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1 Introduction

Recently, covariant open-closed string field theory (OC-SFT), initially constructed in [1, 2],
has received a renewed attention as it has provided a complete and convenient framework
where to address important D-brane effects in string theory. These include D-instanton
contributions to closed string amplitudes [3–16] and deformations of the open string physics
on a given D-brane system in a changing closed string background [17]. In particular in this
last exploration, it has been possible to directly appreciate how the relevant observables
describing the process of D-brane deformation are well-defined only in the framework of
OC-SFT where it is possible to generalize the ‘open string conjectures’ (see [18] for a review)
to the case where both the closed string background and the D-brane system change. The
gauge invariant observables describing the change in the background are associated to open-
closed amplitudes and the framework of OC-SFT, beside giving the most complete target
space picture of the process, turns out to be just perfect in dealing with IR divergences
from both closed and open string degenerations.

At the same time however, this analysis made evident another fact. When we study
how a change in the closed string background affects the D-brane physics, we are first of all
solving the closed string field theory equation of motion to describe the change in the bulk
CFT. However, since closed strings are coupled to the initial D-brane, we are not really
solving the full string equation of motion but we are ignoring the backreaction that the D-
brane has on the closed string background. In other words we are using the D-brane in probe
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approximation. A simple field theory analogue would be to couple General Relativity (GR)
to some matter, in a background given by a vacuum GR solution, ignoring the gravitational
backreaction of the matter. While this is a useful microscopic understanding of several
defomations of gauge theories, we would also like to have a microscopic understanding
of the complementary problem: how does a given D-brane system affect the closed string
geometry? Roughly this should be captured by the sourced closed string equation of motion

Qc|Φ⟩ ∼ κ|B0⟩, (1.1)

where Qc is the closed string BRST charge, κ is the closed string coupling constant and
|B0⟩ is the boundary state of the D-brane system of which we want to capture the backreac-
tion. However this is only a very crude approximation to the backreaction because several
non-linearities enter the game due to the open-closed and the closed-closed interactions. It
takes a moment to realize that, differently from the GR-matter example (or, even simpler,
a charge in interaction with an electromagnetic field) this problem is intrinsically quantum
mechanical, since closed string propagation in presence of world-sheet boundaries is indis-
tinguishable from an open string loop, due to the open-closed channel duality. This problem
sits at the heart of string theory and it has led to the gauge/gravity duality (see [19] for
review), a profound conjecture whose proof is however still a challenge. In the absence of a
full microscopic understanding in the critical-string setting, this problem has been studied
in specific simplified examples where the background is such that the local string dynamics
is drastically simplified or absent, for example in the topological string [20–22] or in the
non-critical string [23–26] and also in some specific time-dependent backgrounds [27, 28]
of critical string theory. In these cases it has been indeed possible to reconstruct the full
closed string backreaction from the open strings (or, more precisely, the D-branes) moduli.
The typical key move to access this has been to start from a large number N of D-branes
and then focus on the ’t Hooft limit N →∞ while keeping the ’t Hooft coupling λ = κN

fixed (or sending it to a critical value λc, [24]). Since in this limit κ is guaranteed to be very
small, the world-sheet description is valid and trustable. In this limit the relevant string
amplitudes are dominated by genus zero surfaces with an arbitrary number of boundaries,
weighted by the ’t Hooft coupling. Resumming the boundaries should then result in pure
closed string amplitudes on the backreacted background as in the paradigmatic example
of the Gopakumar-Vafa conifold transition [21].

It would be certainly desirable to have an understanding of this highly non-linear
process in a complete space-time QFT approach such as OC-SFT.1

In this paper we propose a concrete description of D-branes’ backreaction in OC-SFT,
when this is formulated on a large number of D-branes.

Let us summarize our results by giving the plan of the paper. In section 2 we discuss
how Zwiebach’s OC-SFT looks like when we take as a starting background a large N

number of identical D-branes and we indeed verify that in the large N limit all the couplings
entering in the action are dominated by off-shell amplitudes on genus zero surfaces with

1In fact this possibility has been already advocated in the early days [29] before the AdS/CF T break-
through.
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an arbitrary number of boundaries. In section 3 we study how the large N limit affects
the quantum homotopy relations which are at the basis of the perturbative consistency of
OC-SFT. In doing this we take advantage of expressing the theory in the new nilpotent
formulation discussed in our recent paper [30] which allows to write the full open-closed
planar action in terms of a single open-closed planar coderivation n(p) which packages at
once all open-closed couplings on genus zero Riemann surfaces with an arbitrary number
of boundaries.

We explicitly verify that in the large N limit of the BV quantum master equation the
closed string symplectic laplacian is suppressed as

∆c ∼
λ2

N2 , (1.2)

consistently with the fact that closed strings are classical in this limit. In addition also
the open string BV laplacian gets simplified to the sole contribution where two open string
punctures are glued together only if they sit on the same boundary,

∆o
∣∣∣
same boundary

:= ∆(1)
o ∼ λ, (1.3)

while the gluing of open punctures from different boundaries is suppressed

∆o
∣∣∣
different boundaries

:= ∆(2)
o ∼ λ

N2 . (1.4)

The planar BV master equation

(S, S)c + (S, S)o + 2∆(1)
o S = 0 (1.5)

then translates into the planar nilpotency relation

(n(p) + U (p))2 = 0, (1.6)

where U (p) is the planar open string Poisson bi-vector corresponding to ∆(1)
o . In section 4

we address the possibility of capturing the closed string backreaction of the large number
of branes we have started with. In 4.1 we discuss the integration out of the open string
sector using the homotopy transfer [33–37] on the planar open-closed coderivation n(p). We
observe that the structure of the homological perturbation lemma remains consistent if we
can assume that the open string cohomology doesn’t flow through the internal open string
propagators. Under this assumption we derive the final closed string effective couplings
which can be identified with off-shell closed strings amplitudes on genus zero surfaces with
arbitrary number of boundaries, with a full moduli space integration towards open string
degeneration. These couplings are finite and well-defined as long as it is consistent to
ignore the open string cohomology as above. We show that these couplings define a weak
L∞ algebra, meaning that the obtained closed string field theory action is purely classical
but it has a non-vanishing tadpole. Then in 4.2 we discuss the elimination of the tadpole
through a closed string vacuum shift solution Φ(λ) whose equation of motion reads

∞∑
k=1

1
k! l̃k(Φ(λ)∧k) + l̃0 = 0 ∼ λ

(
QcΦ′(0) + |B′

0⟩
)

+O(λ2) , (1.7)
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where the normalized boundary state |B′
0⟩ = (1/N)|B0⟩ has a finite large N limit and

coincides with the boundary state of a single D-brane of the N -stack. This provides the
searched-for non-linear completion of (1.1). If a regular solution to this equation exists, the
closed string theory will cancel the tadpole and it will thus describe a new purely closed
string background which is the result of the backreaction of the initial N D-branes. We
conclude in 5 with a final discussion. Appendix A contains technical results on the uplift of
the propagator and the other objects entering the strong deformation retract at the basis
of the open string integration-out, to the open-closed tensor algebra.

2 Open-closed string field theory in the large N limit

Consider the BV quantum master action of bosonic open-closed string field theory [2, 30]

Soc[Φ,Ψ] =
∞∑
g=0

∞∑
b=0

κ2g+b−2
∞∑
k=0

∞∑
{l1,...,lb}=0

1
b!k!(l1) · · · (lb)

Ag,bk;{l1,...,lb}

(
Φ∧k⊗′ Ψ⊙l1 ∧′ · · · ∧′ Ψ⊙lb

)
,

(2.1)
where Φ is the closed BV string field, Ψ is the open one and κ is the string coupling con-
stant. See [30] for our conventions. In particular ⊙ is the cyclic tensor product, which
is used to place color-ordered open strings on every boundary. The off-shell amplitudes
Ag,bk;{l1,...,lb} are computed in a given BCFT0 which describes the initial open-closed back-
ground, represented in the closed string channel by a given boundary state |B′

0⟩.
Now we want to consider this theory defined on N identical BCFT0 D-branes, described

by the boundary state N |B′
0⟩. This means to add N ×N Chan-Paton factors to the open

string field Ψ. In particular if the original BV open string field was expanded as Ψ = ψa oa
(where oa is a basis of BCFT0 boundary fields and ψa are collectively the open BV fields
and anti-fields), now we will have

Ψ = ψaij t
ijoa, (2.2)

where {tij} is a basis for N ×N matrices which for definiteness we take as

(tij)pq = δip δ
j
q . (2.3)

In doing so we would like to re-write the action in terms of objects which remain finite as
the limit N → ∞ is taken. To do so it is convenient to define the normalized trace for
N ×N matrices

Tr′[M ] := 1
N

Tr[M ], (2.4)

in such a way that, for example, Tr′[1N ] = 1. The off-shell amplitude Ag,b contains a
number of traces over CP factors which equals the number of boundaries. We can thus
define normalized off-shell amplitudes as

A′g,b := 1
N b
Ag,b, (2.5)
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which remain finite when N →∞. If we write the action (2.1) in terms of normalized CP
traces we thus get

Soc[Φ,Ψ] =
∞∑
g=0

∞∑
b=0

κ2g+b−2N b
∞∑
k=0

∞∑
{l1,...,lb}=0

1
b!k!(l1) · · · (lb)

A′g,b
k;{l1,...,lb}

(
Φ∧k⊗′ Ψ⊙l1 ∧′ · · · ∧′ Ψ⊙lb

)

=
∞∑
g=0

κ2g−2
∞∑
b=0

λb
∞∑
k=0

∞∑
{l1,...,lb}=0

1
b!k!(l1) · · · (lb)

A′g,b
k;{l1,...,lb}

(
Φ∧k⊗′ Ψ⊙l1 ∧′ · · · ∧′ Ψ⊙lb

)
,

(2.6)
where we have defined the ’t Hooft coupling

λ := κN. (2.7)

Alternatively we can also write

Soc[Φ,Ψ] =
∞∑
g=0

∞∑
b=0

N2−2gλ2g+b−2
∞∑
k=0

∞∑
{l1,...,lb}=0

1
b!k!(l1) · · · (lb)

A′g,b
k;{l1,...,lb}

(
Φ∧k⊗′ Ψ⊙l1 ∧′ · · · ∧′ Ψ⊙lb

)
.

(2.8)
We are interested in the open-closed action in the large N limit at fixed ’t Hooft coupling
λ. In this limit we notice that only genus zero surfaces survive

lim
N→∞

1
N2Soc[Φ,Ψ]=

∞∑
b=0

λb−2
∞∑

k=0

∞∑
{l1,...,lb}=0

1
b!k!(l1) · · · (lb)A

′g=0,b
k;{l1,...,lb}

(
Φ∧k ⊗′ Ψ⊙l1 ∧′ · · · ∧′ Ψ⊙lb

)
,

:=Spl[Φ,Ψ], (2.9)

where “pl” stands for planar. In this paper we will be interested in exploring this limit.

3 Large N homotopy algebra

In this section we will reformulate what we have just said using the open-closed tensor
algebra notation introduced in [30] and we will obtain the large-N open-closed homotopy
relations from the quantum BV master equation. Since, if not for the N dependence, this
is a rewriting of what has already been done in detail in [30], we will often just give the
results and only comment on the instances where the N parameter plays an important role.

3.1 Normalized multistring products

To start with we rewrite the action using multistring products. First of all the normalized
amplitudes involving only closed strings are written as

A′g,b
k+1(Φ1 ∧ · · · ∧ Φk+1) := ωc

(
Φ1, l

′(g,b)
k,0 (Φ2 ∧ · · · ∧ Φk+1)

)
, (3.1)

where ωc is the closed string symplectic form (used in the standard conventions of [30])
and we have defined the normalized multistring products

l′
(g,b)
k,0 : H∧k

c → Hc, (3.2)

l′
(g,b) := N−b l(g,b), (3.3)
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where l(g,b) is the non-normalized product (that is with usual CP traces on every boundary).
The l′(g,b) are cyclic with respect to ωc

ωc
(
Φ1, l

′(g,b)
k,0 (Φ2 ∧ · · · ∧ Φk+1)

)
= (−1)ϵωc

(
Φk+1, l

′(g,b)
k,0 (Φ1 ∧ · · · ∧ Φk)

)
(3.4)

and BPZ odd

ωc
(
Φ1, l

′(g,b)
k,0 (Φ2 ∧ · · · ∧ Φk+1)

)
= −(−1)d(Φ1)ωc

(
l′

(g,b)
k,0 (Φ1 ∧ · · · ∧ Φk) ,Φk+1

)
. (3.5)

The other normalized amplitudes containing at least one open string, can be written using
the open string symplectic form, choosing a special boundary, as explained in detail in [30]

A′g,b
k;{l1,...,lb}

(
Φ1 ∧ · · · ∧ Φk ⊗′ Ψ1,1 ⊙ · · · ⊙Ψ1,l1 ∧′ · · · ∧′ Ψb,1 ⊙ · · · ⊙Ψb,lb

)
:= ω′

o

(
Ψb,1,m

′(g,b)
k[l1,...,lb−1]lb−1

(
(Φ)k ⊗′ [Ψ]l1 ∧′ · · · ∧′ [Ψ]lb−1 ⊗

′′ Ψb,2 ⊗ · · · ⊗Ψb,lb

))
,

(3.6)

where

(Φ)k := Φ1 ∧ · · · ∧ Φk

[Ψ]lj := Ψj,1 ⊙ · · · ⊙Ψj,lj . (3.7)

The normalized open string symplectic form is defined with a normalized Chan-Paton trace

ω′
o := ωo

N
. (3.8)

The normalized multistring products with open string output m′(g,b) are odd linear maps

m′(g,b)
k[l1,...,lb−1]lb : H∧k

c ⊗′ H⊙l1
o ∧′ · · · ∧′ H⊙lb−1

o ⊗′′ H⊗lb
o → Ho, (3.9)

m′(g,b) := N1−bm(g,b), (3.10)

which are cyclic

ω′
o

(
Ψb,1,m

′(g,b)
k[l1,...,lb−1]lb−1

(
(Φ)k ⊗′ [Ψ]l1 ∧′ · · · ∧′ [Ψ]lb−1 ⊗

′′ Ψb,2 ⊗ · · · ⊗Ψb,lb

))
(3.11)

= (−1)ϵω′
o

(
Ψb,lb ,m

′(g,b)
k[l1,...,lb−1]lb−1

(
(Φ)k ⊗′ [Ψ]l1 ∧′ · · · ∧′ [Ψ]lb−1 ⊗

′′ Ψb,1 ⊗ · · · ⊗Ψb,lb−1
))

and BPZ odd

ω′
o

(
Ψb,1,m

′(g,b)
k[l1,...,lb−1]lb−1

(
(Φ)k⊗′ [Ψ]l1∧′ · · ·∧′ [Ψ]lb−1⊗

′′Ψb,2⊗· · ·⊗Ψb,lb

))
(3.12)

=−(−1)ϵω′
o

(
m′(g,b)

k[l1,...,lb−1]lb−1

(
(Φ)k⊗′ [Ψ]l1∧′ · · ·∧′ [Ψ]lb−1⊗

′′Ψb,1⊗· · ·⊗Ψb,lb−1
)
,Ψb,lb

)
.

Precisely as in the non-normalized case [30], there is another cyclicity relation obtained by
changing the choice of special boundary

ω′
o

(
Ψb,1,m

′(g,b)
k[l1,...,lb−1]lb−1

(
(Φ)k ⊗′ [Ψ]l1 ∧′ · · · ∧′ [Ψ]lb−1 ⊗

′′ Ψb,2 ⊗ · · · ⊗Ψb,lb

))
= (−1)ϵ ω′

o

(
Ψ1,1,m

′(g,b)
k[l2,...,lb]l1−1

(
(Φ)k ⊗′ [Ψ]l2 ∧′ · · · ∧′ [Ψ]lb ⊗

′′ Ψ1,2 ⊗ · · · ⊗Ψ1,l1
))

(3.13)

= A′g,b
k;{l1,...,lb}

(
(Φ)k ⊗′ [Ψ]l1 ∧′ · · · ∧′ [Ψ]lb

)
.
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We then define (non-independent) normalized products l′(g,b) with a closed string out-
put such that the same normalized open-closed amplitude can be computed with the
normalized-open or closed symplectic form

ω′
o

(
Ψb,1,m

′(g,b)
k[l1,...,lb−1]lb−1

(
(Φ)k ⊗′ [Ψ]l1 ∧′ · · · ∧′ [Ψ]lb−1 ⊗

′′ Ψb,2 ⊗ · · · ⊗Ψb,lb

))
:= (−1)ϵωc

(
Φ1, l

′(g,b)
k−1,[l1,··· ,lb]

(
Φ2 ∧ · · · ∧ Φk ⊗′ [Ψ]l1 ∧′ · · · ∧′ [Ψ]lb

))
(3.14)

= A′g,b
k;{l1,...,lb}

(
(Φ)k ⊗′ [Ψ]l1 ∧′ · · · ∧′ [Ψ]lb

)
.

With the definitions and properties given above, the open-closed BV action (2.1) can be
written as

Soc[Φ,Ψ] = Λ0 +
∞∑

g,b=0
κ2g−2 λ

b

b!

∞∑
k=0

 1
(k + 1)!ωc

(
Φ, l′(g,b)k,0

(
Φ∧k

))
(3.15)

+
∞∑

{l1,...,lb−1}=0
lb=1

C(l1, . . . , lb)
k! (l1) · · · (lb)

ω′
o

(
Ψ,m′(g,b)

k[l1,...,lb−1]lb−1

(
Φ∧k ⊗′ Ψ⊙l1 · · ·Ψ⊙lb−1 ⊗′′ Ψ⊗(lb−1)

))
 ,

where the normalizations (l) due to cyclicity are defined by (l) := l+δl,0. The combinatorial
factor C(l1, . . . , lb) accounts for the choice of the special boundary b (on which we compute
the normalized open string symplectic form ω′

o) in the set of non-empty boundaries, and it
is defined and discussed in [30]. This combinatorial factor will be automatically accounted
for in the WZW-like co-algebraic formulation in the next section. The constant Λ0 (which
we did not write explicitly in [30] as it is not important for the local open-closed dynamics)
is a constant of the initial microscopic action formally given by

Λ0 =
∞∑
g=0

κ2g−2
∞∑
b=0

λb

b! A
′g,b
0;0,...,0. (3.16)

As the notation suggests it corresponds to the world-sheet partition function summed over
boundaries and genera, but cut-off at closed and open string degenerations. We expect that,
for g = 0, its value should be such that when the open-closed action is expanded around the
saddle point of the open-string tachyon vacuum, the overall constant term should become
equal to the sphere partition function, see [17] for the classical aspects of this.

In this form of the action, we will be interested in the κ → 0 limit, with λ constant.
Equivalently we can also consider

κ2g−2λb = 1
N2g−2λ

2g+b−2, (3.17)

and take the N →∞ limit, always with λ fixed.

– 7 –
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3.2 Normalized coderivations

The upgrade of the above-defined normalized products to normalized coderivations is iden-
tical to what we did in [30] so we just give the results. Starting from the normalized prod-
ucts with closed string output l′(g,b)k[l1,...,lb] we first upgrade them to coderivations l′

(g,b)
k[l1,...,lb]

and then we define the total closed string coderivation at fixed (g, b)

l′
(g,b) :=

∑
k,{l1,...,lb}

l′
(g,b)
k[l1,...,lb]. (3.18)

Similarly for the products with open string output m′(g,b) we define

m′(g,b) :=
∑
k≥0

∑
l1···lb≥0

m′(g,b)
k[l1,...,lb−1]lb . (3.19)

Just as their non-normalized versions of [30] these normalized coderivations obey the cyclic-
ity relations

ωc
(
π10 l′

(g,b)
ac G , π10bc G

)
= −(−1)d(a)ωc

(
π10 ac G , π10l′

(g,b)
bc G

)
, (3.20)

ω′
o

(
π01m′(g,b)ao G, π01bo G

)
= −(−1)d(a)ω′

o

(
π01ao G, π01m′(g,b)bo G

)
, (3.21)

ωc
(
π10 l′

(g,b)
ao G , π10 bc G

)
= −(−1)d(a)ω′

o

(
π01 ao G , π01 m′(g,b) bc G

)
(3.22)

ω′
o

(
π01 m′(g,b) ac G , π01 bo G

)
= −(−1)d(a)ωc

(
π10 ac G , π10 l′

(g,b)
bo G

)
, (3.23)

where (π10, π01) project into a single copy of respectively (Hc,Ho) inside SHc⊗′SCHo and
(ac/o, bc/o) are any two closed or open string coderivations (i.e. with closed or open output
respectively). All of these relations are just normalized re-writings of the corresponding
relations of [30]. In particular, to help the reader, we recall that G is the open-closed group
like element

G := e∧Φ ⊗′ e∧
′C(Ψ)

=

∑
k≥0

1
k!Φ

∧k

⊗′

∑
b≥0

1
b!

∑
l1≥0

1
(l1)Ψ⊙l1

 ∧′ · · · ∧′
∑
lb≥0

1
(lb)

Ψ⊙lb

 , (3.24)

where closed strings are fully symmetrized, open strings are cyclic on every boundary and
all boundaries are symmetrized between themselves.

Going on, we sum up the open and closed coderivations as

l :=
∑
g,b

κ2g+bl(g,b) =
∑
g,b

κ2g+bN b l′
(g,b) =

∑
g,b

κ2gλb l′
(g,b) (3.25)

m :=
∑
g,b

κ2g+b−1m(g,b) =
∑
g,b

κ2g+b−1N b−1 m′(g,b) =
∑
g,b

κ2gλb−1 m′(g,b). (3.26)

Notice that the resummed l and m are the same as in the un-normalized case treated
in [30], but this time we express them using normalized coderivations. Then we can write
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the full dynamical part of the action in WZW form

Soc(Φ,Ψ) =
∫ 1

0
dt

(
ωc
κ2

(
Φ̇ , π10lG

)
+ ωo

κ

(
Ψ̇ , π01mG

))
,

= N2
∫ 1

0
dt

(
ωc
λ2

(
Φ̇ , π10lG

)
+ ω′

o
λ

(
Ψ̇ , π01mG

))
, (3.27)

where in the second line we have switched to the normalized ω′
o and we have used λ = κN .

In the ’t Hooft limit N →∞ with λ constant the planar action (2.9) is thus written as

Spl(Φ,Ψ) = lim
N→∞

1
N2Soc(Φ,Ψ) =

∫ 1

0
dt

(
ωc
λ2

(
Φ̇ , π10l(p) G

)
+ ω′

o
λ

(
Ψ̇ , π01m(p) G

))
,

(3.28)

where we have defined the planar coderivations l(p) and m(p) as the genus zero contributions
of l and m

l(p) :=
∑
b

λb l′
(0,b)

, (3.29)

m(p) :=
∑
b

λb−1 m′(0,b). (3.30)

Notice that, like ω′
o, these objects are finite in the ’t Hooft limit, contrary to the higher

genus contributions which are suppressed by κ2g ∼ N−2g.

3.3 Large N BV master equation

Following the conventions of [17] and [30] we write the quantum BV master equation as
1
2 (Soc, Soc) + ∆Soc = 0, (3.31)

where we have set ℏ = 1. The BV brackets can be split into an open part and a closed part

(·, ·) = (·, ·)c + (·, ·)o . (3.32)

To define these objects we need to recall how the closed and open BV string fields are
decomposed. For the BV closed string field we have

Φ = ϕa ca (3.33)
ωc(ca, cb) := (ωc)ab (3.34)
ωc(ca, cb) := δab (3.35)
ωc(ca, cb) := (ωc)ab, (3.36)

where ϕa are the BV fields and (ca, cb) are respectively a basis and a dual basis for Hc.
See [30] for further details. The open BV string field is decomposed analogously, paying
attention that its basis now contain N ×N Chan-Paton’s factors (2.2)

Ψ = ψaij t
ij oa (3.37)

ωo(tijoa, tpqob) := (ωo)ij,pqab (3.38)
ωo(tijoa, tpqob) := δab δ

p
i δ

q
j (3.39)

ωo(tijoa, tpqob) := (ωo)abij,pq, (3.40)
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where we recall (2.3) and we have defined the dual matrices

tij := tji. (3.41)

Let us now proceed by writing BV brackets in terms of normalized objects

(·, ·)c = κ2
←−
∂

∂ϕa
ωabc

−→
∂

∂ϕb
= λ2N−2

←−
∂

∂ϕa
ωabc

−→
∂

∂ϕb
, (3.42)

(·, ·)o = κ

←−
∂

∂ψaij
(ωo)abij,kl

−→
∂

∂ψbkl
= λN−2

←−
∂

∂ψaij
(ω′

o)abij,kl
−→
∂

∂ψbkl
. (3.43)

Similarly the symplectic laplacians are written as

∆c = κ2(−)ϕa
ωabc

−→
∂

∂ϕa

−→
∂

∂ϕb
= λ2N−2

2 (−)ϕa
ωabc

−→
∂

∂ϕa

−→
∂

∂ϕb
, (3.44)

∆o = κ(−)ψ
a
ij (ωo)abij,kl

−→
∂

∂ψaij

−→
∂

∂ψbkl
= λN−2

2 (−)ψ
a
ij (ω′

o)abij,kl
−→
∂

∂ψaij

−→
∂

∂ψbkl
. (3.45)

In the large N limit it is important to split the open string laplacian ∆o into two con-
tributions where the two derivatives pick open strings from the same or from different
boundaries

∆o = ∆(1)
o + ∆(2)

o , (3.46)

where

∆(1)
o = λN−2

2 (−)ψ
a
ij (ω′

o)abij,kl
−→
∂

∂ψaij

−→
∂

∂ψbkl

∣∣∣∣∣
same boundary

(3.47)

∆(2)
o = λN−2

2 (−)ψ
a
ij (ω′

o)abij,kl
−→
∂

∂ψaij

−→
∂

∂ψbkl

∣∣∣∣∣
different boundaries

. (3.48)

Geometrically ∆(1)
o glues two punctures on the same boundary thus adding one boundary

to the surface. On the other hand ∆(2)
o glues two punctures from different boundaries,

thus reducing by one the number of boundaries but increasing the genus by one. These
geometrical operations are reflected on the Chan-Paton matrices by the following trace
identities which are easy to verify

∆(1)
o : Tr

(
tijAt

ijB
)

= Tr(A)Tr(B), (3.49)

∆(2)
o : Tr (tijA) Tr

(
tijB

)
= Tr(AB), (3.50)

which we write also using normalized traces

∆(1)
o : 1

N
Tr′

(
tijAt

ijB
)

= Tr′(A)Tr′(B), (3.51)

∆(2)
o : NTr′ (tijA) Tr′

(
tijB

)
= Tr′(AB). (3.52)
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In total both ∆(1,2)
o have the effect of decreasing the Euler number by one but topologically

they are very different operations, which are finally distinguished when the single parameter
κ is resolved to κ and λ, thanks to the new parameter N .

With these preparation we can now read-off from [30] the following results for the
open-closed action (3.27)

1
2(Soc, Soc)c = N2

(∫ 1

0
dt
ωc
λ2

(
Φ̇, π10 llG

)
+
∫ 1

0
dt
ω′

o
λ

(
Ψ̇, π01mlG

))
, (3.53)

1
2(Soc, Soc)o = N2

(∫ 1

0
dt
ωc
λ2

(
Φ̇, π10 lmG

)
+
∫ 1

0
dt
ω′

o
λ

(
Ψ̇, π01mmG

))
, (3.54)

∆cSoc = N2
(∫ 1

0
dt
ωc
λ2

(
Φ̇, π10

λ2

N2 lU c G
)

+
∫ 1

0
dt
ω′

o
λ

(
Ψ̇, π01

λ2

N2 mU c G
))

,

(3.55)

∆(1)
o Soc = N2

(∫ 1

0
dt
ωc
λ2

(
Φ̇, π10 λlU

′(1)
o G

)
+
∫ 1

0
dt
ω′

o
λ

(
Ψ̇, π01 λmU

′(1)
o G

))
, (3.56)

∆(2)
o Soc = N2

(∫ 1

0
dt
ωc
λ2

(
Φ̇, π10

λ

N2 lU
′(2)
o G

)
+
∫ 1

0
dt
ω′

o
λ

(
Ψ̇, π01

λ

N2 mU
′(2)
o G

))
.

(3.57)

The various U operators are the coalgebra realizations of the open and closed Poisson
bi-vectors [30]. In the closed sector we have

Uc = (−1)ca

2 ca ∧ ca → U c = (−1)ca

2 cac
a, (3.58)

where c is the zero-product coderivation associated to the vector c. Structurally we see
that the closed string laplacian ∆c corresponds to

∆c →
λ2

N2Uc. (3.59)

Similarly in the open string sector we have

Uo = (−1)oa

2 oija ∧ oaij → Uo = (−1)oa

2 oija oaij . (3.60)

While the action of U c on the open-closed tensor algebra is obvious, the action of Uo is
more involved. In particular if we act Uo on the open-closed group-like element we get

UoG = (−)oa

2 oa
ijoij

a

∞∑
b,k,{l1,...,lb}

1
b!k!(l1) · · · (lb)

(
Φ∧k ⊗′ Ψ⊙l1 ∧′ · · · ∧′ Ψ⊙lb

)

= (−)oa

2 oa
ij

∞∑
b,k,{l1,...,lb}

b(l1)
b!k!(l1) · · · (lb)

(
Φ∧k ⊗′ oij

a ⊙Ψ⊙l1 ∧′ · · · ∧′ Ψ⊙lb
)
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= (−)oa

2

∞∑
b,k,{l1,...,lb}

b(l1)
b!k!(l1) · · · (lb)

(
Φ∧k ⊗′

[
l1∑

n=0
oa

ij ⊙Ψ⊙n⊙ oij
a ⊙Ψ⊙l1−n

]
∧′ · · · ∧′ Ψ⊙lb

)

+ (−)oa

2

∞∑
b,k,{l1,...,lb}

b(b− 1)(l1)(l2)
b!k!(l1) · · · (lb)

(
Φ∧k ⊗′ oij

a ⊙Ψ⊙l1 ∧′ oa
ij ⊙Ψ⊙l2 · · · ∧′ Ψ⊙lb

)
:= U (1)

o G+ U (2)
o G.

(3.61)

In other words

U (1)
o = (−)oa

2 oija oaij

∣∣∣∣∣
same boundary

(3.62)

U (2)
o = (−)oa

2 oija oaij

∣∣∣∣∣
different boundaries

. (3.63)

Again it is useful to define normalized versions (which have a finite large N limit). Taking
into account (3.51), (3.52) we see that they are given by

U ′(1)
o := 1

N
U (1)
o (3.64)

and
U ′(2)
o := NU (2)

o . (3.65)

Finally we can write the relations with the open string laplacians as

∆(1)
o → λU ′(1)

o (3.66)

and

∆(2)
o → λ

N2 U ′(2)
o . (3.67)

Now we can clearly see that in the limit N →∞ both ∆c and ∆(2)
o are suppressed as N−2.

This is in perfect agreement with the fact that the open-closed action (3.27) is dominated
by genus zero vertices in the large N limit and therefore the BV structures that increase
the genus (which are precisely ∆c and ∆(2)

o ) should be suppressed as well.

3.4 Planar homotopy relations and nilpotency

If we now consider the planar action (3.28) we see that its master equation can be explicitly
expressed as

1
2(Spl, Spl)c + 1

2(Spl, Spl)o + ∆(1)
o Spl (3.68)

=
∫ 1

0
dt
ωc
λ2

(
Φ̇, π10

[
l(p)l(p) + l(p)m(p) + λ l(p)U ′(1)

o

]
G
)

(3.69)

+
∫ 1

0
dt
ω′

o
λ

(
Ψ̇, π01

[
m(p)m(p) + m(p)l(p) + λm(p)U ′(1)

o

]
G
)
. (3.70)

– 12 –



J
H
E
P
0
9
(
2
0
2
3
)
1
1
9

Just as for the total open-closed action [30] we can repackage everything into a single
structure (up to the constant Λ0, (3.16))

Spl(Φ,Ψ) =
∫ 1

0
ω̂′
(
χ̇ , π1n(p) G

)
, (3.71)

where

χ := Φ + Ψ = (π10 + π01)G = π1 G (3.72)

ω̂′(χ1, χ2) := ωc
λ2 (Φ1,Φ2) + ω′

o
λ

(Ψ1,Ψ2) (3.73)

n(p) := l(p) + m(p). (3.74)

Then it is easy to realize that the planar BV master equation is solved provided

(n(p) + U (p))2 = 0, (3.75)

where we have defined U (p) := λU ′(1)
o . Notice indeed that (upon use of the trivial vanishing

of π1U (p) and
(
U (p)

)2
) we have that

π10(n(p) + U (p))2 = π10
[
l(p)l(p) + l(p)m(p) + λ l(p)U ′(1)

o

]
, (3.76)

π01(n(p) + U (p))2 = π01
[
m(p)m(p) + m(p)l(p) + λm(p)U ′(1)

o

]
. (3.77)

This homotopy structure (which was in fact already noticed by Zwiebach years ago [2],
without however an interpretation of its physical meaning) describes a (large N) theory
where closed strings are purely classical while open strings are fully quantum but restricted
to the planar sector. It appears rather clear that this is a privileged starting point to
understand microscopically how a large number of D-branes can back-react on the initial
classical closed string geometry to a new classical closed string geometry, possibly without
D-branes anymore. In the next section, purely driven by the consistency of the homotopy
structure, we will attempt to make some first step in this direction.

4 Closed string backreaction

The way to the closed string backreaction is composed of two steps, both of which require
some assumption on the initial background. We first integrate out the open string degrees
of freedom to end up with an intermediate closed string theory which (second step) has to
be stabilized by canceling the tadpole induced by the world-sheet boundaries.

4.1 Integrating out open strings

After having constructed the planar open-closed action (3.71) we would like to integrate
out the open string sector. Formally this can be done using the homotopy transfer [33–37]
with a projector Pc = 1Hc ⊕ 0Ho

Pc (Hc ⊕Ho) = Hc. (4.1)
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Notice that obviously

[Q,Pc] = 0, (4.2)

where Q = Qc +Qo. To run the homotopy transfer we need a propagator ho such that the
Hodge-Kodaira decomposition is satisfied

[Q, ho] = 1− Pc = Po = 0Hc ⊕ 1Ho . (4.3)

This equation may look surprising because Po projects on the full open string Hilbert
space where there is also the open string cohomology which evidently cannot be exact (in
the form of [Q, ho]). Nevertheless this is the needed projection to integrate out the open
string sector. Here we are assuming to deal with a peculiar open-closed background such
that the open string cohomology (if present) is prevented from propagating inside generic
amplitudes with external closed strings. This is certainly a rather special situation that is
not realized in generic D-brane systems. However there are cases in which the open string
cohomology is really only present in the form of external states and the interactions of the
theory are such that on-shell open strings are never produced inside a diagram. In the
bosonic string this is explicitly realized for example in the minimal (2, 1) string with FZZT
branes, as discussed extensively by Gaiotto and Rastelli [23], see also the discussion in the
conclusions. A similar situation, although in the framework of the topological string, is
expected to be realized in the Gopakumar-Vafa conifold transition [21].2

This is our working hypothesis without which it would not be possible to integrate out
open strings completely, at least not in this simple way.3 Therefore we will just assume that
our open-closed background allows for the possibility of integrating out open strings in the
sense described above. That said, we can think of ho as b0

L0
but we do not necessarily want

to commit to this choice. Without loss of generality, we choose ho so that hoPc = Pcho = 0
as well as h2

o = 0. We also write

ΠcIc = 1Hc , (4.4)
IcΠc = Pc, (4.5)

where Πc and Ic are the canonical projection and inclusion between Hc⊕Ho and Hc. These
objects define the strong deformation retract (see for example [35])

(−h0) (Hc ⊕Ho, Qc +Qo)
Πc

Ic

(Hc, Qc) . (4.6)

2In a slightly more generic situation we expect that the non-propagation of open string cohomology
inside a diagram could be achieved by a suitable decoupling limit.

3There could be instances in which the open string cohomology is present and propagating, but still it
will have to be integrated out at the end, to end up with amplitudes with external closed strings only. This
is realized for example in D-instanton contributions (see for example [16]), in order to eventually obtain
closed string momentum conservation.
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These operators can be upgraded to operators on the open-closed tensor algebra e∧Hc ⊗′e∧
′CHo

Q→ Q (4.7)
Pc → P c (4.8)
Πc → Πc (4.9)
Ic → Ic (4.10)
ho → ho, (4.11)

in such a way that

[Q,ho] = 1− P c, (4.12)
ΠcIc = 1SHc , (4.13)
IcΠc = P c. (4.14)

See appendix A for the explicit construction. This allows to upgrade (4.6) to e∧Hc⊗′ e∧
′CHo

(−h0) (e∧Hc ⊗′ e∧
′CHo ,Qc + Qo)

Πc

Ic

(e∧Hc ,Qc) . (4.15)

After this preparation, we can write the perturbed inclusions and projections as

Ĩc := 1
1 + ho(δn(p) + U (p))

Ic, (4.16)

Π̃c := Πc
1

1 + (δn(p) + U (p))ho
, (4.17)

where δn(p) := n(p) − Q is the interacting part of the open-closed coderivation. Using
well-known results, these objects obey

Π̃cĨc = ΠcĨc = Π̃cIc = ΠcIc = 1SHc . (4.18)

We can use them to transfer the basic nilpotent structure (n(p) + U (p)) from SHc⊗′ SCHo
to SHc in the standard way

ñ(p) = Πc n(p)Ĩc = Π̃c n(p)Ic = Π̃c n(p)Ĩc, (4.19)

Ũ
(p) = Πc U (p)Ĩc = Π̃c U (p)Ic = Π̃c U (p)Ĩc, (4.20)
h̃o = Ĩcho, (4.21)

so that we can define the interacting strong deformation retract

(−h̃0) (e∧Hc ⊗′ e∧
′CHo ,n(p) + U (p))

Π̃c

Ĩc

(e∧Hc , ñ(p) + Ũ
(p)) . (4.22)

– 15 –



J
H
E
P
0
9
(
2
0
2
3
)
1
1
9

Both transferred objects ñ(p) and Ũ
(p) are however peculiar because of the nature of the

projection which kills all open string degrees of freedom. In particular we immediately
notice that

Ũ
(p) ≡ 0, (4.23)

because U (p) creates open string states which are killed by the projection or the inclusion.
Moreover we also realize that the transfer of n(p) is actually a closed string coderivation
and it is in fact the transfer of the closed string coderivation l(p)

ñ(p) = l̃ = Πc l(p)Ĩc. (4.24)

All of these results are summarized by the chain homotopy relations

Ĩcl̃ = n(p)Ĩc (4.25)

l̃ Π̃c = Π̃cn
(p), (4.26)

as well as

0 = U (p)Ĩc (4.27)

0 = Π̃cU
(p), (4.28)

from which we can easily obtain that l̃
(p) is actually a nilpotent coderivation

l̃ l̃ = l̃ (Π̃cĨc) l̃ = Π̃c n(p)n(p) Ĩc = −Π̃c (n(p)U (p) + U (p)n(p)) Ĩc = 0, (4.29)

where we used the original planar open-closed homotopy algebra

(n(p) + U (p))2 = n(p)n(p) + n(p)U (p) + U (p)n(p) = 0. (4.30)

This means that l̃ describes an L∞ algebra. Since the homotopy transfer performs the
path integral on Ψ with the gauge fixing hoΨ = 0, the effective action constructed from l̃

is given by ∫
DΨ e−Spl(Φ,Ψ)

∣∣∣
hoΨ=0

= e−Seff(Φ) (4.31)

Seff(Φ) =
∫ 1

0
dt
ωc
λ2

(
Φ̇ , π1l̃ e∧Φ

)
+ Λopen + Λ0, (4.32)

where the constant part of the action Λopen is generated by the path integral from the
kinetic term and the zero products. The effective action (4.32) is structurally the same
as (2.9), with all the open strings set to zero (but not the boundaries)

Seff(Φ) =
∞∑
b=0

λb−2
∞∑
k=0

1
b!k!A

′′g=0,b
k

(
Φ∧k

)
, (4.33)

A′′g=0,b
k+1 (Φ1 ∧ · · · ∧ Φk+1) = ωc

(
Φ1, l̃

(b)
k (Φ2 ∧ · · · ∧ Φk+1)

)
, (4.34)

l̃k = π1l̃πk =
∞∑
b=0

λb l̃
(b)
k . (4.35)
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The difference is that now the off-shell amplitudes A′′g=0,b
k are integrated in moduli space

also in the regions of open string degeneration, thanks to the integration-out of the open
strings that we have just performed. The remaining part of integration towards closed
string degeneration will be performed by the Feynman diagrams of the obtained effective
action, through the closed string propagators.

4.2 Eliminating the closed string tadpole

Notice that the effective closed string theory we have just obtained is based on a weak
L∞-algebra. Indeed there is clearly a tadpole represented by a genus zero surface with a
closed string puncture and an arbitrary number of boundaries weighted by the ’t Hooft
coupling. In particular, in a specific choice of SFT data we can write

l̃0 = λe−sL
+
0 |B′

0⟩+O(λ2), (4.36)

where |B′
0⟩ is the initial (normalized) boundary state. The full tadpole can be written as

a power series expansion in the ’t Hooft coupling as

l̃0 =
∞∑
b=1

λb l̃
(b)
0 . (4.37)

Notice that there is no b = 0 contribution (the original bulk CFT is assumed to have no
sphere tadpole). In fact the same expansion in boundaries can be done for all other closed
strings products

l̃k =
∞∑
b=0

λb l̃
(b)
k , (4.38)

where this time also the sphere b = 0 contributions are contained. Because of the tadpole
we cannot say that we have obtained a classical closed string background. To achieve this
we have to solve the tadpole-sourced closed string field theory equation of motion4

∞∑
k=1

1
k! l̃k(Φ

∧k) = −l̃0, (4.39)

which, if expanded in terms of the ’t Hooft coupling, gives rise to the recursive equations

Φ =
∞∑

n=1
λn Φn, (4.40)

O(λ) : QcΦ1 = −l̃(1)
0 (4.41)

O(λ2) : QcΦ2 = −1
2 l̃

(0)
2 (Φ∧2

1 )− l̃(1)
1 (Φ1)− l̃(2)

0 (4.42)

O(λ3) : QcΦ3 = −1
6 l̃

(0)
3 (Φ∧3

1 )− l̃(0)
2 (Φ1 ∧Φ2)− 1

2 l̃
(1)
2 (Φ∧2

1 )− l̃(1)
1 (Φ2)− l̃(2)

1 (Φ1)− l̃(3)
0 (4.43)

...
4A very similar equation has been considered in [38] as a way to regulate the collisions of the deformed

world-sheet sigma model with boundaries.
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The O(λ) equation that we found has been already discussed in the past. For example
(implicitly) in [39], to extract the large distance behaviour of the supergravity p-brane
metric from the boundary state, or in [40] to read-off the emitted closed string radiation
from the boundary state of a decaying D-brane.

This equation is rather subtle: indeed already at O(λ), (4.41) is apparently obstructed
since l̃(1)

0 ∼ |B⟩ is clearly in the closed string cohomology and therefore it cannot be equal to
QΨ1 if Ψ1 has to be a regular string field. However the obstruction is in the zero momentum
sector and if the boundary state has enough Dirichlet directions, the obstruction will be
contained in the continuous momentum integral of the boundary state and therefore can
be avoided by continuity. This is in fact fully analogous to how the Coulomb potential
is formed as a vacuum shift solution of electromagnetism in presence of a delta-function
source and the meaning of the obstruction is essentially that there is no Coulomb potential
if the dimensions transverse to the charge are compact, so that the zero momentum part of
the source would give an isolated equation without solution. On the other hand, the higher
order λ-corrections seem to mark an important difference from the simple backreaction of
a source, which is a solution with a singularity at the position of the source itself. Indeed
we expect that if the full vacuum shift solution exists it should not be singular at the
locus of the initial D-branes. In this sense perhaps an expansion in λ is not the best way
to proceed, since every power of λ may be singular but the whole resummation may be
regular.5 Understanding the structure of this equation and its possible solution seems a
rather fundamental problem that is universal in every situation in which a large number of
D-branes backreacts on the initial closed-string background.

Suppose however that we have found a solution Φ∗(λ) to (4.39). Then this will give
rise to a new closed string background without a tadpole anymore

S(φ) := Seff(Φ∗(λ) + φ) =
∫ 1

0
dt
ωc
λ2

(
φ̇ , π1l̃∗ e

∧φ
)

+ Λopen + Λ0 + Λclosed, (4.44)

where the shifted coderivation l̃∗ now describes a strong L∞ structure

[̃l∗, l̃∗] = 0 (4.45)
l̃∗π0 = 0. (4.46)

Notice that the closed string shift generates a new piece of vacuum energy so that in total
we now have

Λtot = Λopen + Λ0 + Λclosed =
∞∑
b=1

λb−2Λb. (4.47)

The meaning of this full cosmological constant should be the genus zero partition function
summed over all possible boundaries, with a full moduli space integration. In particular Λ0
integrates in the middle of moduli space, Λopen (generated by the open string integration-
out) takes care of the open-string degeneration regions and finally Λclosed (generated by

5Think for example about the regular “instanton” λ
x2+λ2 , when it is expanded in λ = 0.
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the closed string vacuum shift) integrates towards closed string degenerations. It would be
interesting to study this vacuum energy more concretely.

The next term in the obtained stable closed string action is the kinetic term

S2(φ) = 1
2λ2ωc

(
φ, l̃∗1φ

)
, (4.48)

where

l̃∗1 = π1l̃∗π1 = Qc +
∞∑
b=1

λb l̃
∗(b)
1 . (4.49)

The cohomology of this operator can be studied in an expansion in λ for example following
section 7 of [41] (see also appendix B of [17]) and this is expected to give the physical
closed string spectrum on the ‘dual’ closed string geometry. Continuing in this way we
can describe the new closed string background in powers of λ. It would be clearly very
instructive to test this in some explicit and tractable example.

5 Discussion

Although the construction of this paper is based on the bosonic string, the homotopy
structure we have discussed is expected to be realized in the superstring as well (although
it has not yet been explicitly constructed, see [42–44] for recent progress). Therefore our
picture is expected to be universal for any string theory containing D-branes. This includes
theories that are consistent at the quantum level like the c = 1 and the minimal string
theories (which are just specific examples of bosonic strings), the topological string and
of course Type II A/B superstring. By generalizing our construction to non-orientable
world-sheets [45], we could also treat along the same lines the SO(32) Type I superstring.

A main outcome of this paper is the characterization of the geometric transition as
the integration-out of open strings, followed by a vacuum-shift for the closed strings. We
have seen that integrating out the open strings results in a closed string field theory that
is still defined on the initial un-backreacted background where however there is a tadpole.
This classical closed string theory is just the initial pure closed string field theory without
D-branes with the addition of a deformation consisting of closed strings off-shell amplitudes
on genus zero surfaces with boundaries. This is a huge deformation of the initial closed
string background which is controlled by the ’t Hooft coupling λ = κN , a continuous
tunable parameter. Although it seems that for λ = 0 we have just the initial purely closed
string field theory without D-branes, the limit λ → 0 may not in general be continuous
because D-branes cannot be continuously “switched-off”. This seems to mark a difference
with the situation analyzed in [17], where instead we were interested in how the open
string dynamics is affected by closed strings deformations, which can be instead switched-
off continuously. It seems reasonable that the possibility of integrating out completely
the open string sector and the existence of the vacuum shift solution are related, because
singularities at the locus of the source are expected to have their origin in divergences from
open string degenerations [29], which in turn are associated with open string obstructions.
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More explorations will be needed on this front. Still driven by our algebraic considerations,
instead of integrating out the open strings, we can also study the problem of integrating
out the closed strings, to end up, if the given background allows for this, with a pure
quantum open string field theory. It would be interesting to explore this other direction
of the integration-out process, together with its expected subtleties. All in all, the open-
closed SFT approach we are proposing allows to see the two sides of the open-closed duality
simply as two aspects of the same quantum field theory. Our considerations in this paper,
however, are only based on the algebraic BV-structure of open-closed SFT in the large N
limit and the need of some explicit example to test our construction is compelling.

A rather clear example where the backreaction we describe in this paper is smoothly
realized starts by considering N FZZT branes [46, 47] with open string moduli given by the
boundary cosmological constant(s) in the initial background of the (2, 1) minimal string
theory [48]. In this case, following the work of [23], the backreaction of the FZZT branes
can indeed be completely absorbed in a change in the closed string background which,
depending on the initial values of the boundary cosmological constants, will move in the
continuous manifold containing the (2, 2k+ 1) minimal strings. In this case the absence of
propagating open string cohomology is built in the theory and our assumptions on open
string integration-out are realized explicitly. We are working at the moment on the details
of this duality in the context of our open-closed SFT setting [49]. An analogous realization
should be given by the original conifold transition [21, 22], although in this case we should
appropriately depart from the simple bosonic string setting we have been assuming in this
paper. These are very peculiar examples in which the D-branes can be completely absorbed
in a new closed string background. However these paradigms of open-closed duality are
not expected to be representatives of the generic situation in which a large number of
D-branes backreacts on a given closed string background. In general we expect that the
source may remain after the backreaction and a decoupling limit of some kind (depending
on the specific example under consideration) will be needed to end up with a pure closed
string background. This is for example the standard understanding of how closed strings
on AdS5 × S5 emerge as the backreaction of a large number of D3-branes in flat space,
only after taking the low-energy limit α′ → 0, which decouples the initial open and closed
strings [50]. The need of some kind of decoupling limit seems to be a rather generic situation
which we expect to manifest itself in obstructions in integrating out completely the open
string sector in our open-closed SFT approach. Possible obstructions in solving the closed
string vacuum shift equations should also be expected and carefully studied. We hope to
be able to understand these important issues in the near future.

Let’s end with some further speculation. The typical setting of open/closed duality
is based on the two ‘external’ parameters N and λ. However in open-closed string field
theory these may not be free parameters after all.

As far as N is concerned we know that in Witten OSFT it is possible to build universal
solutions for generic N identical D-branes, starting from the OSFT defined on a single D-
brane [51, 52] and we expect that these saddle points should remain in the full open-closed
SFT, at least in the bosonic string. Therefore the ’t Hooft limit may be thought of as
concentrating on a region of the full open-closed field space near the saddle corresponding
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to a large number of D-branes. In this regard we expect that a somewhat special role should
be played by N = 0 which, at least in the present bosonic setting, should be understood as
having the open string sector at the tachyon vacuum [53, 54]. In this case we would expect
that integrating out the (perturbatively) trivial open string sector should not change the
starting closed string background. It would be interesting to be able to do this operation
exactly and fully characterize the final closed string background to verify that indeed there
is no backreaction.

The string coupling constant κ and consequently the ’t Hooft parameter λ are also
not expected to be free parameters when closed strings are dynamical. In pure (critical)
closed string field theory we know that κ can be changed by giving a vacuum expectation
value to the ghost dilaton [55–57] and we expect that this persists in the full open-closed
string field theory [58]. We could then explore different regimes of λ by changing κ through
ghost-dilaton deformations.

Working in the complete framework of open-closed SFT also allows to connect with
Okawa’s idea [59] of using Witten-type open (super)string field theory with Ellwood invari-
ants [62–64], to characterize the dual or backreacted closed string theory. Starting from
the full open-closed SFT, before integrating out the open strings, we can integrate out all
unphysical closed strings, projecting on the closed string cohomology. This gives an open
string field theory deformed by couplings with on-shell closed strings. In this implemen-
tation, one can consider the singular limit of interpolating string field theories [60] (see
also [61]) to end up precisely with Witten theory deformed by Ellwood invariants.6 The
correlation functions of these Ellwood invariants will be the same as the closed string on-
shell amplitudes computed in the weak L∞ theory, with the difference that all the moduli
space will now be covered by open string propagators, also in the regions of closed string
degeneration. Therefore integrating out the open strings in Witten theory also performs,
in a sense, the closed string vacuum shift, but then closed strings are constrained to be
on-shell (with respect to the initial background). It would be interesting to see how, in
this singular limit, the data of the emerging closed string background could be somehow
encapsulated in the open string dynamics.

We hope we will be able to understand these and related challenging points in the
future.
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A Action of the propagator on SHc ⊗′ SCHo

In this appendix we want to promote a generic propagator h defined on Hc⊕Ho to SHc⊗′

SCHo and prove the validity of the Hodge-Kodaira decomposition in that case. To start
with, we recall the well-known definitions of the propagator hTH : T H −→ T H and
hSH : SH −→ SH, see for example [35]

hTHπn =
n−1∑
i=0

(
1⊗i ⊗ h⊗ P⊗n−i−1

)
πn, (A.1)

hSHπn = 1
n!

n−1∑
i=0

(
1∧i ∧ h ∧ P∧n−i−1

)
πn, (A.2)

which satisfy the corresponding Hodge-Kodaira decomposition

[hTH,QTH] = 1TH − P TH, (A.3)
[hSH,QSH] = 1SH − P SH, (A.4)

where Q and P are defined as usual i.e., as coderivation and cohomomorphism respectively
on the reference space

P THπn = P⊗nπn, (A.5)

P SHπn = 1
n!P

∧nπn, (A.6)

QTHπn =
n−1∑
i=0

(
1⊗i ⊗Q⊗ 1⊗n−i−1

)
πn, (A.7)

QSHπn = 1
n!

n−1∑
i=0

(
1∧i ∧Q ∧ 1∧n−i−1

)
πn. (A.8)

Quite naturally we extend these definitions to the cyclic tensor algebra CH

hCHπn = 1
n

n−1∑
i=0

(
1⊙i ⊙ h⊙ P⊙n−i−1

)
πn, (A.9)

P CHπn = 1
n
P⊙nπn, (A.10)

QCHπn = 1
n

n−1∑
i=0

(
1⊙i ⊙Q⊙ 1⊗n−i−1

)
πn. (A.11)
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We then proceed by demonstrating the validity of the Hodge-Kodaria decomposition

QCHhCHπn = 1
n

n−1∑
i=0

QCH

(
1⊙i ⊙ h⊙ P⊙n−i−1

)
πn

= 1
n

n−1∑
i=0


i−1∑
j=0

(
1⊙j ⊙Q⊙ 1⊙i−j−1 ⊙ h⊙ P⊙n−i−1

)

+1⊙i ⊙Qh⊙ P⊙n−i−1

−
n−i−2∑
j=0

1⊙i ⊙ h⊙ P⊙j ⊙ PQ⊙ P⊙n−i−j−2

πn,

(A.12)

hCHQCHπn = 1
n

n−1∑
i=0

(
1⊙i ⊙ h⊙ P⊙n−i−1

)
QCHπn

= 1
n

n−1∑
i=0

−
i−1∑
j=0

(
1⊙j ⊙Q⊙ 1⊙i−j−1 ⊙ h⊙ P⊙n−i−1

)

+1⊙i ⊙Qh⊙ P⊙n−i−1

+
n−i−2∑
j=0

1⊙i ⊙ h⊙ P⊙j ⊙ PQ⊙ P⊙n−i−j−2

πn,

(A.13)

so that we get

[QCH,hCH]πn = 1
n

n−1∑
i=0

(
1⊙i ⊙ [Q, h]⊙ P⊙n−i−1

)
πn

= 1
n

n−1∑
i=0

(
1⊙i+1 ⊙ P⊙n−i−1 − 1⊙i ⊙ P⊙n−i

)
πn

= 1
n

(
1⊙n − P⊙n)πn = (1CH − P CH)πn.

(A.14)

Now having defined such operators we can easily extend them when applied to spaces
obtained by tensoring CH, SH and/or T H. For example let us consider SCH

P SCHπ̂b = 1
b!P

∧′b
CHπ̂b, (A.15)

QSCHπ̂b = 1
b!

b−1∑
i=0

(
1∧′i

CH ∧′ QCH ∧′ 1∧′b−i−1
CH

)
π̂b, (A.16)

hSCHπ̂b = 1
b!

b−1∑
i=0

(
1∧′i

CH ∧′ hCH ∧′ P ∧′b−i−1
CH

)
π̂b, (A.17)

where π̂b is the projector that selects the terms in which there are b ∧′-products of CH
(or in other words all possible states to be inserted in b boundaries). Following the same
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steps illustrated above, it can be shown that the Hodge-Kodaira decomposition is also
satisfied here

[hSCH,QSCH] = 1SCH − P SCH. (A.18)

Finally, it is easy to treat the case of our interest i.e. the defintion of the Hodge-Kodaira
operators on SHc ⊗′ SCHo

P = P SH ⊗′ P SCH, (A.19)
Q = QSH ⊗′ 1SCH + 1SH ⊗′ QSCH, (A.20)
h = hSH ⊗′ P SCH + 1SH ⊗′ hSCH, (A.21)

and obviously it is true that
[Q,h] = 1SH⊗′SCH − P . (A.22)

Notice that these operators simplify when we choose P = Pc as in the main text, to
integrate out completely the open string sector, because in this case every entry of the
open string tensor algebra (except the zeroth tensor power) is killed by P .

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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