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A REGULARITY CRITERION FOR A 3D TROPICAL CLIMATE

MODEL WITH DAMPING

DIEGO BERTI∗, LUCA BISCONTI∗, AND DAVIDE CATANIA∗∗

Abstract. In this paper we deal with the 3D tropical climate model with

damping terms in the equation of the barotropic mode u and in the equation

of the first baroclinic mode v of the velocity, and we establish a regularity

criterion for this system thanks to which the local smooth solution (u, v, θ)

can actually be extended globally in time.
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1. Introduction

We consider the following 3D tropical climate model with damping, i.e.

(1)

∂tu + (u ⋅ ∇)u − ν∆u + σ1∣u∣α−1u +∇π + div (v ⊗ v) = 0,
∂tv + (u ⋅ ∇)v − η∆v + σ2∣v∣β−1v + (v ⋅ ∇)u +∇θ = 0,
∂tθ + (u ⋅ ∇)θ − µ∆θ + div v = 0,
divu = 0,
u(x,0) = u0, v(x,0) = v0, θ(x,0) = θ0,

where x ∈ R3, t ≥ 0, u = (u1(x, t), u2(x, t), u3(x, t)) and v = (v1(x, t), v2(x, t), v3(x, t))
denote the barotropic mode and the first baroclinic mode of the velocity, respec-

tively, π = π(x, t) indicates the pressure, θ = θ(x, t) the temperature, and ν > 0,

η > 0 and µ > 0. Here, σ1, σ2 > 0 and α,β ≥ 1 are the damping coefficients (further

appropriate restrictions will be introduced later on).

When ν = η = µ = 0 (and σ1 = σ2 = 0), the above system gives the original tropical

climate model derived by Frierson, Majda and Pauluis [10] (see also [28]). Instead,

in the case of ν > 0, η > 0 and µ = 0, (1) reduces to the viscous version of the same

model that has been analyzed by Li and Titi [22] (see also [23]).

Local existence of strong solutions to the considered 3D model, without damping,

and with ν = 1, η = 1 and µ = 0, has been established by Ma, Jiang and Wan in [26].
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Global well-posedness of solutions to a tropical climate model with dissipation in

the equation of the first baroclinic mode of the velocity, under the hypotheses of

small initial data, was studied by Wan [31], Ma and Wan [27]. In fact, the issue

of global regularity has been investigated in a number of articles and (partially)

addressed, by introducing suitable hypotheses on the initial data, modified viscosity

and diffusivity, or by inserting damping terms in the equations for u, ν, and θ. Some

of these studies, whose contents are related to the present analysis, are briefly

recalled here below.

For the 3D case with damping, Yuan and Chen [36] studied the global regularity

of strong solutions assuming σ1 > 0 and α ≥ 4, and removing the damping term

from the equation (1)2, i.e. setting σ2 = 0 (see also Yuan and Zhang, in [37]). In

[37], the authors proved global regularity assuming that one of the following three

conditions holds true:

(i) α,β ≥ 4,
(ii)

7

2
≤ α < 4, β ≥ 5α + 7

2α
, ̟ ≥ 7

2α − 5 ,
(iii) 3 < α ≤ 7

2
, β,̟ ≥ 7

2α − 5 ,
where ̟ > 0 refers to an extra damping term, i.e. σ3∣θ∣̟−1θ, with σ3 ≥ 0, inserted
in the left-hand side of (1)3.

In [7] the authors analyze the d-dimensional (1), d = 2,3, without damping terms,

with only the standard dissipation (i.e. −η∆v) of the first baroclinic model of the

velocity (and substituting −ν∆u with νu as well as −µ∆θ with µθ) and choosing

a special class of initial data (u0, v0, θ0) with Hs-norm arbitrarily large. Let us

also recall the recent papers [24, 25] where the authors prove well-posedness for the

tropical climate model upon selecting special classes of initial data.

We also mention an article of Zhu [40], in which the 3D system (1) is considered

with σi = 0, i = 1,2,3, and fractional diffusion on the barotropic mode, with initial

data in H3(R3). The author proves global existence of strong solutions (u, v, θ) ∈
L∞(0, T ;H3(R3)), for any T > 0, removing −η∆v in (1)2, and replacing −ν∆u with

νΛ2χu = ν(−∆1/2)2χu in (1)1, with χ ≥ 5/2.
In [32] the authors give a regularity criterion on the gradient of u for the sys-

tem (1), assuming σi = 0, i = 1,2,3, and initial data in H2(R3). A further regularity

criterion, for the local-in-time smooth solution to the 3D tropical climate model in

the Morrey–Campanato space, is given in [33].

Analyses yielding criteria similar to the one developed in the present work are

carried out in [9] for the 3D MHD equations (see also [2, 13, 11]). We also mention

some regularity criteria for the 3D Boussineq equations having connection with our

analysis, i.e. [30, 34, 38, 39].

In the present paper we consider problem (1) with 3 ≤ α,β < 4, and (u0, v0, θ0) ∈
Hs, 3/2 < s ≤ 2, providing a regularity criterion to obtain the smoothness of the



ON THE 3D TROPICAL CLIMATE MODEL WITH DAMPING 3

solutions. This case, which is rather far from verifying the hypotheses used to

prove global existence in the previous works, highlights somehow the relevance of

the choice α ≥ 4 in order to obtain smooth solutions: without such a condition, the

introduction of suitable constraints seems to be necessary in order to obtain regular

global solutions.

In our main result (see Theorem 2.1, below) we provide a regularity criterion

involving the barotropic mode and the first baroclinic mode of the velocity in the

homogeneous Besov space Ḃ0
∞,∞ (see, e.g. [19, 20]), that is: if

∫
T

0
(∥u(t)∥δ

Ḃ0
∞,∞
+ ∥v(t)∥γ

Ḃ0
∞,∞

)dt <∞,

with δ = δ(α) and γ = γ(β) defined in (10) below, then the solution (u, v, θ)(t) can
be smoothly extended after T > 0.

2. Preliminaries and main result

For p ≥ 1, we indicate by Lp = Lp(Rn) the usual Lebesgue space, endowed with

norm ∥ ⋅ ∥p = ∥ ⋅ ∥Lp , with moreover ∥ ⋅ ∥ = ∥ ⋅ ∥2, when p = 2. For s > 0, we denote by
W s,p =W s,p(Rn) and ∥ ⋅ ∥s,p = ∥ ⋅ ∥W s,p the Sobolev space and its norm, respectively

(see, e.g., [1]). When p = 2, we use the notation Hs = W s,2 and ∥ ⋅ ∥Hs = ∥ ⋅ ∥s,2.
Here Ḣs denotes the standard homogeneous Sobolev space with norm ∥ ⋅ ∥Ḣs . In

terms of the Fourier transform, homogeneous and inhomogeneous Sobolev spaces

can be written as follows

Ḣs = {f ∶ ∥f∥2
Ḣs = ∫

R3

∣ξ∣2s ∣f̂(ξ)∣2dξ <∞},
and

Hs = {f ∶ ∥f∥2Hs = ∫
R3

(1 + ∣ξ∣2s)∣f̂(ξ)∣2dξ <∞}.
Note that Hs is equal to Ḣs ∩ L2. For s > 0, we also introduce the operator

Λs, formally defined as Λsf = (−∆) s
2 f , that is the Fourier multiplier such that

Λ̂sf(ξ) = ∣ξ∣sf̂(ξ), for ξ ∈ Rn. Plainly, Λ2f = −∆f .

Most of the estimates involving Besov and BMO spaces, that we use in the

following, have been established in [20]. We refer to this paper for a detailed

overview (see also [19, 21]) on the theory of Besov spaces Bs
p,q = Bs

p,q(Rn) (and

homogeneous Besov spaces Ḃs
p,q = Ḃs

p,q(Rn)), with 0 < p, q ≤∞ and s ∈ R, and also

on the BMO = BMO(Rn) the space of functions of bounded mean oscillation.

In the sequel we will use the symbols C to denote generic constants, which may

change from line–to–line, but are not dependent on the specific functions under

consideration.

2.1. Some estimates. Here below, we make explicit those key tools (from litera-

ture) which are instrumental in order to prove Theorem 2.1.

We need interpolation’s inequalities for Sobolev spaces and the well-knownGagliardo–

Nirenberg’s inequality (see [29]). Besides this estimate in the standard form, we
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also make use and recall two recent fractional versions of it: as a consequence of

[16, Corollary 2.4], we have

(2) ∥Λrf∥q ≤ C∥f∥1−κp1
∥Λsf∥κp2

,

in the case r, s ≥ 0, 1 < q, p1, p2 <∞ and 0 ≤ κ ≤ 1 satisfying the conditions

(3)
1

q
= (1 − κ

p1
+ κ

p2
) − κs − r

n
, and r ≤ κs.

In the following, when we refer to Gagliardo–Nirenberg’s inequality, we mean for-

mula (2).

For the extremal case q =∞, we use [6, Corollary 1] in the form

(4) ∥f∥∞ ≤ C∥f∥1−κp1
∥Λsf∥κp2

,

where, as before, 0 = ( 1−κ
p1

+ κ
p2

) − κs
n
.

Notice that the above Gagliardo–Nirenberg-type estimates allow for further frac-

tional generalizations, like those in [5, Theorem 1] and [6, Theorem 1], along with

their direct consequences.

In the sequel, we will also use the Kato–Ponce product estimate [17] (see also

[14, 15, 18]), i.e.

(5) ∥Λs(fg)∥p ≤ C(∥f∥p1
∥Λsg∥q1 + ∥g∥p2

∥Λsf∥q2),
with s > 0, 1 < p <∞, 1 < q1, q2 <∞ and 1 < p1, p2 ≤∞, such that 1

p
= 1

p1

+ 1
q1
= 1

p2

+ 1
q2
.

We highlight that, in the right-hand side of (5), L∞-norms are allowed only for zero-

order terms with respect to Λs.

Also, for 1 < p <∞, we will use (see [19])

(6) ∥f ⋅ g∥p ≤ C(∥f∥p∥g∥BMO + ∥f∥BMO∥g∥p).
At last, we recall the following logarithmic inequality (see, e.g., [12, Lemma 1.4,

pp. 4 and 6]):

(7)
∥f∥BMO ≤ C∥f∥Ḃ0

∞,2

≤ C(1 + ∥f∥Ḃ0
∞,∞

ln
1

2 (1 + ∥f∥Hs)),
where, in particular, we used the embedding Ḃ0

∞,2 ⊂ BMO, in the case s > n/2 (see,

e.g., [19, 20, 21], for more details).

From now on, it will always be assumed n = 3.

2.2. Regularity result.

Theorem 2.1. Let (u0, v0, θ0) ∈Hs×Hs×Hs, 3/2 < s ≤ 2, with div u0 = 0. Assume

that 3 ≤ α,β < 4. Let (u, v, θ) be a local solution of the system (1), defined on some

time interval [0, T ), with 0 < T <∞, and having the following regularity

(8) u, v, θ ∈ C([0, T̃ ];Hs) and u, v ∈ L2(0, T̃ ;Hs+1),
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for any 0 < T̃ < T . Then (u, v, θ)(t) can be extended beyond time T , with the same

regularity as in (8), and hence as a smooth solution, provided that

(9) ∫
T

0
(∥u(t)∥δ

Ḃ0
∞,∞
+ ∥v(t)∥γ

Ḃ0
∞,∞

)dt <∞,

where

(10) δ = 6(α − 1)
3α − 5 > 2 and γ = 6(β − 1)

3β − 5 > 2.
3. Proof of Theorem 2.1

The proof consists in proving suitable energy estimates for the considered solu-

tion (u, v, θ)(t) showing explicitly that it can be extended after time T > 0. Thus,
the procedure is divided in a number of steps in which we establish the needed

bounds in L2, H1 and Hs, with 3/2 < s ≤ 2. These steps parallel the formal es-

timates in the global existence results given in [36] and [37], although in our case

they are carried out with different techniques borrowed from [3, 4, 8, 30, 35, 38].

3.1. L2-estimates. Taking the L2-inner product of (1)1, (1)2 and (1)3 with u, v

and θ, respectively, adding them up and integrating with respect to t, we reach

(11)
∥(u, v, θ)(t)∥2 + 2∫ t

0
(ν∥∇u∥2+η∥∇v∥2 + µ∥∇θ∥2

+ σ1∥u∥α+1α+1 + σ2∥v∥β+1β+1)dℓ = ∥(u0, v0, θ0)∥2,
where we used the notation

∥(u, v, θ)(t)∥2 ≐ ∥u(t)∥2 + ∥v(t)∥2 + ∥θ(t)∥2, with 0 ≤ t < T ,
which will be adapted to the case of higher order norms, and the following identities

have been exploited

∫
R3

div (v ⊗ v) ⋅ udx +∫
R3

(v ⋅ ∇)u ⋅ v dx = 0,
∫
R3

∇θ ⋅ v dx +∫
R3

div v ⋅ θ dx = 0,
∫
R3

(u ⋅ ∇)u ⋅ udx = 0, ∫
R3

(u ⋅ ∇)v ⋅ v dx = 0 and ∫
R3

(u ⋅ ∇)θ ⋅ θ dx = 0.
Thanks to (11), for any 0 < t < T , it follows that u, v, θ ∈ L∞(0, t;L2)∩L2(0, t;H1).

3.2. Ḣ1-estimates. Multiplying (1)1 by −∆u, integrating by parts, we obtain

(12)

1

2

d

dt
∥∇u(t)∥2+ν∥∆u(t)∥2 − σ1 ∫

R3

u∣u∣α−1 ⋅∆udx

= ∫
R3

(u ⋅ ∇u) ⋅∆udx +∫
R3

div (v ⊗ v) ⋅∆udx.

Multiplying (1)2 by −∆v, we obtain

(13)

1

2

d

dt
∥∇v(t)∥2+η∥∆v(t)∥2 − σ2 ∫

R3

v∣v∣β−1 ⋅∆v dx

= ∫
R3

(u ⋅ ∇)v ⋅∆v dx +∫
R3

(v ⋅ ∇)u ⋅∆v dx

+∫
R3

∇θ ⋅∆v dx.
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Taking the L2-product of (1)3 with −∆θ, we find

1

2

d

dt
∥∇θ(t)∥2 + µ∥∆θ∥2 = ∫

R3

(u ⋅ ∇)θ ⋅∆θ dx +∫
R3

div v∆θ dx.

Using calculations similar to those in [37, 36], adding (12) and (13), we have that

(14)

1

2

d

dt
(∥∇(u, v, θ)∥2) + ν∥∆u∥2 + η∥∆v∥2 + µ∥∆θ∥2 + σ1∥∣u∣α−12 ∇u∥2

+ 4σ1(α − 1)(α + 1)2 ∥∇∣u∣
α+1
2 ∥2 + σ2∥∣v∣β−12 ∇v∥2 + 4σ2(β − 1)(β + 1)2 ∥∇∣v∣

β+1
2 ∥2

= ∫
R3

(u ⋅ ∇)u ⋅∆udx +∫
R3

div (v ⊗ v) ⋅∆udx +∫
R3

(u ⋅ ∇)v ⋅∆v dx

+∫
R3

(v ⋅ ∇)u ⋅∆v dx +∫
R3

∇θ ⋅∆v dx

+∫
R3

(u ⋅ ∇)θ ⋅∆θ dx +∫
R3

div v∆θ dx ≐
7

∑
i=1

Ji,

where

∥∇(u, v, θ)(t)∥2 ≐ ∥∇u(t)∥2 + ∥∇v(t)∥2 + ∥∇θ(t)∥2, with 0 ≤ t < T.

Let us use w to represent u, v or even θ. By applying Hölder’s, Young’s and

Gagliardo–Nirenberg’s inequalities, we obtain

J ≐ ∫
R3

∣u∣∣∇v∣∣∆w∣dx ≤ C∥u∥6∥∇v∥3∥∆w∥ ≤ C∥u∥26∥∇v∥23 + ε∥∆w∥2
≤ C∥u∥26∥∇v∥∥∆v∥ + ε∥∆w∥2 = C∥∣u∣2∥3∥∇v∥∥∆v∥ + ε∥∆w∥2
≤ C∥∣u∣2∥23∥∇v∥2 + ε∥∆v∥2 + ε∥∆w∥2.

From (6), the interpolation’s inequality

∥u∥3 ≤ C∥u∥ 2(α−2)
3(α−1) ∥u∥ α+1

3(α−1)

α+1

and (7), we have then

J ≤ C∥u∥23∥u∥2BMO∥∇v∥2 + ε∥∆v∥2 + ε∥∆w∥2
≤ C∥u∥ 4(α−2)

3(α−1) ∥u∥ 2(α+1)
3(α−1)

α+1 ∥u∥2BMO∥∇v∥2 + ε∥∆v∥2 + ε∥∆w∥2
≤ C∥u∥ 2(α+1)

3(α−1)

α+1 (1 + ∥u∥2
Ḃ0
∞,∞

ln(e + ∥u∥Hs))∥∇v∥2 + ε∥∆v∥2 + ε∥∆w∥2.
To estimate lower order terms we used (11), that, in particular, provide an uniform

bound in time on ∥(u, v, θ)(t)∥, i.e sup0≤t<T ∥(u, v, θ)(t)∥ ≤ ∥(u0, v0, θ0)∥.
Finally, from direct manipulations, the fact that 2(α+1)

3(α−1) < α + 1, and Young’s

inequality with exponents 3(α−1)
2

and 3(α−1)
3α−5 , we get

∥u∥ 2(α+1)
3(α−1)

α+1 ∥u∥2
Ḃ0
∞,∞
≤ C(∥u∥α+1α+1 + ∥u∥2 3(α−1)

3α−5

Ḃ0
∞,∞

),
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and so

J ≤ C∥∇v∥2(1 + ∥u∥α+1α+1 + ∥u∥
2(α+1)
3(α−1)

α+1 ∥u∥2
Ḃ0
∞,∞

ln(e + ∥u∥Hs)) + ε∥∆v∥2 + ε∥∆w∥2
≤ C∥∇v∥2(1 + ∥u∥α+1α+1 + (∥u∥α+1α+1 + ∥u∥ 6(α−1)

3α−5

Ḃ0
∞,∞

) ln(e + ∥u∥Hs)) + ε∥∆v∥2 + ε∥∆w∥2.
Proceeding as for J , we deduce:

J1 ≤ ∫
R3

∣u∣∣∇u∣∣∆u∣dx
≤ C∥∇u∥2(1 + ∥u∥α+1α+1 + (∥u∥α+1α+1 + ∥u∥ 6(α−1)

3α−5

Ḃ0
∞,∞

) ln(e + ∥u∥Hs)) + 2ε∥∆u∥2,
J2 ≤ ∫

R3

∣v∣∣∇v∣∣∆u∣dx
≤ C∥∇v∥2(1 + ∥v∥β+1

β+1 + (∥v∥β+1β+1 + ∥v∥
6(β−1)
3β−5

Ḃ0
∞,∞

) ln(e + ∥v∥Hs)) + ε∥∆v∥2 + ε∥∆u∥2,
J3 ≤ ∫

R3

∣u∣∣∇v∣∣∆v∣dx
≤ C∥∇v∥2(1 + ∥u∥α+1α+1 + (∥u∥α+1α+1 + ∥u∥ 6(α−1)

3α−5

Ḃ0
∞,∞

) ln(e + ∥u∥Hs)) + 2ε∥∆v∥2,
J4 ≤ ∫

R3

∣v∣∣∇u∣∣∆v∣dx
≤ C∥∇u∥2(1 + ∥v∥β+1β+1 + (∥v∥β+1β+1 + ∥v∥

6(β−1)
3β−5

Ḃ0
∞,∞

) ln(e + ∥v∥Hs)) + ε∥∆u∥2 + ε∥∆v∥2,
and

J6 ≤ ∫
R3

∣u∣∣∇θ∣∣∆θ∣dx
≤ C∥∇θ∥2(1 + ∥u∥α+1α+1 + (∥u∥α+1α+1 + ∥u∥ 6(α−1)

3α−5

Ḃ0
∞,∞

) ln(e + ∥u∥Hs)) + 2ε∥∆θ∥2.
Finally, we observe that

J5 + J7 = ∫
R3

∇θ ⋅∆v dx +∫
R3

div v∆θ dx = 0.

Plugging the above estimates into (14), we obtain

1

2

d

dt
(∥∇(u, v, θ)∥2) + ν

2
∥∆u∥2 + η

2
∥∆v∥2 + µ

2
∥∆θ∥2

+ σ1

2
∥∣u∣α−12 ∇u∥2 + 4σ1(α − 1)(α + 1)2 ∥∇∣u∣

α+1
2 ∥2

+ σ2∥∣v∣β−12 ∇v∥2 + 4σ2(β − 1)(β + 1)2 ∥∇∣v∣
β+1
2 ∥2

≤ C∥∇(u, v, θ)∥2(1 +A + (A + ∥v∥γ
Ḃ0
∞,∞

+ ∥u∥δ
Ḃ0
∞,∞
)×

× ln(e + ∥u∥Hs + ∥v∥Hs))
where

A = ∥u∥α+1α+1 + ∥v∥β+1β+1, γ = 6(β − 1)
3β − 5 , δ = 6(α − 1)

3α − 5 .

In particular, for any 0 ≤ t∗ ≤ t < T , we set

(15) y(t) ≐ sup
t∗≤ℓ≤t

(∥u(ℓ)∥Hs + ∥v(ℓ)∥Hs),
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and, by applying Gronwall’s inequality, for any 0 ≤ t∗ ≤ t < T , we deduce

(16)

∥∇(u, v, θ)(t)∥2 +∫ t

t∗

(ν
2
∥∆u∥2 + η

2
∥∆v∥2 + µ

2
∥∆θ∥2)dℓ

+∫
t

t∗
(σ1

2
∥∣u∣α−12 ∇u∥2 + 4σ1(α − 1)(α + 1)2 ∥∇∣u∣

α+1
2 ∥2)dℓ

+∫
t

t∗

(σ2∥∣v∣β−12 ∇v∥2 + 4σ2(β − 1)(β + 1)2 ∥∇∣v∣
β+1
2 ∥2)dℓ

≤ ∥∇(u, v, θ)(t∗)∥2 eC ∫ t
t∗
(1+∥u∥δ

Ḃ0
∞,∞

+∥v∥γ
Ḃ0
∞,∞
) ln(e+∥u∥Hs+∥v∥Hs)dℓ

≤ C∗(e + y(t))Cε
,

with C∗ positive constant only depending on ∥∇(u, v, θ)(t∗)∥2, and t∗ is such that

∫
t

t∗

(∥u(s)∥δ
Ḃ0
∞,∞
+ ∥v(s)∥γ

Ḃ0
∞,∞

)dℓ ≤ ε,
and ε > 0 can be taken arbitrary small, in correspondence of suitable values of t∗,

because of (9).

3.3. Ḣs-estimates, with 3/2 < s ≤ 2. In this last subsection, thanks to the previ-

ous Ḣ1-estimates, we provide a proper energy inequality (see relation (36) below),

at the level of the Hs-norm, which finally allows us to conclude the proof of Theo-

rem 2.1. To this end, we apply the operator Λs to each of (1)1, (1)2 and (1)3 and

multiply in L2 the resulting equations, respectively, by Λsu, Λsv and Λsθ.

Applying Λs to (1)1, and multiplying the resulting equation in L2, by Λsu, gives

1

2

d

dt
∥Λsu(t)∥2 + ν∥Λs+1u(t)∥2
= −∫

R3

Λs((u ⋅ ∇)u) ⋅Λsudx −∫
R3

Λs((v ⋅ ∇)v) ⋅Λsudx

−∫
R3

Λs(div v v) ⋅Λsudx − σ1 ∫
R3

Λs(∣u∣α−1u) ⋅Λsu ≐
4

∑
i=1

Ki.

Before going further with estimatingKi, i = 1,2,3,4, in order to keep the notation

compact, we introduce a non-negative, time-dependent quantity of utility C = C(t),
that can be expressed as

(17) C(t) ≐ Ĉ + χ1∥∇u(t)∥̺1 + χ2∥∇v(t)∥̺2 + χ3∥∇θ(t)∥̺3 , Ĉ, χi, ̺i ≥ 0, i = 1,2,3.

Here the constant Ĉ ≥ 0 is used to control the lower-order terms ∥u∥, ∥v∥ and ∥θ∥
(which are bounded as a consequence of (11)); C can change at any occurrence, from

line–to–line. Let us notice that, if necessary, the exponents ̺i can be made explicit

in the various subsequent steps, even if it is in fact irrelevant for the purposes of

the proof.
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Let us then start with K2. We have, by means of (5), with 1
pi
+ 1

qi
= 1

2
, i = 1,2,

the following inequality

(18)

K2 ≤ ∣∫
R3

Λs−1((v ⋅ ∇)v) ⋅Λs+1udx∣
≤ ∥Λs−1((v ⋅ ∇)v)∥∥Λs+1u∥
≤ C(∥v∥p1

∥Λs−1∇v∥q1 + ∥∇v∥p2
∥Λs−1v∥q2)∥Λs+1u∥

≤ C(∥v∥2p1
∥Λs−1∇v∥2q1 + ∥∇v∥2p2

∥Λs−1v∥2q2) + ε∥Λs+1u∥2
= C(∥v∥26∥Λs−1∇v∥23 + ∥∇v∥2∞∥Λs−1v∥2) + ε∥Λs+1u∥2
≤ C(∥v∥21,2∥Λs−1∇v∥23 + ∥∇v∥2∞∥Λs−1v∥2) + ε∥Λs+1u∥2,

with the choice (p1, q1) = (6,3) and (p2, q2) = (∞,2), and by using the embedding

H1 ↪ L6.

We now conclude the estimate for K2. Using Gagliardo–Nirenberg’s inequality,

we infer

(19) ∥Λs−1∇v∥3 ≤ C∥∇v∥1−κ∥Λs+1v∥κ
with κ = 1 − 1

2s
≤ 3

4
.

Moreover, using again Gagliardo–Nirenberg’s and the Young’s inequalities, we

have

(20)
∥Λs−1v∥ ≤ C∥v∥2−s∥∇v∥s−1

≤ C(∥v∥ + ∥∇v∥) ≤ C.
For the term ∥∇v∥2∞∥Λs−1v∥2, by applying (4), we deduce that

(21) ∥∇v∥∞ ≤ C∥∇v∥ 2s−3
2s ∥Λs+1v∥ 3

2s .

As a consequence of (19), (20) and (21), we have, for any 3/2 < s ≤ 2 the following

relations

∥Λsv∥3 ≤ C∥Λs+1v∥ 2s−1
2s , and ∥∇v∥∞ ≤ C∥Λs+1v∥ 3

2s .

Thanks to the above estimates, Young’s inequality, and the fact that 2s−1
s

, 3
s
< 2,

then we get

(22)
K2 ≤ C(∥Λs+1v∥ 2s−1

s + ∥Λs+1v∥ 3

s ) + ε∥Λs+1u∥2
≤ C + ε∥Λs+1(u, v)∥2,

where

∥Λs+1(u, v)(t)∥2 ≐ ∥Λs+1u(t)∥2 + ∥Λs+1v(t)∥2, with 0 ≤ t < T.
As far as K1 and K3 are concerned, observe that we can follow what it has been

already done for K2. Indeed, for K1, we have

K1 ≤ ∣∫
R3

Λs−1((u ⋅ ∇)u) ⋅Λs+1udx∣
≤ C + ε∥Λs+1(u, v)∥2,
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where we used the same exact calculations as in (22) once substituting v with u.

As far as K3 is concerned, we have

K3 ≤ ∣∫
R3

Λs−1(div v v) ⋅Λs+1udx∣
≤ ∥Λs−1(div v v)∥∥Λs+1u∥
≤ C(∥v∥p1

∥Λs−1div v∥q1 + ∥div v∥p2
∥Λs−1v∥q2)∥Λs+1u∥

≤ C(∥v∥2p1
∥Λsv∥2q1 + ∥∇v∥2p2

∥Λs−1v∥2q2) + ε∥Λs+1u∥2.
Hence, with the same arguments used above, we conclude

(23) K1 +K3 ≤ C + ε∥Λs+1(u, v)∥2.
Lastly, consider K4. We have

K4 ≤ ∣∫
R3

Λs(∣u∣α−1u) ⋅Λsudx∣
= ∣∫

R3

Λs−1(∣u∣α−1u) ⋅Λs+1udx∣
≤ C∥Λs−1(∣u∣α−1u)∥2 + ε∥Λs+1u∥2
≤ C (∥Λs−1∣u∣α−1∥23∥u∥26 + ∥Λs−1u∥23∥∣u∣α−1∥26) + ε∥Λs+1u∥2,

where we used (5) on ∥Λs−1(∣u∣α−1u)∥ with f = ∣u∣α−1, g = u, p1 = p2 = 3 and

q1 = q2 = 6. From Gagliardo–Nirenberg’s inequality, we have

∥Λs−1∣u∣α−1∥23 ≤ C∥∣u∣α−1∥2(1−z)∥∇∣u∣α−1∥2z3
= C∥∣u∣α−1∥ 4(2−s)

3 ∥∇∣u∣α−1∥ 2(2s−1)
3

3 ,

since 1
3
= s−1

3
+ 1−z

2
implies z = 2s−1

3
. The same estimate holds true with u instead

of ∣u∣α−1. These relations, along with the embedding H1 ↪ L6 and the fact that

α − 1 < 3 (so that ∥u∥2(α−1) ≤ C∥u∥1−λ∥∇u∥λ for a suitable 0 < λ ≤ 1), yield

K4 ≤ C (∥∣u∣α−1∥ 4(2−s)
3 ∥∇∣u∣α−1∥ 2(2s−1)

3

3 ∥u∥21,2 + ∥∇u∥ 2(2s−1)
3

3 ∥∣u∣α−1∥21,2) + ε∥Λs+1u∥2
≤ C∥u∥ 4(2−s)(α−1)

3

2(α−1) ∥∣u∣α−2∇u∥ 2(2s−1)
3

3 ∥u∥21,2 +C∥∇u∥ 2(2s−1)
3

3 ∥u∥2(α−1)
2(α−1)∥∣u∣α−2∇u∥2 + ε∥Λs+1u∥2

≤ C∥∇u∥ 4(2−s)(α−1)λ
3 ∥∣u∣α−2∇u∥ 2(2s−1)

3

3 ∥u∥21,2 +C∥∇u∥ 2(2s−1)
3

3 ∥u∥2(α−1)1,2 ∥∣u∣α−2∇u∥2 + ε∥Λs+1u∥2,
and so

(24)
K4 ≤ C∥∣u∣α−2∇u∥ 2(2s−1)

3

3 + C∥∇u∥ 2(2s−1)
3

3 ∥∣u∣α−2∇u∥2 + ε∥Λs+1u∥2
≐K41 +K42 + ε∥Λs+1u∥2.

We now focus on the first two terms of the right-hand side of this inequality.
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For K41, based on Gagliardo–Nirenberg’s and Young’s inequalities, we have

(25)

∥∣u∣α−2∇u∥ 2(2s−1)
3

3 ≤ ∥∣u∣α−2∥ 2(2s−1)
3

6 ∥∇u∥ 2(2s−1)
3

6

≤ C∥∣u∣α−2∥ 2(2s−1)
3

6 (∥∇u∥ 2(s−1)(2s−1)
3s ∥Λs+1u∥ 2(2s−1)

3s )
= C∥u∥ 2(α−2)(2s−1)

3

6(α−2) ∥∇u∥ 2(s−1)(2s−1)
3s ∥Λs+1u∥ 2(2s−1)

3s

≤ C∥u∥ (2s−1)(2(α−2)s−α+3)3s

6 ∥Λs+1u∥ (α−3)(2s−1)3s

× ∥∇u∥ 2(s−1)(2s−1)
3s ∥Λs+1u∥ 2(2s−1)

3s

≤ C∥u∥ (2s−1)(2(α−2)s−α+3)3s

1,2 ∥Λs+1u∥α−1
3

2s−1
s

× ∥∇u∥ 2(s−1)(2s−1)
3s

= C∥u∥ (2s−1)[(2(α−2)s−α+3)+2(s−1)]3s

1,2 ∥Λs+1u∥α−1
3

2s−1
s

= C∥Λs+1u∥α−1
3

2s−1
s .

Indeed, in the second line in the above relation, we used

1

6
= (1

2
− s

3
)κ + 1

2
− κ

2
⇐⇒ κ = 1

s
,

which implies that

(26) ∥∇u∥6 ≤ C∥∇u∥1−κ∥Λs+1u∥κ = C∥∇u∥ s−1
s ∥Λs+1u∥ 1

s .

The fourth line in (25) follows from

1

6(α − 2) = (
1

2
− s + 1

3
)κ + 1

6
− κ

6
⇐⇒ κ = α − 3

2(α − 2)s,

and so

(27) ∥u∥6(α−2) ≤ C∥u∥1−κ6 ∥Λs+1u∥κ = C∥u∥ 2(α−2)s−α+3
2(α−2)s

6 ∥Λs+1u∥ α−3
2(α−2)s .

Observe that, in the last line of (25), since

α − 1
3

2s − 1
s
< 2s − 1

s
= 2 − 1

s
< 2,

we conclude that the first term in the right-hand side of (24), by using Young’s

inequality, can be estimated as

(28) K41 ≤ C + ε∥Λs+1u∥2.
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Similarly, for K42, by means of (26) and (27), we get

∥∇u∥ 2(2s−1)
3

3 ∥∣u∣α−2∇u∥2 ≤ C∥∇u∥ 2(2s−1)
3

3 ∥∣u∣α−2∥26∥∇u∥23
= C∥∇u∥ 4(s+1)

3

3 ∥∣u∣α−2∥26
≤ C∥∇u∥ 2(s+1)(2s−1)

3s ∥Λs+1u∥ 2(s+1)
3s ∥∣u∣α−2∥26

= C∥∇u∥ 2(s+1)(2s−1)
3s ∥Λs+1u∥ 2(s+1)

3s ∥u∥2(α−2)
6(α−2)

≤ C∥Λs+1u∥ 2(s+1)
3s

+α−3
s

= C∥Λs+1u∥ 3α−7+2s
3s .

Hence, from 3α−7+2s
3s

< 5+2s
3s
< 16

9
< 2 and Young’s inequality, we deduce

(29) K42 ≤ C + ε∥Λs+1u∥2.
In conclusion, from (24), by using (28) and (29), and renaming ε, we obtain

(30) K4 ≤ C + ε∥Λs+1u∥2.
Putting together (22), (23) and (30) we deduce

(31)
1

2

d

dt
∥Λsu(t)∥2 + (ν − ε)∥Λs+1u(t)∥2 ≤ C(t) + ε∥Λs+1v(t)∥2.

for 0 ≤ t < T .
Now, applying the operator Λs to (1)2, and multiplying the resulting equation

by Λsv in L2, we get

(32)

1

2

d

dt
∥Λsv(t)∥2 + η∥Λs+1v(t)∥2
= −σ2 ∫

R3

Λs(∣v∣β−1v) ⋅Λsv dx − ∫
R3

Λs((u ⋅ ∇)v) ⋅Λsv dx

−∫
R3

Λs((v ⋅ ∇)u) ⋅Λsv dx −∫
R3

Λs(∇θ) ⋅Λsv dx.

Similarly, for (1)3, we have

(33)

1

2

d

dt
∥Λsθ(t)∥2 + µ∥Λs+1θ(t)∥2
= −∫

R3

Λs((u ⋅ ∇)θ)Λsθ dx − ∫
R3

Λs(div v)Λsθ dx.

Therefore, adding (32) and (33), and observing that

∫
R3

Λs(∇θ) ⋅Λsv dx + ∫
R3

Λs(div v)Λsθ dx = 0,
we reach

(34)

1

2

d

dt
∥Λs(v, θ)(t)∥2 + η∥Λs+1v(t)∥2 + µ∥Λs+1θ(t)∥2
= −σ2 ∫

R3

Λs(∣v∣β−1v) ⋅Λsv dx − ∫
R3

Λs((u ⋅ ∇)v) ⋅Λsv dx

−∫
R3

Λs((v ⋅ ∇)u) ⋅Λsv dx −∫
R3

Λs((u ⋅ ∇)θ)Λsθ dx.
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The first term in the right-hand side of (34) can be estimated as done for K4.

After replacing u with v and α with β, we infer

σ2 ∣∫
R3

Λs(∣v∣β−1v) ⋅Λsv dx∣ ≤ C + ε∥Λs+1v∥2,
where C has been introduced in (17).

Moreover, using relation (5), and arguing as in (18)–to–(22), we have

∣∫
R3

Λs((u⋅∇)v) ⋅Λsv dx∣
≤ ∥Λs−1((u ⋅ ∇)v)∥∥Λs+1v∥
≤ C(∥u∥p1

∥Λs−1∇v∥q1 + ∥∇v∥p2
∥Λs−1u∥q2)∥Λs+1v∥

≤ C(∥v∥2p1
∥Λs−1∇v∥2q1 + ∥∇v∥2p2

∥Λs−1u∥2q2) + ε∥Λs+1v∥2
= C(∥v∥26∥Λs−1∇v∥23 + ∥∇v∥2∞∥Λs−1u∥2) + ε∥Λs+1v∥2
≤ C(∥v∥21,2∥Λsv∥23 + ∥∇v∥2∞∥Λs−1u∥2) + ε∥Λs+1v∥2
≤ C + ε∥Λs+1(u, v)∥2,

and, with very similar calculations to the ones in the previous case, we also have

∣∫
R3

Λs((v ⋅ ∇)u) ⋅Λsv dx∣ ≤ C + ε∥Λs+1(u, v)∥2
and, for the last term on the right-hand side of (34), it holds that

∣∫
R3

Λs((u ⋅ ∇)θ)Λsθ dx∣ ≤ C + ε∥Λs+1(u, θ)∥2.
Hence, inserting the above estimates in (34), we infer

(35)
1

2

d

dt
∥Λs(v, θ)(t)∥2+(η−ε)∥Λs+1v(t)∥2+(µ−ε)∥Λs+1θ(t)∥2 ≤ C(t)+ε∥Λs+1u(t)∥,

for 0 ≤ t < T .
Hence, putting together (31) and (35), for ε > 0 small enough, we finally obtain

(36)
1

2

d

dt
∥Λs(u, v, θ)∥2 +(ν −ε)∥Λs+1u∥2+(η−ε)∥Λs+1v∥2 +(µ−ε)∥Λs+1θ∥2 ≤ C(t),

for 0 ≤ t < T .
From the above relation, integrating in time (t∗, t), we reach

e + ∥Λs(u, v, θ)(t)∥2 +∫ t

t∗

((ν − ε)∥Λs+1u∥2 + (η − ε)∥Λs+1v∥2 + (µ − ε)∥Λs+1θ∥2) dℓ
≤ e + ∥Λs(u, v, θ)(t∗)∥2 + ∫ t

t∗
C(ℓ)dℓ .

Recalling the estimate (16), the definition of y = y(t) introduced in (15), and

actually re-defining such a quantity as

y(t) ≐ sup
t∗≤ℓ≤t

(∥u(ℓ)∥Hs + ∥v(ℓ)∥Hs + ∥θ(ℓ)∥Hs),
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and using

∫
t

t∗

C(ℓ)dℓ ≤ C∗ ∫ t

t∗

(e + y(t))Cε
dℓ ≤ C∗(t − t∗)(e + y(t))Cε

,

with C∗ positive constant only depending ∥∇(u, v, θ)(t∗)∥2 and t∗, we obtain

(37) e + ∥Λs(u, v, θ)(t)∥2 ≤ e + ∥Λs(u, v, θ)(t∗)∥2 +C∗(t − t∗)(e + y(t))Cε,

and taking the supremum over 0 ≤ ℓ ≤ t (up to introducing an additional positive

constant on the right-hand side of the above inequality, we can exploit relation

(16), on the left-hand side of (37), to reconstruct the Hs-norm and also bound the

lower-order terms), we have

e + y(t)2 ≤ e + ∥Λs(u, v, θ)(t∗)∥2 +C∗(e + y(t)2)Cε,

with C∗ large enough. Now, taking t∗ sufficiently close to t so that ε is such that

Cε < 1, we conclude that

(e + y(t)2)1−Cε ≤ e + ∥Λs(u, v, θ)(t∗)∥2 +C∗ < +∞
and hence

sup
t∗≤ℓ≤t

(e + ∥Λs(u, v, θ)(ℓ)∥2) < +∞, for every t ∈ (0, T ).
Since t is arbitrary in the interval (0, T ), this concludes the proof of Theorem 2.1.
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[6] Brezis, H., Mironescu, P., Where Sobolev interacts with Gagliardo–Nirenberg, Journal of

Functional Analysis 277 (2019), 2839–2864.

[7] Chen, X. Yuan, B., Zhang, Y., Global large solution for the tropical climate model with

diffusion. Rocky Mountain J. Math. 51 (2021), no. 4, 1209–1219.

[8] Dong, B., Wang, W., Wu, J., Zhang, H., Global regularity results for the climate model with

fractional dissipation, Discrete Contin. Dyn. Syst. Ser. B 24 (2019), no. 1, 211–229.

[9] Fan, J., Jiang, S., Nakamura, G., Zhou, Y., Logarithmically improved regularity criteria for

the Navier–Stokes and MHD equations, J. Math. Fluid Mech. 13 (2011), no. 4, 557–571.



ON THE 3D TROPICAL CLIMATE MODEL WITH DAMPING 15

[10] Frierson, D., Majda, A., Pauluis, O., Large scale dynamics of precipitation fronts in the

tropical atmosphere: A novel relaxation limit, Comm. Math. Sci. 2 (2004), 591–626.

[11] Gala, S., Ragusa, M. A., A logarithmic regularity criterion for the two-dimensional MHD

equations, J. Math. Anal. Appl. 444 (2016), no. 2, 1752–1758

[12] Gala, S., Ragusa, M. A., A new regularity criterion for the Navier–Stokes equations in terms

of the two components of the velocity, Electron. J. Qual. Theory Differ. Equ. (2016), Paper

No. 26, 1–9.

[13] Gala, S., Ragusa, M. A., Zhang, Z., A regularity criterion in terms of pressure for the 3D

viscous MHD equations, Bull. Malays. Math. Sci. Soc. 40 (2017), no. 4, 1677–1690.

[14] Grafakos, L., Oh, S. The Kato-Ponce inequality, Comm. Partial Differential Equations, 39

(2019), no. 6, 1128–1157.

[15] Gulisashvili, A., Kon, M., Exact smoothing properties of Schröndinger semigroups, Amer. J.
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