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ABSTRACT

In this paper, we investigate existence of mild solutions to a

non-instantaneous integrodifferential equation via resolvent

operators in the sense of Grimmer in Fréchet spaces. Utiliz-

ing the technique of measures of noncompactness in conjunc-

tion with the Darbo’s fixed point theorem, we present suffi-

cient criteria ensuring the controllability of the given prob-

lem. An illustrative example is also discussed.

RESUMEN

En este artículo, investigamos la existencia de soluciones

mild de una ecuación integrodiferencial no-instantánea vía

operadores resolventes en el sentido de Grimmer en espacios

de Fréchet. Usando la técnica de medidas de nocompaci-

dad junto con el teorema de punto fijo de Darbo, presenta-

mos criterios suficientes para asegurar la controlabilidad del

problema dado. Se discute, además, un ejemplo ilustrativo.
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1 Introduction

In recent years, the theory of fractional differential equations has been extensively developed

by many authors. For a detailed account of the subject, we refer the reader to [1, 3, 4, 33].

Hernández and O’Regan initiated the theory of abstract impulsive differential equations with non-

instantaneous impulses in [21]. Later, the authors studied instantaneous and non-instantaneous

impulsive integrodifferential equations in Banach spaces in [2].

The controllability of linear and nonlinear differential systems in finite dimensional spaces received

considerable attention, for example, see [8, 9, 10], while some interesting results on the controllabil-

ity of such systems in infinite-dimensional Banach spaces with unbounded operators can be found

in the monographs [10, 12, 23, 31]. For more details on the subject, see the papers [5, 13, 19, 20, 32]

and the references cited therein. Lasiecka and Triggiani [22] discussed the exact controllability of

semilinear abstract systems with application to waves and plates boundary control problems. For

some results on evolution equations, for instance, see [1, 11, 28, 29].

Recently, in [15], the authors used Schauder’s fixed point theorem to study the existence of mild

solutions by considering two cases of the resolvent operators for the following integrodifferential

problem:  ξ′(t) = Ψ1ξ(t) +

∫ t

0

Ψ2(t− θ)ξ(θ) dθ + ℘ (t, ξ(t), (Hξ)(t)) ; if t ∈ [0, a],

ξ(0) = g(ξ) + ξ0.

Motivated by the works [2, 15], we will investigate the existence and controllability of mild solutions

to the following impulsive integrodifferential equations via resolvent operators:


ξ′(t) = Ψ1ξ(t) + ℘ (t, ξ(t), (Hξ)(t)) +

∫ t

0

Ψ2(t− θ)ξ(θ) dθ; if t ∈ Θj ; j = 0, 1, . . . ,

ξ(t) = ϖj

(
t, ξ

(
t−j

))
; if t ∈ Θ̃j , j = 1, 2, . . . ,

ξ(0) = ξ0,

(1.1)

where Θ0 = [0, t1],Θj := (θj , tj+1] and Θ̃j = (tj , θj ] with 0 = θ0 < t1 ≤ θ1 ≤ t2 < · · · < θℓ−1 ≤
tℓ ≤ θℓ ≤ tℓ+1 ≤ · · · ≤ +∞, Ψ1 : D(Ψ1) ⊂ Ξ → Ξ is the infinitesimal generator of a strongly

continuous semigroup {T (t)}t≥0, Ψ2(t) is a closed linear operator with domain D(Ψ1) ⊂ D(Ψ2(t)),

the operator H is defined by

(Hξ)(t) =

∫ a

0

ℏ(t, θ, ξ(θ)) dθ,

for a > 0, Dℏ = {(t, θ) ∈ R2 ; 0 ≤ θ ≤ t ≤ a} and ℏ : Dℏ × Ξ → Ξ. The nonlinear term
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℘ : Θj × Ξ × Ξ → Ξ; j = 0, . . . , ϖj : Θ̃j × Ξ → Ξ; j = 1, 2, . . . , are given functions, where

Θ = [0,+∞), and (Ξ, ∥ · ∥) is a Banach space, ξ0 ∈ Ξ.

We emphasize that the novelty of our work includes the investigation of problem (1.1) under a

diverse set of conditions. Specifically, we incorporated non-instantaneous impulses in the integrod-

ifferential system on an unbounded domain to broaden its scope, in contrast to previous research

efforts. The controllability of the given integrodifferential problem with non-instantaneous impulses

is also studied. Our results generalize the ones presented in the articles [2, 15].

The rest of this paper is organized as follows. In Section 2, we recall some preliminary results and

definitions related to our study. In Section 3, we will present the existence result by using the

technique of measures of noncompactness in conjunction with the Darbo’s fixed point theorem.

We will also study the controllability for the given problem. An example is given to illustrate the

applicability of the abstract results.

2 Preliminaries

Let us begin this section with some preliminary concepts related to the study of the problem at

hand. Let C(Θ,Ξ) be the space of continuous functions from Θ := [0;+∞) into Ξ and B(Ξ)

denotes the space of all bounded linear operators from Ξ into Ξ equipped with the norm

∥T∥B(Ξ) = sup{∥T (ξ)∥ : ∥ξ∥ = 1}.

A measurable function ξ : [0; +∞) → Ξ is Bochner integrable if and only if ∥ξ∥ is Lebesgue

integrable. For the properties of the Bochner integral, for instance, see [30].

Let L1([0;+∞),Ξ) denote the Banach space of measurable functions ξ : [0; +∞) → Ξ which are

Bochner integrable, with the norm

∥ξ∥L1 =

∫ +∞

0

∥ξ(t)∥ dt.

We consider the following Cauchy problem ξ′(t) = Ψ1ξ(t) +

∫ t

0

Ψ2(t− θ)ξ(θ) dθ, for t ≥ 0,

ξ(0) = ξ0 ∈ Ξ.

(2.1)

The existence and properties of the resolvent operator have been discussed in [18]. In what follows,

we suppose the following assumptions:

(R1) Ψ1 is the infinitesimal generator of a uniformly continuous semigroup {T (t)}t>0;
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(R2) For all t ≥ 0,Ψ2(t) is a closed linear operator from D(Ψ1) to Ξ and Ψ2(t) ∈Ψ2(D(Ψ1),Ξ). For

any ξ ∈ D(Ψ1), the map t→ Ψ2(t)ξ is bounded, differentiable and the derivative t→ Ψ2
′(t)ξ

is bounded and uniformly continuous on R+.

Theorem 2.1 ([18]). If the assumptions (R1) and (R2) are satisfied, then the problem (2.1) has

a unique resolvent operator.

Let {ti}∞i=0 be the sequence of real numbers such that

0 = t0 < t1 < t2 < · · · , and lim
i→+∞

ti = +∞.

Let PC(R+,Ξ) be the Banach space defined by

PC(R+,Ξ) =
{
ξ : R+ → Ξ : ξ|Θ̃j

= ϖj ; j = 1, . . . , ℓ, ξ|Θj
; j = 0, . . . , ℓ, are continuous

ξ
(
θ−j

)
, ξ

(
θ+j

)
, ξ

(
t−j

)
and ξ

(
t+j

)
exist with ξ

(
t−j

)
= ξ (tj)

}
,

endowed with the family of seminorms:

∥x∥n = sup{∥x(t)∥ : t ∈ [0, tn]}, n = 1, 2, . . .

Define by F = C (Θ,Ξ) the Fréchet space of continuous functions ℑ from R+ into Ξ, with the norm

∥ℑ∥n = sup
t∈Θ̃n

∥ℑ(t)∥, Θ̃n := [0, n], n ∈ N,

and the distance

d(ξ,ℑ) =
∞∑

n=1

2−n∥ξ −ℑ∥n
1 + ∥ξ −ℑ∥n

; ξ,ℑ ∈ C (R+,Ξ) .

Let χ represent the Kuratowski measure of noncompactness in Ξ. The properties of χ can be found

in [6].

Definition 2.2 ([16]). Let Fג be the family of all nonempty and bounded subsets of a Fréchet

space F. A family of functions {χn}n∈N, where χn : Fג → [0,∞) is a family of measures of

noncompactness in the real Fréchet space F, if for all Ω,Ω1 and Ω2 ∈ ,Fג the following conditions

are satisfied:

(C1) {χn}n∈N is full, that is χn(Ω) = 0 for n ∈ N if and only if Ω is precompact;

(C2) χn (Ω1) < χn (Ω2), for Ω1 ⊂ Ω2 and n ∈ N;

(C3) χn(ConvΩ) = χn(Ω), for n ∈ N;
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(C4) If {Ωi} is a sequence of closed sets from ,Fג such that Ωi+1 ⊂ Ωi, i = 1, . . ., and lim
i→∞

χn (Ωi) =

0, for each n ∈ N, then the intersection set Ω∞ =
⋂∞

i=1 Ωi is nonempty.

Example 2.3. For Ω ∈ ,Fג x ∈ Ω, n ∈ N and ϵ > 0, let us denote by βn(x, ϵ) for n ∈ N, the

modulus of continuity of the function x on the interval Θ̃n defined by

βn(x, ϵ) = sup{|x(t)− x(θ)| ; t, θ ∈ Θ̃n |t− θ| < ϵ}.

Further, let us set

βn(Ω, ϵ) = sup{βn(x, ϵ) ; x ∈ Ω}, βn
0 (Ω) = lim

ϵ→0+
βn(Ω, ϵ)

and

αn(Ω) = βn
0 (Ω) + sup

t∈Θ̃n

χ
(
Ω(t)

)
.

If the family of mappings {αn}n∈N, where αn : Fג → Θ, satisfies the conditions (C1)–(C4), then

the family of maps {αn}n∈N defined above is a family of measures of noncompactness in the Fréchet

space F.

Definition 2.4 ([27]). A nonempty subset Ω ⊂ F is bounded if, for n ∈ N, there exists nג > 0,

such that

∥ξ∥n ≤ ,nג for each ξ ∈ Ω.

Lemma 2.5 ([16]). If M is a bounded subset of a Banach space Ξ, then for each ϵ > 0, there is a

sequence {ξj}∞j=1 ⊂ M such that

χ(M) ≤ 2χ
(
{ξj}∞j=1

)
+ ϵ.

Lemma 2.6 ([24]). If {ξj}∞j=0 ⊂ L1 is uniformly integrable, then the function t → α({ξj(t)}∞j=0)

is measurable and

χ

({∫ t

0

ξj(θ)dθ

}∞

j=0

)
≤ 2

∫ t

0

χ

(
{ξj(θ)}∞j=0

)
dθ, for t ∈ Θ̃n, n ∈ N.

For more details about measures of noncompactness, see [7, 16, 17].
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3 Main results

In this subsection, we discuss the existence of mild solutions for the problem (1.1).

3.1 Existence of mild solutions

Definition 3.1. A function ξ ∈ PC (R+,Ξ) is called a mild solution to the problem (1.1) if it

satisfies

ξ(t) =



R(t)ξ0 +

∫ t

0

R(t− θ)℘(θ, ξ(θ), (Hξ)(θ)) dθ; if t ∈ Θ0,

R(t− θj)
[
ϖj(θ, ξ(θ

−
j ))

]
+

∫ t

θj

R(t− θ)℘(θ, ξ(θ), (Hξ)(θ)) dθ; if t ∈ Θj ,

ϖj(t, ξ(t
−
j )); if t ∈ Θ̃j ,

where j = 1, 2, . . .

In the sequel, we need the following hypotheses.

(A1) (i) ℘ : Θ×Ξ×Ξ → Ξ is a Carathéodory function and there exist a function p ∈ L1(Θ,R+)

and a continuous nondecreasing function ψ : Θ → (0,+∞), such that

||℘(t, ξ, ξ̄)|| ≤ p(t)ψ(∥ξ∥+ ∥ξ̄∥), for ξ, ξ̄ ∈ Ξ.

(ii) There exists a function l℘ ∈ L1(Θ,R+) such that for any bounded set B ⊂ Ξ and t ∈ Θ,

we have

χ(℘(t, B,H(B))) ≤ l℘(t)χ(B).

(A2) The function ℏ : Dℏ × Ξ× Ξ → Ξ is continuous and there exists c1 > 0 such that,

∥ℏ(t, θ, ξ)− ℏ(t, θ, ξ̄)∥ ≤ c1∥ξ − ξ̄∥, for each (t, θ) ∈ Dℏ and ξ, ξ̄ ∈ Ξ,

with

ℏ∗ = sup{∥ℏ(t, θ, 0)∥ , (t, θ) ∈ Dℏ} <∞.

(A3) ϖj : Θ̃j × Ξ → Ξ are continuous and there exist positive constants Lϖj , j ∈ N and τ > 1
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such that

∥ϖj(., ξ)−ϖj(.,ℑ)∥ ≤
Lϖj

τ
∥ξ −ℑ∥, for all ξ,ℑ ∈ Ξ, j = 1, 2, . . .

(A4) Assume that (R1)− (R2) hold, and there exist Rג ≥ 1 and b ≥ 0, such that

∥R(t)∥B(Ξ) ≤ .Re−btג

Using the methods employed in [25, 26], we can verify that the following example contains a family

of measures of noncompactness in PC (R+,Ξ):

χn(Π) = max
i=0,...,ℓ

β0 (γ
p
i ,Π) + sup

t∈Θ̃n

{
e−τζ̃(t)χ(Π(t))

}
; p = 0, 1, 2 and ℓ = 0, 1, . . . ,

with γpi a partition of R+. In particular,

γpi =


Θ0; if p = 0, ℓ = 0,

Θℓ; if p = 1, ℓ = 1, 2, . . . ,

Θ̃ℓ; if p = 2, ℓ = 1, 2, . . . ,

and ζ̃(t) =

∫ t

0

ζ(θ) dθ, ζ(t) = ,Rl(t)ג4 τ > 1, where Π(t) = {π(t) ∈ F ; π ∈ Π}, t ∈ Θ̃n.

Moreover, if the set Π is equicontinuous, then β0 (γ
p
i ,Π) = 0.

Theorem 3.2. If the conditions (A1)− (A4) are satisfied and

RLϖjג < τ,

then the system (1.1) has at least one mild solution.

Proof. Transform the problem (1.1) into a fixed point problem by introducing an operator ℵ :

PC (R+,Ξ) → PC (R+,Ξ) as

ℵξ(t) =


R(t)ξ0 +

∫ t

0

R(t− θ)℘(θ, ξ(θ), (Hξ)(θ)) dθ; if t ∈ Θ0,

R(t− θj)
[
ϖj(θ, ξ(θ

−
j ))

]
+

∫ t

θj

R(t− θ)℘(θ, ξ(θ), (Hξ)(θ)) dθ; if t ∈ Θj ,

ϖj(t, ξ(t
−
j )); if t ∈ Θ̃j ,

where j = 1, 2, . . . Clearly, the fixed points of the operator ℵ are mild solutions to the problem

(1.1). Next, we verify that the operator ℵ satisfies the hypothesis of Darbo’s fixed point theorem

[16].
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Let δn > 0 and Dδn = {ξ ∈ PC (R+,Ξ); ∥ξ∥n ≤ δn}, where

max

{
+∥R(∥ξ0ג ψ(K∗

δn)),
R(ϖ0ג + ψ(K∗

δn
))

1− RLϖjג

τ

}
≤ δn,

and

K∗
δn =

(
(c1 + 1)δn + aℏ∗

)
∥p∥L1 .

Notice that the set Dδn is bounded, closed and convex.

Step 1: ℵ(Dδn) ⊂ Dδn .

• Case 1: For any n ∈ N, ξ ∈ Dδn , t ∈ Θ0 ∩ Θ̃n, it follows by (A1) that

∥ℵξ(t)∥ ≤ +∥R∥ξ0ג Rג
∫ t

0

ψ(∥ξ(θ)∥+ ∥Hξ(θ)∥)p(θ) dθ

≤ +∥R∥ξ0ג Rψ((c1ג + 1)δn + aℏ∗)∥p∥L1 .

Then we have

∥ℵξ∥n ≤ Rג
[
∥ξ0∥+ ψ((c1 + 1)δn + aℏ∗)∥p∥L1

]
.

• Case 2: For t ∈ Θj ∩ Θ̃n and for each ξ ∈ Dδn , by (A1), (A2) and (A3), we have

∥ϖj(·, ξ(·))∥ ≤
Lϖj

τ
∥ξ(·)∥+ϖ0,

and

∥ℵξ∥n ≤ Rג
[
Lϖj

τ
δn +ϖ0 + ψ((c1 + 1)δn + aℏ∗)∥p∥L1

]
.

• Case 3: For t ∈ Θ̃j ∩ Θ̃n, and for each ξ ∈ Dδn , by (A3), we have

∥ℵξ∥n ≤
Lϖj

τ
δn +ϖ0.

Thus,

∥ℵξ∥n ≤ δn.

Step 2: ℵ is continuous.

Let ξℓ be a sequence such that ξℓ → ξ∗ in Ξ. We complete the proof in several steps.
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• Case 1: For t ∈ Θ0 ∩ Θ̃n, we have

∥(ℵξℓ)(t)− (ℵξ∗)(t)∥ ≤ Rג
∫ t

θj

∥℘(θ, ξℓ(θ), Hξℓ(θ))− ℘(θ, ξ∗(θ), Hξ∗(θ))∥ dθ.

It follows by continuity of ℏ and ℘ that

ℏ(t, θ, ξℓ(θ)) → ℏ(t, θ, ξ∗(θ)) as ℓ→ +∞,

and

∥ℏ(t, θ, ξℓ(θ))− ℏ(t, θ, ξ∗(θ))∥ ≤ c1∥ξℓ − ξ∗∥.

By the Lebesgue dominated convergence theorem, we obtain

∫ t

0

ℏ(t, θ, ξℓ(θ)) dθ →
∫ t

0

ℏ(t, θ, ξ∗(θ)) dθ, as ℓ→ +∞.

Then, by (A1), we get

℘(θ, ξℓ(θ), Hξℓ(θ)) → ℘(θ, ξ∗(θ), Hξ∗(θ)), as ℓ→ +∞,

which implies that

∥(ℵξℓ)− (ℵξ∗)∥n → 0, as ℓ→ +∞.

• Case 2: Let t ∈ Θj ∩ Θ̃n. Then we have

∥(ℵξℓ)(t)− (ℵξ∗)(t)∥ ≤ R∥ϖj(θjג , ξℓ(θ
−
j ))−ϖj((θj , ξ∗(θ

−
j )))∥

Rג+
∫ t

0

∥℘(θ, ξℓ(θ), Hξℓ(θ))− ℘(θ, ξ∗(θ), Hξ∗(θ))∥ dθ.

As argued in case 1, by the continuity of ℏ, ℘ and ϖj , we get

∥(ℵξℓ)− (ℵξ∗)∥n → 0, as ℓ→ +∞.

• Case 3: For t ∈ Θ̃j ∩ Θ̃n, we obtain

∥(ℵξℓ)(t)− (ℵξ∗)(t)∥ ≤ ∥ϖj(tj , ξℓ(t
−
j ))−ϖj((tj , ξ∗(t

−
j )))∥,

which, in view of the continuity of ϖj , implies that

∥(ℵξℓ)− (ℵξ∗)∥n → 0, as ℓ→ +∞.

Thus, ℵ is continuous.
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Step 3 Since we have ℵ(Dδn) ⊂ Dδn , therefore, ℵ(Dδn) is bounded.

Step 4 Let Π be a bounded equicontinuous subset of Dδn , then {ℵ(Π)} is equicontinuous, which

implies that β0 (γ
p
i ,ℵ(Π)) = 0. Now, for any ϱ > 0, there exists a sequence {ξℓ}∞j=0 ⊂ Π and

we complete the proof of this part in certain steps.

• Case 1: Let t ∈ Θ0 ∩ Θ̃n. Setting Ofv(θ) = ℘(θ, ξ(θ), Hξ(θ)), we have

χ

{∫ t

0

R(t− θ)Ofv(θ)dθ ; ξ ∈ Π

}
≤ 2χ

{∫ t

0

R(t− θ)Ofξℓ(θ)dθ ; ξ ∈ Π

}
+ ϱ

≤ 4

∫ t

0

Rl℘(θ)χ({Π(θ)})dθג + ϱ

≤
∫ t

0

ζ(θ)χ(Π(θ))dθ + ϱ

≤
∫ t

0

eτζ̃(θ)e−τζ̃(θ)ζ(θ)χ(Π(θ))dθ + ϱ

≤
∫ t

0

ζ(θ)eτζ̃(θ) sup
θ∈[0,t]

e−τζ̃(θ)χ(Π(θ))dθ + ϱ

≤ χn(Π)

∫ t

0

(
eτζ̃(θ)

τ

)′

dθ + ϱ

≤ eτζ̃(t)

τ
χn(Π) + ϱ,

which implies that

χ(ℵ(Π)(t)) ≤ eτζ̃(t)

τ
χn(Π) + ϱ.

Since ϱ is arbitrary, so

χ(ℵ(Π)(t)) ≤ eτζ̃(t)

τ
χn(Π),

and hence

χn(ℵ(Π)) ≤ 1

τ
χn(Π).

• Case 2: For t ∈ Θj ∩ Θ̃n, we proceed as in the proof of Case 1 to obtain

χ(ℵ(Π)(t)) ≤ Rג χ(
{
ϖj(θ, ξℓ(θ

−
j )); ξ ∈ Π

}
) +

eτζ̃(t)

τ
χn(Π) + ϱ

≤
eτζ̃(t)(גRLϖj

+ 1)

τ
χn(Π) + ϱ.
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Therefore, we get

χn(ℵ(Π)) ≤
RLϖjג)

+ 1)

τ
χn(Π).

• Case 3: Let t ∈ Θ̃j ∩ Θ̃n. By (A3), the set
{
ϖj(t, ξ

−
j )

}n

j=1
is equicontinuous, and that

β0 (γ
p
i , G(Π)) = 0, with {Gv(t)} =

{
ϖj(t, ξ

−
j )

}
.

On the other hand, we have

∥ϖj(t, ξ(.))−ϖj(t, ξ(.))∥ ≤
Lϖj

τ
∥ξ(.)− ξ(.)∥,

which yields

e−τζ̃(t)∥ϖj(t, ξ(t
−
j ))−ϖj(t, ξ(t

−
j ))∥ ≤

Lϖj

τ
e−τζ̃(t)∥ξ(t−j )− ξ(t−j )∥.

Hence, we get

χn(ℵ(Π)) ≤
Lϖj

τ
χn(Π),

which shows that ℵ is contraction (in terms of a measure of noncompactness), since RLϖjג +

1 < τ. Therefore, by Darbo’s fixed point theorem [16], we deduce that ℵ has at least one

fixed point which is a mild solution to the problem (1.1).

3.2 Controllability of the system

In this subsection, we discuss the controllability for the system:

ξ′(t) = Ψ1(t)ξ(t) + ℘ (t, ξ(t), (Hξ)(t))

+

∫ t

0

Ψ2(t− θ)ξ(θ) dθ + Cu(t); if t ∈ Θj , j = 0, 1, . . . ,

ξ(t) = ϖj

(
t, ξ

(
t−j

))
; if t ∈ Θ̃j , j = 1, 2, . . . ,

ξ(0) = ξ0,

(3.1)

where u ∈ L2(Θ,S) is the control function, S is the Banach space of admissible control functions

and C is a bounded linear operator from S into Ξ. Before proceeding further, we define the

solution for the problem (3.1).

Definition 3.3. The system (3.1) is said to be controllable on the interval Θ, if for every initial

function ξ0 = ξ(0) ∈ Ξ and ξ̂ ∈ Ξ, there is some control u ∈ L2([0;n]; Ξ) for some n > 0, such that

the mild solution ξ(·) of the system (3.1) satisfies the terminal condition ξ(n) = ξ̂.

To obtain the controllability of mild solutions of (3.1), we assume the following conditions.
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(A5) There exists a positive constant ρn, such that

max

{
φρ
1;φ

ρ
2;

ϖ0

1− Lϖj

τ

}
≤ ρn,

where

φρ
1 =

{
Rג

[
∥ξ0∥+ ψ(K∗

ρn
)∥p∥L1 + c5c6

(
ρn
Rג

+ ∥ξ0∥+ ψ(K∗
ρn
)∥p∥L1

)]}
,

φρ
2 =

{
Rג

[
Lϖj

τ
ρn +ϖ0 + ψ(K∗

ρn
)∥p∥L1 + c5c6

(
ρn
Rג

+ ∥ξ0∥+ ψ(K∗
ρn
)∥p∥L1

)]}
,

and

K∗
ρn

=
(
(c1 + 1)ρn + aℏ∗

)
∥p∥L1 .

(A6) (i) For each n, the linear operator W : L2(Θ̃n,S) → F, defined by

Wu =

∫ n

0

R(n− θ)Cu(θ) dθ,

has a pseudo inverse operator W−1, which takes values in L2(Θ̃n,S)⧹ ker(W ).

(ii) There exist positive constants c5, c6, such that

∥C∥ ≤ c5 and ∥W−1∥ ≤ c6.

(iii) There exist pw ∈ L1(Θ,R+), kC ≥ 0, and for any bounded sets V1 ⊂ Ξ, V2 ⊂ S,

χ((W−1V1)(t)) ≤ pw(t)χ(V1), χ((CV2)(t)) ≤ kCχ(V2(t)).

Theorem 3.4. Suppose that the hypotheses (A1)− (A5) hold. Then the problem (3.1) is control-

lable.

Proof. For n ∈ N, we define a family of measures of non compactness in PC(Θ,F) as

χ̃n(Π) = max
i=0,...,ℓ

β0 (γ
p
i ,Π) + sup

t∈Θ̃n

{
e−τ κ̃(t)χ(Π(t))

}
, p = 0, 1, 2 and ℓ = 0, 1, . . . ,

where κ̃(t) =
∫ t

0

κ(θ) dθ, κ(t) = R(l℘(t)ג4 + kC(גR∥l℘∥1)pw(t)), τ > 1. Using (A5), we define

the control:
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uξ(t) =



W−1

[
ξ(n)−R(n)ξ0 −

∫ n

0

R(n− θ)℘(θ, ξ(θ), (Hξ)(θ)) dθ

]
; if t ∈ Θ0,

W−1

[
ξ(n)−R(n− θj)

[
ϖj(θ, ξ(θ

−
j ))

] ∫
−
∫ n

θj

R(t− θ)℘(θ, ξ(θ), (Hξ)(θ)) dθ

]
; if t ∈ Θj , j = 1, 2, . . .

Using the above control, it will be shown that the operator defined by

Υξ(t) =



R(t)ξ0 +

∫ t

0

R(t− θ)℘(θ, ξ(θ), (Hξ)(θ)) dθ +

∫ t

0

R(t− θ)Cuξ(θ) dθ; if t ∈ Θ0,

R(t− θj)
[
ϖj(θ, ξ(θ

−
j ))

]
+

∫ t

θj

R(t− θ)℘(θ, ξ(θ), (Hξ)(θ)) dθ

+

∫ t

θj

R(t− θ)Cuξ(θ) dθ; if t ∈ Θj , j = 1, 2, . . . ,

ϖj(t, ξ(t
−
j )); if t ∈ Θ̃j , j = 1, 2, . . . ,

has a fixed point which is a mild solution to the system (3.1), and hence the system is controllable.

By (A4), we define a closed, bounded and convex subset Bρn for any n ∈ N as follows: Bρn =

B(0, ρn) = {x ∈ PC : ∥x∥n ≤ ρn}. We establish the proof in several steps.

Step 1: ℵ(Bρn) ⊂ Bρn . For any ξ ∈ Bρn , we accomplish the following cases by using the assump-

tions (A1), (A4) and (A5).

• Case 1: Let t ∈ Θ0 ∩ Θ̃n. For any n ∈ N, ξ ∈ Bρn , t ∈ Θ0 ∩ Θ̃n, it follows by (A1) that

∥Υξ(t)∥ ≤ Rג
(
∥ξ0∥+ ψ((c1 + 1)ρn + aℏ∗)∥p∥L1 + c5c6

(ρn
Rג

+ ∥ξ0∥+ ψ(K∗
ρn
)∥p∥L1

))
≤ ρn.

• Case 2: For t ∈ Θj ∩ Θ̃n, and for each ξ ∈ Bρn , by (A1), (A2) and (A3), we obtain

∥Υξ(t)∥ ≤ Rג
[
Lϖj

τ
ρn +ϖ0 + ψ((c1 + 1)δn + aℏ∗)∥p∥L1

+c5c6

(
ρn
Rג

+ ∥ξ0∥+ ψ(K∗
ρn
)∥p∥L1

)]
≤ ρn.

• Case 3: Let t ∈ Θ̃j ∩ Θ̃n. Then, for each ξ ∈ Bρn
, it follows by (A3) that

∥Υξ(t)∥ ≤
Lϖj

τ
ρn +ϖ0 ≤ ρn.
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Thus, we get

∥Υξ∥n ≤ ρn,

which implies that Υ(Bρn) ⊂ Bρn and Υ(Bρn) is bounded.

Step 2: Υ is continuous on Bρn . Let ξn be a sequence such that ξn → ξ∗ in Bρn . Since ℘, ℏ, ϖj , C

are continuous, therefore, it follows by the Lebesgue dominated convergence theorem that

∫ t

0

R(t− θ)Cuξn(θ) dθ →
∫ t

0

R(t− θ)Cuξ∗(θ) dθ,

which yields

∥(Υξn)− (Υξ∗)∥n → 0, as n→ +∞.

Thus, we deduce that Υ is continuous.

Step 3: Let Π be a bounded equicontinuous subset of Bρn
, then {Υ(Π)} is equicontinuous, and

that β0 (γ
p
i ,Υ(Π)) = 0. Now, for any ϱ > 0, there exists a sequence {ξj}∞j=0 ⊂ Π. Then we

complete the proof for several cases.

• Case 1: For t ∈ Θ0 ∩ Θ̃n, we have

χ(Υ(Π)(t)) ≤ 2χ

({∫ t

0

R(t− θ)(℘(θ, ξj(θ), Hξj(θ)) + uξj (θ)) dθ ; ξ ∈ Π

})
+ ϱ

≤ 4

∫ t

0

R(l℘(θ)ג + kC(גR∥l℘∥1L)pw(θ))χ({Π(θ)}) dθ + ϱ

≤ eτ κ̃(t)

τ
χ̃n(Π) + ϱ.

Since ϱ is arbitrary, we have

χ(Υ(Π)(t)) ≤ eτL(t)

τ
χ̃n(Π),

and hence

χ̃n(Υ(Π)) ≤ 1

τ
χ̃n(Π).

• Case 2: Let t ∈ Θj ∩ Θ̃n. Then, as in the proof of Case 1, we get

χ(Υ(Π)(t)) ≤ 4

∫ t

0

R(l℘(θ)ג + kC(גR∥l℘∥1L)pw(θ))χ({Π(θ)})dθ + ϱ+
RLϖjג

τ
χ(

{
Π(t)

}
)

≤
eτ κ̃(t)(גRLϖj

+ 1)

τ
χ̃n(Π) + ϱ.

Since ϱ is arbitrary, we obtain

χ̃n(Υ(Π)) ≤
RLϖjג

+ 1

τ
χ̃n(Π).
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• Case 3: Let t ∈ Θ̃j ∩ Θ̃n. Then, by (A3), the set
{
ϖj(t, z

−
j )

}n

j=1
is equicontinuous, and

that β0 (γ
p
i , G(Π)) = 0, with {Gz(t)} =

{
ϖj(t, z

−
j )

}
. On the other hand, we have

∥ϖj(t, z(.))−ϖj(t, z(.))∥ ≤
Lϖj

τ
∥z(.)− z(.)∥,

which implies that

e−τζ̃(t)∥ϖj(t, z(t
−
j ))−ϖj(t, z(t

−
j ))∥ ≤

Lϖj

τ
e−τζ̃(t)∥z(t−j )− z(t−j )∥.

Therefore, we have

χ̃n(Υ(Π)) ≤
Lϖj

τ
χ̃n(Π),

which shows that Υ is contraction in view of the assumption

RLϖjג
+ 1 < τ.

Hence, by Darbo’s fixed point theorem [16], the operator Υ has a fixed point, which

implies that the given system is controllable.

4 An example

Consider the following impulsive integro-differential equations:



∂

∂t
γ(t, x) = − ∂

∂x
γ(t, x)− πγ(t, x)−

∫ t

0

Γ(t− θ)

(
∂

∂x
γ(θ, x) + πγ(θ, x)

)
dθ

+
∥γ(t, x)∥L2

1 + t3 sin2(t)
+ (1 + t3 sin2(t))

−1
sin

[∫ a

0

cos2(θt)|γ(θ, x)| dθ
]

+Cu(t, x), if t ∈ Θj , x ∈ (0, 1),

γ(t, x) =
∥γ(2j− − 1, x)∥L2

1 + 17(∥γ(2j− − 1, x)∥L2 + 1)
, if t ∈ Θ̃j , x ∈ (0, 1),

γ(t, 0) = γ(t, 1) = 0, t ∈ R+,

γ(0, x) = ex, x ∈ (0, 1),

(4.1)

where Θ0 = (0, 1], Θj = (2j; 2j + 1], j = 0, 1, . . . , Θ̃j = (2j − 1; 2j], j = 1, 2, . . . Set F = L2(0, 1)

and let Ψ1 be defined by

(Ψ1φ)(x) = −
(
d

dx
φ(x) + πφ(x)

)
,

and

D(Ψ1) = {φ ∈ L2(0, 1) / φ,Ψ1φ ∈ L2(0, 1) ; φ(0) = φ(1) = 0}.



246 A. Bensalem, A. Salim, B. Ahmad & M. Benchohra CUBO
25, 2 (2023)

The operator Ψ1 is the infinitesimal generator of a C0-semigroup on F with domain D(Ψ1). Now,

we define the operator Ψ2(t) : F 7→ F as follows:

Ψ2(t)z = Γ(t)Ψ1z, for t ≥ 0, z ∈ D(Ψ1).

As argued in [14], for some r2 > r1 > 0, it follows that ∥Γ(t)∥ ≤ e−r2t

r1
, and ∥Γ′(t)∥ ≤ e−r2t

r21
.

From [18], we have that the resolvent operator (R(t))t≥0 exists on F which is norm continuous and

∥R(t)∥ ≤ e(r
−1
1 −1)t. Therefore, the assumption (A4) holds with Rג = 1 and b = 1− r−1

1 . Now, we

define

γ(t)(x) = γ(t, x),

℘(t, γ(t), Hγ(t))(x) =
∥γ(t, x)∥L2

1 + t3 sin2(t)
+ (1 + t3 sin2(t))

−1
sin

[ ∫ a

0

cos2(θt)|γ(θ, x)| dθ
]
,

Hγ(t)(x) =

∫ a

0

cos2(θt)|γ(θ, x)| dθ,

and

ϖj(t, γ(tj− , x)) =
∥γ(2j− − 1, x)∥L2

1 + 17(∥γ(2j− − 1, x)∥L2 + 1)
.

Case 01: Cu = 0. With the above setting, the system (4.1) can be expressed in the following

abstract form:
γ′(t) = Ψ1γ(t) + ℘ (t, γ(t), (Hγ)(t)) +

∫ t

0

Ψ2(t− θ)γ(θ) dθ, if t ∈ Θj ,

γ(t) = ϖj

(
t, γ

(
t−j

))
, if t ∈ Θ̃j ,

γ(0) = γ0.

(4.2)

On the other hand, we have

|℘(t, γ1(t), γ2(t))| ≤ (1 + t3 sin2(t))−1

(
|γ1(t)|+ |γ2(t)|+ 1

)
.

Also, for any bounded set Σ ⊂ F, we have

χ(℘(t,Σ, H(Σ))) ≤ (1 + t3 sin2(t))−1χ(Σ).

So

p(t) = (1 + t3 sin2(t))−1, which certainly belongs to L1(Θ,R+),

and ψ(t) = 1 + t is a continuous nondecreasing function from Θ to [1,+∞). Moreover, we

have the estimates:

∥ℏ(t, θ, γ1)− ℏ(t, θ, γ2)∥F ≤ a∥γ1 − γ2∥F,
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and

∥ϖj(γ1)−ϖj(γ2)∥F ≤ 1

18
∥γ1 − γ2∥F.

For Rג < 3, all the assumptions of Theorem 3.2 are satisfied. Hence, the problem (4.1) has

at least one mild solution defined on R+.

Case 02 : Cu = κu(t, γ) for κ > 0. Let the operator C : L2(0, 1) → L2(0, 1) be defined by

Cu = κu(t, γ). Then, the system (4.1) takes the form:


γ′(t) = Ψ1γ(t) + ℘ (t, γ(t), (Hγ)(t)) +

∫ t

0

Ψ2(t− θ)γ(θ) dθ + Cu(t), if t ∈ Θj ,

γ(t) = ϖj

(
t, γ

(
t−j

))
, if t ∈ Θ̃j ,

γ(0) = γ0.

(4.3)

As argued in Case 01, we can easily verify the assumptions (A1)− (A5). If we assume that

the operator W given by Wu =

∫ n

0

R(n−θ)κu(θ) dθ, satisfies (A6), then all the assumptions

given in Theorem 3.4 are verified. Therefore, the problem (4.1) is controllable.

5 Conclusions

In this research, we investigated existence of mild solutions for a non-instantaneous integrodiffer-

ential equation via resolvent operators in the sense of Grimmer in a Fréchet space. We applied

Darbo’s fixed point theorem in conjunction with the technique of measures of noncompactness

to establish the desired results. The controllability of the given problem is also discussed. An

example is presented for illustrating the application of our key findings. Our results are novel in

the given configuration and contribute significantly to the literature on the topic. We believe that

the present study can lead to new avenues for research, such as coupled systems, problems with

infinite delays, and their fractional counterparts. Thus, this article will serve as a starting point

for future endeavors in aforementioned areas.
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