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1. Introduction and results

In 1952, Calderón and Zygmund [1] introduced the concept of singular integral in the study
of elliptic partial differential equations and proved the existence of singular integral. Later,
Calderón and Zygmund [2] studied a class of singular integral of convolution type and proved the
Lp-boundedness (1 < p < ∞).

In the classical Calderón-Zygmund theory, the Hörmander’s condition [3]∫
|x|>2|y|

|K(x − y) − K(x)|dx ≤ C, ∀y , 0. (1.1)

plays a foundational role in Harmonic analysis. As the development of singular integrals, the kernel K
which does not satisfy the condition (1.1) has been extensively considered. In [4], Grubb and Moore
introduced a variant of Hörmander’s condition∫

|x|>2|y|
|K(x − y) −

m∑
j=1

B j(x)φ j(y)|dx ≤ C, (1.2)
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where B j and φ j are appropriate functions and proved the Lp-boundedness for the singular operator
with kernel satisfying (1.2).

Later, Trujillo-González made the kernel’s conditions stronger and established the weighted Lp-
boundedness of singular integral operator as below.
Theorem A. [5] Let K ∈ L2(Rn) satisfy

(K1) ‖K̂‖∞ ≤ C0,

(K2) |K(x)| ≤ C0
|x|n ,

(K3) there exist functions B1 · · · Bm and Φ = {φ1, · · · φm} ⊂ L∞(Rn) such that |det[φ j(yi)]|2 ∈
RH∞(Rnm),

(K4) for a fixed γ > 0 and any |x| > 2|y| > 0,

|K(x − y) −
m∑

j=1

B j(x)φ j(y)| ≤ C0
|y|γ

|x − y|n+γ
. (1.3)

For any f ∈ C∞c (Rn), we define the singular integral operator T related to the kernel K by:

T f (x) =

∫
Rn

K(x − y) f (y)dy.

Let 1 < p < ∞, ω ∈ Ap, then there exists a constant C > 0, such that∫
Rn
|T f (x)|pω(x)dx ≤ C

∫
Rn
| f (x)|pω(x)dx.

Remark A. When m = 1, B1(x) = K(x), φ1(y) = 1, then (1.2) is exactly Hörmander’s condition
and (1.3) is the classical Calderón-Zygmund kernel.

With the development of singular integral operators, their commutators have been well studied.
In 1976, Coifman, Rochberg and Weiss [6] established the boundedness of commutators on some
Lp(Rn)(1 < p < ∞). Let b be a locally integrable function on Rn and let T be a Calderón-Zygmund
singular integral operator. Consider the commutator Tb defined for suitable functions f by

Tb f (x) = b(x)T f (x) − T (b f )(x).

In 2004, Zhou [7] proved that the commutators generated by the singular integral operator and
a BMO function are bounded on Hardy spaces. In 2009, Kong and Jiang [8] got the boundedness
of commutators generated by the singular integral operator with a homogeneous kernel and a BMO
function on weighted Hardy spaces and weighted Herz spaces. In 2010, Liu [9] showed that the
commutators generated by the singular integral operator and a BMO function are bounded on Herz-
Hardy spaces. For more information about this topic we refer to [10–13].

In 2012, Zhang [14] studied the commutators generated by the singular integral operator satisfying a
variant of Hörmander’s condition and a BMO function are bounded on Hardy spaces. In 2015, Xie [15]
discussed the boundedness of multilinear operators from Lebesgue spaces to Orlicz spaces when the
kernel K satisfies the conditions (K1)–(K4). In 2017, Pan [16] obtained the boundedness of multilinear
operators satisfying a variant of Hörmander’s condition on Morrey spaces.

Motivated by these results, we will study the boundedness of commutators generated by the singular
integral operator satisfying a variant of Hörmander’s condition and a weighted BMO function on some
function spaces in this paper. Now, we state our main results as follows.
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Theorem 1.1. Let T be the singular integral operator with the kernel K satisfying (K1)–(K4).
Let γ be as in K4. Suppose that µ ∈ A1, n

n+γ
< p ≤ 1 and b ∈ BMOµ. Then Tb is bounded

fromH p
Φ,b(µ) to Lp(µ1−p) .

Remark 1.1. When we take m = 1,B1(x) = K(x), φ1(y) = 1, then the commutator generated by the
classical singular integral operator and a weighted BMO function is bounded fromH p

b (µ) to Lp(µ1−p).
Theorem 1.2. Let T be the singular integral operator with the kernel K satisfying (K1)–(K4). Suppose
that µ ∈ A1 and b ∈ BMOµ. Then Tb is bounded from H1

Φ
(µ) to weak L1(Rn). That is to say, for

any λ > 0, there exists C > 0 such that

|{x ∈ Rn : |Tb f (x)| > λ}| ≤
C
λ
‖ f ‖H1

Φ
(µ).

Remark 1.2. When we take m = 1,B1(x) = K(x), φ1(y) = 1, then the commutator generated by the
classical singular integral operator and a weighted BMO function is bounded from H1(µ) to weak
L1(Rn).
Theorem 1.3. Let T be the singular integral operator with the kernel K satisfying (K1)–(K4). Suppose
that µ ∈ A1, 0 < p ≤ ∞, 1 < q < ∞, −nδ

q < η < nδ − n
q and b ∈ BMOµ. Then Tb maps K̇η,p

q (µ, µ)
continuously into K̇η,p

q (µ, µ1−q).
Remark 1.3. When we take m = 1,B1(x) = K(x), φ1(y) = 1, then the commutator generated by the
classical singular integral operator and a weighted BMO function maps K̇η,p

q (µ, µ) continuously into
K̇η,p

q (µ, µ1−q).
Theorem 1.4. Let T be the singular integral operator with the kernel K satisfying (K1)–(K4). Suppose
that µ ∈ A1, 0 < p ≤ 1, 1 < q < ∞, η = nδ − n

q , qδ , 1 and b ∈ BMOµ. Then Tb maps K̇η,p
q (µ, µ)

continuously into WK̇η,p
q (µ, µ1−q).

Remark 1.4. When we take m = 1,B1(x) = K(x), φ1(y) = 1, η = nδ− n
q , then the commutator generated

by the classical singular integral operator and a weighted BMO function maps K̇η,p
q (µ, µ) continuously

into WK̇η,p
q (µ, µ1−q).

Throughout this paper, we denote by p′ the conjugate index of p, that is 1
p + 1

p′ = 1. The letter C,
sometimes with additional parameters, will stand for positive constants, not necessarily the same at
each occurrence but is independent of the main parameters.

2. Preliminaries and lemmas

Firstly, let us introduce some important notations that will help us further.
Definition 2.1. [17] A non-negative locally integrable function is called a weight function. Let ω be a
weight function, 1 < p < ∞. If there is a constant C > 0, such that for any ball B ⊂ Rn,( 1

|B|

∫
B
ω(x)dx

)( 1
|B|

∫
B
ω(x)−

1
p−1 dx

)p−1

≤ C,

then we say ω ∈ Ap. We say ω ∈ A1, if there is a constant C > 0, such that for any ball B ⊂ Rn,

1
|B|

∫
B
ω(x)dx ≤ Cω(x), a.e.x ∈ Rn.

A weight function ω ∈ A∞ if it satisfies the Ap condition for some 1 ≤ p < ∞. The smallest constant
satisfying the fomulas above is called Ap constant of ω and we denote it by [ω]Ap .
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For 1 ≤ p < q < ∞, we have A1 ⊂ Ap ⊂ Aq and A∞ = ∪p≥1Ap.
Definition 2.2. [5] Given a positive and locally integrable function g in Rn, we say that g satisfies the
reverse Hölder RH∞ condition, in short, g ∈ RH∞(Rn), if for any cube Q centered at the origin we have

0 < sup
x∈Q

g(x) ≤ C
1
|Q|

∫
Q

g(x)dx

with C > 0 being an absolute constant independent of Q.
Definition 2.3. [18] Suppose µ ∈ A∞. We will say that a locally integrable function b(x) belongs to the
weighted BMOµ , that is

sup
B

1
µ(B)

∫
B
|b(x) − bB|dx ≤ C < ∞,

where the supremum is taken over all balls B ⊂ Rn, µ(B) =
∫

B
µ(x)dx, the smallest constant C is

denoted as ‖b‖∗,µ.
For 1 ≤ p, q ≤ ∞, we have

C1‖b‖∗,µ ≤ sup
B

( 1
µ(B)

∫
B
|b(x) − bB|

pµ(x)1−pdx
) 1

p

≤ C2‖b‖∗,µ.

Similar to the definition of the Hardy space related to Φ in [19] , we define the weighted Hardy
space related to Φ.
Definition 2.4. For 0 < p ≤ 1, ω ∈ A∞ and Φ = {φ1, · · · , φm} ⊂ L∞(Rn), a function a(x) is called an
ω − (p,∞,Φ) atom centered at x0, if

(1) suppa ⊂ B(x0, r) for some x0 ∈ R
n and r > 0,

(2) ‖a‖L∞ ≤ ω(B(x0, r))−
1
p ,

(3)
∫
Rn a(x)dx =

∫
Rn a(x)φ j(x − x0)dx = 0, j = 1, 2, · · · ,m.

Definition 2.5. For 0 < p ≤ 1 and ω ∈ A∞, we say that a distribution f on Rn belongs to the weighted

Hardy space H p
Φ

(ω), if in distributional sense, it can be written as f =
N∑

j=−N
λ ja j , where each a j is an

ω − (p,∞,Φ) atom, N ∈ N, λ j ∈ C and
N∑

j=−N
|λ j|

p < ∞. Moreover,

‖ f ‖H p
Φ

(ω) = inf
N∑

j=−N
λ ja j= f

( N∑
j=−N

|λ j|
p
) 1

p

with the infimum taken over all decompositions of f .
Similar to the Definition 2.5, we define the weighted Hardy space related to Φ and b.

Definition 2.6. For 0 < p ≤ 1, ω ∈ A∞, Φ = {φ1, · · · , φm} ⊂ L∞(Rn) and b is a locally integrable
function, a function a(x) is called an ω − (p,∞,Φ, b) atom centered at x0, if

(1) suppa ⊂ B(x0, r) for some x0 ∈ R
n and r > 0,

(2) ‖a‖L∞ ≤ ω(B(x0, r))−
1
p ,

(3)
∫
Rn a(x)dx =

∫
Rn a(x)φ j(x − x0)dx =

∫
Rn a(x)b(x)φ j(x − x0)dx = 0, j = 1, 2, · · · ,m.
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Definition 2.7. For 0 < p ≤ 1 and ω ∈ A∞, we say that a distribution f on Rn belongs to the weighted

Hardy spaceH p
Φ,b(ω), if in distributional sense, it can be written as f =

N∑
j=−N

λ ja j , where each a j is an

ω − (p,∞,Φ, b) atom, N ∈ N, λ j ∈ C and
N∑

j=−N
|λ j|

p < ∞. Moreover,

‖ f ‖H p
Φ,b(ω) = inf

N∑
j=−N

λ ja j= f

( N∑
j=−N

|λ j|
p
) 1

p

with the infimum taken over all decompositions of f .
For k ∈ Z, Bk = B(0, 2k) and Ek = Bk\Bk−1. Let χk = χEk denote the characteristic function of the

set Ek.
Definition 2.8. [20] Let η ∈ R, 0 < p < ∞, 1 < q < ∞, ω1 and ω2 be non-negative weighted functions.
The homogeneous Herz space K̇η,p

q (ω1, ω2) is defined by

K̇η,p
q (ω1, ω2) = { f ∈ Lq

loc(R
n\{0}, ω2) : ‖ f ‖K̇η,p

q (ω1,ω2) < ∞},

where ‖ f ‖K̇η,p
q (ω1,ω2) =

{ ∞∑
k=−∞

ω1(Bk)
ηp
n ‖ fχk‖

p
Lq
ω2

} 1
p with the usual modification made when p = ∞.

Definition 2.9. [20] Let η ∈ R, 0 < p < ∞, 1 < q < ∞, ω1 and ω2 be non-negative weighted functions.
The measurable function f (x) belongs to the weighted weak Herz space WK̇η,p

q (ω1, ω2), if

‖ f ‖WK̇η,p
q (ω1,ω2) = sup

λ>0
λ
{ ∞∑

k=−∞

ω1(Bk)
ηp
n mk(λ, f )

p
q

} 1
p

< ∞,

where mk(λ, f ) = ω2({x ∈ Ek : | f (x)| > λ}) with the usual modification made when p = ∞ .
Lemma 2.1. [18] Suppose that ω ∈ A1. Then there exist constant C1,C2 > 0 and 0 < δ < 1 for each
measurable subset of B ⊂ Rn such that

C1
|E|
|B|
≤
ω(E)
ω(B)

≤ C2

(
|E|
|B|

)δ
.

Lemma 2.2. [8] Suppose that µ ∈ A1 and b ∈ BMOµ(Rn). Then there exists a constant C > 0 for each
measurable subset of B ⊂ Rn such that

|b2 jB − bB| ≤ C‖b‖∗,µ j
µ(B)
|B|

.

Lemma 2.3. [21] Suppose that µ ∈ A1 and 1 < q < ∞. Then there exists a constant C > 0 for each
measurable subset of B ⊂ Rn such that∫

2 j+1B
µ(x)1−qdx ≤

|2 j+1B|q

µ(2 j+1B)q−1 .

According to [22], we have the following lemma :
Lemma 2.4. Let T be the singular integral operator with the kernel K satisfying (K1)–(K4). Suppose
that 1 < p < ∞, µ ∈ A1 and b ∈ BMOµ. Then Tb is bounded from Lp(µ) to Lp(µ1−p) .
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3. Proofs of theorems

Proof of Theorem 1.1. It suffices to prove that, for any µ−(p,∞,Φ, b) atom a, the following inequality
holds

‖Tba‖Lp(µ1−p) ≤ C. (3.1)

In fact, if (3.1) holds, then for any f =
N∑

j=−N
λ ja j ∈ H

p
Φ,b(µ), where each a j is a µ − (p,∞,Φ, b) atom,

since n
n+γ

< p ≤ 1, we have

‖Tb f ‖Lp(µ1−p) =

( ∫
Rn

∣∣∣Tb
( N∑

j=−N

λ ja j
)∣∣∣pµ(y)1−pdy

) 1
p

=

( ∫
Rn

∣∣∣ N∑
j=−N

λ jTba j(y)
∣∣∣pµ(y)1−pdy

) 1
p

≤

( N∑
j=−N

|λ j|
p‖Tba j‖

p
Lp(µ1−p)

) 1
p

≤ C
( N∑

j=−N

|λ j|
p
) 1

p

.

Then the proof can be completed by taking the infimum for all atomic decompositionns of f .
Now, we need to prove (3.1), suppose that suppa ⊂ B = B(xB, r). Write

‖Tba‖Lp(µ1−p) ≤

( ∫
2B
|Tba(x)|pµ(x)1−pdx

) 1
p

+

( ∫
(2B)c
|Tba(x)|pµ(x)1−pdx

) 1
p

:= I1 + I2.

By the Hölder inequality for q > 1 and Lemma 2.4, we have

I1 ≤

∫
2B
|Tba(x)|dxµ(2B)

1
p−1

=

( ∫
2B
|Tba(x)|µ(x)

1
q−1µ(x)1− 1

q dx
)
µ(2B)

1
p−1

≤

( ∫
2B
|Tba(x)|qµ(x)1−qdx

) 1
q
( ∫

2B
µ(x)dx

) 1
q′

µ(2B)
1
p−1

≤ ‖Tba‖Lq(µ1−q)µ(2B)
1
q′ µ(2B)

1
p−1

≤ ‖a‖Lq(µ)µ(2B)
1
q′ µ(2B)

1
p−1

≤ C‖a‖∞µ(B)
1
qµ(2B)

1
q′ µ(2B)

1
p−1

≤ Cµ(B)−
1
pµ(B)

1
qµ(2B)

1
q′ µ(2B)

1
p−1

≤ C.
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Let Ck = 2k+1B\2kB

I p
2 ≤

∞∑
k=1

∫
Ck

|(Tba)(x)|pµ(x)1−pdx ≤
∞∑

k=1

( ∫
Ck

|(Tba)(x)|dx
)p( ∫

Ck

µ(x)dx
)1−p

.

Write ∫
Ck

|(Tba)(x)|dx ≤
∫

Ck

|b(x) − bB||Ta(x)|dx +

∫
Ck

|T ((b − bB)a)(x)|dx

:= I21 + I22.

For I21, when y ∈ B, x ∈ 2k+1B\2kB, we have |y − x| ∼ |x − xB| ≥ 2|y − xB|, by the vanishing condition
of a, we obtain

I21 =

∫
Ck

∣∣∣b(x) − bB

∣∣∣∣∣∣∣∣ ∫
B

K(x − y)a(y)dy −
m∑

j=1

∫
B

a(y)B j(x − xB)φ j(y − xB)dy
∣∣∣∣∣dx

≤

∫
Ck

∣∣∣b(x) − bB

∣∣∣( ∫
B

∣∣∣K(x − y) −
m∑

j=1

B j(x − xB)φ j(y − xB)
∣∣∣∣∣∣a(y)

∣∣∣dy
)
dx

≤ C
∫

Ck

|b(x) − bB|

∫
B

|y − xB|
γ

|x − xB|
n+γ
|a(y)|dydx

≤ C‖a‖∞|B|2−kγ|2k+1B|−1
∫

2k+1B
|b(x) − bB|dx

≤ Cµ(B)−
1
p 2−kγ · 2−(k+1)n · (k + 1) · 2(k+1)nµ(B)‖b‖∗,µ

≤ C‖b‖∗,µ(k + 1)2−kγµ(B)1− 1
p .

For I22, we have

I22 ≤

∫
Ck

∣∣∣∣∣ ∫
B

K(x − y)[b(y) − bB]a(y)dy −
m∑

j=1

∫
B

a(y)[b(y) − bB]B j(x − xB)φ j(y − xB)dy
∣∣∣∣∣dx

≤ C‖a‖∞2−kγ|2k+1B|−1
∫

B
|b(y) − bB|dy

∫
2k+1B

dx

≤ C‖a‖∞2−kγµ(B)‖b‖∗,µ

≤ C‖b‖∗,µ2−kγµ(B)1− 1
p .

Since n
n+γ

< p ≤ 1,

I2 ≤ C
( ∞∑

k=1

(k + 1)p · 2−kγp · µ(B)p−1 · µ(2k+1B)1−p
) 1

p

≤ C
( ∞∑

k=1

(k + 1)p2k(n−np−γp)
) 1

p

≤ C.
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Combining the estimates for I1 and I2, we finish the proof. �

Proof of Theorem 1.2. We can write f =
N∑

j=−N
λ ja j ∈ H

1
Φ

(µ) with each a j being a µ − (1,∞,Φ) atom

and
N∑

j=−N
|λ j| < ∞. Suppose suppa j ⊂ B j = B(x j, r j). Write

|Tb f (x)| ≤
N∑

j=−N

∣∣∣∣∣λ j[b(x) − b2B j]Ta j(x)χ2B j(x)
∣∣∣∣∣ +

N∑
j=−N

∣∣∣∣∣λ j[b(x) − b2B j]Ta j(x)χ(2B j)c(x)
∣∣∣∣∣

+

∣∣∣∣∣T ( N∑
j=−N

λ j[b − b2B j]a j

)
(x)

∣∣∣∣∣
:= J1(x) + J2(x) + J3(x).

By the Hölder inequality and the Theorem A, we obtain

‖[b(·) − b2B j]Ta j(·)χ2B j(·)‖L1

≤

∫
2B j

|b(x) − b2B j ||Ta j(x)|dx

≤ ‖Ta j‖L2(µ)

( ∫
2B j

|b(x) − b2B j |
2µ(x)−1dx

) 1
2

≤ ‖a j‖L2(µ)µ(2B j)
1
2 ‖b‖∗,µ

≤ C,

and

‖(b(·) − b2B j)Ta j(·)χ(2B j)c(·)‖L1

≤

∞∑
k=1

∫
2k+1B j\2k B j

∣∣∣b(x) − b2B j

∣∣∣ ∫
B j

∣∣∣K(x − s) −
m∑

j=1

B j(x − x j)φ j(s − x j)
∣∣∣∣∣∣a j(s)

∣∣∣dsdx

≤ C
∞∑

k=1

|B j|2−kγ|2k+1B j|
−1‖a j‖∞

∫
2k+1B j

|b(x) − b2B j |dx

≤ C
∞∑

k=1

2−kγ2−kn−n‖a j‖∞k2knµ(2B j)‖b‖∗,µ

≤ C
∞∑

k=1

k2−kγµ(B j)−1µ(2B j)‖b‖∗,µ

≤ C
∞∑

k=1

k2−kγ‖b‖∗,µ

≤ C.

Thus, we have

|{x ∈ Rn : |Ji(x)| > λ/3}| ≤ Cλ−1‖Ji‖L1 ≤ Cλ−1
( N∑

j=−N

|λ j|

)
, i = 1, 2.
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Noting that ∫
B j

|b(y) − b2B j ||a j(y)|dy ≤ C‖b‖∗,µ‖a‖∞µ(2B j) ≤ C.

By the weak (1, 1) boundedness of T in [4], we obtain

|{x ∈ Rn : |J3(x)| > λ/3}| ≤ Cλ−1
∥∥∥∥∥ N∑

j=−N

λ j(b − b2B j)a j

∥∥∥∥∥
L1
≤ Cλ−1

N∑
j=−N

|λ j|.

Therefore,

|{x ∈ Rn : |Tb f (x)| > λ}| ≤ C
3∑

i=1

|{x ∈ Rn : |Ji(x)| > λ/3}| ≤ Cλ−1
N∑

j=−N

|λ j|.

Taking the infimum over all decompositions of f , the proof is finished. �
Proof of Theorem 1.3. We only consider the case 0 < p < ∞. When p = ∞, we can make appropriate
modifications.

‖Tb f ‖p
K̇η,p

q (µ,µ1−q)
≤ C

∞∑
j=−∞

µ(B j)
ηp
n

( j−2∑
k=−∞

‖Tb( fχk)χ j‖Lq(µ1−q)

)p

+ C
∞∑

j=−∞

µ(B j)
ηp
n

( j+1∑
k= j−1

‖Tb( fχk)χ j‖Lq(µ1−q)

)p

+ C
∞∑

j=−∞

µ(B j)
ηp
n

( ∞∑
k= j+2

‖Tb( fχk)χ j‖Lq(µ1−q)

)p

:= L1 + L2 + L3.

Firstly, we estimate L2. By Lemma 2.4

L2 ≤ C
∞∑

j=−∞

µ(B j)
ηp
n

j+1∑
k= j−1

‖ fχk‖
p
Lq(µ) ≤ C‖ f ‖p

K̇η,p
q (µ,µ)

.

Obviously

‖Tb( fχk)χ j‖Lq(µ1−q) ≤ C
( ∫

E j

∣∣∣∣∣(b(x) − bBk)
∫

Ek

K(x − y) f (y)χk(y)dy
∣∣∣∣∣qµ(x)1−qdx

) 1
q

+ C
( ∫

E j

∣∣∣∣∣ ∫
Ek

K(x − y)(b(y) − bBk) f (y)χk(y)dy
∣∣∣∣∣qµ(x)1−qdx

) 1
q

:= H1 + H2.

Now, let us estimate L1, for j ≥ k + 2, by Lemmas 2.1–2.3, we have

H1 ≤ C2− jn‖ fχk‖L1

( ∫
E j

|b(x) − bBk |
qµ(x)1−qdx

) 1
q
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≤ C2− jn‖ fχk‖Lq(µ)

( ∫
Bk

µ(x)1−q′dx
) 1

q′
( ∫

B j

|b(x) − bBk |
qµ(x)1−qdx

) 1
q

≤ C2− jn‖ fχk‖Lq(µ)|Bk|µ(Bk)−
1
qµ(B j)

1
q ( j − k)2( j−k)n(1−δ)

≤ C2− jn · 2kn · 2( j−k) n
q · ( j − k) · 2( j−k)n(1−δ)‖ fχk‖Lq(µ)

≤ C( j − k)2( j−k)( n
q−nδ)
‖ fχk‖Lq(µ),

and

H2 ≤ C2− jn
∫

Ek

∣∣∣(b(y) − bBk) fχk(y)
∣∣∣dy

( ∫
E j

µ(x)1−qdx
) 1

q

≤ C2− jn‖ fχk‖Lq(µ)

( ∫
Bk

|b(y) − bBk |
q′µ(y)1−q′dy

) 1
q′
( ∫

B j

µ(x)1−qdx
) 1

q

≤ C2− jn‖ fχk‖Lq(µ)µ(Bk)
1
q′ |B j|µ(B j)

− 1
q′

≤ C2
nδ
q′ (k− j)

‖ fχk‖Lq(µ)

= C2( j−k)nδ( 1
q−1)
‖ fχk‖Lq(µ)

= C2( j−k)( nδ
q −nδ)
‖ fχk‖Lq(µ).

When η > 0, we have

‖Tb( fχk)χ j‖Lq(µ1−q) ≤ C2(k− j)η( j − k)2( j−k)(η+ n
q−nδ)
‖ fχk‖Lq(µ)

= C2(k− j)ηW( j, k)‖ fχk‖Lq(µ).

Thus

L1 ≤ C
∞∑

j=−∞

µ(B j)
ηp
n

( j−2∑
k=−∞

2(k− j)ηW( j, k)‖ fχk‖Lq(µ)

)p

≤ C


∞∑

j=−∞

j−2∑
k=−∞

µ(Bk)
ηp
n W( j, k)p‖ fχk‖

p
Lq(µ) p ≤ 1

∞∑
j=−∞

( j−2∑
k=−∞

µ(Bk)
ηp
n W( j, k)‖ fχk‖

p
Lq(µ)

)( j−2∑
k=−∞

W( j, k)
) p

p′

p > 1

≤ C
∞∑

k=−∞

µ(Bk)
ηp
n ‖ fχk‖

p
Lq(µ)

∞∑
j=k+2

W( j, k)min(p,1)

≤ C‖ f ‖p
K̇η,p

q (µ,µ)
.

When η < 0 , we have

‖Tb( fχk)χ j‖Lq(µ1−q) ≤ C2(k− j)ηδ( j − k)2( j−k)(ηδ+ n
q−nδ)
‖ fχk‖Lq(µ)

= C2(k− j)ηδW1( j, k)‖ fχk‖Lq(µ).

Thus

L1 ≤ C
∞∑

j=−∞

µ(B j)
ηp
n

( j−2∑
k=−∞

2(k− j)ηδW1( j, k)‖ fχk‖Lq(µ)

)p
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≤ C


∞∑

j=−∞

j−2∑
k=−∞

µ(Bk)
ηp
n W1( j, k)p‖ fχk‖

p
Lq(µ) p ≤ 1

∞∑
j=−∞

( j−2∑
k=−∞

µ(Bk)
ηp
n W1( j, k)‖ fχk‖

p
Lq(µ)

)( j−2∑
k=−∞

W1( j, k)
) p

p′

p > 1

≤ C
∞∑

k=−∞

µ(Bk)
ηp
n ‖ fχk‖

p
Lq(µ)

∞∑
j=k+2

W1( j, k)min(p,1)

≤ C‖ f ‖p
K̇η,p

q (µ,µ)
.

Lastly, we estimate L3, for k ≥ j + 2, by Lemmas 2.1–2.3, we have

H1 ≤ C2−kn‖ fχk‖L1

( ∫
E j

|b(x) − bBk |
qµ(x)1−qdx

) 1
q

≤ C2−kn‖ fχk‖Lq(µ)

( ∫
Bk

µ(x)1−q′dx
) 1

q′
( ∫

B j

|b(x) − bBk |
qµ(x)1−qdx

) 1
q

≤ C2−kn‖ fχk‖Lq(µ)|Bk|µ(Bk)−
1
q (k − j)µ(B j)

1
q ‖b‖∗,µ

≤ C(k − j)2( j−k) nδ
q ‖ fχk‖Lq(µ),

and

H2 ≤ C2−kn
( ∫

Ek

|(b(y) − bBk) fχk(y)|dy
)( ∫

E j

µ(x)1−qdx
) 1

q

≤ C2−kn‖ fχk‖Lq(µ)µ(Bk)
1
q′ |B j|µ(B j)

− 1
q′

≤ C2 jn−kn · 2(k− j) n
q′ ‖ fχk‖Lq(µ)

≤ C2( j−k)n(1− 1
q′ )‖ fχk‖Lq(µ)

≤ C2( j−k) n
q ‖ fχk‖Lq(µ).

When η > 0

‖Tb( fχk)χ j‖Lq(µ1−q) ≤ C2(k− j)ηδ(k − j)2( j−k)(ηδ+ nδ
q )
‖ fχk‖Lq(µ)

= C2(k− j)ηδW2( j, k)‖ fχk‖Lq(µ).

Thus

L3 ≤ C
∞∑

j=−∞

µ(B j)
ηp
n

( ∞∑
k= j+2

2(k− j)ηδW2( j, k)‖ fχk‖Lq(µ)

)p

≤ C


∞∑

j=−∞

∞∑
k= j+2

µ(Bk)
ηp
n W2( j, k)p‖ fχk‖

p
Lq(µ) p ≤ 1

∞∑
j=−∞

(
∞∑

k= j+2
µ(Bk)

ηp
n W2( j, k)‖ fχk‖

p
Lq(µ)

)(
∞∑

k= j+2
W2( j, k)

) p
p′

p > 1

≤ C
∞∑

k=−∞

µ(Bk)
ηp
n ‖ fχk‖

p
Lq(µ)

k−2∑
j=−∞

W2( j, k)min(p,1)
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≤ C‖ f ‖p
K̇η,p

q (µ,µ)
.

Similarly, when η < 0, we have

‖Tb( fχk)χ j‖Lq(µ1−q) ≤ C2(k− j)η(k − j)2( j−k)(η+ nδ
q )
‖ fχk‖Lq(µ)

= C2(k− j)ηW3( j, k)‖ fχk‖Lq(µ).

L3 ≤ C
∞∑

j=−∞

µ(B j)
ηp
n

( ∞∑
k= j+2

2(k− j)ηW3( j, k)‖ fχk‖Lq(µ)

)p

≤ C


∞∑

j=−∞

∞∑
k= j+2

µ(Bk)
ηp
n W3( j, k)p‖ fχk‖

p
Lq(µ) p ≤ 1

∞∑
j=−∞

(
∞∑

k= j+2
µ(Bk)

ηp
n W3( j, k)‖ fχk‖

p
Lq(µ)

)(
∞∑

k= j+2
W3( j, k)

) p
p′

p > 1

≤ C
∞∑

k=−∞

µ(Bk)
ηp
n ‖ fχk‖

p
Lq(µ)

k−2∑
j=−∞

W3( j, k)min(p,1)

≤ C‖ f ‖p
K̇η,p

q (µ,µ)
.

Then we finish the proof. �
Proof of Theorem 1.4. For k ∈ Z, we can write f as

f (x) =

k−2∑
l=−∞

f (x)χl(x) +

∞∑
l=k−1

f (x)χl(x) = f1(x) + f2(x).

Thus
|Tb f (x)| ≤ |Tb f1(x)| + |Tb f2(x)|,

and

‖Tb f ‖p
WK̇η,p

q (µ,µ1−q)

≤ sup
λ>0

λp
∞∑

k=−∞

µ(Bk)
pη
n µ1−q

({
x ∈ Ek : |(b(x) − bBk)T f1(x)| >

λ

3

}) p
q

+ sup
λ>0

λp
∞∑

k=−∞

µ(Bk)
pη
n µ1−q

({
x ∈ Ek : |T

(
(b(x) − bBk) f1

)
(x)| >

λ

3

}) p
q

+ sup
λ>0

λp
∞∑

k=−∞

µ(Bk)
pη
n µ1−q

({
x ∈ Ek : |Tb f2(x)| >

λ

3

}) p
q

:= G1 + G2 + G3.

By Lemma 2.4 and 0 < p ≤ 1, we obtain

G3 ≤ C
∞∑

k=−∞

µ(Bk)
pη
n

( ∫
Rn
|Tb f2(x)|qµ(x)1−qdx

) p
q
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≤ C
∞∑

k=−∞

µ(Bk)
pη
n

( ∫
Rn
| f2(x)|qµ(x)dx

) p
q

≤ C
∞∑

k=−∞

µ(Bk)
pη
n
(
‖ fχk−1‖

p
Lq(µ) +

∞∑
l=k

‖ fχl‖
p
Lq(µ)

)

≤ C


∞∑

k=−∞

(
µ(Bk−1)

pη
n 2pη‖ fχk−1‖

p
Lq(µ) + µ(Bl)

pη
n

∞∑
l=k

2(k−l)pδη‖ fχl‖
p
Lq(µ)

)
qδ > 1

∞∑
k=−∞

(
µ(Bk−1)

pη
n 2pδη‖ fχk−1‖

p
Lq(µ) + µ(Bl)

pη
n

∞∑
l=k

2(k−l)pη‖ fχl‖
p
Lq(µ)

)
qδ < 1

≤ C
∞∑

l=−∞

µ(Bl)
pη
n ‖ fχl‖

p
Lq(µ)

≤ C‖ f ‖p
K̇η,p

q (µ,µ)
.

For G1, by the Hölder inequality and Lemmas 2.1–2.3, we have

G1 ≤ C
∞∑

k=−∞

µ(Bk)
pη
n

( ∫
Ek

∣∣∣∣∣(b(x) − bBk)
∫
Rn

K(x − y) f1(y)dy
∣∣∣∣∣qµ(x)1−qdx

) p
q

≤ C
∞∑

k=−∞

2−knpµ(Bk)
pη
n ‖ f1‖

p
L1

( ∫
Ek

|b(x) − bBk |
qµ(x)1−qdx

) p
q

≤ C
∞∑

k=−∞

2−knpµ(Bk)
pη
n

k−2∑
l=−∞

‖ fχl‖
p
Lq(µ)|Bl|

pµ(Bl)−
p
qµ(Bk)

p
q

≤ C
∞∑

l=−∞

µ(Bl)
pη
n ‖ fχl‖

p
Lq(µ)

∞∑
k=l+2

2(k−l)pn(δ−1) qδ > 1

2(k−l)pn[(δ−1)(1+ 1
q′ )] qδ < 1

≤ C‖ f ‖p
K̇η,p

q (µ,µ)
.

For G2, by Lemmas 2.1–2.3, we have

G2 ≤ C
∞∑

k=−∞

µ(Bk)
pη
n

( ∫
Ek

∣∣∣∣∣ ∫
Rn

K(x − y)(b(y) − bBk) f1(y)dy
∣∣∣∣∣qµ(x)1−qdx

) p
q

≤ C
∞∑

k=−∞

2−knpµ(Bk)
pη
n

k−2∑
l=−∞

( ∫
El

|(b(y) − bBk) f (y)χl(y)|dy
)p( ∫

Bk

µ(x)1−qdx
) p

q

≤ C
∞∑

k=−∞

2−knpµ(Bk)
pη
n

k−2∑
l=−∞

‖ fχl‖
p
Lq(µ)(k − l)pµ(Bl)

p
q′ |Bk|

pµ(Bk)
−

p
q′

≤ C
∞∑

l=−∞

µ(Bl)
pη
n ‖ fχl‖

p
Lq(µ)

∞∑
k=l+2

(k − l)p

2
np
q (k−l)(δ−1) qδ > 1

2npδ(k−l)(δ−1) qδ < 1

≤ C‖ f ‖p
K̇η,p

q (µ,µ)
.

Then we finish the proof. �
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4. Conclusions

Some new weighted inequalities for commutators related to singular integral operator satisfying a
variant of Hörmander’s condition are proved. Our results further generalize the corresponding results
in [8] and include the unweighted case.
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18. J. Garciá-Cuerva, J. L. R. de Francia, Weighted norm inequalities and related topics, Amsterdam:
North Holland, 1985. https://doi.org/10.1016/s0304-0208(08)x7154-3

19. D. Q. Zhang, J. Sun, The boundedness of commutataors satisfying a variant of Hörmander’s
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