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Graphene sheet (GS) can be defined as a two-
dimensional (2-D) sheet of covalently bonded 

carbon atoms arranged in a honeycomb lattice struc-
ture [1]. GSs have been considered as one of the most 
promising material for technological applications in 
many areas [2,3] due to its unique mechanical, ther-
mal, electronic, and other physical  properties [4-8]. 
On the other hand, mass production of ideal GSs is 
very challenging and many kinds of defects such as 
vacancy and Stone-Thrower-Wales (STW, 5-7-7-5) 
may emerge during manufacturing processes or may 
be induced due to stress [9-14]. At this point, several 
studies reveal that vacancy and STW defects signi-
ficantly affect the fracture behavior of GSs [15, 16]. 
Thus, prediction of fracture characteristic of GSs 
with different kinds of defects is very crucial for de-
sign of graphene based nanomaterials.

Physical or experimental measurements for pre-
diction of fracture behavior of carbon-based nanost-
ructures are very limited due to challenges associated 
with designing experiments at the nanoscale. Thus, 
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computational modelling approaches are widely used to 
investigate fracture behavior of these structures. At this 
point, atomistic modelling approaches such as Molecu-
lar Dynamics (MD) and Molecular Mechanics (MM) 
methods are commonly used to investigate the mecha-
nical performance of defected GSs and carbon nano-
tubes (CNTs) [15-25]. Relevant works in literature are 
summarized as follows. Troya et al. [20] investigated ef-
fects of STW defects on failure stress of CNTs by using 
Quantum Mechanics (QM) method. Chandra et al. [21] 
examined local elastic properties of CNTs having STW 
defects. In another study, Mielke et al. [22] predicted the 
fracture strain and stress of STW-defected CNTs using 
MD and QM methods. Belytschko et al. [23] studied fa-
ilure behavior of STW defected CNTs using atomistic 
simulations. Besides, Wang et al. [24] studied the failure 
of vacancy and STW defected GSs using MD simula-
tions. Furthermore, He et al. [25] studied the effects of 
multiple STW defects on the mechanical performance 
of GSs employing MD simulations. All aforementioned 
atomistic studies [20-25] showed that the presence of 
STW defects negatively affect the mechanical perfor-

A B S T R A C T

Experimental studies show that Stone-Thrower-Wales (STW) defects generally exist in 
graphene sheets (GSs) and these defects considerably affect the fracture strength of GSs. 

Thus, prediction of failure modes of GSs with STW defects is useful for design of graphene 
based nanomaterials. In this paper, effects of multiple STW defects on fracture behavior of 
GSs are investigated by employing molecular mechanics based nonlinear finite element mod-
els. The modified Morse potential is used to define the non-linear characteristic of covalent 
bonds between carbon atoms and geometric nonlinearity effects are considered in models. 
Different tilting angles of STW defects are considered in simulations. The analysis results 
showed that the fracture strength of GSs strongly depends on tilting angle of multiple STW 
defects and the STW defects cause significant strength loss in GSs. The crack initiation and 
propagation are also studied and brittle failure characteristics are observed for all samples.  
The results obtained from this study provide some insights into design of GS based-struc-
tures with multiple STW defects.
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COMPUTATIONAL METHODOLOGY

We already developed a MM based nonlinear FE 
model to investigate failure behavior of carbon based 
nanostructures (e.g., CNTs and GSs) in our previous 
works [32-34]. In this study, the similar approach with 
Refs. [32-34] is employed to examine fracture behavior 
of multiple STW-defected GSs. Namely, 2-D Euler–
Bernoulli (EB) beam elements are used to model bonds 
between carbon atoms and the characteristic of C-C 
bonds are simulated by employing the modified Morse 
interatomic potential (i.e., Fig. 1).

Nonlinear geometric effects are also included in the 
models. At this point, incremental displacement loading is 
applied to zigzag direction of GSs (i.e. Fig. 3), stiffness of the 
EB elements are calculated using the proposed atomistic 
potential and updated with the atomic positions at each inc-
remental loading step. The stiffness matrix of 2-D EB beam 
element is given as [38]
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where E is the elasticity modulus, A is the cross-
sectional area of beam element, I  is the inertia moment and 
L is the initial length of a covalent bond. The initial secant 
modulus of EB beam elements is taken as 6.93 TPa which is 
calculated from the stress (σb) – strain (εb) curve of covalent 
bond using the modified Morse potential [32]. The geomet-
ric parameters of beam elements are given in Table 1. 

mance of CNTs and GSs. 

On the other hand, in spite of their accuracy, QM and 
MD approaches are computationally very expensive and 
not suitable for modeling large scale models. Hence, MM 
based modeling approaches have been widely used to in-
vestigate mechanical properties of defected graphene based 
structures due to their computational efficiencies [26-34]. 
These approaches construct a bridge between the MM and 
continuum mechanics by energy equivalence [35-37]. In a 
typical MM based model, the covalent bonds between car-
bon atoms are simulated using different kinds of structural 
elements such as springs, beams and rods [26-37]. Relevant 
MM based modeling studies are summarized as follows: 
Tserpes et al. [26] developed a Finite Element (FE) based fa-
ilure model to examine the failure behavior of pristine and 
vacancy-defected CNTs. Tserpes et al. [27] also examined 
the effects of STW-defects on the fracture performance 
of CNTs and the reduction in failure strength is predicted 
in the range of range 18 to 25 %. Xiao et al. [28] used an 
atomistic based FE approach to predict failure behavior of 
STW- defected GSs and CNTs and the reduction in failu-
re strength is predicted in the range of 12 to 32 %. Besides, 
Xiao et al. [29] also examined the tensile behavior of GSs 
and CNTs having multiple STW defects. Moshrefzadeh-Sa-
ni et al. [30] proposed a continuum model for STW-defected 
CNTs in which an STW defect is replaced by a crack with 
a definite length. Furthermore, Wang et al. [31] examined 
the mechanical properties of graphene nanofilms having 
STW defects using atomistic mechanics based FE models. 
Morever, we developed MM based nonlinear FE models and 
examined failure behavior of GSs and CNTs [32-34]. 

Although there are some published works about failure 
behavior of STW-defected GSs and CNTs, only a few stu-
dies are initiated to investigate fracture behavior of multip-
le STW-defected GSs [25, 29]. On the other hand, there is 
no comparative study on the fracture behavior of multiple 
STW defected-GSs by the use of MM based nonlinear FE 
models. Motivated by these facts, the fracture properties 
of multiple STW defected GSs are investigated using MM 
based nonlinear FE models in which both geometric and 
material nonlinearities are considered. Different tilting ang-
les which are the angle between tensile direction and axis 
of STW defects are considered in simulations. The analysis 
results reveal that the tilting angle has a significant effect 
on fracture behavior of GSs and the STW defects conside-
rable affect the failure behavior of GSs. Besides, the fracture 
initiation and propagation patterns are also examined and 
diagonal crack propagation patterns are observed for all ca-
ses. The brittle fracture characteristics are also observed for 
STW defected-GSs

Figure 1. FE modeling of graphene

Table 1. Geometric parameters of the EB beam element [39].

Thickness of beam , D 1.47 Ǻ

Cross-sectional area of beam, A 1.687 Ǻ2

Moment of inertia of beam, I 0.22682 Ǻ4

Initial length of beam, L 1.421 Ǻ
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The atomistic interactions are basically governed by 
the bond stretching and bond angle-bending terms for in-
plane deformations problems of GSs. Hence, the modified 
Morse potential includes bond stretching (Ur) and angle-
bending (Uθ) energy terms as given by

U U Urtotal θ= +∑ ∑                                                        (2)

2( )01 1
r r

U D er e
β − −  = − −  

   
                                   (3)

1 2 4( ) 1 ( )0 02U k ksexticθ θ θ θθ θ
 = − + + −                  (4)

where r is the current C-C bond length, θ is the current 
angle of adjacent bond, β is the constant which controls the 
width of potential and De denotes the dissociation energy. 
The parameters of the modified Morse potential are presen-
ted in Table 2. Detailed information on the modified Morse 
potential and its parameters can be found in [23].

The bond stretching (Ur) term has the dominant effect 
on fracture behavior of GSs. Hence, the angle-bending term 
(i.e. Eq. 4) is neglected in analyses as done by the following 
references [26, 27, 32-34, 40]. By differentiating Eq. 3 by res-
pect to bond length (r), the stretching force of C-C bonds is 
defined as follows:

( ) ( )
0 02 ( )1

r r r r
DeF e e

β β
β

− − − −
= −                            (5)

Fig. 2 shows the relationship between force and bond 
strain for the covalent bond between carbon atoms. Belyts-
chko et al. [23] investigated the fracture behavior of CNTs 
and reported that the fracture depends mainly on the inf-
lection point of interatomic potential. Thus, after the inf-
lection point, the shape of the modified Morse potential 
function is not critical since material damage takes place. 
Similarly, in this study, the cut-off distance value of 1.69 Å 

which corresponds to the inflection point at approximately 
19 % strain (i.e. see Fig. 2) is employed in analysis. Beyond 
this value, the shape of the modified Morse potential is not 
critical because bond fracture occurs [23].

Geometries of STW-defected GS models are construc-
ted using a Matlab code. Sufficiently large GS models are 
used in analyses in order to prevent the end effects. Finally, 
the GSs models having the dimensions of 125.52 x 126.46  is 
employed in analysis. The models contain 6180 atoms and 
9159 covalent bonds. The details about the modeling app-
roach and update procedure can be found in [32, 33]. Fig. 3 
shows the proposed STW-defected GS model.

RESULTS AND DISCUSSION

In numerical models, all the atoms (i.e., nodes) at the one 
end (in this study, armchair edge) of GSs are fixed and 
the incremental displacement loading is applied to the 
atoms at the other end. The stiffness and nodal positions 
(atomic positions) of each element (i.e., bond) are updated 
at each incremental loading step. Stress- strain curve of 
the C-C bond are shown in Fig. 4.

When a bond breaks, then its stiffness matrix is mul-
tiplied by a very small number to simulate bond breaking 
phenomena. The total strain and stress are respectively cal-
culated using the following equations:

,
( )0

0

L L F
L wt

ε σ
−

= =                                                    (6)

Figure 2. Force-strain curve of modified Morse interatomic potential

Figure 3. The defected GSs having three STW-defects and definition 
of the tilting angle

Figure 4. Stress- strain curve of C-C bond

Table 2. The modified Morse potential parameters [23].

r0 1.421 Ǻ θ0 2.094 rad

β 2.625 Ǻ-1 kθ 0.9 x 10-8 NǺ/rad2

De
6.03105 x 10-9 NǺ ksextic 0.754 Ǻ4
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prestrain is employed to minimize energy configuration of 
atoms and calculation is continued until fracture happens.

Fig. 6 illustrates stress–strain curves of some selected 
multiple STW-defected GSs for different tilting angles. It 
can be observed in Fig. 6 that the failure stress and failure 
strain values of defect-free (pristine) GSs (which are res-
pectively 102.15 GPa and 0.174) reduced by the presence 
of STW-defects due to the stress concentration in vertical 
bonds that occurs after bond rearrangement. Hence, more 
STW defects may cause higher stress concentration at the 
multiple STW defects areas. The fracture stress of pristi-
ne GSs the reduced by 19.5- 29.2 %, if three STW defects 
exist in the GS structure. It is also seen in Fig. 6 that the 
fracture stress of GSs decreases with the increasing tilting 
angle. Namely, the fracture stress value of multiple STW-
defected GSs having the tilting angle of 0˚ is approximately 
14 % higher than STW-defected GSs having the tilting angle 
of 83.4 .̊ He et al. [25] predicted that the fracture strength 
value of two STW-defected GSs having the tilting angle of 0˚ 
is approximately 14.1 % higher than that of 83.4 .̊ Thus, our 
prediction is in good agreement with the MD simulation 
result in Ref. [25].

On the other hand, as can be observed in Fig. 6, the 
stress curve suddenly drops to zero when the stress reaches 
to a certain value. Thus, it is concluded that the failure of 
pristine and defected GSs are brittle type which is in good 
agreement with the results of [23-28].

Fig. 7 shows the fracture stress of STW-defected GSs 
having different tilting angles. In addition, the fracture 
stress value of one STW-defected GS (i.e., 77.88 GPa) is 
also given in Fig. 7. It is observed that the fracture stresses 
of multiple STW- defected GSs are higher than that of one 
STW defected GS when titling angle is smaller than app-
roximately 45 .̊ It is also observed that the reduction of the 
fracture stress values in the range 30˚ < θ < 60˚ is higher 
than other angle ranges. He et al. [25] showed that the ul-
timate strength of graphene sheets decreases much slower 
when the angle is larger than 55.4 .̊ Hence, our prediction is 
in good agreements with the MD result of Ref. [25].

where, L is the current length, L0 is the initial length, w 
is the width, t is the thickness of the GSs and F is the applied 
tensile force which is calculated by summing of the reac-
tion forces at the fixed nodes. The thickness of the GSs is 
considered as 3.4 Å. In addition, strain increment of 0.1 % 
is employed in the analyses. In which, we assume that one 
STW defect is located in the middle of the GSs and other 
two STW defects are located around the middle defects. 
Different tilting angle are considered in analyses and the 
distance between the STW defects is selected to be cons-
tant (i.e. Fig. 3).

The STW (5-7-7-5) is a topological defect [41,42] and 
may be induced due to stress. Namely, when GSs are sub-
jected to tensile loading, GSs release their excess tension via 
formation of STW defects. Nardelli et al. [13, 14] pointed out 
that defect nucleation happens via STW transformation at 
the strain of 5% in armchair CNTs and somewhat later in 
GSs. Besides, Zhang et al. [43] showed that the STW trans-
formation happens at strain of 6 % for armchair CNTs. In 
this work, we proposed critical strain for the formation of 
the STW defects as 6 %.  At this point, we used the pristine 
GSs up to critical strain of 6 % and then, the corresponding 
bond configurations are modified at this formation strain. 
After STW transformation occurs, four hexagons change 
into two heptagons and two pentagons. The total number 
of the atoms does not change in this transformation. Fig. 5 
shows schematic representation of STW (5-7-7-5) formati-
on.  Also note that, after the STW transformation occurs, a 

Figure 6. Tensile stress–strain curves of GSs having STW-defects
Figure 7. Comparison of the fracture stress of multiple STW-defected 
GSs for different tilting angles with the one STW-defected GS

Figure 5. Schematic model showing the transformation of four adjacent 
hexagons into STW defect
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The fracture initiation and post failure characteristic of 
STW-defected GSs can be predicted by employing the pro-
posed approach. Fig. 8 shows the crack initiation and propa-
gation directions (deletion of failed bonds based on the pro-
posed failure criterion) of one and multiple STW-defected 
GS. As can be seen in Fig. 8a, for the GSs with one STW de-
fect, the first bond fracture is initiated from the longitudinal 
bond which connects the two pentagons. Then, the fracture 
propagated in the ±45° maximum shear stress directions. 
The similar propagation patterns are also observed in Ref. 
[23, 28] for STW defected graphitic structures. On the other 
hand, as can be observed in Fig. 8b that the failure initiated 
from the right and left horizontal bonds of GS having three 
STW defects (i.e., represented in red color) and continued 
along the diagonal crack paths similar to the one STW de-
fected sample. This prediction is reasonable since stresses 
are concentrated at the left and right STW-defected regions 
and the no bond failure is observed in the region around the 
middle STW-defect. Once first bond failure initiated, stres-
ses are concentrated on the diagonal neighboring bonds 
causing subsequent fractures. The similar fracture patterns 
are also observed for other tilting angles. This failure pat-
terns which shown in Fig. 8 is also in good agreement with 
the results in Ref. [23,29].

CONCLUSION

In this paper, the fracture behavior of multiple STW-
defected GSs is investigated using MM based nonlinear 
finite element models. The effect of tilting angle on 
fracture characteristic of GS is also investigated in the 

analyses. The results show that multiple STW defects 
cause significant reduction in strength values of the 
GS structures. Namely, the strength of pristine GSs is 
reduced by 19.5- 29.2 % if three STW defects exist in the 
structure. It is observed that the tilting angle (θ) is also an 
important geometric parameter and strongly affects the 
fracture strength of GSs. Higher reduction in fracture 
strength is observed in the range 30˚ < θ < 60 .̊ Besides, 
crack initiation and propagation are examined. It is 
concluded that the failure of GSs are in a brittle manner. 
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