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1. Introduction

It is well-known that the Navier-Stokes equations are important in fluid mechanics and turbulence.
In the last decades, the research of the asymptotic properties of the solution for Navier-Stokes equations
has attracted the attention of scholars [1-5]. Especially in the past years, the Navier-Stokes equations
with nonlinear damping have been studied [6-9], where the damping comes from the resistance to the
motion of the flow. It describes various physical situations such as porous media flow, drag or friction
effects and some dissipative mechanisms. In [6], Cai and Jiu considered the following Navier-Stokes
equations with damping:

u,— pAu+ - Vyu+auf'u+Vp =0, (x,1) € R*x(0,7),
divu = 0, (x,1) € R* x [0, T),

Uli=o = o, X € R?,

lul = 0, |x| — oo,

(1.1)

where a|ulf~'u is nonlinear damping and S is damping exponent. For any 8 > 1, the global weak
solutions of the Navier-Stokes equations with damping a|ul’~'u (a > 0) is obtained, and for any % <
B < 5, the existence and uniqueness of strong solution is proved. Furthermore, the existence and
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uniqueness of strong solution is proved for any 3 < 8 < 5in [7], the L? decay of weak solutions with
B = % is studied and the optimal upper bounds of the higher-order derivative of the strong solution is
proved in [8]. In recent years, Song et al. researched the following non-autonomous 3D Navier-Stokes
equation with nonlinear damping:

u, — pAu+ - Vyu+auf'u+Vp = f(x,1), xeQ, t > 1,
divu =0, xe Q, t >,

Uli=r = Ur, x € Q,

llgpo = 0, t > T.

(1.2)

The existence of pullback attractors for the 3D Navier-Stokes equations with damping a|ulf~'u (o >
0,3 < B <5) were proved in [9]. Furthermore, Baranovskii and Artemov investigated the solvability of
the steady-state flow model for low-concentrated aqueous polymer solutions with a damping term in a
bounded domain under the no-slip boundary condition in [10]. They proved that the obtained solutions
of the original problem converged to a solution of the steady-state damped Navier-Stokes system as
the relaxation viscosity tends to zero.

The research of the 2D g-Navier-Stokes equations is originated from the 3D Navier-Stokes
equations on thin region. Its form is as follows:

& pAu+w-Vu+Vp=f inQ,

V-(gu)=0 inQ, (1.3)

where ¢ = g(x1,x,) is a suitable smooth real-valued function defined on (x;,x;) € Q and Q is
a suitable bounded domain in R?. In [11], by the vertical mean operator, the 2D g-Navier-Stokes
equations are derived from 3D Navier-Stokes equations. We study the 2D g-Navier-Stokes equations
as a small perturbation of the usual Navier-Stokes equations, so we want to understand the Navier-
Stokes equations completely by studying the 2D g-Navier-Stokes equations systematically. Therefore,
the research on the g-Navier-Stokes equations has theoretical basis and practical significance.

There are many studies on g-Navier-Stokes equations [12-18], such as in [12], where Roh showed
the existence of the global attractors for the periodic boundary conditions and proved the semiflows
was robust with respect to g. The existence and uniqueness of solutions of g-Navier-Stokes equations
were proved on R? for n=2,3 in [13]. Moreover, the existence of global solutions and the global
attractor for the spatial periodic and Dirichlet boundary conditions were proved and the dimension
of the global attractor was estimated in [14]. On the other hand, the global attractor of g-Navier-
Stokes equations with linear dampness on R? were proved. The estimation of the Hausdorff and Fractal
dimensions were also obtained in [15]. We investigated the existence of pullback attractors for the 2D
non-autonomous g-Navier-Stokes equations on some bounded domains in [16]. D. T. Quyet proved
the existence of pullback attractor in V, for the continuous process in [17]. Recently, we discussed the
uniform attractor of g-Navier-Stokes equations with weak dampnesss and time delay in [18], and the
corresponding equations have the following forms:

B — yAu+ (u-Vyu+au+Vp = f(x,1) +h(t,u;) on(r,0)XQ,
V- (gu) =0 on (t,00) X 0Q,

u(x,t) =0 ont,00) X 0Q,

u(t, x) = ug(x), x € Q.

(1.4)
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For the equation with the restriction of the forcing term f belonging to translational compacted
function space, we proved the existence of the uniform attractor by the method of asymptotic
compactness. However, as far as we know, the pullback attractor of g-Navier-Stokes equations with
nonlinear damping o|u/’~'u and time delay A(t, u,) have not been studied, so this is the main motivation
of our research.

In this article, we will study pullback asymptotic behavior of solution for the g-Navier-Stokes
equations which has nonlinear damping and time delay on some bounded domain Q C R?, and the
usual form as follows:

& — yAu+ (u-Vyu+ clulf~u+ Vp = f(x, 1) + h(t,u,) in Qx (0, ),
V. (gu) =0 in QX (0, 00),

u(x,t) =0 on 0Q,

u(x,0) = up(x) in Q,

(1.5)

where p(x, 1) € R and u(x, ) € R? denote the pressure and the velocity respectively, v > 0 and clulf~'u
is nonlinear damping, S is the damping exponent, 8§ > 1 and ¢ > 0 are constant, 0 < my < g =
g(x1,x) < My, g = g(x1,xy) is a real-valued smooth function. When g = 1, Eq (1.5) become the
usual two dimensional Navier-Stokes equations with nonlinear damping and time delay. f = f(x,1)
is the external force, h(t, u,) is another external force term with time delay, u, is the function defined
by the relation u,(6) = u(t + 6),V6 € (-r,0), r > 0 is constant. For the 2D g-Navier-Stokes equations
can be seen as a small perturbation of the usual Navier-Stokes equations, so the 2D g-Navier-Stokes
equations with nonlinear damping and time delay can be used to describe a certain state of fluid affected
by external resistance and historical status. The nonlinear damping term c|u}*~'u in the balance of linear
momentum realizes an absorption if ¢ < 0 and a nonlinear source if ¢ > 0.

By the Faedo-Galerkin method in [19,20], we investigate the global well-posedness of weak
solutions for 2D non-autonomous g-Navier-Stokes equations with nonlinear damping and time delay
in this article. Then, we prove the existence of pullback attractors using #-cocycle and the method of
pullback condition (PC). Compared with [18], the methods and conclusions are completely different,
which can be seen as a further study of related issues. On this basis, inspired by [21-23], we can
further use the pullback attractor to construct the invariant measures and statistical solutions of 2D
g-Navier-Stokes equations and study their statistical solution, invariant sample measures and Liouville
type theorem in the future.

The outline of the article is as follows. In the next section, we provide basic definitions and results
we use in this article. In Section 3, we prove the global well-posedness of weak solutions and the
existence of pullback attractors for 2D non-autonomous g-Navier-Stokes equations with nonlinear
damping and time delay. In Section 4, we give some relevant conclusion.

2. Preliminaries

We define L*(g) = (L*(Q))* and H,(g) = (H,(Q2))?, the inner product of L*(g) is (u,v) = fg u-vgdx
and inner product of H)(g) is ((u,v)) = LE?ZIVW - Vv,gdx, corresponding norm is | - | = (-,-)!/? and
Il -1l = (-, )"/ respectively.

Let M = {v € (D(Q))*: V-gv=0inQ}; H, = closure of M in L*(g); V, = closure of M in Hy(g).
Furthermore, H, is endowed with the inner product and norm of L*(g), V, is endowed with the inner
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product and norm of H;(g), where D(Q) is the space of C* functions which have compact support
contained in Q, and Cy, = C°([-h,0]; Hy), Cy, = C°([=h,0]; V,).

Let i : R X Cpy, — (L*(Q))* satisfies the following assumptions:

DV &€ Cy, 1t €R — h(1,€) € (L*(Q))* is measureable;

D) VY teR, h(,0) =0;

(D) L, > 0, such that ¥V ¢ € R, V&, n € Cy,, there is |7, &) — h(z,m)| < Lg||€ - nllCHg;

(IV) 3my > 0,C, > 0,Ym € [0,mg), T < t,u,v € C°([t — 1, 1]; H,), such that

! !
f " |h(s,us) — h(s,vy)l’ds < C. f " u(s) — v(s)Pds.

Viel[r,T], Yu,v e L*(t — 1, T; Hy), from (IV), we have

f f
f |h(s7 us) - h(sa vs)l(ZLZ(Q))ZdS < Cg f |I/£(S) - V(S)lzds'

Since the Poincaré inequality holds on Q: There exists 4; > 0 such that

Jo#gdx < - [ IVglPgdx, Yo € Hi(Q), (2.1)

then,
ul < +llulP, Yu € V. (2.2)

The g-Laplacian operator is defined as follows:
1 1
—Agu = —;(V -gVu = —Au — ng - Vu,

the first equation of (1.5) can be rewritten as follows:
W VA +vE - Vu+ (u, Vu+ clulf~'u+ Vp = f+h(t, u). (2.3)

A g-orthogonal projection is defined by P, : L?(g) — H, and g-Stokes operator with A,u =
—Pg(é(V - (gVu))). Applying the projection P, to (1.5), ¥v € V,, ¥t > 0, we obtain

%(u, V) + v((, v)) + bg(u, u, v) + c(ulfu, v) + v(Ru, v) = (f,v) + (h(t, u,), v), 2.4)

u(0) = uy, (2.5

where by : Vy x V, X Vy — R, and by(u, v, w) = 2., [ u; 52w gdx, Ru = P [1(Vg-Vul, Yu € V,. Let

G(u) = P,F(u), F(u) = cluf~'u, then the formulations (2.4) and (2.5) are equivalent to the following
equations:

‘;—”I‘ +vAqu+ Bu+ G(u) + vRu = f + h, (2.6)

u(0) = uo, (2.7)

where A, : V, — V;,, (Agu,v)y = ((u,v)),Yu,v € V,, and B(u) = B(u,u) = Py(u - V)u is a bilinear
operator, and B : V, X V, — V;, with (B(u, v), w) = by(u, v, w), Yu,v,w € V,.
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Forany u,v € D(A,), |B(u,v)| < Clull/zlAgu|1/2llv||, where C denote positive constants. From [11,12],
we have the following inequality:

lAgel® \1/2 28
|()0|L°°(Q)2 < C”()D”(l +1In /l]”(p”z) s VQD € D(Ag)’ ( . )
1B, V)| < [t - VIV] < Juli=0) [V, 2.9)
u2
B, v)| < Cllullivli(1 +In $0)172, (2.10)
1By, < clullul,  1Rully, < 255 udl, Vu € V. @.11)
1

From [3,4,16], we have the following concepts and conclusions.

Let I" be a nonempty set and we define a family {6,},cg of mappings 6, : I' — I satisfying

(1) 6py =y forall y €T,

(2) 6,(0;y) =0, yforally el',t, 7T € R,
then the operators 6, are called the shift operators.

Let X be a metric space, for any (y,x) e XX andt,7 € R*, ¢ : R* XI'x X — X is said a 6-cocycle
on X if and only if

(1) ¢(0,7,x) = x,

2) ¢(t + 1,77, x) = ¢(t, 0y, d(1,7, X)), where 6, is the shift operators.

If for all (,7v) € R* X I', we have the mapping ¢(z,v, -) : X — X is continuous, then the 6-cocycle ¢
is said to be continuous.

Definition 2.1. [3] A family A= {A(y);y € T'} € ¢ is said to be pullback D-attractor if it satisfies
(1) 4()/) is compact for any y € T,
(2) A is pullback D-attracting, i.e.,

tlim dist(¢(t,0_yy, D(6_,y)),A(y)) =0 forall De D,yel,
—+00

3) Ais invariant, 1.e.,

¢(t,v,A(y)) = A(6y) forany (t,y) € R" xT.

Definition 2.2. [4] Let ¢ be a 6-cocycle on X. A set By C X is said to be uniformly absorbing set for ¢,
if for any B € B(X) there exists Ty = To(B) € R* such that

o(t,y,B) C By forallt>Ty, yel.

Theorem 2.1. [4] Let ¢ be a #-cocycle on X. If ¢ is continuous and possesses a uniformly absorbing
set By, then ¢ possesses a pullback attractor A = {A,},er if and only if it is pullback w-limit compact.
Definition 2.3. [4] Let ¢ be a 6-cocycle on X. A cocycle ¢ is said to be satisfying pullback condition
if for any v € I', B € B(X) and € > 0, there exist #y = #y(y, B, &) > 0 and a finite dimensional subspace
X, of X such that

(1) P(Uysy, (2, 6_4(y), B)) is bounded,

)N = PY Uiz, (1, 6-(), 0l < &, Yx € B,
where P : X — X; is a bounded projector.
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Theorem 2.2. [4] Let X be a Banach space and let ¢ be a 6-cocycle on X. If ¢ satisfies pullback
condition, then ¢ is pullback w-limit compact. Moreover, let X is a uniformly convex Banach space,
then ¢ is pullback w-limit compact if and only if pullback condition holds true.

We denote the metrizable space of function f(s) € X with s € R by LZZ()C(R, X), where X is locally
two-power integrable in the Bochner sense. It is equipped with the local two-power mean convergence
topology.

Lemma 2.1. [16] If H, is Hilbert space and {w;};ey is orthonormal in H, let f(x,1) € LIZOC(R; H,) and
there exists a o > 0, such that for any ¢ € R, f_’w e”*|If (x, s)||%igds < oo, then,

i

lim el = Pn)f(x, s)||i,gds =0, VteR,

—00
n —00

where P, : H, = span{w;, ..., w,} be an orthogonal projector.
3. Proofs of the main results

In the section, we will prove the well-posedness of the weak solution for 2D g-Navier-Stokes

equations with nonlinear damping and time delay by the Faedo-Galerkin method.
Definition 3.1. Let uy € H,, f € L} (R; V), forany 7 € R, u € L¥(1,T;Vy) N L*(t,T;Vy) N

[PH(r, T; I£71(Q)), VT > 7 is called a weak solution of problem (1.5) if it fulfils
d
d—tu(t) + vAu(t) + Bu(t) + clulf'u + vR(u(t)) = f(x,1) + h(t,u;) on D' (z, +00; V),

u(t) = up.
Theorem 3.1. Let3 > 1, f € L7, (R; V), then for every u, € V,, the Eq (1.5) exist the only weak
solution u(r) = u(t;t,u;) € L(7,T;V,) N L*(t,T; V,) N LP* (7, T; [P (Q)), and u(r) continuously
depends on the initial value in V.

Proof. Let {w,} ;> be the eigenfunctions of —A on € with homogeneous Dirichlet boundary conditions,
its corresponding eigenvalues are 0 < A; < A, < ..., obviously, {w;};>1 C V, forms a Hilbert basis
in H,, given u, € V,and f € L2, (R; V).

Loc
For every positive integer n > 1, we structure the Galerkin approximate solutions as u,(f) =

u,(t; T, u.). It has the following form:

(6 T,un) = ) Y j(OW),

=

where v, ;(f) is determined from the initial values of the following system of nonlinear ordinary
differential equations:

(0, @), w)) + V((n (1), W) + g OF (1), W) + b(u (), un (1), W) + b(%, un(1), w;)
= (f(x,0),wj) +<(ht,u),wy), t>7, j=1,2,...n, (3.1)

((ua(1), w))) = ((ur, w))),

where (-) is dual product of V, and V.
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According to the results of the initial value problems of ordinary differential equations, there exists
a unique local solution to problem (3.1). In the following, we prove that the time interval of the solution

can be extended to [T, o).

3, (O + Vit DI + clun @y + DICE - V(1) (D) = (F 8,1, (D) + ChlE, 1), un (1)), (3.2)
Using Cauchy’s inequality and Young’s inequality, we have
0, un@®) < Nf D - NuaI < Sllual* + 51 e, DI, (3.3)
where || - ||, is norm of V.
Ch(t, up), uy (1)) < z—églh(t, u)|* + %Ilun(t)llz- (3.4)

We take (3.3) and (3.4) into (3.2) to obtain

Ll O + Vutn@IP + clun ]+ BICE - Vun(0), un(1))
< Sl + £ DIE + =l )P + gl IR,

Ll O + 2Vlun I + 2l (Dl + 2b(CE - V)ita(8), (1))
< P+ 2170 DI + ZHhG )P + IR,

a3 + v = DNt OIP + 2clutn (D1 + 25(E - Dy (1), ,(8)) 53)
< DR + &l )P, '

that is

d C 1 1 Vgleo
d—tlun(t)lﬁ + (v - l—f)llun(t)ll2 + ZClun(t)rgﬂ < ;Ilf(x, NIz + C—Ih(t, u)l* +2v gl/zll u, (DI

8

(O +v(1 = 2 = ) OIF + 2elun (0l < SOOI + e, ) (3.6)

By integrating (3.6) from 7 to 7, we can obtain

(P +v(1 = 5 = ) [Tl ()Pds +2¢ [[ ()i 1ds
< (P + 1 [, Dlds + & [ 1h(s, uy)Pds.

Forany T > 0 and 8 > 1, we have

SUP, e (i (OP) + V(1 = 2 = 2y [T (9)lPds + 2¢ [y (s)t s

< @I+ 1[I 9)lRds + & L (s, us)Pds < C,

then we can obtain that
{u,()} is bounded in L™ (1, T; V,), 3.7

{u,()} is bounded in L*(t, T} Vo), (3.8)
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and {u,(r)} is bounded in LA*'(z, T; LF*1(Q)). So u,(1) € L™(1,T; V,), therefore B(u,(1)) € L™(1,T; V),

(D u, (1) € P (x, T; LPT1(Q)). As a result,

%(un(t), vy = (f(x, 1) + hit, ug) — clu, (P, (1) — vAu, (1) — B(u,(1)) — vRu(1),v), v € V.

Since {u;l(t)} is bounded in L*(t, T; V,), then there exists a subsequence in {u,(#)}, it still denoted by

{u.(0)}, we have u, (1) € L*(7, T; V,) and u,(1) € L*(7, T; V,) such that
(1) u,(r) — u(r) is weakly * convergent in L™ (7, T; V,);
(ii) u,(t) — u(z) is weakly convergent in L*(t, T; Vo);
(iii) |u, ()P~ 'u, () — & is weakly convergent in LP*! (7, T; LIF*1(Q));
(iv) u,(t) — u (1) is weakly convergent in L*(r, T; V,);
(V) u,(t) — u(r) is strongly convergent in L*(z, T'; Hy);
Vi) u,(t) » u(t), ae(x,t) e Qx|[r,T].

From Lemma 1.3 of [24], we can see & = |ulf~'u, since | J,cn+S pan{wy, wy, -+ ,w,} is denseness
in V,, taking the limit n — oo on both sides of (3.1), we can obtain that u is a weak solution of (1.5).

In the following, the solution is proved to be unique and continuously dependent on initial values.
Let u; and u, be two weak solutions of (1.5) corresponding to the initial values u, u>, € V,, we take

u = u; — Uy, from (2.6) we obtain
35l + Al + el P uy = |l g, 1) + v(Ru, u)
= (B(uz) — B(uy), uy + (h(t, uz,) — h(t, ur,), u).
Using Holder inequality and Sobolev embedding theorem, we obtain
(P~ 'uy o~ ) = fQ(|M1|B_1M1 — |2l ) (uy — up)dx
Jo Ut P = Plua = oy + [P dx
Jo (i P = o)l | = lual)dx > 0.

We have
[(B(uz) — B(uy), uy| = {B(ua, ur — uy) — B(uy — up, uy), u)l

< Cilluollleez = s [llleell + Ciller — wazlllue|[f]ecl]
= CillulP(llur + lluall)
< CillulP,

where C; > 0 is any constant.

Kt 1) = h(tur), ) < [ 1R(S, tag) = (s, wi)] - [u(s)lds < Lg”ut”CH - Ju@)

1 L
< P + gl < SIIF + 5k,
AR, )] < VISl < ZX80 (P + u) = EQlull® + '“'2>
1/2 - 2n0/l}/2 - ,

Vello
where & = 2 i'll,z, SO

d L,
EEMZ + Vil < Collud? + £l + Jul?) + IIM(t)II + glluzllc,,

(3.9)

(3.10)

(3.11)

(3.12)
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il *+@v-2C 2é‘——)ll I < 2¢lul® +L—|| [
o v 1= u u 0 tillc,, -

Let 2v — 2C, — 26 — 5 > 0, then

t L !
lu(n)|? < 2 fo |u(s)|2ds+f fo a2, -

Since u(s) = 0 for s < 0, we take the maximum in [0, 7] for any ¢ € [0, T'], and we obtain

L !
2 8 2
Iz, < ¢ +75) fo il s

We can obtain that the uniqueness of the solution holds after applying the Gronwall inequality.
In the following, we will prove the existence of pullback attractor for (1.5). First, we will prove the
existence of pullback absorbing sets.

Lemma 3.1. Let f € L} (R, H,), |f]} = sup,eRf |f(s)Pds < oo, |h2 = sup,g ftm |h(s, u,)ds < oo,
suppose u(x,t) = u(t;7,u;) € L(1,T;V,) N LZ(T T;Vy) N LA (x, T; [P (Q)) be a weak solution
of Eq (1.5). Let o = v4,, for any ¢ > 7, then

u(t)? < luolPe™""" + RY,

2vVgle ¢
where R} = =55 (1f1; + 1hl}) and o = = ‘?/z -1+

Proof Let f € L2 (R, Hy) and | £} = sup,x f, F(5)Pds < oo, Ih = sup, [ Ih(s, ug)Pds < oo. Let
u(x, t) be a weak solution of Eq (1.5), we obtain

%%lulz =, ,uy={(f+h- VA u — Bu — clulP~'u — vRu, u)
= (o) + (o) = VlulP = by(ut,,0) = et = V(EVg - Vyu, ),

B+1
then,
d Ve
Elul2 + 2vlul® + 2C|M|§: =2(f,uy + 2(h,u) — 2v((? -Vu, u).
So 1 , .
P+ 20l + 2elutyly < E A+ vAulul + &R u)P + Colul + 2v- g';,g ua]
2
< G vl + C—gm(r, u)l? + C 45 + 2y T, 'Vﬁ';;anunz,
then,
d - Cy 2 +1 |f| Veleo
—lul"+ (v - — +2 + —|h(t,
7R 2, llull” + 2clulyy) < N | (t, u)* + mOA}/ZH ull.
Hence, ,
d /]
—|u|” < + — + —|h(t,
Iul vyollul? e | (t, u)l,

8

where yg = 2 'Vg|]°72 -1+ "' > ( for sufficiently small [Vg|.. So

Nk

d
—ul” < va +—+—ht,
IMI vaAryolul’ oy Cgl( u)l.
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Let o = vA;, we have

P < lugPe ™0 + L [T f()Pdr + & [T e u)Pdr
< ugPe D 4 L [T e | ()P + f , e F(Pdr + -]
+ 21, e u)Pr + [ e N )Py + -
< lugPe™ ™ 4 L(1 + e 4 &2 4oy sup, g [T 1f(r)Pdr
+ L+ e 4 e ysup g [ G u)Pdr
< lugl?e™™" + R3,

where R} = z=pes 11 + 1),
Forany f € L2 (R, H, o |f |2 |fol?, we have the uniformly absorbing set

loc

By = (u € Hyllu| < 2R} = p3)

in H,.
Lemma 3.2. Let f € L} (R, H,), |f]} = supteRf |f(s)Pds < oo, ||} = supteRf |h(s, u,)Pds < o,
uo(x) € Hg, suppose

u(x, 1) € L™(t,T; V,) N L*(1,T; V) N I (7, T; P (Q)), u (x,1) € L}, (Ry; Hy) (Yt > 0)

loc

is a strong solution of (1.5), for any ¢ > 7, then

1
(@I < llu(D)|Pe” ™™ + S - e ) (ST + 1Al

where y = A(v — C, — zvlvﬂ‘;"

Proof. We suppose u(x, t) be a strong solution of (1.5), multiplying (2.6) by A,u and we have

1d
Ed—nuu2 + VA ul* + (Bu, Agu) + (clul~'u, Agu) = (f, Agu) + (h, Agu) — v(Ru, Agu).
Then,
1d -1
= —|lull® + VIAqul* + ¢ f =" |Vuldx + b f |’ ||V [ul**dx
2dt a 4 Jo
= (f,Aqu) + (h,Agu) — v(Ru, Agu),
d -1
—lul® + 2v|A ul* + 2¢ f |l |VulPdx + -1 f 7|V |ul*Pdx
= 2(f, Agu) + 2(h, Agu) — 2v(Ru, Au).
So

d — ) -3
lu? + 2v1A uP + 2¢ [ luf~'[VuPdx + <52 [0 11P=3||V|ulPdx
1 1 2 IV loo
P+ AP + lh(t u)l? + ColAgul? + =78 ull|Agul
8
L1 £12 2 1 2 4 2Velo 2
A+ 6= ClAGuE + g lh(udl + 50 IAg ul”.

IA

IA
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Since |
2c f lulP = \VulPdx + G- f =3V |ul*)?dx > 0,
Q 2 Q
we deduce J Vel .
2 2vIVglew 2 2 2
— + (v - A + —|h(t, ,
dtllull v moﬂ(‘/z ——)IAgul” < |f| Cgl (@, u,)|
d 2 2V|Vg|oo 2 1 2
Ellull +Av—=C, - P Ml < Ifl + C—glh(t, u)|”.

Then we have J | |
2 2 2 2
— + < —IfI" + =Ih(s, ,
dtllull Yull” < Vlfl Cgl (2, uy)|

where 2yIVel
VIVgleo
y:/l(v—cg——f’/zpo.
O/l()

Using Gronwall’s inequality, we deduce
-0 4 L [T grt- e
||l/l||2 < ”u(T)”zeY(T D+ v L‘_ e r)|f|2dr+ C_gj‘[" e r)lh(l", Mr)lzdr
2 y(1— Ir Mt —ya- 2 =1 )
< Mu@)IPe ™+ L7 e U Pdr + [T, e fPdr + -]
Lp(t - v
+C_g[ e YD \h(r, u,)Pdr + ft—2 e, u)Pdr + - - -1,

2 2 - 4 1 - -2 RN}
lull* < llu()?e’™ + S(l+e7+e7 +- --)suptesz |f1°dr
— _ 1+1

te(l+e? +e +-)supg [ h(r u)Pdr
_ 1 N
< u(@)IPe ™ + L (1 = )7 (ST} + 1hlY).

B = J | eto+1.1.h By,

fel t>1+1

Let

then B, is bound and B, is the uniformly absorbing set in V.

Theorem 3.2. Let f € L2 (R, H), | = sup, [ 1f(s)Pds < oo, [h2 = sup, [ Ih(s,ug)Pds < oo,

then the cocycle {¢(¢, y, x)} corresponding to Eq (1.5) possesses a compact pullback attractor.

Proof. The following we will prove that cocycle {¢(z, ¥, x)} satisfies pullback condition in V,. As (A,)™!

is continuous compact in H,, we can use spectral theory, there is a sequence {A4; }°° 0<4 <A<
<A £ <A > o0, as j — oo, and a family of {a)]} >, of D(A,), they are orthonormal in H,

and A,w; = djw;j, V] € N. We suppose V,, = span{w;, w, ..., w,}in V,, P, : V, =V, is orthogonal

projector.

For all u € D(A,), we setu = P,u + (I — P,,)u = u; + u,, and multiply the first equation of (2.6) by
Aquy in Hy, then we obtain

2dt||u2||2 + VA un* + (B(u), Agitn) + (G(u), Aguz) + v(Ru, Aguz) (3.13)
= (f,Aqup) + (h,Aus). '
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We deduce
[(B(w), Agtix)] < |(Bluy, ur + ua), Agun)| + (B, y + 2), Agtr)|
< cL”2||M1|||A o) (]l + Nluall) + clual 1A gua> (s | + llull)
|A ol + pL+—PoP1a t210+1,

l‘l1+ - 2 2
where |[Agu;? < Aullug)? and L = 1+ log 2L [Fw)|P* = lul?ul? < ol 02 = 2.

\% g|m IVglo |Agusl? Vgl |Agusl?
llull - 1A gua] < (820 4 oy < 8l (L

Ru, —A <
|(Ru, —Au)| > me 2

+207),

and ) )
2 A
| /1 + VIAgus| ’
8
2 y 2r2 oy
(G(u), Aguy) < ‘—/||F(M)||2 + §|Agbl2|2 < 70 + §|Agu2|2’

(f, Agitz) <

1 C
(h, Agu) < 2—Cg|h(t, )| + 7”’|Agu|2.
From (3.13), we have
Llua| > + 2vIA gua|*
< 2f, Agun) + 2(h, Aguz) — 2(B(u), Agur) — 2(G(u), Agur) — 2v(Ru, Aguy)

42 | VAP | 2 2 21Vgle 1412l
<dt —= 4+ c; Ih, U + ColAgul® + 31A ol + 2piL + S5ppot + = 8= (=5 + 2p7)

v

_ AP, Al
- 4

Vel 4|V gl
v + + CLglh(t’ ut)|2 + CglAgulz + V|mé(’)| |Ag1/t2|2 p4L+ 3p0p1 vl g| p%
We obtain
c Vgl 412 : - 4|V gloo
el + v = 5 = SlAgel < 5+ 2t u)f + SpiL + oge] + =i,
Cs _ Vel Vgl
ol + (G = 52 = SIAaal <26 = PP + 3oL + Sopgo] + i'm‘i' P} + Z1hte,u)P
0
d 2 Ly 1o 2Vl
d_t”u2”2 + VAl < 2C(5|(1 - P)fF + —plL + 3pgp‘lL 00 + —Ih(t ).
g

By Gronwall lemma, we deduce

IA

+ - i m+ - 1 1
ol < Moty + DIPem&iort=n g 1 @m0 [2e(L|(1 = P,) fP + 1piL

1 2|Vglo 1
+500PT + TP + I u)Pldr
+ 1 2|Vgloo s
||u2(to + 1)”2 VAm11£(to+1- t) + 2¢( p4L+ _pgpéll CV;S;O pl)ftoﬂ e’ mr1E0=10) Jp

2 + 1 m+
+3 Jo €A - P ) f1Pdr + o f " SO h(r, i, ) Pdr
N - PP 2Vels
= |lua(ty + 1D)||Permiétor1=0 4 V/lm+]§(p4L+ o+ 2]

t
+2 e €UO([ — P, fPPdr + & e’ D\ h(r, u,) 2 dr.

to+1

to+1
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From Lemma 2.1 and (IV), for any € > 0, when m + 1 sufficiently large, then,

f

zf V/lm+1§(r t)l(l P )f|2d f

v to+1 4

f

i V/lm+1§(r l)lh(r u )|2d E

Cg to+1 4
p |Vg|£>o 2 &
— + < -
V2/1m+l§(p1 cny P = 4

Letty =1+ 1+ —2, then 7 > t,, we obtain

p
VAm+1 ‘i: In —

lua(to + 1)”2 VAn+1&((to+1)=1) <,02 VAnn1§((tlo+1)~1)

1o

Then Yt > 6, |u,(®)|*> < &, from Theorems 2.1 and 2.2, that is, {¢(z,7, x)} has satisfied pullback
condition in V,, then the Eq (1.5) possesses a compact pullback attractor.

4. Conclusions

In this article, we show how to deal with the nonlinear dampness cluf’"'u (83 > 1) and time
delay A(t,u,) to obtain the existence of pullback attractor of the 2D g-Navier-Stokes equation.
The calculation process is more complicated due to nonlinear damping and time delay. When
we prove the existence of pullback absorbing sets, we must suppose that h(t,u;) satisfies ||} =

SUp,cr ft " |h(s, uy)[>ds < oo, this condition is also required to hold in the process of provmg asymptotlc

’”“l (1+ 5%), and

compactness, we find that the pullback absorbing sets exist in H, when |Vg|, >

mo/l(lj/ 2
2

existin V, when 0 < Vgl < (v—C,). We prove the existence of pullback attractor by the method
of pullback condition when 0 < |Vgl|, < ’%’(SV —4g). The conclusions of this article are innovative and
will further promote the research of 3D Navier-Stokes equations.

Obviously, it is necessary to analyze the connection between Navier-Stokes equations and g-Navier-
Stokes equations. To obtain more research results for the study of g-Navier-Stokes equations in future
research, we may consider that the pullback asymptotic behavior of solutions for 2D g-Navier-Stokes
equations with nonlinear dampness and time delay on the unbounded domain. On the other hand, it
is well-known that the invariant measures and statistical solutions have been proven to be very useful
in the understanding of turbulence in the case of Navier-Stokes equations. The main reason is that
the measurements of several aspects of turbulent flows are actually measurements of time-average
quantities. Using the method in [21,22], we will construct a family of Borel invariant probability
measures on the pullback attractor of 2D nonautonomous g-Navier-Stokes flow in a bounded domain
and investigate the relationship between invariant measures and statistical solutions of this system.
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