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Abstract
We study the Cauchy problem for the linear double dispersion equation

U — Aty + A%u — Au— Au, =0, t>0, x € R

®

Check for
updates

and we derive long time decay estimates for the solution in L? spaces and in real Hardy
spaces. We employ the obtained results to study the equation with nonlinearity A f (u)

and nonsmooth f.
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1 Introduction

In this paper, we study the Cauchy problem for the generalized double dispersion

equation

U — Ay + A*u — Au— Au; = Af(u), t>0, x e R,
u(0, x) =uo(x), u/ (0, x) = uy(x),

where f is a Lipschitz-continuous function verifying
|f@)] < Clul™,  1f@) — f@)] < Clu—v|(|u|” + [v]°),

for some ¢ > 0 and C > 0. For instance, f (1) = |u|'*°.
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The structure of the equation in (1.1) may be better understood by writing it as a
wave equation with a Bessel potential and a Laplace operator applied to a damping
term and a nonlinearity

i = Au= (1= A7 A + fw).

As a consequence, problem (1.1) shares some properties of the Cauchy problem for

the damped wave equation

utl_Au+ut=f(u)a tZO,xGRn, (]3)
u(0,x) = uo(x), ur(0,x) =u(x), '

but the action of the operator (1 — A)~' A to the damping term and to the nonlinearity
produces completely new effects. Problem (1.3) has been deeply investigated in recent
years, in particular, global small data solutions to (1.3) existif o > 2/n (see [36], see
also [19,22]). On the other hand, problem (1.1) shares some properties of the Cauchy
problem for the strongly damped wave equation with nonlinearity A f (u):

Uy — Au— Auy = Af(w), t>0,x R (1.4)
(0, x) = uo(x), uy(0,x) = us (x), '

The asymptotic profile of the solution to the corresponding linear model, i.e. (1.4)
with f = 0, has been recently investigated (see, in particular, [18]). Partial results
for the problem with power nonlinearity f () instead of A f(u) in (1.4), have been
obtained in [14].

In this paper, we exploit the special structure of (1.1) to study the influence of
assuming initial data ug, u1 in real Hardy spaces H” (R") on the existence of global
small data solutions to (1.1) (the definition and some properties of real Hardy spaces are
collected in Sect. 6). In order to do that, we derive H? —H? estimates,0 < g < p <2,
for the solution to the linear homogeneous problem

Uy — Mgy + A%u — Au— Au; =0, >0, x € R, (15)

u(0, x) = uo(x), ur(0,x) =ui(x). '
If p > 1, then H? = L”. On the other hand, H! < L' witha proper inclusion. As a
consequence, our estimates are also LY — L? estimates when 1 < g < p < 2. In this
paper, we use the notation H” instead of the classical notation H? to avoid possible
confusion with the Sobolev space W72,

Assuming initial data in real Hardy spaces H?, ¢ € (0, 1], or in LY spaces, g €

[1, 2], and in the energy space, one may easily derive the following long time decay
estimates for the solution and its derivatives, on L? basis.

Theorem 1.1 Letn = 1, g0, q1 € (0,2], and j € N. Assum_e that ug € H9 N ij"z
and uy € H? N W2, Then the solution u € C([0, 00), W/t12) n ¢l ([0, o0), W/-2)
to (1.5) verifies the decay estimate
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1) htlal)

_1
19 0%u(t, )2 < C(1+1) 4 lleo [l 20

~Ltk+lal) (1.6)

+catn G-

+ Ce™ (luoll i+t + llutllyriai-12),

e Ml

foranyk €e Nand o € N*, with 1 <k + |a| < j+ landt > 0, for some C,c > 0,
independent of the initial data. Decay estimate (1.6) is also valid for k = |a| = 0,
provided that

Moreover, if q; = 1, we may replace H' by L' in (1.6), provided thatn > 3, if g = 1
and k = |a| = 0.

In particular, setting k + |o| = 1, 2 in Theorem 1.1, we find that the energy for (1.5)
given by

E(@) = llug(t, )72 + I Vue ()32 + 1Vue, )32 + [ Aude, )13,

verifies the decay estimate

£ < c+n "G G DM (£0) + Juolde + i1 Zm)-

By using a Mikhlin—-H6rmander type multiplier theorem, which provides H? bound-
edness of parameter-dependent operators, we are also able to estimate the solution in
real Hardy spaces H” with p < 2 (we recall that H? = L? for p > 1). However,
in this case the oscillations coming from the wave part of the equation produces two
issues: a loss of regularity which is known from the theory of damped wave equa-
tions when one works in L? spaces with p € [1,2) and in real Hardy spaces H?”
with p € (0, 1] (see [26]), and a loss of decay rate, which is known from the theory
of strongly damped wave equations.

The reason behind the fact that the oscillations produce both bad effects related to
two class of damped waves is that the profile of the solution to the double dispersion
equation contains oscillations both at low and high frequencies. On the one hand, in
classical damped wave equations as in (1.3) with f = 0, oscillations only appear at
high frequencies, so that they do not influence the decay rate of the solution, but only
its regularity (see, in particular, [25,29,30]). On the other hand, in strongly damped
wave equations as

Uy — Au—Au;, =0, t>0, x e R,

1.7)
u(0, x) = uo(x), u; (0, x) = uy(x),
oscillations only appear at low frequencies, so that they do not influence the regularity
of the solution, but only its decay rate. This loss of regularity and of decay is determined
by the distance of H? from L2, in particular, by the quantity
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1

0 =0(n,p)=n (l — —>. (1.8)
p 2

This phenomenon of a behavior related to a partial influence of oscillations at low
or high frequencies also appear in wave equations with so-called structural damp-
ing (—A)u;, 0 €0, 1], as in

uy — Au+ (—A%u; =0, >0, x e R", (19)

u(0, x) = uo(x), u; (0, x) = uy(x). '
or more general damped evolution equations, see [1-4,6,8,9,11,31]. A classification
of models with time-dependent coefficients for which oscillations influence either the
decay rate of the solution or its regularity is given in [10].

With respect to the study carried on in these works, the novelty of the equation
in (1.1) is that the oscillations influence the whole extended phase space, not only
its low frequency or high frequency region. At the opposite of this scenario, we find
the wave equation with double dissipation, for which the influence of oscillations is
neglected at both low and high frequencies, see [7,20], and the damped Klein—Gordon
equation, for which the influence of oscillations at low frequencies may be ignored
[13].

We are now ready to state the analogous of Theorem 1.1, for solutions in L? or H?
spaces, in which the loss 6(n, p), both of regularity and decay rate, due to the special
structure of the oscillations for the equation in (1.1), comes into play.

Theorem 1.2 Letn > 1, p € (0,2], g0, q1 € (0, pl, k € Nand a € N". Let 0(n, p)
O0+k+|a
be as in (1.8). Assume that ug € HP with (1 — A) = luo € HP, and u; € H!
O+k+|a|—1
with (1 — A) e uy € HP. Moreover, assume that

if k = || = 0. Then the solution to (1.5) verifies the estimate

_1 1 _1)_
1k 0%u(e, g < €+ 12 GG =0k

_1 L _ 1Y _ 914k
o+ b)) (1.10)

O+k+|a|

_ \
+ Ce™ (1= A) 2 uglipe

O+k+la|—1

+ Ce™ A=A uilly,

for any t > 0 and for some C, ¢ > 0, independent of the initial data.

Taking p = 2in (1.10), we find estimate (1.6) in Theorem 1.1, except for the special
case of ug, u; € L'
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Remark 1.3 We don’t expect the optimality of estimates (1.10), in general. The pos-
sible improvement of the decay estimates in Theorem 1.2 will be object of future
investigations.

The decay estimates provided in Theorem 1.1 are useful to study the global existence
of small data solutions to (1.1).

Assuming initial data in the (weak) energy space W12 x L2, it is easy to show
that local (weak) energy solutions u € C([0, T), W2) N C' ([0, T), L?) to (1.1) exist
in space dimension n = 1, 2, for any 0 > 0, and in space dimension n > 3, for
any o € (0,2/(n — 2)]. The upper bound is due to the embedding W% — L2(1+9)

Assuming small initial data in a suitable space, global existence of small data
solutions to (1.1) have been proved in [23, Theorem 4.2] for smooth f, in particular,
with f(u) = u?. Our aim is to prove global existence of small data (weak) energy
solutions for nonsmooth f, assuming ¢ > & (n) in (1.2), where & is the positive
solution to

no’+n+20—-2=0,

ando <2/(n — 2)if n > 3. Explicitly, we have

Vi +2)2+81—(n+2)

5(n) = 1.11
G (n) o™ (1.11)
so that
5 (n) < —2 5 (1) = —— +0(n™)
— <0 < —, o = — , asn — oo.
n+4 " n—+2 " n-+4 " "

In particular, 6 (n) < 1, for any n € N, that is, we may deal with nonsmooth nonlin-
earities in any space dimension n > 1. We also notice that o (n) is smaller than Fujita
exponent 2/n, the critical exponent for global small data solutions to (1.3).

Theorem 1.4 Let n > 1 and assume that o > & in (1.2), where 6 (n) is as in (1.11).
Moreover, let 0 < 2/(n —2)ifn >3 Wefixm = 1ifo > 1orm =2/(1 +0)
otherwise, and we define

* mn . mn

= , m* = .
n—+m n—+2m

Then there exists ¢ > 0 such that for any initial data
(uo, ur) € A, with |[(uo, un)lla < e,
where

A= H" nWh2)y x (K" N LY,
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there exists a unique solution u € C([0, 0c0), W12) N C1([0, 00), L?) to (1.1). More-
over, the solution verifies the decay estimate

k na _E(L_L)_Hkﬂoq
9707 u(t, M2 <CU+1) *\m 2 2 (o, w4, (1.12)

fork + |a| =0, 1, and for some C > 0, independent of the initial data.

Remark 1.5 Decay estimate (1.12) corresponds to take go = m™ and ¢ = m™** in
Theorem 1.1. In particular, g1 < 1 in space dimension n < 4, for any ¢ > &, that is,
assuming initial data in real Hardy spaces may bring real benefits to study (1.1). On
the other hand, go > ¢ > 1 in space dimension n > 7, for any o < 2/(n — 2), that
is, it is sufficient to assume small initial data in L? spaces.

In general, the best decay rate obtained for the solution to (1.3), with f asin (1.2)
and o > 2/n, corresponds to take initial data in L' and in the energy space W% x L?
(unless special assumption are taken on f). The extra decay rate produced for the
solution to (1.1) in low space dimension, is due to the special structure of the equation
[see later, the property of the operator G* in (2.6)], which allows to derive benefit
assuming initial data in real Hardy spaces.

Indeed, linear estimates with initial data in real Hardy spaces for some damped
evolution equations [which generalize (1.3)] have been previously considered in [12],
but they could not be effectively applied to study nonlinear problems, due to the lack
of the special structure of the nonlinearity, as in (1.1) (see Sect. 2).

1.1 Discussion about the critical exponent 5’(n)

An alternative strategy to derive an existence result for the semilinear problem (1.1)
for nonsmooth f (o € (0, 1)) could be the use of L' — L9 estimates, instead

of L T L? estimates, at low frequencies. This strategy has been effectively employed
in the study of semilinear damped wave Eq. (1.3) by Narazaki [29]. However, the
presence of oscillations imposes a upper bound on the highest possible space dimension
that can be considered, i.e. n < 5. This bound on the space dimension can be relaxed
for wave equations with effective, structural, damping, when 6 € (0, 1/2) in (1.9),
with power nonlinearity |«|?, as shown in [9,11]. The upper bound disappears in the
special case 8 = 1/2 (see [6]).

For problem (1.1) a similar upper bound would appear (whereas we can deal with
any space dimension n > 1 in Theorem 1.4), due to the presence of high frequencies
oscillations. The bound is expected tobe 0 > (n—2)/(n+2), obtained by the solution
to 6(n,1 + o) < 1, which corresponds to the H'*9 _boundedness of the solution
operator G and of the operator G*, as well (see later, estimate (4.1) in Lemma 4.1).
As one may easily checks, the critical exponent o given by (1.11) is greater than (n —
2)/(n 4+ 2) in any space dimension n > 4. As a consequence, this strategy may be
effective to lower the critical exponent o only in space dimension n < 3.

However, the presence of oscillations in (1.1) also at low-frequencies, caused a loss
of decay rate in Theorems 1.2 and 2.2. This loss makes the decay rate of L' — L+

2
estimates (1.10) worse than the decay rate of the L T+ — L? estimates. Indeed,
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1 3 2 2 1
n{l——\)-0n,14+0)=n|-— <n —=.
140 2 140 140 2

For the above reasons, the estimates in Theorems 1.1 and 2.1 appear better than
the estimates in Theorems 1.2 and 2.2, to study the semilinear problem (1.1). As
a consequence, we cannot improve our global existence result (namely obtaining
existence for some power o < & (n)), only by relying on the L' — L1+ estimates
derived in Theorem 2.2, as one may do in the case of classical damped waves.

It remains open the possibility that other strategies may bring an improvement
on the exponent o (n). In particular, the possible improvement of the estimates in
Theorems 1.2 and 2.2, and the use of the new estimates to lower the critical exponent
in space dimension n = 1, 2, 3, will be object of future investigations.

1.2 Initial data in weighted L' spaces

The assumption of initial data in real Hardy spaces, allows us to produce additional
decay rate in Theorem 1.1, with respect to the assumption of datain L!. This additional
decay rate is essential to prove Theorem 1.4. However, instead of assuming initial data
inreal Hardy spaces, it is possible to assume initial data in weighted L' spaces, namely,
in

LY ={uelL': |x"uel'}

and assume that they verify a suitable moment condition. In particular, if

/uo(x)dx=/ ui(x)dx,
n Rn

then the spaces %0 and ¢' may be replaced by the space L'? in Theorem 1.1,
provided that

The proof relies on the pointwise estimate for the Fourier transform of a function f €
L', with y € (0, 1], employed in [17]:

1F@1 <67 1flny + 1P, P= /R £y dox.

Combining the previous estimate with Plancherel’s theorem, it is possible to prove
Theorem 1.1 assuming initial data in weighted spaces, verifying the moment condi-
tions. Analogous estimates may be derived for functions in L7, with y > 1, which
involve higher order moments. The corresponding pointwise estimate for the Fourier
transform of a function in real Hardy space HY, g € (0, 1], is (see Chapter III, Corol-
lary 7.21 in [16]):
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@1 <1 fle.

In view of this alternative for initial data in Theorem 1.1, the smallness assumption of
initial data in real Hardy spaces in Theorem 1.4, may be replaced by the assumption of
small initial data in suitable weighted L' spaces, verifying the moment conditions. We
address the interested reader to [4,18,20,21], and the reference therein, for a series of
results in which the assumption of initial data in weighted L' spaces is used to derive
linear estimates for dissipative evolution equations and to determinate the asymptotic
profile of the solution.

However, the assumption of initial data in real Hardy spaces, and not in weighted L”
spaces, has the advantage that it allows to derive H” —H9 estimates, relying on Fourier
multiplier theorems (in particular, we will use Theorems 6.3 and 6.4 in Sect. 6).

1.3 Physical derivation of the problem

The main interest of this paper is in the study of new qualitative properties of prob-
lem (1.1) from a mathematical point of view. However, even if problem (1.1) is
interesting by itself from a theoretical mathematical point of view, it is originated
by a real world physical problem.

A presentation of the model is provided in [38]: in some problems of nonlinear
wave propagation in waveguides, in case of energy exchange between the surface
of nonlinear elastic rod in material (e.g., the Murnaghan material) and an external
medium, the following double dispersion equation (DDE)

1
Uy — Au = Z(6Au2 +alAuy — bA%u) (1.13)
and the general cubic DDE (CDDE)

1
Uy — Au = Z(CA”3 +6Au® + alAuy — bA*u + dAuy) (1.14)

can be derived from Hamilton Principle. Here u(z, x) is proportional to strain %,

where U (¢, x) is the longitudinal displacement, @ > 0, b > 0, and d # 0 are some
constants depending on the Young modulus, the shear modulus 1, density of waveguide
p and the Poisson coefficient v. Equations (1.13) and (1.14) were studied in literature,
the travelling wave solutions, depending upon the phase variable z = x + ct were
studied by Samsonov [33,34], the strain solutions of Eqgs. (1.13) and (1.14) were
observed in [24,35].

Setting a = b = d = 4 for simplicity, Eq. (1.14) with ¢ = 0 is a special case
of (1.1) with f(u) = 3u?/2, so that o = 1 in (1.2).

The double dispersion equation has been well investigated in recent times, in par-
ticular see [5,32,38,39].
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Notation

In this paper, we use the following.

Notation We denote by .# the Fourier transform with respect to the space variable x,
Fp) = / (e dax,
Rn

and we write ¢(§) = .7 f(§), and ¢(1,§) = (Fo(t, ) (&).

Notation In this paper differential operators are denoted by 9% = dy] - - - 95", where
a=(ag,...,0n) € N*and |o| = o1 + - - - + o, is the length of «.

With the symbol A we denote the Laplace operator as A = > 7, 83,_. Fractional
powers s > 0 of —A and 1 — A are intended as defined by their action

A’ =F P9, (A-Ae=F1(5)"D),
where
&) = (1+ g2
Similarly, we define the Riesz and Bessel potentials (see also Sect. 6) for s > 0:
Lp=771017°0). (-8 =F""(67%9).

By W™P_ p € [1, o0], we denote the usual Sobolev space of L” functions with
derivatives up to the order m in L?, recalling that WP = (1 — A)"2LP if p > 1.

Notation Let f, g: Q@ — R be two functions. We use the notation f = g if there
exist two constants C1, C» > 0 such that C1g(y) < f(y) < Cag(y) forall y € Q.
If the inequality is one-sided, namely, if f(y) < Cg(y) (resp. f(y) = Cg(y)) for all
y € Q, then we write f < g (resp. f 2 g).

The definition of real Hardy spaces 7{? and some of their properties are collected
in Sect. 6.

2 Fundamental solution and decay estimates
We consider the linear problem

{u[,—Au”—FAZu—Au—Au,:Af(t,x), t>0, x eR", @)

u(0, x) =uo(x), u/ (0, x) =ui(x),

which corresponds to (1.1), by replacing the nonlinearity f(x) with a inhomogeneous
term f(t, x).
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We introduce the 7-dependent Fourier multiplier G(t,€) given by

Gt g) = e S0 2.2)

w
HE

n=n@é) = 267

=@ =g 1 - 5 2.4)
4(&)4

recalling that ()% = 1 + |&|%. The solution to (2.1) may be written as

(2.3)

u(t,x) = (H(, ) *uo)(x) + (G, ) *ur)(x)

t 2.5)
+f(Gﬁ(r—s, )% £(5. ) ) ds,
0
where the fundamental solution is G (¢, x) = % -1 é(t, &) and
G, x) = (1 - A)'AG(@, x), (2.6)
H(t,x) = (3 — (1 = A)'A)G(t, x) = G,(t, x) — G (¢, x). 2.7)
Indeed,
A in(wt in(wt
A, E)=e (cos(a)t) 4+ S )) — (3 +21) (gmM) ,
1) 10)
and 2y = |£|?(€)"2. From the point of view of regularity, the kernels G(z, x)

and G¥(z, x) behave in the same way. In particular, G(z, x)*(y) and G, X)%*(y) are
LP-bounded operators if n|1/p — 1/2| < 1 when n > 3. On the other hand, G (¢, x)
has the following asymptotic expression (see Remark 4.3 in [37])

G(t,x) ~ G(t,x) *@x) £(t,x), “in some sense”,

where G(z, x) and £(¢, x) are the fundamental solution to the heat equation and the
wave equation:

0 —ANG=0, GO, =9,
0y —AE=0, £0,)=0, &(@O,)=3.
As a consequence, in space dimension n > 3, we have the asymptotic profile [37]

la|+k—1
2

1950 G (r, ) % @ll 2 ~ 175~ (el + llllwesi-12) (2.8)
n_ 1+|a|+k

18502G (t, ) % ol ~ 173772 (gl + l@llyerw12),  (29)
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provided that we assume n > 3 if k = || = 0 in the first one. As a consequence,

n_ la|+k

10 H )k oll2 ~ 17377 (llollr + ll@llyiro-12), (2.10)

provided that
/ p(x)dx # 0. (2.11)
Rn

On the other hand, estimates (2.8), (2.9) and (2.10) may be improved if ¢ verifies the
moment condition, i.e.

/ o(x)dx = 0. (2.12)

Indeed, if one is interested in the asymptotic profile of |G (¢, -) * ¢|| ;2 and 1GE(t, )
¢l 2 as t — oo, the oscillations coming from the wave part of the fundamental
solution have no influence, so that, by Plancherel theorem, one may, in general, estimate
| sin(wt)|/w by 1/w ~ |£|~" in (2.2), obtaining

18582 G (1, ) * @l 2 S 18F8%G (1, ) * Ll 2, (2.13)

where /7 denotes the Riesz potential.

The presence of the Riesz potential leads to the loss of 177 in the profile in (2.8),
with respect to the corresponding profile of

lee|+k

195 02G(t, )k @llz ~ 1752 gl

valid under the assumption (2.11).

In [37], it has been proved global existence of small data solutions to (1.1) with f =
O(|u|1+"), for any o > 1 in space dimension n > 3.

By assuming u; € WL that is, Lu, € LY, global existence of small data
solutions has been proved in [23, Theorem 4.2] for f(u) ~ u™, withm € N, m >
2, in space dimension n > 1. We emphasize that [ju; € L' implies the moment
condition (2.12) for u, that is,

/ ui(x)dx =0,

due to |£]7141(£) € C by Riemann—Lebesgue theorem, so that i1(0) = 0. Indeed,
assuming the moment condition for # invalidates the asymptotic profile given in (2.8)
and it may improve the corresponding decay estimates for the solution to (1.1).

In particular, moment condition (2.12) is a necessary condition for measurable
functions ¢ to be in real Hardy spaces H?, with p € (0, 1]. Real Hardy spaces may be
defined in several ways (see Sect. 6) and H” = L?, for p € (1, o], whereas H! c L!
with a proper inclusion. The Riesz potential has the following mapping property in
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real Hardy spaces (see Theorem 6.5 in Sect. 6):

* 1
IiH - M, —=— 42,
p ptoon
for any s > 0 and p, p* € (0, 00). In particular, as a consequence, HP — w1
for p =n/(n+s), due to

l@llyy-s1 = Isellpr S Wsplizg S l@llwr-

Having this in mind, in view of (2.13) it appears natural to study problem (1.1) with
initial data in H?.

In order to prove our results, we shall study the decay and mapping properties of
the operators G (t, x)*y) and G*(t, x)*(x), and their derivatives.

Theorem2.1 Letn > 1, g € (0,2], k € Nand o € N". Assume that ¢ € HY N
WKH=12 Then we have the decay estimate

_1 1_1
19502 G2 (1, ) % pll 2 < (1 4+ 02 (0 G=h) ikl o

(2.14)
+ e ol wrtiai-1.2,
for any t > 0 and for some ¢ > 0. Moreover, if k + || > 1, or
1 1
n(— — —) > 1, (2.15)
qg 2
then we have the decay estimate
1 1 1
980G,y wple S 420G gy

+ e @l ra-12,

for any t > 0 and for some ¢ > 0. If ¢ = 1, we may replace H' by L' in (2.14)
and (2.16), provided that n > 3 in (2.16) ifk = || = 0.

We recall that H? = LY if g € (1, 2].
Theorem2.2 Letn > 1, p € (0,2), q € (0, pl, k € Nand o € N*. Let 6(n, p) be

O+k+|a|—1

as in (1.8). Assume that ¢ € HY with (1 — A)~ 2 ¢ € HP. Then we have the
estimate

L (L) g4k
19509 GR (1, ) % @iz < (1 + 02 (0 G=) =ikl o

2.17)
et Oktla|—1
+ eI —A)" 2 llne,
for any t > 0 and for some ¢ > 0. Moreover, if k + || > 1, or
1 1
n(>--)=1, 2.18)

q P
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then we have the estimate

_1 1_1 —O—1+k
19502 G 1, ) % gllpr <1+~ 20(G=3) o=ttty

O+k+|ar|—1

+e A=A gl

(2.19)

for any t > 0 and for some ¢ > 0.

We recall that H? = L? if p € (1,2], and H? = LY if ¢ € (1, 2]. Moreover, we
recall that H! < L! [that is, (2.19) is also valid replacing H” by L” when p = 1].

In Theorem 2.2, the term 6 (n, p) produces a loss of decay rate and of regularity,
which is due to the oscillations caused by the wave part of the fundamental solution.
For the wave equation, it is known that the corresponding loss is reduced to 6 =
(n—1)(1/p—1/2) (see [26]). The possibility to reduce the loss of decay rate in (2.19)
will be object of future investigations.

It is clear that, setting p = 2, Theorem 2.2 reduces to Theorem 2.1, except for the
fact that we cannot replace ! by L' in Theorem 2.2, in general.

As a consequence of Theorems 2.1, 2.2 and (2.7), the proofs of Theorems 1.1
and 1.2 follow. In Sects. 3 and 4, we will prove Theorems 2.1 and 2.2.

3 Proof of Theorem 2.1

In order to prove Theorem 2.1, it is convenient to localize ¢ at low frequencies and at
high frequencies.

Proof of Theorem 2.1 We fix x € CZ° a (compactly supported) cut-off function,
with x = 1 in a neighborhood of the origin. For a given function ¢, we define

w=F"xd. ¢1=1-¢0.
We first prove that
A7 = 2)T8f 8L G 1. ) x pull 2 S e llwisia12, (3.
for some ¢ > 0 which depends on x. By Plancherel theorem, we may estimate

AT (1= A)YT3f3%G(t, ) * @il 2
~ (1= x)G&)XEY (&)~ HakG(t, )¢l
< 111 = xEVTROEG (2, ) Lo l14E) 1T =1 G 0.

If x = 1 for any |£| < §, then, recalling the definition of G in (2.2), it is sufficient to
notice that

i 1 _ _
sup (€)1 ¥105G (1, ) < sup ()1 F — (n + w)ke™™ S,
|&]=6 |&]=6 w
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with ¢ = §/(2(5)) > 0, for k > 0, where we used n ~ 1 and w ~ |&].
In order to complete the proof of Theorem 2.1, it is sufficient to estimate

i —L(n(L-1)—14k
1= 2)340%G (1, ) % ol < 12 (G=2)—1rerlal)y o

for j =0, 1, provided that n(1/q —1/2) > 2ifk = |¢| = 0. Let ¢ > 0 be such that x
is compactly supported in B = {|&| < ¢}. For any |&| < &, we may estimate

|17 617

2 < 2
2 +e2 - 1= "2

whereas w & |&|. In particular, n + w = |&|, as well. Therefore, in B we may estimate
21 gl gk A <t o)k —nt < g (lalk—1 —clE[?t
|x (&) "~15] 3tG(t,')|NIXIT€ S 1€l e ,

with ¢ = 1/2(1 + &)?).
If we define

1

then, by Plancherel theorem and Riesz potential mapping properties (Theorem 6.5 in
Sect. 6), we get

HEIP @l ~ Ipelle S Il

Therefore, we may estimate

_ _ _ 2 _B A
11— A 992G, ) * poll 2 S gup|s|‘°"+" 1B =<6 11817 gl
|&]<e

lal+k—1+8
S+ 2 leline,

provided that |¢| +k — 1+ 8 > 0, thatis, k + |¢| > 1 or g > 1.

To replace ||@ll441 by [l¢ ;1 we shall modify the proof, due to the fact that the Riesz
potential I3/, does not map L' into L?. By Plancherel theorem, Holder inequality, and
Riemann-Lebesgue theorem (||¢ ||z < |l¢|l;1), we may estimate

—_i _ _as12
11— A)Y 7852 G(t, ) % woll 2 S Nx IEMHE=Te=BE1 ) gl .

The function | ||€]¥/*4—1 e~ §s in L2 for any t > 0, provided that |o| + k > 1
or n > 3. Then we immediately get

1 2 _n_ lal+k=1
I lgleTh=t el s < (147372 .

This concludes the proof. O
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4 Proof of Theorem 2.2

We will separately prove Theorem 2.2 at low and high frequencies. We fix x € C2° a
(compactly supported) cut-off function, with x = 1 in a neighborhood of the origin,
as in the proof of Theorem 2.1. For a given function ¢, we define

p0=F"x®), @1 =1-g.

Then we will prove the following two results which, together, lead to the statement in
Theorem 2.2.

Lemmad.l Letn > 1, p € (0,2), k € N, o € N, and 0 as in (1.8). Assume
O+k+|a|—1
that (1 — A) g @ € HP. Then we have the estimate

O+k+|a|—1

[A(1— A f3%G, Y * pillr Se A —A) " 2 @llne, (4.1)

~

forany t > 0 and for some ¢ > 0, with j =0, 1.

Lemma4d.2 Letn > 1, p € (0,2),q € (0, pl, k € Nand o € N'. Assume that ¢ €
‘H4. Moreover, assume that k+ || > 1, or that (2.18) holds. Then we have the estimate

11 = A 092G . ) xgollar < (020G ) g @)
for any t > 0 and for some ¢ > 0, with j =0, 1 and 0 as in (1.8).

In order to prove H? estimates with p € (0, 2), the derivatives of é(t, &) come
into play. We notice that we may estimate

10/ n(&) S &P 2, 4.3)
0] (®)] < €] 4.4)

To prove Lemma 4.1, we rely on Theorem 6.3 in Sect. 6.
Proof of Lemma 4.1 We consider the Fourier multiplier (see Definition 6.2)
m(t,§) = (1= lE2 ()7 gy ot G 1, ©),
and we prove that the operator 7, is H”-bounded, with
lm(t, My S e, (4.5)
for some ¢ > 0. Due to the fact that || > &, for some ¢ > 0 (since 1 — x vanishes in a

neighborhood of the origin), it holds (£) & |&|. Taking into account of (4.3) and (4.4),
together with
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E)gje*m = tef"’agjn,
8gj sin(wt) = tcos(wt)agjw,
8;7. cos(wt) = —t sin(a)t)agjw,

we may estimate

~ _ g2
0708 G (1. &) S 1EF171 A + 1+ rlg e 262
82
o ¢ R AP

In the last estimate, we used that |£] > & to control |£]71(1 + ¢ + ¢]&]) < 1 41t
Therefore,

&2
0 m(e, £) S I17 (1 4 e 205",

By applying Theorem 6.3 in Sect. 6, witha = 1 and A = 1 + ¢, we obtain

2
e,
lm(z, ')||M(Hp) <1+ t)9 e 20+e2)

Therefore, it is sufficient to take ¢ < £2/(2(1 + £2)) to obtain (4.5) and conclude the
proof. O

To prove Lemma 4.2, we rely on Theorem 6.4 in Sect. 6.

1 1
ﬁ =n\———9,
qg P
[setting p = 2 we find the definition in (3.2)], we consider the Fourier multiplier (see
Definition 6.2)

Proof of Lemma 4.2 We define

m(t, &) = x|€1°(£) " ()9 G (1. £).
and we prove that the operator 7,, is H”-bounded, with
1 1 1
I, Mgy < (14 1y 2 0G5 ot wieriel) 4.6)
By Theorem 6.5 in Sect. 6, we have that

Ipollzr < l@lira,

so the proof of Lemma 4.2 follows from (4.6).
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Due to the fact that |£] < § for some § > O (since x is compactly supported), it
holds (£) ~ 1. Thanks to (4.3) and (4.4), we may estimate

A _ L2
|3§:3th(1‘, ) < IEFIE A 4 r1g)2 + 11D e 22"
1§

2
<JEFI=I (1 4 (rlgD Y e 20

In the last estimate, we used that |£] < & to control 1 + 7|&|> + r|€] < 1 + 1]&].
Therefore,

_ kP
9 m(t, §)| S 1§ 4 g e 20

Duetok + |o| + 8 — 1 > 0 and || < §, we may estimate

| 2

_ &y ktHle|+B—1
|E|k+\a|+ﬁ—lg 40 < (141" 2

’

2, ktlal+p=1  lyl
|§|k+|“‘+ﬂ_l(t|$|)|”|e 2(1+62) <A+~ 2 2.

Estimating 1 + ' <A+ t)l%‘, we obtain

O m OIS A+ (TFilgH.

By applying Theorem 6.4 in Sect. 6, witha = 0 and A = 4/1 + ¢, we obtain

ketlal+p+0-1

Im@, Hmmry SA+0" 2,

that is, we obtain (4.6) and this concludes the proof. O

5 Proof of Theorem 1.4

Thanks to Theorems 1.1 and 2.1, we may prove Theorem 1.4.

Proof of Theorem 1.4 We define the solution space
X = ([0, 00), W) N ([0, 00), L?) (5.1)

equipped with norm given by

nfl_1y,41
s = sup (1405 G D ol + (1403 1 v, 1z ).

t€[0,00)
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Then a function # € X is a solution to (1.1) if, and only if, it verifies in X the integral
equality
u(t,x) =y, x)+ Fu(t, x). 5.2)

where v is the solution to the linear problem (1.5), that is,
Y, x) = H(t, x) *@x) uo(x) + G(t, x) *(x) ui(x),
and F : u +— Fu is the integral operator defined by
t
Fu(t,x) = f G*(t — 5, %) *(x) f(u(s, x))dx.
0
Thanks to Theorem 1.1, the function 1 verifies the estimate

lilx < Cll(uo, u)llA-

Indeed, setting g9 = m™* and ¢ = m™*, we obtain

. _%(i_%)_lﬂ;—\m
oy oy v, M2 <C(A41) 2\ [ (uo, u)l.as
for k + |a| = 0, 1. We now want to prove the estimates
IFullx < Cllulx™, (5.3)
| Fu — Follx < Cllu—vlx(lul% + Iv]%) - (5.4)

By standard arguments, from (5.3) it follows that F' + ¢ : u — ¢ + Fu maps balls
of X into balls of X, for small data in .4, and that estimates (5.3), (5.4) lead to the
existence of a unique solution # € X to (5.2). Moreover,

lullx = Cll(uo, un)ll 4,

that is, the solution to (1.1) verifies estimate (1.12). We simultaneously gain a local
and a global existence result. Therefore, we prove (5.3) and (5.4).
We preliminary notice that a function u € X verifies the following decay estimates:

1 l)_l+k+\a|

||a,’<a;;fu(t,-)||Lz5C(1+t)_7(r7 7 ullx, (5.5)

for k + || = 0, 1. As a consequence of (5.5) and Gagliardo—Nirenberg inequality, a
function u € X also verifies the estimates

Ca(1o1)_1
lu(z, HLr < C(A+1) () “llulix, (5.6)

forany r € [2,00) if n = 1,2, and for any r € [2,2n/(n — 2)] if n > 3.
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We now plan to estimate

t
19708 Fue, )|l 2 S/O IGH(t =5, ) % f(u(s, )l 2ds.

We split the integral into [0, /2] and [#/2, t]. In [0, t/2], we set ¢ = m in esti-
mate (2.14) in Theorem 2.1, and in [7/2, t], we set ¢ = 2 in estimate (2.14) in
Theorem 2.1. Therefore, we get

1050% Fu(t, )| 12

t/2 _ﬂ(l_l)_1+k+a\
</0 (1 -9 22725 (1 p s, Dl + 1F s, Dlly2) ds

~

! _ Ltk+tlal
+ /2(1+t—S) T |1 f uls, D2 ds.
'

Due to the fact that u € X, thanks to (5.6), we may estimate

1f s Nllen < luts. )19,
< Cllullo (1 +5)" 205", (5.7)
1 uls, D2 < s, 1T,

< Clule (45

g 4o nfl1_1
:C”u”;l—a(l_’_s) mo T2 Z(m 2). (5.8)

We used that m(1 + o) > 2 and that 2(1 + o) < 2n/(n — 2), thatis, o < 2/(n —2),
in space dimension n > 3, to apply Gagliardo—Nirenberg inequality.
We now claim that
n 1+o

St

If o > 1, sothatm = 1, (5.9) trivially holds. Now let 0 < 1, so thatm =2/(1 + o).
Then

> 1. (5.9)

n +1—|—U_n a1+ )_I_l—i—cr_nz n+2 +1
m’ T Ty Ta’v e 2 4’ 5 Ty

so that (5.9) holds if, and only if, 0 > &, where ¢ is as in (1.11).
Therefore, using that 1 +¢ —s ~ 1+ ¢t fors € [0,7/2]and 1 +5 ~ 1 + ¢
for s € [t/2, t], thanks to (5.7), (5.8), (5.9), we derive

X 1 _ﬂ(i_l)_l+k+\a\ 1/2
195 0% Fu(t, Y2 S llully @ (141 2\ 2)7 72 / (1+s)%ds
0

eon(1_1 t 1+k+a|
+ lulliroa+5)7" 2(,,, 2) (A4t—s) 2" ds
t)2
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,a(i,i>71+k+\al I+
S+ 2\ s 2 lully,

that is, we proved (5.3). By (1.2) and Holder inequality, due to the fact that u € X,
thanks to (5.6), we may estimate

I f(uls, ) — fis, )L
< I —v)(ul” + [v]7)(s, ) lm
< Nl = v)(s, )l pmasor 1(u]® 4+ [0]7) (s, ')“L'"<'+%>

< Cll = v) (s, I pmasor (1€, NG mirsor + 1065 M mao)

_n__l+o
< Cllu—vllx (1l + [v1%) (1 +5)~ 3%,
and, similarly,

Ilfuls,)) = fuls, D2

k

Following the proof for ||9; 0¥ Fu(t, -)|| 12, we are then able to obtain

105 0% (Fu — Fo)(t, )| 2

t/2 _ﬂ(l_l)_ I+k+|o|
5/0 (0 =) 2072772 s, ) = F(s, )l a2 ds

t

+ asr=s S F s, ) = Fis, )2 ds
t
7ﬂ(L71)71+k+|a\ . o
< A+0 22Ty (1l + v1%).-

This proves (5.4), and so we concluded the proof. O

6 Some known results about Fourier multipliers in real Hardy spaces

We recall how the Hardy spaces H” (R") are presented by Fefferman and Stein [15].
We use the notation H? instead of the classical notation H? to avoid possible confusion
with the Sobolev space W7-2.

Fix, once for all, a radial nonnegative function ¢ € C°(R") supported in the unit
ball with integral equal to 1. For u € S’(R") we define the maximal function Mgu by

Myu(x) = sup [(u*¢)(x)],

O<t<oo

where ¢;(x) = t7"¢p(x/1).
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Definition 6.1 Let 0 < p < oo. A tempered distribution u € S’ (R") belongs to
‘HP(R") if and only if Myu € LP(R"), i.e.,

lull3r = MgullLr < o0.

For p = oo, we set H*(R") = L (R").

The spaces HP(R") are independent of the choice of ¢ € C°(R") with
fRn ¢(x) dx # 0. For p = 1, |lull4p is a norm and H'(R") is a normed space
densely contained in L!(R"). For p > 1, ||lu||3» is a norm equivalent to the usual L?”
norm and we denote H” (R") = L?(R"), by abusing notation. For 0 < p < 1, the
space HP (R") is a complete metric space with the distance

d,v) = llu—vl},. uveH’R".

Although H? (R") is not locally convex for 0 < p < 1 and ||u||7» is not truly a norm,
we will still refer to ||u]|3» as the “norm” of u, as it is customary.

The property f € HP canbe characterized by appropriate singular integrals in a way
that has some analogy with the earlier maximal characterization [28, Theorem CJ: a
function f € L2 belongs to H” when p € (0, 1],ifand onlyif f € LP? and R, f € L?,
for |a| < k,wherek =1+ [(n—1)(1/p — 1)], and R, f denotes the Riesz transform
of f, defined via the Fourier transform by

Rof(6) = (EETH (&)

Moreover,

1f e = Y IRa Lo

| <k

A number similar to k also fixes the order of moment conditions which functions in
Hardy spaces shall verify. Indeed,

/x“f(x)dx=o, Vil < [n(1/p — 1]

for any function f € H” NCX°.
In this paper, we use a variant of the celebrated Mikhlin—-H6rmander multiplier

theorem for Hardy spaces (see [27]) to obtain the boundedness of operators acting on
HP(R™), in Theorem 2.2.

Definition 6.2 Letm be abounded function on R” and consider the operator T}, defined
by
Tnf =7 (m®) [ ©) ©6.1)

We say that m is a Fourier multiplier for H? if T,, f € HP for all f € H? and

1T fllzr < Clfllxrs (6.2)
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in other words, if T}, can be extended to a bounded operator from H?” to HP.
In this context, M(H?) denotes the set of all the Fourier multipliers for H?. The
norm ||m|| pq(Hr) is defined to be the operator norm of 7, in H”, i.e.

I T £ ll7¢
Imllppry = sup e (6.3)

remr.p20 Ifllmr

Theorem 6.3 Letp € (0,2),and6 = 6(n, p) = n(1/p—1/2), asin(1.8). Assume that
m € CKRM), withm (&) = 0in aneighborhood of the origin, and k = max{[0], [%]}—i—
L If

107 m(&)| < €17 (Alg1* D]yl <k,
for some constant a > 0 and A > 1, then m € M(HP(R")) and

lmllpmerer ey < CA”,
where C > 0 is a constant independent of A.
Theorem 6.4 Let p € (0,2), and 6 = 6(n, p) = n(1/p — 1/2), as in (1.8). Assume
that m € CF(R™\{0}), with m(€) = 0 for |&| > 1, and k = max{[0], (51} + 1. 1If
97 m(E)] < £ (A]g]1 D1, y| <&,

for some constant a > 0 and A > 1, then m € M(HP(R")) and

Il pmre ey < CA?,
where C is a constant independent of A.

Let I, be the Riesz potential with order r > 0, defined by means of I, f =
F! (IE17" f(&)).If r € (0, n), the Riesz potential may be represented for sufficiently
smooth f by

’

I f(x) = Cn,r/ L d

R |x — "

for suitable ¢, .. Real Hardy spaces have the property that the Hardy—Littlewood—
Sobolev theorem for Riesz potential, valid in L? spaces, with p > 1, extend to H?,
with p € (0, 00), see [28, Theorem F].

Theorem 6.5 Considerr > 0 and 0 < g < n/r. Then, there exists C = C(r,q) > 0
such that

1
N1 fllr ey < Cl f e ey, 7 = » + -
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