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1. Introduction

Mixture experiment [1,2] is a special type of experiment in which two or more ingredients are mixed
together in proportion and the response of interest depends not on the total amount of the mixture, but
on the proportions of the ingredients. Mixture experiments have a wide range of applications in fields
such as food science, blending gasoline, detergent formulation, pharmaceutical drugs, etc.

Mixture experiments are described by special multi-factor models defined on the regular simplex.
Finding the optimal designs for various mixture models has always been a hot topic in the research of
mixture experiment on the assumption that the errors are homoscedastic. Some excellent reviews of the
developing for mixture models and designs can be found in Chan [3] and Cornell [4]. Recently, Huang
et al. [5] proposed the D- and A-optimal designs for mixture experiments with linear and quadratic
models. Goos et al. [6] investigated the /-optimal design with the Scheffé mixture models. Hao et al. [7]
proposed the R-optimal design with the second-order Scheffé model and got the general expression for
the weights. Ling et al. [8] considered the R-optimal design problem when the levels of the qualitative
factor interact with the mixture factors.
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What is worth attention is that the construction of optimal design for experiment will become more
complicated once the assumption is invalid. Dette and Trampisch [9] derived the D-optimal designs
for the common weighted univariate polynomial regression model with efficiency function. Wiens
and Li [10] studied V-optimal designs for heteroscedastic linear regression when the structure of error
variances does not follow any analytical function. Rodriguez et al. [11] and He and Yue [12] derived
the construction of A- and R-optimal designs for Kronecker product and additive regression models
with heteroscedastic errors, using the method of product designs, respectively. He and He [13] gave
the construction of Bayesian @,- and maximin D-optimal designs for the heteroscedastic multi-factor
linear regression models, where the error variances depend on both the the covariate and unknown
parameter. Some previous results based on the assumption of heteroscedastic errors in multi-factor
models may refer to Wong [14], Montepiedra and Wong [15], Rodriguez and Ortiz [16], GraBhoff
et al. [17] and others. The heteroscedastic mixture models have been less deeply studied. Yan
et al. [18] used the method of direct sum design to investigate the construction of D- and A-optimal
design for homogeneous additive mixture models when the efficiency function is exponential structure.
Polynomial model is more useful than homogeneous model in mixture experiment. Optimal designs
not only depend on the model selection, but also depend on the shapes of the efficiency function. The
object of this paper is to study A-optimal designs for mixture polynomial models with two different
efficiency functions using the previous research method. Mixture polynomial model and A-optimal
criterion will be introduced in Section 2. A detailed introduction to the direct sum design can be found
in Section 3. Our main results are shown in Section 4, in which we will apply the direct sum of the A-
optimal designs for sub-mixture models into the investigation of the construction of A-optimal design
for mixture polynomial model on the assumption of heteroscedastic errors under sufficient conditions.
Finally, the conclusions are given in Section 5.

2. Preliminaries

For a p ingredient mixture in which x;(i = 1,--- , p) represents the proportion of the ith ingredient,
these proportions are non-negative and sum to unity. Clearly, x = (x;,---, x,)" belongs to the design
space which is the (p — 1)-dimensional regular simplex:

P
SV = (e, x) €R Y X =1,0< x5 < Li= 1,0, ph
=1

1

The response at x can be expressed by the mixture polynomial model:

n(x) = 6" f(x) + &/ YAX), @2.1)
where 8 = (61,---,6,)" is k-dimensional vector of unknown parameters, f(x) = (fi(x),--- , fi(x))T

is a given vector of regression functions defined on S”~! and each fi(x) satisfies (i) f;(0) = 0, (ii)
fi(ax) = a” fi(x) for any positive «, h; is the degree of f;(x). The error & is random noise with zero mean
and constant variance 0. We assume all the errors are normal and independent. A(x), named efficiency
function (Fedorov [19]), is a known, bounded, positive real-valued continuous function defined on
SP~!. The heteroscedastic structure is determined by the efficiency function. If A(x) = 1 for all x in
SP=! then model (2.1) is a homoscedastic model.
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Based on the model (2.1), an approximate design can be expressed as a probability distribution

Xl X2 o .. X
- )

wl W2 ... Wn

n
where x; € SP~! are finite support points and their weights &(x;) = w; satisfy w; > 0 and 3 w; = 1. The
i=1
information contained in a design ¢ for the parameter vector @ is measured by its Fisher information

matrix which is given by

ME) = [ fOfT()AXREMx).
Na
Optimum experimental designs typically minimize some convex function of the inverse information
matrix. The A-optimality criterion minimize the sum of the length of the axes in the confidence
ellipsoid thereby minimizing the average of all the variances for the estimated parameters. Fedorov [19]
presented the equivalence theorem of optimal design, which provides a methodology to check whether
an arbitrary design £ is optimal or not. If model (2.1) holds, then a design &, is A-optimal if and only if

B, €x) = A fT(OMAEN(X) < 1rM ™' (én), (2.2)

for all x € S7!. The equality holds if x belongs to the support of &,. For simple problems, optimal
designs may be determined first by guess work and afterward using the above equivalence theorem
to verify if the candidate design is optimal. For complicated problems, algorithms are available
to find some types of optimal designs sequentially. Recently, Zhang et al. [20] proposed a multi-
stage differential evolution (MDE) algorithm to find the global approximated D-optimal design in an
experimental region with linear or nonlinear constraints.

3. Direct sum design

We first consider two different mixture systems, in which the response variables of interest to the
experimenter are modeled by the following two mixture polynomial models respectively:

mx) = BfX)+&/ YAai(x), (3.1
my) = Bre) +&/ ), (3:2)
where the two design spaces are
SP={x=(x,,x) €ERM:xy+--+x,=1,0< ;< 1,i=1,---, pl,

Sq_l :{y:()’h""}’q)TGRqI)’1+"'+)’q:I’OSYjSI’jZI,"'aq}-

fx) = (fi(x),--, fi, X)) is a k;-dimensional given vector of regression functions defined on S~
and each fi(x) has degree of h;, h = min(hy,--- ,h,). Meanwhile, g(y) = (g1(y), -, g, ¥)" is a
ky-dimensional vector of regression functions defined on S9! and each g;(y) has degree of [;, [ =
min(ly, -+, Ix,). B;(i = 1,2) 1s a k;-dimensional vector of unknown parameters and 4,(-) is an efficiency
function.
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Then, we consider a complex mixture experiment which is expressed by the sum of two sub-mixture
models (3.1) and (3.2)

X
"% y) = BL. B! )( g ) + &/ VA, (3.3)
where (x”,y")" = (x1,-++ , xp, 1, -+ ,¥,)" belongs to the (p + ¢ — 1)-dimensional regular simplex
§rra-l — {1, 3 Xy Y1, ,yq)T € RPY4 -

)4 q
xi+Zyj: ,L0<x;, y;<li=1,---,p, j=1,---,q}.
i=1 =1
o If 11(x) = u(x), A,(y) = v(y), where u(x) and v(y) are polynomials of x and y respectively, then
the efficiency function in model (5) defined on 7! is determined by

AX,y) = 41(x) + (y). (3.4)
o If 1;(x) = ™, A,(y) = €“™, then the efficiency function is determined by
AX,y) = 41(x) - (). (3.5)

It is worth noting that model (3.3) is defined on S 7*¢~! which contains p + g ingredients in different

P
proportions and the sum of these ingredients is 100%. When ) x; # 0 or x # 0, fT( = ) defined on
izl Z Xi
i=1

P
§7+a=1 can be equivalent to f7(x) defined on S”~!. When ) x; = 0 or x = 0, we have f7(0) = 0.
i=1

q
Similarly, g"(0) = 0 when ), y; =0ory = 0.
j=1

Let
X11 X12 X1n
. . e N ni
&l - L lwi=t
Xpl Xp2 Xpny i=1
wl wz . e a)nl
and
Y1 Y12 Yin,
N N PR . ny
52 . ) ’ ' . Z Vj = 1
Yq1 Vg2 Yqny J=1
Vl VZ cee Vnz

be the designs for sub-models (3.1) and (3.2), respectively. The direct sum design

X11 Xin 0 0
ot e 0 0
E=abie(1-a): 0 0 Y11 Vin
0 0 Yq1 Yan,
aw; - aw, (A-ay, -+ A-a),
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is defined for the complex mixture model (3.3), where O < @ < 1 and the notation & stands for the
direct sum.

Lemma 3.1. Let M(&)(i = 1,2) be the information matrices of &; for sub-models (3.1) and (3.2) with
efficiency function A;(-). Then,
M(&) = aM(&) & (1 — a)M(&)

is the information matrix of the direct sum design & = a&; ® (1 — a)é, for model (3.3), if the efficiency
function A(X,y) is defined as (3.4) or (3.5).

4. Main results
Theorem 4.1. Let & and &, be A-optimal designs for the sub-mixture models (3.1) and (3.2), with

the efficiency functions A;(x) = u(x) and A,(y) = v(y) mentioned above, respectively. If the following
condition holds for all (xT,y")T € SP*~! whenx # 0 and y # 0:

(ﬁ:xi)% (é yj)zz
(D) + () d(l 5 A]‘( 50" (4.1)
! éxi ? élyj

then the direct sum design & = apé; ® (1 — ay)é&; is A-optimal for the complex model (3.3) with the
efficiency function (3.4), where

_ (erM~' )
(rM(E)? + (trM-1 (&)

Example 4.1. Consider the four-factors polynomial mixture model

@

g

N =Pi1x1 + Boxy + B2 VX1 X2 + B3x3 + Baxs + Paaxzxs +

\/2)61 + X + X3+ 2x4

where (X1, X2, X3, x4)T € S3. This model could be decomposed into two sub-mixture models as follows:

&

V2X1 + XQ,

Model I : my = B1x1 + Baxa + 12 VX1 X2 +

e
Model I1 : m = ﬁ3X3 +,34X4 + +ﬁ34X3X4 + ﬁ
The A-optimal design for Model I is

1 0 0.5673
0 1 0.4327 ], trM=Y(&;,) = 16.1191.

é:IA
0.2677 0.3307 0.4016
The A-optimal design for Model 11 is

1 0 0.4602
0 1 0.5398 ], trM=Y(&y,) = 49.5712.

&y
0.2990 0.2402 0.4608
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When x # 0 and 'y # 0, condition (4.1) in this example is equivalent to

1
X+U=-X+ZX’0-X) + Z(l -X)Xx <1,

where X = X1+ Xxp € (O, 1), 1-X= X3 + X4,
by Figure 1. By calculating ay = 0.36315, the direct sum design

S O =

0

0.0972 0.1201

&4 =0.36315¢,, ©0.63685¢,, :

S = O

0

0.5673
0.4327
0
0
0.1458

7 = Lot/
(2x1+x2)/(x1+x2)

[N o]

0
0
1

1

e

0.1904 0.1530

€ (0.5,2) and. it is easy to be confirmed

0

0
0.4602
0.5398
0.2935

is A-optimal for this four-factors mixture model and trM="(&,) = 122.2. We can prove that, for all

(x1, X2, X3, X4)T €S2,

DX, E0) = (2x1 + X2 + X3+ 2xy)

X1
X2
X3
X4
X3 X4

M72(E4)(x1, X2, X1 X2, X3, X4, X3X4) < 122.2,

the equality holds when (x,, x,, X3, x4) are selected at the six points of £4. Some values of ¢(X, &) at
different experiment points are displayed in Table 1.

Figure 1. Plot of the checking condition in (4.1) confirms the A-optimality of the direct sum

design in Example 4.1.

AIMS Mathematics
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Table 1. The values of ¢(x, £4) at different experiment points in Example 4.1.

X X2 X3 X4 d(x,64) X1 X2 X3 X4 (X, En)
1 0 0 0 122.2 0.5 025 025 O 69.2
0 1 0 0 122.2 0.5 025 0 0.25 74.1
0 0 1 0 122.2 0.5 0 025 025 279
0 0 0 1 122.2 0.25 0.5 025 O 559
0.5 0.5 0 0 118.8 0.25 0.5 0 0.25 61.3
0.5 0 0.5 0 68.8 0 0.5 0.25 025 390
0.5 0 0 0.5 61.1 025 025 05 0 63.0
0 0.5 0.5 0 61.1 025 0 0.5 0.25 149
0 0.5 0 0.5 68.8 0 0.25 0.5 025 172
0 0 0.5 0.5 119.3 025 025 O 0.5 614
0.4 0.3 0.2 0.1 60.7 025 0 025 0.5 20.3
0.5672 04327 0 0 122.2 0 025 025 05 23.1
0 0 0.4602 0.5398 122.2 025 025 025 025 307

Corollary 4.1. For n heteroscedastic mixture polynomial models,
Bii

ni(x7) = (fn(X), fio(Xi), -+, fir(X0) % £

= f1(x;)B;
i Vree Ot
Bit

&
VAi(X;) ’

where X; = (x;1, Xip, * - ,Xip,.)T € SP=l i =1,2,--- ,n. h;is the lowest degree of the ith sub-mixture
model and the efficiency function A;(X;) is polynomial. Let &; be A-optimal design for the ith sub-
mixture model. If the following condition holds for all (x{,x;,--- ,x})" € SPrz+=+=l ywhep x; #
0i=1,2,---,n):

then the direct sum design & = a 1€, © @6, @ - - - ® @&, is A-optimal for the complex model

B
(x5 = (). ). | P2 |+ d
nxy, Xp, s Ap 1 1), 1 \A2), s 1, Ay \//l(XI,XZ,---’Xn)’
B
with the efficiency function A(X1,Xa, -+ ,X,) = 41(X)) + A2(X3) + - - - + 4,(X,,), where

_ (rM~' ()"
(rMYED)? + - + (trM1 (&)

a;
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Theorem 4.2. Let & and &, be A-optimal designs for the sub-mixture models (3.1) and (3.2), with
the efficiency functions A,(x) = €“® and A,(y) = €'Y mentioned above, respectively. If the following
condition holds for all (x”,y")T € §P*47!, whenx # 0 and y # 0:

(S (Zy)
L)LY | s <1 (4.2)

MESRSTES)

i=1 Jj=

then the direct sum design & = apé) ® (1 — ag)é, is A-optimal for model (3.3) with the efficiency
function (3.5), where ay = (l‘rM‘l(fl))i/((trM‘l(fl))i + (trM‘l(fz))i).

Example 4.2. Consider the four-factors polynomial mixture model

&
b
4 /erf+x2+3x3 +2x7

where (X1, X2, X3, x4)T € S3. This model could be decomposed into two sub-mixture models as follows:

n = Bix; + Baxs + Pi2 Vxi1X2 + B3x3 + Baxs + Paaxsxs +

Model 1 : ny = B1x1 + Baxz + B2 Vx1 % +

E
b
A /er%+x2

€

A /e3x3 +2x§

Model 2 : n = ﬁ3X3 +ﬁ4)€4 + +ﬂ34)€3)€4 +

The A-optimal design for Model 1 is

1 0 0.6328
0 1 0.3672 ] trM~Y(&,,) = 6.3827.

é:lA
0.2403 0.3018  0.4579
The A-optimal design for Model 2 is

1 0 0.4245
0 1 0.5755 ] trM~Y(&,,) = 8.6302.

§2A
0.2510 0.1944  0.5546
When x # 0 and y + 0, condition (4.2) in this example holds when the following inequality is satisfied,

X727y (1 -x*27% <1,

2()flx+l)f2 )2+(X1X+ZX2) _l71 ..
£ ——— € (e"%,e%) and it is easy to be
St 2 mty)

confirmed by Figure 2. By calculating ay = 0.46236, the direct sum design

whereX:x1+x2 E(O,l), l—X:)C3+X4,Z:

&4 = 0.46236¢,, ©0.53764¢,, :

1 0 0.6328 0 0 0
0 1 0.3672 0 0 0
0 0 0 1 0 0.4245
0 0 0 0 1 0.5755

0.1111 0.1395 0.2117 0.1350 0.1045 0.2982
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is A-optimal for this four-factors mixture model and trM="(£,) = 29.8565. For all (x1, x», x3, x4)T € S3,

X1
X2
2 2 \/X1X2 _
eI N M2 (E4)(x1, X2, VX1 X2, X3, X4, X3X4) < 29.8565,
3
X4
X3X4

the equality holds when (xi, x», x3, X4) are selected at the six points of &a.
Similar to Corollary 4.1, the conclusion of Theorem 4.2 can also be generalized to n sub-models
and is omitted.

Figure 2. Plot of the checking condition in (4.2) confirms the A-optimality of the direct sum
design in Example 4.2.

5. Conclusions

The method of constructing A-optimal designs for mixture polynomial models with two different
heteroscedastic structures is presented in this paper. It is difficult to obtain the optimal designs for a
complicated mixture model in a direct way. However, it becomes accessible with the assistance of the
construction of optimal design for the corresponding sub-mixture models.

When the heteroscedastic structure is polynomials, the direct sum of A-optimal designs for two sub-
mixture models is A-optimal for the complex mixture model with efficiency function defined as (3.4) if
condition (4.1) is satisfied. When the heteroscedastic structure is exponential functions, the direct sum
of A-optimal designs for two sub-mixture models is A-optimal for the complex mixture model with
efficiency function defined as (3.5) if condition (4.2) holds. The conclusions of Theorems 4.1 and 4.2
can be generalized to n sub-models under very strict conditions. Further research should explore the
generalization of the approaches for more complex efficiency functions.

AIMS Mathematics Volume 8, Issue 11, 26745-26757.
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Appendix

A.1 Proof of Lemma 3.1.

If Eq (3.4) is hold, then the information matrix of the direct sum design & for model (3.3) is
determined by

ME) = f (];3 )(fT<x>,gT<y>)ﬂ<x, VEU(X, )

Sp+q-1

f ( FEIEE) + L) &g @AX) + ()
g X) + () g (MAX) + (Y)
S p+q-1

( [ af@fT @ + L0)6 @)+ [ (1-a)fO)fO)(10) + Ly)édy)

) £(d(x,y))

N sq-1
[ ag@)f"x)(A1(x) + 1(0)é(dx) + [ (1—a)g(y)f" (0)(i(0) + (¥)éx(dy)

sp-1 sa-1

[ ag0)g" 0)(A1(x) + L,0)é1dx) + [ (1 - a)g(y)g" ¥)(A1(0) + :(y))éx(dy)

sp-l Nt

[ afGg O ) + LO)EE) + [ (1 -a)fO)g"®A0) + LY)EEy) ]
N sq-1
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( aM(&) 0

0 (-a)ME&) ) = aME) & (1 - )M(E).

If Eq (3.5) is hold, then the information matrix of the direct sum design & for model (3.3) is

ME) = f (gg‘; )<fT<x>,gT<y>)ﬂ<x,y>§<d<x, )
Sptq-1

f ( T DLY) X (1)) AY)
g T L®Y) gy)g" (MAX)A(Y)
Sp+q-1

[ afGfT L0 ) + [ (1-a)fO)fT(0)40)Ly)é(dy)

N sq-1

[ ag@fT 0L ®LOEE) + [ (1 - a)g)f 4 O)Ly)Edy)

sp-1 N

) £Wd(x,y))

[ af®g" 0@ L0)¢ @)+ [ (1-a)f0)8" (¥)A1(0)A:(y)éx(dy) )
sp-1 §4-1

[ ag0g" 04,0LO0) @) + [ (1 - a)gg" M OLIEMY)
N sa-1

= aM(&) & (1 - a)M(&).

( aM(&) 0
0 d-oM&)

A.2 Proof of Theorem 4.1.

Let & and &, are A-optimal designs for model (3.1) and (3.2) respectively, according to the
equivalence theorem (2.2) we find that

A fTOMAENf(X) < rM7HE), x e ST,

LT MM AE)ey) < trM™\ (&), ye ST
Assume a( = a/(a + b), where a = (trM‘l(fl))%,b = (trM‘1(§2))%, then

-1 1 -1 1 -1
trM= (&) tr(a—OM (61)@1_%1\4 (fz))

1 1
= —urM &)+ trM~ (&)
(o) l—a’()

- a+b-a2+a+b-b2:(a+b)2.
a b

For all (x”,y")" € §7*"! Whenx #0andy # 0,

f® < f( )

NME

x, ; g(y)sg(

= ]=1

ﬂl(lﬁ; )fT(ﬁ; e )f(i) < r(M7\&)), x €57,
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g el

q
2 Z% Z
J=1 J=1 J=1

) <t (M\(&)), yeSPt,

If condition (4.1) is satisfied, for the direct sum & = @&, @ (1 — @p)é, ,

Whenx =0,

AV ), g MM2ES (%, 8" (y) =

Wheny =0,

IA

IA

f(x) )
g(y)

Ax, V(T x), 8" ()M(&) (

Lo f
A0 V(T (%), g (y))( M e G mM 2(&))( ) )
1
(i (x) + /12()’))( il (x)M-2<§1 ) + o8’ MM &)8)

) ( < x,~)2h

(10 + h(y))(@ (o mens(
" S X
i=1 i=1
1 y _ <
5 ‘“O)ng(iyj)M 2<§2>g(i ,) ;y] )
= j
)4 2h q 21
ey (B e (%)
(A1 (x) + (y)) a'o . ( ) (1 — ) . - ( ; )
I 2\ ¢
A" A
q 21
2 (él o ’ (ng yj)
(@ + B (x) + () +

(a+b)* =trM1(¢).

1
s (g (M2 (E)e(y) < rM ™' (©).
(1 —ao)

1
AV ®), g MM EST (%), 8" () = ;M(X)f TRM2E)f(x) < rM™(€).
0

By the equivalence theorem (2.2), the design & is A-optimal for model (3.3).
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