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1 Introduction

The foundations of the real Hardy space HP(R"), p € [1,+oo], were started with the works of
C. Fefferman and E. M. Stein [10]. Hardy spaces were deeply developed later by R. Coifman
and G. Weiss [8]. The theory of Hardy spaces HP(R™), plays a very important role in harmonic
analysis and operator theory and it is shown that it has many interesting applications, for more
details we refer the reader to [20]. In the euclidean case, there are many equivalent definitions of
the Hardy spaces HP(R™) either by using the Poisson maximal function or by using the atomic
decomposition. Uchiyama [19] characterized also the Hardy spaces HP(R™) by means of Littlewood-
Paley g-function.

In [5], Baccar, Ben Hamadi and Rachdi have considered the following singular partial differential

operators
0
A= —
1 8557
0% 2 10 0?
Ay atlo (r,z) €]0,+o0[xR; «a >0,

~ o2 r or 012
and they associated to A; and A, the so called Riemann-Liouville operator &, defined on €, (RQ)

(The space of continuous functions on R?, even with respect to the first variable), by

1 1
g/ / f(?”sm,a: +rt)(1 — tz)o‘_%(l —sHoldtds, ifa>0,
T™J-1J-1
Rao(f)(r,x) =

1! — dt .
;[1f(r 17t2,$+7‘t)\/ﬁ, if o =0.

The Riemann-Liouville operator &, generalizes the spherical mean operator given by

1 2

Ro(f)(r,x) f(rsind,x 4 rcos @) do,

:%0

which plays an important role in image processing of the so-called synthetic aperture radar (SAR)
data, and in the linearized inverse scattering problem in acoustics, as well as in the interpretation

of many physical phenomena in quantum mechanics, see [9, 11, 12].
According to [5], the Fourier transform %, associated with the Riemann-Liouville operator is

defined for every (s,y) € T, by

r2etldr dz

+oo .
Folf)(s,9) :/0 /Rf(r,a:)(%a (cos(s.)e™"¥") (r,x)m7

for a suitable integrable function, where T is a set that will be defined later.
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Many harmonic analysis results have been already proved by Baccar, Ben Hamadi, Rachdi, Rouz
and Omri for the Riemann-Liouville operator and its Fourier transform [3, 4, 5, 6, 7, 18]. Hleili,
Mejjaoli, Omri and Rachdi have also established several uncertainty principles for the same Fourier

transform %, [13, 15, 16, 17] .

Our purpose in this work is to define and study the Hardy’s spaces HE related to the Riemann-
Liouville operator and to characterize theses spaces for p € [1,+oo[ by using Poisson maximal

operator associated to %, and by using atomic decomposition as well.

The paper is organized as follows. In the second section, we give some classical harmonic analysis
results related to the Riemann-Liouville operator, the third section is devoted to the characteriza-
tion of the Hardy spaces related to &, by using its Poisson maximal function. In the last section,

we introduce the atomic decomposition which allows us to characterize H}..

2 Riemann-Liouville operator

In this section we give and develop some harmonic analysis results related to the Riemann-Liouville
operator that we will use later. For the proofs of these results we refer the reader to [5] and [7].

In [5] Baccar, Ben Hamadi and Rachdi considered the following system

ANqu = —idu(r, x)
Nou = —pPu(r, )
u(0,0)=1, 2%0,z), VzeR

and showed that for all (1, \) € C?, this system admits a unique infinitely differentiable solution
given by

90#,)\(7"7 35) = jcx (T V /LQ + /\2> eii)\xa
where j, is the modified Bessel function of the first kind and index «, see [14, 21].

The function ¢,, » is bounded on [0, +o0o[xR if and only if (x, A) belongs to the set
T =R?U{(ir,z), (r,z) € xR?, |r| < |z|}.

In this case, we have

sup | (r, @) = 1.
(r,x)ER2

In the following we denote by
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o v, the measure defined on [0, +oo[xR by

T2a+1

dve(r,z) = m

dr dzx,

o LP(dv,), p € [1,+00], is the Lebesgue space of all measurable functions f on [0, +00[xR such
that || f|lp,v., < +oo, where

+oo %
P VA L R T

esssup  |f(r,z)l, if p=+oo.
(r,z)€[0,+o00[ xR

e L} (dv,) the space of measurable functions on [0, +oo[xR that are locally integrable on

[0, +00[xR with respect to the measure v,.

According to [2], the eigenfunction ¢,, 5 satisfies the following product formula

TNa+1 4 . 2a
Cu(r,x)pur(s,y) = \/77(F(a+)1)/0 (@H)A(\/TQ + 52+ 2rscosf,x + y)) sin?* 6 df.
2

e (.|.)ois the inner product on the Hilbert space L?(dv,) defined by

oo = | m [ ra)gtr ) dva(r, ).

This allows us to define the translation operators as follows.

Definition 2.1. For every (r,z) € [0, +00[XR, the translation operator T(r) associated with the
operator R, is defined on L' (dvy) by, for every (s,y) € [0, +oo[xR

Ty () (5,y) = \/;r(l?(;—ll—)é)/o f (\/7"2 + 52 4+ 2rscosf,x + y) (sin §)*d,

whenever the integral on the right hand side is well defined.

Proposition 2.2. Let f be in L'(dv,), then for every (r,z) € [0, +00[xR, we have

[ [Tewsmantsn = [ [ s,

Proposition 2.3. For every f € LP(dv,), 1 < p < 400, and for every (r,z) € [0,400[xR, the
function T o) (f) belongs to LP(dv,) and we have

”ﬁr,m) (f)

DV g ||f||p;l’a' (2'1)
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Definition 2.4. The convolution product of two measurable functions f and g on [0, 4+00[xR is
defined on [0, +o00[xR, by

+oo
(f * g)(rz) = / / Toreoy(F) (5,99 (5, ) dvn(s, ),

where f(s,y) = f(s,—vy), whenever the integral an the right hand side is well defined.
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Theorem 2.5. Ifp,q,r € [1,+00| are such that %Jrl = %+% then, for every function f € LP(dv,,)
and g € LY(dv,,), [ * g belongs to L"(dv,) and we have the Young’s inequality

lg.va-

1f * gllr.dve < 1fllpvallg

Definition 2.6. The Fourier transform %, associated with the operator R, is defined for every

integrable function f on [0, +00[xR with respect to the measure v, by

N T F N = [ [ 1005000 dnlr,0).
Proposition 2.7.
(i) Let f € L\(dva) and (r,z) € [0, +00[xR we have
V(i A) €Yy Fa(Tir—a) ()1, A) = @ (1, 2) Fo () (115 A)-
(it) Let f,g € L'(dv,), then we have

V(,u,)\) € T7 egoz(f *g)(ﬂ'?)‘) = ga(f)(lj‘ﬂ )‘)ga(g)(:u’v)‘)

In the following, we denote by
e T, the subspace of T given by

T, =0, +oo[xRU {(ir,z), (r,z) € [0, +o0[xR, 0 <7 < |z[}.

e By, the o—algebra defined on T, by

By, = {671(B), B € Bor([0, +oo[xR)}

+

where Bor(]0, +00[xR) is the usual Borel o—algebra on [0, +0o[xR and @ is bijective function

defined by
0: T+ — [O, +OO[XR

(,A) — (\/M2+/\27/\>~

® 7, the mesure defined on By, by
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o LP(dv,), p € [1,400] is the Lebesgue space of measurable functions f defined on Y satisfying
I1f

pve < +00, where

" </T f(M,A)I”d%(u,A)> , ifp €[, +o0]
PYa = +

ess sup |f(u, A, if p = +o0.
(1N ET 4

o S§.(R?) the space of infinitely differentiable functions on R?, rapidly decreassing together with

all their derivatives, even with respect the first variable.

The space S, (R?) is equipped with the topology associated to the countable family of norms

VmeN, pn(p)=  sup  (1+72+2)*DP(p)(r ).
ST

o J.(R?) the space of infinitely differentiable functions on R? with compact support, even with

respect the first variable.

Proposition 2.8. Let f € L'(dv,). For every (1, \) € T, we have

Fol) (1t A) = Fa(f) 0 0, A),

where

~ +m .
FDuN = [ [ alre N dva(r,a),
0 R
Theorem 2.9. Z, is an isomorphism from S.(R2) onto itself.

Proposition 2.10. For every f € L' (dvy) and for all (r,z), (11, \) € [0, +00[xR, we have
Fo(Tira) ) (1 X) = a(rp)e™  Fo () (1, N).

Theorem 2.11 (Inversion formula for %,). Let f € L' (dv,) such that F,(f) belongs to L (dv,),
then for almost every (r,z) € [0, +00[xR,

f(Tv l‘) = goc(f)(uv )‘)(PMJ\(T’ .”L’) dYa (M7 )‘)'

Ty

Theorem 2.12 (Plancherel’s theorem). The Fourier transform %, can be extended to an isometric

isomorphism from L?(dv,) onto L*(dvs).
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3 Hardy space associated with the Riemann-Liouville oper-

ator

Definition 3.1. For every t > 0, the Poisson kernel p;, associated with the Riemann-Liouville

operator R, is defined on R? by
pi(r, x) =/T e VIR G (i n) dya(s,y) = Fo ! (6_“ ‘2“'2) (r, ).
+

Lemma 3.2. For every t > 0, the Poisson kernel p; is given by

t
(t2 + 72 4 g2)o+2’

Y(r,z) € R2, pe(r,x) = 2a+%I‘(a +2)

Proof. See [2]. O

Definition 3.3 (Bounded distribution). Let v € S.(R?), we say that v is a bounded tempered
distribution, if

Vo € S.(R?), v e L™(dv,)

and if the operator
by S(R?) —  L®(dvy)

© — @ *v

is bounded.

Proposition 3.4. Let v € 8/ (R?) be a bounded tempered distribution and f € L'(dv,). Then, for
every ¢ € S.(R?)

<f*v,<p>/OJFOO/Rcb*v(r,x)f(r,x)dua(r,w).

where J(r,x) = o(—r, —x), is well defined. Moreover, f x v is a tempered distribution.

Proof. Let v be a bounded tempered distribution. For all f € L(dv,) and ¢ € §.(R?), we have

+oo
/ / 1 % 0(r, @) | F(r, 2)] dva(r, 2) < [ % olloow | Fll1we < o0
0 R

and consequently, the integral

<f*v,<p):/0+OO/Rgb*v(nx)f(r,x)dz/a(r,a:)

is well defined.
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It is clear that f v is a linear operator. Now, for every ¢ € &.(R?), we have

+oo
\<f*v,so>\</0 /R\¢*v(w)l\f(nx)ldva(hx)

<& * vlloo,ava 1 Fll10e < Com(@fll1v
< OHJC”l,duaPm(‘P)-

Then, f *v is a tempered distribution. O

Proposition 3.5. For every bounded tempered distribution v € S'(R?) and for every t > 0,
prxv € L®(dvy).

Proof. By Urysohn’s lemma, we know that there exits a function f € D.(R?) such that

1, on B(0,1/2)

f
f=0, on B¢(0,1)
0< f<1.

/N

Let o = Z;1(f) then ¢ € 8.(R2) and F(p) = f = 1 on B(0,1/2), hence for n = 1 — Fo(p),
we deduce that n € €°(R?) and n = 0 on B(0,1/2). Finally, let g the function defined by
g(r,z) = e 1Dly(r, z) and o = F1(g), then for all ¢ > 0 and for all (r,z) € R2, we have
Falpe)(r,x) = eVt
= T ()t ) + ()
= e VI Z (00) () + Fa (1) (1, 2)
= Fa(p0)(r,2) Fa (1) (1r,2) + Fa () (1, )

= «G/'ta(pt * pr + ) (1, x)

Consequently, by the fact that F is injective, we get

Dt = Pt * o + Uy
and therefore
De kU =Py x@p kU A+ Yy k0.

Since ¢; and 1); belongs to §.(R?), ¢; * v and vy * v are bounded on R? and p; € L'(v,), then

Pe * ¢ * v is a bounded function and the same holds for p; *x v. O]
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Definition 3.6. Let f € S'(R?) be a bounded tempered distribution. The Poisson mazimal function

P} associated with the Riemann-Liouville operator Rq is defined on R? by
Py (r,x) = sup |p; * f(r, z)].
t>0

Definition 3.7 (Hardy space). For every p € [1,+o0[, the Hardy space HE associated with the

Riemann-Liouville operator is the space of all the bounded tempered distributions f on R? satisfying
Py € LP(dva).

We set
[ fllaz = 1IPFlp,va- (3.1)

Proposition 3.8. Let f € S'(R?) be a bounded tempered distribution. Then,
s _ . /(T2
limpe« f=f in S(RY).

Proof. Let n € S.(R?). First, we will show that }in%pt xn* f =mnxfin $'(R?), thus by using
—
Fubini’s theorem, we deduce that for every 1 € &.(R?), we have

“+oo
(pe % f ) = / / (pe % F)(r, 2)ep(r, ) dvn(r, 2)

[T Tt m st udvats.) ) vt 0) doatr )
[T [ o wnt vt e s .
[T [Tyt dratn)) o sls,) dvas

-/ - [ e vtss e fs.8) a0

Using the dominated convergence theorem, we have

+oo
lim (py 7% £, ) = lim / / P (s, ) % f(5,8) d(s, )
/+OO/ hmpt x (s, 0)n * f(8,1) dva(s,t)
R
+oo
— [ [t fsit dvasit
0 R

=n*f,Y)a-
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Then,

. _ : /(T2
}g%pt*n*f_n*f in & (R?). (3.2)

Now, we want to show that
tlgl(l) Fopi)(1 = Fa()Fa(f) = (1 = Fa(n)Fa(f) in Sé(RQ)'

Fuo(pt)(1 — Fo(n)) is a infinitely differentiable function on R?, then for any 1 € &.(R?), we have

m (Fo (p) (1 — Fa () Fa(f), )

t—0

1 (Fa (), Fa ()1~ Fan))1)e
(Falh),lim Fa(p)(1 = Falm)¥)

Fo(f), (1 = Fa(n))a

m
—0

[e3

=
(

= (1 = Fam)Fa(f) ¥)a
Hence,
lim Fo(p0) (1~ Fa () Fa(F) = (1~ Fal)Falf) i SIE?), (33)
Consequently,

W Fo(prx f —prxnxf)=Fa(f—n*f) in S/(R?),

t—0
which implies that
lim py s f —pesn* f=f—nxf.
t—0
Then,
limp, « f = limp, «n* f=f—n*f
From the Relation (3.2), we have
i py s f —nx f=f—n*f
t—0
Then,
limpy« f=f—n*f+nxf=F,
t—0
which achieves the proof. O

Definition 3.9 (Hardy-Littlewood maximal function). Let f € L}, .(dv,). The Hardy-Littlewood
mazimal function My(f) associated with the Riemann-Liouville operator R, is defined on

[0, +00[ xR, by

1 .
Ma(£)(r,2) = Sup s /B o T (A5 9) o).
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Theorem 3.10 (The boundedness of M,). For every p €]1,4+00], the mazimal operator M, is of
strong type (p,p) from LP(dv,) into itself, that is for every p €]1,4o00[ there exists Cp, > 0 such
that for every f € LP(dvy)

[Ma()llpva < Collfllp.ve

Proof. See [1]. O

Proposition 3.11. Let k be a nonnegative decreasing funtion on [0,4o00[ which is continuous

except possibly at finite number of points. We define the function K on [0, +o0o[xR by
K(r,x) =k (\/7’2 —|—x2> .

Then, for every locally integrable function f on [0, +oco[XR we have

igg(Ke | f1(r,2)) < NKllvv, Ma(f)(r; @), (3.4)

1
where Ke(r,z) = 5= K (C, E) .
€ € €

Proof. First, we prove the relation (3.4), when K is continuous with compact support such that

supp(K) C B(0, R), where R > 0 and f € L}, (dv,). We will prove that

loc

1

T e OO (35)

00

KE*\f|(O,O):/O /R|f(s,x)|K€(s,z)d1/a(s,x)

+o0 K 82a+1 dsd
_A A|f(sv$)| 6(83$)2amr(a+1) S axr

too r3 ) 20041
= / / | f(rcosf,rsin)|K,(r, O)r%drde,
0 -z 20427 (e + 1)

Let F and G be the functions defined on [0, +oo[ by

F(r)= /_1 |f(rcosf,rsinf))|cos®* 9\?2%

dy

G(r) = /OT F(y)92a+2m-
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By integration by parts, we obtain

dr
20T (a+ 1)

dr
20T (a + 1)

+oo
K.+ |£](0,0) = /0 F(r) K. (r, 0)r20+2

eR
_ / F(r) K. (r, 0)r20+2
0

eR
— G(eR)K.(€R,0) — G(0)K.(0,0) — / G(r)dK.(r,0)
0

eR
= 7/0 G(r)dK(r,0)

+oo
=), GWd=KJ(r0),

where the last integrals are understood in the Lebesgue-Stieltjes sense.

On the other hand,

r y2a+2
G(r) :/0 F(y)mdy

r 5 ) y2a+2 cos
= rcosf,rsinf))|———d
/0 /g o ))|20‘\/27TF(O£+1)

- / 1F(s5,)] dvals, )
{(S,I)E[O,+OO[><R: \/52+x2§r}

< Mo (£)(0,0)v, ({(sm) € [0, +oo[xR : v/s2 + a2 < r})
= M, (f)(0,0)v, ({(s,x) € [0, 4+0o[xXR: 82+ a2 < 1}

2a+1 0
0 dy

Consequently, we use the integration by parts, we obtain
+o0o

; G(r)d(=Kc) (r,0)

< Mo ()(0,0)vs ({(s,x) € [0, +00[xR : /5% + 22 < 1}) (/Om r20034 (“K,) (1, 0)>
= (2a+ 3)M,(f)(0,0)v4 ({(s,x) € [0, +oo[xR : v/s2 + a2 < 1}) /+OC r2 2K (r,0) dr

0
Since,
2a41
Vg, ({(S,a:) €10, +oo[xR : /82 + 22 < 1}) = / S dsde
{(r2)€[0,+00[xR:vs2Fa2<1} 20V 2T MNa+1)

us
2

ERN |

1 Lors
—_— rcos 0)2* Ty dr do
2027 T(a + 1) /0 /_ ( )

1

= cos?t1 9 do.
2027 T (a+ 1) /_ 200+ 3

st
2
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Then,
+oo
[ e
<00 [ | g oottt 0ydr do
= Mo (f)(0,0)[ Kcll1,v,
= Mo (f)(0,0)[K]|1,v, -

For the general case, let us consider an integrable function K on [0, +oo[xR. We know that C.(R) is
dense in L' (R). Then, for every K € L'(dv,), there exists a sequence (K);en of radial, compactly

supported, continuous functions increase to K such that

lim K; = K

Jj—+oo

From the Relation (3.5), we have

1,vg -

lim sup (Kje [ f](0,0)) < lim M (f)(0,0)|K;
J—+00 >0 j—r+oo

Then,

sup (Ke* [£1(0,0)) < Ma(f)(0,0) | K]l1,v, -

Let f € L}, .(dv,) and (p, A) € [0, +00[xR, we denote by

9(x,y) = T - (IF)(@,y),  Y(z,y) € [0, +00[xR.

1
Ma(9)(0.0) = sup T2 07 )

o
=SUp ——— 19](s,y) dva(s,y)
n>0 Vo (B((0,0),7)) B((0,0),1)

1 ,
B O S T 50003

= Mo (f) (1, A)-

/ Tiowy (191)(5,9) dva(s, )
B((0,0),n)

Moreover, for all € > 0 we have

+o0 +oo
K, #1/(0,0) = / / Tioy (1) (5, 9) Ko (5,2) dve(s, z) = / / 1915, 9) e (5, 2) dv(s, 2)

= Ks * ‘f|(’f’, I)
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Using the Relation (3.5)

sup (K * | f|(r, ) < Mo (f)(r, 2) [ K |10, - O

e>0
Theorem 3.12. For every p €]1,+oo[, HE coincides with LP(dv,). Moreover, there exists a

constant Cp, > 0 such that for every f € HE, we have
1flpwa < [[fll2z < Cpll fllpva-
Proof. Let f € HE. Using the Relation (3.1),

|pt * f('ra .’E)| < P?(T‘, .’E), V(Tv .’t) € Rz'

This implies that
Ipe * fllpv. < IIPF

lpva = [ fllaz < +oo.

We deduce that the set {p; * f,t > 0} lies in the closed ball B(0, || f||z) of LP(dv,). Moreover,
LP(dv,) is the dual space of L?(dv,), where g is the conjugate exponent of p.

We define
O LP(dv,) — (Li(dva))*
—

f Dy

where,
Qs Li(dvy)

— C
g — /O+OO/Rf(r,x)g(r,x) dvg(r, ).

We know that for every f € LP(dv,),

[pva-

1941l (za(avay = IIf
Then,
1@pessll(Laqdva)y= = 1Pt * fllpwa < [ fllz < +oc.
We deduce that the set {®,,.¢,t > 0} lies in the closed ball B(0, | f|l3z) of LP(dv,). Hence, by

Banach-Alaoglu theorem, there exist a sequence (t;);en and fo € LP(dv,) such that

im @, ;= Pg,

t;—0

in the the weak* topology of L?(dv,). Then,

lim p,. « f=fo in LP(dvy).
tj—)O 7
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By Proposition 3.8, we obtain that for every f € S’(R?) bounded tempered distribution
. _ . ! (T2
limpex f=f in S(RY).
Thus, f and fj coincides. We have (see [2])
lim [|p; % f = fllpv. = 0.

Moreover, we have

[fllpve < llpex f—f

Slpexf—f

pwa TP * fllpva
pva + P

DyVar

Then,
”f”p,va < ”P?”;n,ua = Hf”"rtﬁ

Using Proposition 3.11 for the function p;, we have

sup [py * f| < Ma(f).
>0

Then,

p,o

[PFllpve < 1Ma(f)

Thus,

[fll3z < [[Ma(f)|

p,a:

Now, from Theorem 3.10 we know that M, is of strong type (p,p), p €]1,+0o0], we deduce that

there exists a constant C}, > 0 such that

[fll3z < IMa(Hllpve < Cpllfllpva
which achieves the proof. [

Throughout this paper C' denotes a positive constant that can change frome one line to next.
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4 Atomic Decomposition of Hardy Spaces
Definition 4.1 (Cube). A cube of [0, +00[xR is a subset of R? such that

Q = [ao, bo] x [a1,b1],

where by —ag = by —a; = L > 0.

Definition 4.2 (Atomic Decomposition). A measurable function f on R? even with respect to the
1

a’

first variable is called an L -atom for H_,, if there exists a cube Q satisfying

(i) Supp(f) C Q.
(1) | flloowa <

va(Q)
(iii) /Q £ 2)dva(r,2) = 0.

In the next we define the atomic space HS,pmic

Definition 4.3. The space H is defined as the vector space of all functions f € L*(dv,) for

gtomic
which there exists a sequence {fi}ien of L*-atoms of HY and a sequence (\;)ien € €*(N), such
that

—+o0
F=> Aifi
i=1
We set
+oo “+o0
115, = inf {Z Al f = zm} ~
i=1 i=1
Now we introduce the following notations

o 7l the set of functions ¢ € C'([0, +oo[xR,C) satisfying ¢(0,0) > 0 and for every (z,y) €

[0, +o0[xR.
m 0<p(z,y) < C
X P Y) X (1 _|_x2 +y2)a+2'
Op Cz
<X < .
m 0 X oz ($7y) (1 +$2 +y2)a+3
dp Cy
< — < .
LU ay(x’y) S 122 4 y2)ats

Where C' a positive constant depending on .

e We define the function h on ]0, +00[x]0, 400 by

2a—1

NP~ if v < 2ot

1
y2at2 if > 2ot
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e For every v > 0 and for every ¢ € Z[®l, (r,z) €]0, +00[xR and (s,y) € [0, +oo[xR, we set

(I)’Y((T, iL’), (57 y)) = 77-(7“,37) (Qoh(r,’y))(*sv —y),

where @u)(1,0) = gt (et ks )

. da((r,x),(s,y))max</r $201 g

e p((r,2),(s,y)) = max(|r — s|, | — y|), where (r,z), (s,y) € [0, +oo[xR.

Sz — y|> , where (r, ), (s,y) € [0, +00[xR.

e p'((r,z),(y,y')) = max(|r — s|ﬁ7 |z — yl|), where (r,z), (s,y) € [0, +o0[xR.

Our goal now, is to prove that [[.[[31 and [.[[#e are equivalent. To do this, we need some

atomic

preparation.

Proposition 4.4. Let f € L'(dv,). For every A > 0 and (r,7), (s,y) € [0, +00[xR, we have

7—()\7‘,)\:6) (f)(Asv )\y) = )‘_2a_27—(r,1) (fA*l )(87 y)
Proof.

Dla+1)

T(,\r,,\w (f)(As, Ay) = \fl“(

) T / f (\/(/\r)2 T (\8)2 + 27275 cos 0, Az + /\y> sin?* 0 df

N(a+1) /7T in2
— =t MM/ r2 249 0, \x+ “0do
fl( l) f( \/7" ts 780080, (x y)) St
I +1)
f(oz / AT202f (/\\/r2 52 4+ 2rscos 0, \(z +y)) sin®* 9 d@
= )\"Zo2 7(r,z)(f)\_1)(87 Y)-

Proposition 4.5. For every v, A > 0 and (r,z), (s,y) € [0, +oo[xR, we have
(i) h(Az, \22F2~) = Ah(r, 7).
(ii) do((Ar, \20+22), (Xs, N20H2y)) = A20F2d, ((r,2), (5, ).
(iii) ©7((Ar,Az), (s, ) = &> 1((r, 2), (5, 9)).

Proof. (i)

h()\x /\2a+27) _ )\2a+2,y()\1.)72a71; if )\2a+2,y < ()\x)2a+2’

)\’y2a1+2; if > 2?02,
Myz=2emLlif oy < p20t2)
Myt if > 2?et2,

= Ah(r, 7).



Hardy spaces 307

(i)

Ar
/ t2o¢+1dt
As
T
/ t2a+1dt‘ ’)\2a+2‘x o y|>
s

_ )\204-5-2da((7-7 {,C)7 (57 y))

do((Nr, X*F22), (X5, A2*F2y)) = max (

, |/\20¢+2JC _ /\2a+2y>

= max ()\20‘+2

(iii) Using Proposition 4.4, we get

(I)’Y(()‘Tv )\(L’), ()\S, )\y)) = ’VﬁAr,Aac)(Qph(Ar,fy))(_Asv _)‘y)
= 77-7',1) (cp)\h(r,/\*m"*my))(*/\sv 7>‘y)
= )‘72047277‘@@) (@h(r,)\*m"*z’y))(_‘g; _y)

=0 T ((r,2), (s, y)). m

Lemma 4.6. There exist constants C > 0, § > 0 such that for every (r,x),(s,y),(t,z) €
[0, +0o[XR and v > 0 we have

mww,z»)ﬂ. (4.1

[@7((r; ), (s,9)) = @7((r, 2), (£, 2))| < C ( -

Proof. Tt is sufficient to prove the Relation (4.1) for do((s,y),(t,2)) < &, where C is a fixed

constant large enough.

First, we will show that

S zZ B
L:@waw»@w»—@waw»wan<0(%““”@’”). (42)

r

L=C~ ’/ Ph(1,y) (\/ 1452 —2scosb,x — y) sin?* 0 do
0

_/0 (Ph(l,'y)( 1+t2—2t0089,x—2) sin2°‘9d6"

o /” V1+s2—2scost x—y
(h(1,7))2+2 v Mty HL)

2 _ —
B (p(\/l—&—t 2tcosf = —=z Sin2% 9 do

=C

h(1,7) "h(1,7)

Let f be a function defined by

g: [0,+c[xR — R
(s,1) — (91(5,t),gz(s,t)):<‘/m x—t)

h(1,7) " h(1,7)
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8(90 Og) (S,t) — ai(g(s’t))%(s,t) + aﬁ(g(sat))%(s’t)

Os ot
(5.0~ G a(5.0)

s —cosf Oy

~ h(1,9) (mas

8(%; 9) (s,t) = %(Q(SJ))%(S,Q i %(9(5715))%(5715)
1 9y
- 7h(1,7>a(9(5,t)).

Since ¢ € Zl°l, we use the mean value theorem , there exist (u, ') € [(s,%), (t, z)] such that

lpog(s,y) —pogt,z)| <I(s,y) — (£ 2)]l sup lld( o g)(u,w)]|
(u,u’)€[0,+00[ xR

:p((svy)v(tv'z)) sup Hd(@og)(%w)H
(u,u’)€[0,+00[ xR

Then,

L<C / sup ld( 0 g)(u,u)|| sin®* 0 do
0

(u,u’)€[0,+00[ xR

(s, ()

oy
g 7171 \\9o~ 13 b 7 t7
C i St (o:), (0:2)
/” u — cos 0 Oy (\/1—|—u2—2ucosn9 x—u’)‘
X sup - ;
(uuyef0,+oo[xkJo | V1 +u2 —2ucosf s h(1,7) h(1,7)
dp (V14u? —2ucosf x—u
ot h(1,7) " h(1,7)

< Cy(h(L,7))*p((5,9), (¢, 2))

sin®* 0 do

+ 2

“ sup /" (lu — cosB| + 2|z — u|)
(wunelo,+oolxrJo  ((A(1,7))? + 1+ u? = 2ucosf + (z — u/)?)*+3

< Cy(h(1,7))?p((s,1), (t, 2))

« “u /‘Tr (1 —cosf) + |u— 1]+ 2|z —v|) Sin?® 0 do
(u,u’)E[Og»oo[XR 0 ((h(]'a’}/))Q +1+ u? — 2u cos + (‘7; - u/)2)a+3

sin®* 0 do

< Cy(h(1,7))*p((s, 1), (£, 2))

“u 4 (1 —cos8) + 3p((1, z), (u,u’))
. (u,u')e[oﬂoo[xme/o ((M(1,7))? + 1+ u? = 2ucos 0 + (x — u/)?)**3
< Cy(h(1,7))*p((s, v), (¢, 2))

sup /7r (1 —cosb) + 3p((1,x), (u,u))
(u,u’)€[0,+0[xR JO ((h(lvfy))Q + (p((l, 17), (uvu/)))2 + 2”(1 — Cos 0))a+3

sin?* 0 do

sin®* 0 do
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Set

(1 —cos ) + 3p((1, z), (u,u))
((R(1,7))? + (p((1,2), (u,u)))? + 2u(1 — cos §) ) +3"

E(’\/auv u,ae) =

Case 1 v > 1: we have h(1,v) = ryle
o If p((1,2), (u,u')) < yZa2. Then,

/ 2a+6 2a+5 _2a+5
E(y,u,u’,0) < (2+3y2+2 272 ) b = =37 b (v~ 77z +1) < 6y 22+2,

We have
p((s,y), (t,Z)) < (da((S,’y), (t,Z)))ﬁ .
Then,
L < CryyZarzy™ §g+3p((y V), (2,2)) < Cw <cC <da((y,y’3, (z,z’))) 7o T2
~yZat2

o 1f p((1,2), (u,u')) > v7572. Then,

ru.u 1 +p((17 ) (uvu/)) p((l,x),(u,u )) — 2). (u. u —2a-5
B0 < 36w, w s <SG e, (e — OV (000)
Thus,
LOW((w), (6™ s (L), ()7
< Pl y);(taz))
72&+2
da((s,9), (t,2)) | 2*+2
co(stene)
Case 2 v < 1: h(l,y) =1.
p((1,2), (u,u) > ;
, (1 — COSG) +3p((1, 2), (u,u))
By u,v,0) = (p((1, ), (u,u'))? + 2u(l — cosf))>+3
2+3p((17$) (u, "))
= (p((1,2), (u, w)))2e+0
< U (p((1,2), (w,u))) 777
< 4%

Then,

L < Cvpl(s,9), (1,2) < C ( )
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o If p((1,2), (u,u)) < % and p((1, ), (u,u’)) > T.
(u,u')))

)2a+6

de

’ 2
/p«l,z),(u,u D 0%%(% 1 3p((1,z)
0

L<CY’p((s,y), (t,2 sup ’
7P((5:9), ))(u,u’)€[0,+oc[><R (p((1,2), (u,u"))

" 6> (% +3p((1,2), (u, '
o (5 + 30,2, ),
p((1,2), (') 0
1,2), (u,u)) +1
< Cy’p((s,y), (t, 2) sup p(, @), (u,
((e:9) (0:2) | S0 s (L, 2), (w, w))?
o 1) )
(1), (uu’)) 2
5 2

SOTP(sn) (62) s (L), e T (@), ()

1
< Cy’p((s,y), (t,2 sup
(( ) ( )) (u,u’)€[0,+o0[xR (p((LSL‘), (u7 u/)))4

- o2l(5,9),(1,2))
~ ’Y .

o If p((1,2), (u,u')) < ¥

/7 0 (5 +2p((1,2), (w,0) o
g ,72a+6

L < C’ng((sv y)7 (t7 Z)) Sup
(u,u’)€[0,+00[xR

do + /W 6> (% + 2((L,2), (u,w))

f2a+6

+/% 92@(%_’_2})((1,%),('“7”1)))
. f2a+6 b
2

< CYpl(5,): (:2))
(g + 2D | 1 00 gy, 40

X sup w

(u,u’)€[0,+o0[xR

1
b
2

Using (ii) and (iii) of Proposition 4.5 and the Relation (4.2), we get

B
187 ((r, ), (5.)) — (1), (£, 2))| < C (M) -

Proposition 4.7. There exist constants A > 0 and 5 > 0 such that

(i) ®7((r,z),(r,z)) > %, v >0 and (r,z) € [0, +oo[xR.
—-1-8
(i1) 0 < @7((r,2), (5,9)) < A (1+ 2D 5 0 and (1,2), (5, ) € [0, +00[xR.

(iii) For every v > 0 and (r,x), (s,y), (t, 2) € [0, +0o[xR, such that

dal(5:0), (62)) < 511+ da((r,2), (5,3),
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we have

B —1-28
(). (5.) = () (12 < 4 (P B2 (g el L))

Proof. Let ¢ € Z!°

(i) First, we will show that there exists a constant A > 0 such that

Ve eR, ®7((1,z),(1,x)) > %

We know that ¢(0,0) > 0. Then, there exist constants a > 0 and b > 0 such that for every
0 < r < b we have

¢(r,0) > a. (4.3)
- If v < 1, then h(1,7v) =17.

(1)7((173;‘), (17$>) = '77-(1,35)(907)(_17 —CU)
Ia+1)

=Y = 1\ " — 5 20
_7\/7?1“(04+§)/0 Py (\/m,())bm 0deo.

TM(a+1) /’T 1 2(1 — cos ) .9
= ,0 ] sin“® 6 d#.
Vrl(a+3) Jo 2 v ( Y -

By the Relation (4.3), there exists b’ such that for every 0 < 6 < b/, we have

2(1 — 0
¢<(7COS>’O>>“'

INa+1) W o
Q7((1,2),(1,2)) > ﬁf(a—{—%)/o et sin?* 6 d6.

I(a+1 g
> Lletd) / asin® 9 df.
VTT(a+3) Jo

Then,

1

- If v > 1, then h(1,7) = yza+z.

@((1,2), (1,2)) = 1Tiwe) (9 4y ) (-1, —)
Ia+1)

O S L S " — - . 2a
_PY\/%F(OH-é)A P sats («/2(1 coa@),O)sm 6do

T(a+1) /“1 ( 2(1 — cos 0)
0

_ 1 0| sin?* 9.
YT+ 1) Jy v ’)m

1
f}/2cx+2
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T 2(1 —
_ F(Oé+1)1 / o ( 1cos@)’o <in2 0 4o
Val(a+3) Jo yZaF2

b/
> M/ asin®* 0 db.
0

~ Vrl(a+1)
Thus,

7 ((1,x),(1,z)) > %, Vx € R.

Let (r,z) €]0,4+o00[xR. Using (iii) of Proposition 4.5 we have

Wl -0 (012) (12)) > &

For » = 0 is obvious .

(i) First, we have to show that

do((1,2).(s.3)) )5 (1.4)

0< 0L a) (o)) < € (14 2102

Case 1 v < 1: h(l,7) =1.

27((1,2), (5,9) = VT (1,0)(04) (=5, —¥)
Na+1 & T—Y\ . 2a
:’Y\/E(T-I-)%)/o ©ry (\/1+52—23c0s9,T> sin®* 6 do

M(a+1) /7T 1 V1452 —2scosl xz—y <in2® 0.d0
)Jo v

" AT+t ] 2a¥2 ¥ gl T
a0 2a44
<7 P(OH_l)l / ! i 3 2sin2°‘0d0
Vil(a+3) Jo 7?2 (¥ + 1+ —2scos0 + (x —y)?)ot

F(OL+1) /7r 1 - 2a
<’ 0.do.
K VrT(a+3) Jo (7?4 (1 —8)2 425 —2scos0 + (x — y)2)2+2 sm

o If 2 <[1—5] and%<s<2,then
da((1,2), (s,9)) ~p((1,2),(s,)) .

In fact,
1

Joarill =8l <

/ t2°‘+1dt’ <22t — 4.
1

Then,

st (12), (5,9) < da ((1,2), (5,9)) < 224p ((1,2), (5,1).
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®7((1,2),(s,9))
< Mt /ﬂ 1
Val(a+3) Jo (2 + (p((1,2), (5,9)))* + 2s(1 — cos§))*+2

p((1,2),(s,v)) ;20 7r ;2
<0 / sin“*(#) — d@—l—/ %d@
0 (p((laz)v(svy))) p((1,2),(s,y)) ¢

A CRoNE) p2e " p2a
con(] i [
0 (p ((15 33)7 (57 y)))2a+4 p((1,2),(s,y)) g2ata

5 1 1 1
<O <<p<<1,x>,<s,y>>>3 3w2+3<p<<1,m>,<s,y>>>3>
1

(P ((L,2), (s,9)))*

sin’® 0 do

<0y
Since, 3 < |1 —s| <p((1,2),(s,y)) then

Y —i—p((l,l‘), (Sv y)) < 3p((1,.’L‘), (Svy)) .
Then,

5 1
(y+p((1,2),(s,y)))?
= C»y3 (1 + w -
v

<c(1+da((1,j),(s,y)))3.

7((1,2), (s,9)) < Cv

e If 1< |1—s],lx—y/>1and |l —s|> 1, then

da((L,2), (5,9)) < 22 (p ((L,2), (5,9))** 2.

In fact, we have

1
92a+1

s
/ tMﬂdt‘ <1 =sll1 = s < (p((1,2), (5,9))"2,
1

and

|z — y| < |z —y[?*T2

(00 (0 <70 | G

1
(p((1,), (s,y)))2>**

1
2a+4

(da((l,.’L‘), (3’ y)))2a+2

<A

<7
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—C <1 n W)lail

e If 2 <|1—s], |z —y|<1and |1—s|>%,then

s da((1,2), (5,9) < (0 ((1,2), (5,9))) ™.

In fact, we have

1
92a+1

S
/ t2a+ldt’ S |1 _ 3||1 _ 3|2a+1 < ‘1 _ S|20¢—‘,—27
1

and

2042
o=yl < (Jo—yl=m)"

i sin%® ¢
"J€ W (L), (5, ) 2o 2
c 1

<9 (

7((1,2), (s,)) <7°

p((L,2),(s,y)))>+*

1
< ’)/SC 2a+4

(da((1,2), (5,y))) 2252
1

(da((1,2), (s,y)) o5
1

(7 + da((1,2), (s, ) F ot

1

(v + da((L,2), (5,))) F
~ do((1,2), (s,9))\ "7
_C(1+ g )

<0

1
<ytEEC

o If 2 > |1—s|and [z—y| < 7 then % <s< % and p((1,2),(s,y)) ~ da ((1,2),(s,y)) .

In fact, we have



Hardy spaces

315

. Y o 2049 0 -2(19
$7((1,2), (4.4')) <+°C </ &dw/ Smd&)
o 7 Jy

92@—1—4

3 ¥ 02& s 02(1
< v ¢ </0 7204-&-4 do +»/7 f2a+4 da)

<
5
Thus,
8 p((La),(sy)\"°
(1 1
27( + 2l .
Then

-3
37((1,2). (5.)) < C (1 N p<<1w><y>>)

<C<1+(JL¥((1,913),Q94;))>—3

~
o If 2 > |1 —s|and |z —y| > 3 then, we have

1 3
5 <s< 5 and p((l,x),(s,y)) < dOt ((1717)7(573/)) .

vy x S ° :
®7((1,2), (s,y)) < v (p((1,2),(s,9)))3

Since, 7 <p((1,2),(s,y)) then, we have

Y —i—p((l,l‘), (Sv y)) < 3p((17.%‘), (Sv y)) -
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Then,

: 2«
< ﬁ‘ifﬁC 2 sin““ 0 do
0 (’ym + (p((]-vx)v (svy)))Q + 28(1 — COS 9))a+2

o If y7arz < |1 —s| and |z —y| > ~v7a72 | then s > 2 and

do((L,2), (5,9) =7 ~p((L,2),(5,9)).

s
/ t2a+1dt‘
1

|z — y*** < o —yl.

In fact, we have

‘1 _ S|2a+2 <

and

Then,
p((1,2), (5,9)* " < da((1,2), (5,9)).

200+2 1
We use the fact that f(y) = (ylﬁ is a bounded function in [2, +oo[. Then,
y — (o3
/ tQ‘)‘“dt‘ < C|1 — s?ot? (4.5)
1

11—z < |1 — 22

Then,

((1,2), (s,1)) <7 C L R
71‘ ) S?y 720 2
0 (p((]-vl.)v (Svy)))2a+4
2a+4 1
< y 2oz



Hardy spaces 317

1

. If’y2a1+2 < |1 —s|and |z —y| < 'yTIJrZ , then s > 2 and |z — y| < |1 — s|. Using the
Relation (4.5), we get

/ tw‘“‘ < O - 5P < Cp((La). (5,9)"?
1

lz =yl <[1—s| < |1 — s> <p((1,2), (s,))** "

do((1,2), (5,9) 77 <p((1,2),(s,9)).

Thus, |
®((L,2), (s,)) < C (1 + W) =

o If v > |1 — s and v=7= > [z —y| , then

da((Lx)’ (5,9)) < 22a+2’7-

In fact,

< (’Y 2n1+2 + 1)7 < 2204—&-2,)/’

S
/ t2“+1dt‘ < (Y%7 +1)[1 - 5| < (Y%7 + 1)y%r
1

and
o~y <97 <oy
pre” _3
o 0 da 17 ) )
®7((1,2), (s,9)) <y52C SH;QH <C<C (1 i MM) .
0 y2et2 Y

o Ify3ar2 > |1 — s and y%a72 < |z — y| , then

do((L,2), (5,9)) < (p((1,2), (5,9)))** .

In fact, we have

[1—s] <z -yl

This implies that
p((Lx)a (Sa y)) = ‘Z‘ - y‘

S
/ tz("“dt’ < (’yﬁ H+1)20H < 220y 4 1) < 2201y < 220t g 202
1
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and

lz —y| < |z —y[**H?

or((1,2), (s,9)) < C (1 4 W>_ o

From (4.4), we get
~1-8
0 @), sop) < € (14 LT L0))

Now, we will prove (#47) of the Proposition 4.7. Assume that for every v > 0 and (r, x), (s,y), (¢, 2) €

[0, +00[xR, we have
r+ da((r,2), (s,9))

da((s,y), (t,2)) <

4C
Then for every +' > 0, we have
do((r,2), (t,2))\ do((r,2), (s,y)\
(1 + w> < (1 + 7) : (4.6)
Using (i) and the Relation (4.6) , we have
s )\ P
187((r, ). (5,)) — ®((r.2), (1, 2))| < C (W) . (4.7)

Finally, using Lemma 4.1 and the Relation (4.8) we have

B —1-2p
(), (5) ~ #7(r0), (1) < € (UL () b)) T

Proposition 4.8. There exists a constant C > 0 such that for every f € L'(dv,) we have

< Ol fllag, - (4.8)

atomic

1
—_ 1 < a
C’”f||7"° (FalE™

Proof. Tt is clear that p, € ZI*). Using Proposition 4.7, Corollary 1 of [19]. Thus, we have show
that (4.6) holds. O
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