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Abstract  

       Piezotronics and piezo-phototronics are two emerging fields that involve high performance piezoelectric 

semiconductor devices. The nonuniform strain can create nonlinear piezopotential even in nonpiezoelectric 

materials such as silicon. Here, we propose theory of quantum piezotronics under nonuniform strain using a 

typical example of the interaction between independently trapped charges under nonlinear piezopotential. The 

trapped-ion motional frequency along the x direction can increase from 4 MHz to 25 MHz, and the electricfield 

noise can decrease by 15 times under nonuniform strain. This piezotronic harmonic oscillator based on trapping 

wells not only provides a good understanding of quantum piezotronics but also a guide for developing 

peizotronic devices for quantum computing.  
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1.  Introduction  

       Piezotronics and piezo-phototronics are two emerging fields for couplings of piezoelectric, semiconductor 

and photoexcitation[1, 2]. High-performance piezotronic and piezo-phototronic devices are fabricated using 

piezoelectric semiconductors, such as nanogenerators[3-5], strain sensor[6], solar cell[7], light-emitting 

diodes[8], and photodetectors[9]. The mechanism of piezotronic transistors is that polarization induced by 

strain significantly modulates built-in field in the p-n junction or the Schottky barrier in metal semiconductor 

contact[10]. Ultrahigh sensitivity piezo-phototronic devices have been fabricated based on single-layer MoS2 

and ZnO nanowires[11-13]. The piezoelectric field can be used to change quantum states of topological 

insulator[14]. Recently, the nonuniform strain can be used to improve piezoelectric polarization [15], even in 

nonpiezoelectric semiconductor[15, 16].  

       The trapped-ion system is a good qubit candidate for quantum simulation and quantum information 

processing (QIP) [17-21]. In recent years, the experimental breakthroughs have been made by using trapped 

ions formed by a good approximation harmonic based on a combination of the static and radio-frequency (RF) 

quadrupole potentials[22, 23]. In such devices, the effective harmonic potential is given by pseudopotential 

approximation, in which a single trapped ion can be as a simple harmonic oscillator[24-27]. Therefore, the 

qubits can be formed in trapped ions based on other setup, where the potential near trap center is assumed as 

purely quadratic[28, 29]. Strain-induced polarization can be used to form trapped ions on piezoelectric 

semiconductors[1, 2].  Piezoelectric semiconductor with surtzite structure are good candidates such as  GaN[30, 

31].  Since trapped ions in trapped wells can be coupled  not only by Coulomb interaction, but also nonlinear 

piezopotential (via energy exchange), the proposed system is ideal for QIP, and thus for small quantum 

computers[32-35]. By turning motion of two trapped ions into resonance, the ion energy is exchanged between 

the trapped ions at the quantum levels, establishing a directly coupling for the trapped ions[28]. Recently, the 

fabrication of trapped-ion system and trappedion QIP have been achieved[23, 33, 35-42]. The two basic 

problems need to be solved before trapped ions is used for QIP and to operate trapped ions as proposed in refs 

[21, 43]. (1) It is difficult to generate a purely quadratic potential in trapped wells due to the machined difficulty 

of perfectly hyperbolic electrodes. The situation of trapping potential makes it hard to remain harmonic[21, 

22]. (2) Owing to the surface electric field noise (SEFN)[21, 44-46] that exists in trapped-ion system, this is 

non-trivial to generate two-qubit gates using energy exchange coupling for oscillation in coupled trapping 

wells. The attempt can be made to solve problem (1), the effective harmonic potential is as quadratic[47], a 

quadratic potential can be created by PS based on nonuniform strain[30, 48]. High motional frequencies can 

be made to solve problem (2), many experiments show that the electric-field noise spectrum varies with the 

power law, i.e. 𝑆𝐸(𝜔) ∝ 𝜔𝛼 with a range between -1.5 and -1.0[21, 43, 49-51].   
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      We propose a solution that can solve the problems (1) and (2) at once. Similar to ref. [43, 52], we choose 

to control motion of trapped ions by using piezoelectric potential in wurtzite GaN thin film, as shown in Fig. 

1. We assume two trapping wells to exist along trap x axis. It is by now feasible to experimentally control 

motional frequency of trapping ions on resonance condition[22, 53]. These are preferably of ion or of electron 

type. The trapped ions are oscillating, that is the necessary condition for the appearance of energy exchange 

coupling for quantized mechanical oscillators in trapping wells, and thus for the use of trapped ions for 

qubits[22, 23]. Nonlinear piezo-potential in GaN can be coupled between two independently trapped ions. This 

strong coupling mechanism is that the nonlinear piezo-potential affects ions oscillating processes and directly 

effect on the coupling strength between trapped ions. Single-ion motional frequency along the x direction can 

change from 4 MHz to 25 MHz under nonuniform strain. The electric-field noise is decreased by 6-15 times 

under nonuniform strain.   

  

2.  Model of Quantum Piezotronic Trapped Ions under Nonuniform Strain  

      Take a typical two independently trapped ions for qubit as example, a wurtzite GaN thin film that is 

assumed as rectangular with length L and width W, as shown in Fig. 1. In piezoelectric semiconductor, a 

nonuniform strain can create a nonlinear piezo-potential which tune trapped wells in the x direction. The 

oscillator of two trapped ions (with charges qa and qb , and energy E, with respect to the oscillating state) 

separated by a distance s0 in such a set-up are described by Schrodinger equations[22, 54]  

 

where the trapping potential is assumed to vary stepwise, 𝑈 = 𝑈(𝑥𝑎 , 𝑥𝑏) in trapping wells. In equation (1), xa 

and xb are the displacement of the ions from external potential minima. m0,i is the ion mass, pi is momentum 

operator, and 𝜀0 is vacuum permittivity. The second term represents a steady force between the ions that 

displaces them slightly; if necessary, it can be counteracted with additional potentials applied to nearby 

electrodes. The terms proportional to 𝑥𝑎
2  and 𝑥𝑏

2  represent static change in the trap frequencies, it can be 

compensated by potentials applied to nearby electrodes. The term proportional to 𝑥𝑎𝑥𝑏 represents the lowest-

order coupling between the ion’s motions. The appropriate harmonic oscillating conditions for such a wave 

function have been formulated in ref. and can be written as[54]  
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corresponding to the axis x of the ion-wire-ion system shown in Fig. 1, where Hn is Hermite polynomials. The 

𝜔0,𝑖 in equation (2) (and in equation (3) below) is motional frequency of trapped ions. The i signs in equation 

(2) (and in equation (3) below) is the choices of trapped ion. The full set of steady-state solutions of equation 

(1) can be readily determined[54]. The boundary condition yields the following quantized energy En for 

quantized mechanical oscillators in the x direction[23, 54]  

 

The level spacing of the equation (3) is estimated as Δ𝐸 = ℏ𝜔0,𝑖, which give Δ𝐸 ≈  4.6 neV, where we used 

𝜔𝑖/2𝜋 ≈ 4.04 MHz and assumed two trapped-ions motion into resonance condition. The equation (3) can 

determine energy gap for excitations as 𝐸𝑔𝑎𝑝 = ℏ𝜔0,𝑖 . Therefore, this gap is 4.6 neV, which is small for 

trapped ions. It is a unique feature of trapped ions that can allow for coupling between two independently 

trapped ions as will be discussed below.  

     The ground solutions are calculated at n=0 in equation (3) under nonuniform strain. By utilizing a 

mathematical derivation in Appendix A, the corresponding nonlinear piezo-potential Vpiezo can be expressed 

relative to the strain gradient 𝑠33,3 as   

 

Here, the 𝑒33 and 𝜀𝑠 is piezoelectric constant and relative dielectric constant. For oscillating state to be tuned 

at nonuniform strain, we require that 𝑉𝑝𝑖𝑒𝑧𝑜 > 0, which implied that the motional frequency (𝜔0𝑖,𝑝𝑖𝑒𝑧𝑜) of 

trapped ions in the x direction, given by  

 

is increased. In the trapped wells, the motional frequency of trapped ions 𝜔0𝑖 along the x direction is influenced 

by Vpiezo. Again the i sign refers to trapped ion A and B. In the following, we will focus on coupling rate scale 

Ω𝑒𝑥 to two trapped ions.  

      As the equation (1) shows the coupling of ions’ motion, the matching condition at small deviations from 

equilibrium allows us to obtain the equation for Ω𝑒𝑥 [22, 28]  
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with Ω𝑒𝑥 ∝ 1/𝑠0
3 . Equation (6) determines the coupling rate scales for trapped ions. At time 𝑡 = 𝜏𝑒𝑥 =

𝜋/2Ω𝑒𝑥, the operators have changed a phase factor, and the oscillators have completely exchanged energies, 

regardless of the initial states. At 𝑡 = 2𝜏𝑒𝑥, the energies are returned to the initial values in each ion. We now 

analyse the coupling rate for trapped ions (the resonance condition) under nonuniform strain. In the 

corresponding nonlinear piezo-potential 𝑉𝑝𝑖𝑒𝑧𝑜 =
𝑒33𝑠33,3

2𝜀𝑠𝜀0
𝑥2 , we can rewrite equation (6) considerably, 

obtaining  

 

     The trapped ion can be treated as a single harmonic oscillator, the potential nearby trap center can be 

assumed as purely quadratic[21]. The nonuniform strain can generate quadratic piezo-potential in piezoelectric 

materials[30, 55, 56]. The quadratic potential generated by nonuniform strain is used to control the trapped 

ions motional frequency. The piezo-potential is approximately linear along polar direction under uniform 

strain[57-59].   

    The piezoelectric semiconductor films can generate piezo-potential to replace dc electrodes under 

nonuniform strain. The separation of the trapped ions and curvatures of the trapping wells can be varied by 

applying static potential to the direct current electrodes[22]. Confinement along the trap axis is achieved by 

applying direct current voltages ranging from 15 V to 15 V to the direct current electrodes[60, 61]. The piezo-

potential of GaN can arrive 6 V under a -0.12% compressive strain, the potential difference is approximately 

10 V[57]. Therefore, the dc voltage can be replaced under nonuniform strain due to potential far larger than 

uniform strain case.  

     The principle of such traps is by using combination of static and RF quadrupole potentials to confine the 

charged particles in three spatial directions[21]. The trap RF potential over 100 V at ~ 10–100 MHz, are applied 

to the RF electrode[18, 21, 43, 60, 61]. Piezoelectric materials under the high-frequency dynamic strain can 

be used to replace radio-frequency (RF) source. ZnO thin film can be used to design surface acoustic wave 

(SAW)[62]. The GaN-based multi-mode composite high-overtone bulk acoustic wave resonator (HBAR) is as 

a widely used phonon source. For instance, the electrically actuated GaN/NbN/SiC epi-HBAR can be 

integrated with SiC-based spin qubits[63], and measurements on the epitaxially grown HBARs show high Q 

values up to 13.6 million at a frequency of 10 GHz at 7.2 K.The output voltage of BaTiO3P(VDF-HFP) 

composite film can arrive over 110 V under a compressive force of ~0.23 MPa perpendicular to the surface in 

previous work[64]. The output voltage of PZT thin film and nanowire array can arrive 165 V[65] and 209 

V[66], respectively. Phonon vibration frequency can reach over GHz for PZT[67, 68] and BaTiO3 [69, 70].  
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3.  Results and Discussion   

       Figure 2(a) shows energy bands and wave function of quantized harmonic oscillator as well as the change 

of energy bands and wave function with positive/negative strain gradient. The energy bands are rise under 

positive strain gradient, is drop under negative strain gradient. The wave function is narrow under positive 

strain gradient, is expanded under negative strain gradient. The quantized harmonic oscillator case shows the 

nonlinear piezo-potential to couple quantized mechanical oscillator. A series of solutions to quantized 

harmonic oscillator for motional frequency ( 𝜔0 =4.04 MHz) are shown in Fig. 2(b). The level spacing of 

quantized harmonic oscillator increases as 𝜔0  increases, and have a linear parameter dependence. It is 

estimated as Δ𝐸 = ℏ𝜔0,𝑖, that is in range of a few tens of n eV as mentioned in equation (3). Figure 2(c) shows 

an example of a wavefunction. that is the ground-state solution for parameter choice of motional frequency 

ω0/2π=4.04 MHz, strain gradient choice s33,3 =0 or s33,3 =0.2. The distribution of the wavefunction on the s33,3 

=0 and s33,3 =0.2 is different. Ground-state solutions (the red lines in Fig.2(b)) have change under strain 

gradient-similar to the problem of quantized mechanical oscillators that obey the time-independent 

Schrodinger equation. Figure 2 (a) shows the excited-state solutions do have influence under strain gradient.   

     The oscillating state in the two trapped ions can be coupled via Coulomb interaction, as shown in Fig. 1. 

Because in the fixed value of s0 , the coupling Ω𝑒𝑥 depends only strongly on motional frequency of trapped 

ions. For bound-state solutions with s33,3 >0, a coupling over a frequency exceeding some times the initial 

motional frequency is possible. For the case where two ground states couple in trapped ions, the coupling rate 

is lower for trapped ions (ω0/2π=4.04 MHz, s33,3 =0.2), as shown in Fig. 2(d). If we couple nonlinear 

piezopotential with motion of two independently trapped ions, the motional frequency 𝜔0,𝑖 can be even larger.   

       For the case of coupling two quantized harmonic oscillators separated by Coulomb interaction, each 

oscillator is a trapped Be+ ion, as shown in Fig. 1. It is interesting that the two oscillators can completely swap 

their energy, regardless of the original states at 𝑡 = 𝜏𝑒𝑥 = 𝜋/2Ω𝑒𝑥. The energies can return to the original 

states of each ion at 𝑡 = 2𝜏𝑒𝑥. The coupling rate scales is as Ω𝑒𝑥 ∝ 1/√𝜔𝑎 or 1/√𝜔𝑏. The axis motional 

frequency of ion can be controlled by strain gradient, also allowing a tunable interaction of Ω𝑒𝑥/𝜋 and 𝜏𝑒𝑥. 

Figure 3(a) shows the strain is approximately linear distribution along transverse direction under point force. 

Figure 3(b) shows time of swapped ion’s energy (τex) is increased from 162 μs to 977 μs for ω0/2π=4.04 MHz 

under strain gradient. The 𝜏𝑒𝑥 can be increased with increase of motional frequency. Under strain gradient, the 

coupling rate (Ω𝑒𝑥 ) is decreased from 3.1 KHz to 0.51 KHz. The Ω𝑒𝑥  can be decreased with increasing 

motional frequency, indicated by Fig.3(c). Figure 3(d) shows the SEFN is decreased by 6-15 times under strain 

gradient. The quadratic piezo-potential can control the motional frequency of trapped ions. The electric-field 

noise spectrum varies with the power law, i.e. 𝑆𝐸 ∝ 𝜔𝛼 with a range between -1.5 and -1. The piezo-potential 

can decrease SEFN by increasing ion’s motional frequency. The quantum piezotronics based on nonuniform 

strain can decrease influence of SEFN on the coherence of the ion motion.  
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    Figure 4 shows influence of the separated distance of ions (s0) on the physical characteristic of trapped ions. 

Figure 4(a) shows the motional frequency is increased with decrease of s0. The mass of ion can influence 

motional frequency of ions, large mass can decrease motional frequency. Figure 4(b) shows 𝜏𝑒𝑥  is increased 

by increasing s0. Similar to Fig. 3(b), the high motional frequency can increase 𝜏𝑒𝑥. Figure 4 (c) shows Ω𝑒𝑥 is 

decreased by increasing s0. Similar to Fig. 3(c), the high motional frequency can decrease Ω𝑒𝑥. Figure 4(d) 

shows the SEFN is decreased with increase of s0. The ion’s mass can influence SEFN, the large ion’s mass 

increases SEFN.  

      The surfaces of the metal electrodes and the nearby insulators play a core role in ion heating via SEFN[43]. 

The experiments find the SEFN spectrum varies as a power law with respect motional frequency 𝜔, i.e. 𝑆𝐸 ∝

𝜔𝛼  [21]. Recent, the measurements found 𝛼 in much narrower range, i.e between -1.5 and -1[43, 49-51]. The 

nonuniform strain can generate nonlinear piezo-potential in piezoelectric materials[30], in which the piezo-

potential can be coupled between the trapped ions. Ion motional frequency is theoretically increased from 4 

MHz to 25 MHz. The SEFN is decreased by 15 times.  

      The point force can induce local nonuniform strain by using an atomic force microscope tip[15, 16, 71]. 

The diamond anvil cell can be used to generate high pressure[72-74]. The strain gradient can be generated 

from the disclinations (BiFeO3 nanostructures array on LaAlO3 substrates through a high deposition flux)[30]. 

The strain distribution can be identified by geometric phase analysis (GPA) or grazing incident X-ray 

diffraction (GIXRD) measurements. Using quantitative high-resolution electron microscopy, the strain fields 

(in-plane, shear, and out-of-plane) of edge-type misfit dislocations can be visualized by using GPA[75, 76]. 

The in-plane strain gradient distribution perpendicular to the substrate is identified by GIXRD -

measurements[77].  

      This principle can be used to apply nonuniform strain on other piezotronics and piezophototronic devices. 

The non-piezoelectric semiconductor (Si, TiO2, and Nb-SrTiO3) is used for piezotronic transistor by using 

nonuniform strain[15, 16]. Nonuniform strain can be used for designing ultrahigh performance piezotronic 

devices by enhance piezotronic effect[78]. Nonuniform piezo-phototronic effect is caused by the gradient 

stress in the micro-disk LED, this results in a wavelength shift of 16 meV for the light emitted[79].. The strain 

gradient leads to the large built-in electric field of MV/m, and gives rise to huge enhancement of solar 

absorption[30]. The perovskite solar cell can reach the power conversion efficiency of 20.7% by modulating 

the strain gradient through strain engineering[77].  

 

4.  Summary  

Two trapped ions model as quantized harmonic oscillator coupling by the Coulomb interaction is studied. 

The bound-state of quantum particle are influenced by nonlinear piezopotential. Nonlinear piezo-potential can 

be solved based on Poisson equation for piezoelectric semiconductors under nonuniform strain. The 

remarkable new feature of the proposed quantum piezotronics based on nonuniform strain is that, it is possible 

to couple nonlinear piezo-potential and harmonic oscillators. The allowed energy of quantized harmonic 
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oscillators can increase 40 times under nonuniform strain. The surfacer electric-field noise is decreased by 6-

15 times under nonuniform strain. This interesting feature can be used for applications of quantum piezotronics 

under nonuniform strain.  
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Appendix A  

The polarization vector of piezoelectric semiconductor film is described by basic equation of 

piezoelectric theories [10]  

     

where P is the piezoelectric charges, eijk and sjk (l) is piezoelectric constant and nonuniform strain. The 

Poisson equation can be used to describe the electrostatic behavior of piezoelectric charges.  

 

The Vpiezo and 𝜀𝑠 is piezo-potential and dielectric constant, the 𝜌𝑝𝑖𝑒𝑧𝑜 is the density distribution of 

piezoelectric charges. Under nonuniform strain, the 𝜌𝑝𝑖𝑒𝑧𝑜 is given by[80]  

 

where sjk l, is the strain gradient tensor, which is defined as gradient of machinal strain sjk . Substituting 

equation (3) to (2), the piezo-potential yields the following conditions in the l direction.  

 

Equation (4) determines the piezo-potential distribution under nonuniform strain for piezoelectric 

semiconductors. The piezo-potential shows nonlinear distribution for the piezoelectric semiconductors 

in the l direction. It is apparent that nonuniform strain yields enhancement for piezotronic effect.   
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Figure caption  

  

Fig. 1 (a) The structure of the ion trap, showing direct current electrodes, radio-frequency (RF) 

electrodes, and electrically floating wire (gold areas). (b) The low part shows the potential distribution 

along trap x axis. The ion positions are marked by red spheres, with trapping wells separated by 40 μm. 

The electrodes are enough to control position axis of ions and frequency. Both the original motional 

frequency are ~4 MHz.  

  

Fig. 2 Energy level and wave function for harmonic oscillators.  (a) Bound-state solutions, without 

strain (left), positive strain gradient (centre), and negative strain gradient (right). The orange region is 

the states of quantum oscillators. In this figure, we consider to show situation with four bound state in 

total. Without strain, we show the energy level of the quantized modes because of axis oscillatory 

motion. They are separated by ħω0 in energy space. In this figure, it is shown for the energy level 

corresponded to E0, E1, E2, E3. Under nonuniform strain, the motional frequency of quantum oscillators 

can be increased or decreased due to nonlinear potential induced by positive or negative strain gradient. 

For clarity, we show the change of ground state energy (ħωpiezo) owing to strain gradient. (b) Bound-

state solutions for a motional frequency ω0=4.04 MHz. The diagonal straight lines show approximately 

linear region. (c) Normalized squared wavefunctions |ψ0|2 for bound state solution of strain gradient 

choice s33,3=0 and s33,3=0.2. The corresponding energy is E0=ħω/2. The dotted lines show the region of 

higher |ψ0|2 under strain gradient. (d) Normalized squared wavefunctions |ψ0|2 of two trapped ions 

separated by a distance s0=40 μm. A ground state in the left trapped ion is coupled to a ground state in 

the right trapped ion. The coupling is Ωex∝1/ω0, where is the motional frequency under resonance 

condition. Furthermore, the trapped ions highly localized, it is seen from the ratio P(in)/P(out). P(in) is 

the probability of the ion inside the trapping wells and P(out) is probability outside the trapping wells. 

The parameters chosen for the quantized mechanical oscillators are s33,3=0.2, ω0/2π≈4.04 MHz.  

  

Fig. 3 Performance of trapped ions under strain gradient. (a) Structure and strain distribution under 

nonuniform strain; (b) Time of energy swapping. (c) The coupling rate. (d) Relative surface electric 

field noise at the bound-state solution of parameter choice α arrange from -1.5 to -1.0.  

  

Fig. 4 Motional frequency and relative surface electric field noise under different ion’s separated 

distance. a,b The motional frequency (a), Relative surface electric field noise (SE,piezo/SE) (b). The 

boundstate solution of parameter choice ω0=4.04MHz. Frequency and period of energy swapping under 

different ion’s separated distance. c,d Ωex/π (c), τex(d).   
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