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a,f € I,wehave a — 8 € [ and sa = as € I for every s in semiring S. Based on this
definition, there is a special condition namely prime ideal P, when for any aff € P,
then we could prove that a or 8 are elements of ideal P. Furthermore, an ideal I of
S isirreducible if /a is an intersection ideal from any ideal A and B on S,then [ = A4

Keywords: ) . ) )
Semiring; Ideal; orI = B. We also know the strongly notion of the irreducible concept. The ideal I
Prime Ideal; of S is a strongly irreducible ideal when [ is a subset of the intersection of A and B
Irreducible; (ideal of S), then I is a subset of 4, or [ is a subset of B. In this paper, we discussed
Strongly irreducible. the characteristics of the semiring of the non-negative integer set. We showed that
pZ* is an ideal of semiring of the non-negative integer Z* over addition and
E' "E multiplication. We find a characteristic that pZ™ is a prime ideal and also a strongly

1 irreducible ideal of the semiring Z* with p is a prime number.
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A. INTRODUCTION

The algebraic structure group G is defined as a non-empty set G with binary operation *
that satisfies the associative law. Moreover, there exists an element e; such thate; * a = a *
eg = a for every a in G, and for each element of G, there exists a™! € G such thata xa™! =
a~!xa = e; (Dummit & Foote, 2004; Herstein, 1975). Based on the group theory, a new
structure can be constructed by taking any subset H of G that satisfies the group axioms with
the same binary operations as group G. Furthermore, this structure is called a subgroup of
group G (Herstein, 1995). There is a special condition on subgroup H namely the left coset of H
is similar to the right coset, i.e., ¢H = Ha for any a element of group G. This structure is known
as a normal subgroup (Ghaani Farashahi, 2023; Hao & Zhuxuan, 2013).

On the other hand, we have R # @ with two binary operations, namely addition and
multiplication. A structure R over addition and multiplication is called a ring (R, +,-) if (R, +) is
a commutative group, (R,-) is a semigroup, i.e., the multiplicative operation satisfies associative
law, and the left and right distributive laws are applied (Wahyuni et al., 2016). In the structure
ring, we have a subset of R with the same binary operation as the ring (R, +,-) such that it
satisfies the axioms that apply to a ring called a subring. We have a special condition in the ring
theory, that is for any (R, +,')is a ring and I € R with [ # @, then the set I is called the left
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(right) ideal of R ifforany r € R and x,y € I followthatx —y € I, rx € I (xr € I) (Cohen, 1946;
John B. Fraleigh, n.d.; Piciu, 2021). Furthermore, the explanation of rings is written in Chapter
4 of (Herstein, 1995) and Part II of (Dummit & Foote, 2004).

In 1934, HS. Vandiver founded the concept of semiring (Vandiver, 1934). A semiring is a
generalization of a ring (Alarcon et al.,, 1994). A semiring is a ring that reduces the inverse
element existence axiom in the additive operation. In the mentioned paper, given a set S with
addition and multiplication, we have a semiring (S, +, -) with (S, +) is a commutative monoid,
(S,-) is a semigroup, and there exists 0 € S as the additive identity, and s - 0 = 0 - s = 0 for all
s € S, both are connected by ring-like distributive laws (Allen et al., 2006; Atani & Atani, 2008;
Feng etal, 2008). A non-empty subset I of S isanideal if forany a,f € [ and s € S implies a +
B €1, and sa € I (Atani & Atani, 2008).

The application of semiring can be found in modelling of economies, queueing theory, social
networks analysis, consensus theory, etc. The researches about the ideal over semiring have
been done by any researcher in the world. (Bae Jun & Sik Kim, 1996) defined and studied
normal L-fuzzy ideal in semiring at 1996. (Kim & Park, 1996) have studied k-fuzzy ideal over a
semiring. The ideals over commutative semiring have been written in the paper (Atani & Atani,
2008). The concept of fuzzy k-ideal in semiring has studied by (Abdurrahman, 2022; Kar et al,,
2015) At 2018, Nasehpour have been studied on minimalprime ideals in semiring (Nasehpour,
2018). The ideals of any semiring also have been written by Nasehpour at 2019 (Nasehpour,
2019). Ideal I is said to be a completely prime if for every aff € I implies eithera € lorff € 1
(Nasehpour, 2019). A prime ideal has properties that I # S is a prime ideal if and only if 4, B
are ideals in S such that AB € I,then A € or B € I, with AB = {af|a € A, B € B} (Atani &
Atani, 2008).

On the other hand, the strongly irreducible ideal for a commutative ring was written by
(Heinzer et al., 2002). Analogue with the concept ideal over a ring, an ideal I of semiring S is a
strongly irreducible ideal if for any A N B € I, obtained either A € [ or B € I (Atani & Atani,
2008). We could also said that an ideal I is a maximal ideal if there exists an ideal M of semiring
Ssuchthat] € M c S,then! = M or M = S (Atani & Atani, 2008). From these definitions, we
state that if I is a prime ideal of S, then I is a strongly irreducible ideal (Hasnani & Puspita,
2021). As the explanation above, we could construct the state of the art of the previous
researches likely Figure 1.

(S,+,.)isa
semiring

|

I is an ideal of S

\ 4

I is a prime
ideal of S

|

I is a strongly
irreducible ideal of S.

Figure 1. The state of the art of the previous researches.
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Furthermore, the aims of this paper is to analyze characteristics of the ideal over
semiring of the non-negative integer. Firstly, we take the non-negative integer set over addition
and multiplication as a semiring. Then, we construct the ideals over semiring (Z*, +,).

B. METHODS

This is a pure mathematical research where the results are a deepening of a semiring theory.
The ideals over a semiring are divided into a prime ideal, a strongly irreducible ideal, and a
reducible ideal. This research uses the concept of ideals that applies to semiring. The research
method includes the analysis of ideals over the semiring (Z*, +,-). Ideals over the semiring
(Z*,+,) is constructed with defining the concept of semiring and ideals of a semiring in
advance. At this stage, literature studies are carried out to determine the definition of semiring
and ideals over semiring and the types of ideals that can be constructed over a semiring. After
that, we construct ideals over the semiring of the non-negative integer. The definition of the
ideal over semiring that explained by (Atani & Atani, 2008) is the foundation to construct ideals
over the semiring (Z*, +,-). Furthermore, we analyze the ideal over semiring (Z*,+,") and
construct the prime ideal over semiring (Z, +,-) by its definition. Then, based on definition of
strongly irreducible ideal, we construct the strongly irreducible ideal over semiring (Z*, +,-).
Moreover, we analyze the relationship between the prime ideal and the strongly irreducible
ideal over the semiring (Z*, +,-). Based on the existing theorem that for each prime ideal is a
strong irreducible ideal, we will analyze the applicability of that theorem to the prime ideal and
the strongly irreducible ideal over the semiring (Z*, +,-). Furthermore, the state of the art of
this research will show in Figure 2.

(Z*,+,.)isa
semiring
kZ?* is an pZ* is a prime
ideal of Z* » ideal, forpisa
prime number.

!

pZ* is a strongly
irreducible ideal, for p is
a prime number.

Figure 2. The state of the art of this research.
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C. RESULTS AND DISCUSSION
Let us recall that by definition, a set S over addition and multiplication is said to be semiring
(S,-,+) if the set S over addition is a commutative monoid, the set S over multiplication is
semigroup, there exists zero elemen in S, and also satisfies the distributive laws. In this paper,
we use the non-empty set Z* over addition and multiplication. The set Z* be a semiring
(Z*, +,") since satisfies the following conditions:
1. The set Z* over addition (Z*, +) is a commutative monoid
2. The set Z* over multiplication (Z*,-) is a semigroup
3. There exists 0 € Z* suchthat0-a=a-0=0,foralla € Z*
4. The tuple (Z*, +,-) satisfies the distributive laws, i.e.
a. Foranya,B,y € Z*,wehavea - (B +y) = a- B + a - y (left distribution law)
b. Forany a, 8,y € Z*,wehave (a + B) -y = a -y + b - y (right distribution law)

Proof. Given the non-empty set Z* over addition and multiplication. We will show that (Z*, +,-)
is a semiring.
1. The tuple (Z*,+) is a commutative monoid since for any «, B,y € Z* over addition
operation over the integer, obtained a + f =f+a €Z*and (e +B)+y=a+ (B +
y). There is an element O suchthata + 0 =0+ a = a.
2. The tuple (Z*,-) is a semigroup since for any «, 8,y € Z* over multiplication operation
over the integer, obtaineda - f € Z* and (a - B) -y =a - (B - y).
3. There exists 0 € Z*, over multiplication operation over the integer, obtained a - 0 = 0 -
a=0,foralla € Z*.
4. By the distribution concept over integers, we have a - (8 +y) = a - B + a - y satisfies a
left distribution law and (a + B) -y = @ - y + B - y satisfies a right distribution law for
any a, B,y € Z*. n

For any semiring S, we could construct the ideal over the semiring S. Analog with the definition
of ideal over a ring, a non-empty subset I of S is an ideal if for any a, f € [ and s € S implies
a+p €l, and sa €I (Piciu, 2021). The set {0} € and S € S are ideals over semiring S, and
both of them is called trivial ideals. From the semiring (Z*, +,-), we could construct the ideal
over the semiring Z* as follows.

Proposition 1. Given a semiring (Z*,+,"). For k € Z*, we have kZ* < Z* that can be written as
kZt = 0Z*,1Z*, 2Z%, ... is an ideal of semiring (Z*, +,-).
Proof. Given a semiring (Z*, +,-) and let kZ* € Z*, where k € Z*. It will be proved that kZ™ is
an ideal of semiring (Z*, +,-). For any km, kn € kZ* and y € Z*, we have

1. km + kn = k(m + n) € kZ*

2.km-y=k-m-y=k-my € kZ* and

3.y-km=y-k-m=k-y-m=k-yme€kZ*

Based on (i) and (ii), it is proven that kZ* is an ideal of Z*. [ |
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Example 2.

The set 5Z* € Z* = {5n|n € Z*} is the ideal over semiring Z* since for any 5n, 5m € 5Z* and

y € Z*, we have
1. 5m + 5n = 5(m + n). Since (m + n) is element of Z*, so 5(m + n) € 5Z™.
2.5m-y=5-m-y =5-(my).Since my is element of Z*, so that 5 - (my) € 5Z*.
3.y-5m=y-5-m=5-y-m=5(ym) € 5Z*.

From (1) - (3), we prove that 5Z* is the ideal over semiring Z*.

From the ideal over a semiring , we have a special condition namely a prime ideal P, when for
any aff € P,then we could prove that a or § are elements of ideal P (Nasehpour, 2019). We will
show the prime ideal of semiring Z* with the following proposition.

Proposition 3. Given a semiring (Z*, +,) and let pZ+ < Z* with a prime number p. The set pZ.*
is a prime ideal of semiring (Z*, +,") if for any a, b € Z* and a - § € pZ*, then a € pZ* or
B € pZ*.

Proof. Let a semiring (Z*, +,-) and the set pZ* < Z*. We will prove that pZ* is a prime ideal. It
will be proved that for any, f € Z*if a - B € pZ™*, then a € pZ* or B € pZ*. We will prove
with the concept of contraposition. Let a € pZ* and f ¢ pZ™, for a prime number p, we mean
a € kZ* and B € kZ™, for k is a composite number. A prime number is a number that only has
two factors, namely one and itself. Based on the fundamental theorem of arithmetic, a
composite number is a product of two or more prime numbers, i.e, k = p; - p, - ... by, With p
isaprime numberandn =1, 2, 3, ....

For any km, kn € kZ™, as the product of two prime numbers, i.e.,

km - kn = k(mkn) € kZ*
km - kn = k(mkn) ¢ pZ*

Since k = p; - p, * ... Pn, k has more than two factors, it is not a prime number. Thus, it is
proven that for any , 8 € Z*,if a - B € pZ*,then a € pZ™* or B € pZ*. ]

Example 4. Let a semiring (Z*, +,-) and the set 11Z* < Z*. We will prove that 11Z* is a prime
ideal. By the contraposition concept, let a = 11n+ x € 11Z* and b = 11n + y € 11Z* with
n,x,y € Z* and x,y # 0. Thus, we have

(1ln+x)(A1ln+y) = 11%n? + 11ny + 11nx + xy
= 11(11n% + ny + nx) + xy

Since n,x,y € Z* and x,y # 0, thus 11(11n? + ny + nx) + xy € 11Z* + N or it means that
11(11n% + ny + nx) + xy € 11Z".
Thus, we could prove that 11Z™ is a prime ideal.
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A prime ideal has properties that [ # S is a prime ideal if and only if 4, B are ideals in S such
that AB < I, then AC I or B < I, with AB ={af|a € A, B € B} (Atani & Atani, 2008).
Moreover, from Proposition 3, we have a proposition that applies to ideal pZ™ as follows.

Proposition 5. Let a semiring (Z*, +,") and A, B are ideals over semiring (Z*, +,).
1. Ideal pZ™ is a prime ideal if and only if for any A, B are ideals in Z* with AB < pZ*, then
either A € pZ* or B € pZ*, where AB = {af}la € Aand B € B.}
2. ABS ANB.

Proof. Let a semiring(Z*, +,-) and A, B are ideals over semiring (Z*, +,-).

1. (=) Given the set pZ* is a prime ideal over semiring (Z*, +,-). We will prove that for any
A,B are ideals in Z* with AB € pZ*, then either A € pZ* or B € pZ*. For any
Yiia;B; € ABwith a; € Aand B; € B, a;3; € AB < pZ* foralli = 1,...,n.Since pZ™ is
a prime ideal, hence «a; € pZ* or B; € pZ* for any i = 1,...,n. Thus, it is proven that
either A € pZ* or B C pZ™.

(&) Assume that if AB € pZ*, then either A € pZ* or B € pZ*. We need to prove that
pZ* is a prime ideal. Based on the assumption, for any i = 1, ...,n, a;8; € AB € pZ*
obtained a; € A € pZ™* or B; € B € pZ*. Since it applies for any i = 1, ...,n, it follows
that X7, a;B; € pZ*, then a; € pZ* or B; € pZ™. Thus, it is proven that pZ* is a prime

ideal.
Based on (=) and (&), it is proven that pZ™* is a prime ideal if only if for any A, B are
ideals in Z* such that AB € pZ*, then either A € pZ* or B < pZ™. [

2. We need to prove that AB € A N B.Forany x € AB,we will showthatx € AN B,i.e,x €
Aand x € B.Letx = )|, a;f;, @; € A, and B; € B.
a. Considering that B; € Z*, a; € A, since A is an ideal over semiring (Z*,+,"), then
a;p; € Aforeveryi =1,..,n. Thus, 2}, a;f; € A.
b. Considering that a; € Z*, B; € B, since B is an ideal over semiring (Z*,+,), then
a;B; € Bforeveryi =1,..,n. Thus, -, a;8; € B.
From aand b, itis shown that for any x € AB implies x € A N B. Thus, itis proven that
AB S ANB. [

Moreover, the following example is to show one of the prime ideal over semiring (Z*, +,-).

Example 6. Let semiring (Z*, +,-) and the set A and B are ideals over semiring Z*. We have an
ideal 7Z* over the semiring Z*, the set 7Z* is a prime ideal if for any ideal 4, B in Z* with AB €
7Z*,then A € 7Z* or B € 7Z*. We prove that for any A, B are ideals in Z* with AB € 7Z*,then
either A € 7Z* or B € 7Z*. For any Y]~ a;8; € AB with a; € Aand B; € B, a;8; € AB € 7Z*
for alli = 1,...,n. Since 7Z* is a prime ideal, hence a; € 7Z* or ; € 7Z* for any i =1, ..., n.
Thus, it is proven that either A € 7Z* or B € 7Z*.

Analog with the concept of ideal over a ring, for arbitrary semiring we could find an ideal
namely a strongly irreducible ideal if for any A N B € I, obtained either A S I or B € I . The
following proposition show the strongly irreducible ideal over the semiring (Z*, +,-).
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Proposition 7. The set pZ™ is a strongly irreducible ideal if for any ideals A, B in ZYand AN B C
pZ* implies either A < pZ* or B € pZ*.

Proof. Given a semiring (Z*, +,") and the set pZ* c Z*, where p is a prime number. We need to
prove that pZ* is a strongly irreducible ideal. Then, for any A,B are ideals over
semiring (Z+, +,-) with A N B € pZ*, we show that either A € pZ* or B € pZ*. Since Z* and
pZ™ are ideals in Z* and the set pZ* is a maximal ideal, it follows that A N B € pZ* means not
only A € pZ* and B < pZ* butalso A € pZ* or B € pZ*. Thus, itis proven that pZ* belongs to
a strongly irreducible ideal of semiring (Z+, +,-). [ ]
The research that has been done by (Hasnani & Puspita, 2021) states that for any prime ideals
is a strongly irreducible ideal. Thus, from Proposition 2 at (Atani & Atani, 2008), we could
construct a proposition that applies at the semiring Z* as follows.

Proposition 8. If pZ™ is a prime ideal of Z*, then pZ* is a strongly irreducible ideal.

Proof. Given that pZ* is a prime ideal, it will be proved that pZ* is a strongly irreducible ideal.
For any A, B are ideals of the semiring (Z*, +,-) such that A N B € pZ*, we need to prove either
A C pZ* or B € pZ™*. Let pZ* be a prime ideal and A, B are ideals in Z* with An B € pZ™*.
From Proposition 4, to show that pZ* is a strongly irreducible ideal, it is shown that A € pZ*
or B € pZ*. By using contradiction, we assumed that A € pZ* and B & pZ™*. Since pZ* is a
prime ideal, where A € pZ* or B & pZ™*, then AB & pZ™*. Based on Proposition 3, it is known
that AB € AN B S pZ*, contradicts the fact that AB € pZ™. Thus, it is proven that if pZ* is a
prime ideal, then pZ™ is a strongly irreducible ideal. [ ]

D. CONCLUSIONS AND SUGGESTIONS

A ring can be generalized to be a semiring. A semiring is constructed from the non-empty
set S over addition and multiplication operations. The set (S, +) is a commutative monoid, (S,-)
is a semigroup, a neutral element exists, and the left and right distributive laws apply as in a
ring. An ideal of a semiring can be constructed analogue with the definition of an ideal of a ring,
i.e, the set I € S is called an ideal of the semiring (S, +,") if forany a,8 €  and s € S, then a +
fElanda-s=s-a €l

The object of this research is the set of non-negative integer. Previously, it has been shown
that the set of non-negative integers over addition and multiplication operations, denoted by
(Z*,+,) is a semiring. One of the ideals of the semiring (Z*, +,) is the set of numbers kZ* =
0Z*,1Z*,2Z%, .... In addition, a prime ideal of the semiring (Z*, +,-) can be found, namely the
set pZ™*, with a prime number p. Moreover, we construct that pZ* is also a strongly irreducible
ideal of the semiring (Z*, +,-).
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