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1. Introduction

Let C denote the complex plane and C" the n-dimensional complex Euclidean space with an inner
product defined as (z,w) = ¥_; z;w;. Let B(a,r) = {z € C": |z —a| < r} be the open ball of C". In
particular, the open unit ball is defined as B = B(0, 1).

Let H(B) denote the set of all holomorphic functions on B and S (B) the set of all holomorphic self-
mappings of B. For given ¢ € S(B) and u € H(B), the weighted composition operator on or between
some subspaces of H(B) is defined by

Wi f(2) = u(2) f(¢(2)).

If u = 1, then W,, is reduced to the composition operator usually denoted by C,. If ¢(z) = z, then W,
is reduced to the multiplication operator usually denoted by M,. Since W, , = M, - C,, W,, can be
regarded as the product of M, and C,,.
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If n = 1, B becomes the open unit disk in C usually denoted by D. Let D™ be the mth differentiation
operator on H(D), that is,

D" f(z) = f™(2),

where @ = f. D! denotes the classical differentiation operator denoted by D. As expected, there has
been some considerable interest in investigating products of differentiation and other related operators.
For example, the most common products DC, and C,D were extensively studied in [1, 10-13, 23, 25,
26], and the products

m,C,D, C,M,D, M,DC,, C,DM,, DM,C,, DC,M, (1.1)

were also extensively studied in [14, 18,22,27]. Following the study of the operators in (1.1), people
naturally extend to study the operators (see [5, 6,30])

m,Cc,D", C,M,D", M,D"C,, C,D"M,, D"M,C,, D"C,M,.

Other examples of products involving differentiation operators can be found in [7, 8,19, 32] and the
related references.

As studying on the unit disk becomes more mature, people begin to become interested in exploring
related properties on the unit ball. One method for extending the differentiation operator to C" is the
radial derivative operator

=~ 0
Rf@) =), z,-a—f@.
= 9%

Naturally, replacing D by R in (1.1), we obtain the following operators
M,C,R, C.MR, M,RC,, C,RM,, RM,C,, RC,M,. (1.2)

Recently, these operators have been studied in [31]. Other operators involving radial derivative
operators have been studied in [21,33, 34].

Interestingly, the radial derivative operator can be defined iteratively, namely, R™ f can be defined
as R"f = R(R™! f). Similarly, using the radial derivative operator can yield the related operators

M,C,R", C,M,R", M,R"C,, C,R"M,, R"M,C,, R"C,M,. (1.3)

Clearly, the operators in (1.3) are more complex than those in (1.2). Since C,M,R" = M,,,C,R™, the
operator M,C,R"™ can be regarded as the simplest one in (1.3) which was first studied and denoted as
Ry, in [24]. Recently, it has been studied again because people need to obtain more properties about
spaces to characterize its properties (see [29]).

To reconsider the operator C,R™M,,, people find the fact

(1.4)

(RM=iyyop,p°

C,R"M, = Zm: C. R!
i=0
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Motivated by (1.4), people directly studied the sum operator (see [2,28])

=Y M,CR,
i=0
where u; € H(B), i = 0, m, and ¢ € S(B). Particularly, if we set uy = = u,,_; = 0and u,, = u, then
6’" =M,C, R if wesetuy =+ = 1_0andum—u0<p,then6’” —CM‘R’" In [28], Stevié et

al studled the operators 6’" from Hardy spaces to weighted-type spaces on the unit ball and obtained
the following results.

Theorem A. Let m € N, u; € HB), j = 0, m, ¢ € S(B), and u a weight function on B. Then, the
operator 6’;?% : H? — H is bounded and

Su}gﬂ(Z)luj(sO(Z))IIQO(Z)I <400, j=1,m, (1.5)
if and only if
- up M@l
w5 (1 - [p(x)P)?
and

H@uj()lle)| .
[j=sup————5— <+00, j=1m
B (1 —|p)?)r™

Theorem B. Let m € N, u; € HB), j = 0,m, ¢ € S(B), and u a weight function on B. Then, the
operator 6’;?80 : H? — HY is compact if and only if it is bounded,

H@uo(2)l
im ———————— =0
lp(z)|—1 (1 — |¢(Z)|2)E
and
H@uj(2)lle(2)| .
m — j=1,m.

1 i
lp(z)|—1 (1 - |()D(Z)|2);+]

It must be mentioned that we find that the necessity of Theorem A requires (1.5) to hold. Inspired
by [2, 28], here we use a new method and technique without (1.5) to study the sum operator 6’”
from logarithmic Bergman-type space to weighted-type space on the unit ball. To this end, we need to
introduce the well-known Bell polynomial (see [3])

m—k—1

Bm,k(x]7x2"-'7-xm—k+l) = Z m k 1 ' ( ) >

Ji: i=1
where all non-negative integer sequences ji, jo, ..., Jm—k+1 satlsfy
m—k+1 m—k+1
D=k and ) iji=m.
i=1 i=1
In particular, when k = 0, one can get By = 1 and B,y = 0 for any m € N. When k = 1, one can get
B,"l = X;. Whenm =k = A Bi,i = Xil holds.
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2. Preliminaries

In this section, we need to introduce logarithmic Bergman-type space and weighted-type space.
Here, a bounded positive continuous function on B is called a weight. For a weight u, the weighted-
type space H,;® consists of all f € H(B) such that

A llzge = sup u()lf ()| < +eo.
z€B
With the norm || - || ues Hy becomes a Banach space. In particular, if u(z) = (1 —1z/*)” (o > 0), the space
HY is called classical weighted-type space usually denoted by Hy. If u = 1, then space H,;” becomes
the bounded holomorphic function space usually denoted by H.
Next, we need to present the logarithmic Bergman-type space on B (see [4] for the unit disk case).
Let dv be the standardized Lebesgue measure on B. The logarithmic Bergman-type space A{’VWs consists

of all f € H(B) such that

11, = [ 1@ wya(v) < o,

where -1 <y < +00,6 < 0,0 < p < 400 and w, 5(z) is defined by

Wy5(2) = (log l)7[10g(1 -

5
|z log 7] )] '

When p > 1, Af% is a Banach space. While 0 < p < 1, it is a Fréchet space with the translation
invariant metric p(f, g) = If - gll’, -
Wy,§

Letp e SB),0<r<1,0<y < 00, 0 <0, and a € B\{¢(0)}. The generalized counting functions

are defined as @
zi(a
Ngo,y,é(ra (l) = Z Wy.s ( jr )

zj(a)ep!(a)

where |z j(a)| < r, counting multiplicities, and

Noys@) = Npyo(la) = > wys(2@).

zj(@)eg(a)

If ¢ € S(D), then the function N, , s has the integral expression: For 1 <y < +oco and 6 < 0, there is a
positive function F(¢) satisfying

Nyys(r,u) = f F(ON, (t,u)dt, re(0,1), u+ ).
0

When ¢ € (D) and 6 = 0, the generalized counting functions become the common counting functions.
Namely,

A\
Ny, (r,a) = Z (log E) ,

z€p~(a) lzl<r
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and

1 Y
Npy(@) = Ngy(La) = (log—) :

zep~1(a) l

In [17], Shapiro used the function N, , (1, a) to characterize the compact composition operators on the
weighted Bergman space.

Let X and Y be two topological spaces induced by the translation invariant metrics dx and dy,
respectively. A linear operator T : X — Y is called bounded if there is a positive number K such that

dy(Tf,0) < Kdx(f,0)

for all f € X. The operator T : X — Y is called compact if it maps bounded sets into relatively compact
sets.

In this paper, j = m is used to represent j = k, ..., [, where k, [ € N and k < [. Positive numbers are
denoted by C, and they may vary in different situations. The notation a < b (resp. a > b) means that
there is a positive number C such that a < Cb (resp. a > Cb). Whena < b and b > a, we write a < b.

3. Logarithmic Bergman-type space

In this section, we obtain some properties on the logarithmic Bergman-type space. First, we have
the following point-evaluation estimate for the functions in the space.

Theorem 3.1. Let -1 <y < +00, § < 0,0 < p < 40 and 0 < r < 1. Then, there exists a positive
number C = C(y, 0, p,r) independent of z€ K ={z€ B : |zl >r}and f € Af%. such that

C 1 \r
lf@l < ————7 [log(l - 1—)] S lar. - (3.1)
(1-1zP)"F og

Proof. Let z € B. By applying the subharmonicity of the function |f|” to Euclidean ball B(z, r) and
using Lemma 1.23 in [35], we have

1 Cl r
lf@I" < —f | fWIPdv(w) < —f LfWIPdv(w). (3.2)
TN = B Juen =7 Sy’
Since r < |zl < 1 and 1 — |w|* < 1 —|z|*, we have
1 1
log— =<1—-|w|=<x1-|z xlog — 3.3)
Wl |2l
and
1 1
log (1 —log —) = log (1 —log —) . (3.4)
[wl |2
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From (3.3) and (3.4), it follows that there is a positive constant C,, such that w, 5(z) < C,,w, s(w) for
all w € B(z, r). From this and (3.2), we have

Cl rC2 r
IP < — w)|Pw,, s(w)dv(w
O < G Jy, VO w00
Cl rC2 r p
< — P 3.5
(1- |Z|2)”“Wy,5(z)”f”Aw 33)

From (3.5) and the fact log é = 1 -zl < 1 —|z]*, the following inequality is right with a fixed constant
C3,r

CerZrC3r 1 -0
P > 7 77 l 1-— " *
P < s e (L= o) I,

LetC = % Then the proof is end. O

Theorem 3.2. Letm € N, -1 <y < 400,60 < 0,0 < p < +o0oand 0 < r < 1. Then, there exists a
positive constant C,, = C(vy, 6, p,r,m) independent of z € K and f € Ava. such that

9" f(2) Cn 1\
< 1 1——) 7 P 3.6
azilaziz .« azlm (1 _ |Z|2)7+;+1 +m [ Og( log |Z| )] ||f||Aw%5 ( )

Proof. First, we prove the case of m = 1. By the definition of the gradient and the Cauchy’s inequality,
we get

(3.7)

: S, cncg V)
79| < 9 oy < € TRretatn T
0z 1=

where i = 1, n. By using the relations
1—lzl < 1 - <201 - [z,

(1= -z <1-wl <(g+ DA -Iz]),

and

1 1
tog (1~ o) = Toe (1 = o)

we obtain the following formula

v _8
¢ 1\
|f(W)| < Tyl [log(l - @)] ”fHAﬁ,yﬁ

(L=1zP)r

for any w € B(z, q(1 — |z])). Then,

¢ NG
sup WWS——#W+%@T—J]WM

weB(z,q(1-[z))) (1 — |Z|2) ? og |Z| wy.5
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From (3.1) and (3.2), it follows that

d ¢ K
‘ @) _ 1 [mg(l——ﬂ 1f Nz - (3.8)

oz; |~ (1 - |Z|2)%H+‘ log|z]

Hence, the proof is completed for the case of m = 1.

We will use the mathematical induction to complete the proof. Assume that (3.6) holds for m < a.
@)

For convenience, let g(z) = F e e T—
iy ORin -0y

. By applying (3.7) to the function g, we obtain

'8g(z) < C‘; SupwEB(z,q(l—|z|)) |g(W)|

< 39
o i - (3.9)
According to the assumption, the function g satisfies
Co- 1 -2
82)l < —ar L log (1= )] "l -
(1—[zP)" 7+ ogll ”
By using (3.8), the following formula is also obtained
0 (Z) éa 1 _%
== < | tog (1= )| "Il -
G (=) ogld ”
This shows that (3.6) holds for m = a. The proof is end. |

As an application of Theorems 3.1 and 3.2, we give the estimate in z = 0 for the functions in A{’%.

Corollary 3.1. Let -1 <y < +00, 6§ < 0,0 < p < 400, and 0 < r < 2/3. Then, for all f € Afw, it
follows that

J
C 1 ‘;
fON € ———7 [log(l - )] 1fllag (3.10)
(1- 7‘2) P ogr 2
and
3" f(0) 1 \7
" y+n+1 P
————— | < Cu(1 =17 7 " |log (1 — =— P, 3.11
s ELH IO [og( logr)] e, (3.11)

where constants C and C,, are defined in Theorems 3.1 and 3.2, respectively.

Proof. For f € A{’VV from Theorem 3.1 and the maximum module theorem, we have

62

C NG
If(O)] < max |f(2)] £ ————+ [log(l — —)] W laz s
lzl=r (1 _ VZ)T IOg r y.0

which implies that (3.10) holds. By using the similar method, we also have that (3.11) holds. O
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Next, we give an equivalent norm in Aﬁw, which extends Lemma 3.2 in [4] to B.

Theorem 3.3. Let ry € [0, 1). Then, for every f € AL_ | it follows that

(3.12)

Wy 52
i, = [ erwsde.
Wy.6 B\roB
Proof. If ry = 0, then it is obvious. So, we assume that ry € (0, 1). Integration in polar coordinates, we
have
1
A7, =2n f wys(r)r?"~tdr f [frOIPda(Q).
Wy6 0 S
Put

A = wys(IP and M, f) = fs FEOPdT(©).

Then it is represented that

) 1
Il = fo + f M(r, /)A(rdr.

Since M(r, f) is increasing, A(r) is positive and continuous in r on (0, 1) and
1 0 xy—é
EmA() = lim xy[log(l + —)] @Y= lim ——_ — 0,
r—0 X—+00 X x—>+o0 @2n=1)x

that is, there is a constant £ > 0 (& < ry) such that A(r) < A(¢g) for r € (0, &). Then we have

1+rg

max A | M@, dr

1 — I €sr<ng

21’0

f'o M(r, /)A(r)dr <
0

1o

< 21”0 maXSSrSro A(}")
T l-rmin, i A7)

fz M(r, )A(r)dr

1
Sf M(r, f)A(r)dr.

From (3.13) and (3.14), we obtain the inequality

1
I, < [ Mo pacar

The inequality reverse to this is obvious. The asymptotic relationship (3.12) follows, as desired.

(3.13)

(3.14)

O

The following integral estimate is an extension of Lemma 3.4 in [4]. The proof is similar, but we

still present it for completeness.

Lemma 3.1. Let -1 <y < +00, 6 <0,8>y—-0and 0 < r < 1. Then, for each fixed w € B with

lwl > r,

Wy 5(2) 1 1 0
fB =Gt @S Ty [1°g (1 " Tog |w|)] ’
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Proof. Fix |w| with [w| > ry (0 < ry < 1). Itis easy to see that
1
log—<1-r for rp<r<I. (3.15)
r

By applying Theorem 3.3 with

1

fW(Z) = (1 _ <Z, W>)n+,6’+1

and using (3.15), the formula of integration in polar coordinates gives

1
fB 1 -z W>|n+ﬂ+1wy,6(Z)dV(Z)

1 0
1
< f M(r, £,)(1 = r) [log (1 - @)] L. (3.16)
ro
By Proposition 1.4.10 in [15], we have
_ 1
M(r, fi) = a2 (3.17)

From (3.16) and (3.17), we have

1
fB W%&(z)dv@
1 1 1 ) N
< —————(1-r)’ [log(l __)] 211 g
r (1= 72wy log r
1 1 | !
(1-r) [log(l - og r)] 2l

), A
o
[w 1 1 g
<| — -y [log(l - —)] P21y
logr

n (1= riwpt!
! 1 1A 5y
St o o1 | 2
=l + .

Since [log(1 - @)]‘5 is decreasing in r on [|w], 1], we have

! 1 1\
L=| ————1-r"|log|1-—]| 7!
2 L. = rwppri 7" [Og( logr)] T
1 1\
<—— llog|1 - 1 = rYdr
(1—|w|>ﬂ+l[ g( 10g|w|)] o

= ! 1 (1 ! )6 3.18)
=y [ Togi) | ¢
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On the other hand, we obtain

i 1 1\ 2n-1
I :f —(1-r) [log(l - —)] rdr
(L= riw]p+! log r

{w| 2 4
< (1 —ry?! (log ) dr.
1-r

o

If 6 = 0 and 8 > vy, then we have
L) s (1 —|w)?.

If 6 # 0, then integration by parts gives

11(5)=—;(1—IW|)7_B(10g 2 )(S
Yy-p 1 —wl

1 2V 5
_ - 1 _ -B _
+ y—ﬁ(l ro)” (log T ro) + 5 —,811(5 D).

Since 6 <0,y — B <0 and

o) o—1 o) )
log <|log for ro<r<|w| <1,
1-r 1-r

we have

11(6)<—L(1—le)y‘ﬁ(log 2 )6+ d 1,(9)
- y-B 1 —[wl Y-8

and from this follows

2\ Ly
L) < (1 - W) (log — |W|) < (=)™ [log(l " Tog Wl )]

provided y — 8 — 6 < 0. The proof is finished. O

The following gives an important test function in A’;M.

Theorem 3.4. Let —1 <y < 400, <0,0< p < +ooand 0 < r < 1. Then, for eacht > 0 and w € B
with |w| > r, the following function is in Aﬁ%é

s )
? (1 _ |W|2)—p+l‘+1

1
w,t =1 1- —5+n+1 .
s [ Og( log |W|)] (1 -z, w))7 p T

Moreover,

sup  |Ifiwallar, S 1.
{(weB:w|>r} 79
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Proof. By Lemma 3.1 and a direct calculation, we have

- |W|2)—%+z+1 p
”fw t”AP f ‘ [log( ):| y=+n+l WYvé(Z)dA(Z)
log [w| (1= (z,w)y) "5+
1 -5
= (1 - 2\p(t+1)—6 1 1 -
(1 —1{wl") 2\ og i
1
g |1 = (g, wy[y-o+p+Dn+l Wy.s(2)dA(z)
<1
The proof is finished. O

4. Boundedness and compactness of the operator 6;?@ : A@W - HY

In this section, for simplicity, we define

B, j(¢(2)) = B j(¢(2), ¢(2), . . ., p(2)).

In order to characterize the compactness of the operator GZJ Afvy , — HJ, we need the following
lemma. It can be proved similar to that in [16], so we omit here.

Lemma4.1. Let —1 <y < +00,§ < 0,0 < p < +oo, m €N, u; € HB), j = 0,m, and ¢ € S(B). Then,
the bounded operator GMT DAL H is compact if and only if for every bounded sequence { fi}ren

Wy

in Af’vwS such that f;, — 0 uniformly on any compact subset of B as k — oo, it follows that

o
lim 17, fill = 0.

The following result was obtained in [24].
Lemma 4.2. Let s > 0, w € B and

1
8ws(2) = m, z€B.

Then,

Pi({z,w))

k —
Rigws(2) = s TS

where Py(w) = s&Iwk + p;ck)l(S)Wk_1 Tt P(zk)

polynomials for s.

(s)W? + w, and p(k)(s) j = 2, k-1, are nonnegative

We also need the following result obtained in [20].

AIMS Mathematics Volume 8, Issue 11, 26682-26702.
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Lemma 4.3. Let s > 0, w € B and

1
gW,S(Z) - (1 _ <Z, W>)s, Z S B.
Then,
k =1 (Z W)t
k = *) H)—
o= Z K (lj:_o[(s T

where the sequences (agk)),efk, k € N, are defined by the relations

k) _ ) _
a, =a =1

fork € N and

(k=1)

= ta, (kD

(k)
a, -1

+a

for2<t<k-1,k>3.
The final lemma of this section was obtained in [24].

Lemma 4.4. If a > 0, then

1 1 1
a a+1 ‘.- a+n-—1
ata+1) (@+1@a+2) --- (a+n-1)a+n) n-1
D,(a) = . . . = k!.
n-2 . n-2 . n-2 k=1
[l@+o [J@+k+D - [[@+k+n-1)
k=0 k=0 k=0

Theorem 4.1. Let -1 <y < 400,60 <0,0< p < +oo,m € N, u; € HB), j = 0,m, and ¢ € S(B).
Then, the operator 6;{0 : Af% — Hp7 is bounded if and only if

1 s
My = sup — 1M [tog (1 - ———)| " <+ (4.1)
<= (1= lpP) log (2l
and
@I ZiL; ui2)Bi j(@(2))| 1 -4
M; = sup - : w,ffp. [log (1- ———)| " < +0 (4.2)
€B (11— lp@P) » * logle(2)l
for j=1,m.
Moreover, if the operator 6;’¢ : A{’M — H is bounded, then
1S5 ag, o = ) M. 4.3)
=0
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Proof. Suppose that (4.1) and (4.2) hold. From Theorem 3.1, Theorem 3.2, and some easy calculations,
it follows that

1| Y w@R fp@)| < i) Y ||| R f())]
i=0 i=0
= (@l (@)

+u(z>\zz u(z)Z-~-i(#fﬁ_w(z» Z . H%(z) )

i=1 j=1 =1~ e kg,

= (D)o () f($()) |
+ )| JZ] ZJ u(2) Z e ,,; (#f_%«o(z» k;k,. Y . ]Ll[ 2,@))
< _(|2|MO(Z)|*" [tog (1 = o= )| W
. > #(ZZEZ::J' ”i(Z)Bi,j(QO(Z))l[lo (1 _ m)]‘i” flag,
= Mollfllag, + 21 Milfllsg - (4.4)
=

By taking the supremum in inequality (4.4) over the unit ball in the space Awy ,» and using (4.1)
and (4.2), we obtain that the operator 6’; CAN - H? is bounded. Moreover, we have

Wy.s

1S llar, (4.5)

=g
A
a
iNgh
=

where C is a positive constant.
Assume that the operator S Al , — HY is bounded. Then there exists a positive constant C
such that

1S, Fllz < Cllfllag (4.6)
for any f € Ay, . First, we can take f(z) = 1 € A}, , then one has that

sup u(z)luo(z)| < +oo. 4.7)

z€B

Similarly, take fi(z) =z € A}, k= 1,nand j = 1,m, by (4.7), then

HE[u@EEY + Y (1B (gu())| < +o0 (4.8)
i=j
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for any j € {1,2,...,m}. Since ¢(z) € B, we have |p(z)] < 1. So, one can use the triangle

inequality (4.7) and (4.8), the following inequality is true

z€B

SUP,U(Z)‘ zm: ui(2)B;, j(SO(Z))‘ < +oo0.
i=j

Letwe Bandd; = %"“ + k. For any j € {1,2,...,m} and constants ¢, = czj), k=0,m,let

m

1@ = ) ¢ fux(@),

k=0

where f,,x 1s defined in Theorem 3.4. Then, by Theorem 3.4, we have

Lj = sup|li)llay < +oo.
weB v

From (4.6), (4.11), and some easy calculations, it follows that

()]
LS My, e 2 IS0 e

= sup u(2) i (@ (D)
i=0

z€B

> pu(w)| o), (@ 00)) + (1) RAL, (ow)))|
i=1

= p(w)|uo(w)hiy,

p(w

(@) + 3 uiw) Y e frmalpw)|
i=1 k=0

cCot+cp+---+cy

d v dyc,
(0C0+ + C)+.”

= p(w)uto(w) (O 1) B 1 (@(w)), ¢(w)) T

(1-l@P 7 5 (1= lpw) 7 *

O 0By (et yly LG )
= (1 =l >+

(0B, ooy €0 X o o) (
(1=lew)) > ™"

Since d;, > 0, k = 0, m, by Lemma 4.4, we have the following linear equations

1 1 .- 1 Co 0
d() d 1 ce dm (&} 0
Jj-1 Jj-1 J-1
dy diem Aieem cj |= 1
k=0 k=0 k=0
m—1 m—1 m—1
dy icim dism
k=0 k=0 k=0 Cm 0

~ log lp(w)|

4.9)

(4.10)

4.11)

. (4.12)

(4.13)
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From (4.12) and (4.13), we have

s
P

@ 21 ui()Bi j(p(@)llp2)V 1 -
LA Il e > sup o ! P T og (1 = ————
T 25" log le(2)|
e @I>1/2 (1= le@P) > @

M@ XL ui(2)B; j(p(2)| [ o (1 1 )]—%

R sup ntl | . RPN
@12 (1= o)) 7 log lip(2)|

+J

On the other hand, from (4.9), we have

p@| 2L ui(2)Bi j((2)| [ o ( . 1 )]—;%

sup — -
@12 (1 —|p@)P) 7 logle(2)l

+1+j

y+n+l | .

<sup(3) " log(1 - 1l)]‘imz){Zu,{z)Bi,,-(so(z))\ < +oo.
i=]

z€eB 0og 3

From (4.14) and (4.15), we get that (4.2) holds for j = 1, m.
For constants ¢, = CZO), k=0,m,let

(4.14)

(4.15)

(4.16)

i@ = e fus@).
k=0
By Theorem 3.4, we know that Ly = sup,,.g ||h59)||A5; | < oo From this, (4.12), (4.13) and Lemma 4.4,
we get ’
m (@uo(2)| 1 5
LollSG Mg, ~ug 2 ALl prem) [log(l - m)] :
(1 =le@I») glplz

So, we have M, < +c0. Moreover, we have

m
1S5 Mg, = D M.
/=0

From (4.5) and (4.17), we obtain (4.3). The proof is completed.

From Theorem 4.1 and (1.4), we obtain the following result.

4.17)

Corollary 4.1. Let m € N, u € H(B), ¢ € S(B) and u is a weight function on B. Then, the operator

C,R"M, : A, , — H is bounded if and only if

PRl Ly

Iy : T -
B (1 - o)) 7 log l¢(2)]

and

I.] :: Sup '}/+Vl+l .
(=P

p@IZE; Q%’”‘iu<>90(Z)Bi,j(90(z))l[ log (1 - 1 )]—g
log ()]
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for j=1,m.
Moreover, if the operator C,R"™"M,, : Al, = — H is bounded, then

Wy.s

m
m '
ICoR" MLz, iz = D 15

j=0

Theorem 4.2. Let —1 <y < 400, § < 0,0 < p < +oo, m € N, u; € H(B), j = 0,m, and ¢ € S(B).

Then, the operator 6’;,; : A{’% — Hp is compact if and only if the operator 6’;}@ : A{’M — H7 is
bounded,
D 2L ;(i(2) B j(p(2)) 1 -2
im M2 mﬂfo, [log(1- ———)| " = (4.18)
le()|—-1 (1 =le))2) 7 +j log |¢(2)]
for j=1,m, and
1 _s
fim OO0 Ly, (4.19)

O —
le(z)l—1 (1= lp(z))2) g log |¢(2)]

Proof. Assume that the operator 6;?#; : Afms
A, , — HZ is bounded.

If ||¢llo < 1, then it is clear that (4.18) and (4.19) are true. So, we suppose that ||¢|l, = 1. Let {z;}
be a sequence in B such that

— Hj is compact. It is obvious that the operator S7 :
up

. O _ 1.
lim ()l —> 1 and A=A,

where hﬁvj) are defined in (4.10) for a fixed j € {1,2,...,[}. Then, it follows that h,((j) — 0 uniformly on
any compact subset of B as k — oo. Hence, by Lemma 4.1, we have

. m B
Lim [S7 hllrgg: = 0.

Then, we can find sufficiently large k such that

p@Ol ZiL (uiz) B j(o(zi) [

(1 =l

If k — oo, then (4.20) is true.

Now, we discuss the case of j = 0. Let h,(co) = hpr()Zk), where hﬁg) is defined in (4.16). Then, we also

have that ||h,({0)|| ap < o0 and h;{o) — 0 uniformly on any compact subset of B as k — co. Hence, by
Y

1 _9 .
log(1 — ——— )| 7 < LIS™ hY||pe. 4.20
g loglm)l)] ISy i (4.20)

+J

Lemma 4.1, one has that
lim 1S Kl = 0. (4.21)
Then, by (4.21), we know that (4.18) is true.
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Now, assume that 6’;?‘/7 : Afw - Hy is bounded, (4.18) and (4.19) are true. One has that

H(@up(2)| < C < +o0 (4.22)
and
1| Y (@B )| < € < +oo (4.23)
i=j
for any z € B. By (4.18) and (4.19), for arbitrary € > 0, there is a r € (0, 1), for any z € K such that
H(D)uo(2)] 1 -5
log(1- ———— . 4.24
(1 - lg@P) 7" [z log |so<z>|)] =° @29
and
(@) XL (ui(2)B; (so(z))) W,
- ! ‘[ log (1 - ;)] P < 4.25)
(1 - lp(2) logle()l

Assume that {f;} is a sequence such that sup . || /5l AL, < M < +oo and f; — 0 uniformly on any
compact subset of B as s — co. Then by Theorem 3.1, Theorem 3.2 and (4.22)—(4.25), one has that

185, il ey = sup ()o@ () + Z u @R f(p()|

z€B

= sup u(2)|uo( () + Z u QR f(2)|

zeK

+ sup u(@|uol0) (@) + Z u QR Fp()|

zeB\K
L@luo(2) :
s ieK (1- [log(l - log |80(Z)|)] ”fS”Ai'V"S
e <z)Bl,<<,o<z))>1 L
1 1 — ———) "lfsllar
i [toe (1~ fograan)] Wil
+ sup u@luo@If ()
zeB\K
o’ f
") Z He)| Z(u @B ] may | )
&,
<Me+C lilllgz llnlrzl’a}ic T(w)‘ (4.26)

Since f; — 0 uniformly on any compact subset of B as s — oo. By Cauchy’s estimates, we also have
that 9;—f? — 0 uniformly on any compact subset of B as s — co. From this and using the fact that
0z1) 0z1y -0z

weB:|wl < 0} is a compact subset of B, by letting s — oo in inequality (4.26), one get that

limsup 1S}, il < &

S—00
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Since ¢ is an arbitrary positive number, it follows that
. m _
lim 17, il = 0.

By Lemma 4.1, the operator &} Al

Wy.o

— H is compact. O

As before, we also have the following result.

Corollary 4.2. Let m € N, u € H(B), ¢ € S(B) and u is a weight function on B. Then, the operators
C,R"M, : A}, , — H is compact if and only if the operator C,R"M, : A}, , — H;" is bounded,

lim HIR w0 ¢£Z+?I[log(l - —1 )]_; =
KOS (1 Z (o))" 7 log le(2)
and
’?1' %m—i B,’ i _9
i @) XL (R u o so(z)1 ,J(sv(z))l[ loo(] — ! )] 5
le@I-1 (1= lp@P) 5 log |e(2)|
for j =1,m.

5. Conclusions
In this paper, we study and obtain some properties about the logarithmic Bergman-type space on

the unit ball. As some applications, we completely characterized the boundedness and compactness of
the operator

Sy, = zm: M, CR
i=0

from the logarithmic Bergman-type space to the weighted-type space on the unit ball. Here, one thing
should be pointed out is that we use a new method and technique to characterize the boundedness of
such operators without the condition (1.5), which perhaps is the special flavour in this paper.
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