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Abstract: In this paper, the solvability of an operator-valued integral equation in Holder spaces, i.e.,

WD) = Y21 + w(dh) fJ (& T @) +2() fJ e, (Taw)(@))de,

for £; € J = [0, 1], is studied by using Darbo’s fixed point theorem (FPT). The process of the measure
of noncompactness of the operators which constitute an intermediary of contraction and compact
mappings can be explained with the help of Darbo’s FPT. The greater effectiveness of Darbo’s FPT
due to its non-involvement of the compactness property gives a better scope when dealing with the
Schauder FPT, where compactness is an essential property. To obtain a unique solution, we apply the
Banach fixed point theorem and discuss the Hyers-Ulam stability of the integral equation. We also give
some important examples to illustrate the existence and uniqueness of the results.
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1. Introduction

Integral equations (IEs) have expansive applications in different areas of science and engineering.
There are several problems in science and technology related to 1Es. With the help of IEs, we can
describe numerous events that arise in real life problems, e.g., problems in the theory of radiative
transfer, the theory of neutron transport, and the kinetic theory of gases can be addressed by using the
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famous quadratic IE of Chandrasekhar type

w(d) = 1+w(dy) f LX(T)W(T)dT, (1.1)
O +7

where y is a continuous function defined on J; see [15, 19,25]. Many researchers have examined a
similar form of the above mentioned IE.
The integral equation:

b
W((l)ZY(§1)+W(§1)f @ ({1, Tw(T)dT (1.2)

studied by Banas and Nalepa [5]. They discussed the space of functions with growths tempered by a
modulus of continuity; they also proved a sufficient condition for relative compactness. As an example
of the mentioned space they discussed Holder space and some properties regarding the space. At the
end, they proved the existence theorem for the Fredholm IE in Holder space by using the classical
Schauder fixed point theorem (FPT) and added an example to illustrate their result.

The following IE of Fredholm type has been studied by Caballero et al. [11]

w(d1) = (1) + w(d1) £W({1,T)W(r(T))dT (1.3)

and they added an example to illustrate their result.
The same year, Caballero et al. [12] investigated the existence of solutions of the equation

w(d1) = y(&1) + w(d) fJW(Q, 7) {;{%%JIW(T)I} dr (1.4)

by using the classical Schauder FPT, and they added an example to illustrate their result.
Ersoy and Furkan [20] examined the existence of solutions of the equation

w(l1) = y({1) + W(él)fJW(él,T)(TW)(T)dT (1.5)

in Holder space by using the classical Schauder FPT. They added some example to illustrate their
result.

After that, similar types of equations have been examined by several authors; for references, see [9,
10,21,22,33].

The objective of this paper is to discuss the existence and uniqueness of a solution, as well as the
stability analysis of the nonlinear IE of Fredholm type

w(d1) = (1) + w(d1) f @(1, (T w)(1)dt + 2(41) f h(z, (Tyw)(7))dT, (1.6)
J J

for £ € J.

Notice that, Eq (1.6) is more general than many equations considered up to now and we obtain
Eqgs (1.1)—(1.5) as a special case of Eq (1.6) by using appropriate values. In Section 3, Example 1, we
can see that Eq (1.1) is a particular case of Eq (1.6). For (Tyw)(t) = w(r) and z({;) = 0 witha = 0
and b = 1, Eq (1.2) is a particular case of Eq (1.6). If we set (T\w)(t) = w(r(t)) and z({;) = 0, then
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Eq (1.3) becomes the particular case of Eq (1.6). For (T\w)(1) = r[%a(x)]lw(r)l and z({;) = 0, Eq (1.4)
7€V, (T

is a particular case of Eq (1.6). If we set z({;) = 0, the Eq (1.5) is a particular case of Eq (1.6). We
discuss all of the particular cases as corollaries in Section 3.

Due to immense development in analysis and its application, the branch of nonlinear differential
and IEs has motivated the researchers to find new dimensions for its effective analysis. IEs of the
type illustrated by Eq (1.6) are often applicable in traffic theory, oscillating magnetic fields and
electromagnetic and mathematical physics.

It is worthwhile to mention that more general functional IEs are analyzed by using Darbo’s general
theorem in Banach algebra [7]. An improved version of Darbo’s FPT for the product of two operators
as applied in conjunction with measures of noncompactness (MNCs), is proved in [6] and known as
Darbo’s general theorem. Darbo’s general theorem for Banach algebra is a generalization of many
FPTs considered up to now. In [8], Banas and Olszoy proved a FPT as applied in conjunction with
MNC:s, for the product of two operators, and they studied the monotonic solutions of a functional
IE of fractional order in Banach algebra. In [16], M. Cichori and Metwali discussed a FPT for the
product of nonlinear operators and they extended it to some function spaces which are not necesarily
Banach algebras. Recently, K. Cichon et al. in [17], mainly studied the existence of the FPT on
some functional problems associated with bilinear operators. In the year of 2022, M. Cichon and
Metwali [18] introduced integral-variation type Holder space which is also a Banach algebra. They
discussed norms and MNCs in the mentioned space and proved the existence theorem for solutions of
quadratic IEs by using the Riemann-Liouville fractional operator.

2. Preliminaries and basic results

Throughout the study, we use the following:
E= a Banach space.
M= family of all nonempty and bounded subsets of E.
Ng= subfamily of relatively compact sets of E.
Clvy, vy]= space of continuous functions on [vy, v;].
C,[v1, v2]= space of functions with tempered increments on [v, v;]; see [5].
The space satisfying the Holder condition is an example of C,[vy,v;], which is provided in
Example 2 of [5]. Denote H,[v;, v,] by the space satisfying the Holder condition

W(Z1) = w(Q)l < Kuldr = &I, V1,4 € [vr,10],0<p < 1.
The least possible constant K,,>0 satisfies the above inequality and is given by
K, = Sup{IW(é“l) - w(L)l
|1 = &l
Further, H,[v;, v2] is a Banach space with the norm

w(Z1) = w(d)
{1 = ol

LG elv,m] 4 # 52}-

[wll,, = Iw(v)l + SUP{ b elv,m], b # 52}-

Also, the inequalities

Wllee < max{1, (v2 — v1)"}Iwll; and [Iwll, < max{1, (2 — v))" "}liwll,,
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O<n<y < 1, hold; see [5]. Now, the sufficient condition for relative compactness which has been
mentioned in Example 6 of [5] in the space H,,[v;, v,] with 0<n < 11is given as follows. It is noteworthy
to mention here that this sufficient condition is one of the important results of this research work.

Theorem 1. [5] If U is a bounded subset of H,[v,,v,], then U is relatively compact on H,[v,,v,],
O<n<y < L.

Definition 1. /3] A MNC is a function a : Mg — [0, co) that satisfies the following conditions:

(i) The family kera = {W € Mg : a(‘W) = 0} # 0 and kera C NE.
i) WcvV = a(W) <a(V).
(iii) a(W) = a(‘W).
(iv) a(Conv W) = a(‘W).
V) aQAQ W+ A =2)V) < 21a(W) + (1 - A))a(V) for 4, € J.

vi) W, e Mg, W, =W,, Wy cW,¥n=1,2,... and lim a(‘W,) = 0, then ﬁ W, #0.
n=1

n—oo

Also, a is sub-linear whenever it satisfies the following:
(vii) a(A;W) = |4 la(‘W) for A; € R.
(viii) a(‘W + V) < a(W) + a(V).
Further, a has the maximum property if it satisfies
(ix) a(‘W U V) = max{a(‘W), a(‘V)}.
If ker a = Ng, then a is called full.

Now, we state Darbo’s FPT [3], which is a generalization of the Schauder FPT and Banach FPT.

Theorem 2. Let the mapping G : ® — O be continuous and ©® be a nonempty, closed, bounded, and
convex subset of E. If a(GW) < ka(W), k € [0, 1), for any nonempty subset W of ®, then G has at least
one fixed point in ©.

Define

w({1) —w(l)
f - PRASL) - RS2J1
o Sup{ G- &b
f(W,e) = sup{f(w,e) : we W}

fo(W) = lir%f(W, €).

LG elvL vl b # OG0 -6l < e}

It is worth mentioning that, Bana$ and Nalepa in [4] introduced MNCs for Holder space and applied
them to Holder space for the first time.

Theorem 3. [4] The function £y : Mc, (v, — [0, 00) is a sublinear MNC with its maximum property
in Cy([v1, v2]).

Next, let us define a contraction mapping for any normed space E.

Definition 2. [29] A mapping F : E — E is said to be a contraction if there is a positive real number
Cs < 1 such that ||Fw — Fv|| < Csllw—=V|,Yw,v € E.

Theorem 4. [1,2, Banach FPT] Let F be a contraction mapping on a Banach space E; then, F has a
unique fixed point in E.
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3. Exsistence of solution
To study Eq (1.6), the following assumptions are required:
(i) Fory € H,(J) there exists Y, >0 such that
() =y L Y|4 = LI VL b el
(i) @ : J X J — R s continuous and satisfies the Holder condition with the exponent y. Also,
l@({1,7) — @(5, D <TG = LIV, bt el
(iii) The function z € H,(J) satisfies the inequality
2(51) — 20l < )61 = &l Y4, L €D,
where Z, > 0.

(iv) T\, T, : ‘H,(J) — C(J) are continuous operators on H,(J) and there exist increasing functions
h; : R, — R, such that

ITwlleo < hi(Iwlly) (= 1,2) for any w € H,(J).

(v) h: J xR — R is a continuous function such that there exists an increasing continuous function
H : [0,00) — [0, 00) that satisfy the condition that H(0) = 0 and the following holds:

|h({y,w) — h({y,v)| < H(lw =), YV € Jand w,v € R,

Denote T = sup{|@ ({1, 7)] : £1,7 € J} and Q = sup{|A(£1,0) : & € ).
(vi) There exists an ry>0 that is a solution to the inequality.

W(O)| + Y, + rohi(ro)(T + T) + (12(0)] + Z,)(H(ha(ro)) + Q) < r
such that Th;(rp)<1.

Theorem 5. Under the assumptions (i)—(vi), there is at least one solution of Eq (1.6) in the space
H,(J) with0 <n<y<1.

Proof. Define an operator G on H,(J) by
(Gw)(&1) = y(51) +w(d1) fJ @ (i, (T w)(T)dt + (1) fj h(z, (Tow)(7))dT, (3.1

where w € H,(J).
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Choose {1, € J with {; # {,. Claim that Gw € H,(J). By assumption, we obtain

(GW)D) = (GW)(&)]
&1 = &l
@) - y@) e [y @, D(Tw)@)dT = W) [ @&, (T w)()dr]
a4 (1 = &l
12(2) [y hix, (Taw)(@)dT = 2(&) [, b, (Taw)(@))d]
" G- Gl
bl -ar @ Jy @& DT w)@dT = w(d) [ @&, (T iw)()d]
G =&l &1 =&l
W(&) [y @&, DT w)©dT = W) [ @&, DT iw)(@)dT|
¥ &1 = &l
| @ Jy W@ (Taw)(@©)dT = 2(8) [ b, (Taw)(D)dr]

101 = &l

W) = w(d)l -
<YL =L+ WF £|(T1W)(T)|dT

W()IL, IS — &l f
T d
+ T J|( w)(T)ldT

_ Y
+ Ll - ol f (|h(t, (Tow)(T) — h(T,0)| + |h(7,0)))dT
J

=G
<Y - oo+ ) T W@y

&1 = &l
+ Wl 1T Wl Tyl1 = G177+ Z180 = S ﬁ(H(|(T2W)(T)|) + |h(7, 0))dT.

Hence, we get

(Gw)(£1) — (Gw)(DL)I
&1 = &l

—n W) = w(d)l -
<Y = LI+ WF”(TIW)HM

+ Wil 1T Wlleo TSt = LI

+ )6 — oI fJ(H(II(TzW)Ilm) +Q)dr. (3.2)

Also,

(Gw)(0) = y(0) + w(0) f @ (0, T)(Tyw)(T)dt + 2(0) f h(r, (Tow)(7))dT,
J J

ie., I(GWO) < [y(O)] + WO T 1wl + ONHU(T2w)l) + Q). (3.3)
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From Egs (3.2) and (3.3) we obtain the following:

(Gw)(£1) = (GW)(()
{1 = &l

< YO + TIIT i wlloo | IW(O)] +

I(Gw)(O)] +

w(Z1) — (Tyw) (D)
&1 = &l
+ ZOIH((T2w)lleo) + Q) + Y, It — L™
+ 15 = L7 Wl T Wl + Z5180 = LPTHITowL) + Q)
< W(O)] + TIITywlleo [IWll,, + OIH(Tow)ll) + Q) + Y,
+ ) Wl (Tl + Zy(H(IT2wll) + Q).
< [x(0)] + Y, + |luelly 2y (Iwlly)(@ + T
+ (12(0)] + Z,)(H(ha(JIwll,) + ).

Thus, we get
IGwll, < Iy©O)| + X, + llull,h1 (Iwll,) ([T + T,) + (120)] + Z,)(H(ha(|wl],)) + Q) < 0. (3.4)

This proves that the operator G transforms 7, (J) to itself. Since the positive number ry is the solution
of the inequality given in hypothesis (vi), the following inequality holds:

IGWl, < Y(O)] + Yy + rohy(r))(@ +Ty) + (12(0)] + Z,)(H(ho(r)) + Q) < ro.
As aresult, it follows that G transforms the ball
B, = {weH,J):wll, < ro}

into itself. Now, we will prove that the operator G is continuous on B, (C H,(J)). Suppose that w € B,
and 0>0. Assume that v € B, in such a way that |[w — ||, < 6 which yields the following:

[((Gw)(£1) = (Gv)(L)] = [(Gw)(L) — (Gv)(£n)]
151 — &l

=‘()’(§1)+W(§1) f @({, (T w)(D)dt + 2({1) f h(x, (TzW)(T))dT)
J J

— | Y1) +v(&1) f @(&, (T w)(D)dt +2(41) f h(, (TzV)(T))dT)
J J

— | ¥(&2) + w(&2) f @($, (T w)(T)dT + 2({2) f h(, (T2W)(T))dT)
J J

+|¥(&2) + v(&2) f @(&, (T v)(1)dT + 2(L2) f h(, (TzV)(T))dT) 11— &l™
J J
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:mwaxfw@hﬂawwer—waxgw@hﬂawwhwﬂ

4—WﬁxﬂwwuﬂUmMﬂw=wqol}ﬂéJXﬂWﬁMﬁ
—»wakﬁwgaﬂawwvwr—waxﬁw@zﬂamwwwﬂ
-WQXEWGiﬂUNMﬂm=WMDl}ﬂéﬁXﬂWﬁMﬁ

+2(4) f h(r, (Tow)(1)dt = 2(£1) f h(, (TzV)(T))dT)
] ]

—|2(&) f h(r, (Tow)(1)dT — 2(L2) f h(, (TzV)(T))dT) 51— &I
J J

=‘[W(§1)—V(§1)] fJ @(&, (T w)(T)dt +v({1) fJ @, ) [(Tiw)(7) = (Tyv)(1)] dT
= [w(&) = v({2)] f @($, (T w)(1)dt — v((2) f @($, 1) [(Tiw)(7) = (Tyv)(7)] dT
J J

+2(1) f [A(T, (Tow)(7)) = h(z, (Tov)(T)] dT — 2({2) f [A(t, (Tow)(1) = h(z, (Tov) ()] dT IS = &I
J J

§|[W({1) —V@O] - &) @) f @ ({1, (T 1w)(1)dt
141 = &l J

f|w(§1,7)—w(§2,7)| v(£1) = v($)l
J

+w(l2) = V(&)

T d
Gogp  Aw@ldry =

[@({1,7) — @(4r, 1)) 12(£1) — 2({2)]
T —(T d _—
v@{[ e (L (wmn4+ o

f h(r, (Tow)(7)) = h(t, (Tov)(7))dT
]

f @({,, 1) [(Tw) () = (Tyv)(7)] dT
J

+

<[w =i, ITywlle f|w(§la7)| dr +
J

W(£2) = v(£2)) = (w(0) = v(0))

SR AL
! %aﬁ' + VI, 17w = Tl fJ|W(§1,T)|dT
L, |4 _§2|ydr+ N5 = o)

y 14 =4" &1 = &l

<|w = vl Tl T + [IW(O) —v(0)|

+SWIwm»w@ﬂ—w@»w@mxSwm_éwmnMMn
4.6eEd &1 = & 0.6€)

+ Wil IT1w) = (Tiv)lleo T+ Wil IT1w) = (Ti9)lleo Ty + ZyHA(T2w) = (T29)llso)

+(w(0) - V(O))l (T 1wl

+ [Vl I(Tyw) = (T1v)ll

H(|(Tow) = (T2v)lle)
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<|lw = vll, T Wl T+ llw = vIl, (T w)ll T,
+ ll, ITyw) = (Tl T + IV, KT 1w) = (Tl Ty + Z,HI(Tow) — (Tov)ll)
<|llw = vll, A (Wl )@ + ) + Wil ITyw — Tyvlle (T +Ty) + Z,H(ITow — Tovll).
Hence,
[(Gw)ED) — (GVIED] = [(GW)(&) = GVEG)] _ §i(ro)(T + ) + ro [Tyw — Tyvlla (T +T)
{1 — &l (3.5)
+1llly H(IT2w = Tavila) <3

In a similar way,

[(Gw)(0) = (Gv)(0)] <

w(0) f @ (0, )(Tiw)(7)dT — w(0) f w0, 7)(Tv)(t)dt
J J

+

w(0) f @ (0, T)(Tv)(t)dt — v(0) f (0, )T v)(T)dt
J J

+

z(0) f [A(T, (Tow)(T)) = h(T, (Tov)(7))] dT
J

<l fJ | (0, D (T w)(7) — (Tv)(7)|dr

+ [w(0) — v(0)| j; | (0, DI (T v)(T)l dT + |2(0)] f; H(|(Tyw)(7) — (Tv)(7)DdT
<IWlly 171w = Tivlleo T + 1TVl 1w = Vil T+ 2(0) H(IT2w = Tavll.o).
Hence,
[(GW)(0) = (GV)(O)] < Wl ITyw = Tivlleo T + Ay (V) W = Vil T + 2(O) H(IT2w = Tovlls).  (3.6)
Combining Egs (3.5) and (3.6), we get

IGw = Gvll, <llw = I, iy (Iwll, )T + L) + VIl IT1w = Tl (T + ) + Z,H(|ITow = Tavll)
+ Wil IT1w = T1vll T + Ry (IVI1) w = vII, T + |2(0)] H(|Tow — Tl
< w = vll, i (ro)T + ) + ro [Tyw = Tyvlloo (T + 1) + Z,H(ITow = Tavll)
+ 1o [ITyw = Tyvlleo T + Ay (ro) W = Vil T + 2O H(IT2w — Tovll).
Since [wll, < 7o, [IVIl, < ro and h; (i = 1,2) is non-decreasing, h;(|wll,,) < hi(ro). Since T; : H,(J) —

C(J) are continuous operators with respect to the norm ||.||,, they are also continuous at the point
v € B,,. Let € > 0 be arbitrary, then there exists 6 > 0 such that

ITiw— Tyl <€ (=1,2)
for all w € B, with |lw — ||, <¢.

IGw — G|, <8hy (ro)(T + I, + roe(T + I') + Z,H(e)
+ roel’ + hy(r9)oT + |z(0)| H(€)
<6hy(r)(2T" + r,)+ roe(2l + ) + H(e)(Z, + |z(0))).
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Taking into account the continuity of H with H(0) = 0, we infer that the operator F' is continuous at
the point v € B,,. This proves that the operator G is continuous on the ball B, with respect to the norm

I-II, -
Assume a non-empty set W C B, , for e>0 and a function w € W. For |{; — {,| < €, in the context of
Eq (3.2), now we will get

(Gw)(&1) — (Gw)( D)
151 = &l

W) = w2
<Y, e+ WFH(TIW)HOO

+ Wil 1T W)l Ty €™

+Zye" f (H(I(T2w)llee) + Q)dr.
J

_n W) = w(d)l -
<Y, @+ 2 02 T ()
’ AT
+ I"o]’l](l"o)r),ey_n + ZYEV_U(H(hz(I”o)) + Q)
Hence
f(Gw,€) < Y, &+ f(w, )T h(ro) + rohi (r))ly€ ™" + Z,€ (H(ro) + Q).
This implies

fo(GW) < fh] (l’o)fo(W)

Thus, on the basis of assumption (vi) and Darbo’s FPT as given by Theorem 2, we deduce that the
operator G has at least one fixed point w € B,, C H,(J). Obviously, w = w({;) is a solution of Eq (1.6).
Now the proof is complete. m|

To prove the efficiency of the above result, we consider the following example.

Example 1. Consider the following nonlinear Chandrasekhar integral equation:

w(d) = 1+w(dy) f LX(T)W(T)dT, (3.6)
O +7

where the function y : J — R is continuous and such that y(0) = 0. The Eq (3.6) is a special case of
Eq (1.6), if we have the following:

y&o =1, Tiw(®)=w), 25)=0, hr(Tow) (1) =0, (Tow)(r)=0

and

P (L r=0,4,20 a7
w(l,7) = .
‘ Ay T#0.420.

Let us choose the function y : J — Ras x(7) = ¢. Now, [y({1)—y({>)| = 0 implies that ¥, = 0, [y(0)] = 1.
and |z({1) — z({>)| = 0 implies that Z, = 0, [z(0)] = 0. It can be shown that the function k : J X J — R
is defined by Eq.(3.7) and is continuous. If {;,{, € J and 7 = 0, then

@ ({1, 7) — @(5, 1) = 0.
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If 1,4 € J and T # 0, then
s O

H+71 §2+
(&1 =)t
(& +T)(§2+T)
-4 | |
T 6

[@({1,7) = @(5, 1)l =

(@)l

1
—8|§1 - &l
Therefore I') = %. Also ||Ty(w)ll, = |lwll, implies that &,(r) = r. Clearly H(r) = 0, hy(ro) =0

Q = sup{lh(,0) : & €T} =0
= sup{|w(§1,r)| 4,7 € J) = 0.08333.

The first inequality of assumption (vi) has the form
YO + Xy, + rohy (ro)(T + ) + (12(0)] + Z,)(H (o (o)) + Q) < r
= 1+0+rx r(0.08333 + é) +O0+0)(HWO)+0)<r (3.8)
= 1+0.249997 < r.

Therefore, r; = 1.98743, r, = 2.01272. It is easy to see that, the above inequality and the second
inequality of assumption (vi) are satisfied for r € [1.98743,2.01272]. Therefore, by using Theorem 5,
we get that Eq (3.6) has at least one solution in H,(J) for n € J.

Example 2. Consider the following nonlinear integral equation of Fredholm type

2
w((y) = g ({1) f({l log(1+r)dT+ arctan {; f—dr for £, € J. 3.9

Comparing Eq (3.9) with Eq (1.6), we have

2
y(é’l):g—]; @ (41, 7) = 4

2({1) = arctan £y A(x, W(T)) = (Tow)(1) =

; (Tiw)(7) = llog(l +7T )w

Now,
1
@& 1) - (.0l = 7 [¢ - &
1
<3 161 = &l

2({1) — 28| = |tan™' ¢ — tan™" &
<14 - &l
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1
(@) =@l = ¢ | - &

<1
< ki -4l

Hence, we obtain that Y| = }L, Iy = % Zy=1and H(r) = g Also

1
Ih(T. (Tow)(T) = h(z, (Tov)(D)] =7 [rw — 7]

<=\w—-y.
2| |

Therefore, H(r) = % Also,

1
1T 1wl = sup 3 log(1 + Tz)w‘

TeJ

1
< —sup|w|
3

< 3 wll, ,
and

1
17wl = 5 Sup [wl
Tel]

Therefore, hi(r) = 5, ha(r) = 5 we get

) _ 1
Q = sup{|h(£1,0) : { € J} =0and I' = sup{l@({y, D) : {1, 7€ J} = X

Also T, and T, are continuous with respect to the sup-norm. The first inequality of assumption (vi) has
the following form:

hy(r)
2

O+i+rh1(r)(%+%)+(0+l)(

— 1+27-3r<0.

+O)Sr

Therefore, r| = % and r, = 1. It is easy to see that, the above inequality and the second inequality of
assumption (vi) are satisfied for r € [%, 1]. Therefore, by using Theorem 5, Eq (3.9) has at least one
solution in Holder space H,(J) for n € J.

Corollary 1. If we choose (T1w)(t) = w(t) and z({y) = 0, then Eq (1.2) as presented in [5] is a
particular case of Eq (1.6) witha = 0,b = 1.

Corollary 2. If we choose (T\w)(t) = { max |W(T)|} and z({y) = O then Eq (1.4) from [12] is a

[0.r(7)]

T

particular case of Eq (1.6).
Corollary 3. If we choose z({,) = 0 then Eq (1.5) from [20] is a particular case of Eq (1.6).
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4. Uniqueness of the solution

In this section, we intend to prove the uniqueness of the solution of Eq (1.6) by using the Banach
FPT. Here we apply assumptions (7)—(iii) of Section 3, along with the following assumptions:

Gv) T; : H,(J) — H,(J) are continuous operators with respect to the norm |||, and there exists
increasing functions 4; : R, — R, such that the following inequality holds:

ITwl, < hilwll,) G = 1,2) for any w € H,(J).
(v) h:J xR — R is a continuous function such that there exists £ > 0 for which
(1, w) = h(E V| < Liw =], V& € Jand w,v € R
holds. Also, consider
[ = sup{|@(£1, 7| : 1.7 € I} and Q = sup{|(51, 0)] : &1 € ).
i) T,, T, : H,(J) — H,(J) are contraction mappings, more precisely
ITiw = Twlly < Cillw = vlly and ||Tow — Tovll, < Collw = vll,.

ii) h(R)QT +T,) + RC,(2T + T,) + LC,(12(0) + Z,) < 1.

Theorem 6. Under the assumptions (i)—(iii) of Section 3 and (iv) —(vii) of Section 4, the Eq (1.6) has
a unique solution in H,(J), where O<n<y < 1.

Proof. We have defined the operator G in Eq (3.1). To show that G is well-defined. The proof is similar
to Theorem 5. We obtain

IGWll, < [yO)] + Yy + Wil (Wl )T + Ty) + (2(0)] + Z)(Lha(lIwll,) + Q) < co.
Next, we shall show the contraction of the operator G. From Theorem 5, we get

IGw = Gl <llw = vl Awll,)T + T)) + Wl ITyw = Tyvll, (T + 1) + Z, LITow = Tov,
+ Wl ITow = Tovll, T+ i (liwlly) [lw = wil, T + |2(0)] LI T2w = Tovll,
<[w = vll, . R)(T +T,) + RCy |lw = vll, (T + ) + Z,LC, llw = vll, (4.1)
+RC1 lw = vil, T + 1 (R) w = vll, T + [2(0)] LC2 [Iw = v,
<{(R)Q2T +T,) + RC1(2T + T) + LC(12(0)] + Z )} Iw = v, -

We choose |[wl|, < R, where R > 0. Thus, G is a contraction mapping. Thus, according to the Banach
FPT there exists a unique solution w such that Gw = w of Eq (1.6) under some suitable assumptions.
]

We can check the effectiveness of our result by taking the same Example 2 with a minor change in
expressions:
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Example 3. Consider the nonlinear Fredholm type integral equation

2 2 2
w(l1) = f—lz + Wfl) fj(g“lz + T)log(l+)wdr + arctan () fi%dr 4.2)

for £ € J.
Comparing Eq (4.2) with Eq (1.6), we have

2 2
W) = f—lz; @(l,7) = 4‘4”

s (Tyw)(7) = ;log(l + )W

2
(1) = arctan 3 h(t, w(T)) = %; (Tw)(7) = %

From Example 2, we obtain that ¥; = £, Iy =3, T'=3,Z =1and Q = 0.
Now,
T -T
Tl =I700)] + 1W(|?1)_ ngyw@)l
1
<0+ §| log(1 + Hw(Zy) = log(1 + W) — &l
1
<5 [log(1 + Z)Iw(&) = w(g)] + Dlog(1 + ) = log(1 + W@ - &I
1 w(&1) — w()| w({2)l
“|llog(1 + ) —2 =28 12 - 2
S7[' og(l +£7)l &1 — &l i é92||§1 —§2|7]
1
<5[10:30102[[wll, + 181 + &llIwlles]
S%[0.30102 + 2]|lwll,
<0.32871{|wll,.
And

|Tow (1) — Taw({o)l

ITowll, =|Tow(0)] +

{1 = &l
<0+ LIZiw(&) = Lw(d)l
3 {1 = &l
<l |£1[w(8y) = w()] + [ — SIw(d))
3 &1 = &l
1115 1w() = w() L W)l
S3[ 11 = &l i {2||§1 — o

1
<3l + Il
2
S§”W||y-
Thus, assumption (iv) is satisfied with i;(R) = 0.32871R and /,(R) = 0.66666R.
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Again,

1
|h(T, (Tow)(7) — h(7, (Tv)(7)] =3 [7?w =73
1 2
SgIT [lw = vl

<=|w-=-y.

Thus, assumption (v) is satisfied with £ = 0.33333.

Also,
T —(T - (T —(T
Iy — Ty <K — o)+ [T~ ”)(ﬁz - [élejw)“z) T
1 1
<0+ |5 log(1 + £)w(d1) = 5 log(1 + £Pv(dy)
1 1
= |5 log(1 + Hw(&) = 5 log(1 + HW(&) |14 - &I
1
<5 |[log(1 +¢D) ~log(1 + Zw(gy)| + log(1 + &) [W(Z1) — w(&)]
— [tog(1 + &) = log(1 + )| v(&1) - log(1 + 3) [W(&1) = v(@)|Ii = Ll
1
S; log(1 + &) [W(Z1) = w(&p) — {w(&) = W)Y
+ [log(1 + £1) = log(1 + &) | tw(&1) = v&ONI&1 = &I
1 w(Zn) = v(&) = [W(&) = (&)
~|log(1 + 2
<7llostl + &)l G-ar
1 _
o hig - )= 0
1 1
<510.30102) [hw = vil, + =121 + Zllbw = il
<0.32871 [w = vll, .
And

|(T2W)(§1) — (Tv)(&1) = [(Taw)(&2) - (Tzv)(fz)”
&1 = &l

1
<0+ §|§1w(§1) = (&) = [Lw(8) = LvE)Nlg — &I

IT2w = Tovll, <[(Tow)(0) = (T2v)(O0)] +

1
S§|(§1 = W) + W) = w(p)) — (6 = LIV — LIv(E) = vIE)E = &I
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1
S§|§2[W(§1) —w($p) = (&) = (O] + (& = H)w() = vIEDIE = &I

11 W) = v — W) —v@ll . () = v(&)
<3|l T M oy

1
Sg[llw —Vlly + W = Vo]

2
<Zlhw =l

This implies that T, and T, satisfy the assumption (vi) with C; = 0.32871 and C, = 0.66666. The
inequality in the assumption (vii)

m(R)Q2T +T,) + RC;2T +Ty) + LC:(1z0) + Z,) < 1

is equivalent to

I 1 1 1
0.32871R(2 % 3 + 5) + 0.32871R(2 % 3 + 5) +0.33333 x 0.66666(0 + 1) < 1
R < 0.78872.

Thus, the above inequality is true for all R < 0.78872 and hence, satisfies all of the assumptions.
Hence, Theorem 6 concludes that there exists a unique solution of Eq (4.2).

5. Hyers-Ulam stability analysis

A functional equation is said to be stable if, for every approximate solution, there is an exact solution
near it. In 1940, Ulam [35] raised the stability problem of functional equations: Under what condition
does there exist a linear mapping near an approximately linear mapping? After 1 year, this problem
was solved by Hyers [26] for approximately additive mappings in Banach space. In 1978, Rassias [34]
generalized Hyers result by proving the existence of unique linear mappings near approximate additive
mappings. Since then, the stability of functional equations has been extensively investigated by a
number of authors. Apart from functional equations, this concept of stability can also be applied
to differential equations, integral equations, and integrodifferential equations. In 2007, Jung [27]
investigated the Hyers-Ulam (H-U) stability of the following Volterra Integral Equation (VIE) using
the idea of the fixed point method discussed by Cadariu and Radu [13],

e
w(ly) =b+ f h(t, w(r))dT.

In 2009, Li and Hua [28] proved the H-U stability of the Banach FPT for a polynomial equation defined
on a finite interval. In the same year, Castro and Ramos [14] studied the H-U stability of a VIE on
an infinite interval and the H-U stability on a finite interval by using the Banach FPT in generalized
metric space. In 2010, Gachpazan and Baghani [23] generalized the previous result for a finite interval
using the successive approximation method for H-U stability of the nonhomogeneous VIE. In 2011,
Morales and Rojas [30], generalized the work of Gachpazan and Baghani regarding the H-U stability
for nonhomogeneous VIEs with delay on a finite interval by using the iterative method. Apart from
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this, many research papers on the stability of these kinds of integral equations have been examined by
several authors; see [24,31,32].

We have not found any investigation into any type of integral equation in Holder space, so we were
motivated by these articles to discuss the H-U-R stability of Eq (1.6) in Holder space. Let us define
H-U stability for Eq (1.6).

Definition 3. [27] We say that Eq (1.6) has H-U stability if there exists K > 0 with the following
property: For every € > 0, w satisfying

<e€,

w(d1) = (1) = w(d) f; @(, (T w)(1)dt — (1) j; h(z, (Tow)(7))dt

then there exists some v satisfying Eq (1.6) such that

g - v < Ke

We call such K a H-U stability constant.

In this section, we are going to prove that Eq (1.6) has H-U stability. In the previous section, we
showed that G is a contraction mapping and Eq (1.6) has a unique solution by using the Banach FPT.
This leads to the following theorem:

Theorem 7. Under the assumption of Theorem 6, the equation (G — I)w = 0, defined by Eq (1.6), has
H-U stability, that is for € > 0, if
IGw —wll, <€,

then there exists a unique v € H,(J) satisfying
Gv-v=0

with
llw—vll, < Ke

for some K > 0.

Proof. We have defined the operator G in Eq (3.1). According to Theorem 6, operator G is a contraction
mapping with a unique solution w € H,(J) to Eq (1.6). For every € > 0, if [|[Gw — w||,, < €, then

w—=v|=|w—-Gw+Gw—-v|<|w-Gw|+|Gw - GV|.
Using Eq (4.1), we obtain

w = vll, < €+ Cslw = v,

= [w—ll(1-C3)<e€

= v =l < —
w=vl, < ———,
TT1-C
where K = ﬁ and C; < 1. This completes the proof. O
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6. Conclusions

In this work, we discussed the existence of a solution for the Fredholm type IE in the space H,(J)
based on the Darbo FPT. Using the Banach FPT, we proved the uniqueness of the solution in the same
space. We have provided examples to verify the effectiveness and applicability of the existence and
uniqueness results. Further, another example has been exhibited to show that the Chandrasekhar 1E
is a special case of our proposed equation. At the end, we checked the stability of the solution by
performing H-U stability.

Equation (1.6) can be solved in different types of Banach spaces by using the FPT with suitable
assumptions. These kinds of IEs are often applicable to the kinetic theory of gases, traffic theory,
oscillating magnetic theory, neutron transport theory, radiative transfer theory and electromagnetic and
mathematical physics.
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