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ABSTRACT

In this paper, we make the numerical analysis of the mild
solution which is also an entropy solution of parabolic
problem involving the p(z)—Laplacian operator with L'—
data.

RESUMEN

En este articulo, realizamos el andlisis numérico de
la solucién mild que también es una solucién de en-
tropia del problema parabdlico involucrando el operador
p(z)—Laplaciano con datos en L'.
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1 Introduction

We consider a bounded open domain  C R? (d > 2) with a Lipschitz boundary denoted by 99.
Let T > 0 and p : © — (1,00) be a continuous function. In this paper, one of our main goals
is the numerical approximation of the mild solution of the following nonlinear parabolic problem

involving the p(z)—Laplacian operator

% —div(|VuP®=2vu) = f inQ=0Qx(0,T),

u=20 on 092 x (0,7, (1.1)
u(z,0) = ug in €,

where ug € LY(Q2), f € L'(Q). The assumptions on the variable exponent p(x) will be specified

later.

Partial differential equations with nonlinearities involving non-constant exponents have attracted
an increasing amount of attention on recent years. Their study is an interesting topic which raises
many mathematical difficulties (see [1, 2, 14, 16, 27, 30]). There are many results devoted to ques-
tions on existence and uniqueness of solutions to problems like (1.1), we refer for example the reader
to the bibliography [3, 4, 5, 9, 24, 29] and references therein. Many of these models have already
been analyzed for constant exponents of nonlinearity (see the references therein), but it seems to be
more realistic to assume the exponent to be variable. From numerical point of view, in the classical
evolution problem case where p(z) = p, the numerical analysis was firstly considered in [7, 22].
Afterward, Jager and Kacur [18] and Kacur [20] studied the numerical approximation. Inspired by
these works, Maitre [23] proposed a numerical scheme to approximate the mild solutions. On the
other side, for problems with variable exponent, in recent years, there are some papers devoted to
their numerical analysis (see for example [8, 10, 12, 13, 17, 19, 26]). Thus, in [13] the authors used
a quasi-Newton minimization method to approach the solution of the p(z)—Lapacian problems; in
[12], they present an inverse power method to compute the first homogeneous eigenpair. In [26],
an interior penalty discontinuous Galerkin method has been used by the authors to approximate
the minimizer of a variational problem related to the p(xz)—Laplacian. Other authors use finite
elements to approximate the solution (see [10]). Nevertheless, there are scarcely papers about the

numerical analysis of nonlinear parabolic problems with variable exponent (see for example [11]).

The importance of investigating the problem (1.1) lies in their occurrence in modeling various
physical problems involving strong anisotropic phenomena related to electrorheological fluids (an
important class of non-Newtonian fluids, see [27]) which are characterized by their ability to change
the mechanical properties under the influence of the exterior electromagnetic field. Other important
applications are related to image processing, elasticity [30], the processes of filtration in complex
media, stratigraphy problems and also mathematical biology. The study of problem (1.1) involves

using of generalized Lebesgue and Sobolev spaces i.e., LP() and WP() respectively (see [15]).
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Throughout this paper we assume that the exponent p(.) appearing in (1.1) is a continuous function

p:Q — (1,00) such that:

AC >0 : |p(x) — p(y)| < ¢ for every z,y € Q with |z — y| < 1
—log|z — y| 2
(1.2)
2d — i . _
FE) < p~ :=min, g p(z) < pt = max, g p(r) < oco.

The first condition says that p(.) belongs to the class of log-Hélder continuous functions. These
assumptions are used to obtain several regularity results for Sobolev spaces with variable exponents;

in particular, C(Q) is dense in W1P()(Q) and W 7)(Q) = WrO(Q) 0 Wh(Q).

Our paper was inspired by the work of Maitre (see [23]) where the author studied the numerical

analysis of an elliptic-parabolic problem in the context of constant exponent setting.

The rest of this paper is organized as follows: in Section 2, we give some results for the study
of (1.1). In Section 3, we recall the notion of mild solution. In Section 4, we proceed to the
numerical study, where we show the existence and uniqueness of solution of numerical scheme for
the approximation of mild solution and the study of the convergence of this numerical scheme. We

conclude this section by numerical tests.

2 Preliminaries

We first recall in what follows some definitions and basic properties of generalized Lebesgue-Sobolev

spaces with variable exponent. We define the Lebesgue space with a variable exponent p(.) by
LrO(Q) = {w:Q — R; uis measurable with p,(u) < oo},

where
ooy () = / ()P d,

is called a modular. We define a norm, the so-called Luzemburg norm, on this space by the formula

. u
|u|p(.) = inf {u >0 pp) <;> < 1}.

The space (LP1)(Q),].],(.)) is a separable Banach space. Moreover, if 1 < p~ < p* < 400, then

LP0O) () is uniformly convex, hence reflexive, and its dual space is isomorphic to L ()(2), where
1

—— + —— = 1. Finally, we have the Hélder type inequality:
p(x)  p'(z)

/uvdw
Q

for all uw € LPO)(Q) and v € L' ()(Q).

< (i+i) fulpeolol
= \p- - p()1VIp" (1)
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We define also the variable Sobolev space
w0 (@) = {ue PO@) : [Vul e O(@)}.
On WP (Q) we may consider the following norm

lull1p) = lulpey + Vaulp)-

The space (WP (Q), lull1pc)) is a separable and reflexive Banach space. Next, we define
Wol"p(')(Q) as the closure of Cg°(€2) in WP()(Q) under the norm

[ull == [Vulp()-

The space (W, ” (')(Q), lw]]) is a separable and reflexive Banach space. For the interested reader,
more details about Lebesgue and Sobolev spaces with variable exponent can be found in [15] (see

also [21]).

Since 2 is bounded and p : 2 — (1, 00) is log-Holder continuous, the Poincaré inequality holds (see
[28])
lulpy < CVaulpy, Yue Wyt (),

where C' is a constant which depends on 2 and on the function p.

An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by

modular p,( of the space LP). We have the following result (see [28]).

Lemma 2.1. If u,, u € L*) and pt < oo, then the following relations hold:

(1) Julpiy > 1= July < pyeo () < [ul?y )
(2) Julpy < 1= Jul’y < pyro(u) < [ul?y )

(3) fulpy <1 (respectively = 1; > 1) <= pp(y(u) < 1 (respectively = 1; > 1);
(4) |ulpy = 0 (respectively — 00) <= pp(.)(u) — 0 (respectively — o0);

(5) Py (w/luly(y) = 1.

Following [4], we extend a variable exponent p : Q — [1,+00) to Q@ = [0,7] x Q by setting
p(t,z) == p(x) for all (t,x) € Q. We also consider the generalized Lebesgue space

LrO(Q) = {u : @ — R measurable such that // lu(z, )P d(z,t) < oo}
Q

endowed with the norm

lw]l pocy = inf {H >0: //
Q

u(z,t) p(z)

1

d(z,t) < 1}
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which shares the same properties as LP()(Q).
Now, we recall the main results for the study of (1.1).

In order to approximate the mild solution of (1.1), let us recall that Ouaro and Traoré have studied
in [25] the existence and uniqueness of weak energy and entropy solutions of the following stationary
problem associated to the problem (1.1)
u—diva(z,Vu)=f in Q
(2.1)
u=0 on 09,

where Q C R? is a bounded domain with smooth boundary and f € L'(f2). For the vector field
a(x,€) : @ x R — RY in addition to be Carathéodory, is the continuous derivative with respect
to € of the mapping A : Q x R? — R?, i.e. a(z,£) = VeA(z,€) such that:

A(z,0) =0 for almost every x € Q. (2.2)
There exists a positive constant C such that
la(@, )] < C1(j(z) + €, (2.3)

for almost every z € Q and for every & € R% where j is a non-negative function in L? ¢)(Q), with
1 1

J— + -
p(z)  p'(z)
The following inequalities hold

(a(z,&) —a(x,n)).(§ —n) >0, (2.4)
for almost every = € Q and for every &, n € RY, with € # n and
2167 < (2, < Cpla) A, 8), (2:)
for almost every z € Q, C' > 0 and for every & € R,
The exponent appearing in (2.3) and (2.5) is defined as follows.

p(.) : @ = R is a measurable function such that

1 <p :=essinfyeap(x) < pt :=esssup,cqp(z) < co.
For more details, see [24, 25].
As example of models with respect to above assumptions, we can give the following.
1
Set A(z,§) = ﬂ|§|p(m), a(x, &) = |£[P(*)=2¢. Then, we get the p(x)—Laplace operator
p(x
div (|Vu|P®)=2Vy).

Note that the weak solution of (2.1) is defined as follows.



192 S. Ouaro, N. Rabo & U. Traoré

Definition 2.2. A weak solution of (2.1) is a function u € Wy (Q) such that a(., Vu) € (L}OC(Q))d

and
/ a(.,Vu).Vedz —I—/ updr = [ fedz, (2.7)
Q Q Q
for all € C§° ().

A weak energy solution is a weak solution such that u € Wol’p(')(Q).

Now, we recall one of main results.

Theorem 2.3. Assume that (2.2)=(2.6) hold and f € L>=(). Then there exists a unique weak
energy solution of (2.1).

We also recall a useful result needed in this paper (see [23]).

Lemma 2.4 ([23]). Let X be a Banach space and C a conver subset of X, containing 0. Let T be
a non-expansive map on C such that T(C) C C, admitting a unique fized point x* in C. Let Ay, be
a sequence of (0,1) verifying

leH;OAk:1, H)\k:O, Z|)\k+1—/\k| < Q.
k>0 k>0

Then the sequence (z¥) generated by the iterative scheme
el F= /\k+1T(:ck) (2.8)

verifies limy_, oo x% — T(x*) = 0. Consequently, if all subsequences of (z*) have in turn a subse-

quence converging to a point of C, then the whole sequence (z*) converges toward z*.

Recall that a self-mapping T of C is non-expansive if

IT(z) = TW)Il < ll= =yl for all @,y € C.

In the next section, we give the definition of mild solution.

3 Notion of mild solution

Let f € LY(0,T;LY(Q)), uo € L*(Q) and € > 0 be given. We consider the time discretization of
problem (1.1) by an implicit Euler scheme

Ut — Ut
% — div(|Vus, 4 |P@2Vus ) = f5,, in D'(Q) forn=0,...,N — 1,

us € WiP(Q) n L2 (Q);
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where

NeN 0=ty<t1 <--- <ty <Tis a partition of [0, T].

N tn
fe e L>*(Q) forn=1,..., N such that Z/ If(t) = frallLiydt — 0 as e — 0,
n=1

tnfl
maxp=1, N(tn —tn—1) = 0,7 —tn — 0 as £ = 0, u§ € L°>°(Q) such that
Huo — u8||L1(Q) —0ase—0,

with u® the piecewise constant function defined by

ut(t) =us on (tp_1,tn]) withn=1,...,N; u®(0) = u§.

Definition 3.1. A mild solution of (1.1) is a function u € C([0,T]); L*(Q)) with u(0) = ug € L(Q)
such that, for all € > 0, there exists (to,t1,...,tn; [5, 15, ..., [%) and uf verifying (3.2); and for
which there exists (ug, ..., u%) verifying (3.1) such that ||u(t) —us |1 (o) < € for allt € (tn—1,tn],
N.

n=1,...,

Remark 3.2. In this paper, for the sake of simplicity and readability, we chose to present the
constant step subdivision algorithm, i.e. that we set t,41 —t, = h = % foralln=0,... N —1.

However, the techniques developed thereafter can be adapted to a varying step subdivision without

difficulty.

Note that using the nonlinear semigroups theory [6], Ouaro and Ouédraogo have proved in [24]

the existence and uniqueness of mild solutions of the following parabolic problem

%—diva(z,VU):f in@Q=Qx(0,7),
u=0 on 092 x (0,7,

u(z,0) = ug in €,

where ug € L'(Q2) and f € L'(Q). The assumptions on the vector field are the same than those
given in (2.2)—(2.5) and those on the variable exponent p(z) are the same as (2.6). Thanks to their

paper, one has the existence and uniqueness of the mild solution of problem (1.1).
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4 Numerical study

4.1 Numerical scheme

We are now interested in the numerical resolution of (3.1). Let fi, fo,..., fn, ug be some functions
satisfying (3.2), we use the following iterative scheme (proposed by Maitre in [23]) to get uj,

g
from u$,.

Let ufl’Jorl =us € L>(Q), solve for k=0,1,...,

(4.1)
quJI:rl - PdiV(|VUf{J]:J1r1|p<x)72vuf{fiﬂ) = /\kun+1 ()\kun+l uz,) + Pl
where p > 0 is a given parameter and (Ag) is a sequence of (0, 1) such that
li = = _ i .
Jim A =1, [Tr=0 > ey — Ml <o (4.2)
k>0 k>0
F 1 take A =1 !
or example, we can take A\, =1 — ——
X p W k= [ 1

Remark 4.1. For the sake of simplicity, we could take p = h, but in this paper our idea is to
build a non-expansive map and use the Halpern algorithm to approach the solution of (3.1). In the

numerical simulation one will give examples where p = h.

4.2 Existence and uniqueness of solution of (4.1)

In this section, we state and prove the well-posedness of our scheme.

Definition 4.2. For anyn=0,...,N —1, ¢ > 0 and uf, € L*(2), a weak solution of (4.1) is a

sequence (uf{ffl)k> such that ;)\ e Wy S )(Q) NL>(Q) for allk=0,1,..., and
>0
[kt edetp [ (Va2 vt Veds = [ g ods, (43)
for all p € Wol’p(')(Q), where
ek . ek P e €
gn /\kun-l—l h (/\kun-i-l n) + pfnJrl'
Theorem 4.3. Let ¢ > 0. For anyn =0, .. —1 let unH =u;, € L=(Q) and f;, € L>=(Q).

Then, problem (4.1) admits a unique weak solution ui_’i’fl e W, P ( ) for allk=0,1,...

Furthermore, for k=0,1,..., uflffl € L (Q).

Proof. Let e > 0 and fix n. For kK = 0 we rewrite problem (4.1) as

n+1 pdlv(|Vu [P 2vun+1) 97°  in Q

g,1 .
uyy = 0 on 09,
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where

9% = [/\o (1 - %) + 1] Uy, + Pl

Consider the energy functional J, on WO1 P (')(Q) associated to (4.4) given by

1 U|p@)
Jp(U)zi/Ude—i—p/ %dw—/gf{oUd:c.
Q o Db Q

We will establish that J,(U) has a minimizer ufl}rl in Wol"p(')(Q).

Note that .J, is well-defined and Gateaux differentiable on Wy (), since W) (Q) < L2(Q)
thanks to (1.2).

For HUle,p(.)(Q) > 1 we have from the continuous embedding of Wol’p(')(Q) in LP () and ¢g5° €
0
L>(Q),

1 U|p@)
J,(U) = —/ U?dx +p &da@ - / g5°U d > > HUHP
Q Q Q

2 p(x) CHUHW&’MI)(Q)'

1, P(I)(Q)
As p~ > 1, then J, is coercive. J,(U) is lower bounded and furthermore weakly lower semi-
continuous; therefore, admits a global minimizer un 11 € VV1 (. )(Q) which is a weak solution to

(4.4). The global minimizer v} 1 is also unique.

It remains to show that ufl}rl € L*(€). To do this, let us show that HunHHOO < |lg%

— n

As “fwlrl is a weak solution of (4.4), we have

[ uihedesp [ 1V POVt Veds = [ g0 de (45)
Q Q

for all ¢ € Wy (Q).

+
Let 7 € RT. Then, “fwlrl —T€ Wol"p(')(Q) and ( Uyt T) € Wol"p(')(Q)-
Note that for 7 € R, r™ := max(r,0) and 7~ := min(r, 0).

+
Taking ( Uiy 7') as a test function, it follows from (4.5) that
[ b = do o [ VU0t gk -0 de = [ g0t -0t d.

Setting A, = {:v €Q:uly, > T}, we have

-

Vit [P@d > 0.

p [ IVuh POVt Vit -0 e = p [ (9 O vad ik - ) da

p
A

-

Therefore,

/Q T N / G20, — )" da.
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As Q is a bounded open domain, we have
[l = Pde < [ @20 = nuih - )" de

Taking 7 = ||95°|| 00, then g5 — 7 < 0 a.e. in Q.

Therefore, we have (uiil —7)T =0ae. in Q for all 7 = g5 which is equivalent to saying

uity < [95%s ae. in Q.

It remains to prove that u3,; > —[[g5° | a.e. in Q. To do this we take (ui;, +7)~ as test

function in (4.5) and use the same argument as previously. Thus, setting C' = ||g5°||» implies

that u}, € L=(Q).
In short u}; € Wol’p(')(Q) N L>®(Q).

By induction, we deduce in the same manner that the problem (4.1) has a unique weak solution

(uf{_’i’fl)km such that w1 e Wo P (Q) N L2 (Q) for all k € N. O

4.3 Study of the convergence

We begin with the following lemma which provides a crucial L* uniform bound for the sequence
e,k

(u"“)kzo'

Lemma 4.4. Let ¢ > 0 and fir n. If p < h, there exists M > 0 independent of k such that

e
luzialloo < M.

n

Proof. Let M = max (J|u5;0, loc, /541 + o ).

Now let us show by induction that ||Ui-li1||oo < M. We first note that |‘u221”oo <M.

One assumes that Huflflﬂoo < M, and one shows that ||uflﬁr1|\oo <M.

As u T € L°(Q) and verifies
k1 . k1 — k1 k 14 k

ufle — div (p|VufH_Jf |P(@) QVufH_T ) = A\pUpqy — E(Akuiﬂ —u5) +pfaits
then, from the previous proof, it is established that for all k = 1,2, ...,

k1 & P K
g e < vzt = 20wl =)+ ofia| -

Since p < h, we then obtain using the induction assumption

luit oo < (1= 2) M+ 2lnfris +uiloe < M. O

Thanks to M defined in the above proof we have the following convergence result.
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Theorem 4.5. Assume that conditions in Theorem 4.3 are satisfied. Then, for p < h, the iterative

scheme (4.1) converges, i.e.
ui_’il —uS .,y strongly in L'() as k — +oo,

where us, | verifies (3.1).

Proof. Thanks to Lemma 4.4, we can write (4.1) as

1 k1 : ( 1 cktipa)—20 1 ektl ek P,ek
aS T _ pdiv [ |[V—aS e 2y e =al, — —(uy, —ul) +pfoiq, (4.6
)\kJrl n+1 p | )\kJrl n+1 | )\kJrl n+1 n+1 h( n+1 ) pf +1 ( )

where we put @55, = Mul¥, and a3 = Nt

Let A(u) = —div(|Vu|P™~2Vu). We identify the operator A : L'(Q) — L'(Q) associated with
the p(xz)—Laplacian problem (1.1) with its graph i.e.

G(A) = {(u,v) € L'(Q) x L'(Q); v € A(u)}.

Therefore, A is T—accretive as soon as u is an entropy solution of problem (2.1) where a(z, Vu) =
(|Vul[P®)=2Vy). For more details, see [6] and [24, Proposition 4.3]. A is called T—accretive
if [(w—a)T|1 < [[(v—1a+ plv—2)")|1, for any (u,v), (4,9) € A, p > 0; equivalently, if

{ }(v—f})—i— { }(U—f))+20f0r any (u,v), (4,0) € A.
u>1 u=1u
Hence, (4.6) yields
1
1+ p) (5wt ) = aik, - Rk — )+ ofi @)

To complete the proof of Theorem 4.5, we use the following technical lemma.
Lemma 4.6. Let p < 2h and M defined in the above proof such that Cay = {u € L*(2), ||ulloc < M}.

The iteration operator

(@) = (I 4+ pA) " (= £ (@~ u5) + pfi )

is an L*-non-expanding operator from Cys to Cyy.

Proof. The fact that T maps Cy; to Cyy is easily seen thanks to the proof of the Lemma 4.4 and
(4.7). Now let (@, v) € C%,. One has from the T'—accretiveness of A on L'(2) that (I + pA)~1 is

a T—contraction in L'(Q) (see [6]), thus, a contraction. Therefore,

17@ - T@h = [+ (7= L= w) +pfuia)

= U+ (- L@ =) +pfan )|

(=5 (=7l

IN
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Since p < 2h, we obtain
IT(@) - T(@)h < lla~ol. O

Consequently, from (4.7) one has the iteration ﬂflﬁrl = /\k+1f(af{fl) where T is a non-expansive
operator in L'(f2) defined as in Lemma 4.6. Now, we are going to apply the Lemma 2.4 with
X = LYQ) and C = C)s which is clearly a convex subset of L*(£2) containing 0. The uniqueness
of a fixed point is verified thanks to Theorem 2.3. Indeed a fixed point u* of T verifies

u* — pdiv (|[Vu* P@2Tu*) = u* — %(U* —uy) + pfasa

Thus, u* — hdiv (|Vu*[P®)=2Vu*) = g + hfs, . From Theorem 2.3 this equation has a unique

solution and from the definition of mild solution it is ws, ;.

To conclude the proof of convergence of (4.1), we point out that each subsequence of ﬂflfl has a
convergent subsequence to an element of C', using the L> bound of ﬂfjl and the monotonicity of
(|Vﬁi’f1|p(w)_2Vﬁi’fl), to the equation (4.6). Applying Lemma 2.4, we conclude that the sequence

_ : 1
a3k, converges strongly in L'(Q) toward ug, ;. The same occurs for ui¥, = )\—ufl_’il O

4.4 Convergence when ¢ — 0 toward a solution of (1.1)

Note that for a mild solution we do not need to show the convergence in time since it is included in
its definition: once convergence in k is achieved for us, , |, then, by the definition of mild solution,
u5, 1 approaches u®(t) on (t,,t,41] up to e. Thus, our scheme converges to the mild solution when

€ goes to zero.
We can state also the following result.

Proposition 4.7. Let ug € L*>°(Q), f € L>(Q) and u the unique mild solution of (1.1). Then u is
a weak solution of (1.1). By a weak solution we understand a solution in the sense of distributions
that belongs to the energy space, i.e.,

wev = {v e LP (0, T; WhPO (Q)); Vo] € LP(~)(Q)} :

O AU )2 Vu) = £ in D' (Q), u(,0) = o

Remark 4.8. Note that a proof of the above proposition exists in [24]. Here, we use L° uniform

(4.8)

boundedness and the strong convergence in L*(Q) of the solution of our numerical scheme to prove

Proposition 4.7.

Moreover, these two results lead to the L> uniform boundedness of the weak solution.

Proof of Proposition 4.7. Let u be the mild solution of (1.1). For n =0,...,N —1, uj,, is the

unique weak solution of (3.1). We have

€ _ €
/Q un+1h u"cpd:E—i—/Q|VU2+1|p(I)72VUfL+1-VS"dx:/fol-klcpdx’ (4.9)
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0 () N L2(2) and

e O0=tyg<---<ty=Tsuchthatt, —t, 1 =h<eforn=1,...,N,
N tn
. Z/ 1) = fallby dt < e = || fallee) < 1f Oz,
n=1tn-2 (4.10)

T
. }:foﬂhqu>§LA 17 8) e dt,
n=1

o luo —ufllLi@) <& = lufll=@) < lluollL=(o)-
Note that relations in (4.10) are equivalent to relations in (3.2).
Let us set uc(t) = us, 1 YVt € (tn,tnt1), ue(0) = ug and fo(t) = fii 1, VE € (tn, tnt1)]-

n

Lemma 4.4, Theorem 4.5 and the above relations in (4.10) imply that

el (@) < ClluollLe(ey: 1f Lo (@))- (4.11)

2
Let ¢ be the function defined by ((r) = % that satisfies ((r) — ¢(7) < (r — 7)r.

Taking ¢ = uf, as test function in (4.9) and integrating over (,,t,+1] and summing over n =

0,...,N —1, we get
C(ue(t)) d + / |V [P@) de dt < / feucdzdt + [ C(uf) dz.
Q Q Q Q
Thanks to the uniform boundedness of u. in ¢ and as u§ € L*>(Q), we have
/ |V [P@ dz dt < C.
Q

Moreover,

T B T L
/ ||V’UJ5||Z£F(_)(Q) dt < / max |VUE|P(1); (/ |VUE|P(1)) dt.
0 0 Q Q

T
| el <

As a consequence, there exists a subsequence still denoted (u¢)c>0, such that

=

Hence,

ue — w, weakly-*in L>(Q),
ue — wu, weaklyin LP (0,T; WO“”(')(Q))7
, d
|Vu[PO~2Vu, — &, weakly in (LP (-)(Q))

Using the monotonicity method we show that ® = |[Vu[P)"2Vu a.e. in Q.

Now, let . be the piecewise linear function defined by

—t,

- t
ie(t) = uf + —

(ugpq —uy,) fort € [ty, thi1], n=0,...,N — 1.
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€ _ €
The function . verifies (ii.), (t) = “"+1h " and @. — w in L0, T; L'(Q)). Hence,
we C(0,T); L),
Integrating (4.9) over (t,,tn+1) and summing over n =0,..., N — 1, we find
T T
_ / / ol dx dt — / w(0)ug dx + / / (|Vu6|p(z)—2Vug) Nedzdt
0o Ja Q 0o Ja
T
= / fep dx dt. (4.12)
0o Jo
Using the convergence results and passing to the limit in (4.12) as ¢ — 0, we get the result. (|

Remark 4.9. For ug € L*(Q), f € LY(Q) the unique mild solution u of (1.1) is also an entropy
solution. Indeed, since L™ is dense in L', we consider two sequences of functions (fm)m>1 C

L>(Q) and (uom)m>1 C L=(Q) satisfying

fm — fin LYQ), Uom — up in LY(Q), as m — oo,
(4.13)
[fmllzr@) < fllerv@),  Nuomllzie) < lluollziq)-
Then, we get the following approximate problem of (1.1).
Oty . (z)—2 .
o div(|Vu,|P Vum) = fm inQ,
U, = 0 on 02 x (0,T), (4.14)

Um (2,0) = ugm, in Q.

Thanks to [24], for each m = 1,2,..., we can find a unique mild solution u,, € C([0,T]; L*(Q))
for problem (4.14) which verifies the L'—contraction principle, i.e. the following estimate holds
for almost all t € (0,T),

t
lum( )l < |\U0m|\L1(sz)+/O | fm (s $)llLr () ds

IN

t
luollzry + / 17 )l ds.

By Proposition 4.7, and following the proof of [24, Theorem 5.1] we get the result.

Note that this entropy solution is equivalent to the renormalized solution of (1.1). Indeed, in
[29], Zhang and Zhou have proved thanks to the assumptions (1.2) the existence and uniqueness
of renormalized and entropy solutions of (1.1). In their paper, they have showed the equivalence

between entropy and renormalized solutions.
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4.5 Numerical tests
4.5.1 Implementation

We know that solving the equation (4.1) is equivalent to solve the following minimization problem

forn=0,1,...,N—1land k=0,1,...

WS = argmin, ¢y J (v), (4.15)

where,

W= {U e WHPO(Q)n LOO(Q)}

and the functional J is

1 1 P p
- e p) gy — (1= £ L e
J(v) 2/v dgc—i—p/ p(x)|Vv| dx (1 h) /\k/g Uy v h/ﬂunvd:v
/ff;ﬂvdac (4.16)

We formulate a basic procedure for solving problem (4.15) following the split Bregman technique

(see [17]). We solve the minimization problem by introducing an auxiliary variable b. We have

~ 1/ 2 / 1 P
ming - [ v*dx+p —bp(z)d:c—(l——) /\k/ u, vde — u;, v dx
v {2 Q Q p(:v)' | H h Q
- p/ Jrny1vdx subject to b= VU} . (4.17)
Q

By adding one quadratic penalty function term, we convert equation (4.17) to an unconstrained

splitting formulation as follow.
min{l/vzd:c—i-p/ L|b|p( da:—i— |b—Vv|2da:—(1——) )\k/ufl’flvd:r
vb L2 /g o p() Q

—B/uflvdx—p/fflﬂvdgc}, (4.18)
h Ja Q

where 7y is a positive parameter which controls the weight of the penalty term. Similar to the split

Bregman iteration, we propose the following scheme.

. 1 1 ~
It pH) = argmin, {—/v2dx+p/ —bp(””)dgc—i——/ b—Vu -0 dx
(1——) )\k/ nHvd:z: p/uflvdx—p/ fflﬂvdx}, (4.19)
h Q h Ja Q
g = ¢ Vot b

Alternatively, this joint minimization problem can be solved by decomposing into several subprob-

lems.
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4.5.2 Subproblem v with fixed b and §

Given the fixed variable b’ and §¢, our aim is to find the solution of the following problem

1
o'l = argmin, {—/ vdr+ 2L o' — Vo — 82 do — (1 - B) )\k/ uf{flv dx
2 Jo 2 Jo h Q
—B/ uivda:—p/ f§+1vd:17}. (4.20)
h Jo Q
We know that solve (4.20) is equivalent to solve the following optimality condition.
_ l ! P ek P e e
v—yAv =4V.(6 =) + (1 - E) Ak + 7 tn + ol (4.21)
Since the discrete system is strictly diagonally dominant with Neumann boundary condition, the

most natural choice is the Gauss-Seidel method.

4.5.3 Subproblem b with fixed v and ¢

Similarly, we solve

1
b = argmin, {p / ——[bP®) dz + 1 / [b— Vit — 5l|2dx} (4.22)
o p(z) 2 Ja

In two dimensional space.

Here, setting b = (by, by) and 6 = (J5, dy).

Then, the resolution of (4.22) is equivalent to solve the following optimality condition.

plbIP @ =2b, 4 (b — Voot — &) =0

(4.23)
plOIPEY) =2, 4 7y (by — Vot — 5.7[;) =0,
where Vv = (V,v, V).
If b, and b, are not zero, then,
vV, ot 4 g
by = ————2p,. 4.24
Vyoltt + 55 Y ( )
Substituting (4.24) into (4.23), we obtain
sign(by )T |by [P0~ + 4 (b, — Vol T —6l) =0, (4.25)
1 4 5l 2 rep
m )
where T' = p <<§7le+71162> + 1) . Here, sign is defined as follows.
1 if w >0,
sign(w) := 0 if w =0,

-1 if w <O.
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Note that
sign(by) = sign(V,o' ™! 4 6L) (4.26)
and
sign(b,) = sign(V,v' ! + 62) (4.27)
So, (4.25) can be expressed as
sign(Vy o't + 6L)T|b, [P0 =1 (b, — V0! t1 — 6L) = 0. (4.28)

Unfortunately, we cannot obtain the explicit solution of the equation (4.28). We can use Newton
method to get an approximate solution. If b, is solved, b, can be easily determined using (4.24)

and (4.26).

4.5.4 Applications

In the following numerical simulation the iteration process stops when the following condition is
satisfied
k+1 k
Hunil — Up ]2

k+1

< stop := 1077, (4.29)
[untill2

where ||.||2 is the Euclidean norm and uf 11 the vector approaching, at iteration k, the space-

discretization of u,1. After stopping the iterations at k = kg5, we denote u,41 = ui{ﬁt and

switch to the next time step.

Note that for implementation, finite difference method is used to approximate the partial deriva-
tives. Moreover, for sake of simplicity, the domain 2 will be a square. The domain  will be

subdivided into N2 uniform squares.

For numerical simulation, we will use the following parameters
N, =80 and h =0.02.

Let us recall that h is the time step. The space step is easily computed thanks to IV, and €.

Example 4.10. In this example, we take Q@ = (0,1) x (0,1), T = 1, p(x,y) = 2, and f =
xy(1—2)(1 —y) +2t((1 — y)y + (1 — x)x). As initial condition, we set

Uo(xvy) =0.

Let us note that with these data p, ug and f, the exact solution is

u(z,y,t) = try(1 —z)(1 —y).
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Numerical solution at t=1.000

Exact solution at t=1.000

D : RIS
IS SIS
OSSN S SO
SISO SO SNN
oo S S NN \ 0.04 K RSN
oSSRy R TIN
SRR 7 /;////Z//,//;l//ll,':.’l.:"'O‘O‘; sttt
oo HOSeS
0o
S 0. XIS
0.03 ”"’%";’Z’:’:’:’:‘:‘:": ol
RS

Figure 1: left: u(z,y,t) = tzy(1 — z)(1 — y) right: For p = h and v = 0.02

Exact solution at t=1.000 Numerical solution at t=1.000

0.06
LIS RS
KK LIS
RS RIS
SIS NN 0.04 S SOSSSINNANN
SN eSS SN
XK KT KX SRR
SRR XSS
ST TN = 0.03 SIS
OSSN . OSSR
ST IR
0.02

Figure 2: left: u(z,y,t) = tey(1 — z)(1 — y)

right: For p = h/2 and v = 0.02

Figure 1 shows the exact solution and the numerical solution for v = 0.02 and p = h. While,

Figure 2 shows the exact solution and the numerical solution for v = 0.02 and p = h/2.
As we can see, we always get a good numerical approximation of the solution even if p varies.

Denoting uj, the numerical solution and u the exact solution of Example 4.10, with p = h and

v = 0.02, we get the following table of the error approximation.

t

0.1

0.2

0.3

0.4

0.5

[[un —ullx

2.5099.1075

5.6941.107°

7.9789.107°

1.0717.10~*

1.345.104

0.6

0.7

0.8

0.9

1

[[un — ul

1.6192.10*

1.8930.10*

2.1668.10~4

2.4406.10~4

2.7144.10~4
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Example 4.11. In this example, we set Q = (0,1) x (0,1), T =5, p(z,y) =2+ —

As initial condition we set

]
2 )

uo (JJ, y) =0.
As parameters we set p = h and v = 0.02.
Numerical solution at t=1.000 Numerical solution at t=5.000
0.12 0.12
0.1 0.1
> 0.06 e 5 0.06 ’"’"":"ll"":':'f""""'
0.04 | 0.04
0.02 1 0.02 -|
0 0
1 1
. : : |z|
Figure 3: Numerical solution for p(z,y) = 2 + 5o P= h and v = 0.02.

Figure 3 shows the numerical solution at ¢ = 1 and at ¢t = 5. One can see that both figures are the

same.

2
% and

Example 4.12. In this example, we take Q = (—=1,1) x (=1,1), T =5, p(z,y) =

ol ©

1 if x>0
0 i z<NO.

As the initial condition, we set
ug(x,y) = 1770V .

We use the same parameters p and v as previously.

Figure 4 shows the numerical solution att =1 andt=>5.
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Numerical solution at t=1.000 Numerical solution at t=5.000
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Iy
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Figure 4: Numerical solution for p(x,y) = , p=~h and v =0.02.

9
5

We remark that the exponents p(z) considered in the three examples satisfy the condition 1.2.

Also, note that the choice of v results from the knowledge of the explicit solution of the Example
4.10. Indeed, knowing the explicit solution, we choose 7y so as to obtain a better approximation of

this explicit solution. This leads to the choice of v = 0.02.

Conclusion and discussion

Inspired by the work of Maitre (see [23]), we have in this paper made a numerical analysis of the
mild solution of parabolic problem involving the p(z)—Laplacian operator. Using the works of
Zhang and Zhou (see [29]), and Ouaro and Ouédraogo (see [24]), we have shown that the mild
solution is also an entropy solution which is equivalent to the renormalized solution. For the

numerical tests, we have used the split Bregman iteration.

In a forthcoming paper, we will make a comparison of the solutions of our numerical scheme (4.1)

to those of the classical backward Euler scheme.
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