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1. Introduction

For a function f € L' on the unit circle T := {2 € C : |z| = 1}, let

f(n) = QL /f (ew) e ™mdh, nel

be the Fourier coefficients of f. Let X be a Banach function space on T. We postpone
the technical definition until Section 2.1 and mention here only that X is continuously
embedded into L'. Let

HX]:={geX : g(n)=0 forall n<O0}

denote the abstract Hardy space built upon the Banach function space X. In the case
X = LP, we will use the standard notation H? := H[LP]. We will also use the following
notation:

en(z):=2", z2e€C, melZ.

It is easy to see that the backward shift operator S, defined by

~

(SH(E) = ea(t) (FH) - F0) . teT,

is bounded on the space H[X]. Consider the operators C and P, defined for a function
f € L' and an a.e. point t € T by

_ 1 f(7) _ O+ (CHE)
€Nt = o [ Ko ar, o= 100,
T
respectively, where the integral is understood in the Cauchy principal value sense. The
operator C is called the Cauchy singular integral operator and the operator P is called
the Riesz projection. The latter term can be explained by the fact that if P is bounded
on a Banach function space X, then one has H[X] = P(X) (see [23, Lemma 1.1]).
The lower estimate by Gohberg and Krupnik (see [16, Ch. 9, Theorem 9.1]) and the
upper estimate by Hollenbeck and Verbitsky [18] for the norm of the Riesz projection P
on the Lebesgue space LP lead to

|Pller—rr = 1/sin(n/p), 1<p< oo. (1.1)

Hence L? is the only space among all Lebesgue spaces LP for which the norm of the
Riesz projection P is equal to one. On the other hand, [5, Theorem 7.7] implies that

ISNg2emz =1, ||S|lgpsme >1 for pe(1,00)\ {2}
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Thus, for the class of Lebesgue spaces LP with 1 < p < oo, one has
||P||Lp*>Lp =1 <~ ||SHHP*>HP =1. (12)

Banach function spaces provide a far-reaching generalisation of Lebesgue spaces.
The class of Banach function spaces includes Lebesgue spaces LP, 1 < p < oo, Or-
licz spaces L?, Lorentz spaces LP-?, all other rearrangement-invariant spaces (see, e.g.,
[3, Ch. 2 and 4]), as well as, variable Lebesgue spaces LP() (see, e.g., [10]), which are not
rearrangement-invariant.

It follows from [21, Theorem 4.5, Corollary 4.6] that if X is a reflexive rearrangement-
invariant Banach function space such that P : X — X is bounded, then

1P|, x := inf{||P — K||x—x : K is compact on X}
1

~ sin(rmin{px,1 —qx})’

(1.3)

where px and ¢x are the Zippin indices of the space X (see [28, pp. 27-28] for their
definition and the proof of the inequalities 0 < px < ¢gx < 1, which are valid for
arbitrary rearrangement-invariant Banach function spaces).

So, if px # 1/2 or gx # 1/2, then |P||x=x > ||PI$, x > 1. We note in passing
that if X is a rearrangement-invariant Banach function space such that P : X — X is
bounded, then P is maximally noncompact on X, that is,

I1Pllx—x = [IPII%% x

(see [24, Theorem 1.1]).

Estimate (1.3) does not exclude the possibility of |P||xx = 1if px = gx = 1/2.
Note that, for instance, the Lorentz spaces L>", 1 < r < oo, are reflexive rearrangement-
invariant Banach function spaces (see, e.g., [3, Ch. 4, Section 4]) with the Zippin indices
prer = qre- = 1/2 (see, e.g., [28, pp. 27-28]), and the operator P is bounded on L?"
for every 1 < r < oo (the latter follows from Calderdn’s extension of the Marcinkiewicz
interpolation theorem [3, Ch. 4, Theorem 4.13]). On the other hand, it follows from
Holmstedt’s formula (see [19, Theorems 4.2—4.3]) for the K-functional for Lorentz spaces
that for 6 € (0,1) and 1 < r < oo, the space X5, = (LQ/(l_‘S),LQ/(H"S))UQ’T, obtained
from the Lebesgue spaces L2/ (1=9) and L?/(1+9) by the K-method of real interpolation
(see, e.g., [3, Ch. 5]), coincides with the Lorentz space L*" up to equivalence of the
norms. Since the K-method of real interpolation is exact (see, e.g., [3, Ch. 5, Theorem
1.12]), we conclude from (1.1) that

1/2 1/2
1Pl x5 =50 < NP 0oy poras [P erais . porass)
1 1 1

_ = 7(149) °
\/sin —ﬂ(12 %) \/sin —ﬂ(l;‘s) SIn T)
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Hence, for every € > 0 and r € [1, o], one can find § > 0 such that

1
1Pl x5, —x5, < T < l+e. (1.4)

2

Thus, for every e > 0 and r € [1,00], one can equip the Lorentz space L?" with an
equivalent norm | - || 2.~ such that ||P|| 2., ;2 < 14¢ (it is enough to take || - [| 2. 1=
| - llxs,,, where § satisfies (1.4)).

So, the following natural question arises: can the norm of the Riesz projection P on
a (not necessarily rearrangement-invariant) Banach function space X be equal to one if
X does not coincide with L?? The first main result of the paper gives a negative answer
to this question.

Theorem 1.1 (Main result 1). Let X be a Banach function space such that ||P||x—x = 1.
Then X coincides with L* and there exists a constant C € (0,00) such that

lgllx = Cligllr2 forall g€ X. (1.5)

Our second main result deals with the extension of property (1.2) to the setting of
Banach function spaces.

Theorem 1.2 (Main result 2). Let X be a Banach function space. Then ||P||x—x =1 if
and only if |S||gix)—mx) = 1.

The paper is organized as follows. In Section 2, we recall definitions of a Banach func-
tion space and its associate space X', of the subspace X, of all functions of absolutely
continuous norm and of the subspace X}, which is the closure of the set of all simple
functions in X. Further, we note that if X, = X, then the set of trigonometric polyno-
mials P is dense in X;,. We also need a few notions from the theory of analytic functions
on the open unit disk I, Poisson integrals, and the Hilbert transform H. After these
preliminaries, we recall that if f € LP is a real-valued function and u is an inner function
vanishing at zero, then H(f ou) = (H f) o u. We conclude Section 2 by recalling several
known facts about the Riesz projection scattered in our previous papers. We start Sec-
tion 3 by proving a property of the norm in a real Hilbert space, and then give a proof
of Theorem 1.1.

As far as Theorem 1.2 is concerned, the proof of the implications

[Plx-x=1 = |[Slexj-nx =1,
ISlax—mx) =1 = |IPgllx <|lgllx for all continuous g (1.6)
is not difficult. The main difficulty lies in extending the estimate |Pg||x < ||g||x in (1.6)

to all g € X when X is not separable. This difficulty is addressed in Section 4 where we
refine [23, Theorem 3.7] and [25, Theorem 3.3] and show that if the Hilbert transform
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H is of weak type from the space C of continuous functions to a Banach function space
X, then X, = Xj. This implies that if the Riesz projection P is bounded from C' to a
Banach function space X, then X, = X}, and P is dense in X;. This observation is a key
ingredient in the proof of Theorem 1.2 given in Section 5.

Finally, in Section 6, we extend [5, Theorem 7.7] to the setting of Banach function
spaces X and show that the norm of P on X can be expressed in terms of Toeplitz
operators.

2. Preliminaries
2.1. Banach function spaces and their associate spaces

Let M be the set of all measurable extended complex-valued functions on T equipped
with the normalized measure dm(t) = |dt|/(27) and let M™ be the subset of functions
in M whose values lie in [0, oo].

A mapping p : MT — [0,00] is called a Banach function norm if, for all functions
£ 9, fn € MT with n € N, and for all constants a > 0, the following properties hold:

Al
A2
A3
A4

p(f) =0& f=0ae., plaf) =ap(f), p(f +9g) < p(f)+ p(9),
0<g<fae = plg) <p(f) (the lattice property),

0< fnt fae = p(fn)Tp(f) (the Fatou property),

(
(
(
( p(1) < oo,

)
)
)
)

(A5) / £(t) dm(t) < Co(f)

T

with a constant C' € (0,00) that may depend on p, but is independent of f. When
functions differing only on a set of measure zero are identified, the set X of all functions
f € M for which p(|f]) < oo is called a Banach function space. For each f € X, the
norm of f is defined by || f||x := p(|f])- The set X equipped with the natural linear space
operations and this norm becomes a Banach space. If p is a Banach function norm, its
associate norm p’ defined on M™ by

#(g) == sup / fBg(t)dm(t) - feM*, p(f)<1Y. geM*,
T

is a Banach function norm itself. The Banach function space X’ determined by the
Banach function norm p’ is called the associate space (Kothe dual) of X. The associate
space X' can be viewed as a subspace of the Banach dual space X* (see [3, Ch. 1,
Sections 1-2]).
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2.2. Density of trigonometric polynomials in the subspace Xy

The characteristic (indicator) function of a measurable set £ C T is denoted by xg.
A function f in a Banach function space X is said to have absolutely continuous norm
in X if || fxy.llx — 0 for every sequence {v,} of measurable sets such that x,, — 0
almost everywhere as n — co. The set of all functions of absolutely continuous norm in
X is denoted by X,. If X, = X, then one says that X has absolutely continuous norm.
Let Sy be the set of all simple functions on T. Let X; denote the closure of Sy in the
norm of X. We refer to [3, Ch. 1, Section 3] for properties of the subspaces X, and Xp.

For n € Z; = {0,1,2,...}, a function of the form > ;_  ayey, where a € C
for all kK € {—n,...,n}, is called a trigonometric polynomial of order n. The set of all
trigonometric polynomials is denoted by P.

Lemma 2.1 (/23, Lemma 2.1]). Let X be a Banach function space. If X, = X, then the
set of trigonometric polynomials P is dense in Xp.

2.3. Classes of analytic functions on the open unit disk

Let D denote the open unit disk in the complex plane C. Recall that a function F'
analytic in D is said to belong to the Hardy space HP(D), 0 < p < oo, if
T 1/P
1 ,
1Flww) = s (o [IFePas| <o 0<p<cs

0<r<1

| F|| oo (my := sup | F(z)] < o0.
zeD

Let g be a measurable function on T with log|g| € L'. An outer function (of absolute
value |g|) is a function f = AG with A € C, |\| = 1, and

1 7Tei‘g—i—z i
G(z) :=exp %/679_zlog|g(e‘9)|d9 , z€D.

—T

The Smirnov class D(ID) consists of all functions f analytic in D, which can be repre-
sented in the form f = f1/fs, where f> is outer and f1, f2 € Uy<p<oo HP (D) (see, e.g.,
[29, Definition 3.3.1]). Recall that an inner function is a function v € H>° (D) such that
lu(e?)| = 1 for a.e. @ € [, 7).

Lemma 2.2. If u is an inner function such that u(0) = 0, then u is a measure preserving
transformation from T onto itself.

This lemma goes back to Nordgren (see corollary to [30, Lemma 1] and also [9, Re-
mark 9.4.6], [23, Lemma 2.5], [12, Theorem 5.5]).
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For a finite collection 21,...,2, € D and v € T, the function

-7 H 12—_,:]2

is called a finite Blaschke product. As is well known, every finite Blaschke product satisfies
|B(z)] <1 for zeD, |B({)|=1 for ¢€T

(see, e.g., [13, Section 3.1)).

2.4. The Hilbert transform and Poisson integrals

The Hilbert transform of a function f € L' is defined by

(Hf) (em) = % p.-v. / f (ew) cot v—9 de, e [-m, .

For ¥ € [—m, x| and r € [0,1), let

1—r2 2r sin

P, = o o 9 T = T 5. a9
() 1—2rcos?d +r? @r () 1—2rcos?d 4 r2

be the Poisson kernel and the conjugate Poisson kernel, respectively.

Theorem 2.3. Let 1 < p < oco. If f € LP is a real-valued function, then the function
defined by

w(re’) = % /f(ew)(PT +iQ,.) (¥ — 0) db, O € [-m, 7], r€[0,1), (2.1)

belongs to the Hardy space HP(D) and Imw(0) = 0. Its nontangential boundary values

w(e™) as z — €' exist for a.e. 9 € [~m, 7] and

Rew(e™) = f(e'), Imw(e™) = (Hf) (™) for a.e. ¥ € [—m, 7). (2.2)

This statement is well known (see, e.g., [27, Ch. I, Section D and Ch. V, Section
B.2°)).
The next lemma will play an important role in the proof of Theorem 1.2.

Lemma 2.4. Let 1 < p < oo, f € LP be a real-valued function and u be an inner function
such that w(0) = 0. Then H(f ou) = (Hf) ou.
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Proof. By Lemma 2.2, u: T — T is a measure preserving transformation. Therefore the
operator g — ¢ o u is isometric, and hence bounded, on LP. So, it is sufficient to prove
the equality H(f ou) = (Hf) owu for all f from a dense subset of L?.

We will suppose that f is Holder continuous. Then it follows from [17, Ch. IX, §1,
Theorem 1] that

Flrei?) = % /f(ew)Pr(ﬁ _0)db, Ve |-ma], relo 1],

is continuous in D and

Rew(e') = F(e) = f(e") forall o€ [—m, 7], (2.3)
where w is the function defined by (2.1). Further, [17, Ch. IX, §5, Theorem 5] implies
that w is Hélder continuous on D. Hence Im w(e?”) is Hélder continuous on [—, 71]. It
follows from Theorem 2.3 that Imw(e?’) = (Hf)(e"’) for a.e. ¥ € [—m,7]. Since f is
Holder continuous, we conclude from Privalov’s theorem (see, e.g., [9, Theorem 3.1.1] or
[33, Ch. III, Theorem 13.29]) that H f is Holder continuous. Since the functions Im w(e®)

and (H f)(e'?) are equal almost everywhere and they are continuous, we conclude that
they are equal everywhere:

Imw(e™) = (Hf)(e™) forall ¢ ¢ [—m, x] (2.4)
Let W := wou. Then W € HP(D) (see [11, Section 2.6, Corollary to Theorem 2.12])),

and Im W (0) = Imw(u(0)) = Imw(0) = 0. It follows from (2.3)-(2.4) and u(e’’) € T
for a.e. ¥ € [—m, 7] that

Re W (e™) = Re(w o u)(e™) = (f o u)(e™), (2.5)
Im W (e™) = Im(w o u) (™) = (Imw) o u)(ew) =((Hf)o u)(ew) (2.6)

for a.e. ¥ € [—m, 7. According to Theorem 2.3,
Im W (&) = (H (Re W))(e'?) (2.7)
for a.e. ¥ € [, 7] (see (2.2)). Combining (2.5)~(2.7), we get
((Hf)ou)(e”) =ImW (") = (H (ReW))(e") = (H (f ou))(e")

for a.e. ¥ € [-m,w]. O
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2.5. Some known facts on the Riesz projection

In this subsection we list several known facts about the operator P, which will be
used in this paper.

Lemma 2.5 (/23, formula (1.4)]). If f € L is such that Pf € L', then

(PF)(n) = {gj“”’ AN

Lemma 2.6 (/22, Lemma 3.1]). Let f € L'. Suppose there exists g € H' such that
fn) =g(n) for alln >0. Then Pf = g.

Theorem 2.7 ([25, Theorem 8.4]). Let X be a Banach function space and X' be its

associate space. If P : X, — X is bounded, then P : X — X is bounded, P maps Xy
into itself,

[Pllx—x = [IPllx,~x, (2.8)

and the adjoint of the bounded operator P : X, — X, is the operator P : X' — X', which
implies that the latter is also bounded.

3. Proof of the first main result
3.1. A property of the norm of a real Hilbert space

Lemma 3.1. Let H be a real Hilbert space, ¢ be a norm equivalent to || - |3, and o be the
associate norm,

() =sup{[{y,x)ul: y€H, oly) <1}, z€H,
where (-, )3 denotes the inner product in H. If
o(z)d (z) = ||z||3, forall z€H, (3.1)
then there exists a constant C' € (0,00) such that
o(z) =C|lz||ly forall xeH. (3.2)

Proof. Fix a € H \ {0} and put
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If = 0, then (3.2) holds trivially. If € H \ {0} and a are linearly dependent, then
there exists A € C \ {0} such that z = Aa, and

o [Mo(a) — o(Aa) o)

~Mlall lAalla 2l

which implies (3.2).

Now suppose that a and = € H \ {0} are linearly independent. Let £ be the two-
dimensional subspace spanned by a and z. Choosing an orthonormal basis in £ we can
identify £ with R? and || - || with the standard Euclidean norm || - || on R%. With a
slight abuse of notation, we denote the norms generated by ¢ and ¢’ on R? by the same
symbols.

Since p is positively homogeneous of degree 1, it can be represented in the form

o(rcosf,rsinf) =r®(@), r>0, 60€]|0,2m), (3.4)
where
®(0) := p(cos,sinf), 6 € ]0,2m).
Let
e 0ei[(rJl,f27r) (6)
Then

®0)>m >0 forall 6€]|0,2m). (3.5)

On the other hand, since all norms on R? are equivalent, there exists M € (0, 00) such
that o(-) < M]|| - ||. Then

|®(0) — ®(0")| = |o(cos b,sin @) — p(cos @, sin 0"
< o((cosf,sin ) — (cos’,sind"))
< M]||(cos8,sinf) — (cos @', sin )|

/

=2M

sin

< Mo — 0| (3.6)

for all 8,0 € [0, 27). It follows from (3.5)—(3.6) that R := 1/® is also Lipschitz continuous
and hence absolutely continuous.
Take any

weE S, :={z€R?*: o(z) =1} = {(R(0) cos 0, R(A) sinf) : 0 € [0,2m)}.
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It follows from (3.1) and the definition of o’ that the function
Se 3z (z,w)
achieves its maximum on S, at z = w. In other words, for any 6, € [0, 27), the function

((R(0) cos 0, R(9) sin 0), (R(6o) cos b, R(6o) sinby) ).,
= R(00)R(6)(cos 0 cos By + sin @ sin Oy) = R(0)R(6) cos( — bp)

achieves its maximum at 6 = 6. If R is differentiable at 6y, then

0= F/(eo) = R(go) (R’(G) COS(9 - 90) - R(G) sin(9 - 90)) R(@())R/(eo)

|9=90 =
Hence R is an absolutely continuous function with R’ = 0 a.e. So, R is constant. Then it
follows from (3.4) that o(z)/||z|| is constant for z € £\ {0}. This observation and (3.3)
imply that

oo o) o) o)

lallae lall el s

which implies (3.2) in the case when x and a are linearly independent. 0O
3.2. Proof of Theorem 1.1

Since P : X — X is bounded, we have X, = X} (see [23, Theorem 3.7]) and (X,)* =
X' (see [3, Ch. 1, Corollary 4.2]). Take any € > 0 and any g € X} such that |g| > ¢ a.e.
on T. Put log™ |z| := max{0, log |z|} for z € C. Since

10g‘Z| :10g+ |z\—10g+(1/\z|), 10g+‘z| < ‘Z|a z €C,
it follows from |g| > ¢ a.e. on T and g € L' that log|g| € L. Then, by Szegd’s theorem
(see, e.g., [29, Theorem 2.6.1]), the outer function

1 7Tei‘g—i—,z i
G(z) == exp %/6_9_210g|9(69)‘d9 , z€D,

—T

belongs to H!(D) and |G| = |g| a.e. on T. Then G € H'NX = H|[X]. Since P is bounded
on X, it follows from Lemma 2.5 and the uniqueness theorem for Fourier series (see, e.g.,
[26, Ch. 1, Theorem 2.7]) that PG = G a.e. on T. Taking into account that g € X,
and |G| = |g|, we deduce from [3, Ch. 1, Theorem 3.11 and Definition 3.7]) that, in fact,
G € Xp. By the Hahn-Banach theorem, there exists ¢ € (Xj3)* such that ||¢||(x,)- = 1
and o(G) = |G| x,- Since (Xp)* is isometrically isomorphic to X', there exists u € X’
such that ¢l (x,)- = |lullx’ and
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! 0y ()
o(f) = o f(eP)u(e?)dd, f e X,
Thus ||'U,HX/ =1 and
1 (CAVIRTN
IGllx = 1Gllx, = 5~ | G(e™)ule) db.

It follows from Theorem 2.7 that the adjoint operator of P : X, — X, is the operator
P*=P:X — X' and
1Pl x—x = IPllxy—x, = [IPlx-x = 1.

So, the function

uy :=Puc HX'|c H'

satisfies ||uy||x <1 and
e = & [ cemueman= L [ payeniem a
X" or 1t
-1 ]G(eie)Wdez € jg(eiﬂ)u (@) do (3.7)
27 o + .

(see [25, Lemma 4.1]). Using Holder’s inequality (see [3, Ch. 1, Theorem 2.4]) and taking
into account that |Juy|/x: <1, one gets

_ 1 [ oo _ 1 [ 0\ (0
IGlx = Re 27T/G(e Yug (i) df | = 27T/Re (G(e Vg (e )) do

1l i
< - / |G ()| |uy ()] db < |G|l x|luslx < ||Glx-

—T

Then ||uy||x =1,

% Re (G(eie)u+(ei9)) 9 = % / G ()] [u ()] do. (3.8)

—T

Since |G| |uy| —Re (Gux) > 0 a.e. on T, it follows from (3.8) that
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Re (Guy) =|G||us| ae.on T.

Hence ¢ := Guy € L' is a nonnegative function and logvy = log |G| + log |u, |. Since
|G| = |g] > € a.e. on T and ||uy||x- = 1, we have G,uy # 0. Taking into account that
G,uy € H', we deduce from [29, Corollary 2.2.3] that log |G| € L and log |uy| € L!.
Thus logty € L'. By Szegd’s theorem (see, e.g., [29, Theorem 2.6.1]), there exists an
outer function ¥ € H?(D) such that |¥| = /2 a.e. on T. So,

Guy=v¢=|¥?=0T¥ aecon T,
whence

(%) :% a.e.on T. (3.9)
Since ¥ € H?(D) and G € H'(D) are outer functions, we conclude that ¥/G belongs
to the Smirnov class D(D). Moreover, ¥ € L? and 1/G € L*. Hence ¥/G € L?. Then,
in view of a generalization of Smirnov’s theorem (see, e.g., [29, Section 3.3.1(g)] or [11,
Theorem 2.11]), ¥/G € H?(D) C H*(D). Similarly, ¥ € H?(D) is an outer function and
uy € H[X'] C H'. Let us extend uy to the unit disk analytically:

s

1 0 1—7r? ,
= o, z=re® €.
u+(2) 27 /u+(e >1 —2rcos(p—0)+r2 "’ e e

—T

Then uy € H'(D). So, uy /¥ € D(D). On the other hand,

up (¥ 2
(e

Hence, applying Smirnov’s theorem once again, one gets

ﬁ € H*(D) c H'(D).

So, we have shown that F := u, /¥ € H?(D) and F € H?(D) (see (3.9)). Taking into

account that F'(n) = F(—n) for all n € Z, we conclude that F(n) = 0 for all n € Z\ {0},
that is, F' is constant. Let us denote this constant by A. Then (3.9) implies that

uy = AV = |\*G. (3.10)

Since |juy|/x = 1, one gets G € X’ and |A\|> = ||G|/x+. It now follows from (3.7) and
(3.10) that

G112
Gl

)\ 2 T oy — 1 1 . .
je1x = B [ cena@man = L [iaenra-
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Thus
IGIx1IGllx = [G7--

So, for every g € X, such that |g| > ¢ a.e. on T, one has g € X', g € L?, and
lgllxllgllx = llglZa-

Take any g € X3 and set

1 1
Q= {CGT: Ig(C)IZE}, hy, = X T XT\Q.s n € N.
Then
2 2
g — hnllx < - IxT\@, Ix < - leollx, ne€N.

Hence {h,,} converges to g in X as n — oo.
On the other hand, it is not difficult to see that for all m,n € N,

2
|hm — hp| < ——— ae.on T.
min{m, n}

(3.11)

This implies that {h,} is a Cauchy sequence in Y, where Y stands for X’ or L?. Since

X and Y are continuously embedded into L', one concludes that {h,,} converges to g in

Y. So,

X, C X' NL2

(3.12)

It follows from the above that (3.11) holds with h,, in place of g. Passing to the limit as

n — 0o, one gets (3.11) for every g € Xp.
Take now any v € L2. Let

X0 i= X{¢CET:|o(Q)l<1}s X1 7= X{CeTHu(()[21}-

Since |vxo| < 1 a.e. on T, we have vxo € X. Let us show that vy; € X. If x; = 0 a.e.

on T, then there is nothing to prove. Otherwise, put
vy, = x1min{|v|,n}, n € N.
Then v,, € L*° C X and

lvallxIxallxr < llonllx lonllxr = llonllZ:
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(see (3.11)). Since vy, T |v|x1 as n — oo, it follows from [3, Ch. 1, Lemma 1.5] that
vx1 € X and

||UX1H%2

loxallx < :
Ixallx

Therefore v = vyg + vx1 € X. So, taking into account (3.12), we conclude that
X, CL?CX.

Since X3, X and L? are continuously embedded into L', it follows from the closed graph
theorem that the embeddings X; C L? C X are also continuous and

Cillgllx < llglze < Collgllx  forall g e X, (3.13)

holds with some constants Cq,Cs € (0, 00).

Finally, take any ¢ € X and set g, := min{|g|,n}. Then g, € L*™ and g, 1 |g| as
n — oo. Hence, by Fatou’s lemma (see [3, Ch. 1, Lemma 5.1]), [|gn|lx T llg]lx < oo, and
it follows from (3.13) that [gs|l;2 T 0 < oo for some constant o < Csl|g||x. So, |g| € L?,
i.e. g € L? for every g € X, i.e. X C L2 We conclude that X = L? and (3.11), (3.13)
hold for all g € X (cf. [3, Ch. 1, Corollary 1.9]). It is now left to apply Lemma 3.1. O

4. Necessary condition for the boundedness of the Hilbert transform from C' to
a Banach function space X

4.1. Operators of weak type from C to a Banach function space X

Let Mg denote the subset of all almost everywhere finite functions in M. It is well
known (see, e.g., [14, Theorems 29.4.3 and 29.4.6] or [3, Ch. 1, Exercise 1]) that M,
can be equipped with a metric d so that (Mg, d) is a complete linear metric space and
the convergence in this metric is equivalent to the convergence in measure. Let X be a
Banach function spaces over the unit circle. We say that a linear operator A : C' — M,
is of weak type (C, X) if there exists a constant L > 0 such that for all A > 0 and all
fed,

f
Ixcer: jap@isnllx £ L w (4.1)

We denote the infimum of the constants L satisfying (4.1) by || A[|&8X, and the set of all
operators of weak type (C, X) by W(C, X).
The proof of the following lemma is the same as that of [23, Lemma 3.1].

Lemma 4.1. Let X be a Banach function space over the unit circle T. If A: C — X 1is
bounded, then A € W(C, X) and ||A[[¥2%, < ||Allc—x-
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4.2. Mapping of a finite family of separated arcs to a single arc

We will say that two open arcs in T are separated if the distance between them is
positive, i.e. if they are disjoint and do not have common endpoints.

Theorem 4.2. If £ C T is a finite union of pairwise separated open arcs,

FE =

C=

(eiak’eibk> 7& Q),

k=1

and £ C T is an open arc such that m(£) = m(E), then there exists a finite Blaschke
product u satisfying u(0) = 0 and such that u=1(¢) = E.

Proof. The proof can easily be extracted from the proof of [7, Theorem 7.2] (note that
the published version [8] of [7] contains a stronger variant of Theorem 7.2 equipped with
a different proof that came from [31, Lemma 5.1]). We provide details here for the sake
of completeness as a detailed proof of (4.4) (see below) was omitted in [7].

Take w € T \ clos E' and consider

LWtz
p(z) =1

w—2z

This is a conformal homeomorphism of the unit disk D onto the upper half-plane C :=
{¢ € C :Im¢ > 0} and a diffeomorphism from T \ {w} onto R. Let

_rrli-ee)] ¢—p(e)
K(¢) '—kli[l li— (et C—p(eiar)

Then K maps C into itself, R \ {g@ (ei“k) }::1 into R, and

K7 (=00,00) = [ (¢ (") 0 (™))

k=1

see |4, Proposition 2.1, Part .
4, P ition 2.1, P 3

If ¢ is an arc such that m(¢) = m(FE), then there exists a € R such that £ =
(eia7 ei(a+27‘rm(E))). Let

_ imm(E)
. ia v e
1/)(7}) =€ v — e—tmTm(E)’

Then 1 is a conformal homeomorphism of C, onto D and a diffeomorphism from R onto
T\ {e“} (see, e.g., [2, Theorem 13.16]). It is easy to see that 1y~!(¢) = (—00,0).
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Let
u:=1oKop.

Clearly, u is a rational function. It is analytic in D and maps D into itself and T \
({w}u {ei“’“}zzl) into T \ {e’}. The latter implies that u does not have poles in T
and hence is also analytic in a neighbourhood of T. Therefore

lim |u(z)] = 1.
|z]|—=1—

It follows from [13, Theorem 3.5.2] (see also [13, Lemma 13.1.4] and [15, Ch. II, Sect. 6])
that u is a finite Blaschke product.
We have

) = (ETH(¥THO)) =7 (E T ((—00,0)))
o (Ut o) = U e -5
k=1 k=1

It is now left to show that u(0) = 0.
Since ¢ is a fractional linear transformation, it preserves the cross-ratio of any four
points (see, e.g., [2, Theorem 13.23]). So,

() =g () (o) —p (™) _ (=emyee
(0(2) = @ (%)) (p(0) = (e'r)) (2 —etbr)eion’ s
Taking the limits as z — w, we get
i (e™) (wfeiak)eibk, k=1,....n (4.2)

,L' — (p (eiak) - (w _ eibk) eiak

By the inscribed angle theorem, the angle at w subtended by the arc (e’®*, ™+ ) is equal
to (bx — ax)/2. Hence

ib _ iag _ -1 .
e'or w (e k W) :ez(bk—ak)/z7 k = 1’,,.,7’1,. (43)

e —uf \Jew —w

Taking into account (4.2)—(4.3), we get

i b
K = [[ o imeleh)  prje et wo et g,
i1 |Z — @ (ezbk)| i— (ezak) P w — etak w — eibk
) . 1
— ﬁ e%ak —w el‘bk —w ei(bk*ak) _ ﬁ efi(bk*ak)/Qei(bkfak)
‘ezak _ w| |ezbk _ w|
k=1 el
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= H et Or=ar)/2 — exp (z Z & — Gk /2) = emm(B), (4.4)

k=1

Hence

which completes the proof. O
4.3. Estimates for the Hilbert transform of a piecewise linear bump function

In this subsection, we prove a lower estimate for the Hilbert transform of a piecewise
linear bump function, which will play an important role in what follows.

Lemma 4.3. Let 0 < 8 < 5, 0 < & < min {ﬁ, 5= B}, and

0+ m)/e, —1<0< —7+e,
. 1, - <0<_ )
g(c) = e o (15)
_(9+ﬂ_€)/57 _ﬁggg_ﬂ—’_ga
0, —B+e<bd<m.

Then

|(Hg) (“7)!>—

log (ﬂsinﬁgg)‘—% forall ner—p,n]. (4.6)

Proof. Take any n € [ — 3, 7. Since cot ”T_e <0 for 8 € [-7,—f], we have

™

(Hg)(e"™) = S g (eze) cot 7779 de

27
1 —m+e -8B —B+e 0
- = i0 n—-
=3 / + / + / g (") cot 5 do
—T —7m+e -8
L7 0 a 0
n- n-
< — — . .
< 3. / cot 5 df + o / cot ’ de (4.7)
—m+e -8
An easy calculation shows that
1 n-6¢ ., 1  n+mr—e 1 . n+ps
o / cotTdH— ;logsmT — ;logsm — (4.8)

—m+e
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Since
T o 6+6<n+7r—6< € .
9 ST T T =T =TTagsT
for n € [r — B, 7], we have
1 . nt+T—e¢ . B+e 1 . B+
—logsin ———— < —logsin | m — = — log sin
2 2 7r 2
Similarly, the inequalities
T _nt T+ 5
T E <
3~ 2 ~ 2 =T
for n € [r — B, 7], imply that
1
—logsin77 >—logs'nﬁ+6=—10gcos—.
T 2
Taking into account
B _B+e =
0< = Z
<3 <9 <7
we see that
. B+e < 1 -
sin — < cos —
2 V2 2
Hence
1 1 1
—— logcosé < — log\@ < ——logsin ﬁ+5.
s 2 0w us
Combining (4.8)—(4.11), we arrive at
1 .y 1 1
— / cot 7 dp < —10gsin6+E + —log V2
2w 2 s s
—m+e
1
= —log (\/QsinﬂJrs)
s 2
1
= ——|log <\/§sinﬂ+€> ‘
7r
Since
m™—€

<n+ﬁ—€<n—9§n+ﬁ<w+ﬁ

2 -2 2

2

19

(4.9)

(4.10)

(4.11)

(4.12)
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: : : r—e T+
forn € [r—B,n] and 0 € [— B, —B+¢], the function cot ¢ is decreasing for ¢ € [ 5 Tﬁ} ,

and

0<cotﬁ_€:—cotﬂ+€<—cotﬁ+6:tan§,
2 2
we have
e 0
— cot —— d@gi max | cot |
2 2 2 r—e 4t
o QDE[ 3 22
€ B € T €
= —tan= < —tan— = —. 4.13
o N9 =9 MY T op (4.13)

It follows from (4.7), (4.12), and (4.13) that for n € [7 — 8, 7],

log (\/isinﬁ+€)‘+ i,

~[(Hg) )| < (Hg) (e <~ 2

which immediately implies (4.6). O
4.4. Necessary conditions for the Hilbert transform to be of weak type (C, X)

In this subsection, we show that if the Hilbert transform is of weak type (C, X) for
some Banach function space X, then X, = Xp.
Let E be a union of pairwise disjoint arcs of small measure. Then

F(m(E);e) := 1 ‘log (\/§sin (wm(E) + E))’ . (4.14)

m 2 2
is large whenever ¢ > 0 is small. We start by constructing a continuous real-valued
function f depending on e such that |f| < 1 while the modulus of the Hilbert transform
of f exceeds F(m(E);¢e) on the set E. This function is the composition of the piecewise
linear bump function from Lemma 4.3 and the finite Blaschke product from Theorem 4.2.

Lemma 4.4. Let E C T be a finite union of pairwise disjoint open arcs such that
0 < m(E) < §. Then for every positive ¢ < 2rmin {m(E),+ —m(E)} there ezists a
continuous function f: T — R such that |f| <1 and

. 1 .
(Hf) (e™)| > = ‘log (\/isin (ﬂ'm(E) + %))‘ - 23 for all e € E. (4.15)
s s
Proof. If the pairwise disjoint open arcs constituting F are pairwise separated, set Fy :=
FE. Otherwise, let Fy be the union of F with the set of common endpoints of the non-

separated arcs in the family constituting E. In this case, Fj is obtained from E by
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merging adjacent open arcs into bigger ones and reducing the total number of arcs. Either
way, Ey is a finite union of pairwise separated open arcs, E C Fy, and m(Ey) = m(FE).

Let g be defined by (4.5) with 8 = 2rm(FE), u be the finite Blaschke product from
Theorem 4.2 with ¢ = {¢? € T : § € (7 — 2rm(E),7)} and with Ey in place of E.
Consider f := gow. Since g and u are continuous on T, so is f. Since Hf = H(gou) =
(Hg) o u in view of Lemma 2.4, it follows from Lemma 4.3 that

4 1 )

|(Hf (e ”7)| = | Hg) (u(e “7))| > = )log (\/58111 (wm(EO) + %))‘ — %
for all €™ such that u (™) € ¢, i.e. for all €™ € u='(¢) = Ey. This immediately implies
(4.15). O

Corollary 4.5. Let E C T be a finite union of pairwise disjoint open arcs such that
0 < m(E) < . Then there exists a continuous function f : T — R such that |f| < 1
and

\(Hf) (e™)| > % ‘log (\/isin (wm(E)))‘ for all €™ c E. (4.16)

Proof. Let F(m(E),¢<) be defined by (4.14). Since it is continuous in &, there exists € > 0
such that F(m(E),e) — F(m(E),0) > F(m(E),0)/2, whence

F(m(E),e) > F(m(E),0)/2.

By Lemma 4.4, there exists a continuous real-valued function f such that (4.15) holds.
Combining (4.15) with the above inequality, we arrive at (4.16). O

Next we show that if E is a finite union of pairwise disjoint open arcs of small measure
and H € W(C, X), then ||xg|x = O(1/F(m(E),0)).

Lemma 4.6. Let X be a Banach function space over the unit circle T. If the Hilbert
transform H is of weak type (C,X), then for every finite union E of pairwise disjoint

open arcs such that 0 < m(E) < 1

1, one has

2W||H||véﬁ1%
V2 sin (rm(E)))|

el < o (117

Proof. Let
1 .
A= — ‘log (\/5 sin (Wm(E)))‘ .
27
By Corollary 4.5, there exists a function f € C such that |f| <1 and

XB(T) < Xicer : (> (T), TET.
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Therefore, by the lattice property, taking into account that H € W(C, X), we obtain

1 Wi
Ixellx < HX{ceT : |(Hf)(()|>>\}||X < SIHE N flle
A

2m|| H || E5

= llog (V2 sin (rm(E)))

)

which completes the proof. O
Now we are in a position to prove the main result of this section.

Theorem 4.7. Let X be a Banach function space over the unit circle T. If the Hilbert
transform H is of weak type (C, X), then X, = Xp.

Proof. Consider a sequence {7;};en of measurable subsets of T such that x,, — 0 a.e.
on T as j — co. By the dominated convergence theorem,

m(y;) = /XW (r)ydm(t) -0 as j— oo.
T

Without loss of generality, one can assume that 0 < m(y;) < % for all j € N. For every
j € N, there exists an open set £; such that v; C & and m(&;) < 2m(y;). Each &; is
the union of an at most countable family of pairwise disjoint open arcs:

Nj
gj = U £j7k*7 Nj eNU {OO}
k=1

If Nj is finite, set Ej := &;. Otherwise, let £ = [Jy_, £jx. Since xer T xeg, a.e. as
n — 00, it follows from the Fatou property (A3) that

[xes ], t il a5 msoc.

Then there exists n; € N such that

1
.

ey
Set Ej := 5;”. Then Ej is a finite union of pairwise disjoint open arcs,

1

1 1 1
Em(E]) < m(g]) < m(ﬁ’j) < gv ||XE'J'||X > 5 HngHX > EHX’YJ‘HX'

DN | =

By Lemma 4.6, for every j € N,



O. Karlovych, E. Shargorodsky / Journal of Functional Analysis 285 (2023) 110158 23

A || H |25 A || H [

V2sin (rm(Ey)))| ~ Jlog (v2 sin (2rm(3))) |

x <2 x <
Iy lx < 2lxe; llx < o

Since m(7y;) — 0 as j — oo, the above estimate implies that |x,,||x — 0 as j — oo.
Thus the constant function 1 has absolutely continuous norm. Then it follows from [3,
Ch. 1, Theorem 3.8] that for every measurable set £ C T, its characteristic function x g
has absolutely continuous norm. Thus, by [3, Ch. 1, Theorem 3.13], X, = X;. O
The above theorem and Lemma 4.1 immediately imply the following.

Corollary 4.8. Let X be a Banach function space over the unit circle T. If the Hilbert
transform H is bounded from the space of continuous functions C' to a Banach function
space X, then X, = Xp.

5. Proof of the second main result

5.1. Necessary condition for the boundedness of the Riesz projection from C to
a Banach function space X

We start this section by rephrasing Corollary 4.8 in terms of the Riesz projection. It
improves [23, Theorem 3.7] and [25, Theorem 3.3].

Theorem 5.1. If the Riesz projection P is bounded from the space of continuous functions
C to a Banach function space X, then X, = Xj.

Proof. If f € C C L', then

1 . 1~
Pf.= §(f+sz)+§f(0) (5.1)
(cf. [15, p. 104], [6, Section 1.43] and also [23, formula (1.3)]). Since C is continuously
embedded into L', the functional f +— f(0) is continuous on the space C. Then it follows
from (5.1) that P : C — X is bounded if and only if H : C' — X is bounded. It follows
from this observation and Corollary 4.8 that X, = X;,. O
5.2. A relation between the backward shift and the Riesz projection

The next lemma relates the backward shift operator with the Riesz projection.

Lemma 5.2. If f € H', then

Sf = Ple_.f). (5.2)
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Proof. Lemma 2.6 implies that Pf = f. Hence

(e—1f)(t) + (Cle-1/))(1)

(Ple—1/))(t) =

2
- e‘l(t)w + % (Cle—1/))(t) —e_1()(CS)(1))
— e (OO + 5 | (; _ %) 10 4,
T

= e () - 5 / T e — o ysy - S0 / f(c?) do
T -7

= e 1(Of() — e 1 (1F(0) = e 1) (F() — FO) = (SH®). ©
5.8. Necessary conditions for the backward shift operator to have norm one

In this subsection we point out a consequence of ||S||gx]—m[x] = 1.
Lemma 5.3. If X is a Banach function space and ||S| gx)—»mix) = 1, then
1Pgllx < llgllx  forall geP. (5.3)

Proof. Let QQ := I — P. For any trigonometric polynomial

N
g(e) =Y g™,
k=—M
where M, N € Z, one has

Pg = P(e_je19) = P(e_1P(e1g)) + P(e_1Q(e1g9)) = P(e_1P(e1g)).

Since P(e1g) € H[X]NP C H', it follows from Lemma 5.2 and the above equality that
Pg = SP(e1g). Repeating the above argument M times, we get

Pg=SMP(eng).

Since epg € H[X] NP, we have P(eyg) = epng. Hence, taking into account that

ISl aix)—m1x) = 1, We get

I1Pgllx = 1Pglluix) = 1S™ Plemd)llmix) < 1S lmx)—aix)1P(errg) || mix)

< IS Fpx - 1P (s )l mx) = learglluxy = llgllx,

which completes the proof of (5.3). O
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5.4. Proof of Theorem 1.2

-~

Take f € H[X]\ {0} such that f(0) = 0. Then Sf = e_;f, which implies that
|Sf| = |f] a.e. on T. Hence ||Sf||upx) = ||f|lapx)- On the other hand, f € H[X] C H'.
Then it follows from Lemma 2.6 that Pf = f. So, one always has

ISl ax)»mx) =1 and  [[Pllxox > 1. (5.4)

Necessity. Suppose ||P||x—x = 1. It follows from Lemma 5.2 that Sf = P(e_;f) for
f € H[X] C H'. Hence

ISfllarxy = [[P(e—1f)lx < IPllx—xlle-1flx = Iflx.

Hence ||S||gxj—apx] < 1. This inequality and the first inequality in (5.4) imply that
IS x> mx) = 1-

Sufficiency. Suppose that [|S||gxj—ax] = 1. It follows from Lemma 5.3 and from
Axioms (A2) and (A4) in the definition of a Banach function space that there exists
k > 0 such that

IPgllx < llgllx <Elgllc forall geP. (5.5)

This inequality and the Weierstrass approximation theorem (see, e.g., corollary to [26,
Ch. 1, Theorem 2.12]) imply that P : C — X is bounded. Then Theorem 5.1 implies
that X, = Xp. By Lemma 2.1, the set of trigonometric polynomials P is dense in Xj.
Then the first inequality in (5.5) implies that

IPfllx <|fllx forall feX,.

Therefore ||P||x,—x < 1. Then Theorem 2.7 implies that

[Pllx—x =[Pllx,»x < 1. (5.6)

Combining the second inequality in (5.4) with (5.6), we arrive at the equality ||P||x—x =
1. O

Remark 5.4. Let

~

(Pof)(t) :== f(t)— f(0), teT.

Since |(Pof)(t)| = [(Sf)(t)], we have ||Pol|gix)—#(x] = IS #{x)—H[x]. Hence it follows
from Theorems 1.1 and 1.2 that if ||Po||g(xj—#(x] = 1, then X coincides with L? and
(1.5) holds.
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The same is true if || Po||x »x = 1, since || Po|| m1x)—m[x] = || Pollx»x = 1 in this case.
Indeed, Pye; = ey, whence || Py g(x]—mpx] = 1. On the other hand, Py : H[X] — H[X]
is the restriction of Py : X — X to H[X], and 1 < ||Po||gix)—rmx) < [Pollx-x = 1.

It is easy to see that Py : X — X is a projection onto a subspace of codimension one,
and it is instructive to compare the above results to the following ones.

Suppose that X is a real separable Banach function space such that | Po|lx—x = 1.
It follows from [3, Ch. 1, Corollary 5.6] that X = X,. Then, by [32, Theorem 2] (see also
[20, Theorem 4.3]), there exists a positive measurable function w such that

1/2

lollx = / g () (t) dml(t) for all g€ X.
T

In this case, ||Pygl|lx < ||lgllx is equivalent to
GO)* [ w(®dm(t) < 25(0) [ g®u(t) dm(o). 6.7
T T

It is easy to see that if w is non-constant, then there exists a simple function g such that
g(0) > 0 and [} g(t)w(t) dm(t) = 0. For such a function, (5.7) cannot hold. So, w has to
be constant, which means that X coincides with L? and (1.5) holds.

If X is a real separable rearrangement-invariant Banach function space, and there
exists a projection Q : X — X onto a subspace of finite codimension such that
lQlx—x = 1, then X is isometric to L? ([32, Theorem 4]), and hence X coincides
with L? and (1.5) holds (see [1, Theorem 1]).

6. The norm of the Riesz projection in terms of Toeplitz operators

Let X be a Banach function space on which the Riesz projection P is bounded. For
a € L™, the Toeplitz operator T'(a) on X is defined by

T(a)f = P(af), [feHX]
It is easy to see that
IT(a) | rix)—mix) < [Pllx—xllal .

Note that if P is bounded on X, then in view of Lemma 5.2, the backward shift operator
S coincides with the Toeplitz operator T'(e_1):

Sf=T(e-1)f, [feHIX].

Following [15, Ch. IX, Section 2], let
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C+H® ={f+g : feC, ge H®}.

It is well known that C' + H® is a closed subalgebra of L>° generated by the set H*> U
{e_1} (see, e.g., [15, Ch. IX, Theorem 2.2)).

The following theorem sharpens a part of [5, Theorem 7.7] and extends it from the
setting of Lebesgue spaces LP to the setting of Banach function spaces X.

Theorem 6.1. Let X be a Banach function space on which the Riesz projection is bounded

and
cx = sup ||T(e_n)| gix)— H[X]s
neN
. 1T (@)l rix)— Hx)
Sx = sup s
ac(C+H>)\{0} lall Lo
B 17 (a) | x)— Fr[x)
gx -
acL>\{0} al| Lo
Then
cx =sx =ox = ||P|[x>x.

Proof. It is clear that
cx <sx <ox <||Pllx=>x-
So, it is sufficient to show that

[Pl x—x < ex. (6.1)

By Theorem 2.7, |P||x—x = ||P|lx,—x. Hence for any £ > 0 there exists f € X} such
that || f]lx = 1 and

IPfllx > |P|lx-x —¢.

Since P : X — X is bounded and C is continuously embedded into X (by Axioms
(A2) and (A4) in the definition of a Banach function space), we see that P : C' — X is
bounded. Hence it follows from Theorem 5.1 that X, = X;. Then by Lemma 2.1, there
exists a trigonometric polynomial

N
g(eiO): Z gkeiké

k=—M

such that ||f — g]|x < e. Then ||g|]|x <1+ ¢ and
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1Pgllx = [[IPfllx = IP(f = 9)llx > [Pl x-x —& = [P x-xe.
Since eprg € H[X], one has

T(e-m)(emg) = Ple—meng) = Py.

Therefore
IT(e—nr)(eneg)laixy  I1P9llmrx Pg
1T (e—ao)lrrix)—m1x) = (ear)llpz) X _ IPgllx
lleargll rix) lgllx lallx
N IPllx-x —e(1+ [[Pllx—>x)
14+¢ '
Hence

- [Pllx—>x —e(1+||Pllx—x)

for all > 0.
1+e¢

Cx

Passing to the limit as € — 0, we arrive at (6.1). O
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