 

Cost of mandated safety measures (cleaning 

vehicles and infrastructure) 

Increased ride time cost due to adopted 

health precautions (passenger metering at 

stations and using specific doors to board 

and alight) 

Cost due to increased operating time (higher 

round trip time due to cleaning activities and 

safety measures for passengers boarding 

alighting and in-vehicle circulation) 

Increased wait time costs due to cuts in 

service (longer headways cause longer 

average wait times) 

Cost due to reduced capacity (more vehicles need 

to be dispatched per unit time) 

Increased cost of crowding discomfort due 

to COVID-19 health risks 

 

This research is mainly to find a way to quantify the cost of crowding discomfort due to COVID-

19 and to incorporate the cost into an analytical model that can support scheduling transit services.  

We will first investigate crowding discomfort without the effects of pandemic health risks on an 

urban bus route. This provides a reference to then explain the cost of crowding discomfort 

associated with COVID-19 health risks.  
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4.4.2.4. Effect of COVID-19 on crowding discomfort  

It is evident that the extent of discomfort corresponding to a given level of crowding is partly 

influenced by COVID-19 related health risks (Cho & Park, 2021; Shin et al., 2021). Before the 

pandemic, discomfort due to crowding was influenced by the sense of a lack of privacy (Fried & 

Defazio, 2016) because of the standing passengers and the difficulty of boarding and alighting. 

Discomfort is further amplified by COVID-19 related health risks. Due to its integral role in terms 

of crowding, we consider the pandemic health risks as one of the two components that influence 

discomfort due to crowding. In other words, discomfort and the associated costs corresponding to 

a given level of crowding have increased because of the pandemic. If we assume that the resulting 

crowding discomfort varies linearly with the level of crowding (Jara-Diaz & Gschwender, 2003), 

the effects of the pandemic health risks can be expressed along with crowding discomfort in a form 

similar to Figure 15. 

 

 

Figure 15 - Basic and COVID-19 health risks related crowding discomfort with the loading 

factor 

The crowding discomfort of a passenger due to COVID-19 depends on the perception of the 

prevailing health risks associated with riding transit (Cho and Park, 2021). Perception of the 

overall health risks depend on cleaning strategies undertaken by the operator; safety measures 

onboard and at stations, such as mask policy and social distancing; rate of compliance to the safety 

measures (Beck & Hensher, 2020; Elias & Zatmeh-Kanj, 2021); and the stage of the pandemic 

expressed in terms of measures such as daily infection rates and number of infected persons in the 
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city/province per 10,000 persons (Shelat et al., 2020). The collective effect of the above factors 

can be represented as the perceived chance of getting infected while taking transit. Most of these 

factors can be controlled or remain unchanged over long periods, but the state of the pandemic 

cannot be easily predicted. Therefore, the factor “state of the pandemic” is selected to represent 

the perceived health risk of taking transit. Selecting the factor “state of the pandemic” helps the 

study achieve one of its primary intentions: to help estimate passenger perception towards 

crowding during different pandemics. 

4.4.3. Incorporating pandemic health risks into the calculation of crowding costs 

As the level of crowding (or loading factor) increases, passengers are willing to pay more to travel 

using a mode that is less crowded (Yap et al., 2020). Therefore, a higher load factor indicates a 

higher disutility per unit time. At the onset of the COVID-19 pandemic, a particular crowding level 

posed different levels of disutility depending on the severity of the pandemic (Pollock et al., 2021; 

Shelat et al., 2020). For example, a person may be comfortable travelling on a given transit line at 

a given loading factor when a city's daily infection rate is around a typical intermediate level of 

300 (NAIT, 2021). The same person might not be comfortable travelling on the same transit line 

at the same level of crowding when the daily infection rate in the city is around 800, which is near 

a lockdown state (Przybylowski et al., 2021). Therefore, the disutility of travelling time (utils per 

unit time), and hence, the VoRT, depends on both the loading factor and the health risks posed by 

the pandemic at that time. Accordingly, the resulting change to CPF can be expressed by adding 

another term to Equation (41) as follows: 

 𝛽 = 1 + ∅𝐿 + 𝜎𝑅𝐿 =  1 + (∅ + 𝜎𝑅)𝐿 72 

where R represents the level of pandemic severity (e.g., daily infection rate), and 𝜎 is a constant 

that indicates the rate of change in CPF for a unit change in the RL. The term “𝜎𝑅𝐿” is the average 

amount by which passengers might increase their CPF to trade off the health risks caused by a 

given level of pandemic severity and a given level of loading. Here, 𝜎𝐿 can be interpreted as the 

rate of change in 𝛽 (CPF) with the pandemic severity (R), and ‘∅ + 𝜎𝑅’can be interpreted as the 

rate of change in 𝛽 with loading factor (L).  

Studies have reported that the COVID-19 virus can live on different types of surfaces for different 

durations of time up to a few days (Moriyama et al., 2020; Nishiura et al., 2020). Thus, despite 

regular cleaning and safety measures, passengers could still perceive a health risk in travelling on 
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a transit vehicle even when the bus has no other passengers, i.e., zero loading. This health risk can 

increase as the severity of the pandemic increases; more active cases in a community increase the 

chance of getting infected. This component of the health risk also causes the value of 𝛽 to increase 

in a fashion that only depends on pandemic severity and not on the level of crowding. Accordingly, 

Equation (72) can be modified by adding the term 𝜂𝑅, where 𝜂 is a constant that represents the rate 

of change in the portion of CPF that depends only on R, the pandemic severity.  

Tirachini & Cats (2020) emphasize the possibility that there might be a residual health risk even 

in the aftermath of the pandemic. In other words, there is a portion of the health risk, independent 

of both the level of crowding and the severity of the pandemic, that will increase CPF and remain 

even when the pandemic is over. This portion of the health risk can be expressed by adding the 

term 𝜔 to Equation (72), where 𝜔 is a constant that represents the residual health risk unique to 

the population considered.  

Equation (72) can be modified using the expression for L from Equation (40): 

 
𝛽 = 1 + (∅ + 𝜎𝑅)

𝑃𝐻𝑙 ̅

𝐷𝑆
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Figure 16 illustrates Equation (73) and the terms 𝜂𝑅 and 𝜔 

 

Figure 16 - Variation of CPF with loading considering COVID-19 health risks 
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Figure 16 shows the ways in which pandemic health risks can affect a passenger’s perceptions of 

riding transit. However, 𝜂𝑅 and 𝜔 are eliminated in the process of obtaining the optimum headway, 

i.e., taking the derivative in terms of H to obtain the optimum headway eliminates these terms as 

they are not dependent on the headway. On the other hand, we expect 𝜂𝑅 and 𝜔 to be negligible 

because having no other users inside a transit vehicle does not pose a significant health risk to most 

users most of the time. The residual perceived health risk (𝜔) also does not affect most users and 

dissipates over time (and into the aftermath).  

Substituting from Equation (72) in Equation (43) to develop the objective function as in Equation 

(51) and taking the derivative in terms of H, the optimum headway, considering both crowding 

and pandemic health risk related costs (H**), can be obtained as follows: 

 
𝐻∗∗ = ቈ

2𝜆஽/𝛾௪𝑃

1 + 2𝑃𝑙𝑡̅̅𝛾௥
௢(∅ + 𝜎𝑅)/𝛾௪𝐷𝑆

቉

ଵ/ଶ
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As shown in Equation (74), in the presence of pandemic health risks, the optimum headway is 

further reduced as expected by the addition of 𝜎𝑅 to the value of ∅. As the severity of the pandemic 

increases, the cost of perceived health risks increases, which lowers the optimum headway.  

The estimations for ∅ and 𝜎 can be obtained using a stated preference survey of transit passengers. 

For example, Batarce et al., (2016) has shown that the marginal utility of transit travel time can be 

modelled as a linear function of the loading: 

 𝛿௧(𝐿) = 𝛿଴ + 𝛿ଵ𝐿 75 

where 𝛿଴ (utils per hour) can be expressed as the basic marginal utility of travel time – without the 

effect of crowding and pandemic health risks, and 𝛿ଵ (utils per hour per unit loading) can be 

expressed as the marginal utility of travel time with crowding. During a pandemic, the value of 𝛿ଵ 

is further affected by the pandemic severity level (R). Therefore, taking a similar approach to 

Batarce et al., (2016) in Equation (75), we propose that the value of 𝛿ଵ can be modelled as a linear 

function of pandemic severity:  

 𝛿ଵ = 𝜃଴ + 𝜃ଵ𝑅 76 

where 𝜃଴ (utils per hour per unit of loading) can be expressed as the basic marginal utility of travel 

time with crowding – without the effect of pandemic health risks, and 𝜃ଵ (utils per hour per unit 
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of loading and pandemic severity) can be expressed as the marginal utility of travel time with 

crowding under pandemic health risks. 

Using this modelling approach, CPF can be obtained for different levels of loading and pandemic 

severity through stated preference and revealed preference surveys. The obtained values reflect the 

average passenger perception of pandemic health risks under different crowding and pandemic 

severity conditions. Using these values, the function for CPF in the presence of crowding and 

pandemic severity, Equation (73), can be developed, which provides the values for ∅ and 𝜎. A 

practical example of deriving a function for CPF is presented in section 4.5.1 of this chapter using 

available CPF values from the literature for different loading conditions. Similarly, the method 

described herein supports the derivation of the CPF as a function of loading factor and health risk 

measure.  

Substituting for 𝛾௪ in Equation (74) from Equation (64), the implied base value of riding time can 

be obtained as follows for normal bus operation under pandemic conditions. 

 
𝛾௥

௢ᇱ
=

2𝜆஽

൫𝜌𝑃+2𝑃ଶ𝑙𝑡̅(̅∅ + 𝜎𝑅)/𝐷𝑆൯𝐻ଶ
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The implied VoRT derived from Equation (77) can be compared against the mean VoRT 

distribution of the passengers to derive the H&C LOS of the bus route as described in the chapter 

2 - ‘Proposed Approach’. Comparing Equation (77) with Equation (66), it can be seen that the 

addition of the term ∅ + 𝜎𝑅 instead of ∅ in the denominator has reduced the corresponding value 

of the implied base value of ride time to account for the increased cost of crowding due to pandemic 

health risks. This reduction in 𝛾௥
௢ᇱ represents a reduction in the H&C LOS in the bus route. 

4.4.4. Operations under capacity during the pandemic  

The minimum required headway to meet an available maximum demand of passenger-spaces Q 

on buses of passenger carrying capacity 𝐶, is given by the capacity headway 𝐻௖ = 𝐶/𝑄. The 

regular policy is to operate a given bus route with the minimum out of the optimum headway and 

the capacity headway to avoid passengers being left behind.  

The norm in capacity operations is to dispatch buses when full. In a many-to-many demand bus 

route, the concept of “dispatching buses when full” entails meeting the demand of the rate of 

passengers passing through the maximum load point using the bus capacity (a bus full of 
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passengers). Yet, the term “full” can be subjective, i.e., the person operating the transit vehicle and 

the passengers inside the transit vehicle may have different opinions on what “full” means; it can 

be even more subjective under the effect of COVID-19 health risks (T. Dai & Taylor, 2020). There 

is a maximum number of passengers that can physically fit in a transit vehicle of a given size, 

commonly known as the crush capacity, which is sometimes referred to as 1.5 times the number 

of seats available (TCRP Project A-15C, 2003a). The regular practice is to use a number that 

represents the number of passengers allowed in a bus that is lower than the crush capacity 𝐶′. 

Therefore, 𝐶 is normally in the range of 1 to 1.5 times the seat capacity.  

The load factor resulting from operation under optimum headway can rise above the crush capacity 

under extreme values of some parameters (e.g., 𝜆஽), which significantly increases operator costs. 

Therefore, it is necessary to have an upper limit to the loading factor. This upper limit is normally 

the crush capacity (1.5 times the seat capacity). Under pandemic conditions, such a value indicates 

a significant health risk. Therefore, during a pandemic, transit agencies need to consult the health 

authorities to agree on an upper limit to the level of loading/crowding allowed to manage the health 

risks of the pandemic. If the health authorities request a minimum distance between passengers, 

this required distance can dictate a particular design capacity depending on the available space 

inside the bus. Likewise, if the upper limit for the design capacity is 𝐶௨, the capacity headway 𝐻௖ 

becomes the ratio of 𝐶௨ to Q:  

 
𝐻௖ =

𝐶௨

𝑄
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Accordingly, the resulting dispatching policy is to use the minimum 𝐻௖ and 𝐻∗∗. 

As discussed in Section 3.3.4 of Chapter 3, the policy headway is related to the quality of service 

and trust. Significant increases in operator costs and reduced demand due to a pandemic can make 

adhering to the same policy headway challenging for transit agencies. In a pandemic, essential 

workers, health care and front-line workers, depend on transit services (METROLINX, 2020). 

Reducing the policy headway will significantly affect essential workers’ travel.  

Therefore, the dispatching policy is 

 
𝐻௣ = 𝑀𝑖𝑛 ൝

𝐻∗∗

𝐻௖
௨

ℎ
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Transit agencies can adopt the dispatching policy presented in Equation (79) during a pandemic 

and in the aftermath to help schedule transit. 

 

4.5. Applications and discussion 

4.5.1. A numerical example for a function of crowding penalty factor 

An example function for the CPF is derived first. A 12 m long bus that has 44 seats (S=44) is used 

for this example. According to the Transit Capacity and Quality of Service Manual (TCRP Project 

A-15C, 2013), the design capacity is 𝐶 = 1.25𝑆 = 55, and the crush capacity is 𝐶ᇱ = 1.5𝑆 = 66.  

Table 7 shows the factors by which passengers increase their riding time values under different 

passenger load conditions. The variable “n” represents the number of passengers on board the 

vehicle, and “S” represents the number of seats in the bus. 

Table 7 - Riding Time Multiplier Values under Different Loading Conditions 

Load condition Type of passenger VoRT multiplier 

n<(S/2) For a seated passenger - one passenger per dual 

seat (no one in the next seat) 

1 

n>(S/2) For a seated passenger - two passengers per dual 

seat 

1.1 

S<n<(1.25*S) For a seated passenger 1.25 

S<n<(1.25*S) For a standing passenger 2.1 

(1.25*S) <n<(1.5*S) For a seated passenger 1.4 

(1.25*S) <n<(1.5*S) For a standing passenger 2.25 

(Source – Information obtained from Transit Capacity and Quality of Service Manual, Third 

Edition 2013) 

The average VoRT multiplier for passengers on the bus (S=44, C=55, C*=66) can be calculated 

by adding passengers one-by-one to the bus and calculating the average VoRT multiplier. Average 

VoRT multipliers with corresponding loading factors – number of passengers on the bus divided 

by the number of seats in the bus – are shown in the Figure 17. 
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.

 

Figure 17 - Variation of the average CPF (VoRT multiplier) with L 

Curves that have different functional forms can be fitted to this dataset:  

Exponential: 

 𝐴𝑣𝑔 𝐶𝑃𝐹 = 1 + 𝑎𝑒௕௅ = 1 + 0.0114 ∗ 𝑒ଶ.଼଺ସ∗௅        (R2 =  0.94) 80 

Linear: 

 𝐴𝑣𝑔 𝐶𝑃𝐹 = 1 + 𝑎𝐿 = 1 + 0.3015 ∗ 𝐿              (R2 =  0.64) 81 

 CPFs (VoRT multipliers) are normally acquired from stated preference surveys. Results from such 

surveys determine CPFs for the corresponding levels of crowding. The number of data points that 

can be obtained depends on the number of levels utilized in the survey on crowding. If more levels 

are used, more data points can be obtained, and hence, the derived functional form is more 
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accurate. However, more levels require a larger number of survey responses to maintain a certain 

accuracy level for the data points. 

4.5.2. Numerical example 

4.5.2.1. Optimum headway with the effect of crowding 

In this section, we present a numerical example designed to determine the optimum headway with 

and without crowding costs. The parameters in Table 8 are assumed for an existing transit line.  

Table 8 - Operational parameters of a transit line 

Parameter Value Units Reference 

P 150 pass. /hr. Assumed 

Q 130 

pass. 

Spaces/hr 

Assumed 

𝛾௪ 15 $/hr/pass. 

(Hess et al., 2004) adjusted for inflation; (Hossain, 

2019) 

𝑡̅ 0.5 hrs Assumed 

ϑ 0.3 - Figure 17 

S 44 seats (TCRP Project A-15C 2003) 

𝛾௥
௢ 10 $/hr/pass. (Ettema and Verschuren 2007) adjusted for inflation 

𝜆஽ 100 $/dispatch Assumed 

𝑙 ̅ 10 km Assumed 

D 20 km Assumed 

 

For the parameters shown in Table 8, the optimum headway without crowding from Equation (15) 

in the Headway LOS chapter,  𝐻ᇱ =  𝟏𝟖 𝑚𝑖𝑛𝑢𝑡𝑒𝑠. Capacity headway, 𝐻௖ = 20 𝑚𝑖𝑛𝑢𝑡𝑒𝑠  from 

Equation (23) in the Headway LOS chapter. In this example, passenger carrying capacity is 

assumed to be equal to bus size S to obtain a benchmark value, i.e., buses are dispatched when all 

seats are filled. Since 𝐻ᇱ < 𝐻௖, according to Equation (24) in the Headway LOS chapter, the bus 

route runs under optimum headway. Optimum headway with crowding is 𝐻∗ ≅ 𝟏𝟓 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 from 

Equation (53). Consequently, the effect of crowding costs reduces the optimum headway by nearly 

3 minutes.  



 

98 
 

4.5.2.2. Sensitivity analysis of the optimum headway with crowding and pandemic health risks 

To simplify the variation between 𝛽 and 𝐿 in Equation (72), let us replace ∅ + 𝜎𝑅 by 𝜗 for a given 

level of pandemic severity: 

 𝛽 = 1 + 𝜗𝐿 82 

When there is no pandemic, R is zero and the value of 𝜗 is equal to ∅. As shown in Figure 16, the 

value of 𝜗 (rate of change in CPF with L and R - gradient) is higher in the presence of perceived 

health risks in taking transit. This value increases or decreases during different stages of a 

pandemic. For example, during a near lockdown (the stage when the infection rate is close to 

highest but not yet locked down and, hence, the health risks are highest), the value of 𝜗 is at the 

highest point, and during the aftermath of a pandemic, it is at the lowest point.  

The sensitivity of 𝐻∗ (optimum headway with crowding costs) and 𝐻′ (optimum headway without 

crowding costs) are assessed against some key operational parameters. The effects of perceived 

health risks during different imaginary stages of a pandemic (expressed using different 𝜗 values) 

are explored. It should be noted that the effects of the perceived health risks during a near lockdown 

stage can increase the value of 𝜗 to more than two times the value of ∅ (Shin et al., 2021). The 

value of 𝜗 can also be nearly as low as ∅ (the effect of the pandemic health risks is negligible), 

and this situation occurs in the aftermath when passengers are no longer affected by COVID-19. 

However, the average variation of 𝜗 with the different stages of the pandemic, i.e., the variation 

of CPF with respect to the severity of the pandemic, is unique for a given community.  

Accordingly, the values of optimum headway with crowding (H*) and without crowding (H’) are 

allowed to change with changes in critical parameters, such as demand, bus size, and passengers' 

average trip time - Figure 18, Figure 19, and Figure 20. Average trip distance has a similar effect 

to that of average trip time, and the length of the bus route has a similar effect to that of bus size 

owing to the nature and positioning of these variables in Equation (52). These sensitivity analyses 

are also extended to represent different potential severity levels of a pandemic by increasing the 

value 𝜗 by 50% (H* @ 50%𝜗) and by 100% (H* @ 100%𝜗). The value of 𝜗 is assumed to 

represent no pandemic severity (R=0) and is equal to 0.3, which is the value of ∅ in the example 

presented in Figure 17. These results are compared with the optimum headway without crowding 

costs to show the significant impact of crowding costs on optimum headway.  
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Figure 18 - Sensitivity of optimum headway to demand variations with and without 

consideration of crowding 

 

Figure 19 - Sensitivity of optimum headway to variations in bus size with and without 

consideration of crowding 
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Figure 20 - Sensitivity of optimum headway to variations in average trip time of passengers 

with and without consideration of crowding 

Figure 18 indicates that as demand increases, the values of both the optimal headways (H* and 

H’) decrease. Higher demand implies higher passenger costs for the same headway value, which 

also means the same operator cost. An optimized headway balances this difference between 

operator and user costs by reducing headway. Figure 18 shows that as demand increases, the 

difference between H* and H’ increases. This difference is more significant for higher values of 

demand, and at such values, there is a higher chance of the bus route running under capacity 

headway and not at optimal headways. The increasing difference between H* and H’ indicates that 

as demand increases, crowding cost of passengers also increases, which decreases the value of 

optimum headway with crowding. Nevertheless, for all demand levels, the effect of crowding and 

health risks on optimum headway are distinct. This difference is sufficiently significant such that 

transit agencies should consider using a similar methodology to set frequencies for their transit 

lines because it will help retain and improve transit modal share while optimally allocating 

resources. However, according to the methodology suggested in this study, which balances the 

tradeoffs between increased operator and user costs, transit agencies will have to increase their 
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resource contribution because H* will have to be reduced to match the increased user costs, which 

will in turn increase operator costs. Increased operator costs also mean that the transit agency needs 

increased funding/subsidy for their operations. During COVID-19, allocations of emergency 

funding have been made to promote and maintain sustainable transportation modes such as public 

transit (Mallett, 2020). 

Figure 19 shows that smaller bus sizes are related to lower optimum headway with crowding. The 

optimum headway without crowding (H’) stays constant as it does not depend on bus size. This 

result also demonstrates that smaller bus sizes are related to higher effects of crowding on H*. If 

the same dispatching policy is adopted for small and big buses for a particular demand, passengers 

on small buses will find the bus more crowded. Perceived health risks have been shown to amplify 

this effect: the difference between H*@100%𝜗’ and ‘H* increases as bus size decreases (Figure 

19), which makes sense because as spaces become more confined, discomfort due to crowding and 

health risks grows.  

As average trip time on a given transit line increases, the difference between H* and H’ increases 

as shown in Figure 20. If the same frequency setting policy is adopted for different transit lines 

that have different average trip times, service will not be equitable/favorable, especially for the 

bus routes that have higher average trip times. This effect is amplified in the presence of COVID-

19 health risks; as average trip time increases, the effect of health risks on passenger costs 

also increases. Unfavorable transit service may cause a decrease in transit ridership. As such, 

according to the developed model, optimum headway is sensitive to the average trip time. The 

degree of success of the methodology depends on accurately estimating the perceived health risks 

of different pandemic stages. The methodology presented in Section 4.4.3 in this chapter helps 

accurately estimate ∅ values that consider discomfort due to both crowding and health risks during 

different stages of a pandemic. 

The proposed methodology supports managing the significantly reduced demand during a 

pandemic, and it also applies to normal demand levels. It is presented in a way such that it can be 

easily translated to potential future pandemic situations by deriving CPF functions for different 

pandemic severity levels. It is important to note that this method is developed for public bus routes 

and not for private bus routes.  
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4.5.3. H&C LOS with pandemic health risks 

H&C LOS with and without the effect of the pandemic health risks can be evaluated by calculating 

the implied base VoRT for an existing bus operation. We will calculate the implied base VoRT to 

evaluate the H&C LOS first and extend the same example calculation to include the effects of the 

pandemic health risks. As the initial step, a figure to represent the base VoRT distribution of the 

passenger population is produced using the VoWT distribution presented in the Figure 13 of the 

Chapter 3, and assuming a value of 2.5 for the parameter 𝜌 as suggested in literature, as shown in 

Figure 21. 

 

Figure 21 - Mean VoRT distribution 

A bus route with the parameter values in Table 9 is considered. 

 

 

 

 

 



 

103 
 

Table 9 - Operational parameters of a bus route operating under a pre-selected headway 

Parameter Value Units 

P 150 pass. /Hr 

𝜌 2.5 - 

𝑡̅ 0.5 hrs 

∅ 0.3 - 

S 44 seats 

𝐻 0.333 (20) hrs (mints) 

𝜆஽ 150 $/dispatch 

𝑙 ̅ 10 km 

D 20 km 

 

For the bus route operation with the values presented in Table 9, the implied base VoRT can be 

calculated using the Equation (66) as 5.98 $/hr./pass. This value falls under the LOS C for the 

VoRT distribution presented in Figure 21. Therefore, for the bus route operation consisting of the 

parameter values in Table 9, the H&C LOS is ‘C’.  

If the same bus route is to operate with the same parameters under a condition with pandemic 

health risks. An average CPF of 2.5, closer to those reported in the literature – cited in section 

4.4.2.2 – is assumed to represent the pandemic situation. Accordingly, the value of ∅ 

corresponding to a CPF of 2.5 can be calculated to be 2.64 using the Equation (43). Using this 

value instead of the value of ∅ in Table 9 will yield an implied base VoRT of 2.57 $/hr./pass. 

according to the Equation (66). This value falls under the LOS E for the H&C LOS of the bus 

route under a pandemic condition in reference to the VoRT distribution represented in Figure 21. 

It should be noticed that the H&C LOS, under the influence of the pandemic health risks, has fallen 

significantly to the LOS E from LOS C which stresses the requirement of new interventions to 

maintain the transit attractiveness.  
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4.5.4. Operations under capacity 

Consider a bus route that has the following parameters: 

Table 10 - Operational parameters of a bus route 

Parameter Value Units References 

P 200 pass. /Hr Assumed 

Q 180 pass. Spaces/hr Assumed 

 𝛾௪ 12 $/hr/pass. (Hossain 2019) 

 𝑡̅ 0.5 hrs Assumed 

∅ 0.3 - Figure 17 

S 44 seats (TCRP Project A-15C 2003) 

 𝛾௥
௢ 10 $/hr/pass. 

(Ettema and Verschuren 2007), adjusted for 

inflation 

𝜆஽  150 $/dispatch Assumed 

        𝑙 ̅ 10 km Assumed 

       D 20 km Assumed 

Optimum headway under crowding for this bus route can be obtained using Equation (53) for the 

parameters presented in Table 10 as 17 minutes (𝐻∗ = 0.3 ℎ𝑟𝑠 = 17 𝑚𝑖𝑛𝑢𝑡𝑒𝑠). In this example, 

it is assumed that there are no pandemic health risks involved (no additional cost due to health 

risks).  If the design capacity of the bus in Table 10 is 50, the capacity headway can be calculated 

as 16.67 minutes using the Equation (52) in the chapter ‘Headway LOS’. According to the 

dispatching policy – Equation (53) in the chapter ‘Headway LOS’ – the bus in this line now has to 

be dispatched using the capacity headway.  

At near lockdown stages of the pandemic, vehicle capacities were restricted sometimes to half the 

seating capacity - blocking adjacent seats - by some transit agencies to adhere to social distancing 

regulations, for example in Calgary Transit, Alberta, Canada. In this situation, the load factor is 

0.5, and the corresponding vehicle capacity 𝐶௨ becomes bus size times the load factor, i.e., 44*0.5 

= 22. Therefore, according to Equation (77), the capacity headway 𝐻௖ is (22/150) *60 ≅ 9 minutes. 

According to the dispatching policy, Equation (78), buses need to be dispatched with a headway 
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of 9 minutes on this line. This process can be used to meet the guidelines of health authorities that 

limit vehicular capacity. 

Consider a situation where the bus route is running under the capacity headway – for the bus 

service having operational characteristics as in Table 10, and it is required to find out the H&C 

LOS of the bus service. Equation (70) can be used for this purpose. Assuming an average cruise 

speed of 30 km/hr. for the bus route – including stopping, boarding, alighting, and accelerating 

delays, provides a route travel time of 40 minutes for the route length of 20 km. Adding a layover 

time of 5 minutes provides an approximation of 45 minutes (0.75 hrs.) for the value of ‘T’. The 

value of ‘k’ is assumed to be 120 $/hr./dispatch. Accordingly, the implied base VoRT - 𝛾௥
௢ᇱ - can 

be calculated as 3.66 $/hr./pass. which falls under H&C LOS ‘D’ with reference to the Figure 21. 

As described in the section 4.5.3, assuming a value of 2.64 for the parameter ∅ to represent the 

pandemic health risks in a pandemic condition will further decrease the resulting value of 𝛾௥
௢ᇱ 

reducing the H&C LOS experienced by the passengers.   

4.6. Discussion and Concluding Remarks 

This chapter integrates one of the key aspects of transit passenger comfort – crowding – into a 

measure assessing transit service level of service. Due to the nature of crowding discomfort which 

is mainly influenced by the practiced headway of a bus route, the quality of crowding cannot be 

assessed in isolation of the quality of headway. Owing to this background, this chapter proposes a 

methodology that assesses the headway and crowding LOS using a single measure. This suggested 

methodology is then extended to include a condition of a health pandemic that can affect passenger 

perception on taking transit due to the prevalent COVID-19 pandemic at the time of writing this 

thesis. The extended methodology can be adopted to any similar pandemic situation.  

This chapter makes two important methodological contributions: it presents a new methodology 

to estimate the cost of crowding on a bus route, and it presents an approach that incorporates transit 

riders’ perceptions of COVID-19 health risks as part of headway optimization. The perceived 

health risks of crowding are modelled using a crowding penalty factor (CPF), which is the value 

of ride time multiplier under crowding. It is postulated that discomfort, and hence cost, for a given 

level of crowding is also affected by the perceived health risks of the severity of a pandemic. An 

analytical model is then developed to obtain the optimum headway that considers average 
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passenger cost of crowding. This model is then extended to be used in a context where the bus 

route is operating under the capacity headway.  

The cost of crowding for users, which is also influenced by pandemic health risks, can be reduced 

by decreasing the headway of a bus route that operates under normal conditions. However, if the 

headway is decreased, operation costs increase. A trade-off is achieved by finding optimum 

headway. This revised optimal headway provides favorable conditions for both users and 

operators.  

One of the main challenges transit agencies face during a pandemic is to schedule transit while 

managing crowding and increased operating costs. The presented methodology addresses this issue 

by deriving optimum headway that balances increased passenger costs due to crowding and 

operator costs in meeting the existing demand. As reported in the literature, passengers’ 

perceptions of safety/health risks while riding transit and adapting to the changing perceptions 

during different pandemic stages must be addressed. Modelling the CPF with loading factor and 

pandemic stages helps transit agencies address this issue. A sensitivity analysis is presented to 

show the effect of different parameters and the pandemic on the optimum headway with and 

without crowding. Examples show the calculation and assessment of the H&C LOS of bus routes 

operating under policy headway and capacity headway. 
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5. Chapter 5 - Accessibility and Travel Time LOS 

5.1. Introduction 

The word accessibility has many facets even in the field of transportation. Therefore, the literature 

talks about both the importance and difficulty of measuring and quantifying accessibility (Polzin 

et al., 2002). One definition of accessibility is the ease of accessing locations (Luo and Wang 

2003). Another definition is the ease of entering the transit system (Langford et al., 2012). As a 

result, the studies evaluating the concept of transit accessibility can be divided into two parts 

known as spatial and temporal accessibility. Temporal accessibility deals with mainly the 

availability of the service in time of day, wait time and origin-destination travel time. Spatial 

accessibility on the other hand deals with the proximity to transit stops/stations and origin-

destination connectivity (Polzin et al.., 2002). There is another body of research that explores the 

spatial transit accessibility in two aspects known as system accessibility and system-facilitated 

accessibility (Langford et al., 2012; Malekzadeh & Chung, 2020). While system-accessibility – 

also known as local transit accessibility (LTA) – is concerned with the access ‘to’ transit system, 

system-facilitated accessibility is concerned with the access ‘by’ transit system. LTA is considered 

an important and a critical aspect of transit performance as system-facilitated access becomes 

meaningless if users have difficulties entering the system (Langford et al.., 2012). Boisjoly & El-

Geneidy (2017) point out the methods used for evaluating LTA in the literature as part of assessing 

transit service quality. Their study found that of the 343 surveyed transit practitioners around the 

world the majority were using the count of bus stops as an accessibility measure (Bree et al., 2020). 

However, methods employed for transit accessibility assessment range from gravity-based and 

utility-based models to simple stop counts (Malekzadeh and& Chung, 2020). Bree, Fuller, and 

Diab et al. (2020) assessed several LTA measures by validating them against ridership data and 

found that the gravity-based model – “filtered frequency accessibility measure calculated using a 

400m network buffer and a Butterworth filter with a distance decay bandpass value of 250m” – 

performed best.  

This chapter deals with the service operations aspects of an urban bus route rather than the planning 

aspects under which system-facilitated accessibility comes. LTA has been explored in two aspects 

– density of bus routes that is concerned with the urban form and density, and bus stop spacing 

concerned with the access distance along the transit line. Density of bus routes is more of a 

planning aspect of the bus system while bus stop spacing is more an operational aspect that can be 
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changed for a given bus route to attend to passenger requirements. The spacing between the bus 

routes/routes is chosen to minimize the access distance to the routes. Therefore, the distance 

travelled orthogonal to the bus routes affects the spacing of the bus routes whereas distance 

travelled along the bus route affects only the stop spacing problem (Wirasinghe & Ghoneim, 

1981). While major bus stops are fixed – such as transfer points, major trip attractors/generators, 

time points, etc., minor bus stops can be changed with minimal intervention/cost, and therefore 

come under the purview of operational planning in most cases. In the special case of LTA, as it 

pertains to bus transit, most of the studies in the literature have focused on distance to bus stops 

(Langford et al.., 2012). It is reasonable, to a certain extent, as bus stops are mostly accessed 

through the mode of walking. Biba et al., (2010) found that the distance to a bus stop to be a 

primary factor affecting transit usage. O’Sullivan and Morrall (1996) also found that walking 

distance to a transit stop as one of the main factors affecting the choice of using transit among 

many other factors like age, income, car ownership and travel distance. The empirical studies in 

the literature suggest that on average, pedestrians will walk 400m to catch a bus factored for effects 

of street connectivity, grade of the street, population and pedestrian crossings (TCRP Project A-

15C, 2013).  

An interesting, yet cumbersome fact, is that transit accessibility in terms of transit stop spacing 

(along the bus route) and the in-vehicle travel time (ITT) are intertwined. Increasing the number 

of bus stops along the route – reducing the average walking distance of the passengers along the 

route – with the intention of increasing the level of accessibility and hence the accessibility LOS 

also increases the travel time along the route. More bus stops require stopping and 

alighting/boarding passengers which takes time that otherwise would have been saved for the 

passengers already riding the bus. Reducing the average stop spacing also reduces the average bus 

travel speed, therefore restricting the distance of the route reducing the system-facilitated 

accessibility. This is evident from the fact that many measures assessing system-facilitated 

accessibility take into account the ITT (Hillman & Pool, 1997; Leake & Huzayyin, 1979; Tribby 

& Zandbergen, 2012).  

It is obvious that travel time is one of the major factors affecting transit QOS while most of the 

time the reason behind using a personal vehicle is for saving travel time. An average person will 

compare the transit travel time with that of using their next possible alternative which most often 

is their private vehicle. Therefore, one of the most used measures to account for this factor is the 
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ratio between transit and auto (private vehicle) travel times that is in-vehicle transit travel time 

divided by the in-vehicle auto travel time (TCRP Project A-15C, 2013). Lower transit travel time 

will induce an increase in transit ridership. A lower transit travel time will not always decrease the 

transit ridership as there are other benefits of using public transit as compared to private vehicles. 

Some of these benefits are lower costs, hassle-free traffic congestion, ability to utilize the transit 

travel time to undergo other activities - e.g., reading, phone calls, personal work. These benefits 

will outperform the potential travel time saving from private vehicles up to a certain extent. 

TCQSM provides passenger and operator perspectives for several levels of transit-auto travel time 

ratio. The ratio of transit to auto travel time comes down to an aspect known as the directness of 

the routes which is entirely a planning concern and not an aspect that affects the service. The only 

component that affects the travel time is the local stop spacing that can be changed during the 

service with little effort while not changing the routes. From a passenger perspective, the negative 

correlation between bus stop spacing and the ITT means that two main attributes of the transit 

quality compete with each other stressing an optimal solution to serve the passenger interests. As 

a result, this chapter looks into finding a solution for this issue.  

The methodology presented is built on the optimum spacing model developed by Wirasinghe, 

(2021a) and Wirasinghe & Ghoneim, (1981). A methodology is presented to find an implied VoT 

for the service that represents the Accessibility and Travel-Time LOS (A&T LOS). An example 

calculation is designed to demonstrate the method to be followed. 

5.2. Methodology 

As the methodology to denote A&T LOS depends on the optimum spacing model developed by 

Wirasinghe (2021) and Wirasinghe and Ghoneim (1981), the related key assumptions and their 

model are briefly described below. 

The passengers whose origins are on the route will always walk to the nearest bus stop irrespective 

of the stop being upstream or downstream. This is a reasonable assumption since the average bus 

cruising speeds are around ten times higher than the average walking speeds. Passengers whose 

origins are not on the route are assumed to walk to the nearest route and then also walk along the 

bus route to the nearest stop. It is further stated that, if the time taken for boarding and alighting a 

passenger is constant, then the increase in travel time for any passenger due to boarding and 

alighting passengers is independent of the stop spacing problem. Buses on the route stop at all the 



 

110 
 

stops along the bus route. The stop spacing problem is investigated as it pertains to the local stops 

in between major stops – generators. The goal of this chapter being to demonstrate the new 

approach to evaluating LOS, only a short route consisting of local stops in between two generators 

as terminal points is being considered. Depending on these assumptions, a continuum 

approximation has been derived for the sum of passenger access costs, additional travel time cost 

of passengers on board lost due to stopping, and operator cost associated with additional time lost 

stopping at a bus stop for a stopping distance centered at an x distance from the origin of the bus 

route. Hence, the total cost per day per unit distance at x – Z(x), can be shown below. 

 
𝑍(𝑥) =

𝛾௞𝑃(𝑥)𝑆(𝑥)

4
+

𝛾௥𝐶(𝑥)∅(𝑥)

𝑆(𝑥)
+

𝑛𝜆஻𝜙(𝑥) + 𝜆௦

𝑆(𝑥)
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The first, second and third terms in the right-hand side of Equation (83) represent the access cost 

of passengers, additional ride time cost of passengers on board and additional operations cost of 

the operator respectively.  

𝑃(𝑥) = number of passengers boarding and alighting the bus service in a day per unit distance at 

the distance x. 

𝑆(𝑥) = stop spacing centered at x 

𝑆̅ = average stop spacing of the bus route 

𝐶(𝑥) = number of passengers on board passing a point located from an x distance from the origin 

of the route in a day 

∅(𝑥) = amount of additional time taken due to the stopping of a bus 

𝑁 = number of bus dispatches per day 

𝜆஻ = cost of owning and operating a bus measured in $ per unit time 

𝜆௦ = cost of a bus stop per day 

𝛾௞ = mean value of a unit of access distance of the passengers 

𝛾௥ = mean value of a unit of riding time of passengers 

∅(𝑥) has been shown as a function of the average cruising speed and the acceleration and 

deceleration rates of the buses by Wirasinghe and Ghoneim (1981)  as follows. 
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∅(𝑥) =
𝑢(𝑥) ቂ

1
𝑎

+
1
𝑑

ቃ

2
+ Ω 
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𝑢(𝑥) is the average cruising speed of the buses at the distance x over the day. 𝑎 and 𝑑 are the 

acceleration and deceleration rates of the buses respectively. Ω is the opening/closing time of the 

doors and the lag times between the door close/open and passengers start boarding/alighting. It 

should be noted that the time taken to board/alight passengers has not been included in the total 

cost function within the user cost of time lost and operator cost of operating due to stopping a bus. 

This is because it has been shown that the time taken to board/alight passengers depends linearly 

only on the number of passengers and is therefore independent of the number or the distance 

between the bus stops along the route. It is assumed that the level of crowding does not affect the 

time taken for a passenger to board or alight the bus.  

We assume that the demand variations along the route do not have significant differences between 

the stop distances along the route. Stop spacing within a route section tend to be similar in distance 

(Wirasinghe 2021). Therefore, for the rest of the methodology development, we assume a uniform 

stop spacing – s – for the bus route. The optimum stop spacing for the route that minimizes the 

tradeoffs in between access cost, travel-time cost and operating cost is achieved by minimizing the 

total cost Z over the route. This can be achieved by integrating Equation (83) over the route and 

replacing s(x) by s as shown in Equation (85). 

 
න 𝑍(𝑥) =

𝛾௞𝑆 ∫ 𝑃(𝑥)

4
+

𝛾௥ ∫ 𝐶(𝑥)∅(𝑥)

𝑆
+

𝑁𝜆஻ ∫ 𝜙(𝑥) + 𝜆௦

𝑆
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To further simplify Equation (85), it is assumed that the route only has bus stop signs to demarcate 

a bus stop along the route which makes the cost of a bus stop per day – 𝜆௦ – negligible. This cost 

is significantly higher if the bus stops placing needs; pavement strengthening, setting up shelters 

and seats, regular maintenance over vandalism and litter cleanup, and ITS equipment to show real-

time bus schedule and cannot be disregarded in the equation. The stopping cost – 𝜙(𝑥) – depends 

on the cruising speed of the bus which is normally not significantly different along the bus route 

and therefore an average value – 𝜙 – can be used without changing the objective function 

drastically. After these simplifications, taking the partial derivative of the objective function – 

Equation (85) –in terms of the stop distance – S – provides the optimum spacing for the route – 

S’. 
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𝑆ᇱ = 2 ቈ

𝛾௥𝜙

𝛾௞

∫ 𝐶(𝑥)

∫ 𝑃(𝑥)
+

𝑁𝜆஻𝜙𝐷

𝛾௞ ∫ 𝑃(𝑥)
቉

ଵ/ଶ
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D is the distance of the route in usual notation as in the previous chapters. Wirasinghe (2021) 

further states that for a route with uniform stop spacing, 
∫ ஼(௫)

∫ ௉(௫)
 can be interpreted as half the mean 

trip length of the passengers - 𝑙/̅2. ∫ 𝑃(𝑥) is the number of passengers that have boarded and 

alighted in the bus route in a day which is equal to twice the number of passengers those have 

boarded in a day. If the total demand to board the bus route in a day is 𝑃෠, then ∫ 𝑃(𝑥) is equal to 

2𝑃෠. Accordingly, the Equation (86) can further be modified as, 

 
𝑆ᇱ = 2 ൥

1

2𝛾௞
൤𝛾௥𝜙𝑙 ̅ +

𝑁𝜆஻𝜙𝐷

𝑃෠
൨൩

ଵ/ଶ
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Unlike the expression for the optimum headway without crowding effects in Chapter 3, the 

expression for the optimum spacing has two VoT parameters. According to the suggested 

methodology in the chapter ‘Proposed Approach’ to denote the LOS for the combination of 

attributes access and travel-time, it is required to have a single implied VoT parameter that can be 

compared with the distribution of the values of that parameter. Therefore, it is now required to 

convert the expression in Equation (87) for the optimum spacing into an expression which contains 

only one VoT parameter. This can be achieved through the two methods suggested below.  

5.2.1. Method 1 

Let us consider the following expression inside the Equation (87).  

 
𝛾∗ = 𝛾௥𝜙𝑙 ̅ +

𝑁𝜆஻𝜙𝐷

𝑃෠
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For the parameters considered, Equation (87) represents a linear function of a random variable 

which can be considered a separate random variable. Let us denote this new random variable as 𝛾∗ 

where the mean – 𝜇∗ – and the SD – 𝜎∗ – can be obtained using the mean and SD of 𝛾௥ as follows. 

 
𝜇∗ = 𝜙𝑙𝜇̅௥ +

𝑁𝜆஻𝜙𝐷

𝑃෠
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 𝜎∗ = 𝜙𝑙𝜎̅௥  90 

Where μ୰ and σ୰ are the mean and SD of the distribution of 𝛾௥.  
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Accordingly, the optimum spacing as denoted by the Equation (87) becomes a function of a ratio 

of random variables γ∗ and 𝛾୩. The ratio γ∗/𝛾୩ can also be represented through a unique random 

variable 𝛾୰୩ where the mean – 𝜇௥௞– and the SD – 𝜎௥௞ – can be approximated using the mean and 

SD of 𝛾௞ and γ∗ as follows (Kendall, 1994).  

 
𝜇௥௞ ≅

𝜇∗

𝜇௞
−

𝐶𝑜𝑣(∗, 𝑘)

𝜇௞
ଶ

+
𝜎௞

ଶ𝜇∗

𝜇௞
ଷ
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ቈ
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ଶ
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ଶ

− 2
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+

𝜎௞
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Where μ∗ and σ∗ are the mean and SD of the distribution of 𝛾௥, and  μ୩ and σ୩ are the mean and 

SD of the distribution of 𝛾௞. Equations (91) and (92) materialize only when the values of 𝛾௞ are 

greater than zero - 𝛾௞ > 0. 

Therefore, using the derivations obtained in Equations (88) – (92), Equation (87) can be modified 

as, 

 
𝑆ᇱ = 2 ቀ

𝛾௥௞

2
ቁ

ଵ/ଶ
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Accordingly, using the existing average stop spacing in the bus route – Sത – in the Equation (93) in 

place of 𝑆ᇱ, the implied VoT that represents the combined LOS of the attributes access and travel-

time – 𝛾௥௞
ᇱ  – can be obtained as below.  

 
𝛾௥௞

ᇱ =
𝑆̅ଶ

2
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Let us call 𝛾௥௞
ᇱ  the implied pseudo VoT (IPVoT). Now using the method suggested in the chapter 

‘Proposed Approach’ using μ୰୩ and σ୰୩ of the 𝛾୰୩ distribution, the A&TT LOS grade can be 

obtained. 

5.2.2. Method 2 

Equation (87) has been developed assuming mean value for the VoT parameters of the passengers 

in the route. But, for the evaluation process of the LOS, we are deriving an implied value that 

denotes the LOS of the route using an equivalent optimum operation with existing operational 

parameters of the service. While passenger VoT parameters are random variables, the implied 
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values that are derived in the process are not random variables but values that we compare with 

the distributions of the corresponding random variables.  

In order to convert the two VoTs into a single VoT, we use the method suggested under the ‘H&C 

LOS’ chapter where VoAT - γ୩ - and VoWT - γ୵ - can be represented as a multiplication of the 

VoRT - γ୰. Hence,  

 𝛾௞ = 𝜔𝛾୰ 95 

Where 𝜔 is the value of the ratio 𝛾௞/𝛾௥. Value of 𝜔 has been identified in literature as 2 for the 

North American context (Wardman 2004). 

The Equation (87) can be modified using the implied VoRT - 𝛾௥
ᇱ, the implied VoAT - 𝛾௞

ᇱ  and Sത  to 

model an equivalent optimal operation for an existing operation of a bus route as follows. 

 
𝑆̅ = 2 ൥

1

2𝛾௞
ᇱ ൤𝛾௥

ᇱ𝜙𝑙 ̅ +
𝑁𝜆஻𝜙𝐷
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Unlike the random variables, the implied values can be modified using Equation (95). 

Accordingly, 

 
𝑆̅ = 2 ൥

𝜙

2𝜔
ቈ𝑙 ̅ +

𝑁𝜆஻𝐷

𝑃෠𝛾௥
ᇱ

቉൩

ଵ/ଶ
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Therefore, the implied VoRT that represents the A&TT LOS is obtained as, 

 
𝛾௥

ᇱ =
2𝑁𝜆஻𝐷

𝑃෠(𝜔𝑆̅ଶ/𝜙 − 2𝑙)̅
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The implied VoRT obtained from Equation (98) can be compared against the VoRT distribution 

of the passengers to obtain the A&TT LOS. Here, the value of ω takes into account the effect of 

the VoAT.  

5.3. Numerical Example 

A numerical example is presented here that is designed to exhibit the proposed methodology in 

method 2 for calculating the implied VoRT that can be used to obtain the A&TT LOS of an existing 

bus operation. Method 1 is not explored due to the unavailability of the covariance values between 

the VoRT and VoAT. The parameters in Table 11 are assumed for a bus route. 
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Table 11 - Operational parameters of a bus route 

Parameter Value Units 

𝑃෠ 1000 pass./hr. 

N 10  

𝜔 2 
 

𝑆̅ 0.3 km 

𝜙 0.416/60 Hrs (25 Seconds) 

𝜆஻ 150 $/hr. 

𝑙 ̅ 7 km 

D 20 km 

According to Equation (98), the implied VoRT - 𝛾௥
ᇱ can be calculated to be 5.02 $/hr./pass. 

According to the VoRT distribution presented in Figure 21 of the Chapter 4, the implied VoRT of 

5.02 $/hr./pass. falls into the LOS D. Therefore, the A&TT LOS of the bus route is LOS D. 

5.4. Discussion and Concluding Remarks 

The value of implied VoRT representing the A&TT LOS is sensitive to the values of average stop 

distance and average time lost due to a stop. For example, increasing the average stop distance of 

the bus route in the numerical example to 400 meters from 300 meters, decreases the implied 

VoRT to 1.86 $/hr./pass. In the same way, decreasing the value of time lost due to a stop from 25 

seconds to 15 seconds, reduces the implied VoRT of the bus route to 2 $/hr./pass. This example 

has been calculated assuming that the bus route does not incur a significant cost for the bus stops 

per day – most bus stops are just a sign pole. If this is an express bus route in an urban area, the 

cost of a bus stop per day as represented by 𝜆௦ can incur a higher cost. In such an instance, the 

implied VoRT will increase.  

Method 1 presented in section 5.2 is also a promising way of obtaining the implied VoRT. This 

however requires the covariance value between the VoRT distribution and VoAT distribution. To 

the best of the author’s knowledge, there are no values currently presented in the related literature 

regarding the covariance between different VoTs. Formulation is easier for the case where the 

covariance values are zero. But this is unlikely because the VoRT and VoAT are two random 

variables derived for the same source, hence dependent.  
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6. Chapter 6 - Reliability LOS 

6.1. Introduction 

6.1.1. Importance of reliability 

Reliability is one of the most important factors affecting the transit mode and departure time choice 

(Abkowitz et al., 1979). Abkowitz (1979) defines reliability as the “invariability of service 

attributes which influence the decision of travelers and transportation providers”. Improving transit 

reliability increases passenger satisfaction and loyalty by increasing the efficiency of the system 

(Diab et al., 2015). Transit passengers in Calgary, Canada found reliability to be more important 

than ride comfort in choosing transit (Habib et al., 2011). Improving reliability is also beneficial 

for transit operators as it will increase efficiency, reduce operating costs and increase farebox 

revenue by attracting and retaining users (Diab et al., 2015). Therefore, improving reliability 

benefits both users and the transit operator.  

6.1.2. Improving Reliability 

Reliability is understood mostly in terms of the variability in the bus service – variability in travel 

time and variability in arrival time at stops hence the variability in passenger wait time. For 

frequency-based services, reliability is also understood in terms of headway variation 

(Mohammadi, 2023). In reliability assessment schemes found in the literature, the stop-to-stop 

travel time includes the running time and passenger handling time at the stop - described in detail 

in Section 6.2 in this chapter. The variations in the time stop-to-time stop travel time – hereafter 

referred to as link travel time – can therefore be attributed to the variations in the traffic conditions, 

en-route incidents, variations in the number of passengers boarding and alighting as well as on 

board. The variation in the travel time can be transformed to the variation in the average waiting 

time of the passengers depending on the variation of the arrival time around a scheduled departure 

time at a stop. Therefore, unreliable wait times occur due to the variation of travel times (Chang, 

2010).  

In a perfect case where the demand rate for boarding and alighting is uniform at each stop of a 

scheduled bus route, getting delayed at a certain stop is translated to an increased dwell time along 

the route. This is because now there are more passengers to board at that particular stop and more 

passengers to alight in subsequent stops which consume additional time. This causes the stop-to-

stop travel time to further increase along the route in a cycling effect sometimes creating a bus 
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bunching effect. Therefore, it is important to improve and maintain reliability at acceptable levels 

on a bus route although it is not practical to completely eliminate unreliability. While improved 

reliability will reduce the average travel time – by reducing the slack time – the time saved on the 

route through the reduced travel time can be converted to more service runs or saved operating 

time and hence cost. Measures aiming at improving reliability must therefore reduce the variation 

in the travel time or the dwell time.  

Accordingly, transit agencies have utilized different measures to improve reliability. Implementing 

transit signal priority, reserved bus lanes, limited stop services (express services), bus rapid transit 

(BRT) and BRT like systems have reduced the travel time variations while utilizing new low floor 

or/and articulated buses and smart card systems have reduced the dwell time at a stop (Diab et al.., 

2015). Intelligent transportation systems together with automatic vehicle location and automatic 

passenger count systems have contributed to improving reliability through providing real-time 

information.  

It is found that providing real-time information on the crowding levels inside transit vehicles can 

increase the reliability of the service. Real-time information on crowding helps some passengers 

to choose a departure time with less crowding which distributes the peak of crowding reducing the 

crowding levels inside buses. This will decrease the number of passengers boarding, reducing the 

time required for boarding. This will also reduce the time required for alighting for a given number 

of passengers as now the existing level of crowding inside the bus is less, reducing the time taken 

for a passenger to alight. Eliminating both these delays will improve the regularity of headway and 

travel time, and reduce bus bunching (Drabicki et al., 2022).  

6.1.3. Role of the scheduled travel/arrival/departure time on reliability 

Despite implementing different strategies to improve reliability, there can still be a significant 

amount of variability to the transit service in a bus route which can induce a negative passenger 

perception. Thus, most transit agencies use holding control measures in further reducing 

unreliability. This is done by selecting a few bus stops on the route and making them timed-stops 

where transit vehicles arriving at these stops have a scheduled departure time. Vehicles arriving 

early will wait until the scheduled departure time and the vehicles arriving late will depart as soon 

as the passenger handling finishes at time points. Wirasinghe (1993)  states that the scheduled 

departure time at a particular time point is derived by adding a slack time to the mean travel time 
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– including the passenger handling time – between a previous adjacent timepoint and adding it to 

the scheduled departure time of the upstream adjacent time point. The slack time is intended to 

absorb a significant portion of the late arrivals at a particular bus stop so that the bus route will 

have a satisfactory on-time performance (OTP).  

Deriving scheduled departure times by selecting suitable slack time for each time-point and 

selecting the number and location of the time points are two important steps in this process. While 

too many time points will slow down the operation increasing wait time, ride time of passengers 

and operating cost, too few time points are not successful in improving the reliability which will 

increase passenger costs – riding, waiting and a delay penalty, and operating costs as the risk of 

bus bunching requires additional buses in the operation. Also, while larger slack times retard the 

operation, too small slack times lack control over the travel time variations (Wirasinghe, 1993). 

Wirasinghe and Liu (1995)  provides a comprehensive background on selecting the number and 

location of the time points. Liu and Wirasinghe (2001)  show how the slack time can be calculated 

for some special cases. Klumpenhouwer and Wirasinghe (2018)  provide a solution for the general 

case using a numerical approach. A transit agency may select the scheduled arrival/departure/travel 

time depending on the percentage of OTP they want to maintain in the bus operations (Diab et al., 

2015) – the longer the scheduled travel time, the larger the number of busses that are on time, 

depending on the actual travel time distribution. These measures are widely utilized in the transit 

industry in increasing the OTP or the schedule adherence of transit routes which is a measure for 

assessing the reliability performance of transit services.  

6.1.4. Measuring reliability – passenger and operator-oriented measures 

Accurate measuring of transit reliability facilitates the ability of transit operators to understand and 

improve reliability. Accordingly, there are many measures assessing reliability that can be found 

in the literature (Abkowitz et al., 1979; Chang, 2010; Huo et al., 2014). Such measures can be 

divided mainly into two categories: (1) travel-time oriented measures, (2) operator-oriented 

measures. Some of the measures in the first category are: the compactness of the travel time 

distribution – as measured by the coefficient of variation, likelihood of extreme delays – as 

measured by the % of bus arrivals that are taking N minutes (decided by the transit agency) longer 

than the mean/scheduled travel time, excess waiting and riding time. Some of the measures in the 

second category are: OTP or the schedule adherence – as measured by the percentage of bus 

arrivals/departures withing a range of time around the scheduled arrival/departure time (e.g., 1 
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minute early to 5 minutes late) – used mostly for scheduled services, headway regularity – as 

measured by the coefficient of variation of the headways – used mostly for operations with a 

headway less than 10 minutes (frequency based services) (Camus et al., 2005; Mohammadi, 2023), 

standard deviation around the mean/scheduled arrival/departure time – depending on the service 

being scheduled or frequency based, average difference between mean and scheduled 

arrival/departure time. Out of these measures, the most popular operator-oriented measure is the 

OTP (Camus et al., 2005; Diab et al., 2015). The TCQSM presents the reliability LOS as different 

levels distinguished depending on different OTP ranges (TCRP Project A-15C, 2013).  

OTP tends to disregard some of the factors affecting the passenger’s perception. OTP introduces 

only the number or the percentage of late arrivals and not the amount of time that a transit vehicle 

is late. According to the definition of on-time buses from different transit organizations (Camus et 

al.., 2005), the on-time buses are also later in different amounts than the scheduled/mean 

arrival/departure time. Improving OTP will not essentially improve the reliability for the 

passengers. OTP as a reliability measure fails to recognize the amounts of travel-time and wait-

time delay of the passengers. Most of the studies on reliability pay attention mainly to the travel 

time variations but rarely emphasize its impact on the wait time variations of the passengers which 

is a significant factor affecting passengers mode choice in the long term. Average passenger wait 

time is a function of the headway distribution (Furth & Muller, 2006) and therefore can be related 

to the travel time distribution.  

6.1.5. Proposed approach through an optimum scheduled travel time 

Selecting a scheduled travel time in between time points or selecting a scheduled arrival/departure 

time has different implications for passengers and operators. For a given travel time distribution, 

increasing the scheduled travel time will increase the total travel time cost, increase operating cost 

– more operating time and decrease the additional wait/ride time costs of the passengers due to 

late bus arrivals/departures. Therefore, the scheduled travel time should be selected in a way such 

that it minimizes the trade-offs between passenger travel time plus operating cost and the 

summation of the additional passenger wait time and ride time costs. Reasoning behind selecting 

these specific cost components as they relate to the scheduled travel time and the reliability is 

discussed in detail in section 6.2 – Methodology.  
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In line with the procedure presented in Chapter 2 – Proposed Approach, the reliability LOS is 

evaluated with reference to an implied value of the time component. The implied value of time 

referring to the reliability LOS is derived using the mathematical model simulating the optimum 

scheduled travel time. Accordingly, the study formulates the different passenger and operator cost 

components as a function of the scheduled travel time. The summation of these cost components 

– the objective function – is used to obtain the optimum scheduled travel time between time points. 

The implied value of time component is derived using the function for the optimum scheduled 

travel time to represent the reliability LOS. Section 6.3 presents example calculations designed to 

show the practical uses of the developed method.  

6.2. Methodology 

Formulating a methodology for the reliability assessment of realistic situations is complex 

(Newell, 1977; Wirasinghe, 1993). Improving reliability is a different problem than the one 

investigated here. The present problem involves figuring out the number and location of time-

points and finding the optimum slack times at those time-points (W. Chen & Chen, 2009; Huo et 

al., 2014; Klumpenhouwer & Wirasinghe, 2018; Wirasinghe, 1993; Wirasinghe & Liu, 1995a). 

This study investigates the ability to assess the Reliability LOS that considers both the passenger 

and operator concerns for a bus route that is currently implementing a bus holding control strategy. 

As the goal of this study is to demonstrate the concept of incorporating user perception and 

operator concerns to a LOS measure and then combining them to determine a combined measure, 

an ideal case of a schedule-based bus route where all major stops are time points is considered. 

Stops with low demand where buses stop only occasionally are not considered. Applicability of 

the suggested methodology for a real-world case would require further fine tuning of the model. 

In a real-world situation, not all the stops are time-points. A generalization of some aspects of a 

real-world bus route has been discussed in section 6.4 of this chapter. The methodology proposed 

here intends to approach an estimate for the reliability LOS using average parameter values for the 

bus route.   

This approach is proposed considering a time period of twenty-four hours – a day – but can be 

used for a different time period depending on sufficient data availability. The inter-time-point 

travel time is scheduled – this includes the passenger handling time as well. It makes sense to 

assume that passengers boarding at a certain bus stop do not feel a disutility for waiting during the 

passenger handling time after the bus arrival as it takes the anxiety of the waiting passengers away. 



 

121 
 

Passenger handling time includes the time taken to open/close doors, the delay between door 

opening/closing and passengers start/finish boarding/alighting, and to board/alight passengers. 

This will be included as part of the riding time. Accordingly, each time point has a scheduled 

arrival time – except, in some cases the starting stop has a scheduled departure time. In such 

circumstances we assume the scheduled departure time is equal to the scheduled arrival time at the 

starting stop of the route. Therefore, all the stops are time points; that is, they have a scheduled 

arrival time.  

 

Figure 22 - A bus route with n timed-points as stops 

The bus route under consideration – as shown in Figure 22 – has n stops where all the stops are 

timed points and the inter-timepoint link travel time from timepoint 𝑖 − 1 to timepoint 𝑖 is 𝑆௜, 

which helps form the scheduled departure times at each stop. We define the scheduled link travel 

time between two consecutive timepoints as the time between the scheduled arrival times. 

Accordingly, the average inter-timepoint travel time for the route - 𝑆 - can be calculated as the 

average of 𝑆௜ for all the 𝑛 number of links in the route. Theoretically, all stops can be used as 

timepoints (Laskaris, G. et. al. 2020). Fu and Yan (2002) showed that an all stop control strategy 

performed better in reducing the average passenger wait time at the cost of higher bus travel times. 

The inter-timepoint link travel time – hereafter referred to as the link travel time – can be 

represented through a random variable with a unimodal travel time distribution due to the 

randomness associated with the link travel time. The literature has also followed a similar approach 

in representing the link travel time (Z. Liu et al., 2013; Newell, 1977; Wirasinghe, 1993; 

Wirasinghe & Liu, 1995b). It is required to obtain a representative link travel time distribution for 

the entire route as represented through the random variable 𝑡. One of the factors affecting link 

travel time of a given link – hence the reliability of the finishing stop - is the randomness of the 

previous link travel time. Wirasinghe, (2021b) has shown how the reliability measured by the OTP 

of a stop is associated with the reliability of the previous stop. For the ease of problem formulation, 

it is best if this dependable randomness can be avoided. Accordingly, the travel time of the link 𝑖, 

i.e., 𝑡௜,  is defined as the time between the ‘scheduled departure time’ of the stop 𝑖 − 1 and the 

actual time for arriving at stop 𝑖. This isolates the randomness associated with the link travel time 

from that of the previous link so that the randomness of a link can be considered independent.  

4 3 2 1 0 n-2 n-1 n 
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There are two main parts to the randomness of 𝑡௜ – the variation in running time between stops 

that depends on the en-route traffic condition and the variation of passenger handling time that 

depends on the demand to board/alight at each stop. As the factors affecting these two parts are 

similar and independent from one link to another, 𝑡௜ for all 𝑖 can be assumed to be independent 

random variables having identical distributions as also suggested in the literature (Wirasinghe, 

1993, 2021b; Wirasinghe & Liu, 1995a) with different standard deviations and mean values. Given 

the nature of link travel times that contain a minimum possible value for the travel time, the shape 

of these distributions is suggested to be similar to a gamma or a log-normal distribution (B. Y. 

Chen et al., 2017; Z. Dai et al., 2019; Rahman, Wirasinghe, et al., 2018; Uno et al., 2009; 

Wirasinghe & Liu, 1995b). Accordingly, a representative random variable for the link travel time 

𝑡 can be defined as, 

 
𝑡 = ෍

1

𝑛

௡

௜ୀଵ

𝑡௜ 
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It should be noted that 𝑡 is a linear combination of the random variables 𝑡௜ which is again a random 

variable having a unimodal distribution with the probability density function 𝑓(𝑡) where 𝑡 ≥ 𝑡௠. 

𝑡௠ is the minimum possible link travel time. The values for 𝑡௜ can be obtained using the schedule 

for the bus route and the automatic vehicle location (AVL) data. The mean and the standard 

deviation of the random variable 𝑡 can be obtained through statistical theory as described in 

Kendall (1994)  using means and standard deviations of 𝑡௜. Hence the probability distribution of 𝑡 

– for all links – can be shown as in Figure 23 below with respect to the scheduled travel time S. 
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Figure 23 - PDF of the link travel time with scheduled travel time 

An existing bus route with 𝑛 inter-timepoint links with different link travel times and scheduled 

travel times can be modelled as a bus route with 𝑛 number of inter-timepoint links with 𝑡 link 

travel time (which is a random variable) and with 𝑆 scheduled travel time for the purpose of 

reliability assessment using the suggested methodology. Here, the passengers are assumed to 

board/alight only at the timed stops and not in the intermediate stops. The impact of this 

assumption on the intended results is discussed in section 6.4 with suggested counter measures.  

As there is a scheduled travel time for all the links and this helps form the potential trip time for a 

passenger, the scheduled travel time in the links is assumed to be budgeted by the passengers. That 

is, the budgeted travel time is valued at the rate of normal VoRT. The additional travel time caused 

by the delay due to the unreliability is valued at a higher rate than the normal VoRT – multiplied 

by a factor to account for the inconvenience caused by the delay.  

6.2.1. Costs associated with unreliability 

Wirasinghe (2021) shows that the expected delay in the link travel time can be reduced by 

increasing the scheduled travel time in the link. It is intended to minimize the expected total 

generalized cost associated with the reliability – the scheduled travel time and the average delay – 

in the route. 

The expected delay in the link travel time, E(d) can be denoted as, 
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𝐸(𝑑) = න (𝑡 − 𝑠)𝑓(𝑡)𝑑𝑡
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Therefore, an optimum scheduled travel time in the link is achieved by minimizing the trade-off 

between the disutility of the expected delayed travel time and the budgeted trip travel time. 

Accordingly, this study formulates an analytical model on the expected total generalized cost of 

the bus route operation to obtain the optimum scheduled link travel time in a route.  

6.2.1.1. User Costs 

Delays in the scheduled travel time cause inconvenience to the passengers causing them to value 

their delayed traveling time at a higher rate than the value of travel time under normal conditions. 

This cost is taken into consideration through an additional travel time cost where passengers’ value 

of travel time is weighted by a factor ‘a’ to account for the inconvenience. To minimize the delays, 

the scheduled travel time must be increased leading to an increase in the budgeted travel time of 

passengers.   

As discussed in the introduction, the reliability of the bus route operation is expected to change 

with the choice of the scheduled travel time between the time points subject to the inter-time-point 

travel time distribution. This is because the travel time variation, the delay in travel time, the delay 

in waiting time and the operating cost, are going to be affected by the scheduled travel time and 

the travel time distribution. Depending on the scheduled travel time, the passenger’s budgeted 

travel time will change. That is, if a passenger must travel a few time points along the bus route, 

increasing the scheduled travel time will increase the budgeted travel time of the passengers. 

Therefore, the objective includes the generalized total expected cost of the passengers budgeted 

travel time – BTTC - and can be calculated as follows. 

Average trip distance of a passenger 𝑙 ̅(km) – can be normally obtained using origin-destination 

data. The average running speed of a bus in the route can be calculated as 𝐷/𝑛𝑆 – note that this 

speed excludes the time associated with any delays when arriving at a time point. 𝐷 is the distance 

of the bus route in kms, S is the scheduled travel time between bus stops measured in hours and n 

is the number of links (i.e., between consecutive transit stops) in the bus route. The average travel 

time of a passenger can be calculated to be 𝑙𝑛̅𝑆/𝐷 by dividing the average trip distance from the 

average speed on the route. If the passenger demand for the entire route (demand to board) is 𝑃 
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passengers per day, the average total budgeted travel time cost of the passengers in a route in a day 

– BTTC – can be calculated as, 

 
𝐵𝑇𝑇𝐶 =

𝑃𝑙𝑛̅𝑆𝛾௥

𝐷
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where γ୰ is the value of ride time of passengers in $/hr./passenger. Equation (101) represents the 

budgeted travel time cost of all the passengers – including the ones who had a delayed arrival at 

their destination stop.  

All the passengers who board the bus must alight at some point on the bus route where there is a 

probability of them being late for their destination. Only the passengers alighting at a specific 

station will be affected by the delayed arrival of the bus at that particular station. The passengers 

riding through a timed stop which has a delayed arrival are assumed to experience no disutility as 

long as he/she arrives on time for their respective destination stops – a notion supported by 

Seneviratne (1990). Therefore, only the portion of passengers who are late at their respective 

destination stops are having an additional cost for being delayed. According to the representative 

travel time distribution 𝑡 that can be derived using the bus travel time data for a day in the route, 

the probability of a bus being late at a stop - 𝑝(𝑡 > 𝑆) - can be calculated as, 

 
𝑝(𝑡 > 𝑆) =  න 𝑓(𝑡)𝑑𝑡
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It can be fairly assumed that the portion of the passengers having a delayed arrival at their 

destination stop is approximately equal to the portion of buses that are delayed in a day. It is 

assumed that the delays in bus arrivals are purely associated with the reliability of link travel time. 

As described in section 6.1.2, one of the most significant factors affecting the link travel time 

variation is the number of passengers boarding and alighting. Therefore, in the peak hour, higher 

passenger demands will result in higher late arrivals at stops. This leads to the probability of a late 

arrival – the link travel time being greater than the scheduled travel time – to have a linearly 

increasing relationship with the passenger demand. Owing to this background, it is safe to associate 

the portion of passengers having a late arrival is approximately equal to the portion of late arrivals 

in the buses in the route in a given day. Applying this methodology to a given hour or a certain 

smaller time period will increase the accuracy of the relationship between the portion of late 



 

126 
 

passengers and portion of late buses while decrease the accuracy of the link travel time distribution 

due to limited amount of data.  

And the average delay in the bus route for a passenger is expressed in Equation (100). The demand 

to board the bus route in a given day – P passengers per day– is equal to the demand to alight the 

bus route in the same day. The passengers experiencing a delayed travel time are assumed to value 

their delayed portion of the travel time at a rate of 𝑎γ୰ where  𝑎 is the delayed riding penalty factor 

(DRPF) that accounts for the additional inconvenience of the delayed travel time. Therefore, the 

expected total additional cost of the delayed travel time – ATTC – can be calculated as the 

multiplication of the passenger demand – P, percentage of trips having a delayed travel time – 

Equation (102), average delay in the travel time – Equation (100), and the average value of a unit 

of delayed travel time - 𝑎𝛾௥.  

 
𝐴𝑇𝑇𝐶 =  𝑎𝑃𝛾௥ න 𝑓(𝑡)𝑑𝑡
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There are two components for the wait time of the passengers. The average wait time of the 

passengers due to the size of the headway and the amount of additional wait time of the passengers 

due to the delay of the bus in arrival at the bus stop. The average wait time of the passengers, that 

depends on the size of headway, also depends on the trip purpose of passengers, and the type of 

service. Ansari Esfeh et al., (2020) provide a comprehensive background on evaluating the average 

passenger wait time for bus routes with different service types and passengers with different trip 

purposes. Changing the scheduled travel time does not affect the average wait time of the 

passengers as it does not affect the headway – increase in scheduled travel time increases the 

round-trip time requiring more buses in the route operation to maintain a given headway. 

Therefore, the average wait time cost of the passengers has no trade-off with the scheduled travel 

time, and hence is not included in the objective function. This enables the monetization of only the 

waiting time after the scheduled departure time – additional wait time.  

Only the delayed buses will cause an additional waiting cost for passengers. Only the portion of 

passengers experiencing a delayed bus arrival at their origin stop, out of the total passenger demand 

to board in a day, are having an additional wait time cost which is valued at a higher rate than their 

normal value of wait time γ୵. To account for this increased disutility the value of a unit of delayed 

wait time of the passengers is obtained by multiplying γ୵ by a factor ‘𝑏’ – the delayed waiting 
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penalty factor (DWPF). For the passengers who are experiencing an additional wait time, their 

expected delayed wait time is equal to the average expected delay at a stop as expressed by 

Equation (100). Therefore, the additional expected wait time cost of the passengers in a day – 

AWTC – can be calculated as the multiplication of the passenger demand – P, percentage of 

passengers having a delayed travel time – Equation (102), average delay in the arrival time – 

Equation (100), and the average value of a unit of delayed waiting time - 𝑏𝛾௪. 

 
𝐴𝑊𝑇𝐶 =  𝑏𝑃𝛾௪ න 𝑓(𝑡)𝑑𝑡
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A bus exceeding the scheduled travel time can have another fixed cost for some passengers that is 

independent of the amount of the delayed time. The passengers having a planned arrival time can 

miss the purpose of their trip causing them inconvenience. This can be considered through a delay 

penalty. An accurate estimation of the delay penalty includes the number of passengers with 

planned arrivals, types of their purposes at the destination, what percentage of passengers with 

planned arrivals miss their purpose due to the delay – some passengers can miss their appointments 

when delayed more than a certain time. For the purpose of this study, the delay penalty – γ୮, 

measured in dollars per passenger, is considered a fixed amount for all the passengers when a bus 

is delayed. As a delay penalty is affecting only the trip cost of the passengers experiencing a 

delayed arrival at their destination, the delay penalty cost for the bus route in a day – DPC – can 

be calculated as the multiplication of the passenger demand – P, the percentage of passengers 

having a delayed arrival time – Equation (102), and the delay penalty per passenger - 𝛾௣. 

 
𝐷𝑃𝐶 = 𝑃𝛾௣ න 𝑓(𝑡)𝑑𝑡
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6.2.1.2. Operating Cost 

Increasing the scheduled travel time of a link increases the total travel time of the route that the 

transit operator has to budget. To maintain a predetermined headway, the operator has to introduce 

more buses to the route when the total route travel time is increased. This cost is considered through 

the operating cost of a bus per hour on the route. The delay occurs when the actual travel time 

exceeds the scheduled travel time and causes additional operating time for the operator. In a route 

with multiple inter time point links, it is possible for the bus to catch up for the delay caused at one 

time point at the next time point. The operator can increase the speed a little or there can be normal 
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stops where there are no passengers to board or alight saving the stopping delay at that stop 

reducing the total inter timepoint travel time. Although the probability of this scenario is 

comparatively less, here the operator does not incur any additional operating cost. What can really 

cost the operator more is the additional travel time that occurs at the end of the route. This  is 

countered when the layover time at the end of the route is larger than the delay at the end. Normally 

the layover time is significantly higher than any potential delay at the end of the route if not for 

any en-route incident. We assume that no operator ends their shift at the scheduled trip end time 

of the route so that there is no additional crew cost associated with the delay at the end of the route 

– no overtime pay. The only additional cost the operator experiences when this happens is the fuel 

cost from the additional running time on the route. But we consider this cost to be negligible.  

The budgeted route travel time is equal to 𝑛𝑆 + 𝑇′, where 𝑛 is the number of links in the bus route 

and 𝑇′ is the layover time of the route in hours. If the operating cost of a bus per hour – including 

the capital, maintenance, fuel, and crew costs – is 𝜆 in $/hr, the operating cost of a round trip in 

the route is given by (𝑛𝑆 + 𝑇ᇱ)𝜆. In addition, if the number of dispatches per day in the route is 

𝑁, the operating cost of the bus route per day – OC – can be calculated as, 

 𝑂𝐶 = (𝑛𝑆 + 𝑇ᇱ)𝜆𝑁 106 

6.2.1.3. Expected total cost of the bus route 

The objective function - 𝑍(𝑆) – is the summation of the quantities BTTC, ATTC, AWTC, DPC 

and the OC as defined above. Although the BTTC and OC have no variation with the travel time 

variation, other components depend on the travel time variation and hence there is an expected 

cost. Therefore, the objective function is also an expected cost of the bus route in a day that needs 

to be minimized.  

 
𝑍(𝑆) =

𝑃𝑙𝑛̅𝑆𝛾௥

𝐷
+ 𝑎𝑃𝛾௥ න 𝑓(𝑡)𝑑𝑡

ஶ

௦

න (𝑡 − 𝑆)𝑓(𝑡)𝑑𝑡
ஶ

௦

+ 𝑏𝑃𝛾௪ න 𝑓(𝑡)𝑑𝑡
ஶ

௦

න (𝑡 − 𝑆)𝑓(𝑡)𝑑𝑡
ஶ

௦

+ 𝑃𝛾௣ න 𝑓(𝑡)𝑑𝑡
ஶ

௦

+ (𝑛𝑆 + 𝑇ᇱ)𝜆𝑁 
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Equation (107) can be further simplified to be, 
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𝑍(𝑆) =

𝑃𝑙𝑛̅𝑆𝛾௥

𝐷
+ 𝑃(𝑎𝛾௥ + 𝑏𝛾௪) න 𝑓(𝑡)𝑑𝑡

ஶ

௦

න (𝑡 − 𝑆)𝑓(𝑡)𝑑𝑡
ஶ

௦

+ 𝑃𝛾௣ න 𝑓(𝑡)𝑑𝑡
ஶ

௦

+ (𝑛𝑆 + 𝑇ᇱ)𝜆𝑁 

108 

 

6.2.2. The optimum scheduled travel time 

An optimum scheduled travel time ‘𝑆∗’ for the bus route can be obtained by taking the partial 

derivative of the objective function in the Equation (108) in terms of 𝑆 and making it equal to 0.  

 𝜕(𝑍(𝑆))

𝜕𝑆
=

𝑃𝑙𝑛̅𝛾௥

𝐷

− ൥𝑓(𝑠) ൭න 𝑡𝑓(𝑡)𝑑𝑡
ஶ

௦

− 𝑆൫1 − 𝐹(𝑠)൯൱

− ൫1 − 𝐹(𝑠)൯
ଶ

൩ 𝑃(𝑎𝛾௥ + 𝑏𝛾௪) + 𝑛𝜆𝑁 − 𝑃𝛾௣𝑓(𝑠) 
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𝐹(𝑠) is the cumulative probability of the function 𝑓(𝑡) up to 𝑆. 𝑓(𝑠) is the probability of the travel 

time being equal to 𝑆. ∫ 𝑡𝑓(𝑡)𝑑𝑡
ஶ

௦
 is the average travel time in a link for the delayed buses. 

Simplification of Equation (108) to Equation (109) is presented in the Appendix E 

Let, 

 
𝑄(𝑆) =  𝑓(𝑆) ൭න 𝑡𝑓(𝑡)𝑑𝑡

ஶ

ௌ

− 𝑆൫1 − 𝐹(𝑆)൯൱ − ൫1 − 𝐹(𝑆)൯
ଶ
 

110 

 

In the chapters “Headway and Crowding LOS” and “Access and Travel Time LOS”, it has been 

shown how the VoWT can be represented as a multiplier of the VoRT using the values that can be 

found in the literature. Therefore, let γ୵ be represented as, 

 𝛾௪ = 𝜃𝛾௥ 111 

where 𝜃 is the ratio of VoWT to VoRT. 

Using Equations (110) and (111), Equation (109) can be further simplified as, 
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 𝑃𝑙𝑛̅𝛾௥

𝐷
− 𝑄(𝑆∗)𝑃𝛾௥(𝑎 + 𝑏𝜃) + 𝑛𝜆𝑁 − 𝑃𝛾௣𝑓(𝑆∗) = 0 

112 

Equation (112) holds true for the optimum value of 𝑆 for the bus route and for the mean value of 

ride time of the passengers. Applying the Equation (112) to an existing bus operation using the 

existing parameter values, an implied value of ride time – γ୰′ – representing the reliability of the 

bus route can be obtained as, 

 

𝛾௥
ᇱ =

𝛾௣𝑓(𝑆) − ቀ
𝑛𝜆𝑁

𝑃
ቁ

൬
𝑙𝑛̅
𝐷

൰ − 𝑄(𝑠)(𝑎 + 𝑏𝜃)
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It is necessary to ensure that the value of the scheduled travel time at which the expression in the 

Equation (112) becomes zero, is a minimum – not a maximum or an inflection point. For this to 

be realized, the second derivative of the objective function – Equation (108) – at 𝑆∗ needs to be 

greater than zero.  

The second derivative of Equation (108) can be obtained as, 

 𝜕ଶ(𝑍(𝑆))

𝜕𝑆ଶ
= (𝑃(𝑎𝛾௥ + 𝑏𝛾௪)) ቈ3𝑓(𝑆∗)൫1 − 𝐹(𝑆∗)൯

+ 𝑆∗𝑓ᇱ(𝑆∗)൫1 − 𝐹(𝑆∗)൯ − 𝐸(𝑡)𝑓ᇱ(𝑆∗)

+ 𝑓′(𝑆∗) න 𝑡𝑓(𝑡)𝑑𝑡
ௌ∗

଴

቉ − 𝑃𝛾௣𝑓′(𝑆∗) 
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Equation (114) can be further simplified to be, 

 𝜕ଶ(𝑍(𝑆))

𝜕𝑆ଶ
= (𝑃(𝑎𝛾௥ + 𝑏𝛾௪)) ቈ3𝑓(𝑆∗)൫1 − 𝐹(𝑆∗)൯

− 𝑓ᇱ(𝑆∗) ቆන (𝑡 − 𝑆∗)𝑓(𝑡)𝑑𝑡
ஶ

ௌ∗

ቇ቉ − 𝑃𝛾௣𝑓′(𝑆∗) 
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The operators consider bus travel time on a link as an on-time arrival if the bus travel time in the 

link is less than or equal to the scheduled travel time. A typical reliability measure from the 

operator’s perspective is the percentage on-time arrivals in a given time period (TCRP Project A-
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15C, 2013). Owing to the issues like bus bunching and negative passenger perception associated 

with lower reliability, operators try to maintain reliability as measured by the percentage on-time 

arrivals as high as possible. TCQSM states that passengers assume a transit service is highly 

unreliable when the percentage on-time performance falls below 70% (TCRP Project A-15C, 

2013). The highest level is where the on-time performance is higher than 95%. Therefore, it can 

be fairly assumed that operators try to maintain the on-time performance at a percentage higher 

than 70%. That is, in an inter-time-point travel time distribution, 70% is higher than the median 

that accounts for 50%. As discussed earlier, the literature suggests that such a travel time 

distribution is positively skewed (Rahman, Wirasinghe, et al., 2018). While the 50th percentile 

marks the mean, median and mode of a normal distribution, the 50th percentile for a positively 

skewed distribution is located further away from the mode/peak in the tail of the lognormal 

distribution. The higher the skewness, the further away the median – 50th percentile is from the 

peak of the distribution. Therefore, an operator wanting to choose a scheduled travel time that 

keeps the on-time performance at a rate higher than the 70th percentile must choose a value that 

falls within the right-hand-side tail of the distribution. For any value in the right-hand-side tale of 

the distribution, the corresponding derivative of the probability density function is a negative value 

as also shown in the Figure 24. 

         

Figure 24 - Derivative of the travel time distribution at the value of scheduled travel time 
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Owing to the background described here, it is possible to rule that the derivative of the probability 

density function (PDF) at the scheduled travel time is negative. With this knowledge, it can be 

shown that the second derivative of the objective function – Equation (115) – is positive.  

Since this study is using an existing transit operation, the scheduled travel time used by the operator 

– S – is used instead of the optimum scheduled travel time - 𝑆∗ - to come up with the implied 

VoRT corresponding to the reliability LOS of the bus route. Assuming that transit operators use 

an 𝑆 value that makes the on-time performance of the bus route higher than 70% - which is the 

case almost all the time – it is shown that 𝑓′(𝑆∗) is negative. Therefore, the term 𝑃𝛾௣𝑓′(𝑆∗) is 

negative as the values of 𝑃 and 𝛾௣ are positive. According to the definitions of the parameters in 

the term 𝑃𝛾௥(𝑎 + 𝑏𝜃), it is positive. Since 𝑓(𝑆∗) and ൫1 − 𝐹(𝑆∗)൯ are probabilities – therefore are 

positive values in the range of 0 to 1 – the first term within the parentheses – 3𝑓(𝑆∗)൫1 − 𝐹(𝑆∗)൯ 

- is positive. The term – ∫ (t − S∗)𝑓(𝑡)𝑑𝑡
ஶ

ௌ∗  – is positive as the value of 𝑡 ranges from 𝑆∗ to infinity. 

𝑓ᇱ(𝑆∗) is negative. Accordingly, the term −𝑓ᇱ(𝑆∗)൫∫ (t − S∗)𝑓(𝑡)𝑑𝑡
ஶ

ௌ∗ ൯ is positive for the range of 

𝑆∗ that a transit agency would normally use. Therefore, the second derivative of the objective 

function – Equation (115) – is positive and the Equation (112) represents a minimum, allowing the 

Use of Equation (113) for obtaining an implied VoRT representing the reliability LOS.  

6.3. Example calculation 

An example calculation is designed to show the applicability of the methodology developed in this 

chapter for determining the reliability of LOS. We assume the following parameters of an existing 

bus route. 

Table 12 - Values of operational parameters of an example bus route 

Parameter Name Value Units 

P Demand for boarding 1000 passengers/day 

n Number of inter-time-point links 6 No. 

N Number of bus dispatches per day 30 dispatches/day 

D Length of the route 20 km 

𝑙 ̅ Average trip distance of the passengers 10 km 

𝜆 Operating cost of a bus per hour 120 $/hr./bus 
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𝛾௣ Delay penalty of a passenger 20 $/passenger 

𝑎 Delayed riding penalty factor 1.25 
 

𝑏 Delayed waiting penalty factor 1.25 
 

𝜃 Ratio of VoWT to VoRT 2.5 
 

𝜇 Mean link travel time 15/60 hours 

𝜎 standard deviation of the link travel time 5/60 hours 

𝑆 Average scheduled link travel time 20/60 hours 

 

The link travel times – 𝑡 – are distributed log-normally.   

Using the Equation (113), the implied VoRT representing the reliability of a bus route can be 

obtained as 7.45 $/hr./pass. The value of 𝑆 – 20/60 hrs, in this example corresponds to an on-time 

performance of 85% and can be calculated as follows. 

A function for the link travel time can be denoted as, 

 
𝑓(𝑡) =

1

𝑡𝜎 √2𝜋
మ 𝑒𝑥𝑝 ቈ−

(ln 𝑡 − 𝜇)ଶ

2𝜎ଶ
቉ 
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𝑃(𝑡 > 𝑆̅) =  න 𝑓(𝑡)𝑑𝑡

ஶ

ଶ଴/଺଴

= 85% 
117 

According to the methodology suggested in Chapter 2 - ‘Proposed Approach’, the reliability LOS 

can be obtained by comparing the derived implied VoRT with the VoRT distribution of the 

passengers. It is important to note the difference between reliability and the reliability LOS. 

Reliability is normally measured using OTP in the industry and the focus of this chapter is on the 

measuring the reliability LOS and not the reliability. According to the VoRT distribution in Figure 

21 of Chapter 4 – Headway and Crowding LOS, the derived implied VoRT represents a LOS grade 

‘B’. Figure 25 and Figure 26 show the behavior of 𝑄(𝑆) and 𝛾௥
ᇱ with 𝑆 respectively modeled using 

Matlab version 2020b (MathWorks, 2020) – the code used in this exercise is attached in the 

Appendix D. The range of 𝑆 is selected in a way that it covers the travel times greater than 60th 

percentile assuming the transit agencies are aiming to maintain an average on-time performance 

greater than 60%.  
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Figure 25 - Behavior of Q(s) with Scheduled Travel Time 

According to Figure 25, the value of 𝑄(𝑆) reduces with the increasing scheduled travel time and 

converges to zero. 

 

Figure 26 - Behavior of the implied VoRT with the Scheduled Travel Time 
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According to Figure 26, the implied VoRT for the operation in the example decreases with the 

scheduled travel time for the range of 𝑆 chosen.  Although increasing 𝑆 increases the reliability – 

as measured by OTP – and decreases the additional travel/wait time cost and the delay penalty of 

the passengers, it increases the budgeted travel time cost of the passengers and the transit service 

operating cost at a higher rate within the range of 𝑆 considered.  

6.4. Discussion and concluding remarks 

This study has been carried out for a bus route with a schedule – scheduled inter-time-point travel 

times or scheduled departure/arrival times at time points. According to TCQSM, a scheduled bus 

operation is best suited for a bus route with headways longer than 10 minutes (TCRP Project A-

15C, 2013). For a high frequency bus service, the more appropriate, hence widely used measure 

of reliability is a measure of the headway variation than the travel time variation (Mohammadi, 

2023). But the proposed method of assessing the reliability LOS may be extended to a high 

frequency bus route.  

The proposed methodology utilizes a travel time distribution that is the average of the inter-time-

point travel time distributions in a route that consists only of the timed points. The average delay 

derived from the travel time distribution depends on the variation of the data, i.e., the standard 

deviation. The cost of the additional travel time and the additional wait time of the passengers 

depends on the average delay calculated in the proposed methodology. This makes sense as the 

passengers will only be boarding/alighting at the timed points in the proposed approach. This is 

different when there are intermediate stops in between timed points where people board/alight. In 

most practical situations, the average delay time for the stops between timed points (normal stops) 

can be smaller at the beginning and reach the calculated value at the end. Therefore, applying the 

same average delay for the calculation of additional travel time and wait time is an overestimation 

of these costs. An approximate and simple correction for this issue can be achieved by using half 

of the average delay time at the end of the inter-time point link for the calculation of additional 

travel time and wait time costs.  

The developed methodology does not require the probability distribution to take any particular 

shape. As Equation (113) contains only the values of the probability density function and the 

cumulative probability function at 𝑆, this methodology can be applied to any type of travel time 

distribution whether it is log-normal, normal or gamma.  
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The suggested approach in this chapter tries to address a few of the gaps in the reliability LOS 

literature. Studies that consider the wait time of the passengers in measures of the quality of the 

reliability are scarce, irrespective of the fact that several studies have emphasized the importance 

of the wait time on reliability. Studies that take the wait time aspect into account are either 

concerned with only the effects of reliability on the wait time or have taken a heuristic approach 

in formulating a solution. The suggested approach taking the wait time aspect into a measure 

assessing reliability is one of the important contributions of this chapter. Similarly, studies finding 

an optimum scheduled travel time through a closed form solution of an analytical model by also 

taking wait time into account are rare. The suggested approach addresses this gap as well. 

Methodologies found in the literature deriving an optimum scheduled travel time or slack time 

through an analytical model assume near perfect situations such as a route with one inter-time-

point link, and do not consider routes with many such links at least with equal distances/scheduled 

travel times. This is partly due to the inter dependability of link travel times. The suggested 

approach here addresses this issue to a certain extent by assuming a route with many inter-time-

point links those having equal scheduled travel times and by suggesting a method to isolate the 

inter dependent randomness between adjacent link travel times. The approach is further extended 

to make it applicable to a real situation by suggesting a methodology to change/remodel the data 

collected from a bus route operation to be used in the suggested methodology that approximates 

the assumed situation. In conclusion, the proposed methodology in this chapter makes the current 

literature on the reliability level of service and optimum scheduled travel time, one step closer to 

the real-world situation.  

The approach presented in this chapter provides the tools for transit agencies and other interested 

parties to assess the reliability LOS of a bus route that considers both the perspectives of passengers 

and the operator. Deciding on how much reliability – based on OTP – to maintain in the route by 

changing the scheduled travel time, affects passenger’s budgeted travel time cost, passenger’s 

additional travel time and additional wait time costs, and operations cost in the bus route. The 

methodology suggested provides the ability for the transit agency to choose a level of reliability 

through choosing an inter timepoint scheduled travel time (S) to provide a desired reliability LOS 

depending on what the passengers’ values of time are worth in the bus route. It provides insights 

into how the scheduled travel time may be changed to achieve the required reliability LOS. The 

methodology presented has potential future work into extending the suggested approach that 
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considers the different inter timepoint travel time distributions of inter timepoint links rather than 

an average value which will improve the accuracy of estimation.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

138 
 

7. Chapter 7 - A Combined Measure for the Overall LOS and Conclusion 

7.1. Introduction 

This chapter is aimed at addressing one of the critical issues in the transit LOS literature – 

developing an overall LOS measure for a bus route that incorporates both passenger and operator 

concerns. A comprehensive review of this issue has been carried out in section 1.2 of Chapter 1 

while section 1.3.3 of the same chapter investigates the efforts towards an overall LOS measure in 

industry and academia with their associated limitations. The approach suggested here to come up 

with a combined measure for the overall LOS of a bus route depends on the LOS framework 

proposed in Figure 1. Accordingly, the methodology presented here combines the three sub-LOS 

measures derived in the previous chapters that cover all the attributes presented in the LOS 

framework.  

7.2. Background 

This study has developed three LOS measures concerning several aspects of a bus transit operation 

while taking the passenger and operator concerns into account. What follows in this section is a 

snapshot of the sub-LOS measures developed in chapters 4, 5, and 6. The variable notations for 

different LOS measures are different from one chapter to another. Therefore, for each LOS 

measure, notation descriptions of the variables used in each corresponding chapter are stated under 

the respective LOS measure.  

7.2.1. Headway and Crowding LOS – H&C LOS 

H&C LOS considers the aspects of waiting time and riding time of the passengers. Crowding 

affects the quality of riding and therefore the effect of crowding is considered by penalizing the 

base value of riding time. An implied VoRT representing the quality of headway and crowding 

attributes is obtained through modeling the existing bus operation using the equation for the 

optimum VoRT. The closed form solution for the optimum VoRT is developed using an objective 

function that minimizes the trade-offs between the passenger costs associated with waiting and 

riding in a crowded condition and the costs of operation.  

The implied value of ride time is obtained using the following equation from Chapter 4.  

 
𝛾௥

௢ᇱ
=

2𝜆஽

൫𝜌𝑃+2𝑃ଶ𝑙𝑡̅̅∅/𝐷𝑆൯𝐻ଶ
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 The objective function used in the derivation of the Equation (118) is as follows. 
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𝑍 = ൬

𝐻

2
൰ 𝛾௪𝑃 +

𝑃ଶ𝑙𝑡̅̅∅𝛾௥
௢𝐻

𝐷𝑆
+  

𝜆஽
𝐻ൗ  
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The first term of Equation (119) considers the passengers’ average cost of waiting for the bus while 

the second term considers the cost of additional riding time due to crowding discomfort. The third 

term represents the cost of operation of the bus route.  

The notations used in the Equations (118) and (119) are shown below in Table 13.  

Table 13 - Notations used in the Equations 118 and 119 

Abbreviation Description 

D Length of a bus route (km) 

H Uniform headway of a bus route (hr./bus) 

𝑙 ̅ Average trip distance of passengers riding a bus route (km) 

P Average demand to board a bus route (pass./hr.) 

S Number of available seats on a bus (pass./bus) 

𝛾௥
௢ Basic value of 𝛾௥ without the effect of crowding nor pandemic health risks 

∅ Rate of change in average CPF with the average loading factor 

𝜌 Ratio of the value of wait time to value of ride time 

𝑡̅ Average travel time of the passengers (hrs) 

𝜆஽ Operations cost of a bus per dispatch ($/dispatch) 

 

In Equation 1, the VoWT - 𝛾௪ – is referred to as a function of the VoRT - 𝛾௥
௢.  

 𝛾௪ = 𝜌𝛾௥
௢ 120 

According to the literature, the value of 𝜌 is 2.5 (Wardman, 2004). 

7.2.2. Access and Travel Time LOS – A&TT LOS 

A&TT LOS considers the aspects of accessibility and travel time of a bus route. Similar to H&C 

LOS, an implied VoRT represents the quality of access and travel time attributes of a trip taken by 
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transit is obtained through modeling the existing bus operation using the equation for the optimum 

stop distance for a bus route. The equation for the optimum stop distance is developed using an 

objective function that minimizes the trade-offs between the passenger costs of access distance 

along the bus route, the average travel time in the bus route and the cost of bus operation.  

The implied VoRT representing the A&TT LOS is obtained using the Equation (121) below. 

 
𝛾௥

ᇱ =
2𝑛𝜆஻𝐷𝜙

𝑃෠(𝜔𝑆̅ଶ − 2𝑙𝜙̅)
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 The objective function used in the derivation of the Equation (121) is as follows. 

 
𝑍(𝑥) =

𝛾௞𝑃(𝑥)𝑆(𝑥)

4
+

𝛾௥𝐶(𝑥)∅(𝑥)

𝑆(𝑥)
+

𝑛𝜆஻𝜙(𝑥) + 𝜆௦

𝑆(𝑥)
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The notations used in the Equations (121) and (122) are shown below in Table 14. 

Table 14 - Notations used in the Equations 121 and 122 

Abbreviation Description 

P(x) Number of passengers boarding and alighting the bus service in a day per unit distance 

at the distance x (pass./km) 

S(x) Stop spacing centered at x (km) 

C(x) Number of passengers passing a point located from an x distance from the origin of 

the route in a day (pass./day) 

∅(𝑥) Amount of additional time taken due to stopping of a bus (hrs) 

n Number of bus dispatches per day  

𝛾௥ Mean value of a unit of riding time of passengers ($/hr./pass.) 

𝜆஻ Cost of operating a bus ($/hr) 

𝜆௦ Cost of a bus stop per day ($/stop/day) 

𝛾௞ Average travel time of the passengers (hrs) 

D Route distance (km) 
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𝑙 ̅ Mean trip length of passengers (km) 

∅ Average amount of additional time taken due to stopping of a bus (hrs) 

𝑃෠ Total demand to board the bus route in a day (pass./day) 

Sത Average stop spacing in the bus route (km) 

𝜔 Value of the ratio 𝛾௞/𝛾௥ 

𝛾௥
ᇱ Implied VoRT representing the A&TT LOS 

 

In Equation (121), the VoWT - 𝛾௞ – has been referred to as a function of the VoRT - 𝛾௥.  

 𝛾௞ = 𝜔𝛾௥ 123 

 According to literature, the value of 𝜔 is 2 (Wardman, 2004). 

7.2.3. Reliability LOS – R LOS 

Reliability LOS considers the aspect of unreliability of the service as it relates to the passengers’ 

average wait time and travel time in the bus route. Similar to H&C LOS, an implied VoRT is 

representing the quality associated with the reliability of service that relates to the wait time and 

travel time attributes of a trip taken by transit. This is obtained through modeling the existing bus 

operation using the equation for the optimum scheduled travel time between consecutive time 

points for the bus route – hereafter referred to as the scheduled travel time. The equation for the 

optimum scheduled travel time is developed using an objective function that minimizes the trade-

offs between the passenger costs of budgeted travel time, additional travel time due to unreliability 

of the service, additional wait time due to unreliability of the service, and the operations cost.  

The objective function used in this process is as follows. 

 
𝑍(𝑆) =

𝑃𝑙𝑛̅𝑆𝛾௥

𝐷
+ 𝑃(𝑎𝛾௥ + 𝑏𝛾௪) න 𝑓(𝑡)𝑑𝑡

ஶ

௦

න (𝑡 − 𝑆)𝑓(𝑡)𝑑𝑡
ஶ

௦

+ 𝑃𝛾௣ න 𝑓(𝑡)𝑑𝑡
ஶ

௦

+ (𝑛𝑆 + 𝑇ᇱ)𝜆𝑁 
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This objective function is used to derive an implied VoRT as follows, that represents the reliability 

LOS in comparison with the mean VoRT distribution of the passengers. 
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𝛾௥
ᇱ =

𝛾௣𝑓(𝑆) − ቀ
𝑛𝜆𝑁

𝑃
ቁ

൬
𝑙𝑛̅
𝐷

൰ − 𝑄(𝑠)(𝑎 + 𝑏𝜃)
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Where, 

 
𝑄(𝑆) =  𝑓(𝑆) ൭න 𝑡𝑓(𝑡)𝑑𝑡

ஶ

ௌ

− 𝑆൫1 − 𝐹(𝑆)൯൱ − ൫1 − 𝐹(𝑆)൯
ଶ
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Table 15 - Notations used in the Equations 127, 128 and 129 

Abbreviation Description 

P Passenger demand to board the entire route in a day (passengers/day) 

S Scheduled travel time in between consecutive time points (hrs) 

𝑡 Link / inter-time-point travel time in the route (hrs) 

𝑓(𝑡) Probability density function of 𝑡  

n Number of inter-time-point links  

𝛾௥ mean value of a unit of riding time of passengers ($/hr./pass.) 

𝛾௪ mean value of a unit of waiting time of passengers ($/hr./pass.) 

𝛾௣ Delay Penalty 

𝜆 cost of operating a bus ($/hr) 

D Route distance (km) 

𝑙 ̅ Mean trip length of passengers (km) 

𝑎 Delayed riding penalty factor 

𝑏 Delayed waiting penalty factor 

𝑇ᇱ Layover time (hrs) 

𝑁 Number of dispatches per day in the route 

𝜃 Ratio of VoWT to VoRT 

𝛾௥
ᇱ Implied VoRT representing the A&TT LOS 

𝐹(𝑠) Cumulative probability of t being less than or equal to S 
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7.3. Methodology 

Importance of the service attributes, their performance and passenger satisfaction are related 

(Börjesson & Rubensson, 2019). The performance of each attribute affects the overall quality of 

the service on different scales depending on how important each attribute is for the overall LOS. 

Therefore, figuring out a weighting factor for each of the attributes, or a combination of the 

attributes in the case of this study, is important. There are two main approaches considered in the 

literature to obtain the attribute level importance: (1) explicitly asking passengers for their level of 

importance for each attribute using a common scale; and (2) estimating the importance by 

modeling the explanatory power of each quality attribute on the trip utility by means of, for 

example, regression analysis, structural equations, Pearson correlation or path analysis (Börjesson 

& Rubensson, 2019). The proposed methodology in this study takes a novel approach of using the 

relationship between different VoT figures of the passengers to measure the relative importance 

of the sub-LOS measures for the overall LOS measure.  

The literature provides a significant amount of evidence on the relationship between the VoRT of 

passengers to their VoWT, VoAT as a ratio (Wardman 2004). Therefore, the VoWT and VoRT 

can be denoted as a function of the VoRT. Unlike the VoRT of the passengers, the ratios of VoWT 

to VoRT and the VoAT to VoRT do not change from one population to the other and over time as 

values of time do (Wardman, 2013). Also, the vast majority of the studies on the values of time of 

passengers provide only the VoRT and therefore, the VoRT figures for a certain geographical 

region (for a province or a city) are already available from several sources and this makes it easy 

to carry out the calculations. Also, the value of a unit of time spent waiting being a times the value 

of a unit of time spent riding is a good indication that a person values their aspect of waiting at a 

times the aspect of riding. The same analogy exists within the relationship between the attributes 

of access time and riding time. This background supports the formulation of a weighted average 

approach in combining the LOS measures.  

In formulating all the LOS measures introduced before, each LOS measure has been denoted by 

an implied VoRT. For example, the H&C LOS is denoted by an implied VoRT and then this value 

is compared with the VoRT distribution of the passengers to assess the LOS grade as introduced 

in the chapter ‘Proposed Approach’. As described above, the H&C LOS represents both the aspects 

of riding and waiting.  
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Let us assume, 

 𝑉𝑜𝑊𝑇 = 𝑎 ∗ 𝑉𝑜𝑅𝑇 130 

 𝑉𝑜𝐴𝑇 = 𝑏 ∗ 𝑉𝑜𝑅𝑇 131 

Since the H&C LOS measure represents the waiting time aspect – valued at  𝑎 times the riding 

time aspect – apart from the riding time aspect, the H&C LOS measure can be weighted by a factor 

of (1 + 𝑎). Similarly, the A&TT LOS measure can be weighted at a factor of (1 + 𝑏) as this 

measure represents the aspects of riding and access. The reliability LOS measure, as it represents 

the aspects of riding time and waiting time, can be weighted at a factor of (1 + 𝑎). We will name 

the implied VoRT representing the H&C LOS as 𝛾௥
ᇱ(𝐻&𝐶). The same way, the implied values of 

time representing the A&TT LOS and the Reliability LOS will be named as 𝛾௥
ᇱ(𝐴&𝑇𝑇) and 

𝛾௥
ᇱ(𝑅𝑒𝑙) respectively. Therefore, the overall LOS that is the combination of the LOS measures 

H&C, A&TT and Reliability, can be obtained by taking the weighted average as follows. 

 
𝛾௥

∗(𝑂𝑣𝑒𝑟𝑎𝑙𝑙) =  
(1 + 𝑎)𝛾௥

ᇱ(𝐻&𝐶) + (1 + 𝑏)𝛾௥
ᇱ(𝐴&𝑇𝑇) + (1 + 𝑎)𝛾௥

ᇱ(𝑅𝑒𝑙)

(1 + 𝑎) + (1 + 𝑏) + (1 + 𝑎)
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Where 𝛾௥
∗(𝑂𝑣𝑒𝑟𝑎𝑙𝑙) represents the implied VoRT representing the overall LOS. 

Table 16 provides an overview of the process of combining LOS measures. 

Table 16 - Weights of sub-LOS measures to derive the overall LOS 

LOS Measure Aspects represented Weight assigned 

H&C LOS 
Waiting Time - 𝛾௪ = 𝑎𝛾௥  

(1+a) 
Riding Time - 𝛾௥ 

A&TT LOS 
Access Time - 𝛾௔ = 𝑏𝛾௥ 

(1+b) 
Riding Time - 𝛾௥ 

Reliability 
Waiting Time - 𝛾௪ = 𝑎𝛾௥ 

(1+a) 
Riding Time - 𝛾௥ 

 

The value obtained for 𝛾௥
∗(𝑂𝑣𝑒𝑟𝑎𝑙𝑙) in Equation (132) is similar to those of 𝛾௥

ᇱ(𝐻&𝐶), 𝛾௥
ᇱ(𝐴&𝑇𝑇), 

and 𝛾௥
ᇱ(𝑅𝑒𝑙). Therefore, the same procedure used to obtain the LOS grades in each of these 

attributes – as described in the chapter ‘Proposed Approach’ – is used in obtaining a LOS grade 
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for the overall LOS. For example, in the same way 𝛾௥
ᇱ(𝐻&𝐶) represents the implied VoRT 

representing the H&C LOS, the 𝛾௥
∗(𝑂𝑣𝑒𝑟𝑎𝑙𝑙) represents the overall/combined LOS. As the 

𝛾௥
ᇱ(𝐻&𝐶) is compared with the mean VoRT distribution of the passengers to obtain the H&C LOS 

grade, 𝛾௥
∗(𝑂𝑣𝑒𝑟𝑎𝑙𝑙) is used in the same way to obtain the overall LOS by comparing it with the 

mean VoRT distribution of the passengers. Here the Overall LOS represents the combined LOS 

of the three separate LOS measures through a weighted average approach.  

The next section presents the derivation of sub-LOS grades and the overall LOS grade for a real 

bus route in Calgary. 

7.4. Example  

The data for the bus route 7 – Marda Loop and City Centre as shown in Figure 27, obtained from 

Calgary Transit for a day in fall 2021, are shown in Table 17 as follows. It is important to note that 

the bus route has now changed as of June 2023.  
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Figure 27 - Marda Loop Bus Route Map (Source - Calgary Transit Web Site) 
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Table 17 - Operational parameters of Route 7 

Parameter Description Value Units 

𝑃 
Average passenger demand to board the entire bus 

route 35 
Pass. /hr. 

𝑄 

Number of passengers passing through the 

maximum load point of the bus route during the 

peak period  48 

Pass. /hr. 

𝑡̅ Average trip duration of the passengers in the route 0.14 hrs 

𝑆 Number of available seats on a bus 35 Seats/bus 

𝜆஽ Operating cost per dispatch 130 $/dispatch 

𝑙 ̅ Average trip distance of the passengers in the route 3.61 km 

𝐷 Length of the bus route 17.1 km 

𝜆஻ Cost of operating a bus 110 $/hr. 

𝑃෠ Passenger demand to board the bus route in a day 1302 Passengers/day 

𝑆̅ Average stop spacing in the bus route 0.23 km 

𝑛 Number of inter-time-point links 6   

𝑁 Number of bus dispatches per day 50   

 

A stated preference survey carried out in the City of Calgary, AB, Canada studying the effect of 

the COVID-19 pandemic on the transit passenger perception in 2021 reports the mean and standard 

deviation of the VoRT of the passengers to be 24 $/hr/passenger and 10 $/hr/passenger respectively 

– 757 respondents and 4542 choice scenarios (Pollock, 2022). These values provide a VoRT 

distribution as shown in Figure 28.  
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Figure 28 - VoRT Distribution with LOS grades 

 

7.4.1.  Headway & Crowding LOS of the Bus Route 7 

The value of ρ – the ratio of the VoWT to VoRT – is assumed as 2.5 according to the literature.  

The headway of the route changes from 20 to 30 minutes during the day. As other parameters 

assumed are average values, an average value of 25 minutes (0.416 hrs) of headway is assumed 

for the bus route to represent an average LOS. H&C LOS can be calculated for different time 

durations depending on the data availability. The value of ∅ is taken as 0.3 with reference to the 

calculation of ∅ carried out in the chapter 4 – ‘Headway and Crowding LOS’. All the parameters 

in Equation (118) except for ∅ and ρ, are same as in Table 17.  

Therefore, according to the Equation (118), the implied value of ride time representing the H&C 

LOS can be calculated to be 17.11 $/hr./pass. According to the VoRT distribution shown in the 

Figure 28, the H&C LOS falls in the LOS grade D. 
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7.4.2. Access and Travel Time LOS of the Bus Route 7 

Value of 𝜙 – average additional time lost due to stopping of a bus was not available and is assumed 

to be 20 seconds (0.0056 hrs) for the route 7. According to Equation (121), the implied VoRT 

representing the A&TT LOS - 𝛾௥
ᇱ(𝐴&𝑇𝑇) can be calculated to be 12.37 $/hr/pass. that falls into 

the LOS grade of D according to the mean VoRT distribution of the passengers shown in Figure 

28.  

7.4.3. Reliability LOS 

Depending on the time point log data obtained from Calgary Transit for route 7 for a Tuesday in 

September 2021, 6 inter-timepoint links were identified, i.e., n = 6. The average of the link travel 

time is calculated to be 0.2094 hrs – 12.57 minutes and the standard deviation of the link travel 

time is calculated to be 0.0269 hrs – 1.62 minutes. Mean and standard deviation of each link is 

shown in the Table 18. This mean and standard deviation helps us form the probability density 

function of the link travel time that is lognormally distributed.  

Table 18 - Mean and standard deviation of link travel times 

Link No. 

Mean Travel Time 

(Hrs) 

Standard Deviation 

(Hrs) 

1 0.13603 0.02753 

2 0.34999 0.03152 

3 0.13416 0.02534 

4 0.36770 0.13957 

5 0.12301 0.03984 

6 0.14578 0.05197 

 

Accordingly, the shape parameter and scale parameter of the log normal function is calculated 

using the mean and standard deviation of the link travel times where the outcome values are used 

in the calculation. The delay penalty can be assumed to be the cost of passenger’s travel time plus 

the bus fare (Wirasinghe, 1993). Accordingly, using the average trip time of passengers in the 

route – 0.14 hrs – with a value of ride time 24 $/hr/pass. the delay penalty per passenger can be 

calculated as 7.01 $/pass – Calgary had a flat rate bus fare of 3.65 CAD per passenger in October 

2022. The values of 𝑎 and 𝑏 - the delayed waiting and riding time penalty factor – are assumed to 
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be equal to 1.25 in line with the suggestion by Wirasinghe (1993). The value of 𝜃 – the ratio of 

VoWT to VoRT is assumed to be 2.5 inline with the assumptions in previous calculations.  

Therefore, according to Equation (125), the implied VoRT representing the Reliability LOS - 

𝛾௥
ᇱ(𝑅𝑒𝑙) is calculated to be 36.75 $/hr/pass. representing a Reliability LOS grade of B with 

reference to the mean VoRT distribution of the passengers in the route as represented by the Figure 

28.  

7.4.4. The Overall LOS of route 7 

The values obtained for 𝛾௥
ᇱ(𝐻&𝐶), 𝛾௥

ᇱ(𝐴&𝑇𝑇), and 𝛾௥
ᇱ(𝑅𝑒𝑙) are substituted in the Equation (132). 

In the Equation (132), the value of 𝑎 represents the ratio of VoWT to VoRT which is 2.5, and 𝑏 

represents the ratio of VoAT to VoRT which is 2 as used in the previous calculations under section 

7.4.  

Therefore, the implied VoRT - 𝛾௥
∗(𝑂𝑣𝑒𝑟𝑎𝑙𝑙) - for the route 7 can be calculated to be 22.56 

$/hr./pass. which falls into the LOS grade of C with reference to the mean VoRT distribution of 

the passengers in the route as represented by the Figure 28. Therefore, according to the 

methodology suggested in this study, the overall LOS of the bus route 7 in Calgary can be 

identified as LOS C. 

7.5. Discussion 

The accuracy of the approach presented herein for combining the sub-LOS measures depends on 

the accuracy of the weighting factors used. Weighting factors depend on the ratio of VoT 

components associated with sub-LOS measures to VoRT. Therefore, the accuracy of the mean and 

standard deviation of the VoRT is important. Other VoT components such as VoWT and VoAT 

used in the study are estimated using the VoRT and the ratios of VoWT and VoAT to VoRT that 

can be found in the literature. As discussed before, literature provides values for the ratios of VoAT 

and VoWT to VoRT. If such values have been derived in a similar geographical and economic 

environment to Calgary – where the LOS is being assessed – accuracy is higher. The ratios of 

VoTs do not depend on time as much as the VoTs depend on time due to inflation and economic 

development. Availability of ratios of VoTs for the context of the area where the LOS is being 

assessed – Calgary in this study – will increase accuracy.  
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8. Chapter 8 - Conclusion 

8.1. Limitations and Recommended Future Work 

Headway LOS has been derived for a bus route with frequency operations – headway is less than 

10 minutes in normal terms. But the application of the overall LOS has been calculated for a bus 

route with scheduled operations. This issue can be eliminated by developing the model for implied 

VoRT of Headway LOS using the mean waiting time suggested by Ansari Esfeh et al., (2020). 

This study has not sought to address this issue since the scope was to demonstrate the applicability 

of the concept being developed.  

Access and Travel Time LOS on the other hand consider only the access distance along the bus 

route whereas it can be more accurate if a better estimate for the access time can be achieved that 

includes the passengers living away from the bus route. A good approximation for the access 

time/distance of the passengers is proposed in the TCQSM that considers many other factors such 

as topography of the bus route and barriers such as pedestrian crossings in the approach path 

(TCRP Project A-15C, 2013). This LOS measure also considers only the travel time in transit 

using passengers value of travel time. Another factor that impacts the quality of travel time – as 

also identified in the chapter – ‘Background’ – is the directness of the route. Route directness 

compares the travel times using transit and a private vehicle. This can be accounted for within the 

proposed model by multiplying the average travel distance of the passengers by a factor that 

depends on the directness of the route. A comprehensive approach to calculating the directness of 

the route is presented in the TCQSM (TCRP Project A-15C, 2013).  

The proposed method for reliability assessment depends heavily on data availability. Although 

technological advancement with transit vehicles has made this a possibility in many parts of the 

world, there is still a significant portion of transit agencies without access to such technologies. 

This method is developed for a route with only timepoints but can be extended to a real-world case 

with normal stops in between two time stops. As also discussed in the reliability chapter, making 

the average additional wait time half of the one used in the model is a good first step towards 

improving the model. Another limitation as it pertains to reliability LOS is that the methodology 

presented in the thesis depends on travel time variation rather than the headway variation. 

Depending the reliability assessment on headway variation is the suitable approach for a headway 

based (high frequency) service – which can be accounted through the coefficient of variation of 

the headway.    
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One of the key issues is that obtaining LOS values through optimization models can provide 

unrealistic values – and, for example, increasing the delay penalty factor from 5.75 $/pass. to 10 

$/pass. will increase the implied VoRT of the reliability LOS to 63 $/hr/pass. Given that this 

represents a very high value of LOS for reliability, using this value in the Equation (132) will 

increase the overall LOS also to a very high value. This implies that increasing the LOS of one 

sub-measure will increase the overall LOS as well on the same scale. This might not represent the 

passenger expectations correctly as passengers tend not to perceive an importance in service 

performance improvements beyond a certain level. This is discussed comprehensively by 

Börjesson & Rubensson (2019). Improving the method suggested for obtaining the overall LOS to 

accommodate these concerns – such as introducing a stepwise weights function for the sub-LOS 

measures depending on their performance where the weight reduces with performance increases 

beyond a certain level – is a potential future extension of this study.  

One of the key problems with the way the operator’s concerns have been incorporated into the 

LOS service measures is that when operator’s cost increases due to inefficiencies or non-optimal 

service provisions, it reflects in an equivalent improvement in the LOS measures. Because now 

the operator’s contribution for making a transit trip happen is higher than that of the contribution 

from passengers. Addressing this anomaly requires further research into this topic. One of the 

potential approaches is to have standardized values for service provision for a given geographical, 

economic context – for example a North American context– and can be introduced through a transit 

service manual such a TCQSM. This way, operating costs due to inefficiencies or special cases 

will not affect the accuracy of intended outcomes. 

8.2. Conclusion 

This study, in general, addresses two key concerns in the transit LOS literature: (1) incorporating 

both operator and user concerns to LOS measures; (2) developing a single measure assessing the 

overall level of service (LOS). Incorporation of operator and user concerns depends on the concept 

that the contribution of both the operator resources and user time in the form of generalized costs 

is required to make a transit trip happen. A balanced contribution from both parties provides an 

optimal service environment. Analytically modelling the total cost of contribution from both 

parties for a transit operation makes it possible to obtain the optimal operational parameters for a 

bus route. This model is used to derive an VoT for the passengers – one of the variables in the 

analytical model for optimum operation – that corresponds with parameters of an already operating 



 

153 
 

bus route. The obtained implied VoT is compared with the VoT distribution of the passengers to 

decide on the LOS.  

Three sub-LOS measures were developed: Headway and Crowding LOS; Access and Travel Time 

LOS; and Reliability LOS. An analytical model for the optimum headway from literature was 

extended to incorporate the crowding attribute of the service as well. Given that this study was 

undertaken in a period where the public transit was heavily affected by the COVID-19 pandemic, 

this model was extended to incorporate the COVID-19 health risks into transit schedule planning 

as part of the crowding cost (Devasurendra et al., 2022) - another important contribution of this 

study. An analytical model for obtaining the optimum bus stop spacing is used to derive the Access 

and Travel Time LOS. An analytical model to assess the optimum scheduled travel time is 

developed in this study that incorporates average passenger wait time with ride time and delay 

penalty – an important contribution for the reliability literature. This model is then used to derive 

the reliability LOS of a bus route. It is important to note that this study does not investigate any 

models associated with LOS measures deeply given the scope – passenger and operator concerns 

integration and developing an overall LOS measure. Finally, a weighted average approach for 

combining sub-LOS measures is introduced that uses the ratios of value of wait time and value of 

access time to the value of ride time to derive the weights associated with sub-LOS measures. 
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Appendix A 

Two independent routes with time varying demand but equal mean VoWT distributions 

Consider two independent routes with different demand profiles (𝑃ଵ(𝑡) and 𝑃ଶ(𝑡)) where mean 

VoWT distribution is the same and headways are equal (here also we assume headway stays 

constant in the evaluation period of T). Two different routes can get different headways. But we 

need to have the same headway for both the routes as if in an instance where an operator is trying 

to sync headways of two intersecting routes to ease transfers. The total cost can be expressed as 

follows; 

න 𝑍(𝑡)
்

𝑑𝑡 =  න
1

2்

𝛾௪𝐻𝑃ଵ(𝑡)𝑑𝑡 + න
1
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Average total cost per line per unit time can be expressed as follows; 
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This is same for 𝑛 number of routes as well where 𝑛 ≥ 2 

                      𝛾ᇱ
௪

= ቈ
2𝜆஽

തതത

𝑃ത𝐻∗ଶ
቉                                                                                                                            

Where 𝑃ത is the mean passenger demand for the routes and 𝜆஽
തതത is the mean dispatch cost for the 

routes.  
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Case of VoWT that is a Function of the Elapsed Wait Time 

Apart from the fact that most of the studies in the field of transportation use a nominal value for 

the mean VoWT of a passenger(s), some studies have considered different functions of the elapsed 

wait time for the VoWT instead of a constant value. One school of literature points out that a 

passenger, without having any information about the potential time of receiving service as in the 

case of a frequency service where schedule is not known, accumulates stress and anxiety with time 

due to the sense of waste and uncertainty which will eventually lead him/her to increase their 

VoWT as he/she waits (Denuit & Genest, 2001; Kocas, 2015; Osuna, 1985). Therefore, it is shown 

that the ‘psychological cost’ per unit time - rate of accumulation of stress - increases with the time 

that a passenger waits.  

Wirasinghe (1990) in his study extending Newell’s dispatching policy for a time varying passenger 

demand introduces the total cost function for passenger wait time according to the assumption of 

a linearly increasing VoWT of a passenger with the elapsed wait time as follows. 

𝛾௪(𝑡௪) = 𝛾௪
௖ + 𝛽ᇱ

௪
𝑡௪                                                                                                                              

 

 

 

 

 

 

 

 

Where 𝛾௪ is the VoWT of a passenger, 𝑡௪ is the elapsed wait time of a passenger at the bus station, 

𝛾௪
௖  is the VoWT of a passenger at the time he/she starting to wait (𝑡௪ = 0) and 𝛽′௪ is the rate at 

which the VoWT of a passenger is increasing with 𝑡௪ (a passenger specific constant).  

We are discussing here how to obtain a benchmark figure to represent the HLOS in case of a 

VoWT that is a linear function of the elapsed wait time. In the case of a high frequency (frequency 
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based) service, it is reasonable to assume passengers are arriving uniformly to stations as there is 

no schedule posted and they are having linearly increasing VoWTs with elapsed wait time. 

However, this might not be the same for a low frequency service (scheduled service) where 

passengers plan their arrivals at bus stations to minimize their wait as well as to not miss the bus 

where passenger arrival distribution at the station will not be uniform. Also, as passengers are 

aware of the potential arrival time of the bus, there will not be stress building up as they wait as 

there is no uncertainty involved up until the scheduled bus arrival time. If the bus is late VoWT of 

the passengers will start to rise beyond scheduled arrival time as now the anxiety and stress will 

start building up due to uncertainty. But, in a frequency-based service, it is reasonable to disregard 

such complications allowing us to assume the VoWT of passengers to increase with wait time. 

Therefore, we will derive this relationship assuming a frequency-based service. 

The initial VoWT (𝑎𝑡 𝑡௪ = 0) can be assumed to be ‘zero’ (no penalty for having to wait for the 

bus) as passengers know and accept the fact that they might have to wait. However, this will not 

be the case in a waiting situation at a transfer as there will be a penalty for having to transfer. The 

penalty for a transfer can be accounted for in the total cost function through multiplying it by the 

number of transfers. Due to these reasons, we assume the VoWT to be a linearly increasing 

function with elapsed wait time with the condition 𝛾௪
௖ = 0 so that 𝛾௪(0) = 0 which leaves us; 

𝛾௪(𝑡௪) = 𝛽ᇱ
௪

𝑡௪                                                                                  

We can find the total cost of passenger wait time in a headway ℎ(𝑡) by; 

න 𝑃(𝑡) න {𝛽௪(𝑥 − 𝑦)} 𝑑𝑥
௛(௧)

௬

𝑑𝑦
௛(௧)

଴

                                                         

where 𝑃(𝑡) is the passenger arrival rate, (𝑥 − 𝑦) is the elapsed waiting time up to time 𝑥 of the 

passengers arrived at time 𝑦 and 𝛽௪ is the average of 𝛽′௪ values of passengers. Total cost of 

passengers per unit time and the cost of dispatching busses per unit time can be obtained by 

dividing the above expression and 𝜆஽ by ℎ(𝑡) respectively and can be expressed as; 

𝑍 =
𝑃(𝑡)𝛽௪ℎ(𝑡)ଶ

6
+

𝜆஽

ℎ(𝑡)
                                                                             

Minimizing this in terms of ℎ(𝑡) provides us the headway that minimizes the total cost ℎ∗(𝑡) 
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ℎ∗(𝑡) = ඨ
3𝜆஽

𝑃(𝑡)𝛽௪

య

                                                                                          

By plugging in the values for ℎ(𝑡), 𝜆஽ and 𝑃(𝑡) of an existing operation of a bus route, it is possible 

to obtain the value for the implied average rate of increasing of VoWT with elapsed wait time 𝛽௪
∗  

for the passengers of that route.  

𝛽௪
∗ =

3𝜆஽

𝑃(𝑡)ℎ(𝑡)ଷ
                                                                                            

Given we have the distribution of 𝛽ᇱ
௪

 values of passengers in a route, it is possible to determine 

the HLOS as described in chapter 2.  

Case of Low and High Frequency Services with Planning and Non-Planning Passengers 

Normal practice in the field of transportation planning has been to assume half the headway as the 

mean waiting time of passengers for generalized cost functions. This is under the assumption that 

passengers wait only at the bus station to board the bus. However, in normal life, there is a 

significant amount of people who might incur a waiting time even at the destination of their trip. 

For example, for a person commuting to work, work starts at 9 am. But the bus he takes has a peak 

hour headway of 20 minutes and the normal arrival time of the bus at the nearest bus station to 

work is 8.45 am and 9.05 am. In this case, the passenger has to wait for around 15 minutes at his 

destination. (However, the VoWT at the destination for this person can be significantly lower than 

the VoWT at the origin. For this instance, we assume the passengers have the same VoWT both at 

origin and destination). Therefore, for a nominal commuter, there is a mean waiting time of half 

the headway at the destination as well. Since this person is planning his trip as he has a specific 

arrival time, we call them planning passengers and others (without specific arrival time) as non-

planning passengers.  

For this case, we identify the ‘mean waiting time’ of a passenger as the total mean waiting time 

(both at the origin and destination). The mean waiting time, however, changes for both planning 

and non-planning passengers depending on the type of service being low frequency (schedule-

based) service or high frequency (frequency-based) service. Ansari Esfeh et al., (2020) expand on 

this issue in detail and derive the expressions for mean (expected) wait time, total cost (passenger 

wait and operator cost) and optimum frequency (reciprocal of the headway) for both the low and 
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high frequency services (Ansari Esfeh et al., 2020). The expressions for the new mean wait times 

(for a reliable service) are as follows; 

The mean wait time for a high frequency service 𝑊௛ = ቂ
ଵାఈ

ଶ
ቃ 𝐻 

Where H is the headway of the service and 𝛼 is the proportion (percentage) of all planning 

passengers. 

The mean wait time for low frequency service 𝑊௟ = ቂ
ଵିఈ(ଵିఉ)

ଶ
ቃ 𝐻 

where 𝛽 is the proportion (percentage) of planning passengers with a fixed arrival time out 

of all planning passengers.  

Accordingly, he derives the optimum operation frequency for a high frequency service (𝑔ு
∗ (𝑡)) 

and a low frequency service (𝑔௅
∗(𝑡)), depending on modified mean wait times, as follows; (these 

expressions are assuming that the fleet size and bus capacity (seat capacity) are not constraints) 

𝑔ு
∗ (𝑡) = ቈ

(1 + 𝛼)𝛾௪𝑃(𝑡)

2𝜆஽
቉

ଵ/ଶ

                                                                                       

𝑔௅
∗(𝑡) = ቈ

[1 − 𝛼(1 − 𝛽)]𝛾௪𝑃(𝑡)

2𝜆஽
቉

ଵ/ଶ

                                                                          

Where 𝛾௪ is the mean value of waiting time of passengers. 

 

Accordingly, by plugging in the values of an existing bus route and depending on the type of 

operation, it is possible to derive the implied VoWT for a high frequency service (𝛾௪ு
∗ ) and the 

implied VoWT for a low frequency service (𝛾௪௅
∗ ) as follows; 

𝛾௪ு
∗ =

2𝜆஽

(1 + 𝛼)𝑃(𝑡)ℎு
ଶ (𝑡)

                                                                                              

𝛾௪௅
∗ =

2𝜆஽

[1 − 𝛼(1 − 𝛽)]𝑃(𝑡)ℎ௅
ଶ(𝑡)

                                                                                 

where ℎு
ଶ (𝑡) = 1/𝑔ு

ଶ (𝑡) and ℎ௅
ଶ(𝑡) = 1/𝑔௅

ଶ(𝑡) 
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Note that 𝑔ு
∗ (𝑡) is not necessarily equal to 𝑔ு(𝑡). The same is true for 𝑔௅

∗(𝑡) 𝑎𝑛𝑑 𝑔௅(𝑡). 𝑔ு
∗ (𝑡) is 

the optimum frequency minimizing the total of passenger wait time cost and bus dispatch cost 

while 𝑔ு(𝑡) is the operational frequency of an existing bus route/operation (high frequency).  

With the normal assumption of a half the headway for mean headway, the implied VoWT for both 

the low and high frequency services will be; 

𝛾௪
∗ =

ଶఒವ

௉(௧)௛(௧)మ
  

Compared to this value, with the new mean wait time values for a high frequency service, the 

denominator has been multiplied by a value of (1 + 𝛼) which is greater than 1 higher the 

proportion of planning passengers, higher the value of (1 + 𝛼). Hence, higher the value of (1 +

𝛼), higher the value of denominator and lower the resulting value of the implied VoWT (𝛾௪
∗ ). In 

the same manner, it can be shown that higher the proportions of planning passengers and 

passengers with a fixed arrival time out of planning passengers, higher the implied VoWT (𝛾௪
∗ ) for 

a low frequency service.  

 Case of Stochastic Passenger Demands 

If the passenger demand at a certain time of day varies day by day (e.g., passenger demand from 

3 pm to 5 pm every weekday) and is in the form of a random variable, then the optimum headway 

given by the Equation (15) also becomes a function of a random variable and can be shown to have 

an approximate mean headway as follows (Wirasinghe, 1990); 

The mean headway (ℎത(𝑡)); 

ℎത(𝑡) =

ට
2𝜆஽

𝛾௪𝑃ത(𝑡)
൘

ቈ1 −
𝐶௉(௧)

ଶ

8
቉

                                                                                                      

where 𝑃ത(𝑡) is the mean passenger demand at time t at any day over several days (e.g., weekdays) 

and 𝐶௉(௧) is the coefficient of variation of 𝑃(𝑡).  

Deriving an expression for 𝛾௪ using the expression for ℎത(𝑡) and substituting values for an existing 

operation of a route and substituting the existing value of headway for ℎത(𝑡) will provide an implied 

VoWT by the operation. However, as the day-to-day demand variation in the peak hour and most 
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of the off-peak times tend to be small leading to a small 𝐶௉(௧) value. This will lead the result of the 

expression for ℎത(𝑡) not to be significantly different than the result those can be obtained from the 

Equation (15).  

Effect of headway variation on Headway LOS 

In reality, the headways can deviate a few minutes from the scheduled headway. Due to the fact 

that more passengers are probable to arrive in longer headways the mean waiting time is distorted 

towards the longer headways. To specifically account this, the expected waiting time (mean wait 

time) can be expressed as follows (Furth & Muller, 2006); 

𝐸(𝑊) =
𝐸(𝐻)

2
(1 + 𝐶𝑉ு

ଶ)                                                                                        

where 𝐸(𝑊) is the expected (mean) value of wait time, 𝐸(𝐻) is the expected value of headway 

and 𝐶𝑉ு is the coefficient of variation of the headway. Most of the time, the expected headway is 

similar to the scheduled headway. Therefore, we will assume 𝐸(𝐻) is equal to the headway 𝐻. 

Accordingly, the Equation (14) for the total cost of passenger waiting and bus dispatch can be 

modified as follows; 

𝑍 = ൬
𝐻

2
൰ (1 + 𝐶𝑉ு

ଶ)𝛾௪𝑃 +  
𝜆஽

𝐻ൗ                                                                          

It can be shown that, the implied VoWT 𝛾௪
∗  in the case of an unreliable service; 

𝛾௪
∗ =

2𝜆஽

𝑃𝐻ఓ
ଶ(1 + 𝐶𝑉ு

ଶ)
                                                                                                

Where, 𝐻ఓ is the mean headway. Higher the unreliability, higher the value of 𝐶𝑉ு
ଶ would be and 

lower the value of 𝛾௪
∗ . Hence lower the LOS of the service. 
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Appendix B 

Proof of the average loading expression for a many-to-many bus route 

Proposition 

In this section the expression by Qin, (2014) and Tirachini et al., (2010) is true for a many-to-many 

demand bus route. For this derivation, it is assumed that the speed of the bus is constant. In an 

actual case of a bus route, the buses would have approximately equal average speeds as the 

scheduled route travel time is constant over the day. For the calculations, the average speed can be 

used instead of the theoretical constant speed. Therefore, let us assume that the constant speed of 

the bus route be given by 𝑉.  

Let the route trip travel time of the bus route be given by 𝑇′ hours and the rate of boarding and 

alighting at any time 𝑡 during 𝑇′ be given by 𝐵(𝑡) and 𝐴(𝑡) passengers per hour respectively. 

Therefore, the number of passengers in the bus along the bus route at any given moment t – 𝑁(𝑡) 

– is given by  

 𝑁(𝑡) = න 𝐵(𝑡)𝑑𝑡

௧

଴

− න 𝐴(𝑡)𝑑𝑡

௧

଴

 B-1 

Consider a bus as a point system where passengers board and alight with time. Then the number 

of passengers inside the bus, hence the load of the bus, changes with time. Therefore, the average 

load of a bus over a time period of a single run can be given by the ratio of total passenger hours 

over a period of a run divided by the duration of a run, which is 𝑇ᇱ in this case.  

Therefore, the average load of the passengers travelling in the bus over a run can be given by 𝐿 

 𝐿 =
∫ 𝑁(𝑡)𝑑𝑡

்ᇱ

଴

𝑇′
 B-2 

Equation (B-2) can be expanded using the Equation (B-1) as follows. 

 𝐿 =
∫ ቀ∫ 𝐵(𝑡)𝑑𝑡

௧

଴
− ∫ 𝐴(𝑡)𝑑𝑡

௧

଴
ቁ 𝑑𝑡

்ᇱ

଴

𝑇′
 B-3 
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In Equation (B-3), the expression is given as a function of time. This can be converted to a function 

of the distance 𝑥 measured along the route from the start stop as follows. The length of the bus 

route is 𝐷.  

 
𝐿 =

∫ ቀ∫ 𝐵(𝑡)
𝑑𝑡
𝑑𝑥

௫

଴
𝑑𝑥 − ∫ 𝐴(𝑡)

𝑑𝑡
𝑑𝑥

𝑑𝑥
௫

଴
ቁ

𝑑𝑡
𝑑𝑥

𝑑𝑥
஽

଴

𝑇′
 B-4 

As 𝑡 – the elapsed time from the start of the trip of a bus – reaches 𝑇′, the x – elapsed distance 

from the start of the route – reaches 𝐷.  

The round-trip time 𝑇′ of the bus route can be expressed in terms of the speed and length of the 

route as follows. 

 𝑇ᇱ =
𝐷

𝑉
 B-5 

In Equation (B-4), 
ௗ௧

ௗ௫
 is the speed of the bus at time t and distance x. As the bus route has a constant 

speed, the 
ௗ௧

ௗ௫
 can be replaced with 𝑉. Therefore, the Equation (B-4) can be modified as follows. 

 
𝐿 =

∫ ቀ∫ 𝐵(𝑡)
𝑑𝑡
𝑑𝑥

௫

଴
𝑑𝑥 − ∫ 𝐴(𝑡)

𝑑𝑡
𝑑𝑥

𝑑𝑥
௫

଴
ቁ 𝑑𝑥

஽

଴

𝑇′𝑉
 B-6 

Replacing 𝑇′ in Equation (B-6) with Equation (B-5) provides, 

 
𝐿 =

∫ ቀ∫ 𝐵(𝑡)
𝑑𝑡
𝑑𝑥

௫

଴
𝑑𝑥 − ∫ 𝐴(𝑡)

𝑑𝑡
𝑑𝑥

𝑑𝑥
௫

଴
ቁ 𝑑𝑥

஽

଴

𝐷
 B-7 

 

Proof 

Expression for the average loading by Qin (2014) and Tirachini et. al, (2010) is shown below. 

 𝐿 = 𝑃𝐻
𝑙 ̅

𝐷
 B-8 

P is the demand for boarding the bus route as given in passengers per hour, H is the headway of 

the bus route given in hours, and 𝑙 ̅is the average trip distance of the passengers. It can be shown 

that the Equation (B-8) can be deduced to Equation (B-7) for a many-to-many demand bus route. 
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The following derivation is carried out for the many-to-many demand bus route described at the 

beginning of this section.  

It is assumed that the average trip distance of the passengers during the time period 𝑇′ is equal to 

that of the average trip distance of the passengers traveling in buses during time period 𝑇′. Average 

trip distance of the passengers can be obtained by dividing the total passenger kilometers travelled 

by all the passengers that boarded a certain bus along the route by the number of passengers 

boarded that bus along the route. Therefore, 

𝑙 ̅ =
𝑇𝑜𝑡𝑎𝑙 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟 𝑘𝑚

𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠 𝑏𝑜𝑎𝑟𝑑𝑒𝑑 𝑡ℎ𝑒 𝑏𝑢𝑠
 

Number of passenger km can be obtained by multiplying the number of passengers traveling in 

the bus over an infinitely small distance 𝑑𝑥 by the distance 𝑑𝑥 along the entire route. Number of 

passengers traveling at a dx distance can be obtained using the expression below. 

න 𝐵(𝑡)
𝑑𝑡

𝑑𝑥

௫

଴

𝑑𝑥 − න 𝐴(𝑡)
𝑑𝑡

𝑑𝑥
𝑑𝑥

௫

଴

 

Also, the number of passengers that would use the bus – board the bus – during a run is given by 

𝑃𝐻.  

Therefore, 

 
𝑙 ̅ =

∫ ቀ∫ 𝐵(𝑡)
𝑑𝑡
𝑑𝑥

௫

଴
𝑑𝑥 − ∫ 𝐴(𝑡)

𝑑𝑡
𝑑𝑥

𝑑𝑥
௫

଴
ቁ 𝑑𝑥

஽

଴

𝑃𝐻
 B-9 

Equation (B-8) can be modified using Equation (B-9) as follows. 

 
𝐿 =

∫ ቀ∫ 𝐵(𝑡)
𝑑𝑡
𝑑𝑥

௫

଴
𝑑𝑥 − ∫ 𝐴(𝑡)

𝑑𝑡
𝑑𝑥

𝑑𝑥
௫

଴
ቁ 𝑑𝑥

஽

଴

𝐷
 B-10 

As Equation (B-10) is equal to Equation (B-7), it can be deduced that the expression for the average 

load of a bus route – Equation (B-8) – as proposed by Qin, (2014) and Tirachini et al., (2010) for 

a many-to-one bus route is true and can be applied for a many-to-many bus route too.  

 

 



 

185 
 

Appendix C 

The total cost function for optimum headway when CPF varies exponentially with loading 

factor 

The exponential form of CPF with respect to the loading factor is investigated because it has been 

shown to be a better fit in some cases (Qin, 2014). The CPF can be expressed as 

𝐶𝑃𝐹 = 1 + 𝑎𝑒௕௅                                                                                  

where ‘a’ and ‘b’ are route-specific constants. 

Substituting for L from Equation (41), we have 

𝐶𝑃𝐹 = 1 + 𝑎𝑒௕
௉ு௟̅

஽ௌ                                                                                

Therefore, the total crowding cost (without riding cost) is 

𝑇𝐶௖௥ =
𝑃𝑇𝑙𝛾̅௥

௢𝑎𝑒
௕௉ு௟̅

஽ௌ

𝐷
                                                                          

This equation shows the average crowding cost of passengers on a bus route per hour. The 

crowding cost now varies exponentially with headway.  

Hence, the total cost Z is 

𝑍 = ൬
𝐻

2
൰ 𝛾௪𝑃 +

𝑃𝑇𝑙𝛾̅௥
௢𝑎𝑒

௕௉ு௟̅

஽ௌ

𝐷
+ 

𝜆஽
𝐻ൗ                                              

Taking the partial derivative with respect to H gives 

𝛾௪𝑃

2
+

𝑎𝑏𝑃ଶ𝑙ଶ̅𝑇𝛾௥
௢𝑒

௕௉ ̅

஽ௌ

𝐷ଶ𝑆
=

𝜆஽
𝐻ଶൗ                                                 

This equation can be solved using numerical methods. Although an approximation of the analytical 

solution of this equation can be obtained using the Taylor series expansion for the exponential 

CPF, it does not provide any useful insights as the solution turns out to be complex.  
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Appendix D  

clc 

clear all 

  

M = 15/60; %Mean 

sg = 5/60; %Sigma - standard deviation 

lamda = 120; 

P = 1000; 

gp = 20; 

gw = 20; 

gr = 8; 

a = 1.25; 

b = 1.25; 

theta = gw/gr; 

n = 6; 

N = 30; 

D = 20; 

l = 10; 

  

E = (log(1+(sg/M)^2))^0.5; %eeta the shape parameter of the log normal distribution - sigma 

  

L = log(M)-(0.5*E^2); % lamda the scale parameter of the log normal distribution - mean 

  

S = (3/60):(0.5/60):1.5; 

  

fun = @(x) ((1./(x.*E*sqrt(2*pi))).*exp(-1.*(((log(x)-L).^2))/(2*E^2))); 

  

fun2 = @(x) ((1./(E*sqrt(2*pi))).*exp(-1.*((((log(x)-L).^2))/(2*E^2)))); 

  

for i=1:length(S) 
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fs(i) = fun(S(i)); 

  

F(i) = integral(@(x) fun(x),0,S(i)); 

  

f(i) = integral(fun2,S(i),inf); 

      

end 

 

Q = fs.*(f-(S.*(1-F)))+(1-F).^2; 

  

gammaR = ((gp.*fs) - (n*N*lamda/P))./((l*n/D)-(Q.*(a+(b*theta)))); 

  

figure (1) 

plot(S*60,Q,'b'), grid on, grid minor 

legend('Q(S)') 

axis([15 30 -0.1 0.4]) 

xlabel('Scheduled Travel Time (Minutes)') 

ylabel('Q(S)') 

print(gcf, 'Q(S) with Scheduled Travel Time.png', '-dpng', '-r600'); 

  

figure (2) 

plot(S*60,gammaR,'r'), grid on, grid minor 

legend('gammaR') 

axis([15 30 -10 60]) 

xlabel('Scheduled Travel Time (Minutes)') 

ylabel('Implied VoRT ($/hr./pass.)') 

print(gcf, 'gammaR with Scheduled Travel Time.png', '-dpng', '-r600');  
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Appendix E 

Simplification of Equation (108) to Equation (109) – Chapter 6: Reliability LOS 

 

𝑍(𝑆) =
𝑃𝑙𝑛̅𝑆𝛾௥

𝐷
+ 𝑃(𝑎𝛾௥ + 𝑏𝛾௪) න 𝑓(𝑡)𝑑𝑡

ஶ

௦

න (𝑡 − 𝑆)𝑓(𝑡)𝑑𝑡
ஶ

௦

+ 𝑃𝛾௣ න 𝑓(𝑡)𝑑𝑡
ஶ

௦

+ (𝑛𝑆

+ 𝑇ᇱ)𝜆𝑁 

E - 1 

Equation (E - 1) is equal to Equation (108). What follows is the simplification of the Equation (E 

- 1).  

As ∫ 𝑓(𝑡)𝑑𝑡
ஶ

௦
= 1 − 𝐹(𝑆), 

𝑍(𝑆) =
𝑃𝑙𝑛̅𝑆𝛾௥

𝐷
+ (𝑃(𝑎𝛾௥ + 𝑏𝛾௪))[1 − 𝐹(𝑆)] ቈන 𝑡𝑓(𝑡)𝑑𝑡

ஶ

௦

− න 𝑆𝑓(𝑡)𝑑𝑡
ஶ

௦

቉

+ 𝑃𝛾௣[1 − 𝐹(𝑆)] + (𝑛𝑆 + 𝑇ᇱ)𝜆𝑁 

 

E - 2 

𝑍(𝑆) =
𝑃𝑙𝑛̅𝑆𝛾௥

𝐷
+ (𝑃(𝑎𝛾௥ + 𝑏𝛾௪))[1 − 𝐹(𝑆)] ൥𝐸(𝑡) − න 𝑡𝑓(𝑡)𝑑𝑡

ௌ

଴

− 𝑆[1 − 𝐹(𝑆)]൩

+ 𝑃𝛾௣[1 − 𝐹(𝑆)] + (𝑛𝑆 + 𝑇ᇱ)𝜆𝑁 

E - 3 

 

Equation (E - 3) is further expanded to be 

𝑍(𝑆) =
𝑃𝑙𝑛̅𝑆𝛾௥

𝐷

+ (𝑃(𝑎𝛾௥ + 𝑏𝛾௪)) ቈ𝐸(𝑡) − න 𝑡𝑓(𝑡)𝑑𝑡
ௌ

଴

− 𝑆 + 𝑆𝐹(𝑆) − 𝐸(𝑡)𝐹(𝑆)

+ 𝐹(𝑆) න 𝑡𝑓(𝑡)𝑑𝑡
ௌ

଴

+ 𝑆𝐹(𝑆) − 𝑆𝐹ଶ(𝑆)቉ + 𝑃𝛾௣[1 − 𝐹(𝑆)] + (𝑛𝑆

+ 𝑇ᇱ)𝜆𝑁 

E - 4 
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𝑍(𝑆) =
𝑃𝑙𝑛̅𝑆𝛾௥

𝐷

+ (𝑃(𝑎𝛾௥ + 𝑏𝛾௪)) ቈ𝐸(𝑡) − න 𝑡𝑓(𝑡)𝑑𝑡
ௌ

଴

− 𝑆 + 2𝑆𝐹(𝑆) − 𝐸(𝑡)𝐹(𝑆)

+ 𝐹(𝑆) න 𝑡𝑓(𝑡)𝑑𝑡
ௌ

଴

− 𝑆𝐹ଶ(𝑆)቉ + 𝑃𝛾௣[1 − 𝐹(𝑆)] + (𝑛𝑆 + 𝑇ᇱ)𝜆𝑁 

E - 5 

Taking the partial derivative of the 𝐹(𝑆) in terms of S. 

𝜕(𝐹(𝑆))

𝜕𝑆
= 𝑓(𝑆) E - 6 

Taking the partial derivative of the Equation (E - 5) in terms of S. 

𝜕𝑍

𝜕𝑆
=

𝑃𝑙𝑛̅𝛾௥

𝐷
+ (𝑃(𝑎𝛾௥ + 𝑏𝛾௪)) ቈ0 − 𝑆𝑓(𝑆) − 1 + 2൫𝑆𝑓(𝑆) + 𝐹(𝑆)൯ − 𝐸(𝑡)𝑓(𝑆)

+ 𝐹(𝑆)𝑆𝑓(𝑆) + 𝑓(𝑆) න 𝑡𝑓(𝑡)𝑑𝑡
ௌ

଴

− 𝑆2𝐹(𝑆)𝑓(𝑆) − 𝐹ଶ(𝑆)቉ −  𝑃𝛾௣𝑓(𝑆)

+ 𝑛𝜆𝑁 

 

E - 7 

𝜕𝑍

𝜕𝑆
=

𝑃𝑙𝑛̅𝛾௥

𝐷
+ (𝑃(𝑎𝛾௥ + 𝑏𝛾௪)) ൥𝑓(𝑆) ൭𝐸(𝑡) − න 𝑡𝑓(𝑡)𝑑𝑡

ஶ

ௌ

− 𝐸(𝑡)൱

− ൫1 − 2𝐹(𝑆) + 𝐹ଶ(𝑆)൯ + 𝑆𝑓(𝑆)(1 − 𝐹(𝑆))൩ −  𝑃𝛾௣𝑓(𝑆) + 𝑛𝜆𝑁 

E - 8 

 

𝜕𝑍

𝜕𝑆
=

𝑃𝑙𝑛̅𝛾௥

𝐷
+ (𝑃(𝑎𝛾௥ + 𝑏𝛾௪)) ቈ𝑆𝑓(𝑆)൫1 − 𝐹(𝑆)൯ − (1 − 𝐹(𝑆))ଶ − 𝑓(𝑆) න 𝑡𝑓(𝑡)𝑑𝑡

ஶ

ௌ

቉

−  𝑃𝛾௣𝑓(𝑆) + 𝑛𝜆𝑁 

E - 9 

 

𝜕𝑍

𝜕𝑆
=

𝑃𝑙𝑛̅𝛾௥

𝐷
+ (𝑃(𝑎𝛾௥ + 𝑏𝛾௪)) ቈ𝑓(𝑆) ቆ𝑆(1 − 𝐹(𝑆)) − න 𝑡𝑓(𝑡)𝑑𝑡

ஶ

ௌ

ቇ − (1 − 𝐹(𝑆))ଶ቉

−  𝑃𝛾௣𝑓(𝑆) + 𝑛𝜆𝑁 

E - 10 
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𝜕𝑍

𝜕𝑆
=

𝑃𝑙𝑛̅𝛾௥

𝐷
− ൥𝑓(𝑆) ൭න 𝑡𝑓(𝑡)𝑑𝑡

ஶ

ௌ

− 𝑆൫1 − 𝐹(𝑆)൯൱ + (1 − 𝐹(𝑆))ଶ൩ (𝑃(𝑎𝛾௥ + 𝑏𝛾௪))

+ 𝑛𝜆𝑁 −  𝑃𝛾௣𝑓(𝑆) 

E - 11 

 

Equation (E - 11) is equal to the Equation (109) 

 

 


