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Abstract

This study formulated a SIRS classical mathematical model which is modified to incorporate
the exposed and the treated individuals where COVID-19 is modeled. The model stratifies the
population into two categories depending whether they have underlying health conditions or
not, and describes disease transmission within or between the groups. Five compartments are
considered in the model for each group that is; Susceptible individuals, exposed population,
Infected individuals, treated population and the Recovered population. The objectives were to;
Formulate a mathematical deterministic model based on classical SIRS model incorporating
screening, treatment and underlying health conditions on covid-19 dynamics. Determine the
Reproduction number and use it to analyze the model. Determining sensitivity analysis and
Bifurcation. Simulating the model using data from the ministry of health. The Next generation
matrix method was used to determine the basic reproduction number denoted R, of the
proposed model. The results of the simulation indicated that the Disease Free Equilibrium is
locally asymptotically stable whenever R} < 1 and globally asymptotically stable if Ry < 1.
On the other hand, Endemic Equilibrium was globally asymptotically stable if R; > 1.The
results obtained showed that increasing the rate of screening and treatment on the exposed
population and weakening the disease transmission route between the susceptible, exposed
and infected population are crucial to curb the spread of COVID-19 virus. The Government of
Kenya should advocate treatment and screening of the exposed and infected individuals.

Keywords:
COVID-19 transmission, underlying health conditions, Screening, Treatment, Sustained

Development Goals, Severe Acute Respiratory Syndrome Coronavirus 2
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1. INTRODUCTION
COVID-19 is an infectious disease triggered by severe acute respiratory syndrome coronavirus 2
viruses that belongs to the family of viruses that cause viral pneumonia (WHO 2021). The WHO
declared COVID-19 as a pandemic on 11" March 2020 and on 13™ March 2020, Kenya reported
the first confirmed COVID-19 case and thereafter the cases increased gradually. Thevirus can be
transmitted from an infectious person’s mouth or nose in small liquid particles when they speak,
sing, breathe or cough to another person and is transmitted between peoples who are in close
contact with one another. Also through touching surfaces or objects that has been contaminated
by the virus and then touching their mouth, nose and their eyes. The common symptoms for
COVID-19 are tiredness, fever, loss of smell or taste and dry cough. The less commonly
symptoms are sore throat, headache, red or irritated eyes, aches and pains, diarrhea and rashes on
skin. Serious symptoms for COVID-19 are chest pain, difficulty breathing or shortness of breath,
loss of speech or mobility or confusion. (WHO, 2020).
Amongst many intervention strategies to prevent transmission of Coronavirus disease the
government advocated the use of face masks, social distancing, hygiene, lockdown, quarantine,
curfew, closure of schools and places of worship, ban of public meetings, and regulation of the
number of people attending burials among others (Titus et al 2020). To curb the spread of the
virus, the MOH in Kenya adopted treatment of confirmed cases and active screening which
entailed a sequence of questions about recent travel, symptoms of any illness and contact with
individuals who have tested positive for coronavirus disease(Diagne et al, 2021).1t was noted that
active screening, testing and treatment reduced the number of infectious individuals (Abioye et
al, 2021).
22% of the global population is estimated to have relatively one underlying medical conditions
that put them at higher threat for severe Coronavirus related infection (Clark et al. 2020). A
research carried on by CDC and prevention addresses that amongstCOVID-19confirmed cases,
the most familiar underlying medical conditions are chronic respirational disease (18%),diabetes
(30%) and cardiovascular infection (32%). In Kenya, a study done by (Ombajo et al 2022) on
787 COVID-19 patients admitted in six facilities (Kenyatta National Referral Hospital, Mbagathi
Hospital, Coast General Teaching and Referral Hospital, Nairobi Hospital, Aga Khan University
Hospital and Avenue Hospital), 43% had underlying conditions, with the most common being
cardiovascular diseases (17%), diabetes (15%), HIV (7%), cancer (4%), chronic renal disease
(3%) and chronic obstructive pulmonary disease (3%).
The virus has spread worldwide resulting to 233,136,147 confirmed cases, 4,771,408 deaths
while approximately 211.3 million recoveries from the disease as of 30 September 2021(WHO,
2021). In Africa the number of confirmed cases of COVID-19 as of 30" September 2021,
amounted to 8,391,451 which represents around 3.58% of the infections around the world.
(CDC, 2021). In an attempt to curb the spread of the disease, different governments took severe
restrictive measures. Nevertheless, the virus still managed to have its impacts on several
countries. In Kenya, according to the ministry of health as of 26 August 2021 the positivity rate
was 12.9% with the number of confirmed cases being 232,869 and fatalities of 4,635 people,
which poses a huge risk to economies and the global public health.
The virus has collapsed the economies of different countries and changed the people’s way of
life which immensely affected the social, economic and political pillarof Kenya Vision 2030
which reverberate very intimately to the sustainable Development Goals 2030. Kenya, like all
other developing countries is challenged with the duty of strategically working towards the
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attainment of the SDGs 2030 whose time limit of achievement corresponds with those of the
state blueprint. Towards attainment of the SDG's and Kenya Vision 2030,the countries focus is
on the “Big Four Agendas” that isfood security, affordable health care, affordable housing and
manufacturing as well as wealth and Job creation (Aminga, 2018).

Many mathematical models have already been formulated in various countries to analyze the
complex transmission pattern of the COVID-19 pandemic, using ordinary differential equations,
stochastic differential equations and fractional order Caputo derivative (Riyapan et al, 2021) to
develop supportive strategies for efficient elimination of infection. Threshold theorems involving
the basic reproduction number have been determined and applied to specific diseases. Similar
results with new expressions for were obtained for various classical epidemiology models that
are often based on the flow patterns between the compartments such as SEIR, SEIAR, SEIAHR,
SSQEIR, SEEQIR, SEIHR, SEIFR, SEIPFR, SEIPAR, SEIRF, SEIHRF endemic models
(Shanmugapriya et al,2020).

Yang et al, 2021, modelled dynamics of COVID-19 and underlying health conditions but did not
include effect of screening and treatment. Baek et al, 2020, studied COVID-19 transmission in a
tertiary hospital and evaluation of the impacts of different intervention strategies using SEIR
model but did not include underlying health conditions and effects of screening and treatment.
Diagne et al 2021, studied dynamics of COVID-19 with vaccination and treatment but they did
not include screening and underlying health conditions. Peter et al, 2021, developed a SEIQR
mathematical model of COVID-19 with actual data from Pakistan. Titus et al 2020, developed an
SEIR mathematical model of COVID-19 disease dynamics and analysis of intervention strategies
but did not include effects of underlying health conditions. Clark et al, 2020, modelled a global,
regional and national estimates of the population at increased risk of severe COVID-19 due to
underlying health conditions but did not include effect of screening and treatment.

Masandawa et al,2021 modelled COVID-19 transmission dynamics between healthcare workers
and community but did not include effect of underlying health conditions. Bandekar et al, 2021
studied modelling and analysis of COVID-19 in India with treatment function through different
phases of lockdown and unlock but did not include effect of underlying health conditions.
Nyamu et al, 2020 modelled COVID-19 in Kenya using SIR model but did not include effect of
underlying health conditions. Ngari et al,2020 studied parameters and state estimates of COVID-
19 model using Lagrange polynomial, least square approximation and Kenya quarantine data but
did not include effect of underlying health conditions. Ndairou et al, 2020 developed a
compartmental mathematical modelling of COVID-19 transmission dynamics with case study of
Wuhan but their study did not look into effect of underlying health conditions.

Although research has been done on dynamics of Covid-19 there is no research that has
incorporated the impact of screening, treatmentas a control strategy and underlying health
conditions on control of covid-19 dynamics. The qualitative behavior, sensitivity analysis and
numerical simulation are performed in this study. The paper is organized as follows; The
proposed model is presented in Model Formulation. The numerical analysis of the model is
presented in Model Analysis. The results obtained from numerical simulations of the model are
provided in Numerical simulation. Finally, the conclusion drawn from this study is given in
Conclusion.

2. MODEL FORMULATION
Our study is divided into two groups: group 1 those without underlying health conditions divided
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into 5 compartments; Sp-Susceptible individuals, E,- exposed individuals, I,-infected individuals,
T, —treatment and R,- the recovered individuals. Group 2 those with underlying health conditions
divided into 5 compartments for the host population; S,. Susceptible individuals, E,- exposed
individuals, 1,- infected persons, T,-treatment and R,-Recovered individuals. The progress from
one compartment to another was formulated by 5 nonlinear ordinary differential equations for
each group. The force of infection denoted by A(t) = B[E,, + i1, + 12T, + n3E, + 14l +
nsT, ] where, 0 <ns <ny <n3 <n, <ny; <1andp isthe transmissibility parameter.

The assumptions of the study are as follows, all individuals in the country are susceptible to
COVID-19 for the disease has spread to all parts of the country. Screening of the exposed and
infected individuals reduces the rate of transmission of COVID-19 since those identified are
isolated. Individuals with underlying medical conditions are at high risk of being affected by
COVID-19 disease than those without since they spend most times in hospitals. Individuals

who have recovered from the disease can get re-infected by the virus if they get exposed to it.

Table 1: Parameters and Description

Parameters Description
T Recruitment rate into susceptible population
o Proportion of the recruitment rate to susceptible without underlying health
conditions
(1-0)n Proportion of the recruitment rate to susceptible with underlying health
condition
A, Rate at which susceptible without underlying conditions are exposed
Ay Rate at which susceptible with underlying conditions are exposed
M Natural death
&, The rate at which the treated without underlying conditions recover
&, The rate at which treated with underlying conditions recover
Q, The rate at which the infected without underlying conditions get treated
Q, The rate at which the infected with underlying health conditions get treated
&, Rate at which the exposed without underlying conditions get infected
Oy Rate at which the exposed with underlying conditions get infected
a, Death caused by COVID-19 for persons without underlying conditions
a, Death caused by COVID-19 for persons with underlying health conditions

Y1, Y23 YaYs People who develop underlying conditions in the course of Covid-19 to
Sy E, I, T yand R,
& Rate at which the recovered without underlying conditions are susceptible
&, Rate at which recovered with underlying conditions are susceptible
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Figure 1: model flow chart
2.1 Model Equations
dSy
? = 0m + gan - (ﬁ[En + nlln + 772Tn + 773Eu + 774Iu + nSTu] +y1 + ﬂ) Sn (1)
dE,

I = (.B[En + il + 0T + 03By + M4l + 15T, ]) Sp — (6, +u+vy2+6,0,)E, (2)

dl, _

E - SnEn - (Qn + an + Y3 +u+ (1 - en)o-n)ln (3)1
dr,

. =l + 0,0,E, + (1 —60,)0,1, — (& + u+va)T, (4)1
dR,

dt =& T, — (e tu+V5)R, (5)1
as.

dtu = (1 - 9)” + guRu + Y1Sn - (ﬁ[En + nlln + UZTn + 7]3Eu + 774Iu + 775Tu ] + .u)Su (6)

dE,

I = (.B[En + il + 0T + 03By + M4l + 15T, ] )Sy + V2B, — (6, +u+ 6,0,)E, (7)
dl,

it =6,E, +ysh —(Qu+tu+a, + 1- eu)o-u)lu (8)1
dr,

— =Q,I, +6,0,E, + 1- eu)o-ulu + V4T, — &y + 1T, (9)1

dt
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dRy
dt = fuTu + VSRn - (gu + :u)Ru (10),

3. Model Analysis
3.1 Boundedness and Positivity

The dynamic system is uniformly bounded in the proper subset Q € R3°
Q= {Sn (), En (6), 1 (), T, (), Ry (£), S, (), Ew (6), 1, (1), T, (), Ry, (t) € RY }

In the absence of the disease, there are no exposure to disease, no infected, no treated and no
recovery. Then initially N (0) =S (0)

i—fzn—uN—anln —ay,l, (11)
In absence of mortality rate caused by COVID-19, the equation (11) becomes;
Z—IZ <m—uN (12)

i Inifir — uN| < t + A
m—uN = Ce ™M

As t— oo, the population size N— E

lim, e N(t) < E (13)
And this implies that; 0< N < Eand N< E

Therefore, the model is bounded in the domain

Qe = {520 Ea (0 (), To (8, R (00, 5,60, Eu (60,1, (8, T, (0, Ry (6)) € RE:N < 2

Thus, the model makes biological sense and is well posed in the region.
Positivity
The positivity of the model is calculated by first letting:
S,(0)=0,E,(0) = (0),1,(0) >0,T,(0) = 0,R,(0) >0,5,(0) = 0,E,(0) >0,1,(0)
>0,T,(0) >0,R,(0) > 0.
Proof. The prove of the theorem follows that, from the first differential equations

ds
dtn =0n + Ean - (ﬁ[En + Thln + leTn + n3Eu + n4Iu + TISTu ] +v + .u) Sn
ds,
E = _(.B[En + nlIn + nZTn + 773Eu + 7741u + T,STu ] +y1t+ M)dt (14)
On integration of (14) with respect to t and substituting t=0.
d;t" > % [Sn (0)edo ~BEn 411 +n2 T 4n3Ey 40l 15T, ]+V1+u)dt] > 0. (15)

Clearly, S, (0)eJo ~BEn+1In+naTutns Bu+nalu+nsTu [+11+1)dt s 3 non-negative function of t,
therefore , (t) stays positive.
The positivity of E,, (t), I,(t), T,, (t), R, (t), S, (t), E,, (t), I, (t), T,,(t) and R, (t) are proved the
same way as follows:

E,(t) = E,(0)eCntatrz+tnonlt >
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L,(t) = I,(0)e™@ntantys+u+(1=0)on)t >
T, (t) = T, (0)e Cntrtradt > g,
R, (t) = R, (0)e~Cntutys)t > q,
S, (t) = 5, (0)e~ BlEntnin+nzTu+nsEutnaby+nsTu 1 100t > 0 (16)
E,(t) = E, (0)e~Gututbuo)t > g
Iu(t) > Iu(O)e—(ﬂu+u+au+(1—9)au)t > 0.
T,(t) = T,(0)e Cutidt > 0,
R, (t) = 1,(0)e~Eutidt > 0,
3.2 Disease Free Equilibrium point (DFE)
The disease free equilibrium point of the system of equations [(1) -(10)] is obtained by setting all
the exposed class, the treated, the infectious class and recovered classes to zero.
For those people with underlying health conditions

B = (3£ 19,72, B) = (°,0,0,0,0).
For those with underlying conditions #
£ = (s E0,10,70,R% = (Y= 0,0,00),
For the whole system #
E® = (S, ES, 19, T, RY, SO, EC, 12, TO, RY) = ("7",0,0,0,0, (1‘:’)”,0,0,0,0). (17)
This was validated by numerical method as shown below

Figure 2: Validation for the DFE for both group 1 and group 2

Validation for DFE for both group 1 and group 2

— group 1=3749
group 2=700
group 1=4749

group 2=900
m— group 1=2749
== group 2=500

Infected population

0 20 40 60 80 100 120 140 160 180 200
Time t(in days)

3.3  Computation of Basic Reproduction Number (R,)

We use the Next Generation Matrix Method to determine Reproduction number R, of the model
(Chevez et al; 2002). Using the notation f for a matrix of new infection terms and v for matrix of
the remaining transfer of infection terms in this system. The Reproduction number for the whole
model is obtained as;
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1.8, (6 + 1+ Vo + 0,0,)E,
( 0 \ ( _6nEn + ('Q'n ta, +yz+u+ (1 - gn)o-n)ln
f= 0 | — _'inn - QnO—nEn - (1 - Hn)anln + ('Sn +u+ V4)Tn (18)
KAy Sy ’ | —v2E, + (6, + 1+ 0,0,)E,
0 / \ _SuEu - V3Tn + (Qu tut+ay, + (1 - gu)o-u)lu
0 _Qulu - HuO-uEu - (1 - Hu)o-ulu - V4Tn + (S;u + .U)Tu

We obtain the matrices F and V by finding the Jacobian matrices of f and v evaluated at DFE
respectively to get,
The Jacobian matrix f for the whole system

/SB SBni SPnz SPnz SPny San\
0

0 0 0 0 0
1 0 0 0 0 0 0o |
F= (19)
| B SBimy SBin, SBxns  SBin, SBins |
\ 0 0 0 0 0 0 /
0 0 0 0 0 0
To get the Jacobian of v for whole model we let:
A1 = (571 +,LL +)/2 + eno-n)
AZ = ('Qn +an +y3+:u+(1_9n)0-n)
Az = (S +u+vs)
Ay = (6, +u+6,0,)
AS = (-Qu +.u + ay + (1 - eu)o-u)
Ao = ($u + 1)
A7 = (g +u+7vs)
A, 0 0 0 0 0
-5, A, 0 0 0 0
sl o A -8)0—2, B3 0 0 0
—y, 0 0 A, 0 0 |
0 0 —ys =6, As 0 /
0 0 ~Ys —0,0, _(1 - eu)o-u =, A
Let k1 = QnO'n, k2 = —.Qn — (1 — Bn)O'n, k3 = HuO'u and k4, = _'Qu - (1 - Hu)()'u
We obtain V ~1of the whole model as
Ai 0 0 0 0 0
5, 1
4,4, 2, 0 0 0 0
—k,6,4,454¢4 + k14,A,A54¢ k, 1
A1 4,034,454 _AzAa A_a 0 0 0
V2 1
a4, 0 0 Z 0 0
Y26, 424346 — ka¥36,444¢ + k1y34,4446 kavs V3 5 1
A14;434,A54¢ 4,434 A345 4,45 A5 0
—k4V28,4,43 + kokyy36,44 — kikay3 4,4, +
k3y,4,4345 — kv, 8, 4,45 + kiy,A4,4,45 kaokay3A14, — kyyadi 4445 —kyy3418;4, + ¥4 A1 4;40445  —ky 8,41 4,45 + k3A, 4,454, ky 1

2,0,454,454, A, 0,454,454 24,454,454, A, 0,454,45 4, Ash¢ A,
Multiplying the matrices F and V! we obtain,
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nn T, Tz T, Ts Ts
0O 0 O 0 0 0
0O 0 O 0 0 0
T, Tg Ty Tio Ti1 Trz
\ 0O 0 O 0 0 0
0O 0 O 0 0 0

FV—1=

Where;
Ty
_ % + SB&m + SB(—ky6,444546 + k14;4,4546)7, + SBy2n3
4, A4, A14,434,4544 A4y
n SB(¥26,424346 — kpy36, 4446 + k1Y3424446)14
414,434,454
SP(=kyy26,4243 + kykyy36, 44 — kikyy3dyAy + k3y, 44345 — koya6, 4445 + kiysdr4445)ns
+
A14,434,454¢
T — SBm _ SBkan, _ SBkyy3ng " SB(kzkaysd144 — koyadi4445)75
27, AA;  AyA3As A4, A34,A5 A
T - SBn, 4 SBY3N4 N SB(—kay3414244 + y4414,4,45)n5
T4y T Msds A1A,434,454¢
T, — SBn;3 + SBEy N4 + SB(—k46, 414,43 + k3A14,4345)ns5
T, A4 As AA,A34,A5 A,
7. =SB4 _ SBkans
T As  Ashs
_ SBns
Vi3

Te

T7
_ SPx SPrb.my | SPK(—ky6,444546 + k1A A4 AsAg)N, 4 SPKyan3
A A4, A1 A, A3A A Ag A4,
N SPK(Y20,4,43406 — koy38,444¢ + k1y34,4446)14
A, 0,450,424
+ SPr(—=kyy20,4245 + kokyy36, 44 — kikgyzAyAy + k3yr Ay A345 — koya6, A4As + k1Y, Ay 4,45)0s
A, 8,030,054,
_ SBrm SBxkan,  SBrkaysns + SPr(kakyysd1Ay — kayad14445)n5
87 4, 4,45 A,A34 A, 4,054,454
Ty = SPKn; + SBKy3N, + SPr(—kyy3Ad14,4, + v, A14;4,45)ns5
A, A5 A, 0,034,054,
_ SPkn3  SBrS My | SPr(—k46,A1AyA3 + k3 A1 Ay A3As)ns
1079, + A, 4s + 014,054,454
_ SPKn, _ SPrk4ns
A: A,

Using Mathematica to obtain the Eigenvalues i=1,2,3,4,5,6 of the matrix FV~! we obtain;
X1 = 0
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Xz = 0
X3 = O
X4, = 0
X5 = 0
Xe = m53(5n44(46(4345771 — ko (Asny + v3na)) + ka(kays — vads)ns) +

Ay (k144(v3(Aens — kans) + As(denz + vans)) + 43(444546 + (v2 + kA1) (A5(4en3 +
kans) + 6,(4¢ns — kans))))) which is the spectral radius or the dominant Eigenvalue ,R,,.
(20)

For those with underlying health condition the reproduction number is given as;

On(tan+y3)no+n1(u+y4+in))
R — {S-gﬁn(#+y4+5nn2+§n+7729n5n' I H+anr‘l"1’3+5n—9n5n+ﬂn I )} (21)
" _ (U+Ya+én) (+y2+0n+0n0n) _ _
And for those without underlying health conditions the reproduction number is

0.0 Sumae+éu)tns(Ay—4y 0y +02y))
N5%udu utay+oy—0yoy+02y )

SiBu (134 v
Ru=1 T } (22)
3.4. Strength Number
Although reproduction number has been used in many epidemiological modelling with some
success and great limitations, whereby it has been employed to determine either or not the spread
will be severe, some great weaknesses has been pointed out. The number is not unique as it can
be obtained by via different methods. Another issue was raised that; this number should have
been a function of time not a constant value. Additionally, it was also noticed that a reproductive
number cannot be used to indicate either a model will predict waves or not. Recently an
alternative number was suggested and was called strength number, of course this number will be
subjected to several test to see either it can be used to help to detect some complexities in the
spread, at least it this number can help detect waves in a spread. Next generation matrix was used
to derive the value, by taking the second derivative of infectious classes (Farman et al. 2023). In
this section, we will present the strength number associate to SIRS model.

o) =i )= me ()

ai (ﬂs’hl ) ASmg- al (ﬁn) BSmar aI (#) - _ﬁzflzl
af; (ﬁsn 71;,) BSma 57 ( ) BSn2 5 (N_;"Z(NI)> _ _ﬁlizz

%(35773 N) ,35773 3E, BSn3 5~ (N By )) %

¥) =
(23)%([{5774 N) BSna - aly ( ) BSn N4 5L, (%Z(N)) - _%
0 0 (N ~ T, (N’)) __Bsns

a7 (85153 = 3157 () =

For those with underlymg condition were obtained in a 5|m|Iar way.
We obtain matrix F as;
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_BS _BSmi _BSmz _PBSmz _BSms _ BSus
N2 N2 N2 N2 N2 N2
0 0 0 0 0 0
P 0 0 0 0 0
A _ BSk  BSxny _ PBSkmp  BSknz  BSkng _ PBSwkns
N2 N2 N2 N2 N2 N2
0 0 0 0 0 0
0 0 0 0 0 0
We obtain VV~1of the whole model as
1
— 0 0
4
5, 1 o
24,4, 4,
—ky8, 440546 + k1A, 0,454 k, 1
414,434,454 APYAES 43
Y2
a4, 0 0
Y28, 424346 — kyy36,444¢ + kyy34,4,44 _ kyv3 V3
214,434,454 44345 4345
—k4y28, 4,45 + kykay36,44 — kikyys 4,4, +
k3y24,4345 — KoYy, 4445 + kiyyA,4,45  Kokyysdidy — koyaAiAgds  —kyy3d14;4, 4 v4A14,4,44

4,
8y
4445

(24)

—ky6,414,45 + k34,4345

414,454,454 414,454,454 414,454,454

A,0,0,4,A54,
1
Ao = svrpgmams (kaBSNsY28, 0 A05 430345 + kyBSns8, 43435434345

k2k4BST]5V35nA1A%A§AiA§AE + k1k4BST]5Y3A1A§A§AiA§A§ — k3 BSn5y2A1A%A§AﬁA2A2 -

ks BSIns AT A3A3A3A300 + Ky BSN5y, 8,8 A5 AL ARAGA — by By A 2341410547 —
Bsn4yz5u4143434§14‘§46 - BSKﬂ45uA%A%A3AzA§A6 + szSn4V35nA1A%A§A?}A§As -

ey BSN4y 341 A3A505A2 05 — BSNsy2 41 A3A343 4545 — BSKTI3A§A§A§45\3A§A2 +
koBSN28, 41453454345 — k1 BSN2 A1 A3A5A5A5A8 — BSN1 8,4, AFA345 4345 —

BSA; 4343454247 — /(@) where a is a set of parameters.

Having obtained the strength number to be greater than zero will lead us to great conclusion that there

will be another wave of COID-19 that will occur.

3.4 Existence of Endemic Equilibrium Point for the model (EEP).

For the sake of the analysis we consider a special case of the model for population without

underlying health conditions, whose Reproduction number;

Op(=(ut+an+y3)n2+n1(u+y4+&n))

S:Bn(.u + Ya + 6n772 + En + 7720710-11 +

u+ay+y3+op—0,0,+0,

)

R, =
{ T e+ 72 40, 1 6r00)

}

A positive endemic equilibrium exists and is locally asymptotically stable wheneverR, > 1 and the
infectious classes must be greater than zero. Setting the right hand of the model equations (4,3,2)
for infectious classes to zero and solving for T,,then substitute it to I,,. Then solving for I,, and

substituting it to E,, and finally solve for E,,.
inn + enUnEn + (1 - en)o—nln - (fn +u+ V4)Tn =0

Q1,46 E,+(1-6 I . . .

T, < —nninin (16 )n ~writing theequation in reduced for becomes;
Gntutya)

Quly+6n0nEn+(1—0,)0, 1,

T, =
A3

I, < On En in the reduced form is written as:1,, = 22
T T Qptan+ystut(-6,)0n T,

Substituting I,, into T,, we get;
Qn8n En+020, 00 En +(1-6,)0, 8, Ey,
T, =
AyAg
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i AnSn = (671 + u + Y2 + Qno—n)En

n<n H H . AnSn
E, < B Aty oo the reduced equation for E,, is ;E, < ™

Substituting 4,, in E,, with force of infection it becomes;

0
E, < BEntmihntnal)S o netituting T, and I, into E,, we obtain;
1
Bs®

1 <2 _I_EnlSnSO BN 20y, 8,5° B12820,0,S° B12(1-6,)0,8,5° (27)
Aq A1h; A14243 A1A3 A18243

which corresponds to endemic equilibrium point implying that the EEP for the system (6-10)

which are the individuals with underlying conditions and (1-10) for the whole system exists.

3.5 Local Stability of the disease free equilibrium point (D.F.E)

For the sake of analysis, we are going to consider a special case of the model for the population

without underlying health conditions.

Theorem, The Disease Free Equilibrium of the system [1-10] is locally asymptotically stable

whenever R, < 1 and unstable if R, > 1.Determining Jacobian Matrix of the system (1-5) at

Disease Free Equilibrium is obtained

r1+w B Bm B2 &n

/ 0 .3_(611 tutvy: +9nan) .8771 ﬁ’?z 0

0 o -, +u+a, +yz3+(1-6,)0,) 0 0

\ 0 enan Qn + (1 - 6n)o-n _(gn +u+ ]’4) 0
0 0 0 fn _(Il+]/5 + &,

Through inspection method we obtained following Eigenvalues which are negative.
Xi==n+w, Xo=—(& +utys)

For the reduced matrix the characteristic polynomial is obtained as;

B+a2+a,A+a;=0 (29)

From the characteristic polynomial the values a4, a,, and a5 are determined using Mathematica
Software and expressed in terms of R, . By Routh-Hurwitz Criteria for stability, the system (1)-
(10) is locally asymptotically stable at DFE whenever R, < 1 ifandonlyifa; > 0; a, >

O; as > (0 and aa, > as.

3.6 Global Stability of the disease free equilibrium point (D.F.E)

For the sake of analysis, we are going to consider a special case of the model for the population
without underlying health conditions. The global stability of disease free equilibrium is
investigated using Metzler Matrix method proposed by (Catillo-Chevez et al, 2002).

Z=F(X,2) 5 =6(X,2),6(X,00=0
Where ;X = (Sn, R,)€eR? denote non-infectious COVID-19 compartments and Z =

(E,,1,,T,)eR3 denote the infectious COVID-19 compartments E, = (X*, 0) represents the
disease free equilibrium of the system if this point satisfies following conditions.

i. —=F(X,0),where X* is globally asymptotically stable.

ii. E =D,G(X,0)Z —G(X,Z) = 0forall X,Z € Q, then we can conclude that E, is locally
asymptotically stable if the following theorems holds.
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Theorem; The equilibrium point E, = (X*, 0) of the system [1-5] is globally asymptotically
stable if Ry < 1 and the conditions (i) and (ii) are satisfied, otherwise unstable. From equation
(1) two vectors functions G(X, Z) and F (X, Z), we consider systems

F(X,0) = (Hn —O,uSn)

Letting A = D,G(X",0), which is the Jacobian of G(X, Z) taken in (E,, I,,, T,)) and evaluated at
(X*, 0) such that the matrix A is given by;

A=
/ ﬁ_(an +M+y2+9no_n) ﬁ’h :8772 \
| 671 _(Qn + u + ay + Y3 + (1 - Qn)o-n) 0 |
\ Gnan -Qn + (1 - en)an _(En + u + )/4-) /
(27)

Tn.BUZ + In,Bnl + En(ﬁ - (671 + u + V2 + eno-n))
AZ= E b, — L2, +u+a,+y;+1-6,)0,) (30)

E, 0,0, +1,(2,+ (1 —6,)0,) —T,(e, + L+ Vs)
. (1—_),3(5 +ml, +n2T)
GX,2) = 0 (31)

. 0

Therefore, if G(X,Z) > 0, then the Disease Free Equilibrium, E, is globally asymptotically
stable otherwise it is unstable. Thus G (X, Z) > 0 for all X,Z€ R3. It’s clear that matrix A is a M-
matrix since the off-diagonal elements of A are non-negative. It also implies that the local
stability for individuals with underlying health conditions and for the whole system exists.
3.8 Global stability of the Endemic Equilibrium point (EEP)

The system (1)-(10) is globally asymptotically stable if the R, = 1. We propose following
Lyapunov Functions for system (1-5) for individuals without underlying health conditions.

S, E I
k(Sy,Ep Ly, Ty Ry) =S, — St —SiIn—+y; (E —E; —E; 1n—"> + v, <1n -n-1r 1n—”)
S;; E; I;

+y3 (T — T, —T,In ) +y, (R — R, — R, In 2—’:) where y1, y,,y3 and y, were positive
constants to be determlned. After solving we obtain the value of P and Q as follows;

Hok
Sn

:A**S**+Y1S**+MS**+SR + 3Ry TS, 258, +S**uS + Y1haSn +

AlE +YZ8 E + yZAzl +Y3Q I +y39 (0% E +Y3G I + y39 (0% I +

*

T
Y3A3T + y4&n Ty + }’4A7R

- BE () | . BEn(S) Braln(s) | Bniln(®)) _ [ BnzTa(®)

Q; 8‘21)2“ ( Ty ) ( N Ty ) ( N T
Th(s S;* *k QX% TS S** *k S;*

Y1 T]ZT) - Ylsn - Hsn )\ S Sn - HS - S, an - Y1A1En -
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En Iy TH TH
E}ﬁ}\nsn - YZAZIn - EYZSnEn - Y3en0nln - Y3A3Tn - Ey}ﬂnln - KY3eno_nEn -

*
n

T Ry
T, Y30y In - Y4A7Rn - EYALEnTn (32)

Then % = 0 holds only when S, = S’*,E, = E;*, 1, = I, T, = T;" and R, = R} so the
maximal compact invariant set in (S;E;T)e : ';—Z = 0 is the singleton E;* using Lassalle’s

invariance principle W < 0 ifand only if P> Q (Mukandavire et al,2010). This result

shows that COVID-19 would persist whenever P > Q irrespective of the initial conditions and
if Q > P the disease will die out irrespective of initial conditions. The global stability for EEP
exists for people without underlying health conditions, hence implying that the global stability
for EEP for system (1-5) and (1-10) for the whole system exists.

3.9 Bifurcation analysis

For the sake of analysis, we are going to consider a special case of the model for the population
without underlying health conditions. Centre Manifold Theorem was used to investigate the
nature of the bifurcation of the model (Liu and Zhang, 2011). For simplicity of the remaining
variables is made by letting;S,, = y1,E, = y2,1, = ¥3, T, =y, and R,, = ys

N=y,+y,tys+y+ys (33)

Further , by using vector notation , y = (y; + y, + y3 + y4 + y5)T the COVID-19 model [1-5]
was written in the form % = F(y) with F = (py,p2,P3, P4, ps)” Where the Jacobian of the

system was evaluated at DFE point E? = (S9,,E?,,19,, %, RY,) = (97" 0,0,0,0, ),denoted by

J(ED).
We obtained
—(yitu) B* B™m1 B™'m2 en
= n —RA2
JEES) 0 0,00 Qn+(1-0,)a, —A3 0 (34)
0 00 & —A;

The Jacobian of % = F(y) at Disease Free Equilibrium point, with § = g*, denoted by J(E?),
has eigenvalues (—(y; + 1), —A;) which are negative then the matrix reduces to;
[ﬁ* -4 B'm Bn2 ]

5, -4, 0
[ eno_n (1 - Hn)an + 'Qn _A3 J

Eigenvectors of Jz-for a case where R; = 1, it can be shown that the Jacobian [JE7,] at p="
denoted by Jg- has a right eigenvector given by u= [uy, up, us, ug, us|” given by:

(35)

After solving the equations above, we obtained;
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_ Bluat+B niuztusfrnatenus

(B'n1uztusfny)
> 0, U, = — 0,
1 S k1 2 L, 6
n nvn +
u3=%>01 u4=%>0,
2 ; 3
nUsg
Us = >0
A7

The Jacobian matrix has a left eigenvector denoted by v =(vy, v5, v3, Vs, v5)"
After solving the equations above we obtained;

(6pv3+60,0nv4)
Vi =D :0 v :——<0
1= Vs ’ 2 (B*—A1)
*n1vy+kov *nov
173=ﬁ7712 24>O, v4=ﬁ7722>0
Ay Az

The value of a is obtained as;
a=v2,[)’(2u1u2 + 27’]1“,1113 + 277211,1“,4) < 0.
To find the value of b as per the above theorem we have, Since vy, u,, uzand u, are greater than
zero, it follows that;

b = v,8°(uy +Myuz +nyuy) >0
Therefore, a < 0 and b > 0, when * < 0 with |8*| << 1, (0,0) is unstable and there exists a
negative and locally asymptotically stable equilibrium; when 0 < f* << 1, (0,0) is stable and
there exists a positive unstable equilibrium. Absence of backward bifurcation show that it is
possible to eradicate COVID-19 disease whenever R; < 1.

4.0 NUMERICAL SIMULATION

MATLABR2017b was used in numerical simulation do demonstrate the dynamical behavior of
the non-linear ordinary differential equations in the system (1)- (10). Simulations of the system
were carried out using initial conditions and parameter values in the table below which shows a
summary of data, variables and parameter available in Literature and graphically presented.

Table 2: Parameter values for numerical simulation

Parameters Value Citation
T 9.8 Kimathi et al(2022)
B 3.11*10"-8 Assumed
I 5.09x10° Kenya demographic profile
&, 0.12 per day WHO ,Wang & Yang(2021)
&, 0.08 per day WHO, Wang & Yang(2021)
Q, 0.03 WHO, Wang & Yang(2021)
Q, 0.18 Wang & Yang(2021)
On 0.0033 Titus et.al 2020
by 1/7 Wang & Yang(2021)
a, 0.0012 per day Wang & Yang(2021)
ay, 0.0144 per day Wang & Yang(2021)
oy, 0.5 Rachel et al (2021)
oy 0.52 Assumed
&n 0.0167 Dwomoh et al 2021
&y 0.59 Assumed
6 0.49 Assumed
0, 0.002 Assumed
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0, 0.012 Assumed

Y1 0.2 Okyere et al (2022)
Y2 0.80 Wangari et al (2021)
Y3 0.3 Kouidere et al (2021)
Va4 0.20 Wangari et al (2021)
Vs 0.069 Assumed

M 0.49 Rachel et al ( 2021)
1 0.4605 Rachel et al (2021)
13 0.009 Rachel et al ( 2021)

4.1 Simulation graphs for both individuals with and without underlying health conditions
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Figure 3: Simulation graphs for individuals with and without underlying health condition

4.2 Effect of Screening the Exposed population for those with and without underlying

health conditions.

x10°  Varying
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o N & o ®
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5 10 15 20 25
Time t(in days)
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Fig. 4 Exposed population Screening rate was varied from
0,=0.0051 to o,,= 0.651 group 1 while for group 2 it was
varied from ¢,,=0.0052 to ¢,,=0.652 and the other parameters
were held constant. From fig. 4 reducing the rate of screening
it increases the number of the exposed people hence
increasing the number treated individuals for both group 1
and group 2 hence reducing the number of the susceptible
population being exposed and infected. Also when the rate of
screening is increased the number of the exposed people
reduces hence reducing the number of the infected treated
individuals. From fig. 2 the rate of exposure is higher for
population with underlying health conditions as compared to
those without.
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4.3 Effects of Screening for Infected population with or without underlying health

conditions.

6 106 Varying rate of screening for infected population

n=0.51
0u=0.52
n=0.0051
u=0.50

a9

n=0.851
0u=0.58

Infected population
©

0 5 10 15 20 25 3

Time t(in days)

Fig. 5 Infected population Screening rate for the infected
population was varied from o,, = 0.0051 to g,, = 0.851 for
group 1 and g,, = 0.50 to ag,, = 0.58 for group 2 while the
other parameters were held constant. The result shows that if
the rate of screening is reduced on the infected population it
increases the number of the infected persons hence increasing
the treated population. While if the screening rate of the
infected individual is increased it reduces the number of the
infected individuals hence reducing the number of the treated
population. The rate infectious was higher for group 1 as
compared to group 2.

4.4 Effects of treatment rate for exposed and infected populations screened for both group

1 and group 2.

107 Varying rate of treatment

—0n=0.51
au=0.52 N
= n=0.251
7u=0.252|
= n=0.851
—0u=058

o

Treated population
- &5 =

<
o

0 2 4 6 8 10 12 14 16 18 2
i e

Timn

Fig. 6 Treated population The treatment rate was varied from
o, = 0.0051to 0, = 0.851and g, = 0.52 t0 0, = 0.58
while all the other parameters were held constant. The results
in fig. 6 shows that if the treatment rate is increased it
increases the number of the treated population for the exposed
and infected population screened. Also we can conclude that
if treatment rate is reduced the number of the treated
population for the exposed and infected classes screened
reduces.
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4.5 Sensitivity Analysis of the model
Sensitivity analysis was done and the technique employed is based on the reproduction number.
Sensitivity index of the model parameter is given by the relation;

R, OR, X

X T 9x "R,

Sensitivity analysis for the whole model
Table 3: Sensitivity analysis for the whole model

Symbols Sensitivity index for both group 1 and group 2
B 1
R, 2.063014395488956
Y2 —0.2598140616507
0, —0.00143981600292
O, —0.00216800555539
£, —0.00004369137314
a, —0.000005706747435
Y3 0.0000210433217498
U —0.05525356159285
én —0.00181788839435
Ya —0.00161146558593
On —0.000020760629324
oy 0.02028562046267790
0, —0.0167187823640163
oy —0.8062435596375214
£, —0.0794581175610974
a, —0.0137696019461304
& —0.3600793474296689
m 0.000804944575963319
P 0.00347353036743719
73 0.02445896527941908
un 0.3230496508014381
s 0.3829893959098814
K 0.3695858996240922

The parameters with negative partial derivative of the reproduction number
U, 0y, 0,0, a,,¢ Ve én 2, ,6,,6,,0, and y,means that if the values are increased, may
greatly reduce COVID-19 in the community, while the other parameters are not changed. The
parameters reduce the reproduction number which indicates that COVID-19 is reduced in the
community. The positive partial derivatives of the reproduction number (with respect to
B.12,11Y3.M3, N4, M5, 6, and k)shows that an increase of these parameters increases the reproduction
number hence increasing the risk of COVID-19 in the community. The sensitivity analysis of the
model for individuals without underlying conditions exist indicating that the sensitivity analysis for
the whole model and for the individuals with underlying health conditions also exist.

5.0 CONCLUSION.

This study sought to formulate a deterministic model on the impact of screening and treatment on
the control of COVID-19 dynamics incorporating effects of underlying health conditions. The
study considered the general SIS model which was modified to incorporate the exposed population,
treated population and the recovered population. Our study incorporated the findings of study by
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(Yang et al,2021) which had divided the population in two categories. This objective was achieved
in the section 2.1 whereby the system of the first order nonlinear differential equation describing
the dynamics of COVID-19 were deduced from the flow chart.

In this study, the behavior of the deterministic model was analyzed by obtaining the positivity and
boundedness of the solution, equilibrium points, basic reproduction number was studied by next
generation matrix method, local stability of the DFE was obtained by Routh-Hurwitz criteria for
stability. Global stability was also obtained by Castilo-Chavez method, global stability of the EEP
was carried out by a Lyapunov function and Bifurcation analyses was also obtained. From the
analysis we found that, the model was bounded and lies in the positive region, DFE existed in
absence of the disease, the endemic Equilibrium point exist when the R} > 1, local stability of the
DFE is locally asymptotically stable whenever R; < 1 and unstable if R, > 1. Global stability of
EEP is asymptotically stable when R} > 1.

Further analysis was carried out using the reduced system of the model (1) -(5) whereby global
stability of the Disease Free Equilibrium is asymptotically stable whenever R, < 1 and absence of
backward bifurcation show that it is possible to eradicate COVID-19 disease. To simulate the
model the numerical value of the reproduction number was obtained to be 3.1273739895. Every
effort should be made to lower this value of the reproduction number to less than one. Also
sensitivity was for the system of the model was performed based on the reproduction number. It
was observed that increased these parameters u, 8, g, 2, @&\ Yar ény @y 25, 64, 6, 0, and 5
will reduce the burden of the disease in the community for they greatly reduce the reproduction
number to less than one. Also increasing these parameters £, 1,,11Y3, N3, N4, N5, 6, and k increases
the reproduction number hence increasing the risk of COVID-19 in the community. Our
simulations confirm the high risk of individuals with underlying health conditions. The sensitivity
analysis for those with underlying health conditions have more impact on COVID-19 transmission.
Finally, we have performed numerical simulation outlining the population of the treated and the
screened individuals. The figures on treated population show that if we increase the rate of
treatment the treated population widens. Also if we increase the rate of screening on the exposed
and infected persons it reduces the number of the infected and exposed population hence
decreasing the number of the treated population. Therefore, screening and treatment have a greater
impact in reducing the transmission of COVID-19. This study shows that the best alternative ways
to curb the spread of COVID-19 is by reducing the contact rate between the susceptible and the
exposed individuals and improving the treatment rate of COVID-19 virus. Particularly, we find that
reducing the between-group contact is effective in protecting the vulnerable group against the
COVID-19 infection, and this control strategy seems to be productive in bringing down the
numbers of infections and hospitalizations for the group with chronic conditions.
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