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Existence of positive solutions for a nonlinear
semipositone boundary value problems on a time
scale
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SANDIP RouT! ABSTRACT

In this paper, we are concerned with the existence of positive

L School of Mathematics and Statistics, solution of the following semipositone boundary value problem
University of Hyderabad, Hyderabad, on time scales:

500 046, India.

panigrahi20080gmail. com = @By ()Y +Mg(t, y(£)+A2h(t, y(t)) =0, t € [p(c), o(d)]r,

sandiprout7@gmail.com . . .
with mixed boundary conditions

ay(p(c)) — BY(p(c))y™ (p(c))
Yy(o(d)) + 61(d)y> (d)

where ¥ : Clp(c), o(d)]r, ¥(t) > 0 for all t € [p(c), o(d)]r;
both g and h : [p(c), o(d)]r x [0, co) — R are continuous and

0,
0,

semipositone. We have established the existence of at least one
positive solution or multiple positive solutions of the above
boundary value problem by using fixed point theorem on a
cone in a Banach space, when g and h are both superlinear or
sublinear or one is superlinear and the other is sublinear for

Ai > 0; ¢ =1, 2 are sufficiently small.
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RESUMEN

En este articulo estudiamos la existencia de soluciones posi-
tivas del siguiente problema de valor de frontera semipositén

en escalas de tiempo:

WY ()Y +Mg(t, y(t)+Aah(t, y(t) =0, t € [p(c), o(d)]r,
con condiciones de frontera mixtas

ay(p(e)) = By (p(c))y" (p(c))
1y(0(d) + 69 (d)y>(d)

donde 9 : C[p(c), o(d)]r, ¥ (t) > 0 para todo t € [p(c), o(d)]r;
ambas g y h : [p(c), o(d)]r x [0, ©) — R son continuas y

=0,
=0,

semipositéon. Hemos establecido la existencia de al menos una
solucién positiva o multiples soluciones positivas del problema
de valor en la frontera anterior usando un teorema de punto
fijo en un cono en un espacio de Banach, cuando g y h son
ambas superlineales o sublineales o una es superlineal y la otra

es sublineal para A; > 0; ¢ = 1, 2 suficientemente pequenos.
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1 Introduction

The study of dynamic equations on time scales goes to the seminal work of Stefan Hilger [11] and
has received a lot of attention in recent years. Time scales were created to unify the study of
continuous and discrete mathematics and particularly used in differential and difference equations.
We are interested to prove the results for a dynamic equation where the domain of the unknown

function is a time scale T, which is a non-empty closed subset of real numbers R.

We consider the second order semipositone boundary value problem on time scales:

W(Hy> ()Y + Mgt y(t) + Ah(t, y(t) = 0, t € [p(c), o(d)]r, (1.1)
with mixed boundary conditions

ay(p(c)) — B (p(e)y> (p(e) =0,

(1.2)
vy(o(d)) + 5 (d)y>(d) =0,

where A1 and Ao are positive and

(Hi1) ¥ : Clp(c), o(d)]r, ¥(t) > 0 for all t € [p(c), o(d)]r;
(H2) «, 8,7, 6, > 0and ad + By + ay > 0;

(H3) g and h : [p(c), o(d)]r x [0, c0) — R are continuous satisfying with both g and h are

semipositone.

D. R. Anderson and P. Y. Wong [1], have established the existence result for the SL-BVP (1.1)
and (1.2) where g is superlinear such that g(t, y) > —M for some constant M > 0 and A is in
some interval of R with A(t, y) = 0. They did not establish any results concerning the existence
of positive solutions for the boundary value problem (1.1) and (1.2), when g is sublinear. Many
findings have also been obtained for the existence of positive solution of the boundary value problem
(1.1) and (1.2), when h(t, y) = 0, but only a few results have been established for the existence of
positive solutions when h(t, y) # 0. Motivated by the work of [1] and the references cited therein,
we would like to establish the sufficient conditions for the existence of positive solution of the
boundary value problem (1.1) and (1.2), when g and h are both superlinear or sublinear or one is

superlinear and the other is sublinear for A; > 0; ¢ = 1, 2 are sufficiently small.

It is worthy of mention that results of this paper not only apply to the set of real numbers or the set
of integers but also to more general time scales such as T = N2 = {t? : t € No}, T = {/n : n € Ng},
etc. For basic notations and concepts on time scale calculus, we refer the readers to monographs [5,
6] and references cited therein. The study of nonlinear, semipositone boundary value problem has

considerable importance even in differential equations. In recent years, several researchers studied
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semipositone boundary value problem on time scales [1, 2, 4, 7, 10, 16, 17]. Semipositone problems
arise in many physical and chemical processes such as in chemical reactor theory, astrophysics, gas
dynamics and fluidmechanics, relativistic mechanics, nuclear physics, design of suspension bridges,
bulking of mechanical systems, combustion and management of natural resources (see [3, 9, 12, 15]).

Let a and b such that 0 < p(a) < a < b < o(b) < oo and (p(a), o(b))r has at least two points.

The plan of the paper is as follows. In Section 2, we provided some preliminary results concerning
the Green’s function for the homogeneous boundary value problem and some important Lemmas.
These results allow us in Section 3 to discuss the existence of at least one or multiple positive
solutions. Finally, in Section 4, we illustrate few examples to justify the results obtained in the

previous section.

2 Preliminaries

In this section, we have obtained some basic results related to Green’s function for the homogeneous

boundary value problem and some important Lemmas.

Now let us consider the homogenoeous dynamic boundary value problem

W(&)y> ()Y =0, t € [p(c), o(d)]r, (2.1)

with boundary conditions (1.2). Green’s function G(¢, s) (see [7]) for the boundary value problem
(2.1) and with the boundary conditions (1.2) is given by

T o(d T
(34t 5) (542150 35 ) s <t < s < o0

Gt 5) = ~ (2.2)

¥
s T a(d) T
(8 i S5) (3207 55 ). sler < 0 s 0500,

where

od) vr
gp:aé-i—ﬁ’y-i-cw/ >0
p(c) 7/}(7—)

Lemma 2.1 ([17]). Assume (H1) and (Hz) hold. Then the Green function G(t, s) satisfies
W)y 0)Y +Qt) =0, te (plc), o(d))r, (2.3)
with mized boundary conditions (1.2), where Q € Cr4[p(c), o(d)]r, Q(t) > 0; then

y(t) = a@®llyll, t € [p(c), o(d)]r, s € [a, b]r, (2.4)
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where q(t) is given by

t AV o(d) vr
Bralwsm I+ 3m

J(d) A ’ U(d) N\
Brali om +7 e o

q(t) = min

Lemma 2.2 ([1]). For allt € [p(c), o(d)]r and s € [c, d|t, then
q(t)G(s, s) < G(t, s) <G(s, s),

where G(t, s) is given in (2.2) and q(t) is defined as in Lemma 2.1.

Lemma 2.3 ([1]). Let (Hy) and (Hs) hold and let y; be the solution of

W)y (®)Y +1=0,t € (p(c), o(d))r,

with mized boundary conditions (1.2), then there exists a positive constant C' such that

y1(t) < Cq(t), t € [p(e), o(d)]r,

1 o(d) vr o(d) v,
C= ;(U(d)_P(C)) (5"‘04/”(0) 7/)(7')> <5+’Y/p(c) 7/’(7')> .

Lemma 2.4 ([8]). Let lim gt y) = o0 and define G : [0, c0) — [0, o) by

y—o0 Y

where

G= g(tv y)

= max
p(c)<t<o(d), 0<y<r

Then

(I) G is non-decreasing;

(1) tim S0 _

r—oo T

J

(III) there exists r* > 0 such that G(r) > 0 for r > r*.

Lemma 2.5 ([8]). Let limy_wcm

function, such that

lim 20 _ g,
rT—00 T
Define a function for y € C[p(c), o(d)]r,
9(t, y), y =0,

g(t,y) =
g(t, 0), y <O.

(2.5)

(2.6)

= 0 holds. Then G defined by (2.8) is a nondecreasing
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and

h(t, y) =

— h(t, y), y >0,
h(t, 0), y <O0.

Let us consider the nonlinear boundary value problem:
(w(t)yA)V = _[Alg(t7 Y- I) + >\2E(ta Yy—= l‘) + M]a (29)

with boundary conditions (1.2).

Lemma 2.6. Assume that x(t) = My (t), where y1(t) is a unique solution of the boundary value
problem (2.6) and (1.2). Then y(t) is a solution of the boundary value problem (1.1) and (1.2) if
and only if §(t) = y(t) + z(t) is a positive solution of the boundary value problem (2.9) and (1.2)
with g(t) > x(t) fort € [p(c), o(d)]r.

Proof. Let us assume that 7(¢) is a solution of the boundary value problem (2.9) and (1.2) such
that (t) > x(¢) for any ¢ € [p(c), o(d)]r. Let y(t) =7(t) —z(t) > 0 on [p(c), o(d)|r as G(t) > x(t).
Now, for any t € [p(c), o(d)]r, we have

@OF> ()Y + Mgt G(t) — (1) + Ah(t, G(t) — (1) + M] =0,
that is,
WOy )Y + @) ()Y + gl G(t) — z(t) + Aeh(t, G(t) — x(1))) + M] = 0.
By using the definition of y together with the definition of z, we have
WOy 0)Y + Mgt y(1) + Aeh(t, y(t) + M] + M)y (1) () = 0.

Thus,
WOy (0))Y + Mgt y(1) + Aok, y(t)) = 0.

On the other hand,

= (a@(p(c)) — B(p(c))T™ (p(c))) — (az(p(c)) — B (p(c))z™(p(c)))
= (a7(p(c)) = B(p(c))T>(p(c))) — M(ay1(p(c)) — Bi(p(e))yi (p(c))) =0,

and

vy(o(d)) + 5v(d)y> (d) = 75(o(d)) + sv(d)F>(d) — (ya(o(d)) + sy (d)a™(d))
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= 5(0(d)) + 5%(d)7" (d) — M (yyr(o(d)) + 5¥(d)yi* () = 0.

Hence, y(t) is a solution of the boundary value problem (1.1) and (1.2). Hence this completes the

proof of the lemma. O

Let us define a Banach space

E={y:Clp(c), o(d)lr — R}

endowed with the norm

lyll = max{ly(t)], ¢ € [p(c), o(d)]r}-

Define a cone K on FE by

K ={y e Clp(c), o(d)lr : y(t) = q(®)llyll, t € [p(c), o(d)]r},

where ¢(t) is defined as in Lemma 2.1. Let us define an operator T on K by
d —
Thy(t) = G(t, s)[Mg(s, y(s) — (s)) + Ah(s, y(s) — (s)) + M]Vs. (2.10)
p(c)

Lemma 2.7. Assume that (Hy)—(Hs) hold. Then T\(K) C K and Ty : K — K is a completely

continuous operator.

Proof. First we show that T\(K) C K. Let y € K and ¢t € [p(a), o(b)]r. Note that

d
(T/\y)(t) = ( )g(t7 S)P‘l?(sa y(S) - LL’(S)) + /\QE(Sa y(S) - ,’E(S)) + M}V&
p(c
that is,
d —
(Thy)(t) < /( ) G(s, s)[Aig(s, y(s) — z(s)) + A2h(s, y(s) — z(s)) + M]Vs.
Hence,

ITxyll < / G(s, 5)[Mg(s, y(s) — x(s)) + Aah(s, y(s) — x(s)) + M]Vs.

(e)
By use of the Lemma (2.2), we obtain
d p—
(Thy)(1) = 4(1) © (s, 8)[Mg(s, y(s) — x(s)) + Aah(s, y(s) — x(s)) + M]Vs,
p(c
which implies

(Txy)(t) = q(@) [ Txyll-

Thus, Th(K) C K. Since f and g are continuous, it shows that T is continuous and by the
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Arzela-Ascoli Theorem [14], it is easy to verify that T) is a completely continuous operator. Hence

this completes the proof of the lemma O

Lemma 2.8 ([13]). Let E be a real Banach space, and let K C E be a cone. Let Qq, Qy be two
bounded open subsets of E with 0 € Qy, Q1 C Qy. Assume that T : K N (Qy \ Q1) — K be a

completely continuous operator such that either
1Tyl < |lyll for all y € KNI andand || Tyl > |yl for all y € K NNs,

or

[Tyl = |yl for all y€ KN and [Tyl < |yl for all y e KNy,

then T has at least one fized point in K N (Qa \ Q1).

Let us define the following:

t h(t
(Ly) lim 9t y) = 00; (Ls) lim hit, y) = 00;
y—oo Yy y—oo Yy
(Ly) lim M =0; (Lg) lim M =0;
_glty) o - h(ty)
(L3) Tim, v 0; (L7) Tim, y =0;
o9ty bty
(Lq) lim b (Ls) lim , >

Note that the limits (L;),i € N§, are assumed to be inform with respect .

We would like to establish the existence of solutions for the boundary value problem (1.1) and

(1.2) under the following cases:

(I Ly and Ls; (VII) Ls and Ls;
(II) Ly and Lg; (VIII) L and L7;
(IIT) Ly and Ly; (IX) L3 and Ls;
(IV) Lo and Ls; (X) Ly and Lg;
(V) Lo and Lg; (XI) Ly and Lr;
(VI) Ly and Ls: (XII) Ly and L.

Remark 2.9. We fails to apply the Lemma 2.8 for the pairs such as (XIIT) Ly and Lg, (XIV)
L2 and L7, (XV) L3 and LG & (XVI) L4 and L5.
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3 Main Results

Theorem 3.1. Let (Hy)—(Hs), (L1) and (Ls) hold. Then the boundary value problem (1.1) and
(1.2) has a positive solution for \;, i = 1, 2 are sufficiently small.

Proof. Let A\ and \g satisfy

1
O< A+ A< s (31)
max t,y)+ max h(t,
p(c)<t<o(d) 9t y) p(c)<t<o(d) (&, 9)
0<y<ri 0<y<r:

where r1 = max{(M + 1)||ly1||, r*, CM}, C and r* are defined as in Lemma 2.3 and Lemma 2.4,
respectively and y; be the solution of (1.2) and (2.6). Define Q,., = {y € Clp(c), o(d)]r : ||yl < r1}.
For y € K N 0Q,,, we have

d p—

(Thy)(t) = o G(t, s)[Mg(s, y —x) + Aah(s, y —z) + M]Vs

IN

d d

AL+ A max t,y)+ max h(t, / gt,5V5+/ Gg(t, s)MVs

o) | max o)+ s b)) [ G st [ gt
0<y<r: 0<y<ry

= | (A1 +A2) max g(t,y)+ max h(t,y) | +M | y(t)

p(g)gﬁ;%gl(d) p(%)gﬁytéfl(d)
< (L4 M)y(t)
<=yl
Thus,
ITayll < llyl| fory € K NoQ,,. (3.2)

Let us choose a constant M > 0 such that

1 ta
Z i > .
2M(/\1 + Ao (tlrg%lm ) G(t, s)Vs) >1, (3.3)
where
p=, min q(s). (3.4)

From (L) and (Ls), we have for same M > 0 there exists a constant [ > 0 such that

g(t,y) > My for yell, o),
h(t, y) > My for y e [l, ).

Now set ro = max{er, 20M %} Define €2,., = {y € Clp(c), o(d)]r : ||yl < r2}. For y €

T
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K N oQ,,, we have

and

. y(s)
_ > EASY,
tlrﬁnslgtz(y(S) .Z‘(S)) - tlrﬁnslgtz 2

.yl
>, min = q(s)
Tap
2
> 1.

For y € K N 01Y,,, we have

d
min (Thy)(t) = min / G(t, 8)[Mg(s, y — x) + Xah(s, y — ) + M|Vs

tefty, ta] te(ty, ta] (c)
to _

> min G(t, s)[Mg(s, y —x) + Aah(s, y —x) + M]|Vs

T ote[ty, ta] t
ta

> min G(t, 8)(A1 + A2)M (y(s) — x(s))Vs

t€fty, t2] Jy,
ta

> min G(t, s)(M1 + )\Q)M@Vs

tefty, t2] Jy,
2

1 J—
> 5 (M +A2)Mp min G(t, s)llyllVs

t€ft1, t2] Jy,

> [lyll-

Thus,
[Tyl = [lyll for y e KNoQ,,. (3.5)

By Lemma 2.8, T has a fixed point § with r; < ||g]| < r2. By use of the Lemma 2.3, it follows
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that

Hence, y = § — x is a positive solution of the boundary value problem (1.1) and (1.2). This

completes the proof of the theorem. O

Theorem 3.2. Let (H1)—(H3), (L) and (Lg) hold. Then the boundary value problem (1.1) and

(1.2) has a positive solution for \;, i = 1, 2 are sufficiently small.

Proof. The proof of Theorem 3.2 is similar to that of Theorem 3.1, hence it is omitted. O

Theorem 3.3. Assume that (Hy), (Hs), (L2) and (Lg) hold. Let there exist two constant D > 0
and 1 > 0 such that

g(t,y) >n for te[p(c), o(d)], y € [D, o),
h(t,y) >n for tep(c), o(d)], y € [D, c0),

then the boundary value problem (1.1) and (1.2) has a positive solution for \;, i = 1, 2 are suffi-

ciently small.

Proof. Set
ry = max{QD, ZMC}, (3.6)
I
and
to -1
Ao (min, “a )+ X)) (37)

where 4 = min ¢(s). Our claim is that for A\; € [A, 00), i = 1, 2, the boundary value problem
t1<s<ts

(1.1) and (1.2) has a positive solution. Define Q,, = {y € Clp(c), o(d)]r : |ly|| < r1}. For
y € K N0oQ,,, we have
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and

. . y(s)
_ > A7
2o, (y(s) —2(s)) 2, min =5

o lyll
> RLAALLE
>, min = q(s)

_ne
2
> D.

For y € K N 0K, we have

d
min (Thy)(¢t) = min / G(t, 8)[Mg(s, y — x) + Xah(s, y — ) + M]Vs

te[t17t2] tE[tl,f,g] ((,)
t B
> min G(t, s)[MG(s, y —x) + Aah(s, y —x) + M]Vs
telti, ta] Jy,
ta
> min [ Gt )0 + AV
tefty, t2] Jy,
=7 =yl
Thus,
Tyl > lly|| for ye KNoQ,,. (3.8)

From (Ls) and (Lg), we have

On the other hand, by use of the Lemma 2.4, there exists a R > 0 such that

d
R > max {27"1, max / G(t, s)M + 1]Vs} .
p

p(e)<t<a(d) Jp(c)

and e satisfies

d
max / G(t, s)[eMR+ e\aR+ M|Vs < R.
p(e)<t<o(d) Jp(c)

Let
Qr ={y € Clp(c), o(d)]r : lyll < R}.
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For y € K N 0QR, we have

d
Tt) = [ Gt 9N(s,y =) 4 AaF(s,y =) + M)V

d
< / G(t, s)[\MeR+ eXaR + M|Vs
p(c)

< R = [lyll

Thus,
ITxyll < llyl| for ye KNOQg. (3.9)

By Lemma 2.8, T has a fixed point § with 7 < ||g|| < R. It follows that

y(t) > riq(t)

Hence, y = § — x is a positive solution of the boundary value problem (1.1) and (1.2). This
completes the proof of the theorem. O

Theorem 3.4. Assume that (Hy)-(Hs), (L3) and (L7) hold. Let there exist two constant D > 0
and 1 > 0 such that

g(t,y) >n for telp(c), o(d)]y € [D, ],
h(t,y) >n for tep(c),a(d)]y e [D,I],

then the boundary value problem (1.1) and (1.2) has a positive solution for \;, i = 1, 2 are suffi-

ciently small.

Proof. The proof of the Theorem 3.4 is similar to that of Theorem 3.3, hence it is omitted. O

Theorem 3.5. Let (H1)—(Hs), (L1) and (Lg) hold. Then the boundary value problem (1.1) and

(1.2) has at least two positive solutions for \;, 1 =1, 2 are sufficiently small.

Proof. If (Lg) holds, then by the Lemma 2.5, there exists a constant 1 > 0 such that

G(Tl) S N?“l.
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Since A\; and Ay are sufficiently small, we have

ple)<t<o(d) p(e)<t<a(d)
0<y<mr 0<y<m

d
A1 max  g(t,y)+ A2 max  h(t,y)+ M / G(s, s)Vs <ry.
p

Let Q,, = {y € Clp(c), o(d)]r : ly|| < r1}. For y € 99Q,,, we have

d
@)= [ 60, 5) [ Maglos y— )+ Mo,y — )+ 1] s
p(c)
d
A max t,y)+ A max  h(t, G(s, s)Vs
LB 9 T A max Al y) o(e) (5 5)
0<y<ri 0<y<ri

d
—|—/ G(s, sYMVs <ry = |yl
p(c)

Thus,
Tyl <yl for all ye KnNoQ,,. (3.10)

From (L;), we have

g(t, y) > Ny forall y <l

Let ro = maX{QCM, %,27“1} and Q,., = {y € Clp(c), o(d)]r : |ly|] < r2}. For y € 0K N Q,.,, we

have
y(s) — x(s) = y(s) — My1(s)
> y(s) — MCq(s)
> y(5) - <)
> %y(S),
and
y(s)

. B - .
tlrgnslgtz(y(S) 1’(8)) - t1I§nsH§1t2 2

oyl
> RLAALLE
> min O q(s)
rap
2
> .



CUBO

Existence of positive solutions for a nonlinear semipositone... 427

24, 3 (2022)

For y € K N 01Y,,, we have

d

min (Thy)(t) = min / G(t, 8)[Mg(s, y — x) + Aah(s, y — z) + M]Vs
te[tl,tg] te[thtz] p(C)
to .
> min G(t, s)[Mg(s, y — ) + Aeh(s, y — 2) + M]Vs
t€ft1, ta] Jy,
to
> min G(t, )M N1(y(s) — x(s))Vs
te(ty, ta] th
=72 = [lyll-
Thus,
1Tyl > |yl forall ye KNoQ,,. (3.11)
Let

d

R = max A max t,y)+ A max h(t,y)+ M
LB 9+ A max  hity) (
0<y<R 0<y<R

G(s, 5)Vs> 21 3,

p(c)

then r1 < ro < R. Let Qp = {y € Clp(c), o(d)]t : ly]| < R}. For y € KN Qpg, t € [p(c), o(d)]r,

we have

d
(Thy)(t) = /( )Q(t, s) [Mg(s, y — ) + A2h(s, y —x) + M| Vs

<l1A max t,y)+ A max h(t,y)+ M / G(s, s)Vs
LB 9By T A max Al y) o(c) (s, 9)
0<y<R 0<y<R
<R =yl
Thus,
Tyl < ly|| forall ye KnNoQg. (3.12)

Thus by the Lemma 2.8, T has at least two fixed points. Hence, the boundary value problem
(1.1) and (1.2) has at least two positive solutions. O

Theorem 3.6. Let (H,)—(H3), (L2) and (Ls) hold. Then the boundary value problem (1.1) and

(1.2) has at least two positive solutions for \;, i = 1, 2 are sufficiently small.

Proof. The proof of the Theorem 3.6 is similar to that of Theorem 3.5. O

Theorem 3.7. Let (Hy)—(H3), (Ls) and (L) hold. Then the boundary value problem (1.1) and

(1.2) has at least two positive solutions for \;, i = 1, 2 are sufficiently small.
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Proof. From (L7), we have

h(t
i MEY) g,
y—0 Yy

For € > 0, there exists a r; > 0 such that
h(t,y) <ey for ye[0,r).

Since A\; and Ag are sufficiently small, we have

d
AL+ A max t,y)+ max h(t, + M / G(s, s)Vs <.
Mt do) | o 9 W)+ o ) h(E ) o(c) (5. 9) !
0<y<mr: 0<y<r:

Let ., = {y € Clp(c), o(d)]r : ||| < ri}. For y € 99Q,,, we have

d

(T)\y)(t) = /( )g(tv S) P‘l?(sv Yy — (E) + AQE(Sv Y- x) + M] Vs

d d
< / G(s, 5) (MT(s, ¥ — @) + Aafi(s, y — ) Vs + / G(s, )MV
p(c) p(c)

d
< | (A1+A max t,y)+ max h(t, + M G(s, s)Vs
Cat A | o 90 9 B ) M ) o )
0<y<r; 0<y<r;
<ri =yl
Thus,
1Tyl < |lyll for all ye K nNo,,. (3.13)

From (Ly4), we have

g(t, y) > Ny forall y <l

Let ro = max{QCM, %,27"1} and Q,., = {y € Clp(c), o(d)]r : |ly|| < r2}. For y € K NOQ,.,, we

have
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and

. . y(s)
_ > A7
2o, (y(s) —2(s)) 2, min =5

> g
t11<nSlI<lt2 Q(S)

_ 2k
2
> 1.

For y € K N 0K, we have

d
min (Thy)(t) = min / G(t, s) [Mg(s, y — x) + Ah(s, y — x) + M] Vs

tE[tl,tz] te[t17t2] (C)
to _
> min G(t, s) [Mg(s, y — x) + Xoh(s, y — x) + M| Vs
telty, t2] Jy,
to
> min G(t, s)\iN1(y(s) — x(s))Vs
t€lty, ta] Jy,
=r2 = [yl
Thus,
ITsgll > lyll forall y € K N0, (3.14)
Let

d

R = max A max t,y)+ A max h(t,y)+ M / G(s, s)Vs | ,2ry p,

1P(C)Stga(d)g( Y) 2 e (t, y) ( » (s, s) > 2
0<y<R 0<y<R

then r; < ro < R. Let Qr = {y € Clp(c), o(d)]r : |lyll < R}. For y € K N Qg, t € [p(c), o(d)]r,

we have

d —
(Thy)(t) = /( )g(tv s) {/\19(5, y— )+ Xah(s, y —x) + M] Vs

d
< | (A1+A max t,y)+ max h(t, + M / G(s, s)Vs
( ' 2) P(C)Stio(d)g( y) p(c)<t<o(d) ( y) o(c) ( )
0<y<R 0<y<R
<R=|ly|
Thus,
1Tyl < |lyl| forall ye KNoQg. (3.15)

Thus by the Lemma 2.8, T has at least two fixed points. Hence, the boundary value problem
(1.1) and (1.2) has at least two positive solutions. O
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Theorem 3.8. Let (H1)—(Hs), (L3) and (Lg) hold. Then the boundary value problem (1.1) and

(1.2) has at least two positive solutions for \;, i = 1, 2 are sufficiently small.

Proof. The proof of the Theorem 3.8 is similar to that of Theorem 3.5. O

Theorem 3.9. Let (H1)—(Hs), (L1) and (L7) hold. Then the boundary value problem (1.1) and

(1.2) has at least one positive solution for \;, i =1, 2 are sufficiently small.

Proof. From (L;), we have

lim
y—00 Y

For k > 0, there exists a r; > 0 such that
g(t, y) > ky for y>rq.

Let Q,, ={y € Cp(c), o(d)]r : ||yl < r1} and let k satisfy

k 2
—'u)\l min G(t, s)Vs > 1.
2 teftr, ta] Sy,

For y € K N 901Y,,, we have

d
min (Thy)(t) = min / G(t, s) [Mg(s, y —x) + Ah(s, y — ) + M] Vs

te(ty, ta] tE[ty, ta] (¢)
ta
> min G(t, s)\k(y —xz)Vs
telts, t2] Jy,
k t2
> —A i t
> 50 min [ G0 8)lyla(s) Vs
> lyll-

Thus,
Tyl > |yl for ye KNoQ,,. (3.16)
From (L7), we have
im P59 _
y—0 Yy

For € > 0, there exists a 5 > 0 such that

h(t,y) <ey for ye]0, c0).
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Since A\; and Ay are sufficiently small, let

d

AL+ A max t,y)+ max h(t,y)+ M / G(s, s)Vs <rs.
At do) | o 9 W)+ ma ) h(E ) o(0) (5 5) ?
0<y<rs 0<y<r:

Let ., = {y € Clp(c), o(d)]1 : |ly|| < r2}. Now for any y € K N 9Q,.,, we have
d p—
(Tay)(t) = [ G(t, s) [Mg(t, y — x) + Aoh(s, y — ) + M] Vs
p(c)

d
< / G(s, s) [\t g — ) + AoTi(s, y — ) + M] Vs
p(c)

d

< (A4 A max t,y)+ max h(t, + M / G(s, s)Vs
S R R TP e T8 9)
0<y<ry 0<y<ry
<rz=|lyl.
Thus,
Iyl <yl for ye KNoQ,,. (3.17)

Hence, by the Lemma 2.8, Ty has a fixed point § with r; < |[g]| < re. By the Lemma 2.6, the

boundary value problem (1.1) and (1.2) has at least one positive solution. O

Theorem 3.10. Let (H1)—(Hs), (Ls) and (Ls) hold. Then the boundary value problem (1.1) and

(1.2) has at least one positive solution for \;, i =1, 2 are sufficiently small.

Proof. The proof of the Theorem 3.10 is similar to that of Theorem 3.9. O

Theorem 3.11. Let (Hy)—-(Hs), (L2) and (Lg) hold. Then the boundary value problem (1.1) and

(1.2) has at least one positive solution for \;, i =1, 2 are sufficiently small.

Proof. From (L), we have
i 9 9)
im

Y—0o0 y

=0.

By Lemma 2.5, there exist r; > 0 and k; > 0 such that
(Gr(?“l) S klrl.

Let Q,, ={y € Clp(c), o(d)]r : |ly|| < r1}. Since A; and A are sufficiently small, we have

d
(A 4+ X2) max g¢g(t,y)+ max h(t,y) | +M / G(s, s)Vs < ry.
p

p(c)<t<o(d) p(c)<t<o(d) ©
0<y<r; 0<y<r;y
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For any y € K N 0f),,, we obtain
d —
(Tky) (t) = g(tv S) P‘lg(ta y— :L’) + )‘Qh(sv Yy — I’) + M] Vs
p(c)
d —
< / G(s, 5) [Mg(t, y — ) + Aoh(s, y — z) + M| Vs
p(c)

d

< (A4 A max t,y)+ max h(t, + M / G(s, s)Vs
Autda) | e 969+ max kb y) o(0) (5 8)
0<y<rs 0<y<ro
<r =yl
Thus,
IThyl <yl for ye KNOoQ,,. (3.18)
From (Lg), we have
i U8 Y)
y—0 Yy

For k > 0, there exists a [ > 0 such that
Wt y) > ky for ye o, 1]

Let ry = {2cm,%l,2r1} and Q,, = {y € Clp(c), o(d)]r : |ly|| < ro}. For any y € K N IQ,.,, we

have

d
min (Thy)(t) = min / G(t, s) [Mg(t, y — x) + Aah(s, y — x) + M] Vs
tE(t1, ta] tEfty, ta] o(c)
to
min G(t, s)A2k(y(s) —x(s))Vs
tefts, t2] Jy,
k f2
> =) i t
-2 QMter[Itlll,r}‘a] ty 9t lpllve

v

>y = |yl

Thus,
1Tyl > |yl for ye KNoQ,,. (3.19)

Hence, by the Lemma 2.8, Ty has a fixed point § with r; < |[g]| < re. By the Lemma 2.6, the

boundary value problem (1.1) and (1.2) has at least one positive solution. O

Theorem 3.12. Let (Hy)—(Hs), (L4) and (Lg) hold. Then the boundary value problem (1.1) and

(1.2) has at least one positive solution for X\;, ,i =1, 2 are sufficiently small.

Proof. The proof of the Theorem 3.12 is similar to that of Theorem 3.11. O
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4 Examples

We shall illustrate few examples in different time scales to justify the results obtained in the
preceding section.

Example 4.1. Let us consider the following boundary value problem on time scale T = R,

11492  142sin’y
1 t2 AN - _
O A S T

0, telo, 1], (4.1)

with boundary conditions

(4.2)
y(1) +24/(1) = 0,

where Y(t) =1+t2, M =1, a, B,7,5 >0, g(t, y) = 1;—%’2 and h(t, y) = % Green’s function
for the boundary value problem (4.1) and (4.2) is given by

1
211

1+tan1t) <1+2 —tan"'s ), t<s,
g(t7 S):

1+tan_1s><1+2—tan_1t , s < t.

All the conditions (H1)—(Hs), (L1) and (Ls) are satishfied for (¢, y) € [0, 1] x [0, 100]. By Theorem

3.1, boundary value problem (4.1) and (4.2) has at least one positive solution for \y = % and

Example 4.2. Let us consider the following boundary value problem on time scale T = Z,
V((14+1)"'y?) + Arsin®y + day/yeos y =0, t €0, 3], (4.3)

with boundary conditions

y(0) — Ay(0) =0,

y(3) + 5 89(2) =0,

(4.4)

where (t) = (1+t)"', M =1, a, B, 7,6 >0, g(t, y) = sin®y and h(t, y) = Vycos y. Green’s
function for the boundary value problem (4.3) and (4.4) is given by

1 (1 + tzg?’t) (1 + (3_5)2(S+6)> ,t<s,

g(ta 3) =7 5
11 (1 + s ;35) (1 4 (3_t)2(t+6)> , s S t.

All the conditions (H,)—(H3), (L2) and (Lg) are satishfied for (t, y) € [0, 3] x [0, 100]. Let D =1
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fort €0, 3],y € [1, ). By Theorem 3.3,

boundary value problem (4.3) and (4.4) has at least one positive solution for N\;;i = 1,2 are

and 1 = % such that g(t,y) > % and h(t,y) > 1

sufficiently small.

Example 4.3. Consider the boundary value problem on time scale T = ¢% = {2F . k e Z} U {0},
where g =2 > 1,

2

DI ((1+ )" Dyy(t)) + A —2

sin y

+ X In(y) =0, telo,2], (4.5)
with boundary conditions

y(0) — Dgy(0) =0,

. (4.6)
y(2) + 5Dqy(1) =0,

where Y(t) = (1+t)"1, M =1, a, 8,7, 5 >0, g(t, y) = v and h(t, y) = In(y). Green’s function

sin y

for the boundary value problem (4.5) and (4.6) is given by

2t24-3t43 17—3s—2s>
3 ) () () e <
g(t7 S) = 50 ° °

20 (252+335+3> (1773572:&2) s<t.

The conditions (Hy)—(Hs), (L1) and (Lg) are satishfied for (t, y) € [0, 2] x [0, 100]. By Theorem
3.5, boundary value problem (4.5) and (4.6) has at least two positive solutions for \;; i =1, 2 are

sufficiently small.

o0

Example 4.4. Let us consider the time scale T = Py, = |J [k(a +b),k(a +b) +a] =P1 =

k=0
00

U [2k, 2k + 1], where a = b = 1. Consider the following boundary value problem:
k=0

YAV + My + Ay In(l+y), te(0,2),

y(0) =0, y(2)=0,

(4.7)

where Y(t) =1, M =1, o, B,7,0 >0, g(t, y) = \/y and h(t, y) = yIn(y). Green’s function for
the boundary value problem (4.7) is given by

G, ) = = t(1—s),t <s,
1+s)(2-1),s<t

The conditions (Hy)—~(Hs), (L4) and (L7) are satishfied for (t, y) € [0, 2] x [0, 100]. By Theorem
3.7, boundary value problem (4.7) has at least two positive solutions for \;; i = 1, 2 are sufficiently

small.
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Example 4.5. Consider the boundary value problem on time scale T = {5 :t € No}:

i 3
VA0 Ay (1) + 2 g e [07 2] | (48)

with boundary conditions

y(0) —y*(0) =0,
y(i) +y2(1) =0,

where p(t) =1, M =1, a, B, v, 6 >0, g(t, y) = yIn(1+y) and h(t, y) = @. Green’s function

(4.9)

for the boundary value problem (4.8) and (4.9) is given by

(1+s)(2—¢),t<s,

2 é
g(t,S):? °
(1+6)(3—s),s<t

The conditions (Hy)~(Hs), (L1) and (L7) are satisfied for (t,y) € [0, 3] x [0, 100]. By Theorem
3.9, boundary value problem (4.8) and (4.9) has at least one positive solutions for \;; i =1, 2 are

sufficiently small.

Example 4.6. Consider the following boundary value problem in time scale T = hZ = {hk : k €
Z}, where h = % >0,

(14+5792) + Ayasing + A =0 for te 0, 2], (4.10)

with boundary conditions

y(0) —y*(0) =0,

y(2) + gyA (‘Z’) —0, (4.11)

where Y(t) = (1+t)"", M =1,a, 8,7, >0, g(t, y) = Vysiny and h(t, y) = 1. Green’s function
for the boundary value problem (4.10) and (4.11) is given by

s ) (1 T 5(2.1-‘1-5) (1 + (2—t)i2t+9)) s<t,

S) = —

’ 13 t(2t+5 2—5)(2s+9
<1+(4) (1+( X )>,t§s.

4

The conditions (H1)—(Hs), (L2) and (Ls) are satishfied for (¢, y) € [0, 2] x [0, 100]. By Theorem
3.11, boundary value problem (4.10) and (4.11) has at least one positive solutions for A\;; i =1, 2

are sufficiently small.
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