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ABSTRACT

We define and study the Hardy spaces associated with sin-
gular partial differential operators. Also, a characterization
by mean of atomic decomposition is investigated.

RESUMEN
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atómica.
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1 Introduction

The foundations of the real Hardy space Hp(Rn), p ∈ [1,+∞[, were started with the works of

C. Fefferman and E. M. Stein [10]. Hardy spaces were deeply developed later by R. Coifman

and G. Weiss [8]. The theory of Hardy spaces Hp(Rn), plays a very important role in harmonic

analysis and operator theory and it is shown that it has many interesting applications, for more

details we refer the reader to [20]. In the euclidean case, there are many equivalent definitions of

the Hardy spaces Hp(Rn) either by using the Poisson maximal function or by using the atomic

decomposition. Uchiyama [19] characterized also the Hardy spacesHp(Rn) by means of Littlewood-

Paley g-function.

In [5], Baccar, Ben Hamadi and Rachdi have considered the following singular partial differential

operators 
∆1 =

∂

∂x
,

∆2 =
∂2

∂r2
+

2α+ 1

r

∂

∂r
− ∂2

∂x2
; (r, x) ∈]0,+∞[×R; α ⩾ 0,

and they associated to ∆1 and ∆2 the so called Riemann-Liouville operator Rα defined on Ce(R2)(
The space of continuous functions on R2, even with respect to the first variable

)
, by

Rα(f)(r, x) =


α

π

∫ 1

−1

∫ 1

−1

f(rs
√
1− t2, x+ rt)(1− t2)α−

1
2 (1− s2)α−1 dt ds, if α > 0,

1

π

∫ 1

−1

f(r
√
1− t2, x+ rt)

dt√
(1− t2)

, if α = 0.

The Riemann-Liouville operator Rα generalizes the spherical mean operator given by

R0(f)(r, x) =
1

2π

∫ 2π

0

f(r sin θ, x+ r cos θ) dθ,

which plays an important role in image processing of the so-called synthetic aperture radar (SAR)

data, and in the linearized inverse scattering problem in acoustics, as well as in the interpretation

of many physical phenomena in quantum mechanics, see [9, 11, 12].

According to [5], the Fourier transform Fα associated with the Riemann-Liouville operator is

defined for every (s, y) ∈ Υ, by

Fα(f)(s, y) =

∫ +∞

0

∫
R
f(r, x)Rα

(
cos(s.)e−iy.

)
(r, x)

r2α+1dr dx

2αΓ(α+ 1)
√
2π
,

for a suitable integrable function, where Υ is a set that will be defined later.
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Many harmonic analysis results have been already proved by Baccar, Ben Hamadi, Rachdi, Rouz

and Omri for the Riemann-Liouville operator and its Fourier transform [3, 4, 5, 6, 7, 18]. Hleili,

Mejjaoli, Omri and Rachdi have also established several uncertainty principles for the same Fourier

transform Fα [13, 15, 16, 17] .

Our purpose in this work is to define and study the Hardy’s spaces Hp
α related to the Riemann-

Liouville operator and to characterize theses spaces for p ∈ [1,+∞[ by using Poisson maximal

operator associated to Rα and by using atomic decomposition as well.

The paper is organized as follows. In the second section, we give some classical harmonic analysis

results related to the Riemann-Liouville operator, the third section is devoted to the characteriza-

tion of the Hardy spaces related to Rα by using its Poisson maximal function. In the last section,

we introduce the atomic decomposition which allows us to characterize H1
α.

2 Riemann-Liouville operator

In this section we give and develop some harmonic analysis results related to the Riemann-Liouville

operator that we will use later. For the proofs of these results we refer the reader to [5] and [7].

In [5] Baccar, Ben Hamadi and Rachdi considered the following system


△1u = −iλu(r, x)
△2u = −µ2u(r, x)

u(0, 0) = 1, ∂u
∂x (0, x), ∀x ∈ R

and showed that for all (µ, λ) ∈ C2, this system admits a unique infinitely differentiable solution

given by

φµ,λ(r, x) = jα

(
r
√
µ2 + λ2

)
e−iλx,

where jα is the modified Bessel function of the first kind and index α, see [14, 21].

The function φµ,λ is bounded on [0,+∞[×R if and only if (µ, λ) belongs to the set

Υ = R2 ∪
{
(ir, x), (r, x) ∈ ×R2, |r| ⩽ |x|

}
.

In this case, we have

sup
(r,x)∈R2

|φµ,λ(r, x)| = 1.

In the following we denote by
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• να the measure defined on [0,+∞[×R by

dνα(r, x) =
r2α+1

2αΓ(α+ 1)
√
2π

dr dx,

• Lp(dνα), p ∈ [1,+∞], is the Lebesgue space of all measurable functions f on [0,+∞[×R such

that ∥f∥p,να
< +∞, where

∥f∥p,να
=


(∫ +∞

0

∫
R
|f(r, x)|pdνα(r, x)

) 1
p

, if p ∈ [1,+∞[

ess sup
(r,x)∈[0,+∞[×R

|f(r, x)|, if p = +∞.

• L1
loc(dνα) the space of measurable functions on [0,+∞[×R that are locally integrable on

[0,+∞[×R with respect to the measure να.

According to [2], the eigenfunction φµ,λ satisfies the following product formula

φµ,λ(r, x)φµ,λ(s, y) =
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ π

0

(
φµ,λ(

√
r2 + s2 + 2rs cos θ, x+ y)

)
sin2α θ dθ.

• ⟨.|.⟩αis the inner product on the Hilbert space L2(dνα) defined by

⟨f |g⟩α =

∫ +∞

0

∫
R
f(r, x)g(r, x) dνα(r, x).

This allows us to define the translation operators as follows.

Definition 2.1. For every (r, x) ∈ [0,+∞[×R, the translation operator T(r,x) associated with the

operator Rα is defined on L1(dνα) by, for every (s, y) ∈ [0,+∞[×R

T(r,x)(f)(s, y) =
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ π

0

f
(√

r2 + s2 + 2rs cos θ, x+ y
)
(sin θ)2αdθ,

whenever the integral on the right hand side is well defined.

Proposition 2.2. Let f be in L1(dνα), then for every (r, x) ∈ [0,+∞[×R, we have∫ +∞

0

∫
R
T(r,x)(f)(s, y) dνα(s, y) =

∫ +∞

0

∫
R
f(s, y) dνα(s, y).

Proposition 2.3. For every f ∈ Lp(dνα), 1 ⩽ p ⩽ +∞, and for every (r, x) ∈ [0,+∞[×R, the

function T(r,x)(f) belongs to Lp(dνα) and we have

∥T(r,x)(f)∥p,να ⩽ ∥f∥p,να . (2.1)
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Definition 2.4. The convolution product of two measurable functions f and g on [0,+∞[×R is

defined on [0,+∞[×R, by

(f ∗ g)(r, x) =
∫ +∞

0

∫
R
T(r,−x)(f̌)(s, y)g(s, y) dνα(s, y),

where f̌(s, y) = f(s,−y), whenever the integral an the right hand side is well defined.
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Theorem 2.5. If p, q, r ∈ [1,+∞] are such that 1
r +1 = 1

p+
1
q then, for every function f ∈ Lp(dνα)

and g ∈ Lq(dνα), f ∗ g belongs to Lr(dνα) and we have the Young’s inequality

∥f ∗ g∥r,dνα ⩽ ∥f∥p,να∥g∥q,να .

Definition 2.6. The Fourier transform Fα associated with the operator Rα is defined for every

integrable function f on [0,+∞[×R with respect to the measure να, by

∀(µ, λ) ∈ Υ, Fα(f)(µ, λ) =

∫ +∞

0

∫
R
f(r, x)φµ,λ(r, x) dνα(r, x).

Proposition 2.7.

(i) Let f ∈ L1(dνα) and (r, x) ∈ [0,+∞[×R we have

∀(µ, λ) ∈ Υ, Fα(T(r,−x)(f))(µ, λ) = φµ,λ(r, x)Fα(f)(µ, λ).

(ii) Let f, g ∈ L1(dνα), then we have

∀(µ, λ) ∈ Υ, Fα(f ∗ g)(µ, λ) = Fα(f)(µ, λ)Fα(g)(µ, λ).

In the following, we denote by

• Υ+ the subspace of Υ given by

Υ+ = [0,+∞[×R ∪
{
(ir, x), (r, x) ∈ [0,+∞[×R, 0 ⩽ r ⩽ |x|

}
.

• BΥ+
the σ−algebra defined on Υ+ by

BΥ+ = {θ−1(B), B ∈ Bor([0,+∞[×R)}

where Bor([0,+∞[×R) is the usual Borel σ−algebra on [0,+∞[×R and θ is bijective function

defined by
θ : Υ+ −→ [0,+∞[×R

(µ, λ) 7−→
(√

µ2 + λ2, λ
)
.

• γα the mesure defined on BΥ+ by

γα(A) = να(θ(A)), ∀A ∈ BΥ+ .
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• Lp(dγα), p ∈ [1,+∞] is the Lebesgue space of measurable functions f defined on Υ+ satisfying

∥f∥p,γα
< +∞, where

∥f∥p,γα
=



(∫
Υ+

|f(µ, λ)|pdγα(µ, λ)

) 1
p

, if p ∈ [1,+∞[

ess sup
(µ,λ)∈Υ+

|f(µ, λ)|, if p = +∞.

• Se(R2) the space of infinitely differentiable functions on R2, rapidly decreassing together with

all their derivatives, even with respect the first variable.

The space Se(R2) is equipped with the topology associated to the countable family of norms

∀m ∈ N, ρm(φ) = sup
(r,x)∈[0,+∞[×R

k+|β|≤m

(1 + r2 + x2)k|Dβ(φ)(r, x)|.

• De(R2) the space of infinitely differentiable functions on R2 with compact support, even with

respect the first variable.

Proposition 2.8. Let f ∈ L1(dνα). For every (µ, λ) ∈ Υ, we have

Fα(f)(µ, λ) = F̃α(f) ◦ θ(µ, λ),

where

F̃α(f)(µ, λ) =

∫ +∞

0

∫
R
f(r, x)jα(rµ)e

−iλxdνα(r, x).

Theorem 2.9. F̃α is an isomorphism from Se(R2) onto itself.

Proposition 2.10. For every f ∈ L1(dνα) and for all (r, x), (µ, λ) ∈ [0,+∞[×R, we have

F̃α(T(r,x)f)(µ, λ) = jα(rµ)e
−ixλF̃α(f)(µ, λ).

Theorem 2.11 (Inversion formula for Fα). Let f ∈ L1(dνα) such that Fα(f) belongs to L1(dγα),

then for almost every (r, x) ∈ [0,+∞[×R,

f(r, x) =

∫
Υ+

Fα(f)(µ, λ)φµ,λ(r, x) dγα(µ, λ).

Theorem 2.12 (Plancherel’s theorem). The Fourier transform Fα can be extended to an isometric

isomorphism from L2(dνα) onto L2(dγα).
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3 Hardy space associated with the Riemann-Liouville oper-

ator

Definition 3.1. For every t > 0, the Poisson kernel pt, associated with the Riemann-Liouville

operator Rα is defined on R2 by

pt(r, x) =

∫
Υ+

e−t
√

s2+2y2
φs,y(r, x) dγα(s, y) = F−1

α

(
e−t

√
.2+2.2

)
(r, x).

Lemma 3.2. For every t > 0, the Poisson kernel pt is given by

∀(r, x) ∈ R2, pt(r, x) = 2α+
3
2Γ(α+ 2)

t

(t2 + r2 + x2)α+2
.

Proof. See [2].

Definition 3.3 (Bounded distribution). Let v ∈ S′
e(R2), we say that v is a bounded tempered

distribution, if

∀φ ∈ Se(R2), φ ∗ v ∈ L∞(dνα)

and if the operator
ϕv : Se(R2) −→ L∞(dνα)

φ 7−→ φ ∗ v

is bounded.

Proposition 3.4. Let v ∈ S′
e(R2) be a bounded tempered distribution and f ∈ L1(dνα). Then, for

every φ ∈ Se(R2)

⟨f ∗ v, φ⟩ =
∫ +∞

0

∫
R
φ̆ ∗ v(r, x)f̌(r, x) dνα(r, x).

where φ̆(r, x) = φ(−r,−x), is well defined. Moreover, f ∗ v is a tempered distribution.

Proof. Let v be a bounded tempered distribution. For all f ∈ L1(dνα) and φ ∈ Se(R2), we have

∫ +∞

0

∫
R
|φ̆ ∗ v(r, x)||f̌(r, x)| dνα(r, x) ≤ ∥φ̆ ∗ v∥∞,να

∥f∥1,να
< +∞

and consequently, the integral

⟨f ∗ v, φ⟩ =
∫ +∞

0

∫
R
φ̆ ∗ v(r, x)f̌(r, x) dνα(r, x)

is well defined.
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It is clear that f ∗ v is a linear operator. Now, for every φ ∈ Se(R2), we have

|⟨f ∗ v, φ⟩| ⩽
∫ +∞

0

∫
R
|φ̆ ∗ v(r, x)||f̌(r, x)| dνα(r, x)

⩽ ∥φ̆ ∗ v∥∞,dνα
∥f̌∥1,να

⩽ Cρm(φ̆)∥f∥1,να

⩽ C∥f∥1,dνα
ρm(φ).

Then, f ∗ v is a tempered distribution.

Proposition 3.5. For every bounded tempered distribution v ∈ S′
e(R2) and for every t > 0,

pt ∗ v ∈ L∞(dνα).

Proof. By Urysohn’s lemma, we know that there exits a function f ∈ De(R2) such that
f ≡ 1, on B(0, 1/2)

f ≡ 0, on Bc(0, 1)

0 ⩽ f ⩽ 1.

Let φ = F̃−1
α (f) then φ ∈ Se(R2) and F̃α(φ) = f = 1 on B(0, 1/2), hence for η = 1 − F̃α(φ),

we deduce that η ∈ C∞
e (R2) and η = 0 on B(0, 1/2). Finally, let g the function defined by

g(r, x) = e−|(r,x)|η(r, x) and ψ = F̃−1
α (g), then for all t > 0 and for all (r, x) ∈ R2, we have

F̃α(pt)(r, x) = e−t
√
r2+x2

= e−t
√
r2+x2

(
F̃α(φ)(tr, tx) + η(tr, tx)

)
= e−t

√
r2+x2

F̃α(φt)(r, x) + F̃α(ψt)(r, x)

= F̃α(pt)(r, x)F̃α(φt)(r, x) + F̃α(ψt)(r, x)

= F̃α(pt ∗ φt + ψt)(r, x)

Consequently, by the fact that F̃α is injective, we get

pt = pt ∗ φt + ψt

and therefore

pt ∗ v = pt ∗ φt ∗ v + ψt ∗ v.

Since φt and ψt belongs to Se(R2), φt ∗ v and ψt ∗ v are bounded on R2 and pt ∈ L1(να), then

pt ∗ φt ∗ v is a bounded function and the same holds for pt ∗ v.
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Definition 3.6. Let f ∈ S′
e(R2) be a bounded tempered distribution. The Poisson maximal function

Pα
f associated with the Riemann-Liouville operator Rα is defined on R2 by

Pα
f (r, x) = sup

t>0
|pt ∗ f(r, x)|.

Definition 3.7 (Hardy space). For every p ∈ [1,+∞[, the Hardy space Hp
α associated with the

Riemann-Liouville operator is the space of all the bounded tempered distributions f on R2 satisfying

Pα
f ∈ Lp(dνα).

We set

∥f∥Hp
α
= ∥Pα

f ∥p,να . (3.1)

Proposition 3.8. Let f ∈ S′
e(R2) be a bounded tempered distribution. Then,

lim
t→0

pt ∗ f = f in S′
e(R2).

Proof. Let η ∈ Se(R2). First, we will show that lim
t→0

pt ∗ η ∗ f = η ∗ f in S′
e(R2), thus by using

Fubini’s theorem, we deduce that for every ψ ∈ Se(R2), we have

⟨pt ∗ η ∗ f, ψ⟩α =

∫ +∞

0

∫
R
(pt ∗ η ∗ f)(r, x)ψ(r, x) dνα(r, x)

=

∫ +∞

0

∫
R

(∫ +∞

0

∫
R
T(r,−x)(p̌t)(s, u)η ∗ f(s, u)dνα(s, u)

)
ψ(r, x) dνα(r, x)

=

∫ +∞

0

∫
R

(∫ +∞

0

∫
R
T(r,−x)(p̌t)(s, u)ψ(r, x) dνα(r, x)

)
η ∗ f(s, u) dνα(s, u)

=

∫ +∞

0

∫
R

(∫ +∞

0

∫
R
T(s,−u)(p̌t)(r, x))ψ(r, x) dνα(r, x)

)
η ∗ f(s, u) dνα(s, u)

=

∫ +∞

0

∫
R
pt ∗ ψ(s, t)η ∗ f(s, t) dνα(s, t).

Using the dominated convergence theorem, we have

lim
t→0

⟨pt ∗ η ∗ f, ψ⟩α = lim
t→0

∫ +∞

0

∫
R
pt ∗ ψ(s, t)η ∗ f(s, t) dνα(s, t)

=

∫ +∞

0

∫
R
lim
t→0

pt ∗ ψ(s, t)η ∗ f(s, t) dνα(s, t)

=

∫ +∞

0

∫
R
ψ(s, t) η ∗ f(s, t) dνα(s, t)

= ⟨η ∗ f, ψ⟩α.
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Then,

lim
t→0

pt ∗ η ∗ f = η ∗ f in S′
e(R2). (3.2)

Now, we want to show that

lim
t→0

Fα(pt)(1−Fα(η))Fα(f) = (1−Fα(η))Fα(f) in S′
e(R2).

Fα(pt)(1−Fα(η)) is a infinitely differentiable function on R2, then for any ψ ∈ Se(R2), we have

lim
t→0

⟨Fα(pt)(1−Fα(η))Fα(f), ψ⟩α = lim
t→0

⟨Fα(f),Fα(pt)(1−Fα(η))ψ⟩α

=
〈
Fα(f), lim

t→0
Fα(pt)(1−Fα(η))ψ

〉
α

= ⟨Fα(f), (1−Fα(η))ψ⟩α

= ⟨(1−Fα(η))Fα(f), ψ⟩α.

Hence,

lim
t→0

Fα(pt)(1−Fα(η))Fα(f) = (1−Fα(η))Fα(f) in S′
e(R2). (3.3)

Consequently,

lim
t→0

Fα(pt ∗ f − pt ∗ η ∗ f) = Fα(f − η ∗ f) in S′
e(R2),

which implies that

lim
t→0

pt ∗ f − pt ∗ η ∗ f = f − η ∗ f.

Then,

lim
t→0

pt ∗ f − lim
t→0

pt ∗ η ∗ f = f − η ∗ f.

From the Relation (3.2), we have

lim
t→0

pt ∗ f − η ∗ f = f − η ∗ f.

Then,

lim
t→0

pt ∗ f = f − η ∗ f + η ∗ f = f,

which achieves the proof.

Definition 3.9 (Hardy-Littlewood maximal function). Let f ∈ L1
loc(dνα). The Hardy-Littlewood

maximal function Mα(f) associated with the Riemann-Liouville operator Rα is defined on

[0,+∞[×R, by

Mα(f)(r, x) = sup
η>0

1

να(B((0, 0), η))

∫
B((0,0),η)

T(r,−x)(|f̌ |)(s, y) dνα(s, y).
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Theorem 3.10 (The boundedness of Mα). For every p ∈]1,+∞], the maximal operator Mα is of

strong type (p, p) from Lp(dνα) into itself, that is for every p ∈]1,+∞[ there exists Cp > 0 such

that for every f ∈ Lp(dνα)

∥Mα(f)∥p,να
⩽ Cp∥f∥p,να

Proof. See [1].

Proposition 3.11. Let k be a nonnegative decreasing funtion on [0,+∞[ which is continuous

except possibly at finite number of points. We define the function K on [0,+∞[×R by

K(r, x) = k
(√

r2 + x2
)
.

Then, for every locally integrable function f on [0,+∞[×R we have

sup
ϵ>0

(Kϵ ∗ |f |(r, x)) ⩽ ∥K∥1,ναMα(f)(r, x), (3.4)

where Kϵ(r, x) =
1

ϵ2α+3
K
(r
ϵ
,
x

ϵ

)
.

Proof. First, we prove the relation (3.4), when K is continuous with compact support such that

supp(K) ⊂ B(0, R), where R > 0 and f ∈ L1
loc(dνα). We will prove that

sup
ϵ>0

(Kϵ ∗ |f |(0, 0)) ⩽
1

(2π)
1
2 2αΓ(α+ 1)

Mα(f)(0, 0)∥K∥1,να
. (3.5)

Kϵ ∗ |f |(0, 0) =
∫ +∞

0

∫
R
|f(s, x)|Kϵ(s, x) dνα(s, x)

=

∫ +∞

0

∫
R
|f(s, x)|Kϵ(s, x)

s2α+1

2α
√
2π Γ(α+ 1)

ds dx

=

∫ +∞

0

∫ π
2

−π
2

|f(r cos θ, r sin θ)|Kϵ(r, 0)r
(r cos(θ))2α+1

2α
√
2π Γ(α+ 1)

dr dθ.

Let F and G be the functions defined on [0,+∞[ by

F (r) =

∫ π
2

−π
2

|f(r cos θ, r sin θ))| cos2α+1 θ
dθ√
2π

G(r) =

∫ r

0

F (y)y2α+2 dy

2αΓ(α+ 1)
.
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By integration by parts, we obtain

Kϵ ∗ |f |(0, 0) =
∫ +∞

0

F (r)Kϵ(r, 0)r
2α+2 dr

2αΓ(α+ 1)

=

∫ ϵR

0

F (r)Kϵ(r, 0)r
2α+2 dr

2αΓ(α+ 1)

= G(ϵR)Kϵ(ϵR, 0)−G(0)Kϵ(0, 0)−
∫ ϵR

0

G(r)dKϵ(r, 0)

= −
∫ ϵR

0

G(r)dKϵ(r, 0)

=

∫ +∞

0

G(r)d (−Kϵ) (r, 0),

where the last integrals are understood in the Lebesgue-Stieltjes sense.

On the other hand,

G(r) =

∫ r

0

F (y)
y2α+2

2αΓ(α+ 1)
dy

=

∫ r

0

∫ π
2

−π
2

|f(r cos θ, r sin θ))| y
2α+2 cos2α+1 θ

2α
√
2π Γ(α+ 1)

dθ dy

=

∫
{(s,x)∈[0,+∞[×R:

√
s2+x2⩽r}

|f(s, x)| dνα(s, x)

⩽Mα(f)(0, 0)να

({
(s, x) ∈ [0,+∞[×R :

√
s2 + x2 ⩽ r

})
=Mα(f)(0, 0)να

({
(s, x) ∈ [0,+∞[×R :

√
s2 + x2 ⩽ 1

})
r2α+3.

Consequently, we use the integration by parts, we obtain

∫ +∞

0

G(r)d (−Kϵ) (r, 0)

⩽Mα(f)(0, 0)να

({
(s, x) ∈ [0,+∞[×R :

√
s2 + x2 ⩽ 1

})(∫ +∞

0

r2α+3d (−Kϵ) (r, 0)

)
= (2α+ 3)Mα(f)(0, 0)να

({
(s, x) ∈ [0,+∞[×R :

√
s2 + x2 ⩽ 1

})∫ +∞

0

r2α+2Kϵ(r, 0) dr

Since,

να

({
(s, x) ∈ [0,+∞[×R :

√
s2 + x2 ⩽ 1

})
=

∫
{(r,x)∈[0,+∞[×R:

√
s2+x2⩽1}

s2α+1

2α
√
2π Γ(α+ 1)

ds dx

=
1

2α
√
2π Γ(α+ 1)

∫ 1

0

∫ π
2

−π
2

(r cos θ)2α+1r dr dθ

=
1

2α
√
2π Γ(α+ 1)

∫ π
2

−π
2

1

2α+ 3
cos2α+1 θ dθ.
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Then,

∫ +∞

0

G(r)d(−Kϵ)(r, 0)

⩽
2α+ 3

(2π)
1
2 2αΓ(α+ 1)

Mα(f)(0, 0)

∫ +∞

0

∫ π
2

−π
2

1

2α+ 3
(r cos θ)2α+1rKϵ(r, 0) dr dθ

=Mα(f)(0, 0)∥Kϵ∥1,να

=Mα(f)(0, 0)∥K∥1,να
.

For the general case, let us consider an integrable function K on [0,+∞[×R. We know that Cc(R) is

dense in L1(R). Then, for every K ∈ L1(dνα), there exists a sequence (Kj)j∈N of radial, compactly

supported, continuous functions increase to K such that

lim
j→+∞

Kj = K

From the Relation (3.5), we have

lim
j→+∞

sup
ϵ>0

(Kj,ϵ ∗ |f |(0, 0)) ⩽ lim
j→+∞

Mα(f)(0, 0)∥Kj∥1,να .

Then,

sup
ϵ>0

(Kϵ ∗ |f |(0, 0)) ⩽Mα(f)(0, 0)∥K∥1,να .

Let f ∈ L1
loc(dνα) and (µ, λ) ∈ [0,+∞[×R, we denote by

g(x, y) = T(µ,−λ)(|f̌ |)(x, y), ∀(x, y) ∈ [0,+∞[×R.

Mα(g)(0, 0) = sup
η>0

1

να(B((0, 0), η))

∫
B((0,0),η)

T(0,0)(|ǧ|)(s, y) dνα(s, y)

= sup
η>0

1

να(B((0, 0), η))

∫
B((0,0),η)

|ǧ|(s, y) dνα(s, y)

= sup
η>0

1

να(B((0, 0), η))

∫
B((0,0),η)

T(µ,−λ)(|f̌ |)(s, y) dνα(s, y)

=Mα(f)(µ, λ).

Moreover, for all ϵ > 0 we have

Kϵ ∗ |g|(0, 0) =
∫ +∞

0

∫
R
T(0,0)(|ǧ|)(s, y)Kϵ(s, x) dνα(s, x) =

∫ +∞

0

∫
R
|ǧ|(s, y)Kϵ(s, x) dνα(s, x)

= Kϵ ∗ |f |(r, x).
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Using the Relation (3.5)

sup
ϵ>0

(Kϵ ∗ |f |(r, x)) ⩽Mα(f)(r, x)∥K∥1,να .

Theorem 3.12. For every p ∈]1,+∞[, Hp
α coincides with Lp(dνα). Moreover, there exists a

constant Cp > 0 such that for every f ∈ Hp
α, we have

∥f∥p,να
⩽ ∥f∥Hp

α
⩽ Cp∥f∥p,να

.

Proof. Let f ∈ Hp
α. Using the Relation (3.1),

|pt ∗ f(r, x)| ⩽ Pα
f (r, x), ∀(r, x) ∈ R2.

This implies that

∥pt ∗ f∥p,να ⩽ ∥Pα
f ∥p,να = ∥f∥Hp

α
< +∞.

We deduce that the set {pt ∗ f, t > 0} lies in the closed ball B(0, ∥f∥Hp
α
) of Lp(dνα). Moreover,

Lp(dνα) is the dual space of Lq(dνα), where q is the conjugate exponent of p.

We define
Φ : Lp(dνα) −→ (Lq(dνα))

∗

f 7−→ Φf

where,
Φf : Lq(dνα) −→ C

g 7−→
∫ +∞

0

∫
R
f(r, x)g(r, x) dνd(r, x).

We know that for every f ∈ Lp(dνα),

∥Φf∥(Lq(dνα))∗ = ∥f∥p,να
.

Then,

∥Φpt∗f∥(Lq(dνα))∗ = ∥pt ∗ f∥p,να
⩽ ∥f∥Hp

α
< +∞.

We deduce that the set {Φpt∗f , t > 0} lies in the closed ball B(0, ∥f∥Hp
α
) of Lp(dνα). Hence, by

Banach-Alaoglu theorem, there exist a sequence (tj)j∈N and f0 ∈ Lp(dνα) such that

lim
tj→0

Φptj
∗f = Φf0

in the the weak* topology of Lp(dνα). Then,

lim
tj→0

ptj ∗ f = f0 in Lp(dνα).
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By Proposition 3.8, we obtain that for every f ∈ S′
e(R2) bounded tempered distribution

lim
t→0

pt ∗ f = f in S′
e(R2).

Thus, f and f0 coincides. We have (see [2])

lim
t→0

∥pt ∗ f − f∥p,να
= 0.

Moreover, we have

∥f∥p,να ⩽ ∥pt ∗ f − f∥p,να + ∥pt ∗ f∥p,να

⩽ ∥pt ∗ f − f∥p,να + ∥Pα
f ∥p,να .

Then,

∥f∥p,να ⩽ ∥Pα
f ∥p,να = ∥f∥Hp

α
.

Using Proposition 3.11 for the function pt, we have

sup
t>0

|pt ∗ f | ⩽Mα(f).

Then,

∥Pα
f ∥p,να

⩽ ∥Mα(f)∥p,α.

Thus,

∥f∥Hp
α
⩽ ∥Mα(f)∥p,α.

Now, from Theorem 3.10 we know that Mα is of strong type (p, p), p ∈]1,+∞], we deduce that

there exists a constant Cp > 0 such that

∥f∥Hp
α
⩽ ∥Mα(f)∥p,να

⩽ Cp∥f∥p,να
,

which achieves the proof.

Throughout this paper C denotes a positive constant that can change frome one line to next.
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4 Atomic Decomposition of Hardy Spaces

Definition 4.1 (Cube). A cube of [0,+∞[×R is a subset of R2 such that

Q = [a0, b0]× [a1, b1],

where b0 − a0 = b1 − a1 = L > 0.

Definition 4.2 (Atomic Decomposition). A measurable function f on R2 even with respect to the

first variable is called an L∞-atom for H1
α, if there exists a cube Q satisfying

(i) Supp(f) ⊂ Q.

(ii) ∥f∥∞,να ⩽
1

να(Q)
.

(iii)
∫
Q

f(r, x)dνα(r, x) = 0.

In the next we define the atomic space Hα
atomic

Definition 4.3. The space Hα
atomic is defined as the vector space of all functions f ∈ L1(dνα) for

which there exists a sequence {fi}i∈N of L∞-atoms of H1
α and a sequence (λi)i∈N ∈ ℓ1(N), such

that

f =

+∞∑
i=1

λifi.

We set

∥f∥Hα
atomic

= inf

{
+∞∑
i=1

|λi| | f =

+∞∑
i=1

λifi

}
.

Now we introduce the following notations

• Z [α] the set of functions φ ∈ C1([0,+∞[×R,C) satisfying φ(0, 0) > 0 and for every (x, y) ∈
[0,+∞[×R.

■ 0 ⩽ φ(x, y) ⩽
C

(1 + x2 + y2)α+2
.

■ 0 ⩽
∂φ

∂x
(x, y) ⩽

Cx

(1 + x2 + y2)α+3
.

■ 0 ⩽
∂φ

∂y
(x, y) ⩽

Cy

(1 + x2 + y2)α+3
.

Where C a positive constant depending on φ.

• We define the function h on ]0,+∞[×]0,+∞[ by

h(r, γ) =

γr
−2α−1 if γ < r2α+2,

γ
1

2α+2 if γ ⩾ r2α+2.
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• For every γ > 0 and for every φ ∈ Z [α], (r, x) ∈]0,+∞[×R and (s, y) ∈ [0,+∞[×R, we set

Φγ((r, x), (s, y)) = γT(r,x)(φh(r,γ))(−s,−y),

where φh(r,γ)(r, x) =
1

(h(r,γ))2α+2φ
(

r
h(r,γ) ,

x
h(r,γ)

)
.

• dα((r, x), (s, y)) = max

(∣∣∣∣∫ s

r

t2α+1dt

∣∣∣∣ , |x− y|
)
, where (r, x), (s, y) ∈ [0,+∞[×R.

• p((r, x), (s, y)) = max(|r − s|, |x− y|), where (r, x), (s, y) ∈ [0,+∞[×R.

• p′((r, x), (y, y′)) = max(|r − s|
1

2α+2 , |x− y|), where (r, x), (s, y) ∈ [0,+∞[×R.

Our goal now, is to prove that ∥.∥H1
α

and ∥.∥Hα
atomic

are equivalent. To do this, we need some

preparation.

Proposition 4.4. Let f ∈ L1(dνα). For every λ > 0 and (r, x), (s, y) ∈ [0,+∞[×R, we have

T(λr,λx)(f)(λs, λy) = λ−2α−2T(r,x)(fλ−1)(s, y).

Proof.

T(λr,λx)(f)(λs, λy) =
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ π

0

f
(√

(λr)2 + (λs)2 + 2λ2rs cos θ, λx+ λy
)
sin2α θ dθ

=
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ π

0

f
(
λ
√
r2 + s2 + 2rs cos θ, λ(x+ y)

)
sin2α θ dθ

=
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ π

0

λ−2α−2fλ−1

(
λ
√
r2 + s2 + 2rs cos θ, λ(x+ y)

)
sin2α θ dθ

= λ−2α−2T(r,x)(fλ−1)(s, y).

Proposition 4.5. For every γ, λ > 0 and (r, x), (s, y) ∈ [0,+∞[×R, we have

(i) h(λx, λ2α+2γ) = λh(r, γ).

(ii) dα((λr, λ
2α+2x), (λs, λ2α+2y)) = λ2α+2dα((r, x), (s, y)).

(iii) Φγ((λr, λx), (λs, λy)) = Φλ−2α−2γ((r, x), (s, y)).

Proof. (i)

h(λx, λ2α+2γ) =

λ
2α+2γ(λx)−2α−1; if λ2α+2γ < (λx)2α+2,

λγ
1

2α+2 ; if γ ⩾ x2α+2.

=

λγx
−2α−1; if γ < x2α+2,

λγ
1

2α+2 ; if γ ⩾ x2α+2.

= λh(r, γ).
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(ii)

dα((λr, λ
2α+2x), (λs, λ2α+2y)) = max

(∣∣∣∣∣
∫ λr

λs

t2α+1dt

∣∣∣∣∣ , |λ2α+2x− λ2α+2y|

)

= max

(
λ2α+2

∣∣∣∣∫ r

s

t2α+1dt

∣∣∣∣ , λ2α+2|x− y|
)

= λ2α+2dα((r, x), (s, y)).

(iii) Using Proposition 4.4, we get

Φγ((λr, λx), (λs, λy)) = γT(λr,λx)(φh(λr,γ))(−λs,−λy)

= γT(r,x)(φλh(r,λ−2α−2γ))(−λs,−λy)

= λ−2α−2γT(r,x)(φh(r,λ−2α−2γ))(−s,−y)

= Φλ−2α−2γ((r, x), (s, y)).

Lemma 4.6. There exist constants C > 0, β > 0 such that for every (r, x), (s, y), (t, z) ∈
[0,+∞[×R and γ > 0 we have

|Φγ((r, x), (s, y))− Φγ((r, x), (t, z))| ⩽ C

(
dα((s, y), (t, z))

γ

)β

. (4.1)

Proof. It is sufficient to prove the Relation (4.1) for dα((s, y), (t, z)) < γ
C , where C is a fixed

constant large enough.

First, we will show that

L = |Φγ((1, x), (s, y))− Φγ((1, x), (t, z))| ⩽ C

(
dα((s, y), (t, z))

r

)β

. (4.2)

L = Cγ

∣∣∣∣∫ π

0

φh(1,γ)

(√
1 + s2 − 2s cos θ, x− y

)
sin2α θ dθ

−
∫ π

0

φh(1,γ)

(√
1 + t2 − 2t cos θ, x− z

)
sin2α θ dθ

∣∣∣∣
= C

γ

(h(1, γ))2α+2

∣∣∣∣∣
∫ π

0

(
φ

(√
1 + s2 − 2s cos θ

h(1, γ)
,
x− y

t(1, γ)

)

− φ

(√
1 + t2 − 2t cos θ

h(1, γ)
,
x− z

h(1, γ)

))
sin2α θ dθ

∣∣∣∣∣ .
Let f be a function defined by

g : [0,+∞[×R −→ R

(s, t) 7−→ (g1(s, t), g2(s, t)) =

(√
1 + s2 − 2s cos θ

h(1, γ)
,
x− t

h(1, γ)

)
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∂(φ ◦ g)
∂s

(s, t) =
∂φ

∂s
(g(s, t))

∂g1
∂s

(s, t) +
∂φ

∂t
(g(s, t))

∂g2
∂s

(s, t)

=
1

h(1, γ))

(
s− cos θ√

1 + s2 − 2s cos θ

∂φ

∂s
(g(s, t))− ∂φ

∂t
(g(s, t))

)

∂(φ ◦ g)
∂t

(s, t) =
∂φ

∂s
(g(s, t))

∂g1
∂t

(s, t) +
∂φ

∂t
(g(s, t))

∂g2
∂t

(s, t)

= − 1

h(1, γ)

∂φ

∂t
(g(s, t)).

Since φ ∈ Z [α], we use the mean value theorem , there exist (u, u′) ∈ [(s, y), (t, z)] such that

|φ ◦ g(s, y)− φ ◦ g(t, z)| ⩽ ∥(s, y)− (t, z)∥∞ sup
(u,u′)∈[0,+∞[×R

∥d(φ ◦ g)(u, u′)∥

= p((s, y), (t, z)) sup
(u,u′)∈[0,+∞[×R

∥d(φ ◦ g)(u, u′)∥

Then,

L ⩽ C
γ

(h(1, γ))2α+2
p((s, y), (t, z))

∣∣∣∣∣
∫ π

0

sup
(u,u′)∈[0,+∞[×R

∥d(φ ◦ g)(u, u′)∥ sin2α θ dθ

∣∣∣∣∣
⩽ C

γ

(h(1, γ))2α+3
p((s, y), (t, z))

× sup
(u,u′)∈[0,+∞[×R

∫ π

0

∣∣∣∣ u− cos θ√
1 + u2 − 2u cos θ

∂φ

∂s

(√
1 + u2 − 2u cos θ

h(1, γ)
,
x− u′

h(1, γ)

)∣∣∣∣
+ 2

∣∣∣∣∂φ∂t
(√

1 + u2 − 2u cos θ

h(1, γ)
,
x− u′

h(1, γ)

)∣∣∣∣ sin2α θ dθ

⩽ Cγ(h(1, γ))2p((s, y), (t, z))

× sup
(u,u′)∈[0,+∞[×R

∫ π

0

(|u− cos θ|+ 2|x− u′|)
((h(1, γ))2 + 1 + u2 − 2u cos θ + (x− u′)2)α+3

sin2α θ dθ

⩽ Cγ(h(1, γ))2p((s, y), (t, z))

× sup
(u,u′)∈[0,+∞[×R

∫ π

0

(1− cos θ) + |u− 1|+ 2|x− u′|)
((h(1, γ))2 + 1 + u2 − 2u cos θ + (x− u′)2)α+3

sin2α θ dθ

⩽ Cγ(h(1, γ))2p((s, y), (t, z))

× sup
(u,u′)∈[0,+∞[×R

∫ π

0

(1− cos θ) + 3p((1, x), (u, u′))

((h(1, γ))2 + 1 + u2 − 2u cos θ + (x− u′)2)α+3
sin2α θ dθ

⩽ Cγ(h(1, γ))2p((s, y), (t, z))

sup
(u,u′)∈[0,+∞[×R

∫ π

0

(1− cos θ) + 3p((1, x), (u, u′))

((h(1, γ))2 + (p((1, x), (u, u′)))2 + 2u(1− cos θ))α+3
sin2α θ dθ
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Set

E(γ, u, u′, θ) =
(1− cos θ) + 3p((1, x), (u, u′))

((h(1, γ))2 + (p((1, x), (u, u′)))2 + 2u(1− cos θ))α+3
.

Case 1 γ ⩾ 1: we have h(1, γ) = γ
1

2α+2

• If p((1, x), (u, u′)) ⩽ γ
1

2α+2 . Then,

E(γ, u, u′, θ) ⩽ (2 + 3γ
1

2α+2 )γ− 2α+6
2α+2 = 3γ− 2α+5

2α+2 (γ− 1
2α+2 + 1) ⩽ 6γ− 2α+5

2α+2 .

We have

p((s, y), (t, z)) ⩽ (dα((s, y), (t, z)))
1

2α+2 .

Then,

L ⩽ Cγγ
2

2α+2 γ− 2α+5
2α+2 p((y, y′), (z, z′)) ⩽ C

p((y, y′), (z, z′))

γ
1

2α+2

⩽ C

(
dα((y, y

′), (z, z′))

γ

) 1
2α+2

• If p((1, x), (u, u′)) ⩾ γ
1

2α+2 . Then,

E(r, u, u′, θ) ⩽ 3
1 + p((1, x), (u, u′))

(p((1, x), (u, u′)))2α+6
⩽ 6

p((1, x), (u, u′))

(p((1, x), (u, u′)))2α+6
= 6(p((1, x), (u, u′)))−2α−5

Thus,

L ⩽ Cγp((s, y), (t, z))γ
2

2α+2 sup
(u,u′)∈[0,+∞[×R

(p((1, x), (u, u′)))−2α−5

⩽ C
p((s, y), (t, z))

γ
1

2α+2

⩽ C

(
dα((s, y), (t, z))

γ

) 1
2α+2

.

Case 2 γ < 1: h(1, γ) = γ.

• p((1, x), (u, u′)) ⩾ 1
4

E(γ, u, u′, θ) =
(1− cos θ) + 3p((1, x), (u, u′))

(γ2 + (p((1, x), (u, u′))2 + 2u(1− cos θ))α+3

⩽
2 + 3p((1, x), (u, u′))

(p((1, x), (u, u′)))2α+6

⩽ 11(p((1, x), (u, u′)))−2α−5

⩽ 42α+511.

Then,

L ⩽ Cγ2p((s, y), (t, z)) ⩽ C

(
dα((s, y), (t, z))

γ

) 1
2α+2

.
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• If p((1, x), (u, u′)) < 1
4

and p((1, x), (u, u′)) > γ
4
.

L ⩽ Cγ3p((s, y), (t, z)) sup
(u,u′)∈[0,+∞[×R

∫ p((1,x),(u,u′))

0

θ2α( θ
2

2
+ 3p((1, x), (u, u′)))

(p((1, x), (u, u′)))2α+6
dθ

+

∫ π

p((1,x),(u,u′))

θ2α( θ
2

2
+ 3p((1, x), (u, u′)))

θ2α+6
dθ

⩽ Cγ3p((s, y), (t, z)) sup
(u,u′)∈[0,+∞[×R

p((1, x), (u, u′)) + 1

(p((1, x), (u, u′)))4

+

∫ π

p((1,x),(u,u′))

1

2θ4
+

3p((1, x), (u, u′))

θ5
dθ

⩽ Cγ3p((s, y), (t, z)) sup
(u,u′)∈[0,+∞[×R

5

4(p((1, x), (u, u′)))4
+

2

(p((1, x), (u, u′)))3

⩽ Cγ3p((s, y), (t, z)) sup
(u,u′)∈[0,+∞[×R

1

(p((1, x), (u, u′)))4

⩽ C
p((s, y), (t, z))

γ
.

• If p((1, x), (u, u′)) < γ
4

L ⩽ Cγ3p((s, y), (t, z)) sup
(u,u′)∈[0,+∞[×R

∫ γ

0

θ2α( θ
2

2
+ 2p((1, x), (u, u′)))

γ2α+6
dθ

+

∫ π
2

γ

θ2α( θ
2

4
+ 2p((1, x), (u, u′)))

θ2α+6
dθ +

∫ π

π
2

θ2α( θ
2

4
+ 2p((1, x), (u, u′)))

θ2α+6
dθ

⩽ Cγ3p((s, y), (t, z))

× sup
(u,u′)∈[0,+∞[×R

(
1

4γ3
+

2p((1, x), (u, u′))

γ5
+

1

8γ3
+

p((1, x), (u, u′))

2γ5
+ 2p((1, x), (u, u′))

)
⩽ Cγ3p((s, y), (t, z))

(
3

8γ3
+

1

γ4
+

γ

2

)
⩽ Cp((s, y), (t, z))

(
3

8
+

1

γ
+

γ3

2

)
⩽ C

p((s, y), (t, z))

γ
.

Using (ii) and (iii) of Proposition 4.5 and the Relation (4.2), we get

|Φγ((r, x), (s, y))− Φγ((r, x), (t, z))| ⩽ C

(
dα((s, y), (t, z))

γ

)β

.

Proposition 4.7. There exist constants A > 0 and β > 0 such that

(i) Φγ((r, x), (r, x)) > 1
A , γ > 0 and (r, x) ∈ [0,+∞[×R.

(ii) 0 ⩽ Φγ((r, x), (s, y)) ⩽ A
(
1 + dα((r,x),(s,y))

γ

)−1−β

, γ > 0 and (r, x), (s, y) ∈ [0,+∞[×R.

(iii) For every γ > 0 and (r, x), (s, y), (t, z) ∈ [0,+∞[×R, such that

dα((s, y), (t, z)) ⩽
1

4A
(γ + dα((r, x), (s, y))),
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we have

|Φγ((r, x), (s, y))− Φγ((r, x), (t, z))| ⩽ A

(
dα((s, y), (t, z))

γ

)β (
1 +

dα((r, x), (s, y))

γ

)−1−2β

.

Proof. Let φ ∈ Z [α]

(i) First, we will show that there exists a constant A > 0 such that

∀x ∈ R, Φγ((1, x), (1, x)) >
1

A
.

We know that φ(0, 0) > 0. Then, there exist constants a > 0 and b > 0 such that for every

0 < r < b we have

φ(r, 0) > a. (4.3)

- If γ < 1, then h(1, γ) = γ.

Φγ((1, x), (1, x)) = γT(1,x)(φγ)(−1,−x)

= γ
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ π

0

φγ

(√
2(1− cos θ), 0

)
sin2α θ dθ.

=
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ π

0

1

γ2α+1
φ

(√
2(1− cos θ)

γ
, 0

)
sin2α θ dθ.

By the Relation (4.3), there exists b′ such that for every 0 < θ < γb′, we have

φ

(√
2(1− cos θ)

γ
, 0

)
> a.

Then,

Φγ((1, x), (1, x)) ⩾
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ γb′

0

a

γ2α+1
sin2α θ dθ.

⩾
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ γb′

0

a sin2α θ dθ.

- If γ ⩾ 1, then h(1, γ) = γ
1

2α+2 .

Φγ((1, x), (1, x)) = γT(1,x)
(
φ
γ

1
2α+2

)
(−1,−x)

= γ
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ π

0

φ
γ

1
2α+2

(√
2(1− cos θ), 0

)
sin2α θ dθ

= γ
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ π

0

1

γ
φ

(√
2(1− cos θ)

γ
1

2α+2

, 0

)
sin2α θ dθ
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=
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ π

0

φ

(√
2(1− cos θ)

γ
1

2α+2

, 0

)
sin2α θ dθ

⩾
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ b′

0

a sin2α θ dθ.

Thus,

Φγ((1, x), (1, x)) >
1

A
, ∀x ∈ R.

Let (r, x) ∈]0,+∞[×R. Using (iii) of Proposition 4.5 we have

Φγ((r, x), (r, x)) = Φγr−2α−3
((

1,
x

r

)
,
(
1,
x

r

))
⩾

1

A
.

For r = 0 is obvious .

(ii) First, we have to show that

0 ⩽ Φγ((1, x), (s, y)) ⩽ C

(
1 +

dα((1, x), (s, y))

γ

)−1−β

. (4.4)

Case 1 γ < 1: h(1, γ) = γ.

Φγ((1, x), (s, y)) = γT(1,x)(φγ)(−s,−y)

= γ
Γ(α+ 1)√
π Γ(α+ 1

2
)

∫ π

0

φγ

(√
1 + s2 − 2s cos θ,

x− y

γ

)
sin2α θ dθ

= γ
Γ(α+ 1)√
π Γ(α+ 1

2
)

∫ π

0

1

γ2α+2
φ

(√
1 + s2 − 2s cos θ

γ
,
x− y

γ

)
sin2α θ dθ

⩽ γ
Γ(α+ 1)√
π Γ(α+ 1

2
)

∫ π

0

1

γ2α+2

γ2α+4

(γ2 + 1 + s2 − 2s cos θ + (x− y)2)α+2
sin2α θ dθ

⩽ γ3 Γ(α+ 1)√
π Γ(α+ 1

2
)

∫ π

0

1

(γ2 + (1− s)2 + 2s− 2s cos θ + (x− y)2)α+2
sin2α θ dθ.

• If γ
2 ⩽ |1− s| and 1

2 ⩽ s ⩽ 2, then

dα((1, x), (s, y)) ∼ p ((1, x), (s, y)) .

In fact,
1

22α+1
|1− s| ⩽

∣∣∣∣∫ s

1

t2α+1dt

∣∣∣∣ ⩽ 22α+1|1− s|.

Then,

1

22α+1
p ((1, x), (s, y)) ⩽ dα ((1, x), (s, y)) ⩽ 22α+1p ((1, x), (s, y)) .
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Φγ((1, x), (s, y))

⩽ γ3
Γ(α+ 1)

√
π Γ(α+ 1

2 )

∫ π

0

1

(γ2 + (p ((1, x), (s, y)))
2
+ 2s(1− cos θ))α+2

sin2α θ dθ

⩽ Cγ3

(∫ p((1,x),(s,y))

0

sin2α(θ)

(p ((1, x), (s, y)))2α+4
dθ +

∫ π

p((1,x),(s,y))

sin2α θ

θ2α+4
dθ

)

⩽ Cγ3

(∫ p((1,x),(s,y))

0

θ2α

(p ((1, x), (s, y)))2α+4
dθ +

∫ π

p((1,x),(s,y))

θ2α

θ2α+4
dθ

)

⩽ Cγ3
(

1

(p ((1, x), (s, y)))3
− 1

3π2
+

1

3(p ((1, x), (s, y)))3

)
⩽ Cγ3

1

(p ((1, x), (s, y)))3
.

Since, γ
2 ⩽ |1− s| ⩽ p ((1, x), (s, y)) then

γ + p ((1, x), (s, y)) ⩽ 3p ((1, x), (s, y)) .

Then,

Φγ((1, x), (s, y)) ⩽ Cγ3
1

(γ + p ((1, x), (s, y)))2

= Cγ3
(
1 +

p ((1, x), (s, y))

γ

)−3

⩽ C

(
1 +

dα ((1, x), (s, y))

γ

)−3

.

• If γ
2 ⩽ |1− s|, |x− y| > 1 and |1− s| > 1

2 , then

dα((1, x), (s, y)) ⩽ 22α+1 (p ((1, x), (s, y)))
2α+2

.

In fact, we have

1

22α+1

∣∣∣∣∫ s

1

t2α+1dt

∣∣∣∣ ⩽ |1− s||1− s|2α+1 ⩽ (p ((1, x), (s, y)))
2α+2

,

and

|x− y| ⩽ |x− y|2α+2.

Φγ((1, x), (s, y)) ⩽ γ3C

∫ π

0

sin2α θ

(p ((1, x), (s, y)))2α+4
dθ

⩽ γ3C
1

(p ((1, x), (s, y)))2α+4

⩽ γ3C
1

(dα((1, x), (s, y)))
2α+4
2α+2
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= γ3C
1

(dα((1, x), (s, y)))
1+ 1

α+1

⩽ γ3C
1

(r + dα((1, x), (s, y)))
1+ 1

α+1

⩽ γ1+
1

α+1C
1

(γ + dα((1, x), (s, y)))
1+ 1

α+1

= C

(
1 +

dα((1, x), (s, y))

γ

)−1− 1
α+1

• If γ
2 ⩽ |1− s|, |x− y| ⩽ 1 and |1− s| > 1

2 , then

1

22α+1
dα((1, x), (s, y)) ⩽ (p′ ((1, x), (s, y)))

2α+2
.

In fact, we have

1

22α+1

∣∣∣∣∫ s

1

t2α+1dt

∣∣∣∣ ⩽ |1− s||1− s|2α+1 ⩽ |1− s|2α+2,

and

|x− y| ⩽
(
|x− y|

1
2α+2

)2α+2

.

Φγ((1, x), (s, y)) ⩽ γ3C

∫ π

0

sin2α θ

(p′ ((1, x), (s, y)))2α+4
dθ

⩽ γ3C
1

(p ((1, x), (s, y)))2α+4

⩽ γ3C
1

(dα((1, x), (s, y)))
2α+4
2α+2

= γ3C
1

(dα((1, x), (s, y)))
1+ 1

α+1

⩽ γ3C
1

(γ + dα((1, x), (s, y)))
1+ 1

α+1

⩽ γ1+
1

α+1C
1

(γ + dα((1, x), (s, y)))
1+ 1

α+1

= C

(
1 +

dα((1, x), (s, y))

γ

)−1− 1
α+1

• If γ
2 > |1−s| and |x−y| < γ

2 then 1
2 < s < 3

2 and p ((1, x), (s, y)) ∼ dα ((1, x), (s, y)) .

In fact, we have

(
1

2

)2α+1

|1− s| ⩽
∣∣∣∣∫ s

1

t2α+1dt

∣∣∣∣ ⩽ (3

2

)2α+1

|1− s|.
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Then,

(
1

2

)2α+1

p ((1, x), (s, y)) ⩽ dα ((1, x), (s, y)) ⩽

(
3

2

)2α+1

p ((1, x), (s, y)) .

Φγ((1, x), (y, y′)) ⩽ γ3C

(∫ γ

0

sin2α θ

γ2α+4
dθ +

∫ π

γ

sin2α θ

θ2α+4
dθ

)
⩽ γ3C

(∫ γ

0

θ2α

γ2α+4
dθ +

∫ π

γ

θ2α

θ2α+4
dθ

)
⩽ γ3C

(
γ2α+1

γ2α+4
+

∫ π

γ

1

θ4
dθ

)
⩽ C.

Since γ
2 > p ((1, x), (s, y)) then

1 +
p ((1, x), (s, y))

γ
<

3

2
.

Thus,
8

27

(
1 +

p ((1, x), (s, y))

γ

)−3

> 1.

Then

Φγ((1, x), (s, y)) ⩽ C

(
1 +

p ((1, x), (s, y))

r

)−3

⩽ C

(
1 +

dα ((1, x), (s, y))

γ

)−3

• If γ
2 > |1− s| and |x− y| ⩾ γ

2 then, we have

1

2
< s <

3

2
and p ((1, x), (s, y)) ⩽ dα ((1, x), (s, y)) .

Φγ((1, x), (s, y)) ⩽ γ3
1

(p ((1, x), (s, y)))3
.

Since, γ
2 ⩽ p ((1, x), (s, y)) then, we have

γ + p ((1, x), (s, y)) ⩽ 3p ((1, x), (s, y)) .
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Then,

Φγ((1, x), (s, y)) ⩽ Cγ2
1

(γ + p ((1, x), (s, y)))3

= C

(
1 +

p ((1, x), (s, y))

γ

)−3

⩽ C

(
1 +

dα ((1, x), (s, y))

γ

)−3

.

Case 2 γ ⩾ 1: h(1, γ) = γ
1

2α+2 .

Φγ((1, x), (s, y)) = γT(1,x)
(
φ
γ

1
2α+2

)
(−s,−y)

⩽ γ
2α+4
2α+2C

∫ π

0

sin2α θ

(γ
2

2α+2 + (p ((1, x), (s, y)))2 + 2s(1− cos θ))α+2
dθ

• If γ
1

2α+2 ⩽ |1− s| and |x− y| > γ
1

2α+2 , then s ⩾ 2 and

dα((1, x), (s, y))
1

2α+2 ∼ p ((1, x), (s, y)) .

In fact, we have

|1− s|2α+2 ⩽

∣∣∣∣∫ s

1

t2α+1dt

∣∣∣∣
and

|x− y|2α+2 ⩽ |x− y|.

Then,

p ((1, x), (s, y))
2α+2 ⩽ dα((1, x), (s, y)).

We use the fact that f(y) =
y2α+2 − 1

(y − 1)2α+2
is a bounded function in [2,+∞[. Then,

∣∣∣∣∫ s

1

t2α+1dt

∣∣∣∣ ⩽ C|1− s|2α+2 (4.5)

|1− x| ⩽ |1− x|2α+2.

Then,

dα((1, x), (s, y)) ⩽ Cp ((1, x), (s, y))
2α+2

.

Φγ((1, x), (s, y)) ⩽ γ
2α+4
2α+2C

∫ π

0

sin2α θ

(p ((1, x), (s, y)))2α+4
dθ

⩽ γ
2α+4
2α+2C

1

(p ((1, x), (s, y)))2α+4
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⩽ C
1(

dα((1,x),(s,y))
γ

) 2α+4
2α+2

⩽ C

(
1 +

dα((1, x), (s, y))

γ

)−1− 1
α+1

.

• If γ
1

2α+2 ⩽ |1− s| and |x− y| ⩽ γ
1

2α+2 , then s ⩾ 2 and |x− y| ⩽ |1− s|. Using the

Relation (4.5), we get∣∣∣∣∫ s

1

t2α+1dt

∣∣∣∣ ⩽ C|1− s|2α+2 ⩽ Cp ((1, x), (s, y))
2α+2

|x− y| ⩽ |1− s| ⩽ |1− s|2α+2 ⩽ p ((1, x), (s, y))
2α+2

dα((1, x), (s, y))
1

2α+2 ⩽ p ((1, x), (s, y)) .

Thus,

Φγ((1, x), (s, y)) ⩽ C

(
1 +

dα((1, x), (s, y))

γ

)−1− 1
α+1

.

• If γ
1

2α+2 > |1− s| and γ
1

2α+2 > |x− y| , then

dα((1, x), (s, y)) ⩽ 22α+2γ.

In fact,∣∣∣∣∫ s

1

t2α+1dt

∣∣∣∣ ⩽ (γ
1

2α+2 + 1)|1− s| ⩽ (γ
1

2α+2 + 1)γ
1

2α+2 ⩽ (γ
1

2α+2 + 1)γ ⩽ 22α+2γ,

and

|x− y| ⩽ γ
1

2α+2 ⩽ γ

Φγ((1, x), (s, y)) ⩽ γ
2α+4
2α+2C

∫ π

0

sin2α θ

γ
2α+4
2α+2

dθ ⩽ C ⩽ C

(
1 +

dα((1, x), (s, y))

γ

)−3

.

• If γ
1

2α+2 > |1− s| and γ
1

2α+2 ⩽ |x− y| , then

dα((1, x), (s, y)) ⩽ (p((1, x), (s, y)))2α+2.

In fact, we have

|1− s| < |x− y|.

This implies that

p((1, x), (s, y)) = |x− y|∣∣∣∣∫ s

1

t2α+1dt

∣∣∣∣ ⩽ (γ
1

2α+2 + 1)2α+1 ⩽ 22α(γ + 1) ⩽ 22α+1γ ⩽ 22α+1|x− y|2α+2,



318 A. Ghandouri, H. Mejjaoli & S. Omri CUBO
25, 2 (2023)

and

|x− y| < |x− y|2α+2

ϕ̃r((1, x), (s, y)) ⩽ C

(
1 +

dα((1, x), (s, y))

γ

)−1− 1
α+1

.

From (4.4), we get

0 ⩽ Φγ((r, x), (s, y)) ⩽ C

(
1 +

dα((r, x), (s, y))

γ

)−1−β

.

Now, we will prove (iii) of the Proposition 4.7. Assume that for every γ > 0 and (r, x), (s, y), (t, z) ∈
[0,+∞[×R, we have

dα((s, y), (t, z)) ⩽
r + dα((r, x), (s, y))

4C
.

Then for every γ′ > 0, we have

(
1 +

dα((r, x), (t, z))

γ

)−1−γ′

⩽

(
1 +

dα((r, x), (s, y))

γ

)−1−γ′

. (4.6)

Using (ii) and the Relation (4.6) , we have

|Φγ((r, x), (s, y))− Φγ((r, x), (t, z))| ⩽ C

(
dα((s, y), (t, z))

γ

)−1−β

. (4.7)

Finally, using Lemma 4.1 and the Relation (4.8) we have

|Φγ((r, x), (s, y))− Φγ((r, x), (t, z)))| ⩽ C

(
dα((s, y), (t, z))

γ

)β (
1 +

dα((r, x), (s, y))

γ

)−1−2β

.

Proposition 4.8. There exists a constant C > 0 such that for every f ∈ L1(dνα) we have

1

C
∥f∥H1

α
⩽ ∥f∥Hα

atomic
⩽ C∥f∥H1

α
. (4.8)

Proof. It is clear that pt ∈ Z [α]. Using Proposition 4.7, Corollary 1 of [19]. Thus, we have show

that (4.6) holds.
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