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In this paper, we investigate existence of mild solutions to a
non-instantaneous integrodifferential equation via resolvent
operators in the sense of Grimmer in Fréchet spaces. Utiliz-
ing the technique of measures of noncompactness in conjunc-
tion with the Darbo’s fixed point theorem, we present suffi-
cient criteria ensuring the controllability of the given prob-

lem. An illustrative example is also discussed.

RESUMEN

En este articulo, investigamos la existencia de soluciones
mild de una ecuacién integrodiferencial no-instantdnea via
operadores resolventes en el sentido de Grimmer en espacios
de Fréchet. Usando la técnica de medidas de nocompaci-
dad junto con el teorema de punto fijo de Darbo, presenta-
mos criterios suficientes para asegurar la controlabilidad del

problema dado. Se discute, ademés, un ejemplo ilustrativo.
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1 Introduction

In recent years, the theory of fractional differential equations has been extensively developed
by many authors. For a detailed account of the subject, we refer the reader to [1, 3, 4, 33].
Hernandez and O’Regan initiated the theory of abstract impulsive differential equations with non-
instantaneous impulses in [21]. Later, the authors studied instantaneous and non-instantaneous

impulsive integrodifferential equations in Banach spaces in [2].

The controllability of linear and nonlinear differential systems in finite dimensional spaces received
considerable attention, for example, see [8, 9, 10|, while some interesting results on the controllabil-
ity of such systems in infinite-dimensional Banach spaces with unbounded operators can be found
in the monographs [10, 12, 23, 31]. For more details on the subject, see the papers [5, 13, 19, 20, 32]
and the references cited therein. Lasiecka and Triggiani [22] discussed the exact controllability of
semilinear abstract systems with application to waves and plates boundary control problems. For

some results on evolution equations, for instance, see [1, 11, 28, 29].

Recently, in [15], the authors used Schauder’s fixed point theorem to study the existence of mild
solutions by considering two cases of the resolvent operators for the following integrodifferential

problem:

5’(t)=‘111£(t)+/0 Wy(t = 0)§(0) db + o (t,£(t), (HE)(E)) ;s if ¢ € [0, al,
£(0) = g(&) + &o-

Motivated by the works [2, 15|, we will investigate the existence and controllability of mild solutions

to the following impulsive integrodifferential equations via resolvent operators:

t

E’(t):\Iflﬁ(t)+@(t,€(t),(H€)(t))+/0 Uy(t—0)E(0)do; ifteO©; j=0,1,...,
() =w; (LE()): ifted;, j=12.., (1.1)
£(0) = &,

where ©g = [0, t1],0; := (0;,t;41] and ©; = (t;,0;] with 0 =0y < t; <0 <ty < --- < Op1 <
te < 0p < tppqg < --- < 400, Uy 1 D(P;) C E — E is the infinitesimal generator of a strongly
continuous semigroup {7'(t) };>0, V2(t) is a closed linear operator with domain D(¥1) C D(¥s(t)),
the operator H is defined by

(HE)(t) = /0 (1,0, £(0)) db,

fora >0, Dy = {(t,0) € R? ; 0 < 0 <t < a}and h : Dy x Z — =. The nonlinear term
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P:O;xEXE =25 j=0,..., wj :0; x2E =& j=1,2,..., are given functions, where

© = [0,400), and (Z, || - ||) is a Banach space, & € Z.

We emphasize that the novelty of our work includes the investigation of problem (1.1) under a
diverse set of conditions. Specifically, we incorporated non-instantaneous impulses in the integrod-
ifferential system on an unbounded domain to broaden its scope, in contrast to previous research
efforts. The controllability of the given integrodifferential problem with non-instantaneous impulses

is also studied. Our results generalize the ones presented in the articles [2, 15].

The rest of this paper is organized as follows. In Section 2, we recall some preliminary results and
definitions related to our study. In Section 3, we will present the existence result by using the
technique of measures of noncompactness in conjunction with the Darbo’s fixed point theorem.
We will also study the controllability for the given problem. An example is given to illustrate the

applicability of the abstract results.

2 Preliminaries

Let us begin this section with some preliminary concepts related to the study of the problem at
hand. Let C(©,Z) be the space of continuous functions from © := [0;+00) into = and B(E)

denotes the space of all bounded linear operators from = into = equipped with the norm
1Tl 5=) = sup{IT ) = llgl =1}

A measurable function £ : [0;4+00) — = is Bochner integrable if and only if [|£|| is Lebesgue

integrable. For the properties of the Bochner integral, for instance, see [30].

Let L'(]0; +00),Z) denote the Banach space of measurable functions ¢ : [0;+00) — = which are
Bochner integrable, with the norm
—+o0
lele = [ e ar

We consider the following Cauchy problem

t

E(t) = U&() +/ Uo(t — 0)E(0) dh, for t >0, (2.1)
0 .

£00)=¢& €=

The existence and properties of the resolvent operator have been discussed in [18]. In what follows,

we suppose the following assumptions:

(R1) Uy is the infinitesimal generator of a uniformly continuous semigroup {7'(t)}+>o;
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(R2) Forallt > 0,Wy(¢)is a closed linear operator from D(¥1) to E and Uy (t) € Uo(D(V4),Z). For
any £ € D(Uy), the map t — Wy (t)¢ is bounded, differentiable and the derivative t — Wy (t)¢

is bounded and uniformly continuous on R+.

Theorem 2.1 ([18]). If the assumptions (R1) and (R2) are satisfied, then the problem (2.1) has

a unique resolvent operator.
Let {t;}5°, be the sequence of real numbers such that

O:t0<t1<t2<~~-,and lim t¢; = +o0.

i—+00
Let PC(R™,Z) be the Banach space defined by

PCO(RT,Z) = {5 RT - = §|éj =wj;j=1,...,¢, §|(—),» ;5 =0,...,£, are continuous

§(07), €(07), €(t7) and € () exist with & (1) =€ (1) |,
endowed with the family of seminorms:

||| = sup{||z(t)|| : t€[0,t,]}, n=1,2,...

Define by § = C (0, Z) the Fréchet space of continuous functions & from R into Z, with the norm

I8(ln = sup S, ©n:=[0,n], neN,

teO,
and the distance
— 27| = Sln -
d(&,3) = — £ eC(RL,TD).
€9 =2 e, ®+5)

Let x represent the Kuratowski measure of noncompactness in =. The properties of x can be found
in [6].

Definition 2.2 ([16]). Let Iz be the family of all nonempty and bounded subsets of a Fréchet
space §. A family of functions {xn}, ey, where xn = Iz — [0,00) is a family of measures of
noncompactness in the real Fréchet space §, if for all Q,Q1 and Qy € 1z, the following conditions

are satisfied:
(C1) {Xn}ney is full, that is x,(2) = 0 for n € N if and only if Q is precompact;
(C2) xn (1) < xn (22), for Q1 C Qg and n € N;

(C3) xn(ConvQ) = xn(R), forn e N;
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(Cy) If {4} is a sequence of closed sets from Iz, such that Q41 C Qi =1,..., and lim x, () =

71— 00
0, for each n € N, then the intersection set Qoo = ;o Qi is nonempty.

Example 2.3. For Q € Iz, 2 € Q, n € N and € > 0, let us denote by B™(x,€) for n € N, the

modulus of continuity of the function x on the interval ©,, defined by
B"(x,€) = sup{|a(t) — z(6)] ; 1,0 € O, [t —6] <e}.
Further, let us set
5'(9,0) = sup{8"(x€) ; 2 € O}, BHQ) = lim ()

and

an(Q) = B () + sup x(2(t))-
teO,

If the family of mappings {c, }nen, where o, : Iz — O, satisfies the conditions (Cy)—~(Cy), then
the family of maps {au, }nen defined above is a family of measures of noncompactness in the Fréchet

space §.

Definition 2.4 ([27]). A nonempty subset Q C § is bounded if, for n € N, there exists 1, > 0,
such that
€Il < 3, for each & € Q.

Lemma 2.5 ([16]). If M is a bounded subset of a Banach space Z, then for each € > 0, there is a
sequence {fy};i1 C M such that

) < 2x ({6152,) +

Lemma 2.6 ([24]). If {&}52, C L' is uniformly integrable, then the function t — a({&;(t)}52)

is measurable and

x({ /Otﬁj(e)dG}:oO) < 2/Otx<{§j(9) ;?io>d9, fort€©,, neN.

For more details about measures of noncompactness, see |7, 16, 17].
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3 Main results

In this subsection, we discuss the existence of mild solutions for the problem (1.1).

3.1 Existence of mild solutions

Definition 3.1. A function £ € PC (RT,Z) is called a mild solution to the problem (1.1) if it

satisfies
R+ | Rt~ 0)(6,£0), (HE)(©) db: if t < O,
6= R(t— 0;) [w,(0. (07 /Rt— 0.£(0), (HE)(0)) db; if t € O,
@; (L)) ift €6,
where j =1,2,...

In the sequel, we need the following hypotheses.

(A1) (i) p: O x = x = — Zis a Carathéodory function and there exist a function p € L'(©,RT)

and a continuous nondecreasing function 1 : © — (0,400), such that
ot & Ol < p@)w (g + 11D, for &, £ € E.

(i) There exists a function I, € L'(©,R") such that for any bounded set B C Z and t € O,

we have
x(p(t, B, H(B))) < lo(t)x(B).
(A2) The function h: Dy x 2 x E — = is continuous and there exists ¢; > 0 such that,
1a(t,0,€) = h(t,0,8)]| < c1ll€ — €[l for each (t,0) € Dy and €, € € E,

with

h* = sup{|[A(t,0,0)I| , (t,0) € Dn} < oo.

(A3) w; : (:)j X E — E are continuous and there exist positive constants L,,j € N and 7 > 1
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such that

L.
ij(vf) _wj(W%)H < Tjng_%"? for all g,% € E7 ]: 1727"'

(A4) Assume that (R1) — (R2) hold, and there exist Iz > 1 and b > 0, such that

|R(®)|pz) < Ire™".

Using the methods employed in [25, 26], we can verify that the following example contains a family

of measures of noncompactness in PC (RT, Z):

xn(I1) = r%axzb’o (7,1I) 4+ sup {e_TC(t)X(H(t))} ; p=0,1,2and £=0,1,...,
Ty teé’!b

with 47 a partition of R*. In particular,
@0; lfp:(), EZO,

=< Oy ifp=1,0=1,2,...,
O ifp=2 0(=1,2,..

s

Ml

and C(t) = /t C(0)do, ¢(t) = 4Igl(t), 7> 1, where TI(t) = {n(t) € F; n €I}, t € O,.

0
Moreover, if the set II is equicontinuous, then Sy (77, II) = 0.

Theorem 3.2. If the conditions (A1) — (A4) are satisfied and
jRij <7,
then the system (1.1) has at least one mild solution.

Proof. Transform the problem (1.1) into a fixed point problem by introducing an operator N :
PC(RT,Z) - PC(RT,E) as

§0+/ R(t — 0)p(0,£(0), (HE)(60)) do; if t € O,
RE() =9 R(t—0,) [, (0,660} /Rt— 0.£(0). (HE)(0)) db: it t € O,
@ (t.6(t): ifte 6,

where j = 1,2,... Clearly, the fixed points of the operator N are mild solutions to the problem
(1.1). Next, we verify that the operator XN satisfies the hypothesis of Darbo’s fixed point theorem
[16].
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Let 6, > 0 and D5, = {¢ € PC(RT,Z); |¢]|n < 0p}, where

] K;
me{:Ruma|+¢mK§)x R‘f“ﬁjﬁ@?”)}fgam

T

and
K:skn = ((Cl + 1>6n + a'h*) ||pHL1'

Notice that the set Ds_ is bounded, closed and convex.

Step 1: N(Ds, ) C Ds, .

e Case 1: Foranyn e N, £ € Dy, t € ©g N O, it follows by (A1) that

n?

IRED < Irlll +JR/O V(IO + | HEO))p(0) db
Irlléoll +ArY((c1 + 1)dn + ah™)[|p]| L1

IN

Then we have

el < :Rh@+w«m+4wn+amﬂmul.

e Case 2: For t € ©;N©,, and for each £ € Ds, , by (A1), (A2) and (A3), we have

o5 (L ECD < 22260 + o
and

Lo, .
IRl < Tr | =00 + @0 + ¥((e2 + 1) + ah) [p]l 11

e Case 3: For t € ©; N6, and for each ¢ € D, by (A3), we have

n?

INE[]n < =26, + wo.
T
Thus,
IRE[l < O

Step 2: N is continuous.

Let & be a sequence such that £, — £, in =. We complete the proof in several steps.
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e Case 1: For t € ©,N O,,, we have

(R () — (R&H (D) < JR/Q, 190, §e(0), HE(0)) — (6, £.(0), HE.(0))]] do.
It follows by continuity of & and g that
h(t,0,80(0)) — h(t,0,£.(0)) as £ — +oo,

and

I7(t,6,£e(0)) — h(t, 0,8(0)]| < call§e — &I

By the Lebesgue dominated convergence theorem, we obtain
t t
/ h(t,8,&(0))do —>/ R(t,0,£.(0))d, as{— +oo.
0 0
Then, by (A1), we get
9(9754(9)’ Hg@(e)) — p(97§*(9>7 H@(Q)), as £ — —+00,

which implies that
|(RE) — (NE) || — 0, as £ — +o0.

e Case 2: Let t € ©; N ©,,. Then we have

IRE) () = REND < rllw;(05,e(05)) — @5((0;,£-(07)))]
+3R/0 l9(6,€e(0), HE(0)) — (0, £..(0), HEL(0)) ] dO.

As argued in case 1, by the continuity of %, p and w;, we get
I(REp) — (RE) ||l — 0, as € — +oo.
e Case 3: For t € (:)j N ©,,, we obtain

[(RE) (1) = RE)D < e (5, €e(t5)) — 5 ((E5, & D,
which, in view of the continuity of @, implies that

I(R€e) — (RE) [ — 0, as £ — +oo.

Thus, N is continuous.
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Step 3 Since we have RX(D;, ) C Ds, , therefore, X(Ds, ) is bounded.

Step 4 Let II be a bounded equicontinuous subset of Dy, , then {X(II)} is equicontinuous, which
implies that (g (77, R(IT)) = 0. Now, for any o > 0, there exists a sequence {£,}32, C IT and

we complete the proof of this part in certain steps.

e Case 1: Let t € ©p N O,,. Setting Oyv(9) = ©(0,£(0), HE(0)), we have

t
X{/O R(t —H)Ofv(g)dtg ; £ € H} < 2)({/ R(t— G)Of& g)de ¢ e H} + 0
< / Jrly( I1(0)})dé + o
< / qC 0))dd + o
< / EOe=mC O (0)(T1(0))d0 + 0
0
t N _
< [ Ot sup TEON@@)d0 + 0
0 0€[0,t]
t o/ erCO)N
< Xn(H)/ < )d0+9
0 T
emC(®)
< Xn(II) + o,
which implies that
emC(®)
XRADE) < ——xa() +e.
Since g is arbitrary, so
emC(t)
XRADE)) < ——xa(1),
and hence
1

e Case 2: Fort € ©; N 0,,, we proceed as in the proof of Case 1 to obtain

R0
X)) < Ir x({m(0,(6;)): € € TT}) + ——xa(I1) + 0

eTE(t)j Lo +1
< Qnle, )Xn(H)+Q-

T

A
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Therefore, we get

) < Gk

e Case 3: Let t € ©; N O,,. By (A3), the set {wj(t,gj_)}?:l
Bo (v, G(IT)) = 0, with {Gu(t)} = {w;(t,&)}-

On the other hand, we have

is equicontinuous, and that

|

ooy -

T

15 (,£(.) — =5 (8, €D <

I,

which yields

_ _ Lo,z =
e W ooy 1, €(17)) — 5 (1,68 ) | < “Ze W e(t) — €.

Hence, we get

which shows that N is contraction (in terms of a measure of noncompactness), since Jg L, +
1 < 7. Therefore, by Darbo’s fixed point theorem [16], we deduce that X has at least one
fixed point which is a mild solution to the problem (1.1). O

3.2 Controllability of the system

In this subsection, we discuss the controllability for the system:

i) = %(tt)E(t)+p(t,5(t)7(H§)(t))
+ [ Wa(t—0)E(0)do + Cu(t); ifte©;, j=0,1,...,
0 (3.1)
) = w(LE(ty)); ifte®;, j=12...,
5(0) = 603

where u € L?(0, &) is the control function, & is the Banach space of admissible control functions
and C is a bounded linear operator from & into =. Before proceeding further, we define the

solution for the problem (3.1).

Definition 3.3. The system (3.1) is said to be controllable on the interval O, if for every initial
function & = £(0) € E and € € B, there is some control u € L*([0;n]; E) for some n > 0, such that

the mild solution £(-) of the system (3.1) satisfies the terminal condition &(n) = €.

To obtain the controllability of mild solutions of (3.1), we assume the following conditions.
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(A5) There exists a positive constant p,, such that

J
T

o

p. P,

maX{@p@Qa L. } < Pns
where

8 = {3n ol + 00063, ol + eseo ( 52 + ol + 00265, s ) |

Lw' * n *
5 = 33| == pu + w0 + WU )pllze + eses | % + 6ol + (&L )Pl ) | ¢
T Jr

and

(A6) (i) For each n, the linear operator W : L%(O,, &) — F, defined by
W = / R(n — 6)Cu(6) db,
0
has a pseudo inverse operator W=, which takes values in L?(0,,, &)\ ker(W).
(7i) There exist positive constants cs, cg, such that

IC] < es and [[W| < cs.
(i74) There exist p,, € L'(0,RT), k¢ > 0, and for any bounded sets V; C =, Vo C &,
X(W=TV)(0) < pu®x(V1),  x((CVa)(1)) < kex(Va(t)).

Theorem 3.4. Suppose that the hypotheses (A1) — (A5) hold. Then the problem (3.1) is control-
lable.

Proof. For n € N, we define a family of measures of non compactness in PC(0,§) as

Xn(ll) = max o (v}, 1) + sup {e*Tg(t)x(H(t))}, p=0,1,2 and£=0,1,...,
1=0,..., teb,,

t
where 3(t) = / x(0)df, s(t) = 43r(l,(t) + kc(Arllo " )pw(t)), T > 1. Using (A5), we define
0

the control:
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W1 |e(n) — R(n)éo — / " R(n— 0)0(0,€(0), (HE)0)) do]; if 1 € O,

we(t) = A W |Em) — B(n — 0;) [0, (6; )]

—/n R(t — 0)@(0,5(0),(H§)(0))d9] ; ifteo;, j=1,2,...
)

i
Using the above control, it will be shown that the operator defined by

R(t)é + / R(t— 0)0(6,£(6). (HE)(6)) db + / R(t — 6)Cug(0)db; ift € O,
0 + 0
R(t — 0;) [m;(0.£(67))] + / Rt — 0)p(0,£(0), (HE)(0)) do
Tg(t): t Gj
+/ R(t—0)Cuc(0)do; ifte®,, j=12...,
0

J

w;(t,&(t7)); ifte®;, j=12...,

has a fixed point which is a mild solution to the system (3.1), and hence the system is controllable.
By (A4), we define a closed, bounded and convex subset B, for any n € N as follows: B,, =

B(0,p,) ={x € PC : ||z|ln < pn}. We establish the proof in several steps.

Step 1: N(B,,) C B,,. For any { € B, , we accomplish the following cases by using the assump-
tions (A1), (A4) and (A5).

e Case 1: Let t € N O,,. For anyneN,{e€B, ,tcO N6, it follows by (A1) that

IE@)ll

IA

Ir (||€o +((er + 1)pn + al®)||pl| Lt + CBCG(% + llSoll + ¢(K;n)||PL1)>
Pn-

IN

e Case 2: Fort € ©;NO,, and for each ¢ € B, , by (A1), (A2) and (A3), we obtain

Ly, .
IO < Ia[Z2p, 4 0+ w((cr + D+ 0t

plor) |

e Case 3: Let t € ©,NO,,. Then, for each £ € B, , it follows by (A3) that

tescs <§R Lol + B (E)

Pn-

IN

L,
ITE@I < =Zpn+ 0 < pu.



244 A. Bensalem, A. Salim, B. Ahmad & M. Benchohra CUBO

25, 2 (2023)

Thus, we get
[TEln < P

which implies that Y(B,,) C B,, and Y(B,, ) is bounded.

Step 2: T is continuous on B,,,. Let &, be a sequence such that &, — &, in B,,,. Since p, h, @;,C

are continuous, therefore, it follows by the Lebesgue dominated convergence theorem that

t t
/ R(t —0)Cug, (0)do — / R(t — 6)Cue,(0) db,
0 0
which yields
I(Y&) — (Y|l — 0, asn — +oo.
Thus, we deduce that Y is continuous.

Step 3: Let II be a bounded equicontinuous subset of B, , then {Y(II)} is equicontinuous, and
that 5o (77, Y(IT)) = 0. Now, for any ¢ > 0, there exists a sequence {{;}32, C II. Then we

complete the proof for several cases.

e Case 1: For t € ©,N O,,, we have

x(TI)(2))

IN

o ({ [ 7t - 0)610.6,0). 1, @) +ue, @) a0 s e 1))+

IN

4 / T (8) + ke (allly |1} pw (0)) X ({TI(6)}) d6 + o
67’74(15)

IN

X (II) + 0.

Since g is arbitrary, we have

e'rL(t) ~
X (10),

x(T(IN()) <

and hence

Xu(X(ID) < 1%,(1T).

e Case 2: Lett € O; N O,,. Then, as in the proof of Case 1, we get

x(T(ID(2))

IN

ot :l -
[ 3000(0) + keIl )P E)XATIONA + o+ 2= ({11 )

M (IpLe. + 1)
€ Rligg ~
S T . X"L(H) Jr g'

Since p is arbitrary, we obtain
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e Case 3: Let t € éj N©,,. Then, by (A3), the set {wj(t, zj_)}jzl is equicontinuous, and
that 8y (7, G(IT)) = 0, with {Gz(t)} = {=;(t, z;)} On the other hand, we have

[ (8, 2(.)) = @ (&, 2( )] < %IIZ(J = z()|;
which implies that
0 a1, 2(067) — w6 6 < 22O a(t7) 30
Therefore, we have

) < T,

which shows that T is contraction in view of the assumption
JRij +1<T.

Hence, by Darbo’s fixed point theorem [16], the operator T has a fixed point, which

implies that the given system is controllable. O

4 An example

Consider the following impulsive integro-differential equations:

500) == ga(t) =m0~ [ 1=0) (Fatbn) + mi0.0)) a9
lv(t, )| 2 o =1 @
+m + (1 +*sin*(¢))  sin {/0 cos?(0t)|v(6, )| dﬂ]
+Cu(t,z), ifte®©;, ze€(0,1), (4.1)

lv(25~ — 1, 2)| 2 . ~
t,x) = - , ifteo;, € (0,1),
M) = T Lol €% w01

v(t,0) =~(t,1) =0, teR*,
/-Y(O’I) = 6x’ I e (07 1)7

where Qg = (0,1], ©; = (2;2j +1],j = 0,1,..., ©; = (2j — 1;2j],5 = 1,2,... Set § = L2(0,1)

and let ¥y be defined by
d
(Vae)(a) = - (fool) + () ),

and
D(Wy) ={p e L*(0,1) / ¢, T1p € L*(0,1) ; ¢(0) = ¢(1) = 0}.
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The operator ¥ is the infinitesimal generator of a Cp-semigroup on § with domain D(¥;). Now,

we define the operator Uy (t) : § — § as follows:

Us(t)z =T(t)P12, fort>0, ze€ D(¥).

—7rot e—rgt

,and |I'(H)]] < —5—
1

As argued in [14], for some 7 > r1 > 0, it follows that ||T'(¢)] <
From [18], we have that the resolvent operator (R(t));>o exists on § which is norm continuous and
IR < ("1 =Dt Therefore, the assumption (A4) holds with Jg =1 and b =1 — r; . Now, we
define

V() () = (¢ @),

p(t,~v(t), Hy(t))(z) = % +(1+ 3 sin2(t))*1 sin [/O“ COSQ(Bt)|7(9,:c)| do|,

H~(t)(z) = /Oa cos?(0t)|v(6, )| db,

and ‘
_ (25~ —1,2)]|r2
L+ 17([7(25~ = 1,2)[|z2 + 1)

W (tv ’Y(tj* ) I))

Case 01: Cu=0. With the above setting, the system (4.1) can be expressed in the following

abstract form:

t

Y (t) = Wiy(t) + o (£, 7(t), (HY)(1)) +/0 ot —0)v(0)do, ifteO;,
V(t)=w; (ty(t;)), ifteo;,
7(0) = 70-

On the other hand, we have
60,720 < (14 50) ™ (0] + pa0] +1)
Also, for any bounded set ¥ C §, we have
X(p(t, 2, H(X))) < (1+ 7 sin(#)) " x ().

So
p(t) = (1 +t3sin?(t)) ™!, which certainly belongs to L'(©,RT),

and ¥(t) = 1+t is a continuous nondecreasing function from © to [1,+o00). Moreover, we

have the estimates:

1(t,0,71) = h(t, 0,72)ll5 < allv —2ll5,
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and

1
@) —@i(v2)lls < 178”71 —72ll3-

For Jr < 3, all the assumptions of Theorem 3.2 are satisfied. Hence, the problem (4.1) has

at least one mild solution defined on RY.

Case 02 : Cu = su(t,y) for s > 0. Let the operator C' : L?(0,1) — L?(0,1) be defined by
Cu = scu(t,~y). Then, the system (4.1) takes the form:

V() = Cr1y(t) + o (¢, (2), (Hy)(?) +/O Wt —0)v(6) do + Cult), ifte Oy,
V(t)=w; (ty(t;)), ifted;,
7(0) = 7o.

(4.3)

As argued in Case 01, we can easily verify the assumptions (A1) — (A5). If we assume that
the operator W given by Wu = / R(n—0)su(0) db, satisfies (A6), then all the assumptions

0
given in Theorem 3.4 are verified. Therefore, the problem (4.1) is controllable.

5 Conclusions

In this research, we investigated existence of mild solutions for a non-instantaneous integrodiffer-
ential equation via resolvent operators in the sense of Grimmer in a Fréchet space. We applied
Darbo’s fixed point theorem in conjunction with the technique of measures of noncompactness
to establish the desired results. The controllability of the given problem is also discussed. An
example is presented for illustrating the application of our key findings. Our results are novel in
the given configuration and contribute significantly to the literature on the topic. We believe that
the present study can lead to new avenues for research, such as coupled systems, problems with
infinite delays, and their fractional counterparts. Thus, this article will serve as a starting point

for future endeavors in aforementioned areas.
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