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Introduction

A CR structure on a 2n+ 1-dimensional manifold M is a n-dimensional subbun-
dle T M of TM®C such that T4 MAT®0 M = 0 and [T M, 70 M C
T M. This definition is inspired by complex analysis: in fact every real hy-
persurface of C"*! has a natural CR structure, and this definition permits to
study in an abstract way the geometry of these hypersurfaces.

A CR structure is called nondegenerate if H(M) = Re(TH) M T M) is
a contact distribution, and in such case a contact form on it is called a pseudo-
Hermitian structure.

The choice of a contact form determines a rich geometric structure. For
example it determines a pseudo-Riemannian metric gy, and the CR manifold is
said pseudoconvex if it is Riemannian. Furthermore 6 determines a connection
called Tanaka-Webster connection, and a curvature tensor.

Since a pseudo-Hermitian structure on a nondegenerate CR structure is de-
fined up to the multiplication by a smooth function, their study leads naturally
to study problems of conformal geometry.

In particular, since gy can be used to contract the curvature tensor, the
choice of 6 determines a scalar curvature invariant R called Webster curvature.
Thus it is natural to study the Webster curvature prescription problem, and
as a particular case the CR Yamabe problem. If 0 = @26 then the Webster
curvature R relative to 6 is

Q+2

R =uo—2(—b,Ay + R)u, (1)

where A, is a second order differential operator called sublaplacian, and Q =
2n 4 2 is the homogeneous dimension. The similarity between this formula
and the formula for the conformal change of scalar curvature shows the strong
relationship between CR geometry and conformal Riemannian geometry.

The most important CR manifold is the Heisenberg group H". It plays a
role in CR geometry analogous to the one of R™ in Riemannian geometry. In
particular it is flat, and every pseudoconvex CR manifold has local coordinates
with domain in H™ which preserve the structure at first order, analogously to
the normal coordinates of Riemannian geometry.

For these reasons it is interesting to study contact forms on H™ for which the
curvature satisfies special properties. A natural choice is to look for constant
positive Webster curvature. By formula (1) the problem is equivalent to find
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positive solutions to the equation
Q+2
—Apu = u@-2. (2)
In R™ positive solutions of the analogous equation

n+2

—Au =unr-2, (3)

which correspond to metrics wne grr~ Wwith positive constant scalar curvature
(up to an inessential constant) are completely classified (see [CGS]), and are

n—2

Un (7)) = <Vn(n—2))\> i

X2 1 |z — o2

Geometrically the metrics corresponding to this family of solutions are the round
metric of the sphere pushed forward to R™ through the stereographic projection.

The problem of classifying solution of (3) on R™\ {0} has also been studied
and completely solved. In fact has been proven (see [CGS]) that all solutions
(besides the restrictions of regular solutions) are radial, and this allows to study
a one dimensional problem, which turns out to be a Hamiltonian dynamic sys-
tem. It turns out that there are two kinds of solutions: a homogeneous so-
lution, m(sifzw’ corresponding to the standard metric on the cylinder, and a
family of solutions called Fowler solutions verifying the homogeneity property
u(Az) = A~("=2)/2y for some )\, which geometrically correspond to periodic
metrics on the cylinder, known as Delaunay metrics (see [MP] and the refer-
ences cited therein). These solutions have been used to study general singular
solutions, in blow-up theory, and to build singular metrics.

These classification results were proved using the method of moving planes,
which cannot be extended to the Heisenberg group because it does not have
enough symmetries.

Positive solutions of Equation (1) on H™ were classified by Jerison and Lee

(see [JL2]) under the integrability hypothesis u € L&, Such solutions are

Co

<t2 +(1+ |z|2)2)

w(z,t) = @2/

with dilations and translates thereof, where (z,t) are the standard coordinates
of H" defined in Chapter 2. Geometrically these solutions correspond to the
standard contact form on the sphere S?"*! transported on H" through the
Cayley transform, and thus there is a strong analogy with the Riemannian case.

In this thesis we investigate singular solutions of Equation (1) on H™ \ {0},
and in particular we prove the existence of solutions analogous to the homoge-
neous one and to the Fowler solutions.

The appropriate generalization of the notion of homogeneity is obtained by
the natural dilations of H" defined as ) (z,t) = (Az, A%t) (see Chapter 2).

In Chapter 3 we prove the following theorem about the existence of solutions
analogous to the Fowler’s ones on R™ (see [A1]).
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Theorem 1. There exists Ty such that for T > Ty there exists a positive solution

of the equation
Q+2
—Apu = u@-2

on H™ \ {0} such that wodp = T=%u, and T is the smallest period.

In order to prove the above Theorem, we will formulate the problem as
the Euler-Lagrange equation for the functional, defined on a suitable functional

space X,
1 «
srtw)= [ (1o = gl
Qr

where Qr = {1 < |z| < T} and |X]| is the subriemannian norm. Then we will
define a family 27 of approximate solutions Wy 7, depending on a parameter
A € R, by adding infinitely many dilates of w. We will prove various estimates
that show that Wy r is in fact an approximate critical point of #r, and that
d?> Zr is nondegenerate on 27 on the orthogonal of the tangent. This will
allow us to use the Lyapunov-Schmidt method to find an exact solution as a
perturbation of the approximate one.

In Chapter 4 we will prove the existence of a homogeneous solution (see
[A2]).
Theorem 2. There exists a non zero solution ¥ of the equation

Q+2

—AV = ¥o-2,

defined on H™ \ {0}, such that ¥ o ) = AU for all X > 0 and U(z,t) =
U(|zl,1).

The strategy that we adopt to prove the above theorem is to perform a con-
formal change with the form 6 = ﬁ& which is invariant by Heisenberg dila-
tions, and then to impose symmetries to get a one-dimensional variational prob-
lem. In order to perform the conformal change on the annulus {1 < |z| < T}
in the Riemannian case one can use the fact the problem of prescribing scalar
curvature on the interior of a manifold and mean curvature on the bound-
ary (known in the literature as Escobar problem) has a variational formulation
through a conformally covariant functional. In CR geometry such formulation
did not exist, so we provided it by defining an appropriate notion of curva-
ture of a hypersurface of a CR manifold which is conformally covariant (see
[CHMY, CCWYY] for related problems in dimension three).

In R™ the Fowler solutions bifurcate from the homogeneous one, as can
be proved by ODE analysis. In Chapter 4 we prove the following bifurcation
theorem for the homogeneous solution ¥ found by us.

Theorem 3. There exists arbitrarily large values of T for which d* #1(V)
1s singular, and every such value is a bifurcation value of non-homogeneous
solutions.
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In Chapter 5 we move to another important matter in CR geometry, that is
the Einstein-Hilbert functional.
In Riemannian geometry the Einstein-Hilbert functional is defined as

o) = [ Roav,
M
and the renormalized, scaling-invariant, version thereof is
~ 2—n
%(g) = Vol(M) = %(g).

The Einstein-Hilbert functional plays a fundamental role in the study of
Riemannian manifolds. Critical metrics for # are Ricci-flat metrics, and critical
metrics for & are Einstein metrics. There is also a significant relation to the
Yamabe problem, ince if the infimum of & in a given conformal is smaller than
that on the standard sphere, this infimum is attained by a Yamabe metric.

In particular S™ with the standard metric is a critical point for Z(g). It can
be proved that it is a saddle point: d%@(g) is zero on the tangent of the space
of variations that arise by pulling back the metric by diffeomorphisms, positive
definite on the tangent to the space of conformal variations, and negative definite
of the orthogonal of the sum of these two subspaces.

Given a compact, non degenerate, 2n + l-dimensional pseudo-Hermitian
manifold, we define the Einstein-Hilbert functional as

”//:/MWH/\(dQ)"

and the renormalized version as
—_— Q-2
W =Volg(M) @ #.
In Chapter 5 first we characterize the critical CR structures for Va

Theorem 4. A pseudo-Hermitian structure is stationary for V//Vif and only if
it has constant Webster curvature and zero torsion.

If ¢ (THOM) = 0, this is equivalent to the pseudo-Hermitian structure
being pseudo-Einstein. -

Then we study the second variation of # on S§?"*+! with its standard CR
structure and contact form, which, thanks to the former theorem, is a critical
point. Thanks to a theorem of Gray, we can suppose that a variation has the
same contact distribution, and so we have to consider variations of the couple
(J,0). As for the variations of 6, they are conformal variations, and so d*>#
is positive semidefinite on these direction by the solution of the CR Yamabe
problem.

As for the variations of J, let us denote J = 2E. S' acts naturally on
SQn+1 C Cn+1 by

p(em)(zl, ey Zpal) = (ewzl, .. ,.ei‘g,zn_|r1)7
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and accordingly on all tensor spaces on S2"t1. Let us denote by E(™ the m-th
Fourier component corresponding of E with respect to this action. Then we will
prove the following formula.

Theorem 5. With respect to the Fourier decomposition defined above, the sec-
ond variation of W with respect to J is given by

B (00, Jo)[E.E] =n Y (m+4)/ E<m>‘290 A (dfo)™.

meZ 53

This formula can be interpreted thanks to results of Bland and Duchamp
chagcterizing the Fourier components E(™) . When n > 2, it turns out that
d*W is negative definite, as in the Riemannian case. When n = 1 the second
variation d2# is negative definite on the subspace of embeddable perturbations,
while it is negative definite on the orthogonal thereof.

We recall that every pseudoconvex CR manifold of dimension greater or
equal than 5 is embeddable by a result of Boutet de Monvel, while in dimension
3 CR manifolds in general are not CR embeddable. CR embeddability is strictly
connected to the analytic and geometric properties of CR manifolds, and in
various questions embeddable CR manifold behave like the Riemannian case,
in opposition to non embeddable CR manifolds. For example this is the case
for the positivity of pseudo-Hermitian mass and for the behavior of the CR
Yamabe functional (see [CMY1, CMY?2]). So our result on the variation of the
CR Einstein-Hilbert functional is a further result that corroborates this pattern.

The plan of the thesis is as follows.

In Chapter 1 we will give an introduction to CR geometry, trying to give
as best as possible the motivations from complex analysis, and introducing the
funfamental concepts that will be used in the following chapters such as the
Tanaka-Webster connection and the associated curvature.

In Chapter 2 we will introduce the Heisenberg group H™, which is most
important example of CR manifold and the main subject of this thesis. We
will motivate its definition by symmetry arguments, then we will describe the
main tools we will need like the fundamental solution of the sublaplacian and
the Jerison-Lee solution of Equation 2.

In Chapter 3 we will prove the existence of the Fowler-type solutions of
Equation 2 on H™ \ {0}.

In Chapter 4 we will prove the existence of a homogeneous solution of Equa-
tion 2 on H™ \ {0} and the bifurcation result described above.

In Chapter 5 we will study the first variation of the CR Einstein-Hilbert func-
tional on pseudo-Hermitian manifolds and the second variation on the spheres.
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Chapter 1

CR geometry

1.1 CR manifolds

The study of analysis in several complex variables shows that real hypersurfaces
of C” or of complex manifolds are not holomorphically equivalent and possess ge-
ometric properties that distinguish them, and, in the case of boundaries, hugely
influence the complex analytic properties of domains. CR structures are a way
to study the geometry of these hypersurfaces abstractly and in an intrinsic way
that does not depend on a specific immersion in C™.

To find a way to achieve this goal, one cannot simply act through restriction
from the definition of complex manifold through charts, so a more suitable
equivalent definition is used.

We recall that given complex coordinates z', ..., 2", the usual coframe used
is the local frame of the complexified cotangent bundle given by the differentials
of the coordinates and their conjugates, dz!,...,dz",dz',...,dz", and the local
frame of vector fields used is the dual frame of the latter,

0 o 0 0

9z 0z 9Ft T o

g 1,0 .0
0z 2 (8;6“ Z(?y“) '

First of all, let us recall that a function C® — C* is holomorphic if and only
if it is real differentiable, and the differential is complex linear. Furthermore
a real linear operator between complex vector spaces is complex linear if and
only if it commutes with the multiplication by 4, which, by the real point of
view, is a linear operator. When considering this on the tangent spaces, the
operator of “multiplication by i” on T,,C™ which characterizes the differentials

of holomorphic functions in this way is evidently the one that maps aga |p to

0%1 to — 2= . We cannot indicate it with the symbol ¢ because
Yolp

given explicitly by

ox™

lé)
and =%
Jy »

7
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it already denotes the multiplication by 7 in the complexification, so we denote
it by J,. On the complex frame, J% = i% and % = —i%.

It turns out that the tensor J is invariant by biholomorphism, and so it
can be defined on complex manifolds. This can be verified through a simple
computation, or alternatively it can be noted that Jy is the differential of the
multiplication by ¢, and apply the elementary formula d(p(iz)) = i(dp)(iz) in
z=0.

Because of the latter considerations, a function ¢ : M — N is holomorphic
if and only if dy o Jyy = Jn o dp. Furthermore, applying this to the identity,
we see that J determines uniquely the structure of a complex manifold.

We recall that operator J on a real vector space V is the multiplication by
1 with respect to a complex vector structure extending the real one if and only
if J2 = —I, and that such an operator is called a complex structure on V. In
light of the preceding considerations, the following definition arises naturally.

Definition 1.1 (Almost complex structure). An almost complex structure on
a manifold M is a tensor J € End(T'M) which is a complex structure on the
tangent space of every point p € M.

J is diagonalizable and has ¢ and —i as eigenvalues, and so is determined by
its eigenspaces, which we call T(h9 M and TV M. Since J is a linear opera-
tor, TOVM = TN and so J is determined by T M alone. Hence an
equivalent definition of almost complex structure on a 2n-dimensional man-
ifold is a subbundle T0DM c TM @ C such that dimTWM9M = n and
T M N T M = {0}.

In the case of a complex manifold, with respect to local coordinates

T(l’O)MSpan{ 4 .. 0 },

0217777 9z
and so T(10) M respects the formal integrability condition
(T M), DT M) € T(THO M),
A deep theorem establishes that the converse is true.

Theorem 1.2 (Newlander—Nirenberg). An almost complex manifold is a com-
plex manifold if and only if [[(THO M), (T M)] C (T M). !

Therefore a 2n-dimensional complex manifold can be equivalently character-
ized as a subbundle T M ¢ TM @ C such that dim TMOM = n, TGO M N
TAOM = {0} and [[(TEOM), D(TEDM)] € T(THOM). This definition is
suitable to restriction, and hence the following definition is motivated.

Definition 1.3 (CR manifold). A CR structure on a 2n + 1-dimensional man-
ifold M is a n-dimensional subbundle 7% M of TM ® C such that:

IFor a proof see [CS, Theorem 5.4.4] and the references cited therein at the end of the
chapter
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o TN NTODM =0, where TOD M =T M,
o [I(TEOM), T(TTOM)) C T(TEOM).

As anticipated, real hypersurfaces of a complex manifold carry a natural CR
structure.

Proposition 1.4. If M is a real hypersurface of a n-dimensional complex man-
ifold X, then T X N (TM ® C) is a CR structure on M.

If M is a 2k + 1-dimensional real submanifold of X, with k& < n, then
TUOX N (TM @ C) is not in general a CR structure on M because it can
have dimension less than k. If dim(7(? X N (TM ® C)) = k then it is a CR
structure.

We define

H(M) = Re(THO M @ 7OV M),

Inspired by complex manifolds, we define a complex structure J on H (M) such
that the i-eigenspace on the complexification H(M) ® C = T M @ TN M
is T M: that is, by the explicit formula,

JZ+Z)=i(Z 7).

H(M) and J determine the CR structure. This can be used to give an alterna-
tive definition of CR structure as a subbundle of TM and a complex structure .J
on it verifying certain integrability conditions (see [DT, formulas 1.8 and 1.9]).

1.2 Pseudo-Hermitian structures

Let E be a subbundle of T'M of codimension one. We want to define a notion
of “maximal non-integrability” for E. Let us consider the antisymmetric map

B :T(E) x I(E) — [(TM/E)
defined as B(X,Y) = [X,Y] mod E. It is well defined because
B(fX,g9Y)=—gY(f)X + fX(9)Y + fg[X,Y] mod E'= fg[X,Y] mod E.

E is integrable if and only if B is zero. Then we say that E is a contact
distribution if B is nondegenerate at every point. 2 Since B in antisymmetric,
this implies that dim E' is even, and so dim M is odd.

Definition 1.5. A CR structure is said nondegenerate if H(M) is a contact
distribution.

Definition 1.6. Given a contact distribution F, a differential form 6 such that
E = ker 6 is called a contact form.

2Most authors use the equivalent characterization of Proposition 1.16 as a definition
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Definition 1.7. Given a CR structure, a pseudo-Hermitian structure is a dif-
ferential form such that H (M) = ker 6.

Given a pseudo-Hermitian structure 8, every other pseudo-Hermitian struc-
ture is of the form w6 with ¢ nowhere zero.

Since such a form descends to a nowhere zero section of (T'M/H(M))
TM/H(M), it exists only if TM/H (M) has nowhere zero sections, or equiva-
lently, given that dim(TM/H(M)) = 1, if and only if TM/H (M) is orientable.
Since H (M) is oriented by the complex structure J, this happens if and only if
M is orientable.

*N

As we will show, a pseudo-Hermitian structure on a CR manifold allows to
build a rich geometric structure on it, especially in the nondegenerate case.

Lemma 1.8. 0 is a contact form if and only if it is nowhere zero and the
restriction of df to ker 6 is nondegenerate at every point.

Proof. Since 6 descends to a nowhere zero section of (T M/ ker §)*, it is contact
if and only if the map (X,Y) — 0([X,Y]) is nondegenerate on ker §. Since, for
X,Y € kerf, 0([X,Y]) = —df(X,Y), the thesis follows. O

Definition 1.9. The Levi form of a pseudo-Hermitian manifold is the section
of (THOM)* @ (TOVM)* defined by

Le(Z, W) = i0(12,W]) = —id0(Z, W).

The Levi form is Hermitian:

Lo(W,Z) = —i6([W. Z)) = i6([2, W) = Lo(Z,W).
If 6 = 0 with ¢ > 0 smooth, then, since
df = d(p8) = do A O + pdb

and 6 (identified with its complexified) vanishes on H(M) ® C = TOOM @
TOD AL, the Levi form transforms as

0 = oLy (1.1)

Proposition 1.10. A pseudo-Hermitian manifold is nondegenerate if and only
if its Levi form is nondegenerate at every point.

Proof. The nondegeneracy of a pseudo-Hermitian structure is equivalent to that
of df restricted to H(M) by Lemma 1.8, and since degeneracy is left invariant by
complexification, df(-, -) is zero on (T M @ T M) @ (TOV M @ TV M),
and T M @ TODM = TOD A @ T(HO M, this condition is equivalent to d
being nondegenerate on T M @ TV M | and so to the nondegeneracy of the
Levi form. O
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Definition 1.11. A pseudo-Hermitian structure is said strictly pseudoconvex
if Ly is positive definite everywhere. A CR structure is called strictly pseudo-
convex if the Levi form of one (and hence all, by formula 1.1) pseudo-Hermitian
structure on it is definite at every point (and hence positive definite up to
changing the sign of the contact form).

Given a vector space V, if V®C = W @ W then the complexification Bg of
every bilinear symmetric form B on V can be restricted to W @ W to generate a
Hermitian form H = ®(B). Every such a Hermitian form arises in this way, but
not from a unique B. If we impose that its complexified B¢ is zero restricted to
W @W, then a unique form ¥(H) is determined. ¥ is a right inverse of ® which
is a natural way to associate a symmetric form on V to any Hermitian form on
W. If J is the complex structure on V whose i-eigenspace is W, W(H) can be
alternatively determined by the condition that ¥(H)(Jv, Jw) = ¥(H)(v, w).

Proposition 1.12. The signature of V(H) is the double of the signature of H.

Proof. Let W =W, & W_ & Wy where H is positive definite on W, , negative
definite on W_, null on Wy, and W,, W_, Wy are orthogonal with respect to H.
Then the signature of H is (dim W, ,dim W_, dim Wy). If V, = Re(W, & W),
Vo =Re(W_ @ W_) and Vy = Re(Wy @ Wp) then it can be easily verified that
Vi, Vo and Vj are orthogonal and that W(H)ly, .y, = ¥ (H|w,xw,). Since
® preserves definite or null products, U(H) is positive definite on V., negative
definite on V_ and null on Vj, and so the thesis follows. O

Applying the latter considerations to the Levi form, we get that there exists
a canonical symmetric form Gy on H (M), which is nondegenerate, or positive
definite, if and only if the Levi form is, and such that

Go(JX,JY) = Gy(X,Y).
An explicit formula for Gy is
Gy(X,Y)=do(X,JY)

(the only non trivial thing to verify to prove this is that df(-, J-) is symmetric;
see [DT, Section 1.1.2] for a proof).

When (M, T(9 M, 6) is pseudoconvex, (M, H(M), Gy) ia a sub-Riemannian
manifold.

Proposition 1.13. Given a contact form 6 there exists a unique vector field T'
such that
0(T)=1 and irdd=0.

Proof. Since df is antisymmetric and its restriction to ker 6 is nondegenerate,
its radical has dimension one and must be transverse to ker 8, and from this the
thesis easily follows. O

We call the vector field T' of the preceding theorem the Reeb vector field.
We can use T to extend Gy to a pseudo-Riemannian metric on M.
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Definition 1.14. The Webster metric gy is the pseudo-Riemannian metric on
M that coincides with Gy on H(M) and such that T is orthogonal to H(M)
and go(T,T) = 1.

Furthermore, we extend J to the whole T'M by imposing J71' = 0.

Definition 1.15. The horizontal gradient of a function u € €1 (M) is the vector
field V%u € T(H(M)) such that

Go(Vou, X) = du(X)

for every X € T'(H(M)). It coincides with the projection onto H(M) of the
gradient with respect to gg.

On pseudo-Hermitian manifolds there is a canonical volume form.

Proposition 1.16. 0 is a contact form if and only if 0 A (dO)™ is a volume
form.

Thanks to this property the divergence operator for vector fields can be
defined by
Zx (0N (dO)™) = dive(X)O A (dO)".

Finally we define the sublaplacian A, as the divergence of the horizontal gradi-
ent:
Ayu = divy(Vu).

1.2.1 Hypersurfaces

Let M be an orientable hypersurface on the complex manifold X, and let j :
M — X be the inclusion. We want to define a pseudo-Hermitian structure on
M with its natural CR structure as a restriction of a form on X.

We recall that the decomposition TX ® C = T X @ TV X gives rise to
a dual decomposition on 1-forms Q'(X) ® C = Q10 (X) @ QOD(X). In local
coordinates Q19 (X) has dz',...,dz" as a frame, QD (X) has dz!,...,dz".

Composing the exterior differential with the projections we get two operators
0:6*(X) = QLX) and 9 : €°(X) — QO (X) such that d = 9 + 0.

Since M is orientable, there exist a defining function ¢ : X — R such that
M = »~1(0) and dip # 0 on M. Since ¢ is real, this implies that dp # 0 on M,
and so ker(0p) = T9 X | and therefore

ker(j*0p) = THO M. (1.2)

The real and imaginary part of j*Oy are real forms which are zero on H(M).
The former is always zero because

2Re(j* D) = j* (Do + Op) = j*(dp) = d(p o j) =0

and hence the latter is nowhere zero, because §*0p is nowhere zero due to for-
mula (1.2). Therefore 6, = —2Im(j*0p) = j*(i(0 — 0)yp) is a pseudo-Hermitian
structure on M.
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If w is a nowhere zero function then wy is another defining function for M,
and

Oup = 57 (i(0 — 0)(ugp)) = j*(ip(0 — D)u + iu(d — D)) = uj" (i(0 — D)p) = ub,

and so every pseudo-Hermitian structure on M coincides with 0, for some defin-
ing function ¢.

1.3 The Tanaka-Webster connection

To study the geometry of pseudo-Hermitian manifolds it would be useful to
have an affine connection on them. In the nondegenerate case, since there is
the canonical Webster metric, one could think that the Levi-Civita connection
could be used, but 79 M is not parallel with respect to it, and so it is not a
good connection to study pseudo-Hermitian manifolds.

Actually 79 M is not parallel with respect to any torsion-free connection:
in fact for any connection V for which 79 M is parallel

0(Ts (2, W) = 0(V ;W — Vi Z — [2,W]) = —0(1Z,W]) = iLe(Z,W). (1.3)

Let us suppose that V is a connection such that

H(M) is parallel, (1.4)
Vgo =0, (1.5)
V.J =0. (1.6)

It is not hard to prove that this implies that also (M9 M, @ and T are parallel.
Since the obstruction that we found to V having zero torsion is (1.3), which fixes
the T-component of Ty restricted to T M x TOV M| let us impose that it
is the only component, that is that

To(Z, W) = iLy(Z,W)T. (1.7)

By a similar computation it can be proved that 6(Tv(Z, W)) = 0, so let us
impose further that
Tv(Z, W) =0. (1.8)

These conditions are compatible, but are not enough to determine a unique
connection, so let us look for conditions to impose on the remaining parts of
the torsion, which are determined by the tensor 7 : TM — TM given by
T(X)=Tv(T, X).

Given a connection V, it is well known that all other connections on M can
be expressed as VxY + A(X)Y where A € Q' (End T M), and it holds that

Toia(X,Y) = To(X,Y) + AX)Y — A(Y)X.

If V is a connection which verifies conditions (1.4)-(1.8), in order that V + A
also verifies them, the following conditions (of standard verification) on A are
required:
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1. H(M) is parallel with respect to V + A if and only if it is A(X)-invariant
for every X;

2. gp is parallel with respect to V + A if and only if A(X) is anti-self-adjoint
with respect to gy for every X;

3. J is parallel with respect to V + A if and only if A(X)J = JA(X) for
every X;

4. V + A verifies conditions 1.7 and 1.8 if and only if A(X)Y = A(Y)X for
every X, Y e T'(H(M))

(the proof of these is a standard computation).
Condition 3 implies that A(X)T = 0 for every X, and so

Tvia =T1v + A(T) (1.9)

and condition 1 implies that A(T") is an endomorphism of H(M).

Condition 2 and formula (1.9) imply that formulas (1.4)-(1.8) determine the
self-adjoint part of 7, which in general is not zero, and suggest that we could try
to make zero the anti-self-adjoint part of 7; so a possible condition to impose
on 7 is self-adjointness.

To analyse condition 4, let us define A : T'(End(H(M))) — T'(End(H (M)))
as AA = Jo Ao J. Since it is an involution, I'(End(H(M))) = P+ @ P_, where

and
P.={A|A=-A}y={A|AoJ—JoA=0}.

So condition 4 and formula (1.9) imply that formulas (1.4)-(1.8) determine the
projection on Py of 7, and suggest that we could try to impose that 7 € P,.

Condition 4 does not involve A(T) directly, so it is of no help.

It turns out that the two conditions on 7 that we conjectured, that is self-
adjointness and the condition 7o J+ J o7, can be both be achieved. Even more,
the second alone implies the first, and with all the other conditions determines
a unique connection.

Theorem 1.17. On a nondegenerate pseudo-Hermitian manifold there exists a
unique connection V such that:

o H(M) is parallel with respect to V,
* VJ:07 VQQZO,
o Ty (Z,W) =0 for every Z,W € T(T(0 M),

Tv(Z,W) =iLe(Z,W)T for every Z,W € I'(T-0) M),
d ZfT(X) ZTv(T,X) thentoJ+JoT1=0.



1.4. LOCAL COMPUTATIONS 15

For a proof, see [DT, Theorem 1.3] or [T, Proposition 3.1].

The connection of Theorem 1.17 is called the Tanaka-Webster connection of
the pseudo-Hermitian structure.

The restriction of the torsion to TH M @ T M can be expressed in terms
of Ly and T, and so it is trivial in a certain sense. Since the remaining part
of the torsion is determined by the tensor 7, this gets called pseudo-Hermitian
torsion.

Proposition 1.18. The Tanaka- Webster connection also satisfies the following
properties:

(1) TOOM is parallel;

(II) VT =0, V0 =0, Vdf = 0;
(1) (T M) € 7OV M;
(IV) 1 is self-adjoint with respect to gg;

(V) trr =0.
Proof.  (I) Tt is an easy verification.

(IT) The first is [DT, formula 1.41], the other two follow easily.
(111
(v

)
) See [DT, Lemma 1.2].
) See [DT, Lemma 1.4].
(V) Tt is sufficient to notice that

tr7 = —tr(J 1) = —trr.

1.4 Local computations

Let (M,T(l’O)M, 0) be a nondegenerate pseudo-Hermitian manifold and let
Zi,...,2Zy, be a local frame of TN . Define Zs = Z, and Zo = T. Let
0, ...,0m,0',...,0" 6°) be the dual frame of (Z1,...,Zn, Z7,..., Zm, Zo) (in
particular we take #° = ). Given a tensor T of type (k,f) and indexes
Ay, By e{l,...,n,1,...,m,0} let us define

EAl...AkBl.“BZ — T(aAl, . .’eAk,ZBl" cey ZB@)

We separate indexes relative to covariant derivatives with respect to the Tanaka-
Webster connection through a comma.
Let h,5 = Lo(Za,Z5) be the coefficients of the Levi form. h, 5 and its

inverse h®? can be used to raise and lower indexes. By definition

df = ih,50° NO°.
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Let wo? be the connection forms defined by
VZ, = waﬂ X Zﬁ

which implies that V8% = —w,? ® 6%. The equation Vd# = 0 in coordinates
becomes B
dhocﬁ = hoéquv + hvﬁw,ﬂ.

Define the functions Aag by

and the torsion forms 77 = Az°6%, so that
T=7T"® Zo+ 7% R Zg.

Then
do*(X,Y) = X (6%(Y)) = Y(6*(X)) — 6°([X,Y]) =

)
= Vx(0°(Y)) = Vy (0*(X)) — 0°([X,Y]) =
= —wp®(X)0°(Y) +0°(VxY) +ws® (V)0 (X) — 0*(Vy X) — 0°([X,Y]) =
= (0" Nws™)(X,Y) +6°(Tg(X,Y)).
Simple computations show that 8%(T¢(X,Y)) = (6 A 7%)(X,Y). Therefore
do™ = 0° Nwg® +ONT.
Since Go(7(X),Y) = Go(X,7(Y)) for X,Y sections of H(M),
do(7(X),JY) = Go(7(X),Y) = Go(X, 7(Y)) = dO(X, J7(Y)) = —dO(X,7(JY))
so, since J is invertible on H(M),
do(r(X),Y)+do(X.7(Y)) =0.

Applying this formula with X = Z,, Y = Zg one gets that Aag = Ags. In
terms of the torsion forms, this is equivalent to 7, A 0% = 0.

The properties proved in this section characterize the Tanaka-Webster con-
nection.

Theorem 1.19. On a nondegenerate pseudo-Hermitian manifold there ezist
unique forms wo?, TP such that

o d0™ = 0% Nws® +ONT?,
L] dhaﬁ = h(ﬂ(,ugv + h,ygwa’y,
e T, NO%=0.

They are the connection and torsion forms of the Tanaka- Webster connection.
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Proof. We proved above that the connection and torsion forms of the Tanaka-
Webster connection verify these equations. Uniqueness is proved in [We]. O

Given a function u, since du = u b + u 0% + uz0 then the horizontal
gradient of u is

Vou=uw"Z, +w®Zs.

It is standard to prove that there always exists a frame such that haE = :I:(SQE
(an orthonormal frame in the pseudoconvex case).

Proposition 1.20. If X = X“Z, + X%Z then
dive(Z) = X® o + X% .

Proof. Since the formula is tensorial it can be proved using any frame, and in
particular we can assume that h 5 = i‘SaE- In this case using

O A (dO)” =i (—1)" = D2(1POAO AL AT AOT AL AT

(where p is the negativity ndex of h aﬁ)a and differentiating the relation
Ly(Zy, Zz) = 0 one gets

0%(VxZa) +0°(VxZz) = Lo(VNxZo, Zx) + Lo(Zo, Vx Zz) =0

and so, evaluating the formula divx (6 A (d0)") = Zx (0 A (d§)™) on
(T,Zy...., 20, Z, ..., Z%) we get that

div(X) ==Y 0A(LxZa) = =Y 0A(X, Z4]) =
A A

== 0MVxZa— V2, X —Ty(X,Z4)) =
A

== (0"(VxZa) + 05 (VxZa)) + > (0°(V2,X) +0%(V2, X)) =

«

= Xa,a + Xa’a.

In particular we get the following formula for the sublaplacian:

Abu — uvaa + u,aa = Uga + U Fa- (110)
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1.5 Curvature
As for every connection, the Tanaka-Webster connection has a curvature tensor
R(X,Y)Z =VxVyZ -VyVxZ—VxyZ,

which is an End(TM)-valued 2-form on M. In pseudo-Hermitian geometry, a
certain restriction of the curvature tensor has particular importance.

Definition 1.21. The pseudo-Hermitian curvature tensor is the section of
(TEOMY* @ (TODM)* @ (TEOM)* @ TEO M defined as

R(Z,W)X = V;VipX — VipVzX = Vi, X

for Z, W, X € T(TWOM). Tt is well defined because (19 M is parallel.

Given a frame Z, we indicate the components of the pseudo-Hermitian cur-

vature by
RQEMV = Lo(R(Zy, Zg)Zu, Zy,).

As in Riemannian geometry, from the pseudo-Hermitian curvature tensor we
can derive other notions of curvature.

Definition 1.22. The pseudo-Hermitian Ricci is the tensor with components

RaE = R#Ba# . The pseudo-Hermitian or Webster scalar curvature is R =

oBR
h*PR,3.

We will need the the transformation law for the Webster curvature under
conformal changes of metric (see [JL1, Chapter 3] or [DT, page 160]).

Proposition 1.23. If§: @20 then

R=ua2(=byAy + R)u (1.11)
where b,, = 5—%
1.5.1 Pseudo-Hermitian sectional curvature

The pseudo-Hermitian sectional curvature of a J-invariant plane o C H (M), is

_1R(X,JX)X,JX)

kol0) = — 1~ G (X X)2

where X is a non zero element of o (the proof of the well-posedness of this
definition is standard). Equivalently, if Z is a non zero vector in o ® C, the
pseudo-Hermitian sectional curvature of o is

_1R(2,2)2.2)

ko(o) = 1 L4(Z,2)
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A classification theorem for manifolds with constant pseudo-Hermitian sec-
tional curvature similar to the Riemannian one holds, under the assumption
that the pseudo-Hermitian torsion is zero.

The natural candidates for zero and positive curvature will be defined in the
next Chapter, and H” and S?"*! respecively. Inspired by the hyperbolic space,
we define

Q" ={z€C"q(z) =1}

where q(2) = |zn41]% — Y _; |2a]?. Q™ has a unique (up to constant multiples)
pseudo-Hermitian structure invariant by the natural CR action of U(n, 1), given
by Ogr = £(0—0)q. Qy is a trivial S'-bundle on the complex hyperbolic space.

Let Q™ be its universal covering, and Gén the pull-back of Ogn.

Theorem 1.24. If a simply connected pseudo-Hermitian manifold complete
with respect the Webster metric has constant pseudo-Hermitian sectional cur-
vature K and zero pseudo-Hermitian torsion then it is isomorphic to:

e the Heisenberg group (H™, 0yn) if K =0;

e the sphere (S*"*1, LOg2ni1) if K > 0;

o (Q", %05.) if K <0.

1.5.2 Invariant decomposition

We want to better motivate the definition of the pseudo-Hermitian curvature
tensor, following [M]. We do it in the pseudoconvex case for simplicity of nota-
tion, but mutatis mutandis this could be extended to the general case.

First of all, we note that a pseudoconvex pseudo-Hermitian structure is
associated naturally to a U(n) principal bundle. Let 8 the SO(2n -+ 1) principal
bundle of orthogonal frames with respect to the Webster metric, and let o the
standard action of SO(2n + 1) on R?"*1 so that TM ~ B x, R***1.

Let Q be the principal bundle over U(n) with fiber

Q, = {(vl, ..., Vy) orthonormal base of T M with respect to Lg}

and the natural U(n) action. Then, if p is the natural action of U(n) on C",
TAEOM ~ Q9 x, C". (1.12)

Since TM ® C = TWOM @ TODM @ €°°(M)T, we can also recover the
complexified tangent bundle:

TM ® C ~ 0 X p@pPe (CTL x C™ x C) (113)

where p is the conjugate representation of p and ¢ is the trivial representation
of U(n) on C.

The operator ¢ : C*" x C" x C — C" x C" x C given by c(z,w,() =
(w,%,¢) intertwines the representation p @ p @ ¢, and thus gives rise (through
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the isomorphism of equation (1.13)) to an automorphism of the bundle TM ® C
which is obviously the complex conjugation. So T'M, which is the subset of
vectors of T'M invariant by conjugation, can be recovered through the restriction
pof p®pdetoV =ker(c—id):

TMZQXP/V

Given the natural isomorphism ¢ : V' — R2?"*! given by (2, %,t) = (Rez, Jmz, ),
pop(P) e SO(2n + 1) for every P € U(n), there exists a homomorphism
®:U(n) — O(2n+1) such that o(®(P)) = ¢(p'(P)) for every P € U(n), given
explicitly by

1 0 0
dP)= |0 ReP ImP
0 —JmP HReP

Composing p’ with ¢ one gets a representation p of U(n) on R?"*! such that
TM = Q x; R*", (1.14)

Since T is parallel and the curvature tensor is real, the curvature R(X,Y)Z
is completely determined by its restriction to Z € T M, which has values
in T M. Since it is antisymmetric in X and Y and its action on 79 M
is skew-Hermitian, it can be seen as a section of so(TM) ® u(T™9 M), and
so, thanks to (1.12) and (1.14), it corresponds to a U(n)-equivariant map from
0 to so(R* ) @ u(C"). dp : u(n) — so(R* 1) is an injective morphism of
representations, given explicitly by

0 0 0
dp(A)=10 PRed TmA
0 —JmA fReAd

The orthogonal of the subrepresentation dp(u(n)) C so(R?"*1) is the subrepre-
sentation
0 o7 Wl
= v A B ||A Becso(n),v,weR"
w B —A

The decomposition so(R*" 1) = dp(u(n)) @ w gives rise to a decomposition
s0(R*™ ) @u(C™) = (dp(u(n)) @ u(C"))® (v @ u(C™)). It can be easily shown
that the pseudo-Hermitian curvature tensor corresponds to the projection on the
first factor.

The second factor is zero, and so the pseudo-Hermitian curvature represents
the whole curvature tensor, if and only if the pseudo-Hermitian torsion is zero.
This follows from [DT, Equations 1.85 and 1.86].



Chapter 2

The Heisenberg group

2.1 Definition

For any geometric structure it is important to know the most symmetric ex-
amples of it. For example in Riemannian geometry the Euclidean space, the
sphere and the hyperbolic space are the most fundamental examples of Rieman-
nian manifold.

So we want to find very symmetric examples of CR or pseudo-Hermitian
manifolds, expecially pseudoconvex ones. The easiest way that we have to
define a CR manifold is to take a real hypersurface of a complex manifold, so
we look for boundaries of symmetric complex manifolds.

The natural complex manifolds to be considered are C"*! P"*1(C) and
B"tl = By(0) c Cnti !

Since C"*! and P"*1(C) do not have a boundary, we use B"**. So we find
our first CR manifold with many symmetries, the sphere B"+! = §2n+1,

We recall that B"*+! is a model of the complex hyperbolic space. If we define
the Hermitian product (:|-) on C"*2 as

n+1

<Za w) = Z ZEWy — Zn+2wn+2
k=1

then the complex hyperbolic space is defined as
AT ={[2] e P"THC) | (2,2) < 0}

The function ¢ : B"* — 5"+ defined as ¢(z) = [(z,1)] is a biholomorphism.
The group PU(n + 1,1) acts holomorphically on s#"*1 and it turns out to

1 For example they are the only simply connected manifolds which support complete Kahler
metrics with constant curvature (see [KN, Theorems 7.8 and 7.9]). Unlike the Riemannian
case, they are not characterized by having a biholomorphism group of maximal dimension;
in particular dim Aut(P™(C)), dim Aut(B™) < oo while many complex manifolds have infi-
nite dimensional biholomorphism group. However they are characterized by a fairly weak
homogeneity property (see [GKK, Theorems 6.1.1 and 6.1.3])

21
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be the group of biholomorphisms Aut(.#"*1) (this follows from [R, Theorem
2.1.1)).

A"+ (and hence B"*1) can be endowed with a natural Hermitian metric,
which is the unique (up to a multiplicative constant) invariant by Aut(s#"*1).

Every element of Aut(B"*!) extends to a CR automorphism of S$?"*1; all
CR automorphisms of §?"*1 arise in this way, 2 so Autcr (52" +!) ~ Aut(B"+1).

In the study of the real hyperbolic space, in addition to the hyperboloid
model and the ball model, there is a third important and useful model, the half-
space model, which for example is useful to study isometries with a fixed point
at the infinity. It is obtained by the ball model by a spherical inversion, and it
is relevant to us because that isometry extends to the boundary of the ball, the
FEuclidean sphere, minus a point, and takes it to R"™, and so we would like to do
the same to get an analogue of R™ in CR geometry. In the complex case spherical
inversion are not holomorphic, and if n > 2 the sphere is not biholomorphically
equivalent to a half-space. So we try to apply the simplest biholomorphism
which takes a point of 9B"*! to the infinity, that is a projectivity:

1—
F(zl,...,zn+1):< 21 Zn . zn+1>.

142777 1+zn’zl+zn+1
F takes B"*! to the Siegel domain
U = {jmzn+1 > Z |Zk|2}
k=1

and the sphere S?"1\ {p}, where p = (0,...,0,—1), to its boundary

ou = {jman => |zk|2} .
k=1

CR automorphisms of $?"*! which fix p lead to CR automorphisms of 9% .
By studying the stabilizer of a null line with respect to PU(n + 1,1), it can
be proved that the automorphisms that arise in this way can be decomposed
uniquely as Ay o Ep o 7, 4) where, if (z,() € C"~! x C:

o Ax(2,0) = (A2, \%() for X\ € (0,00);
e Ep(2,() = (Pz () for PeU(n—1);

o Tw)(20) = (z+w,(+t+2iz-w+ilwf). ?

2To prove this fact, one can use the results of [JL2] to prove this only for automorphisms
which preserve the standard pseudo-Hermitian structure on S2**1 which will be defined at
the end of this section, and then apply dimensional considerations as in [We, Theorem (1.2)]
or [M, Theorem 4.10]

3this decomposition could be seen as an Iwasawa decomposition for the group
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This resembles what happens with the real hyperbolic space, when doing the
same thing gives rise, on the boundary R"™ of the half-space model, to dilations,
linear isometries and translations.

As for the translations in R", the set {7(4+)}(2,)ecn—1xr forms a subgroup
of Aut(0% ), since

T(2,t) © T(w,s) = T(z+w,t+s+2Im(z-w)) and T(;lt) = T(—z,—t)-
So we are lead to the following definition.

Definition 2.1. The Heisenberg group H" is C” x R with the group law
(z,t) - (w,s) = (z4+w,t + s+ 2Tm(z - w)).

7(.,. defines a CR action of H" on 0% . Since this action is free and transitive,
we can fix the point 0 € C™*! as an origin and identify the Heisenberg group
with 0% by defining

’l/)(zat) = 7—(z,t)o = (th + Z|Z|2>

In this way the Heisenberg group can be endowed with a CR structure, given
explicitly by
TEOH" = d(y (T (0%).

Let us define the left translation by z € H™ as L,y = = - y. Then
(o Lz)(y) = Tay0 = 70(7(0)) = (72 0 ¥)(y)

and so L, = 1)~ ' o7, 0% is a composition of CR automorphisms, therefore it is a
CR automorphism, or, in other words, the CR structure on H" is left-invariant.
Through v we can transport the families of CR automorphisms Ay and Zp

to H™: we define

Syx=1""oAyoy
and

pp =10 "toEpor
for A € (0,00) and P € U(n). Explicitly

Sa(z,t) = (A2, \*t) (2.1)

and
pp(z,t) = (Pz,t). (2.2)

It holds that dx, 0 dx, = dxr,x, and pp, © pp, = pp, P, -

Furthermore both §) and pp are, in addition to CR automorphisms, also
group automorphisms of H™.

We need to compute a frame for 7O H". We have that T(0% )|y ~ C" x
{0}, and so THO(0%)|g ~ THOC™ x {0} and, calling 0 the identity of H",
TEOH g = d(¢p= W TE(0% ) |o) =~ T C™ x {0}. Therefore

(a2, a1
oz1 0

7...’771
0 0z
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is a basis of T(l’O)H”|O. Since T(LOH" is left-invariant, the left-invariant ex-
tensions of this vectors form a frame of it, which can be computed esplicitly
as

The coframe associated with this frame is dz', ..., dz",

Now we want to define a pseudo-Hermitian structure on H™. Obviously
there exists only one such structure that is left-invariant, up to multiplication
by a constant. At the identity dt|o is an element of Tif M such that it annihilates
Ziloy -+ Znlo, and extending it to a left invariant form one gets the pseudo-
Hermitian structure

n
0=dt+iy (:*dz* —7%dz").

a=1

0 is invariant also by the operators pp.
The Levi form is
Lo =—idf =Y (dz* Adz* — dz* Ndz®) =2 dz* Adz®
a=1 a=1

and so haE = 2§a§ and H” is strictly pseudoconvex. 4

The Reeb vector field with respect to 0 is T = %.
Applying Theorem 1.19 we deduce that w,? = 0 and 7 = 0 for every «, /3.
So we proved the following.

Proposition 2.2. On the Heisenberg group H™ any left invariant vector field
is parallel, and thus the Tanaka-Webster connection is flat; furthermore the
pseudo-Hermitian torsion T is zero.

This suggests that H” should have the same role among pseudoconvex
pseudo-Hermitian manifolds that R™ has among Riemannian manifolds. We
will show that this intuition is true.

F~1o4 is a CR isomorphism between H" ans S?"*1\ {p}. The push-forward
of @ (F~10,0 is a pseudo-Hermitian structure on S2"*+1\ {p}, but we will verify
that it does not extend continuously to S?"*!. To define a canonical contact
form on S?"*! the natural condition to impose is invariance by the elements of
Autcgr(S?™+1) which preserve the usual Riemannian metric. It can be shown
that this subgroup is U(n +1). Since U(n + 1) acts transitively on S?"*! there
can exist only one U(n + 1)-invariant pseudo-Hermitian structure on S2"+! up
to multiplication by a constant. Thanks to the results of Subsection 1.2.1 it is
quite easy find explicitly such a structure, namely fg2n+1 = %(6 —0)|z|%.

The commutation relations are

[Za,jg] = 72215,157_' and [Za, ZB] = [ZQ,T] =0

4This could have been known beforehand by who knows analysis in several complex vari-
ables by noting that H™ is, by construction, locally CR equivalent to S?"+1  which is the
boundary of a strictly convex domain
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or, with respect to the real frame,
[Xo,Ys] = 40487 and [X,, Xg] = [Xo,T]) = [Yo,T] =0

and thus H™ is a nilpotent Lie group.
Thanks to formula (1.10), and since k5 = 24,

)

|

n

Ap=1 > (ZoZa+ ZxZa) =

5 (X5 +Y3).

NG
NE

a=1 a=1

The volume form associated with the contact form is
O A (dO)" = 4™nldt A dx* Ady' A ... Adx™ A dy™

which induces a multiple of the Lebesgue measure; since 6 is left invariant,
the Lebesgue measure is a left Haar measure. Since the group inverse map
is (z,t) — (—z,—t) preserves the Lebesgue measure, it is also a right Haar
measure, and so H" is unimodular. °

2.2 Symmetry and homogeneity

The group automorphisms of H™ can be explicitly classified (see [F2, Theorem
1.22)).

Proposition 2.3. Every group automorphism of H” can be decomposed uniquely
as p1p2p3ps where:

o1(z,y,t) = (A(x,y),t) where A is a symplectic operator;

® 9y is an inner automorphism; it can be computed that

(a,b,s)($7y,t)(a,b,s)_1 = ($7yat +a- Yy— b- .T),

w3 = dy for some A € (0,00) (as defined in (2.1));

@4 is either the identity or the involution
((E, Y, t) = (y7 €, _t)'

It is also interesting to study which automorphisms preserve the other struc-
tures we put on H".

Proposition 2.4. An automorphism of H™ preserves the distribution H(H™)
if and only if, in the notation of Proposition 2.3, ps = id.

An automorphism of H™ preserves the distribution H(H™) and the sub-
Riemannian metric Go on it if and only if v = @3 = id and ¢1(z,t) = (Pz,t)
with P € U(n).

5in fact every nilpotent group is unimodular, see [K, Corollary 8.31]
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Proof. The proof consists of routine verifications, except for the fact that auto-
morphisms ¢, which preserve the metric must be unitary, which follows from
the fact that O(2n) N Sp(2n) = U(n) (see [F2, Proposition 4.6]; this is part of
the famous “two out of three” property of the unitary group). O

The family of operators §, enjoys many similarities with the dilations of R™.
We give a general definition of dilation on a Lie group.

Definition 2.5. A family of dilations on Lie algebra g is a family of automor-
phisms of the form e41°8* where A is a diagonalizable operator on A with
positive eigenvalues. The corresponding family of operators on the simply con-
nected group with Lie algebra G are also called dilations.

Many results of this section could be formulated in this more general contest.
The push forward of the Lebesgue measure under the dilations is

(60) L™ = N2nH2 m. (2.3)

Because of this, as we will see, in many matters the number @ = 2n + 2 plays
the role of the dimension of R™; because of this () is known as homogeneous
dimension of H™.

Definition 2.6. A distribution A on H" (or, more generally, on an open
cone, that is a set closed under dilations) is said homogeneous of degree «
if (A, p0dy) =A@ (A, ) for every p € Z(H"). If A arises from a function u
in L} this is equivalent to u o §y = A%u.

For example the Dirac distribution at the origin dg is homogeneous of degree
—-Q.
Definition 2.7. A linear operator T : 2(H") — 2'(H") is said homogeneous
of degree a if (T'(¢ o dy),v) = A*~¢ <Tg0,w o 61/>\>.

The vector fields Z,, X, and Y, are operators homogeneous of degree —1,
while T is homogeneous of degree —2. Since the composition (on the appropriate
domain) of an operator homogeneous of degree o and an operator homogeneous
of degree 8 is homogeneous of degree a + (3, the sublaplacian is homogeneous
of degree —2.

Let Z be the infinitesimal generator of the group of dilations, that is, the
vector field defined by

d
dA

for u € ¢1(H™). An explicit expression for it is

(wody) =Zu
A=1

g 9 9
7 = _— — + 2t—.
;x’“axk g T

It is easy to verify that

)\%(uo dx) = Z(uody) = (Zu) o dy. (2.4)
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Using this formula, it is easy to prove the following analogue of Euler’s theorem
on homogeneous functions on R™.

Proposition 2.8. A function u is homogeneous of degree c if and only if Zu =
au.

On R"™ a known characterization of the laplacian is that every linear differ-
ential operator commuting with translations and isometries is a polynomial of
the Laplacian (see [F'3, Theorem 8.51]). We want to study analogous character-
izations of invariant operators on H"”.

Proposition 2.9. A linear differential operator L on H™ commutes with left
translations and with the operators pp for P € U(n) defined in (2.2) if and only
if L =p(T,Ap) for some polynomial p in two variables.

Proof. Let G be the group generated by the left translations and the operators
pp, and H be the stabilizer of the origin with respect to the natural action of G
on H", that is the subgroup formed by the pp, so that H ~ U(n). Let m C g be
the Lie algebra of the subgroup of left translations. Now we apply [H, Theorem
4.9]. ¢ Thanks to that general theorem, the thesis becomes equivalent to prove
that a polynomial p(fRez, Jmz,t) invariant by the action of U(n) on z is of the
form p(Rez,Imz,t) = p(|z|*,t). Writing p(Rez, Imz,t) = Y t*pa(Rez, Tmz)
this becomes equivalent to prove that a polynomial p,(SRez, Jmz) invariant by
the action of U(n) is a polynomial of |z|2, and this is elementary. O

2.3 Analysis

(2, 8)] = (J2]* +£2) /"

It verifies the following properties:
e it is continuous and |z| =0 < z = 0;
o |0yz| = Azl;
o o7 = |af;
o |zy| <[z + |yl

As in the case of R™, it can be proved that all norms are equivalent.
The convolution of two measurable functions f and g on H™ is

(reo@ = [ 1wy e = [ o)

6For convenience of the reader, we point out that in the cited reference D(G/H) is defined
in Chapter 2, section 4.1, page 274; m is any Adg (h)-invariant subspace of g such that g = hdm
(see page 284); I(m) is defined in Corollary 4.8; S(m) and A are defined in Theorem 4.3; the
definition of “reductive” is given at the bottom of page 284.
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whenever the integral is defined for almost every x. Convolution can be defined
in general on locally compact Hausdorff groups with respect to a left Haar
measure, with some care required if the group is not unimodular.

As in the case of R™, convolution can be extended to measures and distri-
butions.

Convolution is associative, but unlike R™ it is not commutative as a con-
sequence of the non commutativity of the group structure, as shown by the
formula §, * 6y = 0yy.

Proposition 2.10. If X is a left invariant vector field, then X (fxg) = fx(Xg).

We point out that it is not true that X (f+g) = (X f)*g. This can be deduced
for example from the not hard to prove formula §, * X f % 0,-1 = Ad,(X)f.

We will need integral inequalities for the convolution. To state them in the
most general form, we recall briefly the notion of Lorentz spaces. Given a o-
finite measure space (X, u) and 1 < p < 00, 1 < ¢ < o0, the Lorentz quasinorm
is defined as

= M| Aa{fu] > A}/

||U||Lp,q(x) La(dt/t)

Furthermore we define [|u| .« (x) = [[t]l 1 (x)- The Lorentz space LP?(X) is
the set of functions such that this quantity is finite. When p = ¢, |Ju|| ;. =
|||/ », while when ¢ = oo, LP**° coincides with the weak LP space.

Theorem 2.11. If 1 < p,p1,p2 < 00, 1 < q,q1,q2 < 00 are such that

then there exists C' such that for every f € LPr©(H™), g € LP222(H") it holds

L # gl Loaqany < C Ul ora gany 190 o2 oz eamy -

Whenever p = q, p1 = q1 and p2 = g2 the inequality holds with C' = 1:

I|f gHLP(H”) < fllpe (H") ||9||Lp2(Hn)
and also for p =1, cc.

Proof. The theorem follows from [ON, Theorem 2.6] (with the corrections in
[Y]) and [Gr, Theorem 1.2.12, Remark 1.2.11]. O

Lemma 2.12. If0 < s < @ then a measurable function homogeneous of degree
—s and boundend on {|x| = 1} belongs to L9/,

Proof. Tt follows easily from formula (2.3). O

All of this suggests that the study of fundamental solutions for left invariant
differential operators on H” should have the same role of fundamental solutions
for constant coefficients operators (which is equivalent to translation invariant)
operators on R"™.
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Regarding the sublaplacian, since it is homogeneous of degree —2, and J is
homogeneous of order —(@), we can expect that if it has a fundamental solution,
it is homogeneous of order —Q) + 2. It turns out that this is the case, and the
fundamental solution, discovered by Folland, is known explicitly.

Proposition 2.13. There exists a constant cy such that —Ay|z|~9T2 = cody.

For the proof, see [F1], [FS, Theorem 6.2], [CS, Theorem 10.1.1] [DT, The-
orem 3.9]. The latter three references study, more generally, the homogeneous
operators —Ay + o1 (o € C), which is useful to study the Kohn Laplacian

(a version of the Hodge Laplacian for pseudo-Hermitian manifolds). We define
R —
colz]@=2

Proposition 2.14. Ifu € &' (H") then —Ap(ux @) = (—Apu) * ® = u.

Proof. The fact that —Ap(u * ®) = u follows from Proposition 2.10. If v €
2(H™) then

((—Apu) * D,v) = (=Apu, v x P) = (u, —Ap(v * D)) = (u,v).
O

Now we introduce the analogues of the Sobolev spaces. To define them, if
I=(a1,...,qn,P1,...,0s) is a multi-index, we use the notation

Xru=X{ . XY™ Y .
Definition 2.15. If U C H" is open, we define the Folland-Stein space
SHP(U) = {u € LP(U)|Xu € LP(U) for every multi-index I with |I| < k}

with norm

”u”sk,p(U) = Z Xru.
1<k

Proposition 2.16 (Properties of Folland-Stein spaces). e SkP(U) is a Ba-
nach space;

e smooth functions are dense in S*P(U); smooth compactly supported func-
tions are dense in S*P(H™);

o IfueSHP(U), lu| € S*P(U) and |||ulllgrs = [[ullgr.s-
Theorem 2.17. Ifu € SY"?(H") with 1 <p < Q and 1% =
lull Lo < CIVullp -

Proof. Let us denote X, 1o = Y,. By Proposition 2.16 we can suppose that u
is smooth and compactly supported. Then by Proposition 2.14

2n
1
u:u*ézu*(—Abq)):u*(—Abé)*(I):—zazlu*(Xié)*q):
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2n 2n
=D (Xab 5 Xab) # @ = 1 D (Xau) # (Xab @),
a=1 a=1

Xa0 % ® is equal to X[ ® where X, is the right invariant vector field coinciding
with X, at the origin. In particular, if R, = —iX;CD, then

2n

u=Y (Xqu)* Ry (2.5)

a=1

and R, are functions smooth outside the origin and homogeneous of degree
—@ + 1. By Theorem 2.11 and Lemma 2.12, if 1 <p < Q,

2n 2n
lull e <D 1(Xaw) % Rallpor < Cv Y 1 Xauln < C [Vl .
a=1 a=1

This proof does not work for p = 1, because the operator f — f * ® does not
Q
map L' to L@-1. Nevertheless if K is a homogeneous function of degree —Q +1
Q
the operator f — f * K maps L' continuously to L@-1"°°, that is, explicitly,

Q-1
sup t[{fu K| >t} <|luf[: .
t>0

and this is sufficient to prove the desired inequality thanks to a trick by Maz’ya.
By Proposition 2.16 we can suppose that u > 0. Let us set A;, = {2 <u <
2411 and wuy, = min{0, max{u — 2*,2¥}}. From formula (2.5) we deduce that

2n
lu| < Z | Xou| * |Ro| < C|Vu| * K

a=1
where K =" R,. Then

Al < Hue > 2871} < [{ IV« K| > 071241} <

(1 @ (1 o
< — < _
ok o) < (3 £, o9

Q

/nu% _ Z/ et < Y@ 4 < Y (/A w)Ql <

kez ’ Ar kEZ kEZ

Q
Q-1 oy
<0y §j/ Vul =02</ |w|) .
kez” Ar H»

and thus
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2.4 Contact form with constant Webster curva-
ture in H"
Because of formula (1.11), the problem of finding pseudo-Hermitian structures

with positive constant scalar curvature K is equivalent, up to some non essential
multiplicative constant, to finding positive solutions to the equation

Q+2
Q-2

_ Q-2
Apu = 50 Ku

Without loss of generality we can assume K = QQ—?Q, so that we are lead to the
equation

—Apu = 3, (2.6)

There is an obvious family of solutions. In fact we know, from Section 2.1,
that there exists a CR isomorphism from the sphere minus a point S?"*1\ {p}
to H", given by the formula

F(z) = ( S ,me<1_Z”+1>).
1+ Zn41 1+ Zn41 1+ Zn41
F is known as Cayley transform.
On S§?"*! the form Ogeni1 = (0 — 0)|2|*> has constant scalar curvature
by symmetry, and we know that it is positive. So the form (F~1)*g2ns1 is a
pseudo-Hermitian structure on H™ with constant positive scalar curvature, and

computing its conformal factor with respect to the standard Heisenberg form,
it can be found that a solution of equation (2.6) is

Co

w(z,t) =
t <t2+(1+|z|2)2>

@74 (2.7)

for some constant c¢g.
From w we can find other solutions through C'R automorphisms: if ¥ =
ppodyoL, € Autcr(H") then

V(W 26) = (ppodroLy) (W 26) = (W2 0ppodyoLy)-(ppodyoL,) 6 =

— (WP 0 by 0 L,) - A20 = (A%wo@o@)me’

SO )\¥w o0y o L, is a solution of Equation (2.6) too. Let us denote wy , =
Ai%w o 51/)\ oL 1.

On R it is known that all metrics with constant scalar curvature confor-
mal to the flat one are pull-backs, through the stereographic projection, of the
standard metric on the sphere (see [CGS]). Jerison and Lee proved a similar
result on the Heisenberg group, under some integrability hypotheses (see [JL2,
Corollary 4.2]).
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Theorem 2.18. All positive solutions of Equation (2.6) on the Heisenberg group
belonging to L3 are of the form wy , for some X € (0,00) and x € H".

2Q
We remark that since the volume form associated to u@ 26 is u@-2 0 A (do),

the hypothesis that u € L3 is equivalent to say that it has finite volume. In
particular this holds for pull-backs from metrics on $2"*! through the Cayley
transform. So we get the following.

Corollary 2.19. o Pseudo-Hermitian structures on H™ with its CR struc-
ture which have finite volume and constant scalar curvature are
(F~1)*0g2n+1 and its multiples and pull-backs through CR automorphisms.

e Pseudo-Hermitian structures on S*" 1 with its CR structure are pull-backs
of Og2n+1 through CR automorphisms.

The proof of the classification in R" is through the method of moving planes.
On H” this method does not work because the group of pseudo-Hermitian
isomorphisms is too small. The proof of Jerison and Lee was inspired by a proof
of Obata of the classification of Riemannian metrics of constant scalar curvature
on S™ conformal to the standard one (see [Ob, Proposition 6.1]). Obata’s proof
is based on the fact that if § = ¢ "2gg» has constant scalar curvature, then the
formula

div(BYp ;) = ¢| B?

holds, where B is the traceless Ricci tensor. Integrating over S™ then leads to
deduce that B = 0, and this permits to prove the theorem.

Jerison and Lee conjectured the existence of some formula that equates the
divergence of a vector field with a sum of squares so that integration would lead
to deduce the vanishing of the squares. Through a computer program, they
found that in fact formulas of his kind exist, and they were able to use them to
prove the classification theorem.

The hypothesis that u € L% is used, in the proof of Jerison and Lee, to
prove that after the integration by parts the boundary term tends to zero at
infinity. It is conjectured that, as in R"™, this integrability hypothesis is not
necessary, but this is still an open problem.

In [Wal, Jerison and Lee’s formula was generalized to prove an Obata-like
theorem on pseudo-Einstein manifolds.



Chapter 3

Periodic singular CR
Yamabe structures

As seen in the introduction, in R™ \ {0} constant curvature metrics conformal
to the Euclidean one are completely classified. The problem is equivalent to
classify all positive solutions of the equation

2,
—Au = un—nz .

On H” the analogous problem brings to the equation
—Apu = uds (3.1)

We want to find conformal metrics analogues to the Fowler solutions on R",
that is, such that there exist T' > 0 such that 7 is a pseudo-Hermitian isometry
4
of the associated form u@-26. This condition is equivalent to

w@20 = (67)" (u@26) = (uo br)T=T%0

. Q-2
that is, uodr =T~ "2 w.
Let Qp = {1 < |z| < T}. The natural space in which study the problem is
the Hilbert space

U 0 O :T*Q2_2u}

loc

Xy = {u € SL2(H™)

with the product

(u, ) :/ Vu - Vu.
Qr

Lemma 3.1.

/ \ul%:/ N0 6y |7
ON(E) E

33
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and

J = [ e ap
5 (E) E

whwnever u is a function such that the terms in the formulas are defined.
If w € X1 then
2Q_ 2Q_
[ = [, (32
JAQT QT

/ Vu Vv = Vu - Vo. (3.3)
51 Q7 Qr

Proof. The first two formulas follow a simple change of variables.
If1 <X <T then

2Q _2Q 2Q
/ 3% = / 3% + / 3% =
S\ Q7 Qr\Qx Qa7 \Q7

:/ \u|%+/ \T¥uo5T|%=/ 3%
QT\QA Qx Qr

From this by induction Formula (3.2) for A > 1 is proved, and simply extended
to all A\. Formula (3.3) is proved analogously. O

Lemma 3.2. If u.v € X7 then
Vu-Vv=— Apu - v.
QT QT

Proof. Thanks to a partition of unity we can write v = v +vo with uy, us € Xrp,
suppu1 N Qr C Q7 and supp us N 5ﬁQT C 5ﬁQT.
Then, using formula (3.3),

Vu-Vov = Vu- Vv + Vu -V, =
Qr Qr Qr

= — AHnU'U1+/ VU'V’UQ:
Qr 8 7T

= — Agnu - v1 —/ Agnu - Vg =
Qr § 9

= — Agru - vy — AHrtu - v9g = — Angnu - v.
Qr Qr Qr
O

We want to give a variational formulation to Equation (3.1) in Xp. Let us

define .
srt= [ (19uP = ).
Qr
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Since

d_sr(ulg) = /Q Vu- Vo — ulul 2

thanks to Lemma 3.2 critical points of #p are solutions of Equation (3.1).

In the proof we will need to work in the closed subspace of X7 of the functions
of the form w(|z],t), which we denote by Xr. Functions on Xr are functions
invariant by the action of U(n) on H", so, thanks to Palais’ symmetric criticality
principle (see [P]), critical points of #7 restricted to X are critical points of

/T on XT.
The second differential of Z7r is

& prwled] = [ (Vo Vo @ - D ).

T

We call _#Z7' the associated operator:

(ST (W)e], ¥) = & _Fr(u)lp,¥)].

3.1 Estimate of the Sobolev constant on X

In order to carry out the estimates in the next Sections, we will need an explicit
bound on the Sobolev constant on X.

Proposition 3.3. If f is an L} . function on H™\ {0} such that foép =T f
and ap = Q then

TR —1\* . )
(7)o < Callullogay) < @7 U08T) e s

Proof. Let us call f(A) = p{zx € Qr | u(x) > A} and g(t) = puf{xr € H" | u(x) >
A}. Then it holds that

g(A) = > T F(AT™).

keZ

Therefore for every A > 0, since f is decreasing,

)\Tak

i =2 [ € Od =P [ e e

kez I AT¢*=D

)\Tak

>pY fOT) |

keZ A

9 —1 N T? —1
= 7a API;TQkf<AT b) = = N9 ().
S

grtds = 7 FOT) (AT — (Tt

Ttk kez

Taking the supremum with respect to A we get the first inequality.
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For the other one, let us pick an integer N > 0 and write

pa(k+1)/N

/ £ f(€)de <

Tok/N

el 7o 0 :P/O &P f(€)de :Pz

keZ

qek+1)/N

<py ) [ et =

keZ Tak/N

N
_ Z (Tap/N o 1)TapjTapm/Nf(TajTam/N) _

N
_ (TQ/N -1) Z T@m/N ZTij(TajTam/N) -

m=1 JEZ

N
= (TN —1) Y7 7N g(remNy < NIV — 1) [lulff - -

m=1

Taking the limit for N — oo we get the second inequality. O
Proposition 3.4. If u € L?°(H") is such that Vu € L?>°°(H") then

lull 29, < C Vel

Proof. The proof is essentially the same as that one of (2.17), that is, proving

that
2n

u=> (Xou)* Ry (3.4)
a=1
and then applying Theorem 2.11. There is a technical complication, that is,
in the proof Theorem 2.17, Formula (3.4) is proved for smooth compactly sup-
ported functions and then extended by density, but smooth compactly supported
functions are not dense in weak LP spaces.

To overcome the problem, let us define £ = uw>1, B¢ = H*"\ E, u; =
uxge + xXg and us = (u — 1)xg, so that u = uy + us. It is standard to prove
that u; and us have weak sub-Riemannian gradient and that Vu; = (Vu)xge,
Vus = (Vu)xg. It is easy to prove that u; € SHP(H") for p > 2 and that
ugy € SH9(H™) for ¢ < 2. Therefore

up = Z(Xauk) * R,
a=1
for k = 1,2, and by summing, Formula (3.4) is proved. O

Combining the last two Propositions, we get a Sobolev inequality for X
with an explicit constant.
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Proposition 3.5. There exist a constant C independent by T such that for
every u € Xp

[l

- TQ 1/2
< 2Q°
sty < COED S (5]l

3.2 Construction of a family of approximate so-
lutions

We define a family of approximate critical points of #r, with the intention to
apply a perturbative method to find an exact critical point. The family is

\I/)\7T = ZMA/T’C = ZT%ICW,\ o 5Tk

kEZ keZ

where wy = A~ “uo 01/x- Dependence on T' will be omitted whenever not
relevant.
We notice that w verifies the elementary estimates
C C

[Vw(z)| <

T4 |p|@2
Lemma 3.6. V) 1 is well defined and belongs to Xr.

Proof. The series defining Wy 7 converges uniformly on compact sets K, be-
cause, if x € K

\I/)\T ZT 2

kEZ keZ

1+T(Q o = O

Analogously

(Vwy 0 d7x) ()] <

IV r(z)] = Z

keZ
<C Tk ! C},
< /\,KZ m_ \K
keZ

(where, we recall, V(uo dy) = AM(Vu) o §y because the sub-Riemannian gradient
is a homogeneous operator of degree —1). So W, r is of class 4. Since

Q-2
‘If)\’TO(ST: E T2 kOJ)\O(sTkO(ST:
kEZ

_Q=2
W)\O(STk+l =T "2 U,

Q-2
2

keZ
then \If)\7T € Xr. O
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It holds that

Q=-2p
Uy = E T 2 ®wry o 5Tk
keZ keZ

w,\O(sl/TO(STk =

Q-2
2

W) O (5ka1 =
kEZ keZ

“Hwy 0 bpr-1 = Uy

Therefore the set 27 = {¥ | A € (0,00)} is a closed curve in Xrp.
Moreover, using formula (2.4), it can be computed that

ov ) e
TAA - ﬁ,gz%m => N (A o 05”1) -

keZ

—21 -2 1
= Z <—W,\/Tk 2 ﬁ)‘Z(WI/T’“ 05>\1)> =

rez
— 2 1 1
=> ( WA/ TE /\Z(wA/Tk)> =

keZ
Q-21
=———"—U, — —Z ) .
2w ), (35)
was zero then Z(¥)) = —%\P)\ would be zero, and by Proposition 2.8 W)

would be homogeneous of degree — QQ_ 2. but it is clearly not by construction if
T is big enough.

Now we want to prove that ®, is an approximate critical point of #r if T
is big enough. So we compute the differential of #7 in Wy:

dZr(O)[ul = [ VU, -Vu— 02 1y =
Qr

2% -1
/Q ZVOJ)\/Tk VU—<Z&])\/T}9> U =

T keZ keZ

Q+2
_ Z </ Vwy e - Vu wf/TQku> +

keZ

Q+

Q- Q+2
_/Q (ZW)\/TAA> Zwk/T’“
T

kEZ keZ

.= A+ B. (3.6)

Lemma 3.7. In the above notation, A = 0.
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Proof. We have

A= Z/ T&;%k(Vw)\ OéT}C) -Vu — (Tngk)gté (UJ,\ o 6Tk)%u _
kez /O
= Z/ T%’f(vm) odpr - Vu — TQ;Z’“(W)\ o 5Tk)8t;u _
kez VS

Q+2
= Z/ T+ [TngwA - (Vu) o dp-r — T%kwf’zu odp_k| =
Ok (Q7)

keZ

Q+2

—Qkmk Q2
:Z/ T2 T"Vwy - V(uodp-r) —wy u=
kez Ok (Qr)
Q+2 Q+2
:Z/ Vwy - Vu —wd *u= Vwy - Vu —wy .
kez ok (Qr) H"

Let us pick a family of smooth functions ¢, r such that . r =1 on Br \ B,

ve,r =0 on B. and H" \ Bry1, |V r| < % on By \ B and |Vy. r| < C on
BR+1 \BR Then

Q+2

A= lim (VwA -Vu — wQ2u> Ye,R =
H’IL

e—0
R—o0

Q+2
= lim —(Apgnwy + w,\Q_2 Jupe R —uVwy - Voo g =

e—0 n
R—o0 H

= — lim uVwy - Ve p — lim uVwy - Vg g.
R—00 JBri1\Br €0/ By, \B.

Q-2 o
If £ — oo then Vwy < II\% and v < |z|7 72 , and so the first limit is zero.

If £ — 0 then Vwy $1and u S |x\*%, and so also the second limit is zero.
Therefore A = 0. O

Lemma 3.8. The term B in formula (3.6) verifies

QQ-2)
1) 2@
Bl<ciost () lul,
Proof. For x € Qr, let A(z) be the number such that )\‘E';!) € [ﬁ, \/T) Then
Q+2
Q-2 Q2
o< [ (o) - el s
Qr | \rez keZ
QL+2

Q-2 Q+2
<[ WZewm ) —ull] iz
T

keZ
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Q+2 o=

GRS .
< w —wi? ull = <
- /QT <Z Am) Mo el g2 o,y <

keZ

Q+2 a1z

Q-2 Q+2

Q-2 —

< C(logT) > |lully, /Q (E :WA/Tk> — W)
T

keZ

Q-2
=C(logT) =% |ul x, -

©
s
©

2
Q2 5t

Q—2
[ (Sl Pam ] - (o] S
Qr |z[@

keZ

by Proposition 3.5 (taking T' > Ty big, since all following estimates are valid for
T big enough). Let us define iy = |x|¥w,\. Then

29 RN
Q2 5=
o2 A= da
Bl < 005 July, § [ |(Somee ) a5
T kEZ
n is bounded, and if k > 0 and 7' is large enough then 7, ,) 7+ satisfies estimates
Q=2
()6 NG
X T 2 1 2)2
MA@y /7% (2)] S T N (Tk;) < <T>
1+(TT) |22
and
Q-2
—k _ 1 _
| <)|< (TA >|x| <<1 |x|>Qz2<(1)(k—2)%z
M@+ NS | — 2 ~ TRy =\7
1+(T;k) |$|2 Tk A T

uniformly in A. It is elementary to verify that, for a,, 5 > 1 the function

[(z + ) — o]’
x(afl)ﬂyﬁ + yaﬁ

is bounded on (0, 00)?2, and so there exist C such that

[(z + ) — 2217 < C(aleDFyP 4 4yoF)



3.3. NON DEGENERACY OF THE SECOND DIFFERENTIAL 41

for x,y > 0. Taking

Q+2 20Q
T =T, Y= Z TIX(z)/T* > a = and 6 =
keZ\{0} Q 2 Q +2
one gets that
2
o fop=}
Q-2  CESICED]
|B| < C(logT) > |lul| &, / 77;?;)2)(@ ? Z M\(x)/T* +
Qr keZ\{0}
= =
dx
+ Z M (z)/T* [2]@ <
keZ\{0}
NN\ ] g | T
Q-2 = -
< C(logT) 2@ - — <
caverst, ([ |55 ()] )
Q2
1\ 36 P
Q—2
sctoen) % iy, { (7)) [ S
X \T ar 7|9
Q2
QQ=2) 2Q
Q-2 1\ 2@
S ClogT) =@ |lullx, (T) logT —0
uniformly in A. O

Putting the former lemmas together, we proved that the functions ¥, are
an approximate critical points of _Zrp.

Proposition 3.9. There exist Ty and C, depending only on by n, such that if
Q(Q-2)
T > Ty then |V _gr|| < ClogT (%) *@™ on Zp.

3.3 Non degeneracy of the second differential

Now we want to prove the nondegeneracy of d*_#7(¥,) on the orthogonal of

the tangent to 27 when restricted to Xp (which contains Z7). To prove this,
we will use the characterization of the kernel of d* 7 (w), where

sw= [ (a2 = gup).

operated in [MU, Lemma 5.
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Theorem 3.10. A function u € S'(H™) is in the kernel of #"(w), or equiva-
lently a solution of the following equation:

—Apnu = (2° = Dw? "2u (3.7

if and only if there exist coefficients p, v, ...,va, € R such that

8(.0)\ 2n
U=y . + ; viXi(wx)

(where Xo = T and Xpqr = Yi). Furthermore #"(w) is an operator of the
form I+ with & compact, and has Morse index one, with negative eigenspace
generated by w.

The fact that #"(w) has Morse index one is not explicitly stated in [MU],
but follows from the proof of Lemma 5. The fact that w is an eigenvector and
has negative eigenvalue follows from the fact that it solves Equation (3.1).

Theorem 3.10 implies that there exists a constant C' such that if u € S*(H™)

and
6(,0)\
Vu - Va— =0, Vu-VX;(wy) =0, Vu-Vwy =0 (3.8)

then

d?_7 (wx)[u, u] > C/ |Vul?. (3.9)

n

Furthermore, under the same hypotheses, since #" is selfadjoint and wy is an
eigenfunction,

d? 7 (wy)[wx,u] =0 (3.10)

and since the corresponding eigenvalue is negative,
@ 7 (wn)wnswn] < —c/ IVeon 2. (3.11)
H’V‘L

In the following we will need the Hardy inequalities for S:2(H") and for
Xr.

Proposition 3.11. For every u € S“2(H")

2
/ kP o [ v,
n |$‘ H»

Jul? 2
—= < ClogT |Vul
||?

QT QT

Proof. The first follows from the Young-O’Neil inequality 2.11, the second from
Proposition 3.5 and Holder’s inequality. O

For every u € X
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To carry out the estimates of this Section, it will be convenient to introduce

on X7 the norm
2
2 u
lulf = [ (10uR |5 )-
Qr |z

Thanks to Proposition 3.11,
lull xp < Nl < ClogT)? |lullx, - (3.12)

Our strategy to prove that d*_#7(V,) is nondegenerate on X in the or-

thogonal of 3{;11)5 is to use Formulas 3.9, 3.10 and 3.11 to prove that if u € )?T,

ov,
-V—= = Nl
o Vu -V B\ 0 (3.13)
and

/ Vu- VU, =0, (3.14)
Qr

then, given € > 0, for T large
2

)

d?_Zr(Vy)[u,u] > c/ |Vu|? + ‘“
Qr

]

i} 2
@ Fr(U)[Ws, s > ~C [ VU2 + ’A

Qr ||

and
|d® Zr(U)[Wx,ul| < e[l g l[ullrg -

The estimates

VU, 7| < C’L ’V

2| %

OV 1
o\

C
< — . .
<5 (3.15)

|0

1
||
hold, the first because ¥y r € X7 and is of class € L the second follows from

formula (3.5).
Meanwhile by the computations in formula (3.5) follows that

Ow) Q—-21 1
A Xt~
o RS Y
and from this it can be proved that 85”; satisfies the estimate
Owx C 1
V-2 < — . 3.16
Vo] <5 PE (310

Now let u € X7 be fixed. Let W = (Boy \ Br) U (B \ Bi/2). The quantity

)

/\Q/ <|V(U05>\)|2 + ‘Z| 0 dx
w
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is continuous with respect to A and periodic with respect to log A, so we can
suppose that it is minimal for A = 1. Since in Q7 U érQp there are ~ logT
mutually disjoint sets of the form J W, there holds the inequality

u |? C
PSRy (
/W<' | |x|) tog T Jo, [V

Let us take a radial function p = p(|z|) such that p = 1 on Qr, p = 0 on
Bl/2 U (Hn \BQT, 0 S P S 1, va| S C on Bl \B1/27 |V,0| S C/T on BQT \BT
In particular |Vp(z)| < C/|z| everywhere.

u

||

2
c 2
= — . .1
) o s - (317

Lemma 3.12. If p is a cut-off function as above, there exists Ty such that for
T > Ty if (3.13) and (3.14) hold then for some C

OV C 1
b < .
’ o VPOV S oy 1llrs
and
V(pu)Vps| < —C
- (pu) VU 7Wm”m§~
Proof.
ovy oV ovy

= /W {(pVU + qu)Vaa\I;)\]

so, thanks to formulas (3.15) and (3.17),

C 1/2 1\ /2
< — Vu+ uV 2) (/ ) <
X (/W(p 2 w T2
1/2
C 2 c 1
<z 2 < - )
T A </w <|W| " )) = (logT)Y/2 A el

The proof of the second estimate is identical. O

ov

’ H»

u

|

Lemma 3.13. For every e there exists Ty such that for T > Ty if (3.13) and
(3.14) hold then

&uA C 1
M e 7
V(pu)v x| — (IOgT)l/Q A Hu||T7fJ

‘ Hn»

and
V(pu)Vwy

< c
- = gy "l
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Proof. Applying Lemma 3.12 we can estimate

OAZANY
oA

86«))\

< ‘ V(pu)V
H'n.

80.))\ 8\I/T,)\> ’ <

+ Vu(V—
‘Hn ‘H () (Yo% ~ "o

¢ ! AN Owy
P —— oWy 0wy
~ (logT)Y/2 X lullrg + Cllullrg </QTUW ’V 3 \V4 D\

Using Formula (3.16) the term
2) 1/2

8\I/>\ &u,\
V2 - V2
(/QTUW ‘ oA oA

can be estimated in an essentially identical way as in the proof of Lemma 3.8,
getting the thesis.
The proof of the second inequality estimate is identical. O

Lemma 3.14. There exist constants Ty and C such that for T > Ty if (3.13)
and (3.14) hold then

pu?

gl = € [ 19+ 2]

|z

and
9 C
|d /(UJA)[(UA7PU]| S (10gT>1/2 ||u||T,5§ .

Proof. Since u € )?T, up is invariant with respect to the symmetry (z,t) —
(—x,t), one has

V(pu) - VTi(wy) = 0.
H"»

The claim follows by Lemma 3.13, by equations (3.9) and (3.10), and elementary
Hilbert space theory. O

Lemma 3.15. There exist constants Ty and C such that for T > Ty if conditions
(3.13) and (3.14) hold, then

@ () [u,ul| = C llullz,s,

& Jr(0)[Wx, Uy] < ~C x5

and
C
|d2 77 (W)W, u)| < (log T)172 [Nz, 6 ullgg -
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Proof. By direct computation we find
|d2 7 (w)lpu, pu] — d®_Fr(0)[u, u)| =

_ \ [ 19l = @ = Dl 2

<

_/ |vu|2 _ (2* o 1)|\Il>\|2*72u2
Qr

§(2*—1)’/QT(I%

[ B2 o [ iwo 2w
w w

The first term can be estimated as in Lemma 3.8, the second in a standard way,

and the third has been essentially already estimated, to prove that for every e

there exists T' big enough to ensure that the whole sum is bounded by & Hu||2T 5
Analogously

. ('V(’“)z* 'ﬁ‘) L, (V“2+'|§|

2" -2 |w>\|2*72) |+

+(2* —-1)

212

2
<e ||U||T:9 :

This and Lemma 3.14 imply the first part of the thesis. The other statements
are deduced in an analogous manner. O

Proposition 3.16. There exist constants Ty and C such that for T > Ty

the operator Z1'(¥y) is invertible on the orthogonal space of 85‘)1;* i X7, and

H/f/(‘l’/\)_lug(xﬂ <ClogT.

Proof. Tt follows from Lemma 3.15 and basic Hilbert space theory that #7/ (W)
is invertible on the orthogonal space of 88‘11\* in X7, with norm uniformly bounded
in T with respect to operator norm associated to ||| ;. This and Formula 3.3

imply the thesis. O

3.4 Existence of solutions

We have proved that, for T big enough, on the orthogonal in XT of the tangent
of the curve 27 the second differential of #7 is non degenerate. Let us call W
this orthogonal in the point ¥y € 2 and 7 the orthogonal projection on W.
We remember that our aim is to solve V_#r(u) = 0. Following the standard
reasoning in [AM, Section 2.2] we note that this is equivalent to solve

ﬂV/T(\I/A er) =0
(auxiliary equation) and
(I—-m)V _Zr(¥y+w)=0

(bifurcation equation) with w € W.
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Lemma 3.17. There exists Ty such that the auxiliary equation has a unique
solution wr(N); furthermore sup, ||wr(A)|| = 0 for T — co.

Proof. Write
V/T(\I/)\ + w) = V/T(\If)\) + /f’[w] + R(\I/)\,’LU>

with R(¥y,w) = o(||lw]]) and R(¥y,w) — R(¥x,v) = o||lw — v||), so that the
auxiliary equation becomes

7wV _Ir(Uy) + 7 27 (¥r)[w] + mR(¥x, w) = 0,
namely
w=—(1_Zf (W) 7V _Ir(Vy) + TR(Vy, w)] := Ny(w).

By Propositions 3.9 and 3.16, N is a contraction if T is big enough, and so the
auxiliary equation has a unique solution w = wr(\). Furthermore for every
r > 0 there exists T' big enough such that B,.(¥)NW is mapped into itself by
N. So sup, ||lwr(N)|| tends to zero for T — oco. O

Finally we can prove that the desired solutions exist.

Theorem 3.18. There exists Ty such that for T > Ty there exists a positive
solution of the equation

—Apu =u@-2
on H™ \ {0} such that wodp = T~ u, and T is the smallest period.

Proof. Let us consider the function
O(A) = Fr(¥x +w(R)).

® is continuous and periodic, so it has stationary point Ag. Following the
standard argument of Theorem 2.12 and Remark 2.14 in [AM], with the need
for only formal modifications, the fact that ®'(A\g) = _#Z1(Vx, +w(Ao))- (0\;;“ +
w’(Ao)) implies u = ¥y, +w(Ag) to solve the bifurcation equation, and so to be
a stationary point of _Z7.

The smoothness of the solution can be proved with the same method of
Appendix B in [S].

Also A2=@)/2y, 0 §,-1 is a critical point of Fr, and by the unicity in the
fixed point theorem it must be equal to ¥y, + w(AgA), and so the whole curve
Py = {U 4+ w(A)} consists of critical points of #.

To prove the positivity, let us notice that from the proof of Proposition 3.16

ik
follows that _# (wx) has Morse index one on {)\88%} . By continuity, the same

holds for the orthogonal to the tangent space to Z7. Since d_¢r is zero on Q7T,

the tangent of é’? is in the kernel of #7. So the Morse index of #7 on )?T is
one.
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By a slight adaptation of the proof of Proposition 3.2 in [BCD] the set
{u # 0} has at most one connected component modulo dr, and so u does not
change sign. By construction it is evident that it must be weakly positive (and
even if it was not, it would be enough to change sign). The strict positivity
follows from Bony’s maximum principle (see [Bo]).

The last assertion follows by construction. O



Chapter 4

Cylindrical and nearly
cylindrical singular
solutions

This chapter is devoted to prove the existence of a pseudo-Hermitian structure
on H" \ {0} conformal to the standard one and such that the dilations d, are
isometries. This is equivalent to find solutions of the equation

—Apu =u@-2 (4.1)

such that wo dy = A5

The above result is proved by posing the problem in a variational form, and
then performing a conformal change that trasforms H™ \ {0} in a pseudohermi-
tian cylinder, and imposing symmetries in order to reduce the problem to an
ODE with variational structure.

The main difficulty is that, because of the non compactness of H™ \ {0}, the
problem has to be formulated on a closed annulus {1 < |z| < r} (where |-] is the
homogeneous norm), and so one has to put boundary conditions that, under a
conformal change, behave in a treatable way. It is known that the mean curva-
ture behaves in such a way, indeed the prescription of the mean curvature of the
boundary is considered the most natural boundary condition in the prescribed
curvature problem for manifolds with boundary (see, for example, [E]). In our
case there is not such a concept, except in dimension three (see [CHMY]). So
we introduce, in arbitrary dimension, the notion of canonical pseudohermitian
normal curvature. In such a way we can formulate variationally the problem
of the prescription of the Webster curvature with boundary conditions, with a
functional that is conformally invariant.

In this section we will need the following formulas for conformal changes of
pseudo-Hermitian metric from [L1].

49
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Proposition 4.1. Under the conformal change 0 — 6 = €210, the connection
forms trasform as

08 =Wl 2(f50% — fu0P) + 65 (f,07 — f10,)+F -0

(where F is a function of f explicitly known, but whose expression is irrelevant
for our purposes).

4.1 The canonical pseudohermitian normal cur-
vature

Let M be a pseudo-Hermitian manifold, and let ¥ be a two-sided hypersurface
in M such that, calling V =TYNH(M), dimV = 2n—1 at every point. If N is
a normal vector field to ¥ with respect to gg, the normalization of his orthogonal
projection on H(M), v, is normal to V. Equivalently, v is (one of the two) unit
length vector orthogonal to V. Let ¢ = —Jv € V. This is a canonical direction
(given an orientation on ). So we define the canonical pseudohermitian normal
curvature of ¥ as

k= go(Ve&,v).

Proposition 4.2. Under the conformal change 6 — 0= u?/™0, Kk the canonical
pseudohermitian normal curvature of the new pseudohermitian metric is given
by the formula

R
RU — —V =UuU  "Kk.
“u(w)

Proof. Since £ € T M and is an unit vector with respect to gy, there exists
an or‘ghonormil frame Z4, ..., Z, for T(I*O)Mf,uch that Z, + Z1 = v/2¢. Then
v= ﬁ(Zl — Z4) Because of Theorem 1.19, w% = —wji, and so

1 _ _
R = gg(ng, l/) = 599(V§Zl + V§Z1,Z(Zl — Zl)) =

_ —%d&(w{‘(f)Za VT () 2, 1+ T) =
= — 2l OLo(Z1, 7) - S0l €)Lo(21,71) = —iw(©).
Applying Proposition 4.1, since h;7 = 1 we obtain that
O =wi +2(f10" — [101) + 01 (f10" — f101) + F -0 =
=W 1 3(Z0f0" —Z, ') modo.

Considering that after the conformal change the Levi form is multiplied by e!
and so the canonical tangent vector becomes & = e~ /¢, we obtain that

R = il (@) = —ie (Wb + 3(Z0 10" — Z0fB))(E) =
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30
V2

(Zlf91 — 71f§1))(Z1 +71) = e_f/i — %(Zl —Zl)f =

ot

=e Tk —3u(f).
O

Now let us pick a local orthonormal frame Z,...,Z, of T&O M such that
&= %(Zn +Z,) and v = “=(Z, — Z,). Then if ez 1 = =(Zo + Z,) and

) n/ V2 V2
€2y = ﬁ(Za —Z4), €1,...,62, is an orthononormal frame with respect to Gy.
Let el,...,e?" be the associated coframe. Then §* = %(620‘_1 +ie?®).

So, by definition of the Levi form, we have

n

do :iZGO‘ A 6T — % Z(emq i) A (€207 — o) = 262(171 Ae2e,
a=1

a=1 a=1

therefore

ON(dO)" =6 AN <Zez°‘1/\62°‘> =nloAe' A...Ae™ =nlvoly, .

a=1

Inspired by Riemannian geometry, we want to give a variational formulation
to the problem of the prescription of the Webster curvature and the prescription
of the canonical pseudohermitian normal curvature on the boundary.

Proposition 4.3. The functional

Q) = / (bn|Vo|* + W) A (dO)"™ — cn/ Kv?a A6,
M oM

2n—1

where ¢, = n%n! and o = e Ne2A. . .Ae , 18 invariant by the transformation

0 — gzuz/"ﬁ, Vi U =ou .

Proof. Under this conformal change Gy — u2/"Gy, and so V = u~2/"V. There-
fore

/ |VT20 A (df)" = / w” "V () PuP D/ A (do) =
M M
=u? [ |uTt'Vu—uoVul?0 A ()" =
M
= / (Vo] + u™20?|Vul® — 2u™'oVu - Vo) § A (d)" =

M
:/ |W\2+/ (v?|Vlogul* — Viegu - V(v?)) O A (dO)" =
M M

=/ |VU\2+/ v* (|Vlogul® + Ay log u) 9/\(d9)”—2"n!/ v2ge(Vlogu, )V,
M M oM
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where ¥ is the volume form associated to the restriction of gg. It is easy to
verify that 7 = o A 6, and that for every X in H(M), go(¢, X) = e*"(X). So

/ V|20 A (d6)" =
M

:/ |Vv\2+/ v? (|V10gu|2+Ablogu)0/\(d0)"72”n!/ v?v(logu)o A 6.
M M oM

Thanks to the conformal change formula,

/ W20 A (df)" /(—b 122 Ay 4+ W )220 A (dO) =
M

:/ (=bpu " Apu + W20 A ()",
M

It holds that

A 2 A
Aplogu = div(Viegu) = div (Vu) =2 |V1;\ == |V log ul?,
u u u u
and so
WA (d)" = [ W20 A (dO)” — by, | (Aplogu+ |V logul>)v20 A (df)".
M M M
Finally

e 3
/ RUZG N O = / (u‘l/"ﬁ' - u_l_l/"v(U)> V"o NG =
oM oM n

3
:/ K,UQU/\Q—*/ v(logu)vio A 6.
oM nJom

By summing the above identities we get the desired result. O

Proposition 4.4. A conformal change has Webster curvature Wy and canonical
pseudohermitian normal curvature ky if and only if it is a stationary point of
the functional

n
n+1

Iw, s, (V) = Q(v) — WG A (dg)" + S / 1?0 A6,
74

2n+1

that is invariant for the same transformation of Proposition 4.3.

4.2 Existence of a homogeneous solution

Now that we have a variational and conformally covariant formulation of the
problem of prescribed curvature with boundary conditions, thanks to Proposi-
tion 4.4, we study this problem on suitable annuli, imposing that the boundary
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has zero curvature, a natural condition because of the simmetry given by the
Cayley transform. So let us study the problem

—bpApu = utt2/m on A,
Sy(u) +ka,u=0 on OA,

n

where A, = B,.\ B1, and B, = B,(0). The latter problem is equivalent to find
the critical points of

I(v) :bn/ |Vu|29/\(d9)”—cn/ mﬂaAa—L/ v2+2/mg A (dO)".
M oM n+1/y

Let us consider the conformal change
00 =p 20,
where p = |x|.
Lemma 4.5. The Webster curvature ofg 18

774 bn —1-= n -n
W= = Au = —bap" A () =

bu 2 Jal?
4 p2’

and the mean curvature of the boundary of A, is zero.
Proof. We have

B) L0
Xa(p") = (836& + 2y 815) (||* + %) =

= 4(532 + (|1‘|2 - mi)xa + yat) = 4(|JU|21‘a + yat);

0 0
4y o 4 42y _ 2, .
alo) = (5w — 2057 ) Gl ) = 4l — 2t

1o} 00 .
Xi(p4) =4 (8.%‘0‘ + 2y at) (‘ri + |ya‘2xa + Yat) = 4(|x‘2 + 2|xa|2 + 2|ya|2)§

0 0
Yi(p") =4 (W - Mat) (Wa + [2al*ya — wat) = 4(|2|* + 20zl + 2lyal*)-

X2(p7") = Xa(Xa((P)7/h) = =5 Xalp™" " Xalph) =

nn+4) _, g ND
=——“p "°X, —
X )

n —n—

i X300 =
nn+4) _,_ n o _,_

= M) o016 + yat)? — oA (af? + 2l 2y ) =
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=n(n+4)p " (|2)*za + yat)® —npT" T (|2 + 20zal® + 2Jyal?),
and analogously
Y2(p™) = nn+4)p " (|2 Pya — zat)® —np”" T H(|2]? + 20zal® + 2lyal?),

SO

pM»—‘

ZH:XZH/? ) =

= o+ (2l + [af42) = 2n(n + 2o~ el = -
Using u = p~" in Proposition (1.23) we get the desired result.
It can be readily verified that the Kelvin transform is isopseudohermitian
with respect to 6 (that is, it preserves the pseudohermitian structure). Since
transformations of H™ of the form (z,t) — (Az,t) with A unitary are isopseudo-
hermitian, for every point = of 0 A,., there is a isopseudohermitian transformation
that fixes x, leaves its component of A, invariant, but reverses the orientation.
Since reversing the orientation changes sign to &, it follows that k¥ = 0. 0

—n—4|x‘2.

Therefore, thanks to Proposition 4.4,

I(v) = by (|%|§ n? uv )9/\ (df)" —
A, p?

242/npy n\n
v 0N (do)".
n+1 /Ar (d6)
We want to impose that the solution is homogeneous and symmetric, in the
—2
sense that u o 6, = A“= u and u(z,t) = u(|zl],t).
We need to express this functional in suitable coordinates.

Lemma 4.6. If v = v(|z|,t), in the coordinates | = Llogp € R, 7 =t/p? €
[—1,1] and v = z/|z| € S*"~1, it holds that

ov |2
or

1 2\1/2
+m(1—7’)/

@2

iz = (- g

Proof. Since transformations of H” of the form (x,t) — (Az,t) with A unitary
are isomorphisms of the pseudohermitian structure, this kind of transformations
preserves the sphere of unit radius, and the action of the unitary group is tran-
sitive between vectors of the same length, we can calculate |VU|§ on the points

of the curve
(V1—12,0,...,0,1).

At such points

for every a =1,...,n,
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for every a # 1, and

9 d
V)= — —2V1—-12—.
YT oy ot

Using the symmetry of v in x, we get
P —2/n 2 1 2, 1 2
[Vo[z = o™Vl = Z|X1U| + Z|Y1u| =

2 2

1| ov ov
= Z Txl +(1—t)1/2 a
Since
or 1 50(m72) 170, , 3
_— - = ———-— — :—2 M
8951 2T 8x1 2t2 8(E1 ($1+t ) txl,
O _10lgp 1 0p 1,
(91’1 n 81‘1 471(91’1 n b
37_1713(72)_171 3y _ 2.
a_ 1ot 1
ot 4n Ot  2n’
we obtain
~ 1| v |? ov?
2 _ L] ov _ 12 |9Y
\VU|0 1 ’8@ +(1—1t9) ot
1 300 x?&vz oni/2 | a0V t(%Q_
—4’—2753;‘187_4-”81 +(1—t) |$‘§+%E
. o |? 1 . awl* 1 ov Ov
—42(1 — 232 |9V o232 |9V L g2y32 90 9V
( ) or 4n2( ) ol n ( ) or ol
+(1 —t2)%/2 ovf” + i752(1 —t3)1/2 vl + l(1 —t2)3/2t@@ =
or 4n? ol n or ol
ov|? 1 ovl?
— (1 —¢2)3/2 |22 L1 a2\1/2 |9
(1= or + 4n? (=27 ol

By the dilation invariance of 6 we obtain the formula in the general case.

Now we compute the volume form.

Lemma 4.7. In the coordinates of Lemma 4.6

O A (dO)" = nl(1 —72)"=2/2d1 A dy A dr.

55
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Proof. The volume form becomes

n!

0 mn _ ,—2(n+1 n _ _ 2n—1
By an easy computation
dle| = = d(p* — ) = od(e (1 - 7)) =
4z)? 4z]?
1

= m€4l"(4n(l — 72)dl — 2rdr) =

_ _o2\1/4 37 _ T .
_en<n(1 7)) 4dl 2(1—72)3/4d7>’
dt = d(e*"'7) = *™ (2n7dl + dr);

1
_ 3nl
dlz|ndt =e (S 7_2)3/4dl Adr,
SO |
A (dO)" = %(1 — 7))/ 21 g1 A gt A dy =
_ L' o@n-1)/4 30 L _
_—63nl(1—7') e (1_T2)3/4dl/\d7'/\dfy_
=n!(1 —72)"=D/2G1 A dy A dr,
as desired. 0

Using Lemmas 4.6 and 4.7 we have that

I(v) :bn/A ((1 — 72)3/2

+n?(1 — 72)1/2) nl(1 —72)=D2d1 A dry A dr+

2

0
v V2

or

&
i

IR

o, = Oy =
logr 8 1 a 2
N n+1 2 v 2\(n—1)/2 v 2
S A I (o R

log r

+n2(1 — r2)(n= 1)/2) diAdr— / / V(1 = 22 =D/2g) A dr

If 7 =sins, then

b9l (cos )L
= n!
" _x (cos s) 2

2
+

ovl?
ds

v

ol

1
+ W(cos s)" 1




4.2. EXISTENCE OF A HOMOGENEOUS SOLUTION o7

log r ™

! n 5
+n®(cos s)"~'v?) di(cos s)ds — n—:—ll/

022/ (cos s)"2dl(cos s)ds =

us
2

1
4n?

o |?

log r

n ov|?
_ n,|
= bn2 n/ / cos s) < Js ol

|
_ nn: / / 2+2/n COSS)” ldldS

Now let us look for homogeneous solutions. Homogeous solutions in the orig-

inal setting correspond to solutions invariant by translation (in the ! direction)
and so let us set %

+ n2v2> dlds+

=0, and v = v(s). In this special case we have

bl logr

[i (cos s)™ ((v)* +n?v?) ds+

2

nn! logr/2 2+2/"(coss)”*lds.
n—l—l n J_

us
2

The Euler-Lagrange equation for this functional is

d n _ n— n
fds((coss) v'(5)) + n?(cos 5)"v(s) = m(coss) Ly(s)tH2/m,

or equivalently

— cos 50" (s) 4 nsin sv’(s) + n? cos sv(s) = n

14+2/n
Sy

on the interval ( 5 ’27), with Neumann boundary conditions, that is also the
Euler-Lagrange equation (up to rescaling, thanks to homogeneity) of
f_"’l (coss)™ ((v)? + n?v?) ds
J(v) = —2 .

f?l v2+2/n(cos 5)"~Lds
2

Let us define the weighted Sobolev and Lebesgue spaces

z
X=Luen (-Z.T (coss)™ ((v/)2 +v?)ds < o0 p,
loc 2 2
-3
Y = {UG Ly (*3%) | /2 (cos s)"t*H2/ngs < oo}.
-3

Proposition 4.8. X embeds compactly in Y.
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Proof. Let Z be the subspace of H'(S"*!) formed by functions invariant by
rotation around the last coordinate axis. Every such function is of the form
v(z) = u(cos x™2), and it is easy to verify thar under such an identification

[vll 7z = llull x -

So this is an isometric isomorphism between X and Z. By Rellich-
-Kondrachov’s theorem, Z embeds compactly into LP(S™) for every
pE|l, 2%), which by similar arguments is isometrically isomorphic to
Lp (((—g, g) , (cos s)"ds). Given a >0, ¢ > 1,

™

2 (coss)n1te

/ 2(Coss)nflv2+2/nd{9:/ ds S
_ _x (cos s)@

,% 1/‘1 7% 1/‘1/
< (/ v®+2/Ma(cos ) (n — 1 + a)qu) (/ (cos s)aq/ds> .
: -3

us
2

[NE]

If we impose that (n — 1 + )¢ = n, then taking a small enough, we can find
that p = (24 2¢) < 224 and aq’ < n, getting that

/ i (cos s)" w2/ ds < C/ ’ (P (cos s)"ds) 4,

us
2

w3

that is
”vHY <C ”v”LP((coss)"ds) )
and so L? ((%,%) (coss)"ds) embeds into Y. So we get the thesis. O
Finally we can prove the existence of the desired homogeneous solution.

Theorem 4.9. There exists a non zero solution VU of the equation

Q+2

AV = Yoz,

defined on H™ \ {0}, such that ¥ o dy = AU and U(z,t) = U(|z],t).

Proof. The existence of a solution on §2,. can be proved, in a standard way,
by the direct methods of the calculus of variation. Since it is homogeneous by
construction, it does not depend on r, and can be extended to H™ \ {0} by
homogeneity. O

4.3 Bifurcation of non-homogeneous solutions
We proved the existence of a homogeneous solution ¥ of degree —% of Equa-
tion

—Apu = u?-2 (4.2)
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on H™\ {0}, and in Chapter 3 we studied solution that are verify the condition
wodr = T-% 0. Obviously W verifies the condition ¥ o §7 = T~ 20, It is
natural to ask whether non homogeneous solutions verifying wo d7 = T~ u
bifurcate from the homogeneous one for certain values of 7. In the Euclidean
case, in which explicit computation may be performed, the answer is affermative.

In this Chapter we will prove that also in H™ the answer is affermative.

Proposition 4.10. The Morse index of Z7(¥) is finite and tends to infinity
as T — oo.

Proof. The Morse index is finite because the operator on X1 associated to the
bilinear form

d? () [u,v] = /Q (Vqu — (2" — 1)\112**21”))

is the sum of the identity and a compact operator (thanks to the Rellich-
Kondrachov theorem for the Stein-Folland space).

The signature of a simmetric bilinear form remains invariant passing to the
complexification and extending it to a hermitian form. So let us take

(@) = exp (i]\zmg p;) W(a),

with log T

0g
Z.

2n M <

Then

1 2
d? (V) [u,u) = / <’V (exp (’LM log |x|> \IJ> — (2" —1)¥? _2\I/2> =
Qr
- / VP o wvE . Ve — 2 — 1)) =
ar \M?[z|? M|z|

1 1 N
= - Y242 QY. —(2F =2)9% ) =
/QT<M2|w|2 T YV Vil = (2= 2) )

. 1 1
:—(2*—2)/ o +/ < U2 42 \IIV\I'~V|x>.
Qr Qr \M?|z]? M|z|

By homogeneity the three integrals

. 1 1
/ v / — 02 / —UVV - V|z|
Qr ar |zl ar |7]

are constant multiples of log T', so there exists a constant C such that if M > C
then d?_#r(¥)[u,u] is negative. Given k € N, let T' be big enough so that

2k 1
< —.
logT — C
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Then the functions

2mm

U () = exp <ilog = log |x|> U(z)

with m = 1,...,k, are such that d* _Z7(¥)[tum, um] < —clogT is negative. If f
is a homogeneous function of degree zero and m # 0 then

- 2Tm
2 T exp (tjo. T logT
exp | ™ log || M: dof dr ( s ) =0.
Q
Qr log T |z S1 1 r

When calculating
d* 77 () [um, u;]

with m # j, the result is a sum of terms of this kind, so it is zero. So the
functions wu,, span a vector space of dimension k on which d? #7 (V) is negative
definite. O

Now let us apply the conformal transformation corresponding to the homo-
geneous solution W. Thanks to Proposition 4.4, we get the functional

o*
)

ueXT}:{uESlloc(H")|u05T:u}.

= 1 1
<|VHnu|2 + §u2 - ﬁ\u

ZOR|

Qr

defined on the space

u
vr={§]|
Let ¥ be the unit sphere with respect to the Euclidean metric . Let p; be
a complete set in L?(X) consisting of analytic functions. So

T . 2mm
,YJ',m,T("I;) = @5 |I|cucl Si Z@ IOg |x|eucl

is a complete set of functions in H'(27), analytic with respect to the couple
(x,T). So it is complete also in S (Q7). With the Gram-Schmidt algorithm, we
can obtain a family of Hilbert bases ¢y 1 of S*(Qr), and preserve the analyticity
property. Let us define the isometry W between Y and Ys obtained sending
Y, into Yy 2. Let us call

Lr=VUro g7(1)o W L.

Then, for every [, k,

(Lrug g, Uz i)y, = (V) wg, 7, w,r =
2
Yr

Lthis is necessary to perform the next steps of the proofs because the sphere with respect
to the Heisenberg metric is not smooth
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— — *
= VugrVurr + ugru,r — (2° — Dug purr
Qr

is an analytic operator-valued function, and, calling IT the projection of Y7 onto
the constant functions, it holds that

< N%’(l)u, v> = VuVo + uv — (25 — 1)uw =
Qr

=/ VuVo — (2° = 2) (A(Gr((I = ) + Iu) v =

= [ VuVu+ (2 - 2)V(Gr((I — M)V — (2* — 2)(ITu)v,
Qr

where G7 : Yr — Y7 is the Green’s operator, so
1) =1+ (2* —2)Gr + ( F7(1) = I) o 1L.

Since L is, by definition, conjugated to A;(l), it is of the form I — K(T),
where K (T) is an analytic operator-valued function of compact operators.
From this we can prove the following bifurcation theorem for #7p.

Theorem 4.11. There exists arbitrarily large values of T for which d* #7(V)
1s singular, and every such value is a bifurcation value.

Proof. Tt suffices to apply Theorem 8.9 in [MW]. In our case the hypotheses
of that Theorem are all either trivial or standardly verifiable, with exception of
hypothesis v, that is consequence of Corollary 8.3 in the same book. O
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Chapter 5

Variation of the
Einstein-Hilbert functional
on spheres

The Eistein-Hilbert functional (or action) of a Riemannian manifold (M, g)

w0~ [ r

and the renormalized, scaling-invariant, version thereof,

2—n

Z#(g) = Vol(M) =" %(g)

are of central importance in Riemannian geometry.

A metric is critical for #Z(g) if and only if it is Ricci flat, and is critical for
Z(g) if and only if it is Einstein.

In particular S™ with the standard metric is a critical point for % (g). Com-
puting the second variation shows that it is a saddle point: 2% (g) is zero on the
tangent of the space of variations that arise by pulling back the metric by diffeo-
morphisms, positive definite on the tangent to the space of conformal variations,
and negative definite of the orthogonal of the sum of these two subspaces.

Given a compact, non degenerate, pseudo-Hermitian manifold, the Einstein-
Hilbert functional is defined, in a similar manner of Riemannian geometry, as

W= [ Wondo)"
M

and the renormalized version as

W = (Volg(M))™ @ #.

In this Chapter we study the variation of the functional W on S with its
standard pseudo-Hermitian structure.

63
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5.1 Formulas for variations

In order to study variations of a pseudo-Hermitian structure, we use a well
known theorem of Gray, to study variations of pseudo-Hermitian structures we
can suppose that they have the same underlying contact distribution. So we
can study variations of the contact form and of the complex structure. It is not
hard to verify that these two kinds of variations are orthogonal with respect to
d?>¥ , so they can be studied separately.

In the case of S?"t! d?% is positive definite on variations of the contact
form, so we can study variations of the complex structure. This follows from
the fact that the CR Einstein-Hilbert functional resticted to a conformal class
obviously coincides with the CR Yamabe functional, and from the solution of
the CR Yamabe problem on spheres (see [JL1, JL2]).

Let J(;) be a family of complex structures. Let (Z,))a a local frame or-
thononormal with respect to the Levi form such that J;)Zn ) = iZ4 ). Thus

Let J := %J(t).
Lemma 5.1. The variation J of J can be expressed as

J=2E =2E,9° @ Z5 + conj..

Proof. By definition j(ZQ) = QEQEZE + 2EQ’BZ5. Differentiate the relation
J{;y = —Id with respect to ¢ (at t = 0) to obtain:

JoJ+JoJ=0.

Expressing this relation with respect to the basis (Z4)q and (Z,)a, we obtain

B B\ (i 0 i 0 E ES
- )+ . - | =0,
E? ES° 0 —1 0 —1 B’ BS
which implies E,? = EHB = 0, as claimed. O
We consider next the variation of the basis vector fields with respect to t.
Lemma 5.2. Let us write the derivative of the frame (Zy)q in the form
Zo=F."Zs + G’ Z3.

Then we can assume that F,” € R, and that there holds

Go’ = —iE,”; F.,’+F;*=0. (5.1)

Moreover, at t = 0 we can take Fg =0.
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Proof. We have df = i3 07 A 07 (from h 7z = 82), so
—2id0(Za) N Zg)) = 5.
Differentiating this relation in ¢, we get
0= —2id0(Za N Z3) — 2id6(Zo N Z3)
= ~2id0((Fa" Zy + G Z5) N Z5) — 2id6(Za A (Fy" Z5 + G Z,))
= —2F," — 2iF;°. (5.2)

On the other hand, we can always compose the frame (Z, ), with an element
of SU(n), which infinitesimally means adding to F? a matrix B? such that

B = fﬁg. We can choose for example to add Fﬁ, which satisfies this property
by the above relation (5.2): this means that we can choose F' to be real, and
implies the second relation in (5.1).
To get the first one, differentiate J;)Zy 1) = iZ4 () With respect to ¢, to find
0=JZa+ JZo —iZa
= 2B, Z5+ F."iZg + Go (i) 25 — i(Fa" Zs + Go" Z3)
_ By _9: By
=2F, Zﬁ 2iG Zﬁ7
SO GQE = —z'EaB, as desired.

To prove that we can take F' =0 at t = 0, let § = F/? at t = 0 and consider
the new frame

Za(t) = (e_tg)gzﬂ-
Then, by cancellation

- d - L F 5
Za(O) = Za(O) and %t:oza(t) = _ZEa(O)ZB(OV

concluding the proof. O
We next derive some consequences of the integrability conditions

0(Zas Z6)) = 0; 67(Za Z5]) =0, (5.3)

which hold along all the deformation, i.e. for all ¢. We have the following result.

Lemma 5.3. For all indices a, 3,7 we have that

Eap=Epa;  E) ;=EJ .

[e3

Proof. We differentiate in ¢ the first relation in (5.3), obtaining

d . .
£[Za, Zg) = [Za, Zg] + [Za, Zg]

= [F)Zy —iE] Zy, Zg) + | Za, F] 2, — iE} Z5],
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which by integrability yields

06 ( §5120:201) = ~iB30(Z5. Z5) ~ iET0(Zn. Z5).
Notice that

(25, Zs] = ihgwT + wh(Z5) 21 — w(Z5) 2,
which in turn implies B
0= —iEJihgs + iEgih(ﬁ.

Since hgy = d};, we deduce the first assertion of the lemma. We next differen-
tiate in ¢ the second relation in (5.3) to get

0= 5720 23] + 7 (120:23]) .

Since B o
07 =iE'0' — 9,
and
(Za, Z8) = w(Za) %1 — wh(Z23) Z1,
we obtain

0= iE] 0" (wh(Za) — wh(Z5))
+ 07 (20, F} 2, — iE} 23] + (Zo, F} 7, — iE} 7))
= —iwl,(Z) B} + ich(Za) ] +iELw] (Z5)
+iZ5(ET)a — iByw] (Zo) — iZa(ED).

This implies
z’Egﬁ — iEgﬂ =0,
which is the second assertion. O

Lemma 5.4. ([L2]) For any point p € M, there exists a neighborhood U, and
an admissible co-frame (0%), such that WS =0 at p.

Lemma 5.5. For all t, the variation of the torsion is given by
A2 = B2+ AYFL — FP AL, (5.4)
while for the variation of the connection we have
o = [i(AgEg + E2AT) + Fgo| 0 (5.5)

+ (—iE] 5 — FL )07 + (—iES 5 + F5)07.
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Proof. We start by differentiating in ¢ the relations
0t (Zsy) =055 00y(Z(s)) = 04 (T) = 0,
to get
0°(Z5) +0°(Zp) = 0;  0°(Zg) +0°(Z5) =0;  0*(T) =0.
Recalling that by Lemma 5.2 o = FaﬂZg — Z'EEZE7 we obtain
6% = —iEg0” — Fgo°. (5.6)
Differentiate now in ¢ the structure equation

a _ pB « « ~y

to get
A0 = 0° Nw§ +0° AW + A20 N7 + AZO N 6T
= —idE5 N6 —iE5d0” — dFg N6 — Fgdp”. (5.7)

At a given point p we may assume that wj = 0, by Lemma 5.4. Therefore we
obtain at p

—idEe AP = —iE< B _iEX g7 A QB —iEX 67 A P
szB/\G = ZEB,OG/\G zEBﬁH N ZEEWQ A0
0% = 07 N+ ABO N 0T = AZO N 67
« « _ « « o v a AB ~
—dF§ NP — Fgdo® = —F§ 0 N0° — F§ 07 NO° — F§ 67 NO° — F§ALONGT.

Comparing the coefficients of § A 67 in (5.7) we deduce the first assertion.
Write next B
wg =250 +yg, 0" +yg=0". (5.8)

From the relation w? + w% = 0, which implies w? + wg = 0, we get the system

b= P
«

Yoo

5T
Substituting (5.6), (5.4) and (5.8) into (5.7) we obtain

— Yo Y .
xg =iES Ay +iASES + Fgo; (5.9)
Yoy = —1E5 s + Fi5
which implies in particular yg., = _iEE,a — Fg - We also get the relations

(y§, — F5,)0° NO7 = 0; —iB5_607 A 9% =0
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giving the following constraints on the deformation tensors

{ygv — gy =y5s — Fg
« J— «
EEW o Eﬁﬁ'

In this way, we obtain the second assertion as well. O

We can now compute the derivative of the curvature tensor with respect to
t, together with its contractions.

Proposition 5.6. For the curvature tensor, the Ricci tensor and the Webster
curvature we have the following variation formulas

s = Yz — Y T 25050 + RGF, + R Py (5.10)
+ Ao EP + Ag, B2 — AavE] g7 — Ay E2buy,

Rpﬁ(t) = Z.E‘7

PO

—iE]

TP

— (A]EL + ALE)bp5 + RizFl, + R B, (5.11)
and

R= Rog =iE] ; —iE] |~ (A]Ex+ ASE))n+ RisFy + Rz Fl. (5.12)
Proof. Differentiate in ¢t the structure equation

e} vy o _ pa 14 ol o P a pnp
dw,@(t) — wﬂ(t) A W,y(t) = R,@p?(t)a(t) A H(t) + Wﬁp(t)e(t) N 9 — Wﬁﬁe(t) A\ 9
i) ATy — 16 N O
where, we recall, B
T8 = Ag,07; T = AZ07,

and A5 = Agy since hz = 552, We then deduce

diof — @} AwS — Wl NS = RG,50° AN07 + RG5(6° N 67 + 607 N 67)
+i0° N Ags? +iAgm0° N OT +iAgs0° N ET (5.13)
— A, 07 NOY —iAg, 07 NOY —iAg, 07 NG
mod. 6“A6 and 6%A6.
Writing
Lo o o i o 7 o ! o2
dwg = xgdf + yﬁﬂ{ﬁ NOT +yg 0" N0+ ygmt A6,
keeping only terms of the type 87 A 67 and using w(p) = 0, we get

o _« o RNeY o ! o [
+ AszES + Ap,ES — AanE]6p5 — AgyELba,.
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Recall that, from (5.9),
Yoo = —ils s T 5 = Uiz, = —iE5 5, + Fgps

y%ny = *iEf,a - Faﬁ,p = Yo = 7Z‘Ef,ﬁ - Faﬁ,p?
aI.ld that z§ = @(AZE% + A + A%EZ) + Fgo. These last formulas, together
with (5.14), yield (5.10).
Contracting then (5.10), for the Ricci tensor R,z := R

o) e obtain,
after some cancellation that uses A,g = Agq

Ryz(r) = ZEZ’TU - ingyp

~ (AJEL + ALE])8,5 + RizF) + R jEL. (5.15)

We then obtain for the Webster curvature Wy = Rom with a further contraction
(recall that h,5 = dap)

1 > S nal ; ¥l 1 72l l !
W = Ruog = ZEZWZ - zEgﬁl — (A] E5 + ASE)n + RigFy + Ry F%,

where we used F; = ﬂ = F,ly O

We can now pass to the calculation of the second derivative of the Webster
curvature with respect to t.

Proposition 5.7. For the second variation of W = Wy at t = 0 we have the
formula

. _ o =
W = ZEZW — A Esn+ Rz F) —nA] ES (5.16)
I I Y Y 1l 1 7l l 2l
- EﬁEpﬁl N EVEp,lﬁ —E E?pﬁ - EPEW,W - E?FEPJ
28 nl} 7 l l 2l :
— BG5S, — Eppbs ., — B o Eyls + conj..

Proof. From formula (5.12), we see that the contribution in the second variation
from E and F is given by
—(ATEL + ALET)n + Rl + RysED,

giving the second and third term in the right-hand side of (5.16), plus their
conjugates. To compute the remaining terms, we can therefore assume that
E=0and FF=0.

We will need first some preliminary calculation: recall that

E] 5 = Z5(E]) — w\(Zp)E] +w](Zp)EL,.

Taking the t-derivative and using that E=0att=0we get

0= Z5(E]) — [h(Zs) +wh(Zo)| BT + [67(Z5) + ] (25)] EL.
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Recalling that at ¢ = 0 we can take F' = 0, we have
1Al Y LAY ol oV
W, = (ASE] + EZ A7)0 — B 07 — zEz‘jm,
which after some calculation implies
AT A S S,
(Bl 5) = —ZE(XEZj + ZEa,iE;Y + ZEﬁEZj'

In a similar manner, from the formula

E] 5 = Z5(E]) — wo(Z5)E] + w] (Z5)E,

one finds, for t =0
Y P Y 7 1l -l Al
(Eaf) = zEEEa,p +ik EB,a + zEaE—ﬁﬁ.

We analyze the terms with second-order covariant derivatives. Notice that

2l 2] l o 1 o 5 7
E;Eﬁ = Zﬁ(E;B) — wa(Zﬁ)EZB — WB(Zﬁ)E;,Z + w?(Zﬁ)Eaﬁ.
Since w =0 at t = 0 and at a given point p, this implies

(E]

L
T = Zp(E] )+ (BT )

— wg(zﬁ)EjB — (;J%(Zp)EZj +0)(Z5)E, 3.

After some straightforward calculation, one then finds
T\ G ELET ol 7 L apl pl BT
(Eaﬁa) = ZEﬁEa,Bl + ZE@O‘ELE + ZEF,VEQ,B ZEﬁylEa,Z

. l 2l LY Y l Y ol ! l 0l
i (B B+ BEEL iy + oG o+ Bl B o+ BupBy + BB ).

In particular, taking the trace we obtain after some cancellation

PP

(E7_ ) =i (ELE7 +ELET, + E)EL.

1l
0.Bp P pAl pilp ?@"‘E E )

. l Y Y 1 7 l l 22
t+1 (EV,ﬁEp,l T B GBS, By pEy 5+ Eﬁ,pElﬁ) :

We have that

N = . N o
W= Z(EZW) — Z(E{jw) — (A EZ + AZE)n

+ (RixFl + Rix ) + (R Fs + R FY).
The second line indeed vanishes since F,ly =0 at t =0, and since F, ll = 0 implies

. 1 . 2 .
(Rig + R F) = — (b1 + 050y = ~WE/ = 0.

This concludes the proof. O
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Now we can characterize stationarity for 7.

Theorem 5.8. A pseudo-Hermitian structure is stationary for %zf and only
if it has constant Webster curvature and zero torsion.

Proof. The restriction of # to the conformal class is the renormalized Yamabe
functional, and is is well known that stationarity for the Yamabe functional is
equivalent to constancy of the Webster curvature.

As for the variation of J,

v 5 v 5 il L ! 7\ _
W = /M R= /M (iE]; — B}, ~ (ATEL + ALE])n + RisFl + R FY ) =

=-n / (AJEL + ALE)).
M

By pseudo-Hermitian Bianchi’s identities (see [L2]) and Lemma 5.3 A is a valid
deformation tensor, and this allows to get the thesis. O

We point out that under that hypothesis that the first Chern class of 70 M|
c1 (T M), is zero, it can be proved (see [ACMY]) that the thesis of Theo-
rem 5.8 can be strengthened and it can be deduced that the pseudo-Hermitian
structure is pseudo-Einstein, that is that the traceless pseudo-Hermitian Ricci
tensor is zero (see [L2]).

5.2 Second variation of V//V

Finally we can compute the second variation of V.

Lemma 5.9. For the standard structure (S*"*1, Jy,0p) we have that

2. , - . .
d?h:OW(J(t)’ 90) = —1Nn /2 - Ea770E7 9() AN (de()) + conj., (517)
§2n

where E = 2%|t:0J(t).

Proof. Recalling (5.16), we first notice that the terms involving £ and F vanish
since they correspond to the first variation of # in the direction E , but we are
at a stationary point.

Concerning the quadratic terms in E, we observe that after integrating and
using Lemma 5.3, we obtain cancellation in (5.16) of the first with the seventh,
of the second with the fifth, of the third with the sixth and of the fourth with
the eighth. We are then left with

W — —n / (ATEL + ALET)0 A (dfy)".
S2n+1

Recalling formula (5.4) and the fact that we can take g = 0 at t = 0, we obtain
the desired conclusion. O
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In order to study this formula, we introduce a family of vector fields and
forms due to Geller ([Ge]):

0 0 )
k= Ejaizk — 2k ij = zjdzk — deZj, j#k. (5.18)

X
J 82’]',

It does not consist of linearly independent fields and forms, but it permits to
express them through simple formulas. In particular every form of type (0,1)

can be written as L
n= > n(X;k)0.
0<j<k<n
Similarly, any form of type (1,0) can be written as
n= > (X
0<j<k<n
and any vector field of type (0,1) as
X= > 0(X)Zjk
0<j<k<n

Starting with tensor products of objects of the above form, by linearity a tensor
S of type ((0,1);(1,0)) can be written as

S= > SOk Zm) Xk @ O
j<k,l<m
Lemma 5.10. We have the following relations
VTij = —iij fOT all _j,ki

Proof. Since the pseudohermitian torsion is zero and T is parallel
i g _ o0 _ o0 _ 0
Vil =20 = 5 3 [sago ~Fega Figs gy
I N Y )
2 70z, kazj 7 0z, kazj

S _ 0 _ 0 .
=1 *ZjaiZk+Zk£ :722‘7‘]@,
J
O

In order to compute the second variation of # we note that S! acts on
52n+1 C Cn+1 by

p(e’m)<zla ) Zn+1) = (eiezh s aewzn+1)7

and accordingly on all tensor spaces on S?"*1. Let us denote by I',, the space
of tensors with only m-th Fourier component with respect to this action, and
with E(™) the projection of E on T,,.
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Theorem 5.11.
EH (00, ) E, E) = 3 (m +4) /

2
E<m>‘ 0o A (dfo)"
meZ 53

Proof. We have that
(VE)Oji, Zom; T) = T(EOjks Zem)) — E(V10jk, Zow) — EOji, V1 Zom) =
=T(EOjk, Zem)) + 2E Ok, Zom)-
We notice that if E € I,,, since the Reeb field for 2"+ is
. n+1 8

Za Zaz7

[0
which is % times the generator of the action p, then
j— m j—
T(E(ij,ng)) = EE(ejleém)
Let

E@k Zom) =Y Eﬁjn AzB.
A,B

)

with A, B multi-indices.
By orthogonality we can suppose that |A| — |B| = m. Then

> (VE) @51, Zem; TVEOass Zyuw) 0 (Z 1) 0em(Zagp) =
(M A, C,
= ZZ (5 )Ejklfn 4z BEa,BI;:L)V ¢ De ( jk)GZm(Zaﬁ) =

m - - -
=i (5 + 2) > EOik: Zem) EOas Z)0yu(Z 1) 0em(Zap)

SO
G=5 3 (m+d) / ((B™)o " (E™)5" + conj. =
2 53
meZ
2
=n Z m+4) E(m)‘ .
meZ

O

Thanks to results of Bland and Duchamp in [Bl, BD], the above formula
implies that

e if n > 2 then dz”;/v(HO,JO) is negative semidefinite, analogously to the
Riemannian case;

e if n =1 then d27,/v(00, Jo) is negative semidefinite on the subspace corre-
sponding to embeddable deformations

(see [ACMY] for further comments). We recall that it is known that every
pseudoconvex CR manifold of dimension greater or equal to 5 is embeddable
in CV for some N thanks to a result of Boutet de Monvel, while in dimension
three not every CR manifold is embeddable (see [CS]).



TACHAPTER 5. VARIATION OF THE EINSTEIN-HILBERT FUNCTIONAL ON SPHERES



Bibliography

[A1] Afeltra, Claudio, Singular periodic solutions to a critical equation in the
Heisenberg group, Pacific J. Math. 305 (2020), no. 2, 385-406.

[A2] Afeltra, Claudio, Singular periodic solutions to a critical equation in the
Heisenberg group, preprint.

[ACMY] Afeltra, Claudio; Cheng, Jih-Hsin; Malchiodi, Andrea; Yang, Paul,
Singular periodic solutions to a critical equation in the Heisenberg group
(with an appendiz by Xiaodong Wang), in preparation

[AM] Ambrosetti, Antonio; Malchiodi, Andrea, Perturbation methods and semi-
linear elliptic problems on R™, Progress in Mathematics, 240. Birkhauser
Verlag, Basel, 2006. xii+183 pp.

[BCD] Birindelli, Isabeau; Capuzzo Dolcetta, Italo, Morse index and Liouville
property for superlinear elliptic equations on the Heisenberg group (English
summary), Contributions in honor of the memory of Ennio De Giorgi (Ital-
ian). Ricerche Mat. 49 (2000), suppl., 1-15.

[BI] Bland, John S., Contact geometry and CR structures on S, Acta Math.
172 (1994), no. 1, 1-49.

[BD] Bland, J.; Duchamp, T., Normal forms for convexr domains, Several com-
plex variables and complex geometry, Part 2 (Santa Cruz, CA, 1989), 65-81,
Proc. Sympos. Pure Math., 52, Part 2, Amer. Math. Soc., Providence, RI,
1991.

[Bo] Bony, Jean-Michel, Principe du mazimum, inégalite de Harnack et unicité
du probléme de Cauchy pour les opérateurs elliptiques dégénérés, (French.
English summary) Ann. Inst. Fourier (Grenoble) 19 (1969), fasc. 1, 277-304
xii.

[CGS] Caffarelli, Luis A.; Gidas, Basilis; Spruck, Joel, Asymptotic symme-
try and local behavior of semilinear elliptic equations with critical Sobolev
growth, Comm. Pure Appl. Math. 42 (1989), no. 3, 271-297.

[CCWYY] Case, Jeffrey S.; Chen, Eric; Wang, Yi; Yang, Paul; Yung Po-Lam,
The Neumann problem on the Clifford torus in S3, preprint.

(0]



76 BIBLIOGRAPHY

[CS] Chen, So-Chin; Shaw, Mei-Chi, Partial differential equations in several
complex variables, AMS/TP Studies in Advanced Mathematics, 19. American
Mathematical Society, Providence, RI; International Press, Boston, MA,
2001.

[CHMY] Cheng, Jih-Hsin, Hwang, Jenn-Fang, Malchiodi, Andrea, Yang, Paul,
Minimal surfaces in pseudohermitian geometry, Ann. Sc. Norm. Super. Pisa
CL Sci. (5) 4 (2005), no. 1, 129-177.

[CMY1] Cheng, Jih-Hsin; Malchiodi, Andrea; Yang, Paul, A positive mass
theorem in three dimensional Cauchy-Riemann geometry, Adv. Math. 308
(2017), 276-347.

[CMY2] Cheng, Jih-Hsin; Malchiodi, Andrea; Yang, Paul, On the Sobolev quo-
tient of three-dimensional CR manifolds, preprint.

[DT] Dragomir, Sorin; Tomassini, Giuseppe, Differential geometry and analysis
on CR manifolds, Progress in Mathematics, 246. Birkhaduser Boston, Inc.,
Boston, MA, 2006.

[E] Escobar, José F., The Yamabe problem on manifolds with boundary, J. Dif-
ferential Geom. 35 (1992), no. 1, 21-84.

[F1] Folland, G. B., A fundamental solution for a subelliptic operator, Bull.
Amer. Math. Soc. 79 (1973), 373-376.

[F2] Folland, Gerald B., Harmonic analysis in phase space, Annals of Mathe-
matics Studies, 122. Princeton University Press, Princeton, NJ, 1989. x+277

pp.

[F3] Folland, Gerald B., Real analysis. Modern techniques and their applica-
tions, Second edition, Pure and Applied Mathematics (New York). A Wiley-
Interscience Publication. John Wiley & Sons, Inc., New York, 1999. xvi+386

pp.

[FS] Folland, G. B.; Stein, E. M., Estimates for the 9, complex and analysis on
the Heisenberg group, Comm. Pure Appl. Math. 27 (1974), 429-522.

[Ge] Geller, Daryl The Laplacian and the Kohn Laplacian for the sphere. J.
Differential Geometry 15 (1980), no. 3, 417-435 (1981).

[Gr] Grafakos, Loukas, Classical Fourier analysis, Second edition, Graduate
Texts in Mathematics, 249. Springer, New York, 2008. xvi+489 pp.

[GKK] Greene, Robert E.; Kim, Kang-Tae; Krantz, Steven G., The geometry of
complex domains, Progress in Mathematics, 291. Birkhauser Boston, Ltd.,
Boston, MA, 2011.

[H] Helgason, Sigurdur, Groups and geometric analysis. Integral geometry, in-
variant differential operators, and spherical functions, Pure and Applied
Mathematics, 113. Academic Press, Inc., Orlando, FL, 1984. xix+654 pp.



BIBLIOGRAPHY 7

[JL1] Jerison, David; Lee, John M.; The Yamabe problem on CR manifolds., J.
Differential Geom. 25 (1987), no. 2, 167-197.

[JL2] Jerison, David; Lee, John M., Extremals for the Sobolev inequality on
the Heisenberg group and the CR Yamabe problem, J. Amer. Math. Soc. 1
(1988), no. 1, 1-13.

[K] Knapp, Anthony W., Lie groups beyond an introduction, Second edition,
Progress in Mathematics, 140. Birkhduser Boston, Inc., Boston, MA, 2002.
xviii4-812 pp.

[KN] Kobayashi, Shoshichi; Nomizu, Katsumi, Foundations of differential ge-
ometry. Vol. II, Interscience Tracts in Pure and Applied Mathematics, No. 15
Vol. II Interscience Publishers John Wiley & Sons, Inc., New York-London-
Sydney 1969

[L1] Lee, John M.; The Fefferman metric and pseudo-Hermitian invariants,
Trans. Amer. Math. Soc. 296 (1986), no. 1, 411-429.

[L2] Lee, John M., Pseudo-FEinstein structures on CR manifolds, Amer. J. Math.
110 (1988), no. 1, 157-178.

[MU] Malchiodi, Andrea; Uguzzoni, Francesco, A perturbation result for the
Webster scalar curvature problem on the CR sphere, J. Math. Pures Appl.
(9) 81 (2002), no. 10, 983-997.

[MW] Mawhin, Jean, Willem, Michel, Critical point theory and Hamiltonian
systems, Applied Mathematical Sciences, 74. Springer-Verlag, New York,
1989. xiv+277 pp.

[MP] Mazzeo, Rafe; Pacard, Frank, Constant scalar curvature metrics with iso-
lated singularities, Duke Math. J. 99 (1999), no. 3, 353—418.

[M] Musso, Emilio, Homogeneous pseudo-Hermitian Riemannian manifolds of
FEinstein type, Amer. J. Math. 113 (1991), no. 2, 219-241.

[Ob] Obata, Morio, The conjectures on conformal transformations of Rieman-
nian manifolds, J. Differential Geometry 6 (1971/72), 247-258.

[ON] O’Neil, Richard, Convolution operators and L(p,q) spaces Duke Math. J.
30 (1963), 129 142.

[P] Palais, Richard S. The principle of symmetric criticality. Comm. Math.
Phys. 69 (1979), no. 1, 19-30.

[R] Rudin, Walter, Function theory in the unit ball of C™, Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences|, 241. Springer-Verlag, New York-Berlin, 1980.



78 BIBLIOGRAPHY

[S] Struwe, Michael, Variational methods. Applications to nonlinear partial dif-
ferential equations and Hamiltonian systems. Fourth edition, Ergebnisse der
Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys
in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A
Series of Modern Surveys in Mathematics], 34. Springer-Verlag, Berlin, 2008.
xx+302 pp.

[T] Tanaka, Noboru, A differential geometric study on strongly pseudo-convex
mamnifolds, Lectures in Mathematics, Department of Mathematics, Kyoto
University, No. 9. Kinokuniya Book Store Co., Ltd., Tokyo, 1975.

[We] Webster, S. M., Pseudo-Hermitian structures on a real hypersurface J.
Differential Geometry 13 (1978), no. 1, 25-41.

[Wa] Wang, Xiaodong, On a remarkable formula of Jerison and Lee in CR
geometry. Math. Res. Lett. 22 (2015), no. 1, 279-299.

[Y] Yap, Leonard Y. H., Some remarks on convolution operators and L(p,q)
spaces, Duke Math. J. 36 (1969), 647—658.



