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Abstract—This paper presents the closed-form analytical de-
termination of the current signature of a surface-mounted per-
manent magnet synchronous motor drive controlled by means
of field oriented control strategy, when a fault occurs in one or
more current sensors. Both DC offset and gain fault for all phase
current sensors are considered. The proposed model includes the
response of the control loop and related gains, eliminating the
need for phase voltage sensors and complicated state estimation.
However, the proposed approach requires the solution of an
overdetermined system of equations. Then a new methodology
of solution is proposed to save computing time, as an alternative
to the classical one based on the Moore-Penrose pseudoinverse
matrix. Experimental results and sensitivity analysis to parameter
variations confirm the validity of the proposed model.

Index Terms—PMSM drive, current signature, sensor faults.

I. INTRODUCTION

ERMANENT Magnet Synchronous Machines (PMSMs)

are widely used in transportation, power generation and
other industrial applications thanks to their high power density,
precise torque control, large field weakening area and low
cooling required for the rotor [1], [2]. PMSMs and the related
power electronics can be subjected to several faults due to
mechanical, electrical and environmental conditions [3]. In
some applications, the continuity of operation is necessary, so
an outage in the PMSM drive is unacceptable or may cause
great losses. For these reasons, several studies are presented
in literature focusing both on early fault detection and on
fault-tolerant PMSM drives, to address operations by means
of the Predictive Maintenance (PdM) strategies, which consist
in estimating the state of health of the drive to decide which
maintenance action to perform and when to perform it. To
this end, some parameters relating to the state of the drive
are constantly monitored to evaluate whether some indicators
show signs of a decrease in performance or of incipient failure.
One of the techniques used for PdM is Electrical Signature
Analysis (ESA) [4]. It is based on the frequency spectra
analysis of the electrical signals of the machine at steady-state
to find the frequency components whose magnitudes change in
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the presence of a fault. Thus, the faults can be detected in early
stage, and the severity is related to the component magnitude.
The advantages of ESA are low intrusiveness, technical and
economic viability, and dependence on only the electrical
signals of the machine. When the monitored quantities are
the motor currents, these methodologies are defined as Motor
Current Signature Analysis (MCSA). MCSA has been used
extensively to detect specific failure modes in induction motors
[S], with reference to static and dynamic rotor eccentricities,
broken rotor bars, and bearing failures, together with or as
a replacement for thermal and vibrations monitoring that
have been used for decades [4]. More recently, researchers
have been focused on the use of MCSA for detecting faults
in PMSM drives. Several works have been published about
MCSA-based methodologies for faults detection in PMSMs.
They have approached mainly the detection of open phase
fault [6], [7], stator winding inter-turn short circuit [8]—-[12],
rotor demagnetization [13]-[15], air gap eccentricity [16]—
[19]. Obviously, to apply these methods effectively, it is
essential to know the effects of faults on the stator current
spectrum. This implies the ability to develop a model of the
motor and, more generally, of the drive, which takes into
account the faults to be detected. Moreover, because a PMSM
is always a part of a drive including the control loop as well,
the modeling of the current signature corresponding to a fault
has to be extended considering the whole drive. From this
point of view, particular attention must be paid to current
sensors, because they are usually adopted in PMSM drives to
generate feedback signals for closed-loop controls, as occurs,
for example, with Field Oriented Control (FOC). Therefore,
a fault that occurs in a current sensor, in addition to causing
a deterioration in the performance of the drive, can modify
the current signature generated by other faults, invalidating
the effectiveness of the detection. Since the currents available
for fault diagnosis are those measured, in this case it would
be more appropriate to speak of Drive Current Signature
Analysis (DCSA) instead of MCSA. As matter of fact, a
closed-form solution of the model of the whole PMSM drive
in case of phase current sensor faults is not found in the
available literature, probably due to the complexity of the
mathematics. To take into account of the control loop, in
several of the available references, voltage measurements,
together with observers, are often used to diagnose current
sensor faults. For example, three Luenberger observers are
used in [20] to estimate a fault condition in voltage, current and
speed sensors for PMSM. However, for each estimation two
set of measurements are required (e.g. voltages and currents
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to observe speed and other combination) to cope with the
disturbances included in the FOC loop by the fault condition.
This increases the number of measurements needed for di-
agnostic purposes. An equivalent-input-disturbance approach
based on integral observer and a fault reconstruction system
based on sliding mode observer is proposed in [21], with the
ability of differentiating disturbances from faulty conditions
for phase current sensor measurements. Voltage measurements
are required in this case as well.

The contributions of this paper are as follows. First, it
presents the closed-form analytical determination of the cur-
rent signature of a surface-mounted PMSM drive controlled
by means of Field Oriented Control (FOC) strategy, when a
fault occurs in one or more current sensors. Both DC offset
and gain fault for all phase current sensors are considered, as
well as the control loop gains. Second, because the solution
of an overdetermined system of equations is required, a new
methodology of solution is proposed to save computing time,
as an alternative to the classical one based on the Moore-
Penrose pseudoinverse matrix. Third, a sensitivity analysis of
the proposed solution to the variations of the motor parameters
is conducted in detail. The authors had already addressed the
problem of modeling the current signature due to current sen-
sor failures in PMSM drives by considering separately offset
[22] and gain failures [23], respectively. In this paper, both
types of faults are considered to be present simultaneously.
Because of the non-linearity of the considered system, the
principle of superposition of effects is not applicable, and
therefore the structure of the model and the solutions obtained
in this paper are significantly different from the ones presented
in [22], [23].

The paper is organized as follows. Section II presents a
model of a surface-mounted PMSM drive with FOC which
allows determining the current signature of the drive by taking
into account both current sensor faults and control loop gains.
Section III describes how the steady-state closed-form solution
of the model can be obtained as solution of an overdetermined
system of linear equations. Section IV presents how to solve
overdetermined systems of linear equations by means both
of the classical Moore-Penrose pseudoinverse matrix and a
new methodology which allows saving computing time. In
Section V the closed-form analytical solution of the proposed
model is given, while Section VI provides its experimental
validation. Section VII is devoted to the sensitivity analysis of
the proposed model to the variations of the motor parameters.
Finally, conclusions and future research directions are given
in Section VIII.

II. DRIVE MODEL

A Surface-mounted Permanent Magnet Synchronous Mo-
tor (SPMSM) fed by a Voltage Source Inverter (VSI) and
controlled by means of FOC with Space Vector Modulation
(SVM) is here considered and shown in Fig. 1. The mathe-
matical model can be expressed as following [24]
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Fig. 1. Schematic of the considered PMSM drive with field oriented control
and SVM.

where v4,vq, 4, 7q denote the d- and g-components of motor
voltage and current space vectors in the rotor flux reference
frame, R and L are the stator resistance and inductance, w,
is the motor speed, p the pole pairs number, ¢ the rotor flux,
and ¢ the time.

The voltage inputs vq, v, are synthesized by the SVM of
the VSI starting from the v* space vector defined by the FOC.
In detail, on the basis of the desired current space vector
components i3, ig, and of the motor measured current space
vector components %4 m, iq,m, the PI controllers calculate the
desired electric motor voltage ugq, uq. A decoupling block
is provided to take into account of the cross-coupling terms
between d and g-axes, and achieve the components v}, v:; of
the VSI voltage reference v*

’Uz =kpq (ZZ —id,m)-i-kldf(ig —idym)dt—periq’m

Vi =kpq (i —iqm)+kiq [ (15 —iqm)dt+pw; Lig m+pw:d
(2
where kpq, kpq, k14, k14 are the gains of the PI controllers.
Combining (1) and (2) and under the hypothesis that the
VSl is ideal (i.e. v = vq, v(’; = v4), the model of the PMSM
drive becomes

kpd(iz — iq’m) + k1q fot(lz — id7m) dt — perZ.qJn

d
- Lf + Rig — pw, Lig

3)
kg (5 — iqm) + kiq o (i3 = iqm) dt + porLiam
di
- Lﬁ + Riq + puwr Lig
If all the phase current sensors are healthy, it is
Z‘d,m = id Z‘q,m = Z'q (4)

and the solution of (3) allows determining the current compo-
nents ¢q and ¢, provided that the motor speed is known and
constant. When a fault occurs in the sensor of the A-th phase
current, the measured current %, ,, and the actual current ¢y,

will be different, i.e.
Thm = knip + Ap with h =1,2,3 (5)

where kj, and Ay, represent the gain and the offset of the h-th
current sensor, respectively. Obviously, if A, = 0 and kj, = 1,
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the sensor is healthy. When a sensor current fault occurs, to
model the drive according to (3), the d- and g-components of
the measured currents, g, and iq,m, have to be determined
as a function of ¢4 and 4.

Denoting with i and i, the space vectors of the actual and
of the measured motor current, with the subscripts o and 3
the vector coordinates in the stator reference frame, it results

= la +.]Zﬁ (6)

2 T
i :5+§§_jkhz‘he?<h D =igm+iigm ()

h=1
where
2 -
6= 23 AnefD =5, + o (8)
h=1
Since it is
i1 +12+13=0 9

then from (6) we obtain

11 = Za
V3.
2 = T5ta T 57lp (10)
S L VB
2 = 1o 2 8
and substituting (10) and (8) in (7) yields
; *4k1+k2+k3i 7k2*k32. 46
o IR
g s TR, Rtk s
B,m 2\/§ o 2 B B

Considering that the d- and g-axes components of the space
vectors i and i, are given by
e ir? (12)

. .. « —ipd . .. .
iq + jiq = 1e7 P idm +Jiq,m = im

where 6 is the rotor position, combining (11) and (12) yields

idm = (w1 + 8)iq + waiq + 64 cospf + 85 sin pb (13)
iqm = Waiq — (w1 — 8)iq — 6o sinpl + dg cos pd
with
wy = qcos 2pf + rsin 2ph (14)
wo = 7 €08 2pf — ¢ sin 2pf
and
2k —ko—k ks—k k1+ko+k
_ 2k 62 3; T:\/g( g 2); o— 1+32+ 3 (15)

Equation (13) allows expressing ¢4 m, and ¢q,m as a function
of iq and 44, without the need of direct measurement or
estimation of the motor voltage. If constant speed is assumed,
ie.

0(t) = wit (16)

substituting (13) in (3) and taking the derivative gives

di? diq diq .
L—S+21— +22—+231d+24zq+25 kiqi}
de? dt dt
2 dig . dig (a7
dt2 — Eerg T L b ysiatyaiqtys=Fkiqi’ q
where
271 = R+ (w1 + 8)kpa + wapw, L
zg = Wokpa — (w1 — s+ 1)pw, L
zg = 2wopwykpq — 2w p?w2L + (w1 + 8)kig
24 = —2wipwyrkpa — wa(2p?w2 L — kiq)
25 = 0q [( i — p2w?L) cos pf — kpapwy smpH]
+63 [kpdpwr cos pf + (kig — p*w?L) sin pd) (18)

y1 = wakpq — (w1 + s — 1)pw, L

y2 = R — (w1 — 8)kpq — wapw: L

Y3 = —2w1pwikpq — we(2p?w2L — ki)

Y1 = —2wopwrkpq + 2w1p*w2L — (w1 — 8)kiq

Y5 = 0 [—(kiq — P*w? L) sin pf — kpqpw; cos pb]
05 [(kiq _

The proposed model does not need knowledge of the input
voltage to the electric machine to assess the impact of current
sensor faults, since the response of the FOC loop is included.
The set of equations in (17) correlates the actual electric
machine currents to the measured ones and the current sensors
fault conditions. As matter of fact, the gains kj are included
in the factors ¢, r,s, while the offsets Ay, appear in factors
z5,ys. Note that the effects of gain and offset errors cannot
be decoupled when they occur simultaneously.

2w2L) cos pb + kpqpw, sin pb]

III. STEADY-STATE SOLUTION

Assuming that the inverter modulation is ideal, the solution
of (17) allows to analytically determine the current compo-
nents ¢q and ¢y for any value of the gains ki, ko, k3, and
of the offsets Ay, Ag, Ag of the current sensors, taking into
account the whole control loop. As could easily be expected,
despite the presence of the decoupling block in the control
loop, the two equations of the system (17) are no longer
decoupled when a gain fault of one or more phase current
sensors occurs, because in (17) it is zo # 0, z4 # 0, and
y1 # 0, y3 # 0. For determining the steady-state solution
of the system (17) in analytical closed-form, the method of
undetermined coefficients can be used [25]. Thus, the steady-
state solution has the form

n
id(t)zz [adﬁcos(hpw,.t)+bd7hsin(hpw,.t)} +cq
h=1

. (19)
Z aq,nCo8(hpw,t)+bq psin(hpw,t) | +cq
with
lim ad.h = 0; lim bd,h =0
h—o0 h—o00 (20)

lim aq,p = 0; lim by, =0
h— o0 h— o0
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From (13), (14) and (17), it is possible to deduce that, when
a fault of one or more current sensors occurs, the steady-
state iq and 74 are given by the sum of a series of harmonics
having angular frequency hpw,, with h integer. In particular,
if only a gain fault occurs, only the harmonics corresponding
to even values of h are present [23], while if only an offset
fault occurs there are only the harmonics corresponding to
odd values of h [22]. The coefficients aqg,p, ba,h, @q,hs O hs
cd, ¢q are functions of motor parameters, motor speed, gains
of the control loops, gains and offsets of the phase current
sensors. These coefficients must be determined in such a way
that the currents 74 and 74 given by (19) are solutions of system
(17). Imposing this condition, the following relations can be
achieved
n+2
Z [fd,kcos(pkwrt)—|—gd7ksin(pkwrt)] +fd,O:kidi:i
k=1
n+2
Z [fqykcos(pkwrt)—|—gq’ksin(pkwrt)} +fq.0=kiqiy

k=1
21

where f4.0, fq,0, fa.k> 9d,k> fq,k> gq,k are linear functions of
the coefficients aq,p, ba,h, Gq,ns bg,hs Cd, Cq» Which have to be
determined by solving the following system of linear equations

fa0(ad,n, ba,n, aqn: bans Cas ¢q) = kiai
fa1 (ad,n, ba,h, Gq,hs by, €ds Cq) =

= 6o (p?wW2L — kiq) — 0 pwikpa
Jak (@d,hybdns G ks ba,hy €dsCq) =0
9,1 (@d,hs bd,hs Gq s Dy ks Cds Cq) =

= 5apwrkpd + 55([)200311 — kid)
9d,k (@d,h, ba,k, Gq,h, Dg,h, Cdscq) =0 22)
Ja,0 (@d,n, bd ks Qg hs O ks Cds Cq) = Kiqls
Ja1 (@d,n, ba,ny ag,n, b, Cd, ¢q) =

= dapwikpq + 0p(p°wi L — kiq)
Jak (@d,ns bd,ns Gq,hy b ks €y Cq) = 0
9a,1 (@d,hs bd, s Qg s Dg,hs Cds Cq) =

= 0o (kiq — P*wZL) + 85 pwrkpg
Ga.k (@d,hy bdhs Gg,hs by,hy CasCq) = 0

with h € {1,...,n} and k € {2,...,(n+2)}. The analytical
expressions of the functions fq0, fq,0, fd,15, 94,15 fa,k> 9d ks
fa,1> 99,1, fq,ks g,k are given in the Appendix.

Because in (22) the number of equations, (4n + 10), is
greater than the number of unknowns, (4n + 2), it is an
overdetermined system of linear equations. In the following
section, a short overview of how to solve such a system is
given.

IV. SOLUTION OF OVERDETERMINED SYSTEMS OF
LINEAR EQUATIONS: A SHORT OVERVIEW

Let us consider a system of linear equations written in
matrix form as

Ax=b (23)

where A is the m x n coefficient matrix, x the n—dimensional
vector of unknowns, and b the m—dimensional vector of

constants. In the case of overdetermined systems, it is m > n.
Assuming that rank(A) = n and the number of linearly
independent equations is greater than the number of unknowns,
the rank of the augmented matrix is (n + 1) and an exact
solution cannot be found, since there is no vector of unknowns
x which simultaneously satisfy all the equations of (23).
However, it is always possible to find the best approximate
solution, which means to find a vector x* in such a way that
Ax* is as close to b as possible. If we set

x = [z;]

with ¢ € {1,...,m} and j € {1,...,n}, then the error, or
residual, r; corresponding to the ¢—th equation is:

T = bl — Zai.jxj (25)
j=1
and an error vector r can be defined as
1
T2
Tm

The solution x* of (23) which minimizes the sum of squared
errors ((x)

px)=Y rf=r"r 27)
=1
is given by
x* = (ATA)"'ATb = A'b (28)

The matrix A is known as Moore-Penrose inverse of matrix
A, or simply pseeudoinverse of A [26]. In practice, the
determination of the pseudoinverse matrix is not easy to
compute by hand, even if n and m are small. Therefore, the
use of dedicated subroutines is mandatory. In Matlab®, the
subroutine for calculating the pseudoinverse is based on the
Singular Value Decomposition (SVD) algorithm. However, a
long computing time could be required, which may be critical
especially in real time applications, such as the detection,
isolation and estimation of fault conditions. Furthermore,
numeric stability problems could occur when the elements of
the A matrix are very small or very different from each other.

For these reasons, an alternative solution is proposed in
this paper, that allows both to reduce computing times and to
avoid numerical stability problems. It consists in partitioning
the matrix A into two submatrices, A’ and A", having size
n x n and (m —n) X n, respectively

A/
A=)
In this way, system (23) can be rewritten as the union of
two sub-systems

(29)

A'x="1
AIIX — b//

(30)
€1y

where the vectors b’, b” are the sub-vectors of b correspond-
ing to submatrices A’, A”, and have size n and (m — n),
respectively. Any solution of system (23), if exists, is also
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solution of these two sub-systems and vice versa. If the ranks
of A’ and of the correspondent augmented matrix are n and
(n + 1), respectively, then system (30) is consistent and its
solution is unique

x* = (A)~"'p’ (32)
while system (31) has no solution, and therefore is not satisfied
by x*.

Let’s assume, without loss of generality, that A’ is com-
posed by the first n rows of A and let x* be the solution of
the first sub-system (30). Thus, in this case the error vector r
is
0
0

=b - Ax* (33)

Tn+1
Tn+2

T'm

and the sum of squared errors ¢(x*) is given by

pix) = 3 1

i=n+1

(34)

Thus, x* can be regarded as an approximate solution of system
(23) which gives rise to a total squared error defined by (34). In
this way, the computation of the pseudoinverse of the matrix A
is not required, and this results in a reduction of the calculation
time by at least an order of magnitude. Obviously, the validity
of the proposed method of solution of overdetermined system
(23) depends on the structure of the matrices A’ and A” and
on the residuals generated by the found solution. In particular,
a better approximation of the solution is achieved when the
less significant are the equations corresponding to the matrix
A”. Hence, a proper preliminary determination of the system
(30) to be solved is required.

V. CLOSED-FORM ANALYTICAL SOLUTION

In the considered case of (22), the system matrix A is a
(4n + 10) x (4n + 2) matrix, and

@' = [aqn ban aqn ban 4 g (35)

h=1,...,n

while the vector of constants b can be easily deduced from
(22).

According to the method of solution proposed in Section
IV, to solve the system of linear equations (23), a new system
matrix A’ has to be considered, which must be a square
submatrix of the matrix A, having order (4n + 2) x (4n+2),
chosen in such a way that its rank is (4n+2). It is immediate to
verify that the sub-system of equations of system (22) obtained

60000 |
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40000 - 15

02
'«;‘ 500
530000 + 400 10 01

20000 200

o
10000 4

> s W &S

Number of harmonics considered in the model

Fig. 2. Calculation of residual for different number of harmonics considered
in the model.

for £ = n+1 is homogeneous and contains only the unknowns
ad,n—1, bd,nfl’ Ag,n—1, bq,nflv ie.
fd7n+1 (ad,nfla bd,n717 Aq,n—1, bq,nfl) =
9d,n+1 (a'd,n—la bd,n—la Aq,n—1, bq,n—l) - (36)
fq,n+1 (ad,n—la bd,n—h Aq,n—1, bq,n—l)

9q,n+1 (Ad,n—1, bd,nfla Aq,n—1, bq,nfl =

while the sub-system of equations obtained for k& = n + 2
is homogeneous and contains only the unknowns aq,y, bd,n,

R qua

fd,n+2 (ad,na bd,n7 Qq,n s qu) =0

9a,n+2 (@d,n, bd,n, g, ba,n) =0
(37)

fq,n+2 (ad,na bd,na Qq.n, bq,n) =0

9q,n+2 (ad,nv bd,nv Qq,n, bq,n) =0

Both the equations of sub-systems (36) and (37) are linearly
dependent, because the rank of the corresponding coefficient
matrices is always equal to two. Moreover, due to (20) these
equations can be regarded as the least significant ones of
system (22). Therefore, we can assume as matrix A’ and
vector b’ the ones obtained eliminating the equations (36) and
(37) from system (22). Thus, an approximated solution x* of
(22) is given by

x* = (A) ' (38)

As regards the choice of n, i.e. the number of terms to be
considered for the analytical determination of the currents ig
and i, expressed by (19), it should be noted that if the two
PI controllers are the same (kpq = kpq; kia = kig) the exact
solution of equations (17) is obtained for n = 2, i.e. the d-
q current components contain only the first two harmonics,
having angular frequency pw, and 2pw,, respectively.

In the most general case, i.e. when kpq # kpq; kia # kiq, the
solution of (38) is better approximated as greater is the value
of n in (19). The degree of approximation of the solution x*
found for a given value of n is just given by the value of the
sum of squared residuals ¢(x*) defined by (34).
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Fig. 3. Experimental setup.

TABLE I
PARAMETERS OF THE PMSM DRIVE

Rated power 1.23 kW
Rated torque 3.9 Nm
Rated speed blue3000 rpm
Rated current (rms) 2.7 A
Pole pairs 3

Stator resistance 3.7 Q
Stator inductance 0.012 H
Rotor flux 0.27 Wb
Total inertia 0.0603  kgm?
DC-link voltage 400 A%
kpa, k1a, kpq, k1q 39,9, 20, 10

As an example, Fig.2 shows the residual calculated for a
different number of harmonics considered in the model. The
values are obtained using the parameters of the drives reported
in Table I, operating at 1000 rpm, and with a load torque
of 1.15 Nm. As it is well highlighted by the trends of the
residuals, ¢(x*) is negligible when the number of harmonics
considered in the model is bigger than 5. Similar results are
obtained in other operating conditions.

VI. EXPERIMENTAL VALIDATION

The drive shown in Fig. 3 is realized in a labora-
tory environment using a 1.23 kW three-phase surface-
mounted PMSM from Control Technique Unimotor (Model
95UMB300CACAA), a two-level three-phase VSI based on
Mitsubishi PM100DSA120IP, and a hysteresis dynamometer
from Magtrol (Model HD-715-8NA). The parameters of the
system are given in Table I. The electric drive is controlled
using a FOC for which the input is the torque reference.
The controller is implemented on a dSPACE modular sys-
tem based on DS1006 processor board, while the symmetric
modulation technique is implemented on an Altera CPLD
EPM7160SLC84 platform. The FOC loop and modulation
technique are synchronized with an interrupt of 100 pus. The
three phase currents are measured by LEM Current Trans-
ducers LA 25-NP and the sensor current faults are artificially
generated by adding offsets and gains in the dSPACE platform.
In this way, both measured and real motor currents are
available in this experimental set up, as shown in Fig. 3,
allowing for an accurate verification of the performance of
the proposed modeling approach.

This work is licensed under a Creative Commons Attribution 4.0 License.
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Fig. 4. Comparison between the experimental 74 and 74 currents (gray lines)
and the model results (black lines): load of 1.15 Nm; speed of 200 rpm;
(k1, k2, k3)=(1, 2, 1); (A1, Az, A3)=(0.3, -0.4, 0.5)A.
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Fig. 5. FFT spectra of the experimental 74 and ¢4 currents (gray lines) and the
model results (blue lines): load of 1.15 Nm; speed of 200 rpm; (K1, k2, k3)=(1,
2, 1); (A1, A2, A3)=(0.3, -0.4, 0.5)A.

The experimental validation of the proposed model has been
carried out considering the model with n = 6 harmonics
and the experimental setup at different values of load torque,
speed, current sensors gain faults and offsets. As an example,
Fig. 4, 6, 8 show the experimental and the calculated d— and
g— axis motor currents in some of the considered operating
conditions, while Fig. 5, 7, 9 show the corresponding FFT
spectra. The proposed model has been also experimentally
verified when only the offset faults or the gain faults occur
in the phase current sensors. Some results are shown in
Figs. 10, 11, (only offset fault), and Fig.s 12, 13 (only gain
fault). As it is highlighted by the results, there is an excellent
match between the experimental trends and the model results.
The proposed model is always able to capture and properly
estimate the current harmonic content due to the offset and
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Fig. 6. Comparison between the experimental 74 and ¢4 currents (gray lines)
and the model results (black lines): load of 1.15 Nm; speed of 1000 rpm;
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Fig. 7. FFT spectra of the experimental i4 and ¢4 currents (gray lines)
and the model results (blue lines): load of 1.15 Nm; speed of 1000 rpm;
(k1, k2, k3)=(1, 2, 1); (A1, Az, A3)=(0.3, -0.4, 0.5)A.

gain faults. Other operating conditions have been analyzed and
not reported in the paper for lack of space, always obtaining
a root-mean-square error less than 5.3%.

VII. SENSITIVITY ANALYSIS

The sensitivity analysis of a model to the variations of the
parameters on which it depends represents one of the crucial
points to assess the validity of the model for its usability. Of
course the resistance and the inductance values of the motor
can be calibrated by performing proper tests, but in any case
they will vary with the variation of the operating temperature,
the speed and the aging of the motor. From the theoretical
point of view, we can express by means of first-order Taylor
series approximation the variation Ax of the solution x* of
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Fig. 8. Comparison between the experimental 74 and 74 currents (grey lines)
and the model results (black lines): load of 2.3 Nm; speed of 1000 rpm;
(k1, k2, k3)=(1, 2, 1); (A1, Az, A3)=(0.3, -0.4, 0.5)A.
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Fig. 9. FFT spectra of the experimental 74 and 74 currents (grey lines) and the
model results (blue lines): load of 2.3 Nm; speed of 1000 rpm; (k1, k2, k3)=(1,
2, 1); (A1, A2, Az)=(0.3, -0.4, 0.5)A.

the model corresponding to an arbitrary variation Ap; of the
model parameter p;:

(39)

where the subscript x* indicates the point where derivative is
calculated.

Therefore, the partial derivative of the vector x with respect
to a parameter p;, calculated at a given point x*, can be
taken as a measure of the sensitivity of x with respect to the
variations of p; at the point x*. From (38):

87X _ i N=1y/| _ oA, n—10b’
Opi  Opi {(A) b] T A op,
Because

AAHY T =1 (41)

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Energy Conversion. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TEC.2023.3282314

JOURNAL OF KX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015

05
<
g of
05
0 0.01 002 003 004 005 006 0.07 008 0.09 0.1
tins
25T ; ; ; . ; ; ; ; . -
2 /\/\/\/\/\
< 15f 1
.:\ 1k
T osf
ol
0 0.01 002 003 004 005 006 0.07 008 0.09 0.1
tins

Fig. 10. Comparison between the experimental 74 and %4 currents (grey
lines) and the model results (black lines): load of 2.3 Nm; speed of 1000
pm; (K1, k2, k3)=(1, 1, 1); (A1, Ag, A3)=(0.3, -0.4, 0.5)A.

« 027
= |
05T i
= I
g il
201y i
k= "
S i
=3 L 1
@ 0.05 I\
c S/ \\‘
0 mp— L R e e . A, e e
0 50 100 150 200 250 300 350 400
f in Hz
-]
=) 2‘
215
= i
T 1F
L5}
=
=05
o |
1) S, “SE— S N I S — —
0 50 100 150 200 250 300 350 400
fin Hz
Fig. 11. FFT spectra of the experimental i4 and i currents (grey lines)
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(k1, k2, k3)=(1, 1, 1); (A1, Az, A3)=(0.3, -0.4, 0.5)A.

where I is identity matrix, it yields:
I(A)~L _,0A/
Ip; Op;

which allows to express the partial derivative of the vector x
as a function of the derivative of the matrix A’:

ox _ (A/)%LA/ 1 9b’
opi Ipi Opi
Taking into account these results, it is possible to carry out the

parameter sensitivity analysis of the amplitude of the generic
hth harmonic of d— and q—axis currents, defined as

=(A) (A1 42)

(A7 4 (A) (43)

ian = /a3, +03, (44)
and:
Tg,h = A /a(zl,h + bé,h 45)
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Fig. 12. Comparison between the experimental 74 and %4 currents (grey lines)
and the model results (black lines): load of 2.3 Nm; speed of 1000 rpm; current
sensors gains (k1, k2, k3)=(1, 0.5, 1);(A1, Ag, A3)=(0, 0, 0)A.
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Fig. 13. FFT spectra of the experimental ¢4 and ¢4 currents (grey lines) and
the model results (blue lines): load of 2.3 Nm; speed of 1000 rpm; current
sensors gains (k1, k2, k3)=(1, 0.5, 1); (A1, A2, Az)=(0, 0, 0)A.

respectively.

Using the control and motor parameters reported in Table
I and assuming n = 6 for the modeling approach, the
results of the sensitivity analysis of the harmonics’ am-
plitudes to resistance and inductance variations have been
evaluated as a function of the speed, for different values
of the load torque and of the current sensor faults. As an
example, Figs. 14 and 15, show the results obtained in the
case of 1.15 Nm load torque, phase current sensors’ gains
(k1,ke2,k3) = (1,0.5,1), and phase current sensors’ offsets
(A1, A2, Az) = (0.3,—-0.4,0.5)A. The results highlight the
robustness of the model to the variations of resistance and
inductance at different motor speed. In fact, in the considered
cases, the influence of resistance and inductance variations on
the calculated values of the harmonics’ amplitudes of the direct
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Fig. 15. Sensitivity analysis with respect to the stator inductance variations
of the amplitude of the h*" harmonics of 44 and i, currents: 1.15 Nm load
torque; (k1, k2, k3) = (1,0.5,1); (A1, A2, A3) = (0.3,—0.4,0.5)A.

and quadrature axis currents is very small. This is an important
result, especially in the light of the unavoidable variations of
motor parameters during the drive operations because of the
temperature variations and of magnetic circuit saturation.

VIII. CONCLUSION

Experimental results and sensitivity analysis to parameter
variations confirm the validity of the proposed closed-form
analytical modeling approach of the current signature of a
surface-mounted PMSM drive, controlled by means of FOC
strategy, when a fault occurs in one or more phase current
sensors. Both DC offset and gain fault for all current sensors
have been taken into account, as well as the control loop gains.
The analytical solution of the model requires the solution of an
overdetermined system of equations, which has been solved by
means of a new methodology which is alternative to the clas-
sical one based on the Moore-Penrose pseudoinverse matrix.

The proposed modeling approach is based on the analytical
expression of the reference values of the motor supply voltages
as a function of the measured currents, of the speed and of the
reference currents of the control loop, and on the steady state
analytical solution of the differential equations which express
the mathematical model of the motor. All control strategies
which allow satisfying the above conditions are eligible for
the application of the proposed modeling approach. The future
research direction consists in using the results of this paper to
set up an algorithm that, starting from the current signature,
is able to get a fast and effective detection, isolation and
estimation of current sensor faults in PMSM drives due to
both DC offset and gain faults.

APPENDIX

The analytical expressions of the functions fq i, gd,k, fq,k
and gq ., for k € {2,...,n}, are

far = 0.5[pwek(rkpa — pwrLq) + qkia) ad x—a+
+ 0.5[pwrk(gkpa + pwr Lr) — rkiq) ba g—2+
+ 0.5[pwrk(—qkpa — pweLr) + rkia] ag k—2+
+ 0.5[pw k(rkpa — pwrLq) + qkia] by k—2+
+ (—PPWlLK? + skia)aak + pwrk (R + skpa)ba x+
+p*wZLk(s — 1) by r+ (46)
+ 0.5[pwrk(—rkpa + pwrLq) + qkia] ad k+2+
+ 0.5[pwek(gkpa + pwr L) + 1kia] ba g2+
+ 0.5[pwrk(gkpa + pweLr) + rkia) ag k+2+
+ 0.5[pw,k(rkpa — pwrLq) — qkia] b, k+2

gak = 0.5[pwk(—qkpa — pweLr) + 7kiq) aq,k—2+
+ 0.5[pwrk(rkpa — pwr Lq) + qkia) ba, k—2+
+ 0.5[pwrk(—rkpa + pweLq) — qkia] aq -2+
+ 0.5[pwrk(—gkpa — pweLr) + rkig] b k—2+
— pwik (R + skpa)aa k + (—p*wiLk® + skiq)ba i+
+ p*w?Lk(1 — s) Qq,k+ 47)
+ 0.5[pwrk(—gqkpa — pweLr) — rkig] aq g+2+
+ 0.5[pwek(—rkpa + pwrLq) + qkid] ba k+2+
+ 0.5[pwrk(—rkpa + pweLq) + qkia] aq k4+2+
+ 0.5[pwrk(gkpa + pwy Lr) + rkia] by k+2

Jak = 0.5[pwrk(—qkpq — pwrLr) + rkig] aq k—2+
+ 0.5[pw,k(rkpq — pwrLq) + qkiq) ba k—a+
+ 0.5[pw,k(—rkpg + pweLq) — qkiq) agx—2+
+ 0.5[pwrk(—qkpq — pwrLr) + 1kiq) by k—2+
- pQWELk‘(S - 1) bd’k-i- (48)
+ (—pzwak2 + Skiq)aq,k + Pwrk(R + Sl‘qu)bq,k+
+ 0.5[pwr k(gkpq + pwe L) + Tkiq] ad 2+
+ 0.5[pwyk(rkpq — pwrLq) — qkiq) ba,k+2+
+ 0.5[pwek(rkpq — pweLq) — qkiq) aq rt2+
+ 0.5[pwik(—qkpq — pwr L) — Tkig) by k2
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ok = 0.5[pwek(—rkpq + pwrLq) — qkiq] aa x—2+
+ 0.5[pwek(—qkpq — pwr Lr) + rkiq) ba k—2+
+ 0.5[pwrk(qkpq + pwr L) — rkig] aq k—2+
+ 0.5[pwrk(—7kpq + pwrLq) — qkiq) by,k—2+
+ p2w?Lk(s — 1) aq p+ (49)
— pwek (R + skpq) gk + (—p°wi Lk® + skiq) b k+
+ 0.5[pw,k(—rkpq + pw:Lq) + qkiq) aa,k+2+
+ 0.5[pwrk(qkpq + pwe Lr) + ki) ba g2+
+ 0.5[pw,k(gkpq + pweLr) + rkiq) aq,k4+2+
+ 0.5[pwik(rkpq — pwrLq) — qkiq bg,k+2
Equations (46), (47), (48), (49) can also be used to deter-

mine fa,1, 94,1, fa,1, Ya,1 fan+2s Gdn+2, fant2 and gy nio.

In particular, fq.1, gda,1, fq,1, gq,1 are obtained from (46),
(47), (48), (49), respectively, by setting equal to zero the
coefficients having subscript —1 and adding the following
terms

to (46) :  Ju(—p*wW2L + kia) + 05 pwikpa (50)
to (47) 1 —dapwrkpa + 05(—p*wWiL + kiq) (51)
to (48) 1 —0upwikpq + 0p(—p?WIL + kiq) (52)
to (49) 1 =04 (kiq — P*w?L) — 0 pwikpg (53)

In particular, fq2, gda,2, fq,2, gq,2 are obtained from (46),
(47), (48), (49), respectively, by setting equal to zero the
coefficients having subscript 0 and adding the following terms

to (46) : [2pwr(rkpd — pwr Lq) + qkia] ca+
+ [—ZpoJr(qkpd + pw, Lr) + rkia) ¢q  (54)
to (47) : [—2pwr(qkpd + pw, Lr) + rkiq] ca+
+ [prwr(rkpd — pwrLq) — qkia] ¢q  (55)
to (48) 1 [—2pwi(qkpq + pweLr) + rkig) ca+
[—prr(qk;pq — pweLr) —rkigl cq  (56)
to (49) : [—2pwr(rkpq — pwrLq) — qkiq] ca+

[2pw; (qhpg + pweLr) — rkig] ¢q  (57)

while f4n+1, 9dn+1s fqn+1s Gqnt1 are simply obtained by
setting equal to zero the coefficients having subscript n + 2.
Eventually, the analytical expressions of the functions f4 ¢ and

fq,0 are

fa0 = kia(gaa,1 + rbay + rag,1 — qbq,1 + sca) (58)

fa,0 = kig(raa,1 — gbay — qaqy — rbg1 + scq) (59)
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