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Abstract. Reasonable ratio between the load inertia and servo motor inertia plays a decisive role for the
dynamic performance and stability of the servo system, as well as the machining accuracy of the whole CNC
machine. In order to improve the control performance and contour machining accuracy of the servo system of the
CNC cycloidal gear form grinding machine, an optimization design method of the inertia matching for the CNC
cycloidal gear form grinding machine servo system is proposed. The two-mass servo driving closed-loop PID
control system is constructed, the influence of the different inertia ratios on the dynamic performance and
contour errors of the servo system are deeply analyzed, and the inertia ratio is optimized to satisfied with the
servo system performance requirements. Finally, the feasibility and practicability of the optimization design
method of inertia matching are verified through the inertia ratio optimization grinding experiments of the
cycloid gear in the CNC gear form grindingmachine. This inertiamatching optimization designmethod provides
a valuable reference for the further design of CNC machine servo system.
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1 Introduction

With the rapid development of the numerical control and
computer technologies, the modern precision grinding
technology has put forward more requirements for the
computer numerical control (CNC) gear grinding machine,
such as more sensitive response, higher motion precision,
and stronger reliability. After being manufactured, the
entire operation performance of the CNC gear grinding
machine usually needs to be test. If the test is conducted
directly on the machine, it is not only low efficiency, but
also may cause damage even safety accidents to the
machine due to the unreasonable parameter settings. In the
practical engineering application, the ratio of the load
inertia to servomotor inertia is very important for the CNC
gear grinding machine servo system. If the ratio of inertia
exceeds reasonable control range, the servo system may
generate oscillation or control failure, which will have a
direct effect on the dynamic performance, stability, and
machining accuracy of the servo system.
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The CNC cycloidal gear form grinding machine is a key
CNC equipment to realize the high-efficiency and high-
precision grinding of the rotary vector reducer cycloid gear.
Therefore, it is urgent to carry on the inertia matching
design of the CNC cycloidal gear form grinding machine so
as to keep the inertia ratio within an appropriate range,
which not only guarantees the fast response and stable
operation of the servo driving system, but also satisfies the
ideal geometric accuracy of the gear machining. Aiming at
the inertia matching design of the CNC machine, relevant
scholars at home and abroad have carried out relevant
research.

For instance, Richard [1] analyzed and demonstrated
the Kolmorgen motor with known torque, and concluded
through mathematical formula derivation and experiment
that when the inertia ratio of load was set to 1, the feed
system could obtain the maximum load acceleration
capacity. Li et al. [2] studied the speed adaptive control
technology of the permanent magnet synchronous motor
system with varied load inertia. Zhang and Furusho [3]
studied the dynamic performance of a two-mass system
with different inertia ratios by using three pole assignment
methods. Younkin et al. [4] concluded through theoretical
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Fig. 1. Designed YK7350B form grinding machine model.
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analysis and experiments that reducing the moment of
inertia of the motor shaft would not only affect the
acceleration performance and followability of the system,
but also affect the robustness of the controller, system
bandwidth, dynamic stiffness, etc. Pritschow [5] used the
motor-load isolation single inertia-spring model to give
the approximate relationship between the load mass and
the upper limit of control gain and anti-jamming stiffness,
and pointed out that increasing the load inertia will
improve the anti-jamming ability. By means of closed-loop
frequency response discussion, Moscrop et al. [6] analysed
the effects of high motor-load inertia mismatch on servo
system performance by using closed loop frequency
responses. On this basis, presented the fast feedback
control methods to improve the system response and
verified the effectiveness of these control methods through
the comprehensive experiment. Benath et al. [7] proposed a
new design rule for servo driving applications to select a
servo motor with an optimal energy transmission ratio.
Boscariol et al. [8] proved that the most common size
criteria based on inertia matching could not obtain the
most energy-efficient design through the parameterized
analysis based on motor size, deceleration ratio and inertia
ratio, as well as the energy consumption analysis for each
design sample.

Besides, Shao et al. [9] studied a parallel robot,
comprehensively considered the resonance frequency,
acceleration torque and dynamic performance of the
machine tool, and combined with simulation, obtained
the inertia index and the appropriate matching range of
inertia, which has been popularized and applied. Zhang
et al. [10] proposed a newmethod to study the design law of
inertia ratio. By eliminating the influence of servo control,
they studied thematching characteristics of motion process
and inertia ratio under high speed and high acceleration,
and proved that the inertia ratio must be strictly limited
within a certain range to effectively improve the system
performance, which provided theoretical support for the
design of high-speed machine tools. Zhang et al. [11]
researched on the effect of load inertia on system
performance and contour errors of 5-coordinate cross
beam mobile gantry machining center in time and
frequency domain, and provided a reasonable selection
range of inertia ratio of CNC machine tools in different
machining forms, which provided theoretical basis for the
inertia matching of heavy CNC machine tools. Liu et al.
[12] employed the dual inertia model to analyze the
relationship between energy matching efficiency and
inertia ratio, and put forward the general design steps
and basic methods of the load inertia ratio of servo system.
Yuan et al. [13] proposed a method to obtain the
positioning accuracy and synchronization control accuracy
of servo motion system. Wang et al. [14] took servo motor
selection of three-axis transmission system in a CNC
machine tools for example, established a servo motor
selection mathematical model of transmission system in
CNC machine tool, deeply analyzed the parameter
selection and calculation of horizontal, inclined and
vertical transmission system, and proved the rationality
of the method by engineering test and motor control
software.
All of the above researches have obtained very
important research results, which provide the theory and
foundation for the inertia matching research of servo
system. However, there have been few scholars or actual
papers that have studied the inertia matching technology
of CNC cycloidal gear form grinding machine servo system.

In view of this, an optimization designmethod of inertia
matching for the CNC cycloidal gear form grinding
machine servo system is proposed to improve its control
performance and contour machining accuracy in this
paper. The closed-loop PID control system of two-mass
servo driving is constructed, the dynamic performance of
the single-axis driving system and the double-axes driving
system under different inertia ratios are compared, and the
influence of inertia ratio on the servo system contour errors
under the double-axes simultaneous control is analyzed.
Finally, the inertia ratio satisfying the servo system
performance requirements is optimized, and the feasibility
and practicability of the optimization design method of
inertia matching are verified through the inertia ratio
optimization grinding experiments of the cycloid gear in
the CNC gear form grinding machine.

2 Design and optimization of servo system
inertia matching

According to the actual CNC machining needs of cycloidal
gear, the designed YK7350B form grinding machine model
and the form grindingmodel of the cycloidal gear are shown
in Figures 1 and 2, respectively.

In Figure 2,Oxyz is the right-hand Cartesian coordinate
system, the subscript “J” represents the coordinate system
of grinding wheel dressing wheel, subscript “G” indicates
grinding wheel coordinate system, and subscript “2”
indicates the workpiece coordinate system. “E” refers
to the distance between the center of grinding wheel and
the center of cycloidal gear in the workpiece moving
direction.



Fig. 2. Form grinding model of cycloidal gear.

Table 1. X-axis and Z-axis design parameters of gear
forming machine YK7350B.

Structural parameters Axis X Axis Z

Lead screw length 1.5 m 1.2 m
Lead screw diameter 0.04 m 0.04 m
Lead screw double
driving span

1.9 m 0.8 m

Servo torque 15.86/2N m 11.73/2N m
Rotor inertia 75/2 kg. cm2 56/2 kg. cm2

Initial load inertia 371 kg. cm2 260 kg. cm2
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X-axis and Z-axis are the two servo driving axes of the
cycloidal gear form grinding. In the cycloidal gear grinding
processing, the corresponding machining motion is mainly
completed through the coordination of X-axis and Z-axis,
and the relevant design parameters of each axis are shown
in Table 1.

According to the different inertia ratios of cycloidal
gear grinding machines and their dynamics relationships,
the simulation analysis model is built to analyze the step
response, gain upper limit, following error, frequency
characteristics and anti-interference stiffness of the single-
axis double-driving servo system and the single-axis single-
driving servo system under different inertia ratios. At the
same time, when the X-axis and Z-axis are simultaneously
controlled, the influence laws of different inertia ratios on
the contour errors of the two-axis simultaneous motion can
be analyzed, and then the accurate inertia ratio range can
be optimized under the premise of meeting various
performance requirements.
2.1 Inertia matching design of servo system

In the design of CNC cycloidal gear form grinding machine,
it can be obtained that the weight of the load (including
workbench and workpiece) of the CNC cycloidal gear form
grinding machines is about m1 = 300 kg, the friction
coefficient between the sliding table and the guide rail is m
= 0.002, and the pitch, diameter, weight of the ball screw
are about S = 26mm , D = 80mm and m2 = 40kg,
respectively m = 0.002. Assume that the mechanical
transmission efficiency is h = 95%, the maximum moving
speed of the sliding table is v = 0.8m/s, and the
acceleration and deceleration time is t = 0.5.s. In the
selection design and quantitative calculation of servo
motor, the calculation of servo motor speed, torque
required to overcome the friction, torque required for
heavy acceleration, and torque required for screw accel-
eration are shown in equations (1)�(4), respectively.

n ¼ v=S ¼ 1846r=min ð1Þ

T 1¼ mm1g � S=ð2p � hÞ ¼ 0:026N⋅m ð2Þ

T 2¼ m1a � S=ð2p � hÞ ¼ 2:092N⋅m ð3Þ

T 3¼ ðm2D
2=8Þ � ð2pn=60Þ
ðt � hÞ ¼ 13:74N⋅m: ð4Þ

According to equations (2)�(4), the maximum driven
torque required for the motor is shown in equation (5).

T¼ T 1 þ T 2 þ T 3 ¼ 15:86N⋅m ð5Þ
The maximum loading inertia converted to the motor

shaft is shown in equation (6).

JL¼ m1 � ðS=2pÞ2 þm2 � D2=8 ¼ 371:42kg⋅cm2: ð6Þ

Thus, according to the structure design parameters of
cycloidal gear grinding machine and the design parameters
of CNC servo system, the corresponding parameters of
servo motor can be preliminarily selected based on the
servo motor selection manual, such as the rated speed is
2000 r/min, the rated torque is 16N ⋅m, and the rotor
inertia is 75kg ⋅ cm2. Theoretically, the loading inertia ratio
of the motor can be calculated, which is about 371.42/
75≈ 4.95 and satisfies the principle of inertia matching.



Fig. 3. Two-mass servo system model.
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2.2 Servo system inertia matching optimization

In order to optimize the inertia matching, the concept of
two-mass servo system is introduced and the two-mass
servo driving closed-loop system is constructed for
simulation analysis. Generally, the servo motors and loads
are seen as a whole and called the single-mass servo system.
However, for a real servo system, the rigidity of mechanical
driving components is finite. Under the action of motor
driving torque, the mechanical shaft will be deformed to
some extent. in the qualitative calculation, the inertia of
driving shaft Ja is usually added to the maximum load
inertia on the motor shaft JL to simplify the motor driving
system into a two-mass servo system composed of motor
and load [15]. The two-mass servo systemmodel is shown in
Figure 3.

In Figure 3, u is the power supply voltage, um is the
motor rotation angle, uL is the loading rotation angle, Tm is
the motor torque, TL is the load torque, Ja is the rotational
inertia of the transmission shaft, JL is the maximum load
inertia on the motor shaft, and KL is the coupling stiffness
coefficient, and the servo motor control model of the two-
mass servo system is shown in Figure 4.

According to Figure 4, the electric equation of the servo
motor can be obtained, which is shown in equation (7).

iRþ Li ¼ ua� Ceu m �Kii Tm ¼ iKmJmum

¼ Tm � bmum �KLðum � uLÞ ð7Þ

where, L is the armature inductance, R is the armature
resistance,Ce is themotor viscous damping coefficient,Ki is
the current feedback coefficient, Km is the motor torque
coefficient, bm is the motor viscous damping coefficient, Jm
is the motor inertia, JL is the load inertia, and Td is the
disturbance torque which including the friction torque and
coupling torque. Meanwhile, the load model of the two-
mass servo system is shown in Figure 5.

According to Figure 5, the loading dynamics equation is
shown in equation (8).

JL
€uL ¼ TmL � bL _uL TmL ¼ KLðum � uLÞ ð8Þ

where, bL is the loading viscous damping factor.
Combining equations (7) and (8), the loading motor

inertia ratio can be obtained, which is shown in equation (9).

JL

Jm
¼ ðRþ LþKiÞðKLum �KLuL � bL _uLÞ

ðu� Ce
_umÞKm � ðRþ LþKiÞðbm _um

þKLum �KLuLÞ
_um
€uL

ð9Þ
According to Figures 3�5, the structural model of the
motor-load two-mass servo system can be established, as
shown in Figure 6. Meanwhile, the simulation model of the
two-mass servo PID control system can be constructed
with the help of the Simulink, which is shown in Figure 7.

3 Influences of the inertia ratio on the servo
system control performances

In order to better match the inertia ratio of the designed
servo system, the influence laws of the inertia ratio on the
servo system performances (e.g., unit step response
performance, upper limit of control gain, following error,
anti-interference stiffness, and closed-loop frequency
characteristics) are analyzed respectively.

3.1 Influence on the unit step response performance

The unit step response can directly reflect the dynamic
performance of the servo system. The dynamic response
characteristics of the servo system can be reflected by the
parameters (e.g., delay time td, rise time tx, peak time tp,
overshoot s and adjustment time ts) of the response curve.
Where, tx can reflect the sensitivity and the transient
process speed of the servo system, s can reflect the
smoothness of the servo system transient process, ts can
reflect the damping and response speeds of the servo
system. Due to the frequent startup and braking,
acceleration and deceleration, the speediness and overshoot
under the step signal response are the two important
indicators for evaluating the dynamic performance of the
servo system. The response curve of the servo system under
the step signal is shown in Figure 8.

Under the same output torque TL, the smaller the
inertia of the mechanical structure, the greater the angular
acceleration, and the faster the response speed of the servo
system. For the second-order mechanical systems, the
inherent frequency vn, the damping ratio j, the overshoot
s, and the adjustment time ts can be expressed, which are
shown in equations(10) and (11), respectively.

wn ¼
ffiffiffiffiffi
K

J

r

j ¼ BL

2
ffiffiffiffiffiffiffiffi
KL

p

8>><
>>:

ð10Þ

s ¼ e

�
jpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�W2
n

q

ts ≈
3

jw2
n

8>>><
>>>:

ð11Þ

According to equations (10) and (11), it is can be
demonstrated that the damping of the system BL is
proportional to the damping ratio j, the smaller the
damping BL, the longer the adjustment time of the servo
system ts, and the larger the overshoot s. For the high-



Fig. 4. Servo motor control model of the two-mass servo system.

Fig. 5. Load model of the two-mass servo system.

Fig. 6. Structural model of the motor-load two-mass servo system.

Fig. 7. Simulation model of the two-mass servo PID control system.
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Fig. 8. Response curve of the servo system under the step signal.

Fig. 9. Unit step response curves under the single-axle. driving
and double-axle drivingg.

Fig. 10. Position loop transfer function of the simplified double-
axes driving control model.
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order system composed of servo feed system and
mechanical system, the overshoot sand adjustment time
ts are expressed in equations (12) [16].

In equation (12), it can be seen that in the high-order
systems, the overshoot is related to the position of

s ¼
∏
n

i¼3

jsij

∏
n

i¼3

js1� sij

ts≈
3

jvn

8>>>>>><
>>>>>>:

ð12Þ

pole-zero of transfer function, and the adjustment time ts is
inversely proportional to the inherent frequency vn and the
damping ratio j. In this paper, the Simulink is emploied to
simulate high-order systems. Under the initial condition,
the loading inertia ratio n is modified by changing the
loading inertia of the servo feed system, the unit step
response curves of the servo system under the single-axis
driving and double axes driving are shown in Figure 9.

From Figure 9, it can be seen that with the increase of
the load inertia ratio n, the maximum overshoot of the
servo system gradually increases, both the rising time tr
and the adjustment time ts increase, the response speed and
the stability of the servo system decreases. In addition,
under the same load inertia condition, the response speed of
the double-axes driving is faster, and the overshoot is
relatively small. Therefore, in the initial condition, in order
to make the system response quickly and stable, the
preferred inertia ratio is the n � 3.

3.2 Influence on the gain upper limit of servo system

The position loop gain is closely related to the fast
responsiveness, stability and positioning accuracy of the
servo system. The higher the upper limit of the position
loop gain, the faster the dynamic response and the smaller
the steady-state errors of the servo system. However, if the
gain of the position loop is too large, the oscillation will
occur. In this connection, the double-axes driving control
model is simplified as the position loop transfer function,
which is shown in Figure 10.

The steady-state errors is defined as ess ¼ limeðtÞ, and
transformed by Laplace transformation, which is as shown
in equations (13), (14), (15) and (16), respectively..

ess ¼ lim eðtÞ ¼ lim sEðsÞ ð13Þ



J. Li et al.: Mechanics & Industry 24, 31 (2023) 7
EðsÞ ¼ XiðsÞ �HðsÞX0ðsÞ
¼ XiðsÞ �HðsÞGðsÞEðsÞ ð14Þ

EðsÞ ¼ 1

1þGðsÞHðsÞXiðsÞ ð15Þ

ess ¼ lim
s!0

s
1

1þGðsÞHðsÞXiðsÞ ð16Þ

If Gk(s) is set as the open-loop transfer function of the
servo system, which can be expressed as equation (17).

GkðsÞ¼ GðsÞHðsÞ ¼
K∏

m

i¼1

ðT isþ 1Þ

sv∏
n�v

j¼1

ðT jsþ 1Þ
ð17Þ

where, v is the number of series integration link. Define
v= 0, 1, 2, corresponding to the type 0, type I and type II,
respectively, which can be expressed as equation (18) [17].

G0ðsÞ ¼
∏
m

i¼1

ðT isþ 1Þ

sv∏
n�v

j¼1

ðT jsþ 1Þ
ð18Þ

Then

lim
s!0

G0ðsÞ¼ 1 ð19Þ

GkðsÞ¼ GðsÞHðsÞ ¼ KG0ðsÞ
sv

ð20Þ

ess ¼ lim
s!0

sEðsÞ

¼ lim
s!0

s
XiðsÞ

1þGðsÞHðsÞ ¼ lim
s!0

svþ1XiðsÞ
KG0ðsÞ þ sv

≈ lim
s!0

svþ1XiðsÞ
K

ð21Þ
From equation (21), it can be seen that the magnitude

of the servo system steady-state errors is related to the type
of system, mechanical structure parameters, servo param-
eters, system equivalent gain and input signal. By changing
the load inertia and adjusting the gain of the system
position loop, taking the no overshoot of the position loop
as the constraints of step response performance, the
relationship between the load inertia ratio and the gain
upper limit of position loop under the single-axis driving
and double-axes driving are studied, and the simulation
results are shown in Figure 11.

It can be seen that with the loading inertia ratio
gradually increasing, the gain upper limit of position loop
decreases and the descending speed decreases, the static
errors of the system increases and the dynamic response
speed of the system decreases both in single-axis driving
and double-axes driving. In addition, even if the load
inertia ratio is same, the gain upper limit of the position
loop of double-axes driving is slightly higher than that of
the single-axis.

3.3 Influence on the servo system following errors

Due to inertia, the output of CNC machining servo system
lags behind input to some extent, and the difference
between them is following errors. The servo system
following errors are the proportional to the speed command
and inversely proportional to the gain of the position loop.
By changing the loading inertia, taking the sine signal as
the position input signal and the position loop gain as the
servo system control parameters, the change laws of the
servo system following errors with different loading inertia
ratios n under the single-axis driving and double-axes
driving are simulated and analyzed, and the simulation
results are shown in Figure 12.

As illustrated in Figure 12, with the increase of the
loading inertia ratio n, the servo system following errors
increases, however, the following accuracy of the servo
system decreases, and the following errors changes together
with the input signal speed. In addition, under the same
loading inertia, compared with the single-axis driving
system, the double-axes driving system can obtain higher
position gain and relatively smaller tracking errors.

3.4 Influence on the interference-free stiffness of servo
system

The interference-free dynamic stiffness of the servo system
is the unit output angle caused by the feed mechanism (i.e.
ball screw) under the different frequency interference
signals, which is shown in equation (22).

KðjvÞjn ¼ TgðjvÞ=uoutðjvÞ: ð22Þ
It reflects the ability of the servo system to resist

position errors under the influence of the external
interference signals. In this paper, the anti-interference
dynamic stiffness of the servo system under different load
inertia ratios is shown in Figure 13.

As shown in Figure 14, the anti-interference stiffness of
the system decreases with the increase of the inertia ratio in
the low frequency range and increases together with the
inertia ratio in themediumandhigh frequency,whichhaving
a better inhibition action to the high frequency disturbance.
Inaddition,under thesameload inertia, theanti-interference
stiffness of double-axes driving system is higher than that of
the single-axis driving. So, in the initial condition, in order to
improve the interference-free dynamic stiffness of the servo
system, the preferred inertia ratio is 3�n�5.

3.5 Influence on the closed loop frequency
characteristics of servo system

The closed-loop frequency characteristics of the servo
system are described as equation (23).

GðjvÞjn ¼ yinðjvÞ=youtðjvÞ ð23Þ



Fig. 11. Relationship between the load inertia. ratio and the gain upper limit of position loop.

Fig. 12. Change laws of the servo system following errors with
different loading inertia ratios n under the single-axis driving and
double-axes driving.

Fig. 13. Anti-interference dynamic stiffness of the servo system
under different load inertia ratios.
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Fig. 14. Amplitude-frequency characteristic curve of the servo system under the different load inertia ratios.

Fig. 15. Schematic diagram of contour errors of the linear
motion trajectory.
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The closed-loop frequency characteristics of the servo
system position loop under the different loading inertia
ratios are calculated, and the amplitude-frequency char-
acteristic curve of the servo system is shown in Figure 14.

As illustrated in Figure 14, when the inertia ratio is 0.5
� n � 2, the control bandwidth of the double-axes driving
increases together with the load inertia ratio, while when
the inertia ratio is 2<n � 5, the control bandwidth of the
double-axes driving decreases with the increase of the load
inertia ratio. In addition, with the increase of load
inertia, the resonance frequency of the system decreases
gradually, and the position loop of the double-axes
driving system can obtain a higher control bandwidth at
the same inertia ratio. Therefore, for the servo system
with large load inertia, in order to have a high control
bandwidth and avoid resonance, the speed regulation
performance of the system will be reduced. It is preferred
that the inertia ratio of the double-axes driving system be
less than n< 2 and that of the single-axis driving system
be less than n < 3.

4 Influence of the inertia ratio on the servo
system contour errors

The CNC servo system accurately controls the speed and
position of each axis according to the command signals to
obtain the differentmotion trajectories. Due to the influence
of themechanical structure of the systemon the steady-state
and dynamic performance of the servo system, the contour
errors are inevitably generated during the synchronous
driving process of each axis, which thereby affects the
machining accuracyof theCNCmachine. In this connection,
it is essential to analyze the influence of the inertia ratio on
the servo system contour errors.

4.1 Influence on the linear contour errors of servo
system

Perfect inertia matching between the X-axis and Z-axis is
significant to guarantee the excellent gear grinding quality.
Thus, it is necessary to analyze the influence of inertia ratio
on the servo system contour errors during the synchronous
driving of X-axis and Z-axis. Assuming the input speed of
synchronous driving of X-axis and Z-axis is n, the angle
between n and the positive X-axis is u, the theoretical
desired positions of the two axes are shown in equation
(24).

xiðtÞ ¼ ðn cos uÞt
ziðtÞ ¼ ðn sin uÞt

�
ð24Þ

During the liner motion of the CNC machine, the
contour errors of the synchronous driving trajectory of the
two axes is generated due to the following errors between
the two axes, and the schematic diagram is shown in
Figure 15.

As shown in Figure 15, X-axis and Z-axis move along a
straight line in the X�Z plane. The angle between the
theoretical desired trajectory and the positive X-axis is u,
P* is the theoretical position and P is the corresponding
actual position. The following errors of X-axis and Z-axis
are △x and △z, respectively, and the contour errors e can
be expressed in equation (25).

e ¼ Dz cos u � Dx sin u ð25Þ
The following errors of two axes are recorded in

equation (26).



Fig. 16. Servo system linear trajectory contour errors when
changing X-axis inertia ratio separately.

Fig. 17. Servo system linear trajectory contour errors when
changing Z-axis inertia ratio separately.

Fig. 18. Schematic diagram of the contour errors of the arc.
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Dx ¼ Px� � Px
Dz ¼ Pz� � Pz

�
ð26Þ

Substitute equation (26) into equation (25), then e can
be obtained, which is shown in equation (27).

e¼ ðPz� � PzÞcos u � ðPx� � PxÞsin u
¼ ðPz�cos u � Px�sin uÞ � ðPz cos u

� Px sin uÞ ð27Þ

For the ideal liner trajectory, there

Pz�cos u � Px�sin u ¼ 0 ð28Þ
So, combined with equation (28), equation (27) can be

simplified to equation (29).

e ¼ Px sin u � Pz cos u ð29Þ
Set other structural parameters be invariant, the input

speed signal n is 30mm/s, the angle u between n and the
positive X-axis is 45°, only change the load inertia ratio,
and the linear contour errors change rules of the servo
system is simulated and analyzed. Maintaining Z-axis
inertia ratio unchanged, changing X-axis load inertia
ratio, the simulated liner contour errors is shown in
Figure 16.

From Figure 16, it can be seen that the linear contour
errors of X-axis fluctuate greatly during the acceleration
phase of linear motion and tend to stabilize gradually
within 0.35 s. When n=0.5, the contour errors are mainly
positive (maximum:2.4� 10�5). When load inertia ratio is
within 1 � n � 5, the fluctuation degree of the line contour
errors and the maximum contour errors increase together
with the inertia ratio.When the load inertia ratio n=5, the
max contour errors is �3.76� 10�4. So, it is preferred that
the load inertia ratio of the double-axes driving servo
system X-axis is taken as n � 2.

Similarly, Maintaining X-axis inertia ratio unchanged,
changing Z-axis inertia ratio, the simulated linear contour
errors is shown in Figure 17.
As seen Figure 17, the linear contour errors of Z-axis
fluctuate greatly and tend to be stable over time during the
acceleration stage of linear motion. Whereas, when
0.5 � n � 1, the maximum contour errors decreases with
the increase of load inertia, but thedifference is not obvious.
When 2�n�5, the contour errors increases together with
the load inertia [18, 19]. So, the load inertia ratio of the
double-axes driving servo systemZ-axis is preferred 0.5� n
� 2 to realize the excellent linear machining accuracy.

4.2 Influence on the circular contour errors of servo
system

During the circular motion of the CNC machine, double-
axes position commands are set as equation (30).
xiðtÞ ¼ Rsin ðn
R
tÞ

ziðtÞ ¼ Rcos ðn
R
tÞ � R

8<
: ð30Þ

where, R is the arc radius, n/R is the angular velocity.
In actual motion, contour errors inevitably exist in the
circular motion due to the following errors △x and △z of
the X-axis and Z-axis, which is shown in Figure 18.



Fig. 19. Computational model of contour errors of circular arc motion.

Fig. 20. X-axis input signal.
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In Figure 18, u is the angle between the theoretical
reference point A and X-axis, R is the arc radius, A(Ax,Az)
is the theoretical reference point, B(Bx,Bz)is the corre-
sponding actual point, C(Cx,Cz)is the center of the circular
trajectory, then the contour errors e of the arc trajectory
can be expressed in equation (31).

e ¼ R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðBx� CxÞ2 þ ðBz� CzÞ2

q
ð31Þ

The location of actual point B is:

Bx ¼ Ax� Dx
¼ Cxþ Rsin u � Dx

ð32Þ

By¼ Az� Dz ¼ CzþRcos u � Dz ð33Þ
Substitute equation (32) and (33) into equation (31),

the contour errors e can be obtained, which is shown in
equation (34).

e ¼ R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRsin u � DxÞ2 þ ðRcos u � DzÞ2

q

¼ R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � 2RðDx sin u � DzR cos uÞ þ ðDx2 � Dz2Þ

q

¼ R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Dx2 þ Dz2

R2
� 2

Dx sin u � Dz cos u

R2

r

ð34Þ
Assuming Dx and Dy are much larger than e, and R is

large enough, equation (34) can be expanded by applying
Taylor formula.

e ¼ R

� R 1þ 1

2
ðDx

2 þ Dz2 � 2RDx sin u þ 2RDz cos u

R2
Þ þ ⋅⋅⋅

� �

ð35Þ
If higher order items of equation (35) are omitted,
equation (34) can be simplified to equation (36).

e ¼ ð sin u � Dx

2R
ÞDx� ð cos u þ Dz

2R
ÞDz ð36Þ

For any curvilinear motion, the contour can be
infinitely approximated by an arc, which substituting its
curvature radius for the arc radius at a certain point.
Therefore, the contour errors can be expressed by equation
(36) during the double-axes curve synchronous driving.
The calculation model built in Simulink is shown in
Figure 19.

Change the load inertia ratio and keep other structural
parameters unchanged, the circular contour errors change
rules of the servo system is simulated and analyzed. The
maximum input speed signal nis 5m/min and the arc
radius is 0.05m. The input position command signals of
X-axis and Z-axis are shown in Figures 20 and 21.

Maintaining the inertia ratio of one axis unchanged, the
circular contour errors of the simulation calculation results
is shown in Figure 22. It can be seen that the circular



Fig. 23. Cycloidal gear form grinding.

Fig. 21. Z-axis input signal.

Fig. 22. Simulation calculation results of the circular contour
errors.

Fig. 24. Cycloidal gear measuring.
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contour errors of CNC machine change periodically during
the double-axes arc motion, and the maximum contour
errors occurs at the commutating time of each axis.
Changes of the inertia ratio have less influence on the arc
motion contour errors of servo system.

Therefore, combined with the influence analysis of the
inertia ratio on the servo system control performance and
contour errors, in order to reduce the linear motion contour
errors of the servo system and make the servo system have
higher machining accuracy, the precise range of the inertia
ratio can be optimized as 0.5� n� 2.

5 Grinding experiment of the cycloidal gear

To verify the rationality of the optimized inertia ratio, the
inertia ratio optimization grinding experiments were
conducted on the CNC cycloidal gear form grinding
machine YK7350B is independently developed by the
Gear Manufacturing Henan Engineering Technology
Research Center. The tooth profile of the grinded cycloidal
gear is measured on Gleason 650 gear measuring machine.
The cycloidal gear form grinding is shown in Figure 23, and
the cycloidal gear measuring is shown in Figure 24. The
measuring results of the cycloidal gear tooth profile before
and after the inertia ratio optimized in grinding process are
shown in Figures 25 and 26, respectively.
From Figures 25 and 26, it can be seen that the
maximum tooth profile deviations of the cycloidal gear
before inertia ratio optimized is 0.037288mm, the mini-
mum tooth profile deviations is �0.017133mm and the
difference between them is 0.020155mm.

Comparatively, themaximumtooth profile deviations of
cycloidal gear after the inertia ratio optimized is
0.019536mm, the minimum tooth profile deviations
is �0.007253mm and the difference between them is
0.012283mm. The comparison shows that the cycloidal
tooth profile deviations is reduced and satisfied with the
requirements of grade 4 accuracy of tooth profile. After
optimizing the inertia ratio, the cycloidal gear profile ismore
stable, thevariation rangeof tooth curve ismuch less, so as to
the roughness of cycloidal gear tooth surface is improved and
the tooth surface accuracy is ensured to a certain extent.
6 Conclusion
Through the inertia matching analysis of the CNC cycloidal
gear form grinding machine servo system, the two-mass
servo driving closed-loop PID control system is constructed.
The influence laws of different inertia ratios on the system
control performanceandthe systemprofile errors are studied
and analyzed.The feasibility andpracticability of the inertia
matching design for the CNC gear form grinding machine



Fig. 25. Measuring results of the cycloidal gear tooth profile before the inertia ratio optimized.

Fig. 26. Measuring results of the cycloidal gear. tooth profile
after the inertia ratio optimized
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servo system is verified by the simulation analysis and
machining experiment of different inertia ratios. The main
research conclusions are as follows:

–
 With the increase of the inertia ratio, the response time
and stability time of single-axis and double-axes driving
systems increase, the following errors of the servo system
increases, and the anti-interference stiffness in high
frequency band of the servo system increases.Meanwhile,
the upper limit of the gain of closed-loop position control
of the servo system decreases, the resonant frequency of
the system decreases gradually, the fast response speed of
the system decreases, the speed regulation performance
of the system decreases, and the anti-interference
stiffness of the system in low frequency band decreases.
Under the same load inertia, the dynamic performance
indexes of the double-axes driving system are more
superior.
–
 In the double-axes simultaneous motion process of the
CNC cycloidal gear form grinding machine, the increase
of the load inertia both X-axis and Z-axis will cause a
change in the linear contour errors of the servo system,
but it has little influence on the circular contour errors of
the servo system. Therefore, in the double-axes CNC
machine tool with cross sliding table and other
structures, the preferred inertia ratio is 0.5�n�2, so as
to reduce the linear contour errors of servo system and
ensure the machining accuracy.
–
 The inertia matching optimization design method
proposed in this paper provides a valuable reference
for improving the control performance and contour
machining precision of the CNC cycloidal gear form
grinding machine servo system, as well as the develop-
ment of the cycloidal gear machining quality. Strictly
speaking, in studying the influence of inertia ratio on the
dynamic adjustment performance of the servo system,
the model is simplified. The established servo driving
model is an idealized model, which without considering
the changes in ball screw diameter, stiffness, and other
aspects with the load inertia changing. The research
results may have some deviations from the actual results,
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so the next efforts is to establish a more accurate servo
system model and further research on the problem of
inertia matching.
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