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ABSTRACT

In this paper, we consider the following (n + 1)st order bvp

on the half line with a ¢—Laplacian operator

(B(u™)) (t) = f(t, u),...,u™ (), ae.,te]0,400),
n € N\ {0},
uD0)=A;,i=0,...,n—2,

™1 (0) + au'™(0) = B,

u™ (+00) = C.

The existence of solutions is obtained by applying Schaefer’s
fixed point theorem under a one-sided Nagumo condition
with nonordered lower and upper solutions method where f

is a L'-Carathéodory function.

RESUMEN

En este articulo, consideramos el siguiente pvf en la semi-

recta de orden (n + 1) con un operador ¢—Laplaciano

(d(u™)) (t) = f(t, u),...,u'™ (), ae.,te]0,400),
n € N\ {0},
uD(0)=A;,i=0,...,n—2,

u™V(0) + au™ (0) = B,

u™ (+00) = C.

Se obtiene la existencia de soluciones aplicando el teorema
de punto fijo de Schaefer bajo una condicién unilateral de
Nagumo con un método de soluciones inferiores y superiores

no-ordenadas donde f es una funcién L*-Carathéodory.
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1 Introduction

Differential equations of nth order were studied in many works, with different boundary value
conditions by using different methods on bounded and unbounded domains, we quote [5, 6, 8, 9, 10]

and references therein.

In this paper we consider the following ¢—Laplacian ordinary differential equation of order n + 1
given by

(G™)) (1) = F(t,ut), .., u™ (D), ae., t € [0,+00), (1.1)
where n € N\ {0}, ¢ is an increasing homeomorphism satisfying ¢(0) = 0 and ¢(R) = R.

Concerning the nonlinearity, we suppose that f : [0,4+00) x R"™ — R is a L!-Carathéodory

function.

This equation is subject to the following Sturm-Liouville type boundary conditions:

uD(0)=A4;,i=0,...,n—2,
w1 (0) + au™(0) = B, (1.2)
u(™ (+00) = C,

where a < 0,B,C € R, A; €R,i=0,1,...,n — 2 and u™ (+00) = lim u(™(t).

t—4oc0
To prove the existence of solutions for this problem we use Scheafer’s fixed point theorem combined

with the upper and lower solutions method with a one-sided Nagumo condition.

The upper and lower solutions method have witnessed qualitative progress in recent years by

providing various results, following some papers that use this method [2, 3, 4, 7, 11, 12, 14, 15, 16].

In [12] and [7], the authors study the existence of solutions to the following two problems using the
Schauder fixed point theorem with upper and lower solutions method with a one-sided Nagumo

condition. The first problem is given by

u"'(t) = f(tut),u (t),u"(t),t € [0, +00),

u(0) = A, av/(0) + bu”’(0) = B, u”(+00) = C, with f : [0, +00) x R® — R is a L' — Carathéodory
function, a > 0, b < 0, A, B,C' € R. The second problem is

uD(t) = f (¢ ut), ' (), (t), v (t), tel0,400),

where f:[0,4+00) x R* - R is a L'-Carathéodory function, and the boundary conditions are of
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Sturm-Liouville type,
uw(0) = A,/ (0) =B, "(0)+au"(0)=C, " (+00)=D,

A,B,C,D€R, a<0andu"(+00) := lim u”(t).

t——+o0
In the present paper, we have obtained the same results as in [12] and [7], but for a more general
problem, where we combine an nth order ordinary differential equation with a ¢—Laplacian oper-
ator on the half line using non-ordered upper and lower solutions and to compensate the lack of

compactness of the interval [0, 4+00) we invoke the Corduneanu lemma (see Lemma 2.6).

This problem has many applications with regards to higher order problems defined on unbounded
intervals. We quote, e.g., [14] for n = 2. In the case where ¢(t) = ¢, we cite [12] and [7] for the
third and fourth order, respectively.

The paper is divided into four sections. Section 2 is devoted to some preliminary definitions and
the proof of technical lemmas. In Section 3, we prove the main result and in Section 4, we propose

an example where we show the applicability of the main result.

2 Definitions and preliminary results

Let
X = {u € C"[0,400) : lim u(")(t) exists in R}
t—+o0
and define the norm ||ul|x := max{||ullo, |[¢|1, [[u”|2, ..., [|u(™],}, where
) () (¢
|u®|; = sup ui() ,1=0,1,2,...,n.
0<t<too | L+

Lemma 2.1. For each fived n € N\ {0}, let u € C™([0,400)). If lim u(™(t) = ¢, then

t——+o0

(@)
lim w™(t) = (n—1i)! lim uo ()

P t—>+ooW7 fO?" 1€ {0,17,774_1}

Proof. Let n be fixed in N* and u € C"(]0, +00)) such that lim (™ () = £. We have

t—+o0

lim w™(t) —£4+1=1.

t—+oo

So,
lim w™ V() —lt+t+dp_y = 400

t—+oo
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where d,,_1 is a real constant. By using L’Hospital’s rule, we deduce that

uPV() — 4t dy g

; - 1 (n) () —
Hence,
(n=1)(¢) u(=D(t)
m u™@ = hm O ol @)
Jim wt () = lim (n—(n - lim ———r— 75
u(n—2)
In this case, i = n — 1. To evaluate lim ————, we repeat the formula twice:
t—foo 1+ 12
lim w™ V() — bt +t+dp_y = +00.
t—+oo
Then,
. (n—2) t2 2
tgglmu (t) — 65 + 5 +dp_1t+dy—o = +00.

Using L’Hospital’s rule twice, we get

um D) - L2+ L2t dy it dpo u=D () = 0t +t+dypy

lim = lim
t—+o00 1+1¢2 t—+o0 2t
() ¢
.
= Ao ety
Then,
(n—2) t (n—2) t
lim «™(t) = lim 2l ®) =(n—(n—2))! lim “ (*)

t——o0 t—+oo 142 totoo 1 + t(n—(n=2))"

Here i =n — 2 and d,,_1,d,,_o are real constants. At the order i,

u®(t) 14 1
im - — - -
totoo 1+t (n—14)!  (n—1)!
(2) _ 4 n—i 1 n—i 1 n—i—1 . . .
T Ol e AN e A 7 LA L
t——+o0 14—t

~ lim u(™ (t) ¢ N 1
Tt (=9 (n—9)! " (n—q)

In conclusion,

(4) t)
™) = (n— ) lim )
t—lggloo u (t) (71 Z)' tl}?oo 1+ tn—i ’ 0

By this Lemma, (X, || - ||x) is a Banach space.

The following definition establishes the assumptions assumed on the nonlinearity.
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Definition 2.2. A function f : [0,+00) x R"*1 — R is called a L'-Carathéodory function if it

satisfies:
(i) for each (xg,1,...,2,) € R™ t s f(t,m0,21,...,7,) is measurable on [0, +00);
n) for almost every t € |0, +00), (Xo, T1,...,%n) , X0, L1,...,Ty) 1S CONLINUOUS 1N 5
/i Imost telo t ' ti n R7T1

(iii) V¥p >0, Jp, € L0, +0), Vo € X
lzllx < p=|f(t,z(t),2'(t),... ,x(")(t))\ < ,(t), a.e., te]0,+00).
Lemma 2.3. Let n € L'[0,+00). The linear boundary value problem
(p(u™) () +n(t) =0, ae, tel0,+00), (2.1)

with boundary conditions (1.2), has a unique solution in X. Moreover, this solution can be ex-

pressed as

Apn_2 -2 B—ap~! (¢(O) + fo+oo n(s) ds) i
(n —2)! (n—1)! (2.2)

[ () e (sor [ amar)

Proof. We integrate (2.1) from ¢ to +oo,

u(t) =Ao + At + - +

+oo
S(u™ (1)) = 6(C) + / n(r) dr

to get N

u™(t) = ¢! (d)(C’) +/t h n(T) dT) . (2.3)
So,

u™(0) = ¢! <¢(C) + /O+°0 n(T) dT) . (2.4)

By integrating (2.3) on (0,¢] and using (1.2) with (2.4),

u" V() =B —ap! <¢(C) + /0 - n(s) ds) + /O t ¢t ((;s(c*) - / o n(T) dT> ds.  (2.5)

Integrating (2.5) on (0, t], we get

400
u(n—Z)(t) :An—2 + Bt — a¢—1 (¢(C’) _|_/ n(s) dS) t
0

+/0t (t—s)o! (¢(C)+/s+oo . dT) N (2.6)
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By integrating (2.6) on (0, 1],

B—as (9(0) + [ ns)ds)

u(n—3)<t) = Ap_3+ Ap_ot +

2
t t— 2 400
s [ (s [ aemar)as
0 s
Integrating again over (0,t], we find for i = 0,1,...,n — 1,
k=n—2 .
. A ) tn 1—i o0 tn—l—z
() (4) = k__yk—i _
W00 = N Gt B e (¢< [ aea) m .
¢ n—l—i +oo ’
(t—s)
+ ; (n—l—i)! )+ ds.

By (2.7),

A, B—ap7 (o —|—f n(sds o
e ((n—l). )t 1

i /ot (%) o (‘MO) T /;OO n(r) dr) ds. .

Now, we need to have an a priori estimate for (™, for this let v;,T; € C[0, +00), (t) < Ty(t),

n—1(1 Tt
i:O,l,Z,...,n—l,withsupM < 400 andsupM
t>0 1+ t>0 1

U(t) :A() +A1t+ R

< +00. Define the set

E={(t,xo,z1,  ,m,) € [0,+00) x R""! 1 ~;(t) < a; <Ty(t),i=0,1,2,...,n— 1}.

Definition 2.4. A function f : E — R is said to satisfy the one-sided Nagumo type growth

condition in F if it satisfies either

ft,zo, 21, ... xn) < V@R)(zn]), Y zo,21,...,2,) € E, (2.8)
or
ft,xo, 1, xn) > =) h(|zn]), Yt xzo0,21,...,2,) € E, (2.9)

for some positive continuous functions v, h, and some v > 1, such that

sup  Y(t)(14+1t)” < +oo, /+OO () ds = +o00, /+OO (b_ —5)

ds = —o00. (2.10
0<t< 400 (S) ( )

=s))

Next lemma provides an a priori bound.
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Lemma 2.5. Let f : [0,+00) x R" — R be a L'-Carathéodory function satisfying (2.8) with
(2.10), or (2.9) with (2.10). Then there exists R > 0 such that every solution u of (1.1)- (1.2)
satisfying

yi(t) <u®(t) <Ty(t), i=0,....,n—1 (2.11)

for t € [0,400) is such that |[u'™]|, < R where R does not depend on the solution u.

Proof. Let u be a solution of (1.1)-(1.2) such that (2.11) holds. Consider r > 0 such that

r>max{‘B_Fnl(0)',

a

B —~,-1(0
-1 )’,C|}. (2.12)
a

With this inequality we cannot have |u(™ (t)| > r for all ¢ € [0, 4+00), because

B - 7(:—1(0) ’} < (2.13)

(@) = [0 < e | B O

)

and |u(™ (+00)| = |C| < 7.

In the case where |u(™(t)| < r for all t € [0, +00), it is enough to consider R > r/2 to complete
the proof:

[ul™ ], = sup
0<t<+o0

If there exists ¢t € (0, +00) such that [u(™ (¢)| > r, then by (2.10), we can take R > r such that

Y §1(s) Tur(t)] v
— Y _ds>M{ M + R
/¢<T> ho1(s) { P e 14t V_l}

and

¢(—r) - _
/ ¢ 1(5) dS<M{—M1+ inf |’7n—l(t)| v }

o(—r) Mo~ (s)]) 0<t<too 14+t wv-—1

. Pnfl(t) . 'anl(t)
with M := su t)(1+1¢)Y and M7 := su — in .
oo PO+ VTS A este (T3 1)

Assume that the growth condition (2.8) holds. By (2.12), suppose that there exist t,, t+ € (0, +00)
such that u(™(t,) = r and u(™ () > r for all t € (t,,t,]. Then

B(u™ (t1)) ¢ 1(5) B ty u(”)(s) .
/¢<u<n><m> h(61(s) d/ A (s)) ) (5) ds

<
e f(S»U(S)»U’(S),U”(SLU”’(S),---7u(”)(8))u(n) o
-/ At () ()

<[ 9(s) u <M / u(s
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o () ) o
gy (u("_ N(ty)  u™D(t) +[ + pu(=(s) ds)

T+t )y (Lt (1+s)1+v

Tho1(t)] [T
SM(Ml—i- sup T 1()|/ v ds)
0<t<too 1+t Jo (14s8)

T oM s)
</¢m R(o3(s) ™

So u(™(t,) < R and as t,,t, are arbitrary in (0, 400), we have u(™ (t) < R for all t € [0, +o0).

By the same technique using (2.12), and considering ¢_ and ¢, such that u(™ (t,) = —r, u("(t) <
—r for all t € [t_,t,), it can be proved that u(™(t) > —R for all t € [0, +00), therefore |[u(™|, <
R/2 <R.

If f satisfies (2.9), following similar arguments we get the same conclusion. O

We also need a compactness criterion.

Lemma 2.6 ([1]). A set M C X is relatively compact if the following three conditions hold:

(1) all functions from M are uniformly bounded;
(2) all functions from M are equicontinuous on any compact interval of [0, +00);

(3) all functions from M are equiconvergent at infinity, that is, for any given € > 0, there exists
a te > 0 such that
(@) (¢ (@) (¢
ui()_ — lim ui() <e forallt >te,ue M andi=0,1,2,3,...,n.
14+tn="  to+tool + 70
To end this section, we present the Schaefer Fixed Point Theorem with the definition of lower and

upper solutions for our problem (1.1)-(1.2).

Theorem 2.7 ([13]). Let E be a Banach space and T : E — E be a completely continuous operator.
If the set
{reE: z=Xlz for Ae(0,1)}

is bounded, then T has at least one fixed point.
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Definition 2.8. A function o € X is said to be a lower solution of problem (1.1)-(1.2) if ¢(a(™) €
AC|0, +00) such that

(@(@™))(t) = f(t,a(t), &/ (1), ...,a" (1)), a.e., t € [0,+00),
and
aD(0) <A, i=1,...,n—2,
a"=D(0) + aal™(0) < B, (2.14)
o™ (+00) < C,
where ¢ <0, B,C e R, 4, €R,i=0,...,n—2 and @(t) := a(t) — a(0) + Ao.

A function 8 € X where ¢(8(™) € AC|0,+o0) is an upper solution if it satisfies the reversed
inequalities with 3(t) := B(t) — B(0) + Ay.

3 Main existence result

Theorem 3.1. Let f : [0,4+00) x R"™ — R be a L'-Carathéodory function, ¢ an increasing
homeomorphism satisfying ¢(0) = 0, and «, 8 lower and upper solutions of (1.1)-(1.2), respectively,
such that

oY (@) < BTN, Yt € [0,400). (3.1)

If f satisfies the one-sided Nagumo condition (2.8), or (2.9), on the set

E, = {(t, L0, &1, - -, @n) € [0, 400) x RML: a(t) < o < B(E), & (t) <21 < B @), ..,

" D(t) S war < BV (1))
and

fta®), o t),...,a" " 2@), zn_1,20) > ft, 20, .., Tp)

_ (3.2)
> F(t,B1),B'(4), ..., 80 D), 2y, x),

for (t,xn_1,x,) fived and @(t) < xzo < B(t), &/ (t) <z < B(1),..., a2 (t) < xp,_o < B2 (1),
then problem (1.1)-(1.2) has at least a solution u € X with ¢(u™) € AC[0,+00) and there exists
R > 0 such that

a(t) < u(t) < Bt), o’ (t) <u'(t) < B(1),...,a" V(@) <u V(1) < gr=D(1),
—R<u™(t) <R, Vtel0,+x).
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Remark 3.2. « and 8 are almost-ordered. In fact, a and § can be chosen such that o £ [ but
we have necessary that @ < f5.

Indeed, from condition (3.1), for all t € [0, +00), we have "~V (t) < B=D(t). As a*~2)(0) <
An_o < B™=2)(0), integrating on [0, +00)

t t
a(n—2) (t) _ a(n—Q) (0) :/ a(n—l)(s) ds S/ ﬁ(n—l)(s) ds = B(n—Q)(t) _ B(n_Q)(O).

0 0

As
a2 (t) — oD (0) + Ao < BT (1) = BTD(0) + Ao,

then
oD (1) < g (1),

By the same technique, one shows that a) < 80| fori=1,2,...,n— 3, then

a(t) — a(0) :/0 o (s) ds g/o B (s)ds = B(t) — B(0),

So,
a(t) < B(t), Vtel0,+00).

Proof. Consider the j-modified equation for j = 1,2

(@(™)) (1) = f(t,S0(t,u(t)), ., bpr (8, u™ D (1)), 8 (t, ™ (1))
1 D) = 5 (u (1)) (3.3)

. ae., t€l0, ,
+ 14+421+ |u(n71)(t) _ 5n—1(t,u("71)(t))\ a.e [0, +00)

where the functions &;, 6,; : [0,4+00) x R =R, ¢=0,1,2,3,...,n—1 and j = 1,2 are given by

B(t), x> pB(t),
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where N > max{ sup \Oé(") (t)], sup |5(n) (t)|} , and

0<t<4o0 0<t<+0o0

Ono(t,w) = w.

For convenience, the proof is divided into three principal steps.

Step 1: Every solution of (3.3)-(1.2), satisfies a("1(¢) < ugn_l)(t) < B=U(t) for all t €
[0,+00), j = 1,2. Let u; be a solution of the j-modified problem (3.3)-(1.2), j = 1,2
and suppose, by contradiction, that there exists t € (0, +00) such that a(»=1(t) > u;"_l)(t),
j = 1,2. Therefore

inf (uj(vn_l)(t) - a("*l)(t)) <0, j=1,2.

0<t<+o0

By (2.14) this infimum cannot be attained at +oco. In fact,

inf (ug.”’l)(t) - a(”_l)(t)) = u{" ™ (+00) — al" D (400) < 0

0<t<+o0

and

u§n)(+oo) — o™ (400) <0.

We reach the following contradiction
0> ul" (+00) — al™ (+00) > C — C = 0.

If

. (n—l) _ (n—-1) — (‘"_1) +) _ 4=t | =
Ogggm(uj 1) —a (t)). WD OF) —am D (0F) <0, j=1,2.

Then we have the following contradiction for j = 1,2
n—1
B-u"(0) o DO)-B _ 1, 4y

(n) 0+ n)n+ n—1
0 <uy”(07) —a™(0%) < - + ” —=(u (0) — a™1(0)) < 0.

If there is t, € (0,400), we can define for j = 1,2

. (n=1) 4y _ _(n—1) o, (n=1) _ =1
| min (uj ) —a (t)). u" () — a1 <0,

with u§")(t*) = a(™(t,). Then there exists f > t,, such that

W) — V() <0, u{M(t) —a™ ()20, forall e (t.7).
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Therefore by (3.2) and Definition 2.8, we get a contradiction for j = 1,2

(&™) (1) = (™)) (t) = F(tS0(t, s (1)), 6 (1 u§”‘”< )l i (1))
1" 1)(t)—5n 1t uf" (1))

821 4 u D) = G0 (a0 (1))

— F(t,50(t, uj<t>>, bl ui-"’”@)% o (1), o (1))
1 () (n— 1)(t)

1+t21+| -1 (t) a=D(t)|

(n 1) _ (n—1)
1 U t « t B
< 5 — (n_(l)) ) <0, ae te (t,1).
T2 1 4 [l V() — a1 (1))

— (@(a™))'(t)

— (@(a™))'(t)

So, the function ¢(u§-n)(t)) — ¢(a'™(t)) is decreasing for all ¢ € (t,,1). If t € (t., 1),

0 = ¢(u{™ (t.)) — p(a™(t,)) > ¢(ul™ (2)) — ¢ (1))

and u(-n)(t) —a™(t) < 0. Therefore u;nfl)(t) — " 1(t) is decreasing in (t,t), which is a
contradiction. So u(" V() > am=1(t), Vt € [0,400), j = 1,2. In the same way, we show
that u{" " (¢) < BD (1), ¥t € [0, +00), j = 1,2.

As o"=2(0) < A,,_o < B=2)(0) and u(n 2)(0) = A, _o, integrating on [0, +o0) for j = 1,2,
¢ ¢
a2 (1) — a"=(0) = / oV (s)ds < / ul" D (s)ds = ul" "I (t) = Ays
0 0
t
< / B(n—l)(s) ds = ﬁ(n—Q) (t) _ B(n_Q)(O)
0

As

a(an)(t) — ar2) (0) + A, o< u(” 2)( ) < 6(7172)(15) _ 6(7172)(0) + Ao,

then
o) < u" () < B (1),

By the same technique, one shows that () < u;i) < B9 fori=1,2,....,n—3,j=1,2,
then
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Step 2: By Lemma 2.5, if u is a solution of the 2-modified problem (3.3)-(1.2), then there exists
R; > 0, not depending on u, such that

[u™ |, < Ry
Now, we need to consider N = Nj, where

N1>max{2R1, sup  |a™(t)], sup |,B(”)(t)|}.
0<t<+oo 0<t<+oo

If the 1-modified problem (3.3)-(1.2) has a solution u, then u is a solution of problem (1.1)-
(1.2), where
(n) M
[l < Ry < 5 < Ny.

Step 3: Problem (3.3)-(1.2) for j = 1 has at least one solution. Let us define the operator
T:X — X by

Ao ., B=aom(6(0) + [ Flu(s) ds)
CEP 1)

*/Ot <(t(n_5):),l) ¢! <¢(C) +/:Oo F(u(T))d7-> ds.

Tu(t) ZAO + Alt —+ -4 tn—l

with

F(u(s)) := = f(5,80(s,u(s5)), -, 6n1(5,u" " (s)), 61 (5,ul™ (5)))
1 w1 (5) = 6,1 (s, u* D (s)) )
14821+ um=1(s) = 6,_1(s,um=1(s))]

From Lemma 2.3, one can see that the fixed points of T" are solutions of the 1-modified
(3.3)-(1.2) problem. So it is sufficient to prove that T has a fixed point in X. For this aim,
it is enough to prove that the operator T satisfies the condition of the Schaefer fixed point

theorem 2.7. The proof is split into three steps.

(1) T: X — X is well defined. Let u € X. As f is a L'-Carathéodory function, so, for
p > max{N, [@llo, [Blo} U {la® i, 8D, i = 1,2,...,n — 1},

we obtain

< /+OO 1 |u(”71) (5) - 5n—1(57u(n71)(‘9))| ds
0

Pp(s) + L+ 5214 [um=D(s) — dp_1(s, ur=D(s))] (3.4)

+oo 1
< — _Nds= M, < +o0,
< [ (oot ) ds =y < oo
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this means that F' is also a L!-Carathéodory function. Then,

+o0 (n—1)
i M) — lim -1 L (M@
A 0= 67 (000 [ P -0 P
(n—2) (n—3)
=2! lim Mzg,! lim M:...:n!(TU)(U
t—+oo 1+ t2 t—o+oo 14+ t3 14t

Therefore, Tu € X.

(2) T is continuous. Let (un,) C X, such that w,, — v in X. There exists » > 0 such that

m——+oo

lumllx < 7, ¥Ym € N. We have to prove that ||Tu,, — Tul|lx ~— 0. To this end, we

can see that

[Tt — Tullo =570, | (Tum) — (Tu) |1 "= 0, ||(Tun)" — (Tu)"|2 "=570, ...

(Tum)™ = (Tw)™]],, "=5 0.
We have,

sup [ G((Tum)™)(t) = ¢((Tw)™)(#)| =  sup
0<t<+o0 0<t<+o0

< | P 0) — Pl < 234, < +x.

/ " P () s~ / - Pluli) do

From Lebesgue Dominated Convergence Theorem, F'(u,(t)) converges to F(u(t)) a.e.,

t € [0,+00), as m — +00, because F is L'-Carathéodory function, so

+oo
| [Pt = Peutup]an o

as m — +o00, then,

(T e)™ = (Tw) ™| — 0,

as m — +o0o. Moreover, we have that for i =0,1,2,...,n—1,

67 (6(0) + J; Flum(s))ds)  pnoics
14—t (n—i—1)!

Tu,,)® @
wp [T @) TwO@)|
0§t<+oo 1+tn—z 1+tn—z

sup
0<t<+o00

Jy e = )" 167 ($(C) + [ Flum())dr ) ds
* A+t (n—i—1)
¢! (d’(c) + f0+°° F(u(s))ds) n—i—1
14—t (n—i—1)!
Syt =)ot ((C) + [ F(u(r)dr) ds
- A+t (n—i— 1)

—a

+a
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tn—i—l

+oo
<,z mrmem e (40 [ o)
+oo
—ag™ <<z><c> - F(um<s>>ds)
1 t n—i—1
N T T )| / (t=2)

ot (¢>(C) + / = F(um(r))dr)

=0 (st0r+ [ Flatryar)

< sup 2|a|tnii71
0<t<+oo (1 + t”*’i)(n — 17— 1)'

t 2(t— S)n—i—l
4+  su / . - Tum)™ = (Tw) ™ ||,.ds
o [ i) - )|

< 2fal[[(Tum)™ = (Tw)™ |l + 20/ (Twm)™ = (Tw) ™| = 0,

ds

1(Tem)™ = (Tw) ™|

as m — +o0.

(3) T is compact. Let
L, = max {¢™(|6(C)| + M,), |7 (~[6(C)| = M,)[} -

Let U C X be any bounded subset, i.e., there is 7 > 0 such that ||u||x < r for allu € U.

For each v € U, one has for i =0,1,...,n— 1.
A N - N ACuu Sy ( )+ ) dS) e
H(Tu)(i)”i — sup k=i (k—i)! (n—1—i)! (n—1—i)!
0<t<+o0 14—t
t t—g n—1—1i _ +o0
+/0 (n 7(1 — i))!(l +t”*i)¢ ! (¢(C) -i-/5 F(u(T))dT) ds
k=n—2
|Ak| |B| + |a|L, L,
<
= I; 2 [ e TR o) [ I
and
1 1 +oo
™= sw |07 (s0)+ [ Flutn) | <1, < 4.
<t<+oo t
So,

ITul|x <|Ag| 4+ |A1| + |A2| + -+ |Ap—2| + |B| + (Ja| + 1)L, < +o0.

That is, TU is uniformly bounded.
In order to prove that T'U is equicontinuous, let L > 0 and ¢1,t5 € [0, L] with ¢; < ts.

We have
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+0oo too
[6((Tw)™) (t2) — S((Tw)™)(11)] = |6(C) + / F(u(r))dr — §(C) — / F(u(r))dr
+oo ’ +oo 1
— /t Flu(r))dr - /t Fu(r))dr|

- /j Flu(m)dr| 0,

as t1 — tg. Also,

B —a¢™" (6(C) + [, F(u(s))ds)
(14t2)

B—a¢ ! (¢>(C’) + f0+°° F(u(s))ds)
(1+41t1)

B —a¢? (¢(C) + f0+°° F(u(s))ds)
(1+t2)

(Tw)" D(t2) _ (Tw)" " V(ta)| _

1—|—t2 1+t1

<

B—a¢™ (6(C) + [, Flu(s))ds)

(1+t1)
t1
+Lp/
0

to
LP /
tq

as t; — to. Moreover, we have that for i =0,1,..., n—2

1 1
—_— = ds
1+t 1+t

1 ds — 0,
1+ ts

k=n—2 n—1—i

Ap k=i _ (qp~! 0 Fu(s))ds ) — ta
(Tw)(t2) _ (Tw)@(t)| _ kz:: wpth = (067! (O + I Flalodas) - B) sy

145" 140" 1+t07°

k=n—2

ﬁtlfﬂ. - (adfl (925(0) + f0+oo F(u(s))ds) — B) %

k=1

1+t

+ /;2 ( (t2 —s)" 17" )(;571 (¢(C) + /:oo F(u(T))dT) ds

n—1—9)(14t37"

_/0“ : (b —s)" )¢—1 (¢(0)+/jw F(u(f))df) ds

n—1—i)(1+t7"
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k=n—2 .
A ki _ t'n,—l—?,
Z Gogits |~ (fw ( )+ o ds) - B) =
< | A= :
- 1+t57"
k=n_2 gn—1—i
Ap  k—i
Z (kfi)!tlf - (‘w ( )+ f F(u(s) ) - B) <n1717¢>!
k=i _
14+
/ t2 _ S)n 1—1 3 (tl _ S)n—l—i
m=1=)A+t57 (n—1—=i)A 47779
_ n 1—1
/ (t2 = 5) ds — 0,
b0 | (n—1—=iA 4379

as t1 — to.

Furthermore, TU C X is equiconvergent at infinity. We use that F' is L'-Carathéodory

function and the continuity of ¢~'. From Lemma 2.1, we have that for all u € U,

Tu)"=9(t) C
lim (Tu)™(t) = C, then, lim ™) . () = —forie{l,...,n}. So,
t——+o0 t— 400 14+t 7!

+oo

i) - | = |ot (o0)+ [ Flutyan) - c| o,

t

as t — 400. Regarding the next derivative, we have

lim ‘W_l)(t)—c’: lim 1<B—a¢—1 <¢(C)+/O+OOF(u(s))ds)

t—+oc0 14+t t—4oo |1+t

+/; ¢! <¢(C) + /:oo F(u(T))dT) ds> - c‘

< dim | (B-aot (s0r+ [ Finas) )|

1

t +oo
+ dim 1o i ot <¢(C)+/s F(u(T))dT> ds—C‘

~ i | (B w0 (0 + | +°° Flu()ds) )|

+ lim |¢! (¢(O) + /;OO F(u(7))d7-> - c‘ =0.

t——+oo

By the same technique, one can show that

(n—1)
T _C|
14t 1!

ast — 400,11 =2,3,...,n. So, by Lemma 2.6, the set TU is relatively compact.

Moreover, the set

{fueX: u=ATu, A€ (0,1)}



190 A. Zerki, K. Bachouche & K. Ait-Mahiout CUBO

25, 2 (2023)

is bounded, as
INTu||x <|Ao|+ |A1| +|A2| + -+ |An_2| + |B| + (Ja] + 1)L, < +00, YA € (0,1).
By Theorem 2.7, T has at least one fixed point u € X such that

a(t) <u(t) < B@), o/ ) <u'(t) <B(t),...,a" V() <u V(1) < gD,

—2R; < u™(t) < 2R;, Vte[0,+00). O

Remark 3.3. If n =1, problem (1.1)-(1.2) is written as

(@(u)'(t) = f(t,u(t), u'(t), a.e. t€[0,+00),
u(0) + au’(0) = B,

u'(+00) = C.

In this case, we cannot consider the functions @ and B. Moreover, in Theorem 3.1, we do not need

to suppose the condition (3.2) and the upper and lower solutions are automatically ordered.

4 Example

Consider the (n + 1)st order differential equation for a fixed n € N\ {0,1}
(™) (t) = flt,u(t),u'(t),...,u™(t), ae., t>0, (4.1)

with the boundary conditions

u(0) = 2,
uD(0)=0,i=1,...,n—2,
1 1 (4.2)

(n—1) _ (n) ——

u (0) RN 0) =3,
|

(n) _n

ul™ (+00) 5

where

Tpog —nlt— (=D (—zg+2) — (1 + 22+ -+ Tp_2) xn—n!’

ft,xo, 21, ... ) = (ESDICENTE . (4.3)

Moreover, the functions a(t) = 2 and B(t) = t" +t"~1 + ... +t + 1 are respectively, non-ordered
lower and upper solutions for (4.1)-(4.2), with @(t) = 2 and B(t) = t" +¢""1 + ...+t + 2. As,
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i=1,...,n—2,0=0a(+00) < & < " (+00) = n! and

B B (0) n!

IR Ty

™ (0)

O CESNE

= % >0=0al""1(0) -

Also, f=D(t) = nlt + (n — 1)), BM@) = n!, ((a™)3)(t) = 0 and ((8™)3)(t) = 0, then,
ft,at),a'(t),...,a™t)) =0 and f(t,B(t),B(t),...,8M(t)) =0 for all t > 0. The nonlinearity

f satisfies the one-sided Nagumo condition (2.8) with

1

on the set

Ey = {(t,xo,xl, e @) € [0,+00) x R @(t) < 2o < Bt), () < 21 < B (1),

0(t) < 0> < B'(0), 0" (1) < v < BV ()],

and satisfies the assumptions of Theorem 3.1.

Therefore, there is at least a nontrivial solution u of (4.1)-(4.2), and R > 0, such that

a(t) <u(t) < B), o (t) <u'(t) < B(1),...,a™ V(@) <u V(1) < g1,

—R<u™(t) <R, Vtel0,+00).

From this, we see that u is a nonnegative function and its derivatives u( are nonnegative for

i €{1,...,n— 1} and nondecreasing for i € {1,...,n — 2}.
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