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Abstract

We prove well-posedness of the Cauchy problem for a class of third order quasilinear evolution
equations with variable coefficients in projective Gevrey spaces. The class considered is con-
nected with several equations in Mathematical Physics as the KdV and KdVB equation and
some of their many generalizations.

Résumé

Nous prouvons que le probléme de Cauchy est bien posé pour une classe d’équations d’évolution
quasi linéaires du troisiéme ordre a coefficients variables dans des espaces de Gevrey projec-
tifs. La classe considérée est liée a plusieurs équations en Physique Mathématique comme les
équations KdV et KdVB et certaines de leurs nombreuses généralisations.
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1. Introduction and main result

The Korteweg-de Vries equation

L Jg . g 3 _
atu+2\/;aaxu+\/;(a+2u)8zU—0, teR,z eR, (1.1)

has been introduced in [28| to describe the wave motion in shallow waters; u(t, x) represents the

wave elevation, h is the (constant) water level, g the gravity, o a (small) constant, o = %3 — %,
T describes the surface tension and p the water density. It is the most famous example of
dispersive third order evolution equation with (real) constant coefficients. Denoting D = —i0,
the equation (1.1) can be written in the form P(u, D;, D,)u = 0, where

P(u, Dy, D,) = \/>D3 [(a—l— u) (1.2)
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Notice that the principal symbol of P (in the sense of Petrowski) is given by

1L /g
Uprincipal(Ta 5) =T 5\/%0-53

3/ Zo&%. An operator of the form (1.2) can be

and admits the real characteristic root 7 = 3
referred to as a quasilinear 3-evolution operator, cf. [3, 31]. A huge number of variants of the
equation (1.1) has been introduced and studied along the years to model different phenomena
connected with the wave propagation, see for instance [27, 30, 35| and the references therein.
One of these variants is the so-called KdV-Burgers (KdVB) equation, see [23, 22|, which appears
for instance in the analysis of the flow of liquids containing gas bubbles and of the propagation

of waves in an elastic tube containing a viscous fluid. The KdVB equation reads as follows
Opu + 2aud,u + 5b02u + cdu = 0, (1.3)
cf. [22], where a,b, ¢ are real constants. The associated operator
P(u, Dy, D,) = Dy — ¢D? 4 5ibD? 4 2auD, (1.4)

is again a semilinear 3-evolution operator with constant coefficients. With respect to (1.2),
the operator (1.4) admits complex-valued coefficients in the lower order terms. We recall that
complex-valued coefficients naturally arise in the study of other evolution equations of physical
interest (think for instance to the Euler-Bernoulli vibrating beam operator studied in [8]). We
also observe that assuming the coefficients of the equations (1.1), (1.3) to be constant is just a
simplification; in principle some of the coefficients may depend on ¢ and/or x.

Starting from these considerations our aim is to consider a class of quasilinear 3-evolution
equations with variable coefficients connected with the previous physical models. Namely we
shall consider the Cauchy problem for equations of the form P(t,x,u, Dy, D,)u = f(t,z) where

2
P(t,w,u, Dy, Dy) = Dy + az(t)D3 + > " aj(t,z,u)Di,  (tx) €[0,T] xR,  (15)

§=0
and f is an assigned function. Before addressing the general problem, let us spend some words

about the linear case, that is the case when the coefficients a;, 7 = 0,1, 2, do not depend on w.
In this situation, we are led to consider the initial value problem

P(t,z, Dy, Dy)u = f(t,x)
{u(O,x) ) . (t,x) €[0,T] x R, (1.6)
where ,
P(t,x, Dy, Dy) = Dy + a3(t)D3 + > a;(t, x) D, (1.7)
j=0

When the coefficients a;,7 = 0,1,2,3, are all smooth and real-valued, the related Cauchy
problem is well posed in L? and in Sobolev spaces H™ for every m € R, whereas when as(t, x)
is complex-valued, in [5] it was proved that if the Cauchy problem is well-posed in H*(R) =
Nmer H™(R), then there exist M, N > 0 such that Vo > 0

©
sup min / Imay(t, x + 3az(7)0)dd < M log(1l + o) + N. (1.8)
-0

z€R 0<r<t<T



On the other hand, by [4] we know that if there exists C' > 0 such that for every (¢,z) € [0, T]xR

C

C
[ Imas(t,x)] < — and |Imay (¢, z)| + |0, Reas(t, z)| < )’

()
with (z) = (1 + |2|?)1/2, then the Cauchy problem is well-posed in H>®(R) with a loss of
derivatives. Namely, given f(t),g € H*(R) for some s € R, there exists a unique solution

with values in H*°(R) for some suitable § > 0. This type of results has been also extended to
general linear p-evolution operators of the form

(1.9)

p—1
P(t,x, Dy, Dy) = Dy + ap(t) D2+ > a(t,x)D},  (t,x) € [0,T] x R, (1.10)

Jj=0

where p is a positive integer, see [4, 5|. In the recent paper [2], we considered the Cauchy
problem (1.6) for the operator (1.7) under weaker decay conditions (compared to (1.9)) on the
second order terms. Namely, we replaced the decay of | Im as| in (1.9) by a decay of type (x)~7
for some o € (1/2,1). In this case, H> well-posedness is lost due to the violation of (1.8).
However, in analogy with the case p = 2 treated in [13, 24|, under suitable assumptions on the
regularity of the coefficients, it is natural to study the Cauchy problem in the Gevrey-Sobolev
spaces

D=

HJY(R) = {u e 7" (R): (DY"eP Py e LAR)Y, 6>1, m,p€ER,

1 1
where (D)™ and e?”)? are the Fourier multipliers with symbols (€)™ and e?©? respectively.
These spaces are Hilbert spaces with the following inner product

T
=

(u, )y, = (D))

p;0

w, (DY PV ) s uw € HJo(R).

The spaces
H(R) = | J Hy(R), HP(R) = () Hyy(R)

p>0 p>0

are related to Gevrey classes in the following sense:
Go(R) C HE(R) € G°(R), 3 (R) € H*(R) C +’(R),
where G?(R) (respectively, 7/(R)) denotes the space of all smooth functions f on R such that

sup sup b1l =|9° f (z)| < 400 (1.11)
acN" zeR

for some h > 0 (resp., for every h > 0), and G§(R) (resp. 75(R)) is the space of all compactly
supported functions contained in G?(R) (resp. 7/(R)).
In [2]|, we proved that if

(i) a3 € C([0,T];R) and there exists C,, > 0 such that |as(t)| > C,, Vt € [0,T],
(i) a; € C([0,T}; G*(R)), 6 > 1, for j =0,1,2,

(iti) Jo € (3,1) with by < ﬁ and Cy, > 0 such that |0%as(t,z)| < COF1B1% ()~ for every

t€[0,T], € R, €Ny,



(iv) 3C,, such that |Im a,(t,x)| < C,,(z)~2 for every t € [0,T], v € R,

then the Cauchy problem (1.6) for the operator (1.7) is well-posed in Hg°(R) for every 6 €

[0, ﬁ) Moreover, the solution satisfies the energy estimate

t
futt Mg, < (ol + [ Nl 7).t 0.7 (112)

for a suitable § € (0, p). More recently, we realized that also well-posedness in Hj°(R) can be
obtained with minor modifications in the proof of the latter result, and assuming the coefficients
a; to satisfy suitable projective Gevrey estimates; in this case, we can prove an energy estimate
of the form (1.12) for every 6 € (0, p), and by this estimate well-posedness in Hg°(R) follows.
The proof of this result is a particular case of Theorem 3.1 here below when the coefficients a;
are independent of u, cf. Corollary 3.10.

Going back to quasilinear equations, in this paper we shall consider the Cauchy problem

u(0,z) = g(z), x€R, (1.13)

{P(t,x,u(t, x), Dy, Dy)u(t,z) = f(t,z), (t,x)€[0,T] xR,
for the operator (1.5) in the Gevrey setting described above. As far as we know, there are only
a few results concerning KdV-type equations with constant coefficients in Gevrey spaces, see
[16, 18, 19, 21|. Due to the loss of regularity appearing in the linear case, it is not possible
in general to deduce local well-posedness for the problem (1.13) from the above mentioned
results for linear equations via a standard fixed point argument but we need more sophisticated
techniques. To prove our main result we use an approach inspired by the method proposed in
[11, 15] for hyperbolic equations and in [3] for p-evolution equations in the H* setting. Here
we adapt this method to the Gevrey setting. The proof relies on the application of Nash-Moser
inversion theorem and gives the existence of a unique solution u of (1.13) in C*([0, T*], Hg°(R))
for some T* € [0,T] by solving the equivalent integral equation Ju = 0 in [0, 7*], where the
map J : C'([0,T], H*(R)) — C([0,T], H3*(R)) is defined by

t t
J(u) :u—g—l—i/ (Pu)(s)ds—i/ f(s)ds. (1.14)
0 0
This can be achieved by proving that J is a locally invertible map. The main reason to work in
Hg°(R) instead than in Hg°(R) is the following: Nash-Moser theorem applies in the category of
tame Fréchet spaces and H°(R), equipped with its natural topology, is such a space, whereas
this is not the case for H(R).

In order to give a precise assumption on the regularity and decay of the coefficients, we need
the following definition.

Definition 1.1. For 6y > 1 and 7 > 0 we denote by I'%7(R x C) the space of all functions
f(z,w) defined on R x C which are smooth in x and holomorphic in w and satisfy the following
condition: for every A > 0 and every compact set K C C there exists a constant C'x > 0 such
that

sup sup |020) f(z,w)|C A\ TTATFBIT0 (2)T < 400,

B,7€Ng zeRweK

where 0, stands for a real derivative and 0, stands for a complex derivative.



We recall the notion of convergence in I'%7(R x C). For {f;}jen, C ' (R x C) and
f € T%T(R x C) we have f; — f in %7 (R x C) as j — oo, whenever for every A > 0 and
every compact K there exists C'x > 0 such that

sup  sup |0°00{f;(x,w) — f(x,w)}| OV TTATPBIT0 ()T — 0, asj — oo.
B,7€ENg zeR,weK

Now we are ready to state the main result of this manuscript.

Theorem 1.2. Let a3 € C([0,T];R) such that |as(t)] > Cay > 0 for some constant C,, and

for every t € [0,T]. Let moreover o € (%, 1) and 0y < ﬁ and assume that for j = 0,1,2

the coefficients a; € C([O,T],FGO’%(R x C)). Then the Cauchy problem (1.13) is locally in

time well-posed in HZ°(R) for every 6 € [90, ﬁ) s namely for all f € C([0,T]; H°(R)) and

g € HP(R), there exists T* = T*(g, f) € (0,T] and a unique solution u € C*([0,T*]; Hg°(R))
of (1.13). Moreover, T*(g, f) is lower semi-continuous with respect to the data g and f (in the
Hge(R) x C([0,T7]; H§*(R)) topology).

Example 1.3. Simple examples of coefficients a; satisfying the assumptions of Theorem 1.2
are given by a;(t,z,w) = a(t,z)(x)~3 b(w) with a € C([0,T];7%(R)) and b(w) = w", r € N,
or b(w) = e* or some other entire function. Indeed, given an entire function h, for every

compact K C C there exists a positive constant Cx such that for every w € K we have
|02h(w)| < CEMal.

Remark 1.4. The result obtained in this paper concerns 3-evolution equations in one space
dimension as (1.1), (1.3). The extension of this result to higher space dimension requires a
major technical effort in the definition of the change of variable needed to study the linearized
problem associated to (1.13). We will treat this extension in a future paper.

The paper is organized as follows. In Section 2 we recall some basic definitions and properties
of tame Fréchet spaces and the statement of Nash-Moser theorem. Moreover, we prove that
HP(R) is a tame Fréchet space. Then, we introduce pseudodifferential operators of infinite
order which are employed in the next sections to study the linearized Cauchy problem associated
to (1.13). Section 3 is devoted to the study of this linear problem which is done using similar
techniques as the ones used in [2| adapted to the projective Gevrey setting. Finally, in Section
4 we apply Nash-Moser theorem to obtain local in time well-posedness of (1.13).

2. Preliminaries

2.1. Function spaces

In this subsection we recall some basic facts concerning tame Fréchet spaces and prove that
H(R) is such a space. Moreover, we recall the statement of Nash-Moser inversion theorem,
see [20]. A graded Fréchet space X is a Fréchet space endowed with a grading, i.e. an increasing

sequence of semi-norms:

|z]n < |Z|n1, Vn e Ny, z € X.



Example 2.1. Given a Banach space B, consider the space ¥(B) of all sequences {vg }ren, C B
such that

1/2
H{vr}n = <Z ™ ||vy ||B> < +00, VneN,.

We have that X(B) is a graded Fréchet space with the topology induced by the family of semi-
norms | - |, (which is in fact a grading on (B)).

We say that a linear map L : X — Y between two graded Fréchet spaces is a tame linear
map if there exist r,ny € N such that for every integer n > ng there exists a constant C,, > 0,
depending only on n, such that

|Lz|, < Cplx|nr, Vo e X. (2.1)
The numbers ng and r are called respectively base and degree of the tame estimate (2.1).

Definition 2.2. A graded Fréchet space X 1is said to be tame if there exist a Banach space B
and two tame linear maps Ly : X — 3(B) and Ly : X(B) — X such that Lyo Ly is the identity
on X.

Obviously, given a graded Fréchet space X and a tame space Y, if there exist two linear
tame maps L : X — Y and Ly : Y — X such that Ly o Ly is the identity on X, then also X
is a tame space.

Theorem 2.3. The space HJ°(R™) is a tame Fréchet space.

Proof. As standard, we shall denote here and throughout the paper the Fourier transform of a
function (or a distribution) u by @ or by F(u). First of all, it is easy to verify that Hg°(R"™) is
a graded Fréchet space with the increasing family of seminorms

fle =11 £, = Nl

Consider now the space $(L?*(R")) and the map L; : H;°(R™) — X(L*(R")) defined as L,(f) =
{f;i},7 = 1,2,3,..., where f; = F !(x;f) and the functions x; are such that x;(§) = 1 if
7% < (&) < (j+1)? and x;(£) = 0 otherwise. Then we have

UG

FOlle,  k=1,2,3,....

AR = D ek IA17 =D e Ix;flli
j*1 Jj=1
- Ze%k —p(£>1/9 p(e)r/e ()|2d§
Rn

ue
< Ze“ e O < Crpll I

for every p > k. In particular, for p = k + 1 we obtain that [{f;}|x < C}|flk+1, hence L; is a
tame linear map. Similarly, we define the map Ly : X(L*(R")) — H°(R™) as

Ly({f;}) (Z xﬁ;) ~



We have

LASiHE =

S nh /nz O ) F O de
j=1
< oo [ |xj(£)fj(£)|2 & £ 30 2 = MU
j=1 J=1

Hence, also L, is a tame linear map. Moreover, it is easy to verify that Ly o L; is the identity
map on Hj°(R™). O

Definition 2.4. Let X, Y be two graded spaces, U be an open subset of X. A mapT :U —Y
is said to be tame if for every u € U there exist a neighborhood U' of u, r > 0 and ng € N such
that for every n > ng there exists a constant C,, > 0 such that

|T(u)‘n < Cu(1+ |u|n+7")

for all w € U'. The map T s said to be smooth tame if T is C* and its deriwatives D™T :
Ux X" =Y are tame for every n € N.

Finally, we recall the statement of Nash-Moser inversion theorem, cf. [20].

Theorem 2.5. (Nash-Moser) Let X,Y be tame Fréchet spaces, U be an open subset of X and
let T:U —Y be a smooth tame map. If for every fized u € U,h € Y the equation DT (u)v = h
has a unique solution v = S(u,h) and if the map S : U x Y — X is smooth tame, then T is
locally wnvertible at any point and each local inverse is smooth tame.

2.2. Pseudodifferential operators

In this subsection we introduce the pseudodifferential operators of infinite order which will
be used to prove the well-posedness for the linearized Cauchy problem associated to (1.13).
Although the arguments in the next sections concern one space dimensional problems, it is
appropriate to introduce these operators in arbitrary dimension for future applications.
Fixed p > 1, A > 0 and m, my, ms € R we will consider the following Banach spaces:

p(x,€) € SPR™ A) <= sup [9¢0)p(x, §)|A™I*(alpl) (€)M < oo,
aﬁENn
x,EGR"

p(z,€) € SP R A) <= |pla:= sup |0£07p(z,€)| AP (alp!) (€)™ < +oo,

a,BENS’
z,£€ER”
p € SGIM R A) & sup |0200p(r, €)| AT (181) () mHIel (7)< o
a,BeNR
x,ggR%
We set
RZn . U Sm RZn ’ RZn . U Sm R2n (22>
A>0 A>0
SGyme(R*) = | ] 8GIm (R*; A) (2.3)

A>0



endowed with the inductive limit topology and

Fm RQn . m Sm RQn ’ Fm RQn . ﬂ Sm RQn (24>
A>0 A>0
LG (R™) = (1) SGp™ (R A) (2.5)
A>0

endowed with the projective limit topology.

Remark 2.6. We observe that if i < 6, then for every A > 0 we have S]"(R*"; A) C Tj(R*"),
Sm(R*™; A) C Ty (R*™) and SGJV™2(R*; A) C DGy ™ (R™).

Taking into account the latter remark, in the sequel we shall consider symbols satisfying the
estimates above for a fixed constant A > 0 as subsets of some projective symbol classes with a
lower Gevrey regularity as in (2.4), (2.5). For this reason we shall state the next results only
for this type of classes.

For a given symbol p € T7(R?*) we denote by p(z, D) or by op(p) the pseudodifferential
operator defined by

e D)ule) = [ (o, a(EE, w e (R, 26)

where d@¢ = (2m) "d{. Arguing as in [34, Theorem 3.2.3] or [36, Theorem 2.4] it is easy to
verify that operators of the form (2.6) with symbols from I'y(R?*) map continuously ~§(R™)
into v?(R"). Moreover, from the classical theory of pseudodifferential operators, they extend
to linear and continuous operators from H™ (R") to H™ ~™(R™). For our purposes, it is also
important to state the action of these operators on the Gevrey-Sobolev spaces defined in the
Introduction. The following result is a direct consequence of |25, Proposition 6.3] applied to
symbols from T (R?™).

Proposition 2.7. Let p € I7/(R*"). Then the operator p(x, D) maps continuously Hg}é(R”)
into H;?é*m(R") for every m’, p € R.

By [25, Proposition 6.4], given p € T (R*") and ¢ € I'}* (R?"), the operator p(x, D)q(z, D)
is a pseudodifferential operator with symbol s given for every N > 1 by

s(r,6) = Y (a)'9¢p(w, €) Dyq(a,€) + ru(w,€),

lo| <N

where 7y € T =N (R27),

In the following we shall consider also particular symbols of infinite order, that is growing expo-
nentially at infinity. Such operators are frequently used in the analysis of evolution equations
in the Gevrey setting, see for instance [1, 2, 6, 7, 10, 13, 24, 25, 36|. In particular, in this paper
they will be employed to define the change of variables which allows to treat the linearized
problem associated to (1.13). We shall not develop a complete calculus for pseudodifferential
operators of infinite order here since for our purposes we can limit ourselves to Considering some
partlcular examples of such operators, namely defined by a symbol of the form e @8 for some
A € S)/%(R?™; A), where £ > 1 and A is real-valued. It is easy to verify that e satisfies an
estimate of the form

1
K

Og AN O] < AP E) Tl (alplyeol® (2.7)



for some positive constant A; independent of «, 3, where

po = sup sup A*|a+’8‘(a!ﬂ!)7“<€>fl/'{+‘a||a?a§fA($af)‘>
(o, B)ENZ™ (,6)ER™

see [25, Lemma 6.2]. The estimate (2.7) guarantees that the related pseudodifferential operator

“A(z, Dyu(x) = / (A () de

is well defined and continuous as an operator from ~J(R") to v%(R") for every 6 € (u, k). We
shall also consider the so-called reverse operator of e**(x, D), denoted by #{e**(z, D)}. This
operator, introduced in |26, Proposition 2.13] as the transposed of e**(z, —D), is defined as an
oscillatory integral by

et o, D) ula) = O — [ [ e ENu(y) dye.

The following continuity result holds for the operators e*(x, D) and #{e"(z, D)}.

Proposition 2.8. Let A € g:/”(RQ”; A) for some A >0 and Kk, € R such that 1 < u < k and
let p,m € R and 0 € (u, k). Then the operators e*(x, D) and B{e*(x, D)} map continuously
Hy(R") into H}" 5.4(R™) for every ¢ > 0.

1 1
Proof. We observe that e*(z, D) = a(z, D)e’P)? for every 0 > 0, where a(x,§) = eA®O=007,
Since u < 0 < Kk we easily obtain a € T'j)(R*"). So we obtain from Proposition 2.7 that
A HW(R") — H)" 5 0(R™) continuously for every m,p € R. The continuity of RieMz, D)}
follows by similar arguments. O]

In the next result we shall need to work with the weight function (¢), = (h% + |£[?)1/2
where h > 1. We point out that we can replace (§) by (£);, in all the previous definitions and
statements, and this replacement does not change the dependence of the constants, that is, all
the previous constants are independent of h. Moreover, we also need the following stronger
hypothesis on A(z,£) :

0£ 07 A (. &)] < CIT g (e 1, (2.8)
whenever || > 1. This means that 8?85/\ behaves like a symbol of order 0 if 3 # 0. We will

show in the next Section that this condition will be fulfilled by the symbol A appearing in the
change of variable.

Theorem 2.9. Let p be a symbol in T (R?*™) and let A satisfy, for some Cy > 0 and p < 0 < k:

08 A(z, €)] < ClHiam gy (2.9)

and (2.8) for B # 0. Then there exists hg = ho(Cy) > 1 such that if h > hyg, then

eA(x,D)p(x, D)R{e_A(x,D)} = p(z, D)+op Z

1<]a+B|<N

~ B, =0 {00 e* ™ Dlp(x, ) Dse 9}

+TN(I7D) +Too(va)7



where ry and o satisfy the following conditions: there exists ¢ = ¢/(A) > 0 and for every
A > 0 there exists C'y > 0 such that

1020Pr (3, £)] < CaAloFBIH2N 10 g10 1261 gy = (1INl (2.10)

>l

080070 (x,€)| < CyAlTATEN Q10 g1f 1201 e =01 (2.11)

Remark 2.10. Notice that choosing N sufficiently large depending on k, we can consider ry
as a symbol of order 0. Concerning the remainder term r, it is easy to verify that the corre-
sponding operator possesses reqularizing properties in Gevrey classes, namely it maps (G§)'(R™)
into GY(R™). However, to prove our results it will be sufficient to regard also ro, as a symbol
of f‘g(R2”). In conclusion, in the computations of Section 4, choosing N large enough, we shall
always consider the remainder term ry 47+ as a symbol of fg(RQ”) and apply to it Proposition
2.12 below.

Remark 2.11. The proof of Theorem 2.9 follows by applying readily in the projective Gevrey
setting the same argument used in the proofs of of Theorems 6.9 and 6.10 of [25] and Theorem
2 of [2] in the classical Gevrey framework. For this reason, we omit it for the sake of brevity.
We just stress the fact that dealing now with projective Gevrey regular symbols p, it is possible
to conclude that the remainders ry and 1o also satisfy this type of estimates, cf. (2.10), (2.11).

Now we consider the conjugation with an operator of the form e*+'#(t, D) where A, 4(t,&) =
PV + k(T — 1)(€)?0=9) for some o' € (0,p) and k > 0 (where p > 0 is the same index
appearing in the statement of Theorem 3.1). The next result can be proved following the same
argument as in the proof of |6, Proposition 3.1]. Compared to the latter result, in the present
case, the conjugation can be performed for every p’ > 0 since the symbol of the operator satisfies
projective Gevrey estimates. Namely, we have the following result.

Proposition 2.12. Let p € f?(R2). Then we can write

- / 1 Q / (63 - /
M (1, D) o pla, D) o (1, D) = op (Z —OpeM O Dp(z, e ”““’@> +rylt e, D)

a<N

where v satisfies the following condition: for every A > 0 there exists Cy y an > 0 such that

02027 n (¢, 2, )| < [Pl aChp an AT (€ N5

3. The linearized problem

Fixed u € Q C X7 := C'([0,T]; H°(R)), where 2 denotes a bounded set, we now consider the
linear Cauchy problem

P,(D)v(t,x) := P(t,x,u(t,z), Dy, Dy)v(t,x) = f(t, ), (t,x) € [0,T] X R, (3.1)
v(0,2) = g(x), ‘

in the unknown v. In this section we shall prove the following result.



Theorem 3.1. Under the assumptions of Theorem 1.2, given m € R, p >0, 6 € [60, ﬁ),

u e Q C CY[0,T]; H*(R)), f € C([0,T]; H(R)) and g € HW(R), there exists a unique
solution v € C([0,T]; H) 5.(R)) for every 6 € (0,p) of the Cauchy problem (3.1) and the

p
following energy estimate is satisfied:

t
lo(t Mg, < Capr (1ol + | N7l ar) v € 0.7), (32)
for some positive constant Cq ,r. Moreover, if f € C([0,T], H*(R)), g € Hg°(R), then
v e CY[0,T]; HE(R)).

In order to prove the theorem above we shall follow the same method used to prove the
well-posedness of the Cauchy problem for linear 3-evolution equations in H3°(R) in [2]. This
method is based on making a suitable change of variable in order to transform the Cauchy
problem (3.1) for the operator P,(D) into an equivalent Cauchy problem which turns out to
be well-posed in Sobolev spaces. The transformation we have in mind will be the composition
of two transformations both defined by invertible pseudodifferential operators of infinite order.
Namely it will be of the form

Qi (t. 2, D) = e™x(t, D)o eh(x, D), (3.3)

where A = Ay + A € Sp0 7 (R2) for some g > 1, and A, (t,€) = p’(@,% +R(T —)(€)2" for
some p € (0,p),k > 0 and h >> 1 to be chosen later on. Then, by the inverse transformation,
we recover the solution v = Qz, ,(t,x, D) 'w of (3.1), where w stands for the solution of
the auxiliary problem. The mapping properties of the transformations Qj, ,(t,x, D) and
Qi (b, D)~! will determine the space where the Cauchy problem (3.1) is well-posed. The
role of each part of the transformation Qj , , (¢, =, D) will be, broadly speaking, the following:

e In the transformation e*(x, D) the functions \; and A, will play two different roles:
namely Ay will not change az D3, but it will change the operator a;D? into the sum of
a positive operator plus a remainder of order 1 which satisfies the same assumptions as
a1 D,, plus an error of order 2(1 — o) whereas A; will not change the terms of order 2
and 3, but it will turn the terms of order 1 into the sum of a positive operator, plus a
remainder of order zero, plus an error of order at least 2(1 — o);

o the transformation with e*@=9%""" will not change the terms of order 1, 2 and 3, but

it will correct the error of order 2(1 — o), changing it into the sum of a positive operator
plus a remainder of order zero;
1
e Finally, the transformations with e? O simply moves the setting of the Cauchy problem
from Gevrey-Sobolev spaces to standard Sobolev spaces: since 2(1 —o) < 1/6 the leading
1

part of Q3 ,(t,7,§) is ep/@f?, then the inverse of Qj, ,(t,z, D) possesses regularizing
properties with respect to the spaces Hj, because o > 0.

Working step by step, in the next subsection we define the symbol A and briefly state its main

features, then in Subsection 3.3 we perform the conjugation Q3 (i) Xlk S and finally in
Subsection 3.4 we prove Theorem 3.1.



3.1. Change of Variables
For My, M; > 0 and h > 1 a large parameter, we define

ale.§) =M () [v ()t woer, 3.9

w9 = (1070 [ te (&) dn @ R (35)

w<f>={0’ =t w<y>:{1’ "

—sgnas, |£‘ Z 27 07 |y

0gw(&)] < Cattalt, [0y(y)| < Cg“ﬁ!“, with 1 > 1. The functions \; and Ay have been
introduced in [2]. They satisfy peculiar estimates where the powers of the weight functions (£),
and (z) can be adjusted as needed thanks to the special structure of supp ¢ and supp’. These
estimates are contained in the following two lemmas which have been proved in [2].

where

Lemma 3.2. Let \o(z,€) as in (3.4). Then the following estimates hold:
(i) 10 2o, )] < M3l (€ mind (), (2)!=7}, for a > 0;
(ii) 10800 Na(x,€)| < MoCL "l alt gIn(g) (@) =7~ FHL, fora > 0,8 > 1,
where C), 1s a constant depending only on Cy,,Cy, and o.
Lemma 3.3. Let \i(z,§) as in (3.5). Then
(i) 1080 (2, )] < MO al(€); min{ (€)1, (€)™ (@)1, ()5}, for a 2 0;
(i1) 10208 (2, €)] < Ml BIM(E) s (@)~ F - mind (€, (2 F}, fora > 0,8 > 1,
where Cy, 1s a constant depending only on C,,, Cy, and o.

Remark 3.4. Lemmas 3.2 and 3.3 imply Ao, \; € SG?L’l_"(]RQ). Moreover, we also have that
A€ SLO(R?) and As € Sp 7 (R?).

The following result proves the invertibility of the transformation eX(z, D) and expresses
the inverse in terms of a composition of #{e=*(x, D)} with a Neumann series, see |1, Lemma
4] for the proof. In the statement we shall denote by X, (R?) the space of all symbols 7(z, &)
satisfying for every A > 0,c¢ > 0 an estimate of the form

)

0207 (2, €)| < CaA™P (llyrec@ O,
cf. [33].

Lemma 3.5. Let > 1. For h > 1 large enough, the operator e*(x, D) is invertible and its
mverse s given by

{eMa, D)} = BeMa, D)} o Y (~r(x, D)V,

>0



for some r =T + T, where T € SG;L_U(RQ), 7 € X (R?) for every k > 2u— 1 and

1 ~ -
F— Y =0l(e*Dlet) € 8GNV V(R?), VN > 1.

u
1<7<n T

Moreover, Y (—r(z, D))’ has symbol in SGﬁ’O(Rz) + 3. (R?) for every k > 2u — 1. Finally, we
have

{eMz, D)} = e Ma, D)} o op(1 — i0e, A — %agwg& — [0.A]?) = [0:0.A% + ¢_s), (3.6)

where q_3 € SG,> % (R?) + %,.(R?).

Remark 3.6. Since we can choose p > 1 arbitrarily close to 1, we may assume 2u — 1 < 6.
Therefore we can take k < 6 in the above lemma.

3.2. Estimates for the linearized coefficients

Before starting to prove Theorem 3.1, we need to state which type of estimates the coeffi-
cients of the linearized problem (3.1) satisfy under the assumptions of Theorem 1.2.
Since 2 C X7 is bounded, we have that for any n € N there exists B, > 0 such that

sup [|w|[go < Bn.
well i
On the other hand we can write
. 1 1
Diu(t,z) = /e’gxe_p<5>9§aep<5>9ﬂ(t,f)df.
Since u(t) € Hg°, then for any p > 0 Holder inequality gives
1
Dsult, ) < [ e 0h g Jult) B,
p;

< 20\ *" 120 ,—L ()2 2
< ? al™le> HL?HU’(t)Hng
The above estimate implies that for any A > 0 there is a positive constant Cq 4 such that
|DSu(t, )| < Co A%, t€[0,T],r € R, a € Ny, (3.7)

for every u € €. In particular, we conclude that the values of w = u(t, x) lie in a fixed compact
set Ko = K C C(=~ R?) for every u € Q. We shall fix this compact from now on. Using (3.7)
and the fact that a; € C([0,T],I%% (R x C)),j = 0,1,2, in the next we shall estimate the
xr—derivatives of the maps x — a;(¢, z,u(t,z)). For this we need the Faa di Bruno formula in
several variables: let g = (g1,...,6p) : R* = RP, f: RP — R and € Nj, then

£ 5 g (2 kji
D(foa)a) = X g (0 o) TTTT |2 35)

by
Il
—
-
Il
—



where the notation )  means that the sum is taken over all ¢ € N, all sets {d,...,d,} of ¢

distinct elements of N? — {0} and all (ki,..., k) € (N§ — {0})¢ such that > i1 |kl = B. We
also report two useful inequalities:

|]€1 4+ 4 ke|!’61|!lk1‘ v |5g|!‘kz‘ < |B|'

and

Z )\\k1+ +k| < C\5|+1 VYA >0
kl b b

where (3,0, (61,...,00), (k1,. .., k’g) are as in formula (3.8). For details on Faa di Bruno formula
we address the reader to Proposition 4.3, Corollary 4.5 and Lemma 4.8 of [9].
¢

Let now 8 € Ny, then
3 (t, kji
DB (a;(t,z,u(t,z))) Zk: {Dl‘“Jr R Yt @ u(t, ) HH[ o] :1:)] :
p! _

j=11i=1

where ¢1(t,z) = z, g2(t,x) = Reu(t,z) and g3(t,z) = Imu(t,z). Applying (3.7) and the
assumptions on the a;, we get for every A, B > 0:

‘ .
|DP(a;(t, z,u(t,x)))| < Zkl—k‘CK p AR ey 100 () 09/

% H H [CQ7BB(§j5j!0—]_:| ks

j=1i=1

< CgaB?(x)~79/2p1

Al ! |
> Z | lkl' ké[ Z| (CQ,BA)|k1+m+kZ‘ ’kl NN k‘g“eil Haj!(971)|k]|
" Lo ky! i1

. >

—
<ple—t

» Bt !
< CxaB"(z) ]/25!92| Tk L oyt
1!... KRp!

Taking A = Cgy it follows
|D%(a;(t, x,u(t,x)))| < CiCxap{CLBY 1% (x)~7/?

for some constant C; > 0 independent of A and B and Ck o g > 0 which in fact depends only
on B and (2. Rescaling the constant C} B we obtain the following result.

Lemma 3.7. Under the assumptions of Theorem 1.2, let Q2 C X7 be a bounded subset. Then
for every B > 0 there exists a constant Cq p > 0 such that

|D?(a;(t, z,u(t,x)))| < CopB?BP(x)~7/2 +t€[0,T],z € R, €Ny, (3.9)
for every u € Q2.

3.3. The conjugation procedure
In the present subsection we perform, step by step, the conjugations needed to obtain the
operator Qf ; (z’Pu)QK}k’p,.



3.8.1. Conjugation with e® ~

Now we perform the conjugation of i P, by the operator e*(x, D), with A(x, £) = a(x,&) +
A1(z,€). In the next computation, by abuse, we shall denote by as(t, D) and «a;(¢, z, u, D) for
j = 1,2, the operators a3(t)D3 and a;(t,z,u)Di,j = 1,2, respectively, and by ay, as, a3 their
symbols, sometimes omitting the dependence on the variables ¢, z, v and &.

e Conjugation of iag(t, D): Since ag does not depend on z, Theorem 2.9 simplifies into
(omitting (¢,x, D) in the notation)

Mz, D) oias(t, D) of {e ™z, D)} = ias(t, D)

+0p (OcliaaDu(~)) + S0l DA-R) + (DA + a1 ).

Since z—derivatives kill the £é—growth given by the integrals of A, we can conclude that
g3 has order zero. Composing with the Neumman series we get

¢Mx, Dyias(t, D){e"(z, D)}~ = op (mg — Og(az0,A) + %ag[ag,(agzi — (M) + g3 + roo>
o op (1 0D, A — %ag(agﬂ —[0,A]?) — [0:0,A” + q_g)
= ias(t, D) + op (-@E(%@A) + %ag{ag(agﬁ —{0,AYH)} + a30:0.A — z'agag,agag]\)
+ op (iag(agaxﬁ)agaxﬁ - %ag{ag(agﬁ +[0,A) + 2(0:0. A2} + f())
= das(t, D) + op (—agagax]\ + %ag{ag [2A — (8,M)?]} — zaga3a§a§/~\>
+op (iag(agaxﬁ)agaxA — %ag{ag(agﬂ + [0,A]%) + 2(8:0,A)*} + fo) :
where 7y € C([0,T]; T)(R?)). From now on we are going to denote by 7, all remainders

of class C([O,T];f‘ 9(R?)) satisfying uniform estimates with respect to u € . Writing
A = Xy + A1 and noticing that D,\; has order —1 we get

Mz, D)ias(t, D){e* (z, D)} ' = ias(t, D)
+ op (—8§a38x)\2 — 85a38x)\1 + %02{&3(85)\2 — {893)\2}2)} — i@g@;;@g@i&)
+ op (iag(agax)\g)agax)\g — %ag{(?f((?i)\g + [81)\2]2) + 2[85&]5)\2]2} + ’IZ0> .
For simplicity we write in short
_ L 2y 2 2
dl(t,I,g) = §8£{a3(8$)\2 {696)\2} )} 85013858:6)\2

1
+ ag(agaxAg)ﬁgax)\Q — 5@3{852(8%)\2 + [830/\2]2) + 2[85833)\2]2}



Hence
M, DYias(t, D){e®(z, D)} ™" = ias(t, D) + op (—Bcazduha — Oeasdphy + idy + 7o) .

Notice that d; is a real valued symbol of order 1 which does not depend on \;. Namely,
we have the following estimates: for every A > 0 there exists C, 4 > 0 such that

0207 (1, ,6)] < Chrpa APl B (€)™ () ™7 (3.10)

e Conjugation of iay(t, z,u, D): for N € N such that 2 — N(20 — 1) < 0, Theorem 2.9 and
(3.9) give

e*(x, D) oiay(t, z,u, D) o R{e_]\(x, D)} =ias(t, x,u, D)

1 PR
+Op< Z m@?{@?eAszagDme A}) +7.
1<a+B<N

N J/
-~

ZI(iag)N
Composing with the Neumann series and using the fact that 0,A\; has order —1 we get
e]‘(x, D)oiay(t, z,u, D)o {e[\(x, D)} ! = op(iag+ (iag) y + 7o +7) 0op(1 —iDe Ao+ q_2)

= ias(t, ,u, D) + op((iaz)n + ag 0 D0, Aa — i(iag) y © DeDpha + 7o)
= ia?(ta T,u, D) + 0P(\(®¢2)N - Z(ZCLQ)Nagam/\Qj-f—agagax/\g + f0>

=:(;c72);\

Moreover, in view of (3.9), we have the following estimates: for every A > 0 there exists
Ciq.a > 0such that

10808 (ias) 5 (t, v, u, )| < Cf o 4 APl B0 (€)7 BTV (z) 7, (3.11)
for every u € Q.

e Conjugation of ia;(t, z,u, D): working as in the previous conjugation, we get
eMa, D) o (iay)(t, ¢, u, D) o {e"(w, D)} ™" = op(ias + (ia)5 +11) 0 Y _(~r(x, D))
Jj=0
= ia1(t, z,u, D) + op((ia1)x + 7o),

where we have the following estimates: for every A > 0 there exists Cj i 4 > 0 such that
for every u € Q:

080 (iar)5 (1, 2,4, €)] < Ci g a APl B (€))7 @)=, (3.12)

e Conjugation of iag(t,z,u): ez, D) o (iag)(t, z,u) o {e(z, D)} ! = 7.
Gathering all the previous computations we get (omitting (¢, x,u, D) in the notation)
eMa, DY(iP,){eM (@, D)} ' = 8, + ias(t, D) + op (—0easdp Ay — eazdphs + idy)
+das(t, x,u, D) + op((iaz) 5 + a20¢0,A2) + a1 (t, z,u, D) + op((iar); + 7o)
where dy, (iag); and (iap); satisfy the estimates (3.10), (3.11), (3.12) for every u € Q.



1

8.3.2. Conjugation by €™ +(t, D), with A,y 4(1,€) = p{€)7 + k(T = )(€);" 7
e Conjugation of 0,: e +(t, D)o 0, 0 e ™ k(t, D) = 0, + k;(D)i(l*U),

e Conjugation of ia3(t, D): since ag does not depend of x, we simply have

Mk (t, D) odas(t, D) o e "k (t, D) = ias(t, D).

e Conjugation of op{iay — Ogaz0, A2}
ek (t, D) o op(iag — Deazdyig) 0 e '+ (t, D) = iay(t, x,u, D)
— op(0eaz0zA2) + (ba s + 7o) (t, 2, u, D)

where by ) satisfies: for any A > 0 there exists C, 0 k4 > 0 such that (for every
u € Q)

1—

a a 2— 5o —o
800bs, (1,0 )| € Crgra AP (@IB) (€ 7 )™ (3.13)
e Conjugation of (iag)z (¢, x,u, D):
etk (t, D) o (iag)z(t,z,u, D) o e Mk(t, D) = {(iag)p/jkj\ + 7o }(t, z,u, D),

where (ias), , ; satisfies: for any A > 0 there exists Cj g ,, 4 > 0 such that (for every
u € Q)

0808 (ia2) y 1, 5 (t, 2,1, )| < C’&Qp,,k,AAo‘w(a!ﬁ!)o(f)i_(%_l)_a(x)_". (3.14)

e Conjugation of op{ia; — J¢az0, A1 + idy + a20:0, A2 }: we have

eAp’,k (t7 D) O Op(lal - (95(13((%)\1 “I'_ Zdl + a2a£a$A2) o G_Aﬂ/xk (t’ _D)
= op(ia; — Ogazdp 1 + idy + a20:0,Ma + by y 1 + To),

where by 1 1. satisfies: for any A > 0 there exists Cj ¢ ,, 4 > 0 such that (for every u € Q)
e o 1-(1-§)~«a —o
08 Oby i (t, 7,0, )| < O g g aA™ (1B (€))%, (3.15)

e Conjugation of (iay)(t, z,u, D):
ek (t, D) o (iay);(t, z,u, D) o e k(t, D) = {(ia1) y i + To}(t,z,u, D),

where (ia1), ; ; satisfies: for any A > 0 there exists Cy g ,; 4 > 0 such that (for every
u € )

10202 (1a1) 2 (1, 2,0, €)] < Chg o aA°TP(1B) (€))7 () 77/, (3.16)

Finally, gathering all the previous computations we obtain the following expression for the
conjugated operator (provided that the parameter h is sufficiently large)

Qany (iP)Q3) , = 0+ k(D)™ +ias(t, D) (3.17)
+ op(iag — OgazOp g + bo i + (iag)p,7k71§)
+ op(ia; — Ozaz0p A1 + idy + a20¢0, Aa + by i + (ml)p/,k,[\)
+ 7o(t, x,u, D),

where by ). satisfies (3.13), (iaz), , ; satisfies (3.14), by y 5 satisfies (3.15), (ia1), , ; satisfies
(3.16), 7 is a projective symbol of order zero satifying uniform estimates with respect to u € €.



3.4. Proof of Theorem 3.1

This Subsection is devoted to the proof of Theorem 3.1. First of all we need some estimates
from below for the terms appearing in operator (3.17) in order to apply to these terms Fefferman-
Phong and sharp Géarding inequalities. Let us start with the terms Oras(t,£)0,);(z, &) =
3&3@)52&3)\]‘ (l’, g)a J=12
For [£| > 2h, by (3.4) and (3.5) we have

—ag&gaz)\g(JT,f) == 3M2|a3(t)|§2<:£>_01/1 (<i>2)

GH
= 3o}~ 30laa(0l) 7 1= 0 (55 )]
a0, (. €) = 3 aa(IEE)7 o) F o (5
~ Blas(0IEE); ) F 30l o) [1 - (155 )]

Since (z) > 1(£)7 on the support of (1 —¢)((z)(£);?), we have

“atfalete) 7 [1- v (5] = ~racamiei .

and

B a 2 31— ﬂ
3Mias(t)[€%(€), ()~ {1 v <<§>%

where C" = sup,¢p 7y |a3(t)|. In this way we may write (|§| > 2h)

)} > —233C" M, (€)1,

QA7k7p/O(iPu)oQ/T\2 g = Optiaz(t) D3 +ay(t, v, u, D)+a, (t, 2, u, D)+asq-0)(t, x, D)+ro(t, z,u, D),
where r( is an operator of order 0 and

Redy = —Imay + 3Ms|as(t)|€%(x) 7 4+ Re by 1 + Re (Z‘ag)p/yij,

Imay = Reag + Imby y  + Im (iaz) ;4 3,

Rea; = —Imay + 3]a3(t)|§2M1<£>,;1<x)’% + Re ay0:0, A2 + Re by 1 + Re (ial) kA

a1y = KO = Bl Mal) 7 |1 - 0 (%)] - a0 MEN () |10 (%)] |

Now we decompose 2Im as into its Hermitian and anti-Hermitian part:

iImas + (ilmag)*  ilmas — (iImasg)*
2 + 2

iImay = = Hima, + Aima,;

we have that 2Re (A a,u, u) = 0, while Hp,, 5, has symbol

Z 20 85 Dafm a9 = Z ﬁangRe as + Z @%‘Dg{lm bg,pl’k +Im (Zag)p/’k’]\} .

a>1 a>1 ’ a>1

J/

-~ -~

=:c(t,z,u,§) =:e(t,z,u,8)



The hypothesis on ay implies
|0g07c(t, x,u, )] < Coa AP (alB)*(€),(x) ™7,
<

whereas from (3.13), (3.14) and using the fact that 2(1 — o) we obtain

1
0

()~

We are ready to get the desired estimates from below. Using the above decomposition we get

S ol

|8?a£6(t’ T, U, §)| < C[\,Q,p’,k,AAa—’—B(a!ﬁ!)a—i—ﬂ <§>

o (iP,) o {e*} ™t = 0, +ias(t) D3 + Reay(t, x,u, D) + Appna,(t, v, u, D)
+ (a1 + c+e)(t,z,u, D) + as(1—o)(t, x, D) + 10(t, z, u, D).
Note that (£)7 < 2¢2 provided that |£] > 2h. In the next we shall fix A = 1 in the estimates

and we shall omit the dependence on A in the constants. Estimating the terms of order 2 we
get

3C.,

Reay > (M2 — Ca = Cryph™ 70 — CA,Q,p’,kh_@U_l)) (&) (z)~,

where C,, is the constant appearing in the statement of Theorem 1.2. For the terms of order
1 we obtain

3C,,

w[Q

Re(a; +c+e) > (Ml —Cq —Cap, — C&Q,p’,kh_(l_%) — Cf\,Q,p’,kh_(QU_l)) () p(z) 3.

Finally, for the terms of order < 2(1 — o) we have
Re g(1_g) > k(€)1 — 2730, My (€)7 ™) — 233C,, My (€))7
> (k — 273C,, My — 233C,, Myh~1=9) (£)7077), (3.18)

From the previous lower bound estimates we obtain the following proposition.

Proposition 3.8. There exist constants Mo, My, k > 0 and hy = ho(k, My, M1, T, p) > 0
such that for every h > hqy the Cauchy problem associated with the conjugated operator (3.17)
is well-posed in H™(R). More precisely, for any Cauchy data f € C([0,T); H™(R)) and § €
H™R), there exists a unique solution w € C([0,T]; H™(R)) N CY([0,T]; H"3(R)) such that
the following energy estimate holds: there exists a constant Cq yr > 0 depending on 2, p' > 0
and T > 0 such that

t
lw@®lFm < Capr (Iléll?qm +/O Hf(T)H?zde) , te0T]

for every u € ).

Proof. First we take My > 0 large in order to get
3Cq,

My —Cq > 0, (3.19)

then we set M; = M;(Ms;) > 0 in such a way that

3C,,
9

M, — CQ — CQ,)\Q > 0. (320)



Thereafter we choose k = k(M) > 0 such that
k —273C,, My > 0. (3.21)

Making the parameter hy large enough, we obtain

3C, (1 (20—
M= — Co = 0, kh™ 170 = Gy gy =770 > 0,
3C,
Ml 2 2 — CQ - CQ,)\Q - CA,Q,p’,kh_(l_%) - C(A’Q7p/7kh_(2o—_1) 2 07

k — 293C,, My — 223C,, M;h~ 177 > 0.

With these choices Re ax(t, x,u,§), Re (a +c+e)(t, x,u, &), Re o) (t, z,€) are non-negative
for large |¢|. Applying the Fefferman-Phong inequality, cf. [17], to Re as we have

Re(Redy(t, z,u, D)w,w)2 > —Cllw||7., w € .Z(R).
By the sharp Garding inequality, cf. [29, Theorem 4.4], we also obtain that

Re{(@y + c+ e)(t, z,u, D)w,w)2 > —C|lwl32, w € .S (R)

and

Re{ay(1 — o) (t,z, D)w,w) 2 > —Cllw|3., w e .Z(R).

The constant €' > 0 that we just wrote in the above inner product estimates depends on a
finite number of seminorms of the symbols, in this way we have that C' depends on 2, p/, T, A
and k. As a consequence we get the energy estimate

d .
ZNw®lze < Copr(lw®)ze + 1@P)aw(@)lIz2),

which gives the well-posedness in H™(R). O

Remark 3.9. We underline that the assumption |as(t)| > C,, > 0,Yt € [0,T] is crucial in the
choice of My, My. If ag may vanish for some t € [0,T], then some Levi type conditions are
needed on as,ay to let the choice of My, My work, see [4].

Now we are ready to prove Theorem 3.1.
Proof of Theorem 3.1. Given m € R and 6 > 1, take f € C([0,T], H}}(R)) and g € H}7)(R) for

some p > 0. Let My, My, k, hy > 0 so that Proposition 3.8 holds. Since A and k(T — t)(-)i(ka)
have order 2(1 — o) < 5, we have by Proposition 2.8 that

f;\,k,p’ = QA,k,p/<t7 Z, D)f S C([O, T]7 Hm(R))
IA ke = Qf\,k,p’(ov Z, D)Q S HW(R)7
provided that p’ < p. Proposition 3.8 ensures that the Cauchy problem associated with the

operator in (3.17), call it P34 s 18 well posed in Sobolev spaces H "™(R). Hence, there exists
a unique w € C([0,T]; H™(R)) satisfying

Pf\,k,p’,uw<t7 ‘CE) = f[\,k,p’ (t7 .Z'),
w(07 :IZ') = g]\,k,p/<x)7



and .
[w(t)|Fm < Copr (Hgfx,k,pf”?{m +/ ||fA,k,p/(T)||?{de) , tel0,T]. (3.22)
0

Setting v = {Qj . ,(t,z, D)} 'w we obtain a solution for the original problem (3.1). Let us
now study which space the solution v belongs to. We have

v(t, ) ={Q4 4y (L, 7, D)} tw(t, z)
= e M@, D) (~r(x, D)y HT-OPRT T o tD)

PSSP

w(t,x), we H™(R).

1
Since e ” (Pl w =: v; € H?,(R), we get
A ~ (1-0)
v(t,x) = R{e_A(x, D)}Z(—T(I,D))Je_k(T_t)<D>il v, v € ]—_];77;9(]1@)7
—0o (1—0) 5 i

but e~ HT-ODR g, — o MT-DWDRT 0D 0uD)]yy —: 0, € HT o o(R), for every & > 0,

order zero
SO

u(t,z) = R{e_A(x,D)}Z(—r(x,D))j vy = ®eMa, D)}vs,  vs € HI 5 4(R).

vV
order zero

By Proposition 2.8, #{e=*(z, D)} maps HJYy spaces into H)"; 4, for every d; > 0, hence we
finally obtain (6 = 01 + J) that v(t,-) € H ’—5,6(R) for all ¢ > 0,t € [0,7]. We remark that the
solution exhibits (an arbitrarily small) loss ¢ in the coefficient of the exponential weight: the
solution is then less regular than the Cauchy data. Moreover, denoting p” = p’ — 4, from (3.22)
we obtain that v satisfies the following energy estimate

lo@lzm, , = I{e (., D)} w®lim, < Cprllw®)im

IIG IIG

t
< Cp2Copa (ngﬁ,k,p,nzm v ||fA,k,p,<r>r|%{mdr)

t
< Copr (lolig, + [ 1660)

|§%d7) , telo,T].

Finally, let us notice that if the data are valued in H " (R) for every p > 0, then the solution
belongs to HJi.4(R) for every p” € (0, p), that is v € C([O T); H*(R)). [(The argument

of the proof of Theorem 3.1, suitably simplified, provides a well-posedness result in projective
Gevrey-Sobolev spaces also for linear 3-evolution equations, that is when the coefficients of the
operator do not depend on u. Since also this result is new in the literature we state it here
below as a separate result.

Corollary 3.10. Let P be a linear differential operator of the form (1.7) and assume that
as € C([0,T];R) is such that |as(t)] > Coy > 0 for allt € [0,T] and for some constant C,,.
Let moreover o € (1 ) and 6y < 2(1 such that for 5 = 0,1,2 the coefficients a; satisfy the
following assumptions: for every A > 0 there exists C'y > 0 such that

10%a;(t, )] < C4APBI% ()5,



for every x € R,t € [0,T] and 8 € Ny. Then for every m € R, p > 0, 0 € |0y, 55~ ) and
2(1-0)

feC(0,T]; H3(R)), g € H(R), there exists a unique solution v € C([0,T]; H™ 5.4(R)) for
every § € (0, p) of the Cauchy problem (1.6) and the following energy estimate is satisfied:

t
Hv<t,->||z;n§;9scp,T(ngzw / Hf(Tw)H%;;ﬂT) vt € 0,7], (3.23)

for some positive constant C,r. Moreover, if f € C([0,T], H*(R)) and g € H*(R), then v
belongs to C*([0,T]; H°(R)).

4. The quasilinear problem

In this section we consider the quasilinear Cauchy problem (1.13) and prove Theorem 1.2. First
of all, by Theorem 2.3, it is easy to verify that the space

Xy = C([0,T); H*(R))
is a tame Fréchet space endowed with the family of seminorms

lulle = sup {[u(t,)|r + [Deu(t, )|k}, k€N,
te[0,7
for every 6 > 1. Let us consider, for every u € X7, the map

J(u) = u(t,z) — g(z) —|—’i/0 ag(s)Diu(s,x)ds—i-i/O as(s, v, u(s, z))D2u(s, v)ds (4.1)

+i /t al(s,x,u(s,x))Dxu(s,x)dS—i—’i/o ao(s, x,u(s, z))u(s, z)ds

0
¢

—i [ f(s,x)ds.
0

Remark 4.1. By Lemma 3.7, we have a;(t, z,u(t,z))& € C([0,T);T%(R?)), then from Propo-
sition 2.7 we conclude that a;(s,x,u(s,z))Diu(s,z) € C([0,T]; H*(R)). This implies that the
map J maps X into itself.

As anticipated in the introduction we shall prove the existence of a unique solution u €
CY([0,T*]; H3°(R)) for some T* € (0, T] of the Cauchy problem (1.13) by showing the existence
of a unique solution u € C([0, T*]; Hg°(R)) of the integral equation

J(u) =01in [0,77] x R. (4.2)

This will be achieved using Theorem 2.5. It is not difficult to prove that J is tame together
with all its derivatives. To apply the Nash-Moser Theorem we only need to prove that the
equation DJ(u)v = h has a unique solution v := S(u, h) € Xr for all u,h € X and that the
map

St X x Xpr — Xr:(u,h) = v=_S(u,h) (4.3)

is smooth tame, where D.J(u)v stands for the derivative of J at w in the direction v. The next
Proposition proves that the map S in (4.3) is well defined.



Remark 4.2. We claim that lim._g a;(s, z,u(s,x)—cv(s,x)) = a;(s, x,u(s, x)), where the limit
is taken with respect to the topology of C([0,T]; H*(R)). Indeed, first we write

“d
aj(s,r,u+ev) —a;(s, z,u) :/ %{aj(s,:c,u—l—rv)}dr
0

= v/ Owaj(s, z,u+ rv)dr
0
=v-0.(s, ).

Observe that o. € C([0,T]; TY(R?)). Therefore, by Proposition 2.7, we get o.v € C([0, T]; Hg(R)).
Moreover, since the norms |o(s)|a are bounded by a constant of the form eCq 4, 0 being a
bounded neighborhood of u, we are able to conclude

lo-(s,x)v], = 0, ase —0,
for every k € Ny, which finalizes the proof of our claim. In the same manner one gets

aj(s,z,u(s,z) +ev(s,x)) — a;(s,z,u(s, x))

lim
e—0 g

in C([0,T], H(R)). We shall use extensively these two types of limits in the sequel.

= Owa;(s, x,u(s, z))v(s, x)

Proposition 4.3. For every u,h € Xr, there exists a unique v € Xp solution of the equation
DJ(u)v = h, and the function v satisfies for every k € N the following estimate:

t
jo(t, )2 < Caa (|h<o>\z+1+ / rDthmrinT), vt € [0,7], (1.4)
0

where § stands for some bounded open neighborhood of .
Proof. By the definition (4.1) of the map J, let us compute the derivative of J, for u,v € Xrp:
J(u+ev) — J(u)

DJ(u)v = lim
e—0 g
t 2t —a; ,
_ 111%{U+i/ ag(S)ng(S)ds—i—iZ/ aJ(S,x,qus?;) a](s,x’U)DiU,(S)dS
e— 0 0 0

2 t
—HZ/ aj(s,a:,u+5v)ng(s)ds}
j=0 "0
t - 2 ¢ .
= v—|—z'/a3(s)D;zv(s)ds+iz/(8waj)(s,x,u)v(s)D;u(s)ds
0 =0 Jo
2 t
+i2/aj(s,x,u)Div(s)ds
j=0"0
¢ ¢ t
= v+i/a3(s)D§v(s)ds+i/a2(s,x,u)Div(s)ds+i/a1(s,x,u)va(s)ds
0 0

0

+i /Ot(ao(s, x,u) + i(@waj)(s, x,u)Diu) v(s)ds =: Jouo(v)

J/

-~



= ap(s, x,u)

where, given u, g, f € Xp, the map J,, s : Xy — X is defined by
t t
Jgu, U = v(t,x) — g(z) +i/ as(s)D3v(s, x)ds —I—z'/ as(s,x,u(s, z))D2v(s, x)ds
0 0

¢ t ¢
—i—i/ ai(s,z,u(s,z))Dyv(s,z)ds +i/ ao(s, x,u(s,z))v(s,x)ds — z/ f(s,x)ds.
0 0 0
Of course, v solves J,, ¢(v) = 0 if and only if it solves the linearized Cauchy problem

{ﬁu(D)U(t, 33') = f(tv :IZ')
v(0, %) = g(z),

where P,(D) is obtained from P, (D) substituting ao with d.
Writing

t
J07u70(1)) — h = J07u7()(’0) — h() — Z/ Dth(S,ZE)dS = Jho,u,Dth(U)
0

with hg := h(0,x), we see that v is a solution of DJ(u)v = h if and only if it is a solution of
Ihou.0,n (V) = 0, or equivalently of the linearized Cauchy problem

BA(D)ult, ) = Dyb(t, )
{U(Oaiﬂ) = ho(z). (4.5)

Summing up, the solutions to D.J(u)v = h in X7 coincide with the solutions to (4.5).

The Cauchy problem (4.5) fulfills the assumptions of Theorem 3.1, indeed, on the one hand
the operators P,(D) and P,(D) have the same coefficients but for the terms of order 0 for
which no decay assumptions are required; on the other hand, clearly D;h € C([0,T]; H*(R))
and ho € Hg°(R). We obtain by Theorem 3.1 a unique solution v € C([0,T]; H;°(R)) of (4.5)
which satisfies an energy estimate of the form (3.2) for every p,d > 0 with 0 < § < p. Taking
p=k+1and 06 =1in (3.2), k € N, we obtain (4.4). O

Lemma 4.4. The map S defined by (4.3) is smooth tame.

Proof. We have to prove that S and its derivatives D™S are tame maps for any positive integer
m. Let us first prove that S is tame. First of all, notice that if we take u in a bounded set
Q C Xr, from (4.4) we get

sup [v(t, )|k < Coprllhllks (4.6)
te€[0,7)

for every k € N and for some Cq i r > 0. Moreover, from the equation it follows that

|Dy(t,)|x = |—as(t) D2v(t,-) — Z a;(t, -, u)Div(t, ) + ao(t, -, u)v(t, ) + D;h(t,-)
< C(lot, s + [[Rll

for some C' > 0 depending on the set {2 and the coefficients. Hence

1S (u, h)|[x = SElP] (Jo(t, e + 1Dt k) < Caprllhlles < Coprll(u, P)|ker (4.7)
telo,T



for some (possibly larger than before) constant Cq 7 > 0, and so S is tame.
Let us now consider the first derivative of S, defined for (u, h), (u1,h1) € X7 x Xr as

DS(u, h)(u1, hi) = lim S(uteu, h+ehi) = S(w,h) _ . ve —

e—0 e e—0 5

v .
= lim wy,
e—0
where w, := e !(v. —v) and v. = S(u + euy, h + €hy) is the solution of the Cauchy problem

{Pu—l-eul (D)v = Di(h+ hy) (4.8)

v(0,2) = h(0,2) 4+ chy(0, x).

Since v, v solve the Cauchy problems (4.5) and (4.8) respectively, it is easy to check that the
function w, satisfies

Pu+eu1we:fe (4 9)
we(0,x) = hy(0, 2)
with (omitting (¢, x) in the notation for brevity’s sake)
£ = Dby — as(u + euy) — a2<u)Div ~a(utew) — al(u)va _ag(u+eur) — do(u)v.
€ € €

If we prove that the sequence {w.}. is a Cauchy sequence in X, then we obtain that w,
converges to some w in Xp; this function w, which is on one hand the first derivative of S, is
on the other hand the solution to

with
fi:= liH(l) f- = Dihy — Opag(u)u1 D*v — Opay (u)uy Dyv — Oypao(u)uyv,
e—

so, taking u in a bounded set €2, by Theorem 3.1 it satisfies the energy estimate

t
it < Cosr (Ia(0.)Ees+ [ 1A Eade).
Now if we take u; in a bounded set 4, by (4.6) we get

lw(t, )x < Caprr(|hi(0,)|ks1 + sup [fi(t,)|ks1)
te[0,7

< Caoukr sup ([hi(t, )|k + [ Diha(t, )es1 + [0(t ) |kr2)
te[0,7)
< Ca0u k1 (1P llk1 + [|Pll5+3)
for some positive constant Cq g, . depending on €2y, {2y, k, T" and the coefficients. Also

Dow = —az(t) D3w — ay(t, z,u) D2w — a1 (t, v, u) Dyw — do(t, z,u)w + fi

satisfies a similar estimate, so the first derivative DS (coinciding with w) is tame.
Thus, we only need to prove that {w.}.cp,1] is a Cauchy sequence in X to conclude that DS



is a tame map.
To this aim, arguing as before, let us consider w,., and w., solutions of the Cauchy problems

pu+siu1 (D)wsl = fsm wsi(owm) = h1(07 iL'), L= 17 2?

then w,, — w., solves

]5u+€1u1(D)(w€1 - wag) = f61 - f€2 + f61,€2
(w81 - wsz)(07x> =0

with (omitting (¢, ) in the notation)

fare = (ag(u + eouy) — as(u + 51u1))D§w52
+ (a1 (u+ e2u1) — ar(u+ e1w1)) Dywe, + (ao(u + e2ur) — aolu + e1ur))we,

and the energy estimate (3.2) gives

mwwmmMS%mwng@mwﬁxﬂm+ma>mg (4.10)

tel0, T
By Lagrange theorem, there exist @;,7 = 0,1, 2, between u + €14, and u + eou; such that, for
all t € [0,T7,
| ferea(ts ) krn < ler — & SFP] (10waz(t, -, Gig)ur (t, -) Diwe, (t, -)|k41
te[0,T

+|Owar (t, -, 1 )ui (t, ) Datwe, (t, ) k1 + [Owao(t, - to)ua (t, - )we, (£, ) [k41)

<le1 — €2|Can k1 |We, |k i2

with Cq o, x.r independent of €1, &5 € [0, 1], where we used the algebra property of Hj° spaces:
namely, we know that H},(R") is an algebra if m > n/2, see for instance [14]. Hence, for every
[,9 € Hg® we have fg € Hg° and, taking m > 5 we may write

1ol < 15gllaz, < ClF g lgllig, < Coll Fllo, Mgl

P p;0 —

From the energy inequality for the linearized problem we see that |w.|; is bounded with respect
to € € [0,1] for every k € Ny. Hence f ., — 0 as €1,e2 — 0 in the H;°(R) topology. In the
same manner one gets f;, — fo, = 0 as 1,69 — 0.

This gives that {w.}. is a Cauchy sequence in X7 and therefore we can conclude that DS is
a tame map. To conclude the proof it is sufficient to repeat the previous computations in an
inductive procedure similar to the one in the proof of [3, Theorem 1.3, Step 4]. ]

We are now ready for the final step of this paper, that is the proof of Theorem 1.2.

Proof of Theorem 1.2. As described at the beginning of this section the existence of a unique
local solution u € C'([0, T*]; H5°(R)) of the Cauchy problem (1.13) is equivalent to the existence
of a unique solution u € C([0, T*]; Hg°(R)) of the equation

u(t,z) =g(z) — / 3(s)D3u(s, z)ds —2/ o(s, z,u(s, x))Du(s, x)ds (4.11)

ai(s,z,u(s,z))Dyu(s, x)ds —i | ao(s,x,u(s,x))u(s, x)ds
0

+1 f

c\c\



Equation (4.11) provides the first order Taylor expansion of u:

u(t,z) = g(x) — it (as(0)D3g(x) + as(0,z, g(x)) Dig(x)
+ a1(0,2,9(2))Dag(z) + ao(0, z, g(x))g(x) — f(0,2)) + o(?)
=:w(t,z) + o(t), ast — 0. (4.12)

If t is sufficiently small, the function w € Xr is in a neighborhood of the solution u we are
looking for. The idea of the proof is then the following: we first approximate Jw € Xt by a
function ¢. such that ¢.(t) =0 for 0 <t < T, < T then, we apply Theorem 2.5, in particular
the fact that J is a bijection of a neighborhood U of w onto a neighborhood V' of Jw. More
precisely, we show that ¢. € V', and then by the local invertibility of J there will be u € U such
that Ju = ¢. = 0 in [0,7:] and hence u is the local in time solution of the Cauchy problem
(1.13). Let us construct ¢.: given p € C*°(R) with 0 < p < 1 and

p<s>={0’ .

1, s>2,

we define ,
O(t, ) = /0 p (S) (OpJw)(s, x)ds. (4.13)

We immediately see that ¢. = 0 for 0 < t < . We are going to prove that, for every fixed
neighborhood V' of Jw in X7 = C'([0,T]; H*(R)), we have ¢. € V if ¢ is sufficiently small. To
this aim let us notice that

s - oxt0) = | (@Tu)(s)ds + u(0) - / 0 (2) @) (s)as

=0

- /Ot [1 ., (g)] (8, Jw)(s)ds.

||Jw—¢a||k§/08|(8th)(5)|1€¢9+ sup [(OpJw)(t)|g- (4.14)

te(0,2¢]

Hence

Now we compute explicitly 0;(Jw(t,x)) and estimate its k—seminorms for small values of t.
From (4.1) we get

2
O(Jw(t,z)) = Ouw + ias(t) D3w + Z ia;(t,z,w)Diw —if(t,).

Jj=0



Using the definition (4.12) of w we get

2
8t(Jw(t,m)) = _ia3<O)D29 - Zi(%(O,ZL’,g)Dig + Zf(O,ZL‘)

J=0

2
biay()D%g + 10s() D (ax(0)D2g + 3 a,(0..9)Dig — £(0.))
=0
2
+iay(t, x, w)D2g + tay(t, x,w) D> (ag(O)Dig + Z a;(0,z,9)Dig — f(0, x))
=0
2 .
+iay (t, v, w)Dyg + tay (t, z,w) D, <a3(0)D§g + Z a;(0,z,9)Dlg — f(0, x))
=0

2
+ia0(t> €, w)g + t&o(t, Z, U)) <a3<O)D§;g + Z aj<07 xz, g)D;g - f(07 .Z'))
j=0
—Zf(t,%)
2

= Z‘[a?»(t) - a3(0)]D29 +iz [aj(t7wi) - aj(O,:v,g)} Dg:g

=0

Fas(0)tD? {a3<o>D§;g £ 0,(0.2.9)Dlg — F0. :c>]

=0
2

2
+ Z a;(t, z, w)tD] {ag(O)Dig + Z as(0,z,9)Dsg — f(0, x)}
s=0

J=0

Now observe that for every k € Ny we have:

e for every €3 > 0 there exists d3 > 0 depending on g, a3z and k such that
[(a3(t) — a3(0))D3g|, < &3 for every t € [0, d3], since az is continuous;

e for every 5 > 0 there exists 65 > 0 depending on g, ag, a;, as and k such that

2
Z | (aj(t7x7w) - ij(o,l‘,g)) Dig|k < &9

=0
for every t € [0,85], since (¢, z) — a;(t,z,w(t,z)) belongs to C([0,T];7?(R)) and hence-
forth (¢, 2) — a;(t, z,w(t, ))&’ belongs to C([0, T]; I')(R?));

2
ot S[up] ’a?)(t)l : ‘(13(0)D29+ZDg(%(oal’ag)Dig) _Dg?;f(()?x)‘k S C(&37a27a17a07ga f7 k)ta
te|0,T -
’ ‘7:0
2

oty

J=0

S C((lg, ag, a1, aop, 4, f7 k)ta
k

2
aj(t,[L’,U))Di‘ <a3<O)D§g + ZCLS(()?Z‘,Q)D;Q - f(O,x))
s=0




e for every e¢; > 0 there exist §; > 0 depending on f and k such that | f(0,2) — f(¢,2)|x < &1
for every t € [0, 64], since f € C([0,T]; H*(R)).

In this way we are able to conclude that for every € > 0 there exists O depending on k, f, g
and on the coefficients such that

|(OpJw) ()| < &, Yt e0,0.
If 2 < 0, from (4.14) we obtain
|l Jw — ¢c||r < 26.
Now let V' be an open neighborhood of Jw. Recalling that the topology of Xt is given by the

metric

L flu—vlg
d M - ) v ) E X )
(u, v) Z2k+11+||u—v||k u,v T

k>0
we see that there exists r > 0 such that the ball {d(u, Jw) <r:u € Xz} CV. Take K € Ny
such that >, . —(k+1) < 5 and choose &€ > 0 such that & < §. Then, if 2¢ < § = min 0

0<k<K
we infer that

.
d(Jw, ¢.) < Y |[Jw — ¢5||k+z2k+1_2 5=

k<K k>K

So, if € > 0 is sufficiently small then ¢. € V.
Now suppose in addition that V' = J(U) where U is an open neighborhood of w and that
J : U — V is bijective. Then there exists u € U such that Ju = ¢.. In particular, this proves
that u € C'([0,¢]; Hg°(R)) is a local solution of the Cauchy problem (1.13). Uniqueness follows
by standard arguments. Indeed, if u,v are two solutions of the Cauchy problem (1.13), then
w := u — v solves the linear Cauchy problem

Pw =0, w(0,x) =0,

for an operator P which is exactly as P,(D) except for the term ay which is substituted by
another term satisfying the same assumptions. From the uniqueness of the solution to the
linearized Cauchy problem we get w = 0, that is u = v.

To prove that T*(g, f) is a lower semi-continuous function of the initial data g, f we follow the
ideas presented in [11]. Let us assume @ to be the solution of (1.13) with initial data §, f and
life span 7' < T. Then we consider the map

Q: C'([0,T); H*(R)) — Hi*(R) x C([0, T]; Hi*(R))

defined by Q(u) = (u(0), P,u) for all u € C([0,T]; Hg*(R)).
The derivative of @ is DQ(u)v = (v(0), P,v) where P, is the operator
P, = D, + D3 + ay(t, x,u) D? + ay (t, x,u) D, + ao(t, z,u),

2

ao(t, x,u) = ag(t, z,u) + Z(@waj)(t, x,u) D,

J=0



So, the equation DQ(u)v = (h,w) is equivalent to the following linear Cauchy problem for

t€[0,7] and z € R
P =w,
v(0) = h.

Hence, similarly to what we did for the map J defined by (4.1), we can show that @ is locally
invertible. Therefore we obtain open neighborhoods Uj of g, Uj of f and U of @ such that for
all (g, f) € Uz x Uy there exists a unique u € Uy satisfying Q(u) = (g, f), that is (u(0), P,u) =
(g9, f). This means that u solves the Cauchy problem for every (t,z) € [0, 7] x R. In particular,
the life span T*(g, f) is not smaller than 7 provided that (g, f) is close enough to (g, f), so
T*(g, f) is a lower semi-continuous function in the Hg°(R) x C([0,T]; H;*(R)) topology. O

Remark 4.5. We stress the fact that the life span T* may be small. In fact, we need T* = ¢
small enough in order to conclude that the function ¢. (defined by (4.13)) belongs to some
suitable open neighborhood of Jw (w given by (4.12)) provided by the Nash-Moser theorem.

Remark 4.6. In Theorem 1.2 we assume that the coefficient of the third order term is indepen-
dent of x. In the H*™ setting, it is possible to consider also the more general case as(t,z)D3,
assuming for as suitable decay estimates for |x| — oo, see [3, Section 4]. This is not possible
in the Gevrey setting, due to the conjugation with epl<D>1/9; indeed, if az depends on x, even

allowing its derivatives with respect to x to decay like (x)™™ for m >> 0, we obtain

=

er/ (DY (ias(t, yzr)Df:)e’p'<D>M9 = ias(t,x) D> + op (p’ag(é’} - Ozas(t, x)€3> + Lot
with 'O (€)8-Opas(t, )€ ~ (€)*5 (x)~™. This term has order 2+3 > 2 and cannot be controlled
by other lower order terms whose order does not exceed 2.
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