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Adaptive Anti-vibration Boundary Control for a
Hovering Three-dimensional Helicopter Flexible
Slung-load System with Input Saturation and
Backlash

Yong Ren, Member, IEEE, Zhijie Liu, Member, IEEE, Zhijia Zhao, Member, IEEE,
and Hak-Keung Lam, Fellow, IEEE

Abstract—This study investigates anti-swing control for a
hovering three-dimensional helicopter flexible slung-load system
(HFSLS) subject to input saturation and backlash. The first
target of the study is to establish a new model for a hovering
three-dimensional HFSLS. The second target is to develop an
adaptive control law for a HFSLS by analyzing its ability to
compensate for the effects of input saturation, input backlash,
and external disturbances, while achieve the goal of vibration
reduction. In contrast to existing research, adaptive boundary
control technology was first introduced to solve the oscillation
suppression problem and validated using numerical simulation
of the HFSLS and the proposed control method. The proposed
control method is discussed, and the PD control method was
compared.

Index Terms—Adaptive boundary control, anti-vibration,
three-dimensional helicopter flexible slung-load system, input
saturation, input backlash.

I. INTRODUCTION

HE helicopter slung-load system plays an increasingly
important role in modern society. Current research is
aimed at the rigid-body model of a helicopter slung-load
system [1]-[4] with little focus on helicopter flexible slung-
load systems (HFSLS) [5]-[7]. However, these studies were
meant for a horizontal model of the HFSLS. Thus, vibration
suppression control for three-dimensional HFSLS is required.
Numerous effective vibration reduction control methods
have been proposed [8]-[19]. In [20], a new adaptive boundary
control scheme was introduced to investigate the anti-swing
control design problem of a flexible Timoshenko system. The
effects of compensating for actuator failures, backlash-like
hysteresis, and external disturbances were remedied simulta-
neously. For a flexible wind turbine tower, the problems of
vibration and disturbance rejection were studied using bound-
ary technology in [21]. Under the developed control design,
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the scope of the vibration can remain in a small compact
set; however, to solve the asymmetric input-output constraint,
the authors introduced auxiliary systems and barrier Lyapunov
functions for flexible rotary crane systems in [22]. The authors
in [23] adopted boundary feedback control to suppress the
vibration of a flexible air-breathing hypersonic vehicle system
described by a set of distributed parameter systems. Based on
the above analysis, the boundary control strategy was efficient
for stability analysis of flexible structure systems. Thus, we
adopt a boundary control method to investigate the control
problem for a three-dimensional HFSLS.

Constraint problems are common phenomena in engineer-
ing, and several outstanding research goals have been achieved
[24]-[33]. Based on the auxiliary design and disturbance
observer method, the problems of input saturation and external
disturbances were addressed for hypersonic flight vehicles
in [34]. In [35], output feedback control was studied for a
flexible manipulator modelled by a partial differential equation
model, in which an adaptive backlash inverse function was
utilized to handle the unknown input backlash. In [36], the
trajectory tracking control problem was researched for robot
manipulators, and a neural network technique was employed
to handle input saturation. The authors proved the uniform
ultimate boundedness of nonlinear systems using a fuzzy
robust constrained control in [37], in which a sigmoid function
and fuzzy logic systems were used to address input saturation.
However, to the best of the author’s knowledge, the mixed
impacts of input saturation and input backlash were not
considered for flexible structure systems.

In this study, a three-dimensional HFSLS subjected to input
saturation and input backlash was established using a set of
partial differential equations. To reduce the number of cal-
culations resulting from addressing input saturation and input
backlash separately, the two functions were transformed into a
new saturation function. Subsequently, the method of auxiliary
system design was adopted to compensate for the effect of the
new saturation function. A novel adaptive boundary control
scheme using the designed auxiliary systems was introduced
to ensure that the closed-loop system of the three-dimensional
HFSLS is semi-uniformly ultimately bounded.

These innovations are reflected in the following three as-
pects:

o A new model for a three-dimensional HFSLS is proposed,



which is defined by a set of partial differential equations;
The two functions of input saturation and backlash are
transformed into a new saturation function in order to
reduce computation complexity;

Finally, a novel adaptive boundary control law is de-
signed to compensate for the effects of input saturation,
input backlash, and external disturbances for the HFSLS.
Meanwhile, the objective of reducing vibration is came
true.
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II. PROBLEM FORMULATION AND PRELIMINARIES

variation operator ¢ to Equation (1), we obtain:
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The potential energy W), (t) of the HFSLS is expressed as
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Fig. 1: A diagram for a hovering three-dimensional HFSLS. 0 2 2
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A three-dimensional diagram of a hovering HFSLS is shown
in Fig. 1. Here, pu(r,t) and v(r,¢) denote the lateral displace- — / / )+ @[MI(T, D12 (r, )
ments in the X} and Y} coordinates, respectively, and w(r,t) 2
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where M,, and w denote the mass of the load and mass per
unit length of the slung string, respectively. By applying the
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Virtual work done by the distributed loads u,(r,t), u,(r, ),
and u,(r,t) on the slung string and the external disturbances
de(t), dy(t), and d.(t) on the load is expressed as follows:
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where § denotes a variational operator. The work performed
by the control inputs is as follows:

IWa(t) = ug(t)ou(l,t) + uy(t)ov(l,t)
+u, (t)ow(l, t). (6)

Combining (5) and (6), the total virtual work performed on
the HFSLS is described as follows:

SW(t) = oWi(t)+ oWal(t)
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From the extended Hamiltonian principle, |, ttf OWe(t) —
Wp(t) + W(t)]dt = 0 where 0 < t; < t < tg, t1 and %o
are two time constants [38], defining p = u(r,t), v = v(r,t),
w = w(rt), w = pl,t), v = v(,t), w = w(l,t), and
Ugr = uar(r,t), k = x,y, z, we derive the three-dimensional
HFSLS in hovering as follows:
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Input saturation and backlash, which are common in me-
chanical actuators, are considered in this study and the satu-
ration function is given by [24]:

Ve, i Ox(t) > Ypnr,
Vp(t), if Vg < Oi(t) < i,
O, i 0p(t) < i, (15)

ugy(t) = S(Vx(t)) =

where S(-) is the saturation function and J5ps > 0 and Yy, <
0 denote the saturation levels of the control input g (t) and
k = z,y, z. The backlash function is described by [35]:

Sk (urp(t) — tr), if g (t) >
= & (upp(t) — Lkr)

Sk (urp (t) + ), if wpp(t) <
= Er(urp(t) + Lkl)
(16)
where B(-) is the input backlash function, uy(t) denotes the
desired control input, & > 0 represents the slope of B(-),
tkr > 0 and ¢g; > 0 indicate backlash spacing, and uy(t_) =
ug(t) and k = x,y, 2.

According to [39], we define the following right inverse
function BT (-) of B(-):

and wuy(t)
uk(t) = B(us(t)) =
and ug/(t)

ug(t_), otherwise,

Xk (t)/Ek + tir, I pp(t) >0,
Xk (t) /& — i, if p(t) <O,
(17)

Dy (t) = B (xx(t)) =

Xx(t—), otherwise,

where k = x,y, z.
Based on the above definitions, we can conclude that

Fig. 2: Saturation and backlash nonlinearities integrated with

Bt().

From Fig. 2, mixed input nonlinearity, which is constituted
by input saturation and input backlash is depicted by:
Ee (Vs — tr)
if 9x(t) = (W — tr),
Ek(Vrm + trr)
if O5(t) < Ek(Frm + trr),
(18)
Hence, the input nonlinearity function, which includes a
saturation function and input backlash function, can be trans-
formed into a new saturation function.

The following assumptions and lemma are required for the
stability proof.

u(t) = B(S(BT (U« (1)))) =

ug(t—), otherwise.



Assumption 1 [8]: The distributed loads g, uqy, and ugq,
satisfy |ugqr| < 4y where @ > 0 denotes a constant and
k = x,y,z. Meanwhile, the disturbance dj(t) acting on the
load is bounded, that is, |dx(t)| < Dy where Dy > 0 denotes
a constant and k = z, v, 2.

Assumption 2 [5]: The new saturation function in (18)
satisfies |Auyg(t)| < e where Aug(t) = 9 (t) —ug(t), ex > 0
is a constant, and k = x,y, 2.

Lemma 1 [40]: For a function a € C! on r with a(0,t) = 0,

we have that
l
l / [o)?dr
0

1
€a2 + 762a
€

a? <

af < vr € [0,1],

where o = «a(r,t), 8 = S(r,t), € > 0 represents a constant.
Remark 1: Addressing input saturation and backlash directly

will be a complex task for a three-dimensional HFSLS. Thus,

we transform the input saturation and backlash functions into a

new saturation function by defining the right-inverse function:
B*t(-) of B(-).

III. ADAPTIVE BOUNDARY CONTROLLER DESIGN AND
STABILITY ANALYSIS

First, we adopt the strategy of designing auxiliary systems to
address the newly constructed saturation function in (18). Sub-
sequently, an adaptive boundary control scheme was developed
for three-dimensional HFSLS based on the proposed auxiliary
systems. Under the developed control strategy, a stability
analysis is performed for the three-dimensional HFSLS using
the direct Lyapunov method.

A. Controller Design

To compensate for the deviation between the control input
and actuator output, the auxiliary systems are designed as
follows:

) 1 ) )
5u(t) = ﬁp{ — 8 (1) + Dug(t) + Tl + Ty
EA EA
+ [l + BAujef + =i }(19)
: 1
by(0) = - = W) + Auy (1) + T + T
Mp
EA EA
+ S5-I + BAviw] + —-vi[uj)* },20)
) 1 )
5.1) = ﬁp{ — 0. (1) + Au(t) + BA]
EA o EA

Based on the aforementioned auxiliary systems, we define
the following new variables:

G (t) [+ 1+ 6 (1), (22)
Gt) = wtv+dy), (23)
G(t) = drtw+0:(t) (24)

Invoking (12)-(14), (19)-(24), and Auy(t)
where k = x,y, z, we have
Celt) = i+ iy + 04(1)
1 EA EA
= { = T — S i) — BAuiw; — ==l

P
+ ug(t) + do(t) + Myfi; — 7205(t)

= i (t) —ur(t),

. EA
+ Aug (t) + Tpy + Tju + =[]

FA
+ BAujw + = pifv])?}

_ 1 -
= {00+ 4O + Myt =228,

+Tju}, (25)

U+ 7 4 8,(t)
1 FA
= ﬁ{ 7TVZ/7 5 [ ] EAZ/ZLL)Z

p

EA
—-vilw)®

+ uy(t) + dy () + Mpj — 740,(t)
EA

+ Auy(t) + Tv] + T + 7[V{]3

EA

7”5’[#2]2}

{94(8) + dy(8) + My} =5

+ EAvjw; +

0y (1)

|-

¥ Tz'/l}, (26)

and
o + 6] + 6.(t)
1

= M{—EA&)Z’—

FA
7[#2]2 -

+d. (t) + Ml)wl/ V20 (t) + Au, (t)
EA

EFA
LA o LA o
+ B AW + == ]2 + =[]}

Vzéz(t)}'

Remark 2: The technology for developing auxiliary systems
in (19)-(21), which is a forward compensation method, ad-
dresses the input saturation problem.
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B. Stability Analysis

To decrease the vibration of a three-dimensional HFSLS
with input saturation and backlash, we designed the following
adaptive boundary control law:

Du(t) = zpm{ﬂlcx(t)tanh(c”;f))—A$5z<t)}, 28)

Dy(t) = wy{ﬂlgy(t)tanh(cz(yt))—)\yby(t)}, (29)

D.(t) = wz{ﬂlcmtamh(@(“)—Azf?z(w}, (30)

D(0) = My~ Ty~ 0,Co(t) — T~ BAp
EA

TM[W] + V205 (t) — tanh (Cg;i))f) (t),



€29

B(0) = M|~ T~ g,6,(0) — AW - EAViuf
=S 28,0 = tanh (20 D, 1),
(32)

0.00) = —Myd] - 0Ca(t) — A - P
42280 — tanh (20) Do), (33)

where ¥k, 51, 0k, Ak, gk, and [ are positive constants, and
k=uxy,z.

In the following section, the semi-uniform boundedness
of the HFSLS is proven by employing Lemma 2. First, the
following Lyapunov candidate function is chosen:

T(t) = T1(t) + YTao(t) + Ys(t), (34)
where,
Brw 2 BT n2
T(t) = d
1(t) / + 0% + &dr + o~ /0 1]
l 12 12
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(35)
M = M
Tat) = PRI + 200+ - Dio) + PFEIG
B1M,
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1 =2
+2¢z D, (1), (36)
1
Ts(t) = ng/ rlap + v + ww'ldr, 37)
0

where Dy, (t) = Dy, — Dy (t), k = x,,2, and 31 > 0 and
B2 > 0 are constants that satisfy Sowl < I'y with the detailed
form of I'; given below in (42).

Next, we verify the positive definiteness of the Lyapunov
candidate function (34). First, Equation (35) can be represent-
ed as:
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By invoking Lemma 1, the cross terms in (38) satisfy the

following inequalities:
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where ¢; denotes a positive constant satisfying 2‘4 <g<i
Then, we have:
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Furthermore, function Y1 (¢) satisfies the following inequation:
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2 2 b 3

a0l < 22 [ i
+ [W'Pdr. (43)

Then, we have:

Ts(t)] <

Pawol
5 (44)

!
/ II(r, t)dr.
0
From (42) and (44), we have that:
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By quoting (36), (45), and Sowl < I'y, we obtain:
l
cl</ T(r, t)dr + Tg(t)) <T(1)
0
l
< CQ( / (r, t)dr + Tz(t)),(46)
0

where ¢; = min{(I'; — fewl),1} and ¢ = max{(T2 +
Bawl), 1}. Thus, function (34) can be selected as a Lyapunov
candidate function.

In the following section, the stability of the three-
dimensional HFSLS is proceeded under the Lyapunov can-
didate function (34).

Considering (8)-(11) and (35), the derivative of Y1 (¢) can
be written as:
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where ¢5 — ¢19 > 0 denote constants.

By quoting (8)-(11) and (37), we calculate the derivative of

T3(t) as follows:
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where ¢11 — ¢15 > 0 denote constants.
Synthesizing the above results in (47)-(49) and considering

2w? < [w]? and 2[w']?

< [V]?, the derivative of Y (f) can

be written as:
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with ¢16 — ¢18 > 0 being constants.

According to the above analysis and [42], the closed-loop

system of the three-dimensional HFSLS is confirmed to be



semi-uniformly bounded. The convergence of the vibration
values u(r,t), v(r,t), w(r,t), and r € [0,1] for the three-
dimensional HFSLS are analyzed in the theorem as follows.

Theorem 1: Consider a three-dimensional HFSLS subject
to input saturation and backlash described by (8)-(14) with
unbounded initial values and the adaptive boundary control
scheme given by (28)-(33), the vibration values p(r, t), v(r,t),
w(r,t), and r € [0,!] proved to be semi-uniformly ultimately
bounded.

Proof: Letting vs = ¢, we obtain that T(t) < —vsY(t) +
vy. The above inequality (50) is calculated as follows:

T(t) < T(0) exp(—vst) + Z—Q (51)
3

where Y(0) is the initial value of function Y(¢). Invoking
Lemma 1 and (46), it follows that:

2 l 1
MT < / [W]2dr < / I(r,t) < Tv(t), (52)
0 0 1
2 l l
v < / [V’]2dr < / I(r,t) < T(t), (53)
l 0 0 U1
2 1 l
il g/[w’]erg/ H(r,t)gw. (54)
l 0 0 U1

Subsequently, by quoting (51), (52), (53), and (54), we have:
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U1 V1Us
r —uvst l
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When t — +o0, it derives that:
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P e Y B Y - €1
V31 V31 V31

Thus, the vibration values w(r,t), v(r,t), w(r,t), and r €
[0,1] of the three-dimensional HFSLS are proved to be
semi-uniformly ultimately bounded. Furthermore, |u| <

val , |l/| < [ wal and |w| < val

v3v1 v3v1’ vav1

IV. NUMERICAL SIMULATION

Consider the three-dimensional HFSLS subject to input
saturation and backlash, given by (8)-(14) and the sys-
tem parameters below: [ = 1.0 m, w = 0.1 kg/m,
T = 16 N, FA = 12 N, and m; = 3.0 kg.
The boundary disturbances and distributed loads are as
follows: d.(t) = (1.0 + 0.5sin(0.5¢) 4+ 0.3sin(0.3t) +
0.2sin(0.2t)) x 10, d,(¢t) = (1.0 + 0.5sin(0.5¢) +

0.3sin(0.3t) + 0.2sin(0.2¢)) x 10, d.(t) = (1.5 +
0.5sin(0.5t) + 0.3sin(0.3t) + 0.2sin(0.2t)), ug, = (1.0 +
0.4sin(0.17t) 4+ 0.2sin(0.27t) + 0.1sin(0.47t))r/5, uay =

(1.0 + 0.4sin(0.17t) + 0.2sin(0.27t) + 0.1sin(0.47t))r/5,
and ug, = (0.5 4+ 0.4sin(0.17t) + 0.2sin(0.27t) +
0.1sin(0.47t))r/10. The backlash spacings are shown as:
bor = byr = 4, Lyr = 2, Lz = 1y = 4, and ¢,; = 2. The slop

parameters of the backlash function are {; = §, =&, = 1 and
the saturation levels are given by ¥, = 24, ¥, = —34,and
Pynr = 24, Oy, = =34, ¥, = 12, and Vg, = —12.

Here we discuss the stability of a three-dimensional HFSLS
under two circumstances.

Circumstance I: Without control.

The response curves of the open-loop system of the three-
dimensional HFSLS are shown in Fig. 3-8. Figs. 3-5 display
the simulation curves wu(r,t), v(r,t), and w(r,t) for the
three-dimensional HFSLS without control. When r = [, the
corresponding curves p(l,t), v(l,t), and w(l,t) are as shown
in Figs. 6-8. According to Figs. 3-8, the swing amplitude of
the slung-load system is large. Therefore, an efficient control
strategy must be proposed to reduce vibration.
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Fig. 3: The simulation curve of u(r,t) without control.
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Fig. 4: The simulation curve of v(r,t) without control.
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Fig. 5: The simulation curve of w(r,t) without control.

Circumstance II: With control.
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Fig. 6: The simulation curve of p(l,¢) without control.
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Fig. 7: The simulation curve of v(I,t) without control.
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Fig. 8: The simulation curve of w(l, ) without control.

The design parameters of the control scheme given by (28)-
(33) are as follows: 31 = 1, ¢, =¥, =9, = 0.1, Ay = Ay =
A=010,=0y,=0,=01,7 =7 =7 = 1.0 x 10%,
and g, = g, = g, = 1.0 x 10%. Under the introduced control
laws given by (28)-(33) the simulation curves pu(r,t), v(r,t),
and w(r, t) of the closed-loop system of the three-dimensional
HFSLS are shown in Figs. 9-11.

To verify the performance of the proposed control scheme,
we developed the following PD control: ¥, = —kpapu(l,t) —
kazft(l, 1), Oy = —rpyv(L,t) — Kay(l,t), and 9, =
—kpw(l,t) — Kgw(l,t) where kpy = Kpy = 300, Kgp =
Ky = 200, kp, = 100, and k4, = 200. With the PD control,
the simulation curves u(r,t), v(r,t), and w(r,t) are shown in
Figs. 12-14.

Comparing the simulation graphs of the vibration ampli-
tudes pu(r,t), v(r,t), and w(r,t) at r = [ in Figs. 15-17, it
is clear that the proposed control strategy has a better anti-
vibration control performance than PD control. Figs. 18-20
show that the phenomena of input nonlinearities appear in the

process of control design, which suggests that proposed control
strategy effectively addresses input nonlinearities.
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Fig. 9: The simulation curve of u(r,t) with proposed control.
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Fig. 10: The simulation curve of v(r,t) with proposed control.
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Fig. 11: The simulation curve of w(r,t) with proposed control.
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Fig. 12: The simulation curve of u(r,t) with PD control.
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14: The simulation curve of w(r,t) with PD control.
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Fig. 16: (a) The simulation curve of v(l,t) with proposed
control; (b) The simulation curve of v(I,¢) with PD control.
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Fig. 17: (a) The simulation curve of w(l,¢) with proposed
control; (b) The simulation curve of w(l,t) with PD control.
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Fig. 19: The control input w,(t).
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Fig. 20: The control input u,(t).

Based on the above discussion, the developed adaptive
boundary control scheme enhances performance robustness
against input saturation, input backlash, and external distur-
bances. Furthermore, it also allows for effective anti-vibration
control of three-dimensional HFSLS.

V. CONCLUSION

In this study, a new three-dimensional HFSLS model was
constructed using the extended Hamiltonian principle and an
adaptive boundary-control method was developed to inves-
tigate the stabilization problem using the Lyapunov direct
method. The proposed scheme has two attractive features: 1)
The input saturation and input backlash are translated into a
new saturation function, that can be disposed of by designing
auxiliary systems. Thus, the number of calculations required
to address saturation and backlash is reduced. 2) A novel
adaptive boundary control was derived to guarantee the semi-
uniform ultimate boundedness of a three-dimensional HFSLS
with input saturation and backlash. A numerical simulation
was conducted to demonstrate the control performance of the
proposed control scheme. The prospective study includes a
reinforcement learning approach [43], [44] and event-triggered
mechanisms [45] for the three-dimensional HFSLS.
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