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Abstract
Parameter identification problems in partial differential equations (PDEs) consist in deter-
mining one or more unknown functional parameters in a PDE. Here, the Bayesian nonpara-
metric approach to such problems is considered. Focusing on the representative example
of inferring the diffusivity function in an elliptic PDE from noisy observations of the PDE
solution, the performance of Bayesian procedures based on Gaussian process priors is in-
vestigated. Recent asymptotic theoretical guarantees establishing posterior consistency and
convergence rates are reviewed and expanded upon. An implementation of the associ-
ated posterior-based inference is provided, and illustrated via a numerical simulation study
where two different discretisation strategies are devised. The reproducible code is available
at: https://github.com/MattGiord.

Keywords. Inverse problems; Gaussian priors; frequentist consistency; posterior mean;
Markov Chain Monte Carlo

1 Introduction

Partial differential equations (PDEs) are fundamental mathematical tools to model the be-
haviour of complex real-world phenomena, with ubiquitous applications across engineering
and the sciences. The formulation of a PDE typically involves a number of functional pa-
rameters, which are often unknown in applications and not directly accessible to measure-
ments. Employing a PDE model in practice therefore necessitates that the parameters in the
equation be determined beforehand from the available data, giving rise to an inverse prob-
lem of parameter identification. Such problems have been extensively studied in applied
mathematics [13, 26, 24] and, more recently, in statistics [25, 6, 23]. See the monographs
[4, 3, 29] and references therein.

In the present paper, we focus on the following representative example. Many of the ideas
presented hereafter have a natural extension to other classes of PDEs; see [29] for an in-
depth treatment of the subject. Consider a physical quantity undergoing diffusion in an
inhomogeneous multidimensional medium O ⊂ Rd, d ∈ N. At equilibrium, the density
u(x) of the diffusing substance at any location x ∈ O is governed by the second-order
elliptic PDE

∇ · (f∇u) = s, on O
u = b, on ∂O,

(1)
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Figure 1: Left: an example of diffusivity function f with four circular regions of higher
conductivity. Right: n = 1000 noisy observations from the corresponding PDE solution
G(f) at noise level σ = .001 (with constant source s ≡ 1 and homogeneous Dirichlet
boundary conditions b ≡ 0).

where s : O → R describes the spatial distribution of local sources or sinks, g : ∂O → R
prescribes the density values at the boundary, and the diffusivity function f : O → (0,∞)
models spatially-varying conductivity throughout the inhomogeneous domain. Under mild
regularity conditions on s, b, f and ∂O, standard elliptic theory implies existence of a
unique classical classical twice continuously-differentiable solution G(f) ≡ uf ∈ C2(O)
to (1) (e.g. [14, Chapter 6]). Assuming that s and b are known, we are then interested in the
problem of estimating f from n noisy point evaluations of G(f) over a grid of (possibly
random) design points X1, . . . , Xn in O,

Yi = G(f)(Xi) + σWi, i = 1, . . . , n, (2)

where W1, . . . ,Wn are statistical measurement errors and σ > 0 is the noise level. In view
of the central limit theorem, the Gaussian assumption W1, . . . ,Wn

iid∼ N(0, 1) can often
be realistically maintained. The inverse problem of recovering the diffusivity in the elliptic
PDE (1) from observations of its solution is an important building block in oil reservoir
modelling [36], and has been studied in a large number of articles in applied mathematics,
e.g. [31, 27, 7], and statistics, e.g. [6, 11, 9]. An illustration of the problem on the unit-area
disk is given in Figure 1.

While the PDE (1) is linear, the parameter-to-solution map f 7→ G(f) is not, which poses
several methodological and theoretical challenges. In particular, least squares function-
als involving G(f) (here corresponding to the negative log-likelihood, cf. eq. (4)) are
then generally non-convex, so that commonly used optimisation-based methods (such as
Tikhonov regularisation, maximum likelihood or maximum-a-posteriori estimation) can-
not reliably be implemented by standard convex optimisation techniques. In this con-
text, the Bayesian approach to inverse problems, popularised by influential work by Stuart
[32, 12], offers an attractive alternative. In the Bayesian framework, the unknown param-
eter f is regarded as a random variable (with values in a function space) and assigned a
prior probability distribution Π(·) that models the available information about f before
collecting the observations. The prior is then combined, through Bayes’ formula, with



the data {(Yi, Xi)}ni=1 to form the posterior distribution Π(·|{(Yi, Xi)}ni=1), which repre-
sents the updated belief about f and is used to draw the inferential conclusions. As the
posterior formally involves only evaluations of the prior and the likelihood (cf. eq. (7)), ap-
proximate computation of Πn(·|{(Yi, Xi)}ni=1) and its associated posterior mean estimator
f̄n := EΠ[f |{(Yi, Xi)}ni=1] via sampling methods is feasible as long as the forward map
G(·) can be numerically evaluated. For the elliptic PDE (1), this can be done using efficient
PDE solvers based on finite element methods, sidestepping altogether the need for a (possi-
bly non-existent) inversion formula for G(·), as well as the use of optimisation approaches.
In particular, for the class of Gaussian process priors, efficient ad-hoc Markov chain Monte
Carlo (MCMC) algorithms, suited to the present infinite-dimensional setting, have been de-
veloped [9, 10, 5]. Finally, a further decisive advantage of the Bayesian methodology is
that, alongside point estimates, it also automatically delivers uncertainty quantification for
the recovery via the spread of the posterior, used in applications to provide interval-type
estimators and to construct hypothesis tests.

The success and popularity in applications has led to recent interest in the literature for the
derivation of theoretical performance guarantees for nonparametric Bayesian procedures in
PDE models [34, 1, 19, 18, 28, 17, 20, 2]. Indeed, the performance of Bayesian methods
depends on a suitable choice of the prior, which in infinite-dimensional statistical models
primarily serves as a regularisation tool, and whose specification is a delicate task in its own
merit (cf. Section 1.2 in [15]). Thus, the question arises as to whether Bayesian procedures
may provide valid and prior-independent inference, at least in the presence of informative
data. The established paradigm under which such investigation is carried out is the frequen-
tist analysis of Bayesian procedures (cf. [15], and also Section 7.3 in [16]), assuming that
the observations are generated by a fixed ground truth f0 and studying the concentration of
the posterior towards f0 in the large sample size limit.

The present paper is concerned with the performance of Bayesian nonparametric methods
based on Gaussian priors in the elliptic inverse problem (2). In Section , we review and
expand upon recent results of Giordano and Nickl [19], which established posterior consis-
tency and convergence rates for the conditional mean estimator for a large class of Gaussian
process prior. They showed that such procedures provide statistically valid estimation of the
diffusivity f , with explicit estimation error bounds that decay algebraically in the number n
of observations. The class of Gaussian priors considered in [19] includes those associated to
popular covariance kernels (such as the Matérn or squared-exponential kernels), as well as
truncated Gaussian wavelet series expansions. In the present paper, we extend the general
results of [19] to a formulation that allows to naturally deal with high-dimensional Gaus-
sian sieve priors. We then use the general theorem to obtain statistical convergence rates
for truncated Gaussian series priors defined on the eigenbasis of the Dirichlet-Laplacian, a
commonly-used basis of practical interest that offers a convenient and generally applicable
framework for implementation, cf. Section 4.2.

In Section 3.2, we complement the theoretical results with a discussion on implementa-
tion, devising two different discretisation strategies. In the first, we discretise the parameter
space by a high-dimensional linear space of piece-wise linear functions on the elements of
a deterministic triangular mesh. This approach is particularly suited to implementing pro-
cedures with Gaussian priors defined via a covariance kernel. In the numerical experiments
of Section 4.1, we employ the popular Matérn kernel. The second proposed discretisation



Figure 2: Right: The posterior mean estimate f̄n of the diffusivity function f based on
n = 1000 point evaluations of G(f) at noise level σ = .001, computed via MCMC. The
L2-estimation error is ∥f0− f̄n∥2 = .06394. Left: estimate based on n = 200 observations
(with estimation error .1430). Centre: estimate based on n = 300 observations (with
estimation error .1348).

strategy is tailored to applications where a particular set of basis functions is of interest. In
Section 4.2, we employ the eigenbasis of the Dirichlet-Laplacian as a broadly applicable
choice, discretising the parameter space by high-dimensional truncated series expansions.
A numerical simulation study is provided to illustrate the performance of the inferential
procedures under the two discretisation strategies. In our numerical experiments, both ap-
proaches yielded satisfactory results, comparable in terms of reconstruction quality and run-
ning time. The posterior mean estimate (relative to a Matérn process prior), computed via
a Metropolis-Hastings type MCMC algorithm, is shown in Figure 2 for increasing sample
sizes, to be compared to the true diffusion coefficient pictured in Figure 1. The MATLAB
code used for the study is available at: https://github.com/MattGiord.

2 Likelihood, prior and posterior

Throughout, O ⊂ Rd, d ∈ N, is a given nonempty, open, convex and bounded set with
smooth boundary ∂O. For the observation model (2), with G(f) the solution to the PDE
(1), and for fixed constants α > 1 + d/2 and fmin > 0, we take as parameter space

Fα,fmin

:=

{
f ∈ Hα(O) : inf

x∈O
f(x) ≥ fmin, f|∂O ≡ 1,

∂jf

∂νj
≡ 0 for 1 ≤ j ≤ α− 1

}
,

(3)

with Hα(O) the usual Sobolev space (of regularity α) and ν(x), x ∈ ∂O, the unit normal
vector. Assuming that the source term s in (1) is fixed and smooth, and taking (without loss
of generality) homogeneous Dirichlet boundary conditions b ≡ 0, the Schauder theory for
elliptic PDEs (e.g. Theorem 6.14 in [14]) implies that for each f ∈ Fα,fmin there exists a
unique classical solutionG(f) ∈ C(O)∩C1+α(O) to the elliptic PDE (1). We then assume
data {(Yi, Xi)}ni=1 arising as in eq. (2) for some unknown f ∈ Fα,fmin , with independent and
identically distributed (i.i.d.) random design variables X1, . . . , Xn following the uniform
distribution on O. Throughout, we regard the noise level σ > 0 in (2) as fixed and known;
in practical applications it may often be replaced by an estimate (e.g. the sample variance).
In view of the i.i.d. standard normal assumption on the noise variables W1, . . . ,Wn in (2),
the random vectors {(Yi, Xi)}ni=1 ∼ P

(n)
f have joint probability density function in product
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form,

p
(n)
f ({(xi, yi)}ni=1) =

1

(2πσ2)n/2
e−

∑n
i=1[yi−G(f)(xi)]

2/(2σ2), yi ∈ R, xi ∈ O.

Accordingly, the log-likelihood is seen to be equal to, up to an additive constant, the nega-
tive least-square functional

ln(f) := − 1

2σ2

n∑
i=1

[Yi −G(f)(Xi)]
2, f ∈ Fα,fmin . (4)

In a recent paper by Giordano and Nickl [19], posterior consistency and convergence rates
for the conditional mean estimator have been established for nonparametric Bayesian proce-
dures based on a large class of Gaussian process priors. To incorporate the shape constraints
in the parameter space Fα,fmin , [19] employed the parametrisation

f ≡ Φ ◦ F, (5)

where F ∈ Hα
0 (O) (the completion of C∞

c (O) with respect to ∥ · ∥Hα) and Φ : R →
[fmin,∞) is a regular link function, that is a smooth, strictly increasing and bijective func-
tion with bounded derivatives and such that Φ(0) = 1 (cf. Condition 1 in [19]). An example
of regular link function is provided in Example 24 of [19]. In practice, the exponential link
Φ(·) = exp(·) is often used. In the following, we occasionally switch between the notation
f and F , implicitly making use of the relation (5).

Under the parametrisation (5), placing a prior probability distribution Π(·) on F induces a
(push-forward) prior on f , which, in slight abuse of notation, we still denote by Π(·). Fol-
lowing [19], we consider scaled Gaussian priors, constructed starting from a base (possibly
n-dependent) centred Gaussian Borel probability measure ΠWn , which we assume to be
supported on a measurable linear subspace of the Hölder space Cβ(O), for some β ≥ 1,
and to have reproducing Kernel Hilbert space (RKHS) HWn continuously embedded into
Hα

0 (O). See Chapter 2 in [16] for background and terminology on Gaussian processes and
measures. Given ΠWn , we then construct the scaled prior Πn(·) as the law of the random
function

V (x) :=
W (x)

nd/(4α+4+2d)
, x ∈ O, W ∼ ΠWn . (6)

By linearity, Πn(·) also defines a centred Gaussian Borel probability measure with the same
support as ΠWn ; however, as discusses in [19], the scaling enforces additional regularisation
used in the theoretical analysis to deal with the non-linearity of the inverse problem.

Given prior Πn(·) as above, the joint measurability of the map (F, (y, x)) 7→ p
(1)
ϕ◦F (y, x)

implies that, by Bayes’ formula (p.7, [15]), the posterior distribution Πn(·|{(Yi, Xi)}ni=1)
of F |{(Yi, Xi)}ni=1 arising from data in model (2) equals

Πn(B|{(Yi, Xi)}ni=1) =

∫
B e

ln(Φ◦F )dΠn(F )∫
C(O) e

ln(Φ◦F ′)dΠn(F ′)
, B ⊆ C(O) measurable, (7)

with ln(·) the log-likelihood in (4).



3 Statistical convergence rates

3.1 A general posterior consistency result

We study the asymptotic concentration of the posterior distribution Πn(·|{(Yi, Xi)}ni=1)
in (7) around the ground truth diffusivity function f0 = Φ ◦ F0, assuming that the data
{(Yi, Xi)}ni=1 ∼ P

(n)
f0

have been generated according to the observation model (2) with
f = f0. The following theorem is a slightly extended reformulation of the main results in
[19]. The expanded statement allows to conveniently include in the analysis general sieve-
type Gaussian priors, cf. Example 3. The proof follows through largely unchanged from
[19], in fact arguing similar to Section 3.2 in [19], and is therefore omitted for conciseness.

Theorem 1. For fixed integer α > β + d/2, with β ≥ 1, consider the scaled prior Πn in
(6), where ΠWn is a centred Gaussian Borel probability measure supported on a measurable
linear subspace of Cβ(O), with RKHS HWn ⊂ Hα

0 (O) satisfying, for some constant c > 0
(independent of n),

∥F∥Hα ≤ c∥F∥HWn
, ∀F ∈ HWn .

Further assume that
sup
n∈N

EΠWn∥F∥C1 <∞.

For fixed F0 ∈ Hα
0 (O), suppose that there exists a sequence F0,n ∈ HWn such that, as

n→ ∞,

∥F0 − F0,n∥(H1)∗ = O(n−
α+1

2α+2+d ); max{∥F0,n∥C1 , ∥F0,n∥HWn
} = O(1).

Then, there exists L > 0 large enough such that, as n→ ∞,

Πn

(
f : ∥G(f)−G(f0)∥L2 > Ln−

α+1
2α+2+d

∣∣∣{(Yi, Xi)}ni=1

)
→ 0, (8)

in P (∞)
f0

-probability as n→ ∞. If in addition β ≥ 2 and infx∈O s(x)> 0, then there exists
L > 0 large enough and a constant λ > 0 such that

Πn(f : ∥f − f0∥L2 > Ln−λ|{(Yi, Xi)}ni=1) → 0, (9)

in P (∞)
f0

-probability as n → ∞, and moreover the estimator f̄n = Φ ◦ F̄n, with F̄n =

EΠn [F |{(Yi, Xi)}ni=1], satisfies as n→ ∞,

P
(n)
f0

(
∥f̄n − f0∥L2 > n−λ

)
→ 0. (10)

The first statement (eq. (8)) of Theorem 1 establishes posterior consistency in prediction
risk: the induced posterior on the PDE solution G(f), f ∼ Πn(·|{(Yi, Xi)}ni=1), concen-
trates around the true PDE solution G(f0) in L2-distance at rate n−(α+1)/(2α+2+d). Since
such rate is known to be minimax optimal [30, Theorem 10], the procedure is seen to opti-
mally solve the PDE-constrained regression problem of recovering G(f0) in prediction risk
from data {(Yi, Xi)}ni=1.

The second statement shows that the posterior contracts around f0 also in the standard L2-
risk, thereby solving the inverse problem of estimating the diffusivity. It follows combining



(8) with the regularisation properties implied by the rescaling in the prior construction (6)
and a suitable stability estimate for G−1. The latter was proved in [30, Lemma 24], and
requires the slightly stronger assumption on β and the strict positivity of the source s. The
exponent λ > 0 is explicitly computed in [19] and equals λ = (α + 1)(β − 1)/(2α + 2 +
d)(β+1). Note that λ < (α+1)/(2α+2+d). While minimax optimal rates for estimating
the diffusivity f in model (2) are currently unknown, inspection of the proofs in [19] shows
that when f0 ∈ C∞(O), then the prior can be tuned so to attain a rate as closed as desired
to the parametric rate n−1/2.

The last statement of Theorem 1 entails that the ‘posterior mean’ estimator f̄n converges
towards f0 in L2-risk at the same rate n−λ attained by the whole posterior distribution. It
is indeed a corollary of (9), following from uniform integrability arguments for Gaussian
measures and the Lipschitzianity of the composition with the link function Φ, cf. Section 3
in [19].

3.2 Examples of Gaussian priors

We now provide two concrete instances of Gaussian priors to which Theorem 1 applies. For
both examples, an implementation of the associated posterior-based inference is provided
in Section 3.2 below. We will maintain the assumption that f0 = Φ ◦ F0 for some F0 ∈
Hα(O) supported inside a given compact subset K ⊂ O. This correspond to the common
assumption that f0 is known near the boundary ∂O (specifically f0 ≡ 1 on O\K).

Example 2 (Example 25 in [19], Matérn covariance kernel). Consider a Matérn process
W = {W (x), x ∈ O} on O with regularity α− d/2, that is a centred stationary Gaussian
process with covariance kernel

C(x, y) =
21−α

Γ(α)

(
|x− y|

√
2α

ℓ

)α

Bα

(
|x− y|

√
2α

ℓ

)
, ℓ > 0, (11)

where Γ denotes the gamma function and Bα is the modified Bessel function of the second
kind. Fix any smooth cut-off function χ ∈ C∞

c (O) such that χ = 1 on K. It can then be
shown (cf. Example 25 in [19]) that the law ΠW of χW defines a centred Gaussian Borel
probability measure supported on the separable linear subspace Cβ′

(O) of Cβ(O) for any
β < β′ < α − d/2. Furthermore, its RKHS is given by HW = {χF, F ∈ Hα(O)} ⊂
Hα

0 (O), with RKHS norm satisfying

∥χF∥Hα ≲ ∥χF∥HW
, ∀F ∈ Hα(O).

For ground truths F0 ∈ Hα(O) compactly supported inside K, we have χF = F , so
that F ∈ HW . We conclude that Theorem 1 applies for a base Matérn process prior
ΠWn := ΠW , choosing the trivial approximating sequence F0,n := F0 for all n ∈ N.

Next, we consider high-dimensional Gaussian sieve priors obtained via truncating Karhunen-
Loève-type random series expansions, a frequently used approach in computation, e.g. [12,
21]. Section 2.2.2 in [19] studied truncated Gaussian wavelet series priors, and we here
provide an extension, via Theorem 1, to expansions on the Dirichlet-Laplacian eigenbasis.
Such constructions corresponds to commonly used Gaussian process priors with covariance
kernel given by an inverse power of the Laplacian, e.g. [32, Section 2.4]. The eigenbasis



can be numerically computed via efficient finite element methods for elliptic eigenvalue
problems, offering a broadly applicable framework for implementation on general domains
O. Details on computation and a numerical simulation study are provided in Section 4.2.

Example 3 (Dirichlet-Laplacian eigenbasis). Let {ej , j ≥ 0} ⊂ H1
0 (O) ∩ C∞(O) be

the orthonormal basis of L2(O) formed by the eigenfunctions of the (negative) Dirichlet-
Laplacian:

−∆ej − λjej = 0, on O
ej = 0, on ∂O,

j ≥ 0, (12)

with associated eigenvalues 0 < λ0 < λ1 ≤ λ2 ≤ . . . , satisfying λj → ∞ as j → ∞
according to Weyl’s asymptotics: λj = O(j2/d) as j → ∞. See Example 6.3 and Section
7.4 in [22] for details. Define the Hilbert scale

Hs :=

{
w ∈ L2(O) : ∥w∥2Hs :=

∞∑
j=0

λsj |⟨w, ej⟩2|2 <∞

}
, s ≥ 0.

We then have H0 = L2(O) (with equality of norms), H1 = H1
0 (O) (with equivalence

of norms), H2 = H1
0 (O) ∩ H2(O), and the continuous embedding Hs ⊂ Hs(O) for all

s ≥ 0 (holding generally with strict inclusion), cf. p.472f. in [33]. In fact, it holds that
∥w∥Hs ≃ ∥w∥Hs for all w ∈ Hs and s ≥ 0 (proved initially for s = 2, then extended
by induction to all larger integers, and finally by interpolation to all positive reals), and
if F ∈ Hs(O) is compactly supported within O, then F ∈ Hs. Finally, defining H−1 :=
(H1)∗ = (H1

0 (O))∗, we have the equivalence (cf. eq. (A15) in [33])

∥w∥2(H1
0 )

∗ ≃ ∥w∥2H−1 ≡
∞∑
j=0

λ−1
j |⟨w, ej⟩2|2. (13)

Now for fixed J ∈ N, the Gaussian random sum

W J :=
∑
j≤J

λ
−α/2
j Wjej , Wj

iid∼ N(0, 1),

defines a centred Gaussian Borel probability measure supported on (and with RKHS equal
to) the finite-dimensional space HWJ

:= span{ej , j ≤ J}, with RKHS norm

∥w̄∥2HWJ

=
∑
j≤J

λαj w
2
j = ∥w̄∥2Hα ≃ ∥w̄∥2Hα , ∀w ∈W J .

Fix any smooth cut-off function χ ∈ C∞
c (O) such that χ = 1 on K, and consider the

random function

Wn := χWJn = χ
∑
j≤Jn

λ
−α/2
j Wjej , Wj

iid∼ N(0, 1), (14)

where Jn ∈ N is such that Jn ≃ nd/(2α+2+d). By linearity and boundedness of multipli-
cation by χ, the law ΠWn of Wn defines, according to Exercises 2.6.5 in [16], a centred



Gaussian prior supported on (and with RKHS equal to)

HWn = span{χej , j ≤ Jn} ⊂ C∞
c (O) ⊂

∞⋂
s=0

Hs
0(O) ∩

∞⋂
s=0

Hs,

with RKHS norm satisfying, with multiplicative constant independent of n,

∥χw̄∥HWn
≤ ∥w̄∥HWJn

≃ ∥w̄∥Hα , ∀w̄ ∈ HWJn
.

Arguing as in Example 25 in [19], one further shows that for some constant c > 0 (inde-
pendent of n),

∥w∥Hα ≤ c∥w∥HWn
, ∀w ∈ HWn .

Finally, by a Sobolev embedding and the above inequality,

EΠWn∥F∥2C1 ≲ EΠWn∥F∥2Hα ≤ cEΠWn∥F∥2HWn
≤ E

∑
j≤Jn

λ−α
j W 2

j

 ,
which is uniformly bounded in n recalling that Wi

iid∼ N(0, 1) and the fact that by Weyl’s
asymptotics λ−α

j = O(j−2α/d) with α > 1+d/2. This shows that the sequence of base pri-
ors ΠWn satisfies the first two assumptions of Theorem 1. For ground truths F0 ∈ Hα(O)
compactly supported insideK, we have F0 ∈ Hα. Construct the finite-dimensional approx-
imations

F0,n =
∑
j≤Jn

⟨F0, ej⟩2χej ∈ HWn , n ∈ N. (15)

Then for all n ∈ N,

∥F0,n∥HWn
≤

∥∥∥∥∥∥
∑
j≤Jn

⟨F0, ej⟩2ej

∥∥∥∥∥∥
HWJn

=

∥∥∥∥∥∥
∑
j≤Jn

⟨F0, ej⟩2ej

∥∥∥∥∥∥
Hα

≤ ∥F0∥Hα ≃ ∥F0∥Hα <∞.

By a Sobolev embedding, we similarly have ∥F0,n∥C1 ≤ ∥F0∥Hα < ∞ for all n ∈ N.
Furthermore, since both F0 and F0,n have compact support within O,

∥F0 − F0,n∥(H1)∗ = sup
H∈H1(O)

∫
O
(F0(x)− F0,n(x))H(x)dx

= sup
H∈H1

0 (O)

∫
O
(F0(x)− F0,n(x))H(x)dx

= ∥F0 − F0,n∥(H1
0 )

∗ ,



Figure 3: Left to right, top to bottom: deterministic triangular mesh with M = 1981 nodes;
samples from a Matérn process prior with smoothness parameter α = 5 and decreasing
length parameter ℓ = .25, .1, .05 respectively.

and recalling (13), Weyl’s asymptotics, and the choice of Jn,

∥F0 − F0,n∥2(H1)∗ =
∑
j>Jn

λ
−(1+α)
j λαj |⟨F0, ej⟩2|2

≤ λ
−(1+α)
Jn

∥F0∥2Hα ≲ (Jn)
−2(1+α)/d ≃ n−2(α+1)/(2α+2+d).

We conclude that Theorem 1 applies with the sequence of base Gaussian sieve priors in
(14), choosing the approximations F0,n according to (15).

4 Implementation of the algorithms

4.1 Discretisation via piecewise linear functions

We take the unit-area disk O = {(x, y) ∈ R2 : x2 + y2 ≤ 1/π} as the working domain,
and assume we are given n noisy point evaluations of the PDE solution as in (2) over a grid
of design points uniformly drawn at random on O.

Following the parametrisation described in Section , we incorporate the positivity constraint
on the diffusion coefficient f by modelling f as the composition f = Φ◦F , for F : O → R



and where Φ : R → (0,∞) is a fixed bijective smooth link function. Throughout this
section, we use the link Φ(·) = fmin + exp(·), with fmin = 1. We then discretise the
parameter space by assuming that F is given by the finite sum

F =

M∑
m=1

Fmψm, Fm ∈ R, M ∈ N, (16)

where {ψ1, . . . , ψM} are piecewise linear functions on a deterministic triangular mesh with
nodes {z1, . . . , zM} ⊂ O (displayed in Figure 3), uniquely characterised by the relation
ψm(zm′) = 1{m=m′}. Accordingly, F in (16) satisfies F (zm) = Fm, and for any x ∈ O the
value F (x) is obtained by linear interpolation over the pairs {(zm, Fm), m = 1, . . . ,M}.

We assign to F a centred Gaussian process prior Π(·), which can readily be implemented
under the above discretisation scheme. In particular, if C(x, y), x, y ∈ O, is the covari-
ance kernel of Π(·), a sample F ∼ Π(·) is drawn in practice by sampling the vector of
coefficients F := [F1, . . . , FM ] in (16) from the multivariate Gaussian distribution on RM ,

F ∼ N(0,C), C = [Cmm′ ]Mm,m′=1, Cmm′ = C(zm, z
′
m).

Specifically, we consider the Matérn process prior, shown in Example 2 to yield asymp-
totically consistent posterior distributions according to Theorem 1. The Matérn covariance
kernel is given in eq. (11); the hyperparameter α > 0 controls the Sobolev regularity of the
sample paths, while ℓ > 0 determines the characteristic length-scale (cfr. Figure 3).

While the prior is Gaussian, the nonlinearity of the map f 7→ G(f) implies that the poste-
rior distribution is generally non-Gaussian and not available in closed form. For Gaussian
priors, specific MCMC algorithms have been developed to (approximately) sample from the
posterior distribution, including the preconditioned Crank-Nicholson (pCN) method [9]. In
the present setting, the pCN algorithm generates a Markov chain (ϑh)h≥1 with invariant
measure equal to the posterior distribution of F |{(Yi, Xi)}ni=1, starting from an initialisa-
tion point ϑ0 and then, for h ≥ 0, repeating the following steps:

1. Draw a prior sample ξ ∼ Π(·) and for δ > 0 define the proposal p :=
√
1− 2δϑh +√

2δξ;

2. Set

ϑh+1 :=

{
p, with probability 1 ∧ eln(Φ◦p)−ln(Φ◦ϑh),

ϑh, otherwise,

where ln is the log-likelihood function in (4).

For each iteration, step 2. requires the evaluation of the log-likelihood ln(Φ ◦ p), which
in turn entails the numerical evaluation of the PDE solution G(Φ ◦ p) at the design points
{X1, . . . , XN}, performed in practice using Matlab PDE Toolbox (which also provides an
implementation of the triangular mesh for the discretisation of the parameter space). Prior
samples ξ ∼ Π(·) required in step 1. are drawn as described above.

The algorithm is terminated after H steps, returning approximate samples {ϑh, h = 0, . . . ,
H} from the posterior distribution of F |{(Yi, Xi)}ni=1. Under certain assumptions on the
forward map that are compatible with the present setting, Hairer, Stuart and Vollmer [21]



Figure 4: Left: acceptance rate over H = 10000 pCN samples. The rate stabilises around
27% after the initial burn-in time (first 2000 iterates). Right: in blue, the log-likelihood
ln(Φ ◦ ϑh) of the first 3500 iterates; in red, the log-likelihood ln(f0) of the true diffusion
coefficient f0.

n 100 200 300 500 1000
∥f̄n − f0∥2 .1808 .1430 .1348 .08257 .06394

Table 1: L2-estimation errors for increasing sample sizes.

derived dimension-free spectral gaps which imply rapid convergence towards the invariant
measure. As a consequence, the posterior mean F̄n = EΠ[F |{(Yi, Xi)}ni=1] can be reliably
computed numerically by the MCMC average

ϑ̄ =
1

H + 1

H∑
h=0

ϑh, (17)

with non-asymptotic bounds for the numerical approximation error. Posterior credible sets
can likewise be reliably computed by considering the empirical quantiles of the pCN sam-
ples.

Figure 1 (right) shows n = 1000 noisy discrete observations of the PDE solution corre-
sponding to the true diffusion coefficient

f0(x, y) = e−(10x−2.5)2−(10y−2.5)2 + e−(10x−2.5)2−(10y−2.5)2

+ e−(10x+2.5)2−(10y+2.5)2 + e−(10x+2.5)2−(10y−2.5)2
(18)

(shown above in Figure 1, left). The source function was taken to be constant s(x, y) =
1, x, y ∈ O. The noise standard deviation was set to σ = .001. The posterior mean
estimate f̄n = Φ ◦ F̄n, computed via the pCN algorithm (with H = 10000 iterations), is
shown in Figure 2 (right), to be compared to the true diffusion coefficient pictured in Figure
1, left. The parameter space was discretised using a mesh with M = 1981 nodes, and the
hyperparameter for the Matérn process prior were set to α = 10 and ℓ = .125. The step-
size δ for the pCN algorithm was set to δ = .00125, tuned so that after the initial burn-in
time (here seen to roughly correspond to the first 2000 iterates), the acceptance rate of new



Figure 5: Left to right: the first two eigenfunctions e0, e1, and the eigenfunction eJ corre-
sponding to the largest eigenvalue λJ in the prescribed range [0, λmax].

proposals stabilises just below 30%; see Figure 4 (left). A non-informative initialisation
point ϑ0 ≡ 0 for the pCN algorithm was chosen. The computation time was 1185 seconds
(approximately 20 minutes) on a 2020 M1 MacBook Pro 13 running MATLAB 2023a.
Figure 4 (right) shows the log-likelihood ln(Φ ◦ ϑh) along the first 3500 pCN iterates, seen
to rapidly increase towards, and then stabilise around, the log-likelihood ln(f0) attained by
the true diffusion coefficient f0.

Figure 2 (left), shows the posterior mean estimate obtained with n = 200 observations,
while Figure 2 (centre) shows the estimate with n = 300. Table 1 shows the decaying L2-
estimation error for increasing sample sizes n = 100, 200, 300, 500, 1000. For each of the
experiments, the posterior mean was computed through 10000 pCN samples, discarding the
first 1000 as burnin. All the pCN chains were started at the non-informative initialisation
ϑ0 ≡ 0. The same discretisation of F based on a triangular mesh withM = 1981 nodes was
used, and in each case the hyperparameters for the Matérn process prior were set to α = 10
and ℓ = .125. The only specific tuning regarded the pCN step size δ, set respectively to
δ = .005, .0045, .0035, .002, .00125, in order to have comparable final acceptance ratios
(between 30% and 40%) after the initial burnin.

4.2 Discretisation via truncated series expansions

Taking again the unit-area disk O as the working domain, assuming n observations from (2)
with design points drawn uniformly at random, and recalling the parametrisation f = Φ◦F
employed in Section 4.1, we discretise the parameter space by modelling F as the finite
basis expansion

F =
J∑

j=1

Fjψj , Fj ∈ R, J ∈ N, (19)

where {ej , j ≥ 1} is the collection of eigenfunctions of the Dirichlet-Laplacian on O, with
associated eigenvalues {λj , j ≥ 1}; see Example 3 for details. For the special case of O
being the unit-area disk, the eigenpairs are known explicitly [8], and are implemented in
MATLAB within the Chebfun package [35]. On the other hand, we remark that the present
discretisation approach is readily applicable to general domains O, by computing numer-
ically the Dirichlet-Laplacian eigenpairs via standard elliptic PDE solvers. For example,
MATLAB PDE toolbox allows to specify a maximal range [0, λmax] for the eigenvalues, and
then solves the eigenvalue problem (12) via finite element methods, returning (numerical



Figure 6: Dirichlet-Laplacian eigenvalues λj in the range [0, λmax].

approximations of) the eigenvalues in the prescribed range and the corresponding eigen-
functions. Figure 5 shows the first, second and J th eigenfunction returned by the numerical
solver. The range of search was set to [0, λmax] = [0, 1000], for which J = 69 eigenvalues
were found. The numerical eigenvalues are plotted in Figure 6, showing a linear growth in
accordance to Weyl’s asymptotics.

Under the discretisation (19), the truncated Gaussian series prior Π(·) considered in Exam-
ple 3 is implemented in practice sampling the vector of coefficients F := [F1, . . . , FJ ] in
(19) from

F ∼ N(0,C), C := diag(λ−α
1 , . . . , λ−α

J ). (20)

Posterior inference with such truncated Gaussian series prior Π(·) is then implemented via
the pCN algorithm described Section 4.1: at each step, definition of the pCN proposal p in
step 1. requires sampling ξ ∼ Π(·), done in practice according to eq. (20). Computation
of the acceptance probability in step 2. requires evaluation of the log-likelihood ln(Φ ◦ p),
computed via (4) and the numerical evaluation of the PDE solution G(Φ ◦ p) through a
numerical elliptic PDE solver.

For the ground truth f0 in eq. (18), Figure 7 shows the posterior mean estimate f̄n = Φ◦ F̄n

based on n = 1000 observations from model (2) with f = f0. The source function was
set to s ≡ 1 and the noise level to σ = .001. The obtained L2-estimation error was
∥f̄n − f0∥L2 = .0697. For this experiment, the exponential link Φ(·) = exp(·) was used.
The parameter space was discretised using J = 69 basis functions. The prior regularity
parameter in eq. (20) was set to α = .625. The estimate F̄n was numerically evaluated
via an ergodic average as in eq. (17) over H = 10000 pCN iterates, discarding the first
1000 as burn-in. The step-size for the pCN algorithm was set to δ = .0001, resulting in a
stabilisation of the acceptance rate around 40% after the burnin. A non-informative pCN
initialiser ϑ0 ≡ 0 was chosen. The computation time was 598.593 seconds (approximately
10 minutes) on a 2020 M1 MacBook Pro 13 running MATLAB 2023a.
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Figure 7: The posterior mean estimate f̄n of the diffusivity function f based on n = 1000
observations of G(f) at noise level σ = .001, computed via MCMC. The parameter space
was discretised via the Dirichlet-Laplacian eigenbasis, cf. (19). The L2-estimation error is
∥f0 − f̄n∥2 = .0697.
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