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This paper presents the design of a hybrid state observer that estimates the sway angle in trolley systems with a
pendulum, such as overhead cranes. In the system, sway angle signals detected by angular sensors are generally used
for designing the anti-sway control of the pendulum or observing the pendulum state. By contrast, in this study, a linear
state observer without sensors is applied to estimate the sway angle of the pendulum. The use of a standard asymptotic
state observer leads to estimation error due to the system’s nonlinearities and parametric errors. This paper proposes
using a hybrid state observer design that combines discrete event sensing with a linear state observer. In the hybrid state
observer, the estimation performance is improved by correcting the state of the system based on the discrete sway angle
and angular velocity using discrete sensing. In addition, the parametric error of the pendulum length of the system is
identified using the same hybrid setting. The effectiveness of the hybrid state observer and the parametric adaptation
of the pendulum length are verified by conducting experiments using a downscaled prototype of a trolley system with
a pendulum.
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1. Introduction

Hybrid systems are systems that mix continuous and dis-
crete dynamics (1). Continuous dynamics correspond to phe-
nomena expressed in equations of motion or ordinary dif-
ferential equations of dynamical systems in general control
theories. Discrete dynamics, on the other hand, correspond
to mode transitions depending on discrete sensing or system
states. Sensors typically used for discrete sensing are binary-
valued or on-off sensors based on detection principles by pho-
toelectric, high-frequency oscillation, magnetic, and chemi-
cal. They are usually less expensive and easier to handle than
regular sensors used for continuous sensing and are therefore
widely used in factory automation, automotive, and chemical
process systems. However, sensing by using discrete sensors
only occurs when a state quantity of the object to be measured
has exceeded a specific level; owing to this aspect, discrete
sensors cannot measure state quantities continuously. Hence,
theoretical studies have been conducted on approaches us-
ing the sensors that output trigger or binary signals, e.g., sys-
tem identification (2), continuous estimation of the state quan-
tities (3), and reconstruction of the state quantities (4). As a hy-
brid motion control approach, impulse or event-based control
has demonstrated with promising results (5)–(7). This approach
is more attractive from the aspects of motion performance
improvement. However, there are few examples of their ap-
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plication in the industry and further discussions are required.
Conveyor systems with pendulum systems, as typified by

container cranes and overhead cranes, play an important role
in cargo-conveying tasks in the industrial fields, including
harbors and factories. Technically accomplished crane op-
erators are needed to operate this type of machinery fast and
accurately. However, in recent years, problems such as labor
shortages have occurred owing to a decrease in the working
population and the retirement of skilled operators; these is-
sues are expected to further increase in the future. As a re-
sult, there is an increasing need for automated and unmanned
cranes. Since the oscillation of a payload in conveyance by
cranes leads to decreased efficiency and safety of convey-
ing work, anti-sway control technology is an essential as-
pect in the development of automated cranes. Various anti-
sway approaches have been studied, and the approaches can
be roughly divided into feedforward and feedback control (8).
On the one hand, feedforward control involves a trolley tra-
jectory design where suppresses load oscillations when arriv-
ing at its target position (9)–(11). The efficacy has been verified
in sway control for load. On the other hand, feedback control
is an approach that feeds back the load sway angle measured
using sway angle sensors (12) (13). The control systems based
on directly sensing are appreciated because they are robust
against modeling errors and disturbances. Although the sen-
sors such as potentiometers, optical/magnetic encoders, and
visual cameras (14) are used to detect the sway angle of the
pendulum with load, issues remain around the space needed
to install sensors, measurement conditions, cost, and sen-
sor maintenance. A state observer is a common practice
of estimating the sway angle to use as anti-sway control or
monitoring the load. However, the issues with common linear
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state observers are the generation of estimation errors due to
modelling/parametric errors or the system nonlinearities. To
improve the estimation accuracy, a load-mounted inclinome-
ter and observer was used in Ref. (15). In Ref. (16), a vision
sensor was used to estimate the sway angle, where the long
sampling time of vision sensor was compensated by time cor-
rection observer. A load position observer was implemented
as Extended Kalman Filters, where the input signals are the
boom tip position which can be measured using incremen-
tal encoders and the angular rope velocity, measured by gy-
roscopes (17). These sensor fusion techniques combined with
much cheaper and/or durable sensors appears promising for
the accurate state estimation and extension of standard mo-
tion control approaches.

This paper presents an approach of a hybrid state observer
design that combines discrete sensing detected by photoelec-
tric sensors with a linear state observer for a prototype of
trolley systems with pendulum systems. The objective is to
accurately estimate the sway angle of the pendulum with load
without using angle sensors. The sway angle of the pendu-
lum can be continuously estimated using input and output
signals of the trolley through the linear state observer. How-
ever, the modeling and parametric errors deteriorate the es-
timation performance. The photoelectric sensors generating
the discrete sensing signals are installed on the outside of the
trolley system with pendulum and detection signals are only
generated when the load passes in front of the photoelectric
sensors. Sway angle and angular velocity can be calculated
based on these signals. The initial values of the state ob-
server are updated to correct the sway angle estimation error
based on these discrete sensing signals. This system is char-
acterized by the fact that load detection by the photoelectric
sensors is treated as a trigger. In addition, the adaptive iden-
tification of the pendulum length parameter is designed using
discrete sensing signals. The usefulness of the designed hy-
brid state observer is verified through a sway angle estimation
experiments using the prototype.

2. Configuration and Modeling of the Prototype
System

2.1 Prototype Configuration The external appear-
ance of the prototype system described in this paper is il-
lustrated in Fig. 1, while the configuration of control system
is shown in Fig. 2. The basic design concept can be found
in Ref. (18). It consists of a combination of a linear motor-
driven table and a pendulum system, with the table represent-
ing the traveling trolley and the pendulum system represent-
ing the conveying load. The motor thrust reference, which
is the control input calculated by the digital signal processor
(DSP), is output to the servo amplifier through a DA con-
verter. The motor driving current (motor driving thrust) is
controlled with the servo amplifier through the current con-
trol system. The table is driven by motor-driven thrust and
moves in the x axis direction on two linear guides. The table
position x is measured by a linear encoder with resolution of
0.5 μm and a position control system is configured based on
the position signal.

The pendulum system is connected to the table through a
support column and the load sways around the axis formed
by the bearing installed on the support column. The sway

(a) Photo of prototype

(b) Schematic view

Fig. 1. Downscaled prototype of trolley system with
pendulum

Fig. 2. Control system of trolley system with pendulum

angle of the pendulum is measured by a rotary encoder with
2400 pulse/revolution. The encoder is used for performance
evaluation only and is not a regular part of the trolley system
with pendulum.

Two reflective-type photoelectric sensors are installed on
the external trolley base at position xs, where a distance be-
tween the two sensors is ds = 10 mm. The response time
of the sensor is 0.3 ms. The photoelectric sensor to be used
generates the output signal by detecting the change in light
quantity due to the object crossing the optical axis. When
sensor beam from the emitter strikes the tip of the pendu-
lum illustrated in Fig. 1(b), the sensor outputs the signal from
low-level to high-level.
2.2 Detection of Sway Angle and Angular Velocity Us-

ing Photoelectric Sensors In this paper, the sway angle
and angular velocity of the pendulum is discretely detected
through the detection of the tip of the pendulum by the photo-
electric sensors. Using trolley position x(ti), position of pho-
toelectric sensors xs and pendulum rod length l, sway angle
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(a) Trolley position response

(b) Detected sway angle

(c) Detected angular velocity

(d) Photoelectric sensors output

Fig. 3. Sway detected by photoelectric sensors for free
oscillation

ϕd(ti) of the pendulum is obtained as follows:

ϕd(ti) = sin−1 xs − x(ti)
l

, · · · · · · · · · · · · · · · · · · · · · · · · · (1)

where ti is discrete sensing time by the photoelectric sensors.
The time ti is defined as the later time out of the two sens-
ing times generated by the pendulum passing in front of the
photoelectric sensors. Tangential velocity vt(ti) of the pendu-
lum can be obtained with the following equation, using the
distance of two photoelectric sensors ds and sensing time dif-
ference Δti:

vt(ti) =
ds

Δti
. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2)

Using the tangential velocity vt(ti) above and pendulum rod
length l, angular velocity ϕ̇d(ti) can be obtained by:

ϕ̇d(ti) =
vt(ti)

l
. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (3)

Figures 3 and 4 show the computation results, using (1),
(2), and (3), for sway angle and angular velocity for the free
oscillation of the pendulum from 90 degrees with the trolley
in a fixed state (x = xs), and for the sinusoidal movement of

(a) Trolley position response

(b) Detected sway angle

(c) Detected angular velocity

(d) Photoelectric sensors output

Fig. 4. Sway detected by photoelectric sensors for sinu-
soidal movement of trolley

the trolley centered around the photoelectric sensors’ loca-
tion. In the figures, (a), (b), (c), and (d) show the trolley po-
sition, the sway angle, the angular velocity, and output signal
of the photoelectric sensors, respectively. In (b) and (c), the
blue line indicates the rotary encoder measurements and the
red line indicates the sway angle and angular velocity calcu-
lated with (1), (2), and (3). Based on Figs. 3 and 4, sway an-
gle and angular velocity can be detected at the photoelectric
sensors’ sensing times. The sway angle and angular velocity
of the pendulum can be measured continuously by the rotary
encoder, but with the detection method using the photoelec-
tric sensors, detection is only possible when the pendulum
passes in front of the photoelectric sensors.
2.3 Modeling of the Prototype System The pro-

totype system is considered as an equivalent crane system
model outlined in Fig. 5.

The equation of motion is expressed as follows (18):

(MC + ML)ẍ + MLl(ϕ̈ cos (ϕ) − ϕ̇2 sin (ϕ)) + c sgn(ẋ)

+dẋ = fin, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (4)

MLl cos (ϕ)ẍ + MLl2ϕ̈ + MLgl sin (ϕ) + a sgn(ϕ̇)

+bϕ̇ = 0, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (5)
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Fig. 5. Schematic view of pendulum system

Table 1. Parameters of target pendulum system

MC [kg] 14.3 ML [kg] 1.0

l [m] 0.289 a [Nm] 7.1 × 10−3

b [Nms/rad] 12.2 × 10−3 c [N] 15.1

d [Ns/m] 16.1

where MC is the trolley mass, ML is the load mass, l is the
rod length, g is the gravity constant, fin is the trolley driv-
ing force, c is the Coulomb friction coefficient for the trolley,
d is the viscous friction coefficient for the trolley, a is the
Coulomb friction coefficient around the bearing, and b is the
viscous friction coefficient around the bearing. The parame-
ters are listed in Table 1. Assuming that the sway angle of
the pendulum is sufficiently small (ϕ ≈ 0), (4) and (5) can be
linearized as follows:

(MC + ML)ẍ + MLlϕ̈ + dẋ = fin, · · · · · · · · · · · · · · · · (6)

MLlẍ + MLl2ϕ̈ + MLglϕ + bϕ̇ = 0. · · · · · · · · · · · · · · · (7)

Based on the equations above, the state and output equations
can be expressed as follows:

z =
[

x ϕ ẋ ϕ̇
]T
, · · · · · · · · · · · · · · · · · · · · · · · · · (8)

y = x. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (9)

Here, state variable z and output variable y are given as fol-
lows:

ż = Az + B fin, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (10)

y = Cz, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (11)

where

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 0
0 0 0 1

0
ML

MC
g − d

MC

b
MCl

0 −MC + ML

MCl
g

d
MCl

−b(MC + ML)
MC MLl2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

B =

[
0 0

1
MC

− 1
MCl

]T
,

C =
[
1 0 0 0

]
.

The system expressed in (10) and (11) is observable.

2.4 Linear State Observer Design For the system
expressed in (10) and (11), the linear state observer is de-
signed as follows (19):

ˆ̇z = Aẑ + B fin + L(y − Cẑ), · · · · · · · · · · · · · · · · · · · · · · (12)

where ẑ is the estimated state variable and L is the observer
gain. By using the state observer, sway angle ϕ̂ can be esti-
mated from the trolley driving force fin and the trolley posi-
tion x without using sway angle information.

3. Hybrid State Observer Design

Since sway angle ϕ is estimated from the trolley driving
force fin and the trolley position x with the linear state ob-
server, estimation errors occur if there are modeling errors in
the observer model. In this paper, therefore, the photoelec-
tric sensors are installed at the trolley target position and the
hybrid state observer is designed to reduce estimation errors
by combining their discrete sensing signals with the linear
state observer. The photoelectric sensors are widely used as
a detection device for positioning at a target position in the
real applications (20) (21). Sway angle and angular velocity that
are computed by the discrete sensing signals are generated by
the event of the pendulum passing in front of the photoelec-
tric sensors. The initial value of the linear state observer is
updated based on the discrete sensing signals to modify the
estimation errors at the time of the event. If the time of dis-
crete sensing by the photoelectric sensors is ti, then each state
variable of the pendulum system at t < ti can be, based on the
state observer expressed in (12), computed explicitly with the
following equation:

ẑ = e(A−LC)tz(0)

+

∫ t

0
e(A−LC)(t−τ)(B fin + Ly)dτ. · · · · · · · · · · · · · (13)

The initial value in (13) is updated as in the following equa-
tion, using the discrete sensing signal at discrete sensing time
ti:

ẑ = e(A−LC)(t−ti)z(ti)

+

∫ t

ti

e(A−LC)(t−τ)(B fin + Ly)dτ, · · · · · · · · · · · · (14)

z(ti) =
[
x̂(ti) ϕd(ti) ˆ̇x(ti) ϕ̇d(ti)

]
, · · · · · · · · · · · (15)

where ϕd(ti) and ϕ̇d(ti) are the sway angle and angular ve-
locity, respectively, detected by the photoelectric sensors.
The composition of the hybrid state observer is illustrated in
Fig. 6. Based on the above, the hybrid state observer calcu-
lates estimated state variable ẑ using the trolley driving force
fin and trolley position x, which are continuous sensing sig-
nals, and updates the initial values of the linear state observer
using the discrete sensing signals by the photoelectric sen-
sors.

4. Adaptive Identification System of Pendulum
Length

Estimation performance of the linear state observer dete-
riorates due to modeling errors. In practice, parametric er-
rors in the length l are entirely unavoidable due to changes
in the weight of the transportation object, errors in the detec-
tion position, and aged deterioration of the system with the
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Fig. 6. Block diagram of the system with hybrid state
observer

pendulum. The estimation using linear state observer, in par-
ticular, is sensitive to change in the pendulum length because
it causes the natural frequency variation. As a result, estima-
tion errors appear in the interval next to the discrete sensing
time ti+1 even if the initial value of the hybrid state observer
is updated through the discrete sensing signals. In this pa-
per, adaptive identification system is designed to identify the
pendulum length using discrete sensing signals. The system
is designed by focusing on the behaviors of estimated sway
angle and angular velocity of the hybrid state observer which
has pendulum length errors. Figures 7 and 8 show the simula-
tion results for estimated sway angle and angular velocity of
the hybrid state observer for pendulum length error of ±20%.
The gray lines indicate the actual response detected by the ro-
tary encoder; the blue lines indicate the hybrid state observer
estimation; the red lines indicate sway angle ϕd and angu-
lar velocity ϕ̇d detected by the photoelectric sensors; and the
green lines indicate the discrete sensing time by the photo-
electric sensor. Figures 7 and 8 show that errors appear in the
sway cycles of estimated ϕ̂ and ˆ̇ϕ due to the effect of pendu-
lum length error between discrete sensing times [ti, ti+1]. In
the case of a positive error in the observer model pendulum
length for the actual pendulum length, it can be confirmed
that sway angle error e(ti) = ϕd(ti) − ϕ̂(ti) and angular veloc-
ity ϕ̇d are [e < 0 and ϕ̇d < 0] and [e > 0 and ϕ̇d > 0]. If
the error is negative, it can be confirmed that they are [e < 0
and ϕ̇d > 0] and [e > 0 and ϕ̇d < 0]. In other words, whether
the pendulum length error in the observer model is positive
or negative, it can be identified from the relationship between
sway angle error e(ti) and angular velocity ϕ̇d at discrete sens-
ing time ti. The relationship between sway angle error e(ti)
and angular velocity ϕ̇ is listed in Table 2. In Table 2, l in-
dicates actual pendulum length and l̂ indicates the pendulum
length in the observer model. In this paper, the following
adaptive identification equation is used to update pendulum
length l̂.

l̂(i + 1) = l̂(i) − α
i

sgn(ϕ̇d(ti))e(ti), · · · · · · · · · · · · · · · (16)

where α is adaptive gain and i (= 1, 2, . . .) is discrete sensing
number. In (16), the second term on the right decreases based
on α/i through the increase of discrete sensing number i. The
pendulum length l̂ estimated by the aforementioned adaptive

Fig. 7. Estimated sway angle and angular velocity by
hybrid state observer (pendulum length +20%)

Fig. 8. Estimated sway angle and angular velocity by
hybrid state observer (pendulum length −20%)

Table 2. Relationship between sway angle error and an-
gular velocity

Angular velocity ϕ̇d > 0 ϕ̇d < 0 ϕ̇d > 0 ϕ̇d < 0

Angle error e < 0 e > 0 e > 0 e < 0

Rod length l̂ > l l̂ < l

identification system is used to update the linear state ob-
server model in (12). In practice, the discrete sensing number
i continues to increase during operation. Therefore, i should
be reset when the next or a new operation is started.

5. Experimental Verification

The prototype system in Fig. 1 is used to verify the pro-
posed hybrid state observer and the pendulum length adap-
tive system. As illustrated in Fig. 9, in the experiments, sway
angle is estimated when the trolley is driven through an S-
shape reference at target position 100 mm as shown in gray
line of Fig. 10(a) and when the trolley is driven through a si-
nusoidal reference with amplitude 10 mm and frequency 1 Hz
as shown in gray line of Fig. 10(b). The position control sys-
tem of the trolley is designed to achieve the precise track-
ing performance for the position reference (see Ref. (22) for
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Fig. 9. Trolley motion in experiments

(a) Case 1

(b) Case 2

Fig. 10. References and responses of the trolley

details). Broken red lines of Fig. 10 indicate the position re-
sponses of the trolley.

To verify the robustness against pendulum length error,
conventional linear state observer and proposed hybrid state
observer to be compared are designed based on the model
with pendulum length error of +20%. The observer gain L is
determined by considering the pole assignment of −10 for all
poles. The adaptive gain is set as 0.8. Experimental results
are shown in Figs. 11 and 12. The figures labeled (a) show
estimated sway angle and the ones labeled (b) show adaptive
identification of pendulum length. The black lines in (a) in-
dicate the sway angle measured by the rotary encoder; the
blue line indicates the estimation result using conventional
linear state observer; the red line indicates the estimation re-
sult using the proposed hybrid state observer; and the green
line indicates the discrete sensing time. Figures 11 and 12
shows that the sway angle estimation error by the hybrid state
observer is smaller than with the conventional linear state ob-
server. Moreover, it can be confirmed that with the proposed
pendulum length adaptive identification system, the parame-
ter of the length is asymptotic to the actual one. Thus, the
usefulness of the proposed approach for sway angle estima-
tion has been verified.

(a) Estimated sway angle

(b) Parameter identification of pendulum length

Fig. 11. Experimental results of case 1

(a) Estimated sway angle

(b) Parameter identification of pendulum length

Fig. 12. Experimental results of case 2

6. Conclusions

In this paper, we designed a hybrid state observer incor-
porating continuous and discrete sensing for the estimation
of the sway angle in the trolley systems with the pendulum.
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Although the sway angle of the pendulum can be estimated
using input and output signals of the trolley through the lin-
ear state observer based on the model of the trolley system
with pendulum, the modeling and parametric errors deterio-
rate the estimation performance. Two photoelectric sensors,
which are discrete sensors, were placed at the trolley target
location, and the sway angle and angular velocity of the pen-
dulum were discretely computed based on the signals. To
correct the sway angle estimation error, the initial value of
the linear state observer was updated using the discrete sens-
ing signals at the sensing time. Moreover, we designed a
system for the adaptive identification of the pendulum length
parameter using discrete sensing signals. The usefulness of
proposed system was verified by conducting the experiments
using the prototype based on the trolley system with pendu-
lum.
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