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Abstract

This thesis considers the problem of binary matrix completion with side information
in the online setting and the applications thereof. The side information provides ad-
ditional information on the rows and columns and can yield improved results com-
pared to when such information is not available. We present efficient and general
algorithms in transductive and inductive models. The performance guarantees that
we prove are with respect to the matrix complexity measures of the max-norm and
the margin complexity. We apply our bounds to the hypothesis class of biclustered
matrices. Such matrices can be permuted through the rows and columns into ho-
mogeneous latent blocks. This class is a natural choice for our problem since the
margin complexity and max-norm of these matrices have an upper bound that is
easy to interpret in terms of the latent dimensions. We also apply our algorithms
to a novel online multitask setting with RKHS hypothesis classes. In this setting,
each task is partitioned in a sequence of segments, where a hypothesis is associated
with each segment. Our algorithms are designed to exploit the scenario where the
number of associated hypotheses is much smaller than the number of segments. We
prove performance guarantees that hold for any segmentation of the tasks and any
association of hypotheses to the segments. In the single-task setting, this is analo-
gous to switching with long-term memory in the sense of [Bousquet and Warmuth;

2003].



Impact Statement

Matrix completion is a mathematical problem that has applications ranging from
e-commerce to computer vision. Its most notable application area is possibly that
of recommendation systems, popularized by the Netflix challenge. As the demand
for such applications rise, it is natural that algorithms become increasingly better
adapted to the different needs for each application. In this thesis, we cater for one
such need; we develop online algorithms which are particularly suited for the case
where additional information is given about the rows and the columns of the ma-
trix. There are direct applications for the problem that we solve, such as movie
recommendation systems where we have user demographics and movie metadata.

However, we also identify another less evident application: multitask learning
with memory. This setting is applicable when multiple learning agents collaborate
in changing but recurring environments. Examples include drones working together
to identify environmental waste, and servers attempting to identify suspicious activ-
ity in networks. Aside from having useful applications, the setting is novel which
could spark further ideas in the research community.

Regardless of the exact application, the algorithms and bounds that we develop
are contributions to the field of theoretical machine learning. With the rise of ma-
chine learning and its ubiquity in many domains, a good theoretical understanding
remains important to avoid any pitfalls. For instance, our algorithm cannot fare too
badly, even when presented with adversarial data. This characteristic makes the

algorithm more robust against adversarial attacks.
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Chapter

Introduction

The matrix completion problem arises in numerous application areas, including the
well-known “Netflix challenge” [1] and more generally, collaborative filtering [2].
Crudely speaking, the aim is to recover the missing entries of a given matrix. When
applied to the Netflix challenge, the rows of the matrix represent the users of the
platform while the columns represent the movies that can be recommended to these
users. Each entry of the matrix would then be a numerical value which indicates
whether the corresponding user likes the movie. The value could be continuous
or categorical, commensurate with the strength of preference, or it could be binary,
where a ‘1’ encodes a positive response and a ‘0’ indicates a negative response. This
problem is not fully defined in the absence of further constraints. In collaborative
filtering, it is further assumed that the matrix is of low rank, which assumes clusters
of similar users and movies. Since the rank is non-convex, the nuclear or trace norm
is often used as a convex proxy for the rank. However, the use of the max norm as a
proxy has also been gaining traction [3] and in this thesis, we have bounds in terms

of the margin complexity and the max norm.

As for many learning tasks, we can formulate both batch and online learning
variants of this problem. In the batch setting, all the known entries are accessible
to the learner from the onset, and the task is to predict all the missing entries. The
online learning setting instead proceeds in trials, where on each trial, only a single

matrix entry is considered. For this entry, the learner gives a prediction, receives
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feedback and then incurs a loss. In this thesis, we will focus on the online variant
of the problem.

In many situations, we may have access to additional information on the rows
and columns, the side information. Reverting back to the Netflix example, this infor-
mation could be derived from demographic data from the users and movie metadata.
The side information is hoped to aid the learner, resulting in improved performance
guarantees. We consider side information with kernel functions which output the
similarity between the users (or equivalently the movies). These functions could be

derived from graph Laplacians, or be standard kernels such as the Gaussian kernel.

1.1 Problem Statement

The general problem that we consider is binary matrix completion with side infor-
mation in the online setting. First we introduce the setting without side information.

Oneachtrialt=1,...,T:
1. the learner is queried by the environment to predict matrix entry (i, j;)
2. the learner predicts a label y; € {—1, 1}
3. the learner receives a label y, € {—1, 1} from the environment and
4. a mistake is incurred if y, # ;.

The aim is to minimize the number of mistakes. With the introduction of side infor-
mation, the learner not only receives the entry (i, j,) at each trial but also additional
information on the rows and columns. We consider both transductive and inductive
models. In the former model, we are given the side information of all the rows and
columns completely in advance as a pair of positive definite matrices. One of these
informs the similarity between the rows, and the other for the columns. The limi-
tation with this model is that we cannot introduce new rows or columns during the
learning process. The inductive model bypasses this limitation by only giving two
kernel functions in advance, which again inform the similarity between the rows and

the columns respectively. As learning proceeds, we are asked to predict elements
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from the domains of the row and column kernel functions. The mapping of the do-
main of the kernel functions to the rows and columns of the matrix is thus created
on the go. When the domains of the kernel functions are infinite-dimensional, there
are no restrictions on the number of rows and columns.

We will consider two forms of performance guarantees. The first is an upper
bound on the number of mistakes as a function of a comparator matrix U € R"™",
under the assumption that sign(U;,;,) = y, for all + € [T]. This assumption is also
denoted the realizability assumption, and is violated for instance when the received
labels y, are noisy and hence do not exactly correspond to the entries in U. The
second is an upper bound on the expected c-regret, Z,T:1 Ely, # ] —c(U) Zthl [y #
U,,;,1, where the expectation is with respect to the learner’s internal randomization.
Contrary to the mistake bound, such a guarantee is indicative of a robustness to
noise. As is standard in online learning, the guarantees that we provide do not
require probabilistic assumptions on how the environment generates the instances
or their labels; in fact this process may even be adversarial. The only restriction on
the environment for the regret bound to hold is that the label y, cannot depend on
the learner’s prediction y,. In the case of the mistake bound, this requirement is not
even necessary.

In this thesis, we consider variants of the matrix exponentiated gradient (MEG)
algorithm [4] and the matrix gradient descent (MGD) algorithm [5, 6]. In particular,
we will present efficient, polynomial-time algorithms that perform online matrix
completion with side information in both transductive and inductive models, and
provide meaningful performance guarantees. The MEG-based algorithms offer su-
perior performance guarantees at the expense of a higher run-time. We also discuss
the applications on matrices with a latent block structure and online multitask learn-
ing with long-term memory. The contents of the thesis are based on the following

publications:

1. Mark Herbster, Stephen Pasteris, and Lisa Tse. Online matrix completion

with side information. Neural Information Processing Systems, (33), 2020

2. Mark Herbster, Stephen Pasteris, and Lisa Tse. Online multitask learning
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with long-term memory. Neural Information Processing Systems, (33), 2020

1.2 Thesis Structure

Chapter 2: Background

This chapter includes short introductions and brief literature reviews on the key
areas of the thesis. Since all the algorithms presented in the thesis consider the
online setting, we introduce the general field of online learning along with some
representative works. We also review other works that perform matrix completion
in the online setting. Finally, we discuss matrix completion algorithms in the batch

setting, as this setting has an extensive body of work that consider side information.

Chapter 3: General Algorithms and Bounds

In Chapter 3, we give our base transductive and inductive algorithms for online
binary matrix completion with side information. We prove regret bounds, in ad-
dition to mistake bounds for a MEG-based algorithm and a MGD-based algorithm
in Theorems 1 and 4 respectively. The MEG-based algorithm has improved mis-
take bounds at the expense of a higher time complexity. We also prove that the
transductive and inductive algorithms are prediction-equivalent, so that the bounds
for the transductive algorithms hold for their inductive counterparts. The bounds
hold for general comparator matrices and are written in terms of the max-norm and
margin complexity. The chapter presents the results in [7] with the minor modifica-
tion that the chapter gives performance guarantees for real-valued instead of binary
comparator matrices. This is useful in the application of the Gaussian kernel on
biclustered matrices (Section 4.5.2) and the analysis in the main theorem of Chap-
ter 5. While most of the chapter is written in collaboration with Mark Herbster and

Stephen Pasteris, Sections 3.2.2 and 3.4 are my own work.

Chapter 4: Latent Block Structure

In Chapter 4, we give an interpretation of the bounds for the hypothesis class of bi-
clustered matrices in Theorem 57. These matrices have a latent block structure and

we consider various forms of side information, such as graph side information in the
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transductive setting and vectors in R in the inductive setting. The chapter is based
on the contents of [7], which is written in collaboration with Mark Herbster and
Stephen Pasteris. Sections 4.5.2, 4.5.3 and 4.6.2 are extensions to the publication

and my own work.

Chapter 5: Online Multitask Learning with Long-Term Memory

In Chapter 5, we apply our inductive algorithm to solve the problem of multitask
learning with long-term memory on RKHS hypothesis classes. In this treatment, an
alternative interpretation is used for Theorem 57 through Theorem 71. This chapter
extends the contents of [8], so that all results hold for functions with a bounded,
continuous range instead of the binary range in [8]. The original publication is
written in collaboration with Mark Herbster and Stephen Pasteris, but the extension

to continuous RKHS functions and Section 5.4 are my own work.

1.3 Notation

For any positive integer m, we define [m] := {1,2,...,m}. For any predicate
[PrED] := 1 if prED is true and equals O otherwise, and [x], := x[x > 0]. We
define the hinge loss at margin y as L;l/i(yl,yz) = %[)f —y1¥2]+, and the zero-one loss
as Loi(y1,y2) := [y1 # y2l.

We denote the inner product of vectors «,w € R" as both (x,w) = ¢ - w =
YL, x;w;, and the norm as ||w| = V{w,w). The ith coordinate m-dimensional
vector is denoted €', := ([j = i]) jetm1; we will often abbreviate the notation and use
€' on the assumption that the dimensionality of the space may be inferred. More
generally, the xth-coordinate vector is denoted ey := ([x = z]).cx; we commonly
abbreviate this to e*.

For vectors p € R™ and q € R" we define [p; g] € R™" to be the concate-
nation of p and g, which we regard as a column vector. Hence [p; q]'[P; q] =
PP+ q'q. We let R™" be the set of all m X n real-valued matrices. If X € R"™"
then X; denotes the i-th n-dimensional row vector and the (i, /)" entry of X is X; e
We define X* and X7 to be its pseudoinverse and transpose, respectively. The

trace norm of a matrix X € R"™" is || X||; = tr( VX7 X), where +/ indicates the
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unique positive square root of a positive semi-definite matrix, and tr(-) denotes the
trace of a square matrix. This is given by tr(Y) = X", Y; for Y € R™". The
m X m identity matrix is denoted I"". In addition, we define S™ to be the set of
m X m symmetric matrices and let S”" and S”", be the subset of positive semidefinite
and strictly positive definite matrices respectively. Recall that the set of symmetric
matrices S”" has the following partial ordering: for every M, N € S, we say that
M < N if and only if N — M € S'. We also define the squared radius of M € S

as Rps := maxe,) M;;, where the nomenclature comes from an identical term that

arises in the kernel perceptron bound as per Novikoff’s Theorem [76].
For every matrix U € R™", we define SP(U) = {V € R"™" : V;;V,;U;; > 0},
the set of matrices which are sign consistent with U. We also define SP'(U) = {V ¢

R 2 W,V sign(U;;) > 1), that is the set of matrices which are sign consistent

with U with a margin of at least one.

The max-norm (or y, norm [9]) of a matrix U € R"™" is defined by

Ullmax := min < max || P| X max e, 1.1
(Lo PQTZU{KMII d mllcz,ll} (1.1)

where the minimum is over all matrices P € R™ Q € R™ and ev-
ery integer d. For more intuition, we recall that the trace norm of a ma-
trix U, given by the sum of the singular values, can be written as U], =

. 2
minpqr-u { \/ZISiSm Il \/lejg;

sum instead of the maximum over the row norms of P and @), giving a more uni-

2 .
Q J|| } Hence, the trace norm constrains the

form constraint (for more details, see [53]). A related notion that has been used to

study binary matrices is the margin complexity. The margin complexity of a matrix

U e R™" s

R .
me(U) := min ||Vl = M (1.2)
)

min  max .
Vespl(U PQTesp) ij (P, Q)

Observe that for U € {-1,1}™" 1 < mc(U) < ||U|lmax < min(y/m, v/n), where
the lower bound follows from the right hand side of (1.2) and the upper bound

follows since we may decompose U = UI" or as U = I"U. Note there may be
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a large gap between the margin complexity and the max-norm. In [9] a matrix in
U € {-1,1}™ was given such that mc(U) = logn and ||U||max = O(+/n/logn).
We denote the classes of m X d row-normalized and block expansion matrices as
Nmd = (P c R™d . ||B| = 1,i € [m]} and B¢ := (R c {0,1}™ : R/l =
1,i € [m],rank(R) = d}, respectively. Block expansion matrices may be seen as a
generalization of permutation matrices, additionally duplicating rows (columns) by
left (right) multiplication. We define the quasi-dimension of a matrix U € R"™"

with respect to M € ST, N € S%, at margin y as

D U):= min Rytr(PPMP)+Rytr(Q"NQ), 1.3
n(U) = min Ry ( )+ Ry tr(Q'NQ) (1.3)
where the infimum is over all row-normalized matrices P € N4 and Q € N™¢
and every integer d. If the infimum does not exist then Z)?V[, N(U) := +o0. We also
define the quasi-area of a matrix U € R™" with respect to M € S”,, N € S}, at

margin y as

Apy yU) = pginYU RuRn tr(PTMP)r (Q'NQ) (1.4)
where the infimum is P € A" and Q € N and every integer d. If the infimum
does not exist then ﬂ}yw, N(U) := +o0. Note that for both the quasi-dimension and
the quasi-area, the infimum exists iff ||U||n.x < 1/7y. Finally note that D?\/I, ~NU) =
m+nand Ay, (U) = mnif |Ullpax < 1/y, M = I" and N = I".

We now introduce notation specific to the graph setting. Let G be an m-vertex
connected, undirected graph with positive weights. The Laplacian L of G is defined
as D — A, where D is the m X m degree matrix and A is the m X m adjacency
matrix. Observe that as G is connected, L is a rank m — 1 matrix with 1 in its
null space. From L we define the (strictly) positive definite PDLaplacian L° :=
L+(1)(L) Ry Observe thatif w € [-1,1]” then (w' L°u)Rr. < 2(u" LuRy+1),
and similarly, (u" Lu)Ry, < %(’u,TL°u)R 1o (see [10] for details of this construction).

A function K : X x X — R is a strictly positive definite (SPD) kernel iff

for every finite X C X the matrix K(x, x"), vex 18 symmetric and strictly positive

definite, for example, the Gaussian kernel.



Chapter

Background

For the reader’s convenience, we present short introductions on the main subject
areas of this thesis. In Subsection 2.1, we review some of the classical works in
online learning and their derivatives, while positioning our algorithms within this
vast landscape of related works. This is by no means an exhaustive review of the
field, and we encourage the interested reader to peruse references such as [11, 12].
Since we present algorithms for online matrix completion, we proceed by covering
the research in this area in Subsection 2.2.1. The works on matrix completion in the
batch setting are then reviewed in Subsection 2.2.2, which includes more works on

incorporating side information into the problem.

2.1 Online Learning

Online learning is an alternative paradigm to the batch supervised learning setting.
Instead of being given all the training data at the start of the learning process, the
premise of online learning is that the learner receives the training examples sequen-
tially over T trials. On each trial ¢, the learner observes an instance x;, gives the
prediction y,, before the true label y, is revealed and a loss £(J;, y,) is incurred. The
goal of the learner is then to minimize the cumulative loss 3,7 L3, y:). To prove
performance guarantees from here, it is possible to take a probabilistic perspective
and assume that the data sequence is generated through an underlying probabilis-

tic process, perhaps drawn i.i.d. from an unknown distribution. However, we will
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focus on the more dominant approach in online learning where no such assump-
tions are made. In fact, in the worst case the data sequence can even be adversarial.
Given that a potential adversary has free rein over the data generation process, the
performance guarantees that can be given must be restricted in some way. A com-
mon guarantee is an upper bound on the regret, so that the learner is not expected to

perform well in absolute terms, but only relative to a hypothesis class H:

2, L6y —min > Lih(). )

te[T] 1€[T]

It quantifies the regret that we “feel" for not having predicted with the optimal hy-
pothesis 7" = argmin,, g, D7) L(M(x,), y;). The objective is to have an upper bound
on the regret that is sublinear in 7', so that in the limit where 7 — oo, the regret
tends to zero. If we further assume that mingeq 3’ ,c(7) L(A(x,), y;) = 0, also termed
the realizability assumption, we can obtain an arguably more intuitive performance

guarantee: an upper bound on the cumulative loss of the algorithm.

Linear Classification

In the case where the predictions and labels are both binary, i.e., y, € {—1,1} and
v; € {—1, 1}, we have the online binary classification problem. The natural loss to
use is the zero-one loss, given by Ly (y,, ¥;) = [y; # 9,1, which simply counts the
number of mistakes. If we assume that the problem is realizable, then we can give
performance guarantees in terms of an upper bound on the number of mistakes. One
of the earliest online classification algorithms is Rosenblatt’s perceptron [5, 6] for
learning binary classifiers with instances x, € R”. Assuming a linear hypothesis, it
maintains a weight vector w; that initializes as w; = 0, and predicts according to
¥, = sign({w,x,)). After receiving the binary label, the weight vector is updated as
follows:

Wy = Wy + Yy

Being one of the earliest learning algorithms, this work has left new research direc-
tions to sprout and bloom in its wake, with a prime example being the emergence of

neural networks [13]. The perceptron algorithm can be kernelized and descriptions
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thereof can be found in [14, 15] amongst others. Another early online classifica-
tion algorithm is the Winnow algorithm [16]. The setting considered by the original
algorithm assumes instances x, € {0, 1}", binary predictions and labels. Similar to
the perceptron algorithm, it maintains a weight vector which it updates. However,

unlike the additive updates of the perceptron, it has multiplicative updates:

Wi = W, exp(—ny,,),

where 77 is typically set to 2. The Winnow algorithm excels in particular on the
problem of learning k-literal disjunctions. For this setting, Winnow achieves a
O(k log(n)) mistake bound, whereas the perceptron would only achieve a O(kn) mis-

take bound.

Expert Advice

A related problem is that of prediction with expert advice (for a more in-depth treat-
ment, see [11]). In its classical formulation, we have a set of n “experts” that provide
binary predictions on each trial, given by the examples x, € {—1, 1}", and again we
consider both binary predictions and labels y, € {—1, 1}. Unlike linear classifica-
tion, where the performance of the algorithm is compared against the optimal linear
combination of the experts’ predictions, in this setting the performance is compared
against that of the best expert. One of the first algorithms to tackle this problem
is the halving algorithm [17, 18], which assumes realizability, i.e., that there exists
an expert in the set that predicts consistently with the labels. The algorithm pre-
dicts according to the majority of the experts. When a mistake is made, more than
half of the experts can be discarded, allowing it to have a mistake bound that scales
logarithmically with the number of experts. The weighted majority algorithm [19]
circumvents the need for the realizability assumption by maintaining weights on the
different experts. Instead of discarding incorrect experts completely, it shrinks the
weights of those experts by multiplying it by a constant S € [0, 1). In the case where
B = 0, we retrieve the halving algorithm. However, when 8 # 0, the weights are

reduced with an exponential dependence on the number of mistakes. Further de-
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velopments allowed for continuous predictions [19, 20] and continuous labels [21].
The allocation setting is a related setting, where we assign a probability vector over
the experts on each trial, so that w, € A,, where A, is the n-dimensional simplex. We
then receive a vector of the losses I, € [0, 1]", before suffering the loss (w;, ;). For

this setting, a multiplicative weight update gave rise to the Hedge algorithm [22].

Linear Regression

Although linear classification is an important problem, there are situations where
the labels and predictions may need to be continuous, giving online linear regres-
sion [23]. For this problem, [23] gives two algorithms. The first has a multiplicative
weight update, where the gradient of the loss is exponentiated, similar to the algo-
rithms for prediction with expert advice and the Winnow algorithm. The second
has an additive weight update, with a straightforward gradient descent, similar to
the perceptron update. The authors of [23] also give a motivation for these updates,
where it is shown that the exponentiated gradient update can be rewritten as an
optimization which minimizes the loss with a relative entropy regularizer. This is
contrasted with the gradient descent update as in the perceptron algorithm, which
has an ¢,-norm regularization term instead.

From a more modern perspective, many online learning algorithms are often
viewed through the unified lens of Online Convex Optimization. In this framework,
the learner predicts a vector w, from a convex set S on each trial, receives a convex
loss function f; : & — R and then suffers the loss f(w,). A common algorithm
to tackle this problem is Follow the Regularized Leader (FTRL) (see [12] for an
overview), which outputs a vector that minimizes the cumulative loss and a regular-

ization term characterized by the function R : S — R, i.e.

W, = argmin Z fi(w) + R(w).

weS iel]

From this, the Online Mirror Descent framework can be derived by assuming lin-
ear loss functions and simplifying to remove the explicit optimization. It requires

a linking function g : R” — 8 and initializes §; = 0. On each trial, it predicts
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according to w, = g(0,). After that, it updates according to 8,,; = 0, — z, where
z; € Vfi(w,). The general framework encapsulates the gradient descent and expo-
nentiated gradient algorithms, for which the linking functions typically have a linear
and exponential dependence on 6 respectively.

In this thesis, we will introduce algorithms that are instances of the matrix
gradient descent (MGD) and matrix exponentiated gradient (MEG) [4, 24, 25, 26]
algorithms. Being matrix generalizations of the vector algorithms, weight and in-
stance matrices are considered. We adapt this algorithm to our use cases through an
appropriate choice of comparator matrix, matrix embeddings and threshold value.
Similar to the vector equivalents, the matrix algorithms can be motivated by an opti-
mization problem, where the relative entropy regularizer is replaced by the quantum
relative entropy for MEG (see [4, Section 3.1]), and the Frobenius norm instead of

the ¢, norm is used for MGD.

2.2 Matrix Completion

Although collaborative filtering popularized matrix completion, the problem was
studied historically due to its other applications. In the online learning setting, early
applications included learning binary relations over two sets [27], where for in-
stance a clinician may want to predict whether a patient is allergic to a certain aller-
gen. In the batch setting, matrix completion was applied in domains such as global
positioning from limited distance information [28], remote sensing [29] where one
attempts to infer a full covariance matrix from incomplete observations of corre-
lations, system design in control [30] and the structure-from-motion problem [31].
From heuristics to more well-motivated algorithms, there are now many works that
propose to solve different variants of the problem. In the following, we will elabo-

rate on some of the representative works in this field.

2.2.1 Online Setting

Early work [27] was targeted at the problem of learning a binary relation between a
set 1 of cardinality m and another set J of cardinality n. Representing the first set

I as the rows and the other set J as the columns, this could be framed as a m X n
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binary matrix completion problem where the entry is 1 if the relation holds true.
This work considers rows that are of k types, where rows of the same type have the
same values for all entries. [32] also considers the noisy setting where rows of the
same row type may not be fully identical to each other and solves it via a variant of
the weighted majority algorithm. It maintains weights for each of the (';’) row pairs.
When predicting for a given entry (i, j) € [m] X [n], each of the other rows in [m]\ {i}
is taken as an expert whose prediction corresponds to their value of the j* column
entry. If the value is not known, it predicts 1/2. The experts are combined using the

weights for the row pairs of row i and the expert rows.

Regret bounds are subsequently given in [33] for the case of bounded trace
norm matrices. The algorithm is based on the batch method of empirical risk mini-
mization and the regret is given in terms of the Rademacher complexity. Although
efficient, it is not a fully practical algorithm with a higher complexity than FTRL
algorithms. The authors of [25] provide tight upper and lower bounds in terms of
(B8, T) matrices, where 8 and 7 are related to the max-norm and trace-norm respec-
tively. Mistake bounds for binary matrix completion with a matrix exponentiated
gradient algorithm are given in [34], which present a mistake bound in terms of the
margin complexity of the matrix. An FTRL algorithm with the log-determinant reg-
ularizer instead of the quantum relative entropy is considered in [35], and provides
a logarithmic improvement to the bound in [34], at the expense of an apparently
higher computational complexity. Also related are the works on online PCA, which
aim to recover a matrix of a restricted matrix complexity class [36, 37]. None of the

above references consider the problem of side information.

Instances of matrix completion with side information on specific matrix com-
plexity classes include the results in [38, 39]. The authors of [38] give an algorithm
that predicts if vertices in a graph are “similar” and [39] addresses the problem of
a switching graph labeling. In both papers, the side information is provided in the
form of graph Laplacians. In this thesis, we provide generalizations upon these
works in the following capacities. First, the side information considered in this the-

sis can be given as any pair of positive definite matrices in the transductive model
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including (augmented) graph Laplacians and outputs of other kernel functions. In
the inductive model, this is further generalized as the side information is given by
any pair of kernels. Furthermore, we give regret bounds which are also applicable in
the non-realizable case. Finally, the comparator matrix can be an arbitrary matrix.
A noteworthy direction of research which has marginal relevance to our work
builds batch algorithms with incremental updates, see for instance [40, 41, 42, 43,
44,45, 46,47, 48]. In these works, a batch algorithm is typically used on an existing
set of instances to recover a matrix estimate, which is then incrementally updated
in an online fashion. These papers do not provide regret or mistake bounds; instead
they provide distribution-dependent guarantees. To achieve this, some papers [42]
present methods to perform incremental SVD updates, such that given a matrix
and the SVD of that matrix, the SVD of the perturbed matrix can be performed
efficiently. Not all of these papers consider the setting where the matrix entry is
sampled uniformly at random. Some such as [43, 46] sample random subsets of
a column at each trial. [49] considers a bandit-like setting where the environment

presents only the row, giving the learner the choice of the column to predict.

2.2.2 Batch Setting

The number of studies on the matrix completion problem in the batch setting greatly
outweigh those in the online setting. The classical approach frames this as an op-
timization problem, where the aim is to find a target matrix that is consistent with
the matrix entries revealed thus far, under the constraint that it is of low rank. This
problem is non-convex, and so a dominant direction of research resorts to convex
relaxation by replacing the rank with a convex surrogate, most commonly the trace-
norm. This is justified by the fact that the trace norm of a matrix with unit spectral
norm is the convex envelope of its rank [50]. This method has shown good prac-
tical performance (see e.g. [51, 52]) and some early works that provide non-trivial
guarantees for matrices with a low trace norm include [51, 53, 54, 55], in which
both approximate and exact recovery of the matrices are considered. These all re-
quire the stringent assumption that the observed subset is sampled uniformly at

random and in fact, in [53], this requirement is shown to be a necessary condition
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to prove generalization error bounds based on the trace-norm for arbitrary matrices.
This has spurred research directed towards replacing the trace norm constraint by a
weighted variant [56, 57], or yet with the max-norm [53, 3]. A different direction
was taken by [58], which considers bounded matrices in a transductive model where
the entries are assumed to be sampled without replacement to give distribution-free
performance guarantees with the trace-norm. Non-convex methods have also been
considered for matrix completion, see e.g. [59, 60, 61].

In the following, we review some works that are concerned with the batch
matrix completion problem with side information. Works on inductive matrix com-
pletion with side information include [62, 63, 64, 65], which allow for predictions
to be made for new rows and columns. In the setting of [62, 63, 64], feature vec-
tors for the rows and the columns are available. For an m X n observed matrix R,
we then have the feature matrices M € R™? and N € R™9, where p < n and
g < m and the rows of the feature matrices are the feature vectors. The aim is
to recover a low-rank matrix U € RP*? which is related to the observed matrix
through rank-1 measurements of the form R = MU N'. The works [62, 64] uti-
lize non-convex optimization methods, whereas [63] uses the trace-norm of U as
a regularization term. [65] minimizes over functions in the RKHS space defined
by the tensor product kernel of the kernels over the row and column space. This
is similar to our approach with the MGD algorithm in Section 3.2.2. Some exam-
ples in the transductive setting include [66, 67]. These papers use graph Laplacians
to model the side information. To achieve this, two graph Laplacians are used to
define regularization functionals for both the rows and the columns so that rows
(columns) with similar side information tend to have the same values. In particular,
[67] resembles our approach by applying the Laplacian functionals to the underly-
ing row and column factors directly. An alternate approach is taken in [66], where
the regularization is instead applied to the row space (column space) of the target

matrix.
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General Algorithms and Bounds

In this chapter, we give general online algorithms for binary matrix completion
with side information and prove mistake and regret bounds. The mistake bounds
we prove are of the form O (y—%) and O (Zy)—;) The term 7_12 is analogous to the usual
margin term in SVM (perceptron) bounds. More specifically, if we assume that
there is some factorization of the underlying m X n matrix into PQ", where the
rows of P are interpreted as “classifiers” in R¢ and the rows of @ as “instances”
in R9, then 7y is the maximum (normalized) margin over all factorizations PQ"
consistent with the observed matrix. The quasi-dimension term £ measures the
quality of side information. In the presence of vacuous side information, D = m+n.

We additionally provide a generalization of our algorithm to the inductive setting,

where the number of rows and columns are not specified in advance.

3.1 Introduction

In this chapter, we present our general algorithms for online matrix completion
with side information. We consider both transductive and inductive settings. In the
former setting, the side information is completely specified in advance, whereas in
the latter, the side information is provided in an online fashion. For both settings,
we provide two algorithms. The first is an adapted MATRIX EXPONENTIATED GRADIENT
(MEG) algorithm, where we prove mistake bounds of the form (5(1)/ ¥?) in terms

of tunable hyperparameters 9 and y. The other algorithm is an adapted instance
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of Marrix GRADIENT DEscent (MGD), which suffers from a larger mistake bound

scaling of O(D?/y?), albeit offering a superior time complexity.

The term 1/y? is a parameter of our algorithm which serves as an upper esti-
mate of the squared margin complexity mc(U)? of the comparator matrix U. The
notion of margin complexity in machine learning was introduced in [68], where
it was used to study the learnability of concept classes via linear embeddings. It
was further studied in [9], and in [53] a detailed study of margin complexity, trace
complexity and rank in the context of statistical bounds for matrix completion was
given. The squared margin complexity is upper bounded by rank. Furthermore, in
Chapter 4 it is explained that if our m X n matrix has a latent block structure with

k x ¢ homogeneous blocks, then mc(U)? < min(k, £).

The second term in our bound is the quasi-dimension 9 which, to the best of
our knowledge, is novel to this work. The quasi-dimension measures the extent to
which the side information is “predictive” of the comparator matrix. In Theorem 57,
Chapter 4, we provide an upper bound on the quasi-dimension, which measures the
predictiveness of the side information when the comparator matrix has a latent block
structure. If there is only vacuous side information, then © = m + n. However, if
there is a k X ¢ latent block structure and the side information is predictive, then

D € O(k + £); hence our nomenclature “quasi-dimension.”

The chapter is organized as follows. In Section 3.2, we present our matrix com-
pletion algorithms for the transductive setting as well as Theorems 1 and 4 which
characterize their performance. In Section 3.3, we present algorithms for the induc-
tive setting, and Proposition 6, which gives the equivalence of the transductive and
inductive MEG algorithms. We provide a motivation for the update of Algorithm 1
in Section 3.4. Proofs are contained in Section 3.6. In Chapters 4 and 5, we will
apply these bounds to matrices with a latent block structure and to the problem of

online multitask learning with long-term memory respectively.
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3.2 Transductive Matrix Completion

In this section, we discuss Algorithms 1 and 2, which perform transductive matrix
completion with side information. Algorithm 1 corresponds to an adapted MaATRIX
ExpoNENTIATED GRADIENT (MEG) algorithm [4]. Although the algorithm is a spe-
cial case of MEG, the bounds that we provide do not follow as a special case of
the analysis in [4]. Algorithm 2 corresponds to an adapted MaTrix GRADIENT DE-
sceNT (MGD) algorithm. Our mistake and regret bounds will be in terms of a real-
valued comparator matrix U. In all bounds, when exactly tuned, we have a quasi-
dimension term and a margin complexity or max-norm term. For convenience, we
shall recall the definitions of these quantities below.

The quasi-dimension of a matrix U € R™" with respect to M € S7,, N €
S” . at margin vy is

D}, NU) := pgg:r;U Rurtr(PTMP)+ Ry tr(Q'NQ)

where the infimum is over all row-normalized matrices P € N"™¢ and Q € N
and every integer d. If the infimum does not exist then Z)?VL N(U) := +oo. Unless
otherwise indicated, we assume that (15, Q) is the “optimal” factorization which
minimizes the optimization problem in D?vf, ~(U). Recall that this factorization

exists iff [|[U|lmax < L. The max-norm (or y, norm [9]) of a matrix U € R"™" is

Y
defined by
U := min < max || P} X max e,
1U s = min,_{ max [P x max Q|

where the minimum is over all matrices P € R4 Q € R"™ and every integer d.

The margin complexity of a matrix U € R"™" is

, . IPIQ);
mc(U) := min  ||V||max = min max ——/1 ” ]”
VesP () PQTesp) ij (P, Q)

where the minimum is over all matrices P € R™“ Q € R"™ and every integer d.

3.2.1 MEG Updates

Algorithm 1 is our general MEG algorithm, which can be run using either con-
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Algorithm 1 MEG algorithm for predicting a binary matrix with side information
in the transductive setting.

Parameters: Learning rate: 0 < 1, quasi-dimension estimate: 1 < 9, margin
estimate: 0 < y < 1, non-conservative flag [NON-cONSERVATIVE] € {0, 1} and side

information matrices M € S, N € S8}, withm +n >3

Initialization: M «— 0 ; W! « %I mn
For t=1,...,T
e Receive pair (i;, j;) € [m] X [n].

e Define
X' = z'(x') = We%; Weﬁ’l l We%; We{;’y .
V2Rm  V2RN V2Rn  V2RN
e Predict

Y, ~ UNIFORM(—7, ) X [NON-CONSERVATIVE] ; V, ¢ tr (W’f( ’) —1; 9, sign(F,—Y,).

e Receive label y, € {—1, 1}.

o Ify, # 9, then M « M U {¢}.
e If y,, < v X [NON-CONSERVATIVE] then

W — exp (log(W’) + nytf(’) :

e Else W « W*.

servative or non-conservative updates, as distinguished by the [NON-CONSERVATIVE]
flag. In the case of conservative updates, the algorithm does not require the mar-
gin estimate as an input. In the following theorem, we give mistake and expected

1+max; ; |Ujjl

c-regret bounds for Algorithm 1, where c(U) = 5

Theorem 1. The expected mistakes of Algorithm 1 with non-conservative updates

(INON-CONSERVATIVE] = 1) and parameters D > Dy nUO), 1 = 2R e
bounded by

I + max;; |U;jl 5 [=
E[IM]] < ( %is1Us) > Iy # sign(U;)] + 35 [Dlogm+mT (3.1
2 y

te[T]

forallU € ((—oo, =11 U [1, 00))™" with |{U||pax < 1/7.

The mistakes in the realizable case with conservative updates ([NON-CONSERVATIVE]| =
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0) and parameters n =y, D> miny cgp! ) 1)3/\/[, ~ (V) are bounded by,
IM] < 3.6(D/v*) log(m + n), (3.2)

forallU e R™" with mc(U) < 1/y and y, = sign(U,,;,) for all t € M.

The regret statement of the theorem requires that min; ; |U;;| > 1. We note
that this is not a restrictive requirement, since we can scale U and y to obtain
bounds for all U € ((—c0,—a] U [a, o))" where a > 0. In addition, for both
statements, the requirement on i in terms of U is superfluous due to the presence
of the quasi-dimension term; if the requirement is not fulfilled, the quasi-dimension
will be infinite as per its definition. We have nevertheless decided to include it for
clarity.

In the special case where U € {—1, 1}">", we obtain the following “true” regret

bound from the c-regret bound in Theorem 1:

BIMI] < ) [y # Uil + ? \Dlog(m + n)T. (3.3)

te[T]

It may seem confusing at first that we have derived a regret bound for the 0-1 loss.
However, note that this result is contingent on a strict assumption; the comparator
matrices U must be binary. In fact, our regret bounds follow naturally from hinge
loss regret bounds, which also appear in our analysis. Although a hinge loss regret
bound may appear more familiar to the reader, we have chosen to present our main
results in terms of the 0-1 loss, with the view that it is a more natural choice for
binary comparator matrices. In particular, although Equation (3.1) in Theorem 1
is valid for any real-valued comparator matrix, all its applications in this thesis
will instead derive bounds with binary comparator matrices, where the real-valued
matrix is merely used as a more flexible embedding for the binary matrix. Apart
from allowing for this flexibility, (3.1) can also give tighter bounds as it is possible
for a matrix U € R™" with max; ; |U;;| > 1 to have a smaller max-norm than its
sign matrix U’ € {SP(U) N {-1, 1}"™"}, see e.g. [9].

If the side information is vacuous, thatis M = I" and N = I", then D = m+n.
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In this scenario, Equation (3.3) recovers a special case of the analysis of [25] up to
constant factors. In [25], a regret bound for general loss functions for matrix com-
pletion without side information is given for (8, T)-decomposable matrices. When 8
is at its minimum over all possible decompositions, we recover the bound up to con-
stant factors with respect to the zero-one loss. On the algorithmic level, our works
are similar except that the algorithm of [25] contains an additional projection step
that dominates the computation time of the update. With the additional assumption
of realizability, we recover [34, Theorem 3.1]. The term D is difficult to directly
quantify, and we will interpret it further in Chapters 4 and 5 for specific matrix com-
plexity classes and side information. In Chapter 4, we also provide a lower bound
and show that our bound is tight up to logarithmic factors for matrices with a latent

block structure.

The general form of our regret bound of the MEG-based algorithm comes from
a matricization of the regret bound proven for a Winnow-inspired algorithm [16] for
linear classification in the vector case given in [69]. Regret bounds for the MEG al-
gorithm were originally proven in [4]. However, that analysis leads to a D? depen-
dence in the mistake bound, whereas we derive a D scaling, for our more restrictive
setting. Regret bounds with such scaling for linear classification in the vector case
have been previously given in [69] (which themselves are generalisations of the
bounds from Littlestone [16] for learning k-literal disjunctions with O(k log n) mis-
takes). However, to our knowledge, no such regret bounds for MEG are present
in the literature for the matrix case. Our proof uses an amortized analysis of the
quantum relative entropy, followed by an extension of the results in [69] to the
matrix case. We also note that our bound is reminiscent of Novikoft’s perceptron
bound when we consider a factorization of U into PQ" and interpret P as classi-
fiers and @ as instances, as mentioned at the start of the chapter. In that case, the
margin terms are analogous, and the quasi-dimension term bears a resemblance to

the squared radius term in their definitions.

For more intuition, we give more details on the embeddings that we use in the
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analysis for the algorithm. For U € ((—co, —1] U [1, 00))™", we define
U :=yU, (3.4)

and observe that it has entries at least as large as the margin y. We cannot apply U
directly in the analysis of the MEG algorithm, which requires positive semi-definite
matrices. In what follows, we define U e S a positive semi-definite embedding
for U used in the analysis of the algorithm. Its relationship with U is shown in
Lemma 3. Thus we can understand that if W' = U, the prediction of the algorithm

on trial ¢ is equal to the (i,, j,)" entry of U.

Definition 2. Define the (m + n) X d matrix Z as

, [ VRu VAT
VRN VNQ

and construct U as,

U:=2Z =
VRURN VNQP VM Ry VNQQ VN

Ry VMPP VM RaRn VM PO W]

Lemma 3. For all trials t € [T],

where U is as constructed from Definition 2.

Proof. We have:

tr(f]X’) = (") Ux'
=(x") ZZ '

=@z . (3.5)
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Recall that
[T, \/_ei[} | VR BIP
V2Rar V2R VRN VNQ
Hence,

(m’)TZ—(\/_e )T\/—\/—P (\/_en)T\/—\/—Q

V2Rns V2RN
1 .
= —(ey VM+*VMP + —(e{[)T VN+VNQ
V2 V2
1 A
=—(F,+Q)) (3.6)
\/E J
Thus substituting (3.6) into (3.5) gives,
w(OX) =2 ||B+ O,
2 t Jt
T A A2
=5 I+ 2P Q) + 12 )
- ( +(P,,Q,) )
=1+ ﬁitjt'

3.2.2 MGD Updates

Algorithm 2 is our transductive MGD algorithm. Unlike Algorithm 1, Algorithm 2
does not require a quasi-dimension estimate D. Furthermore, the margin estimate
is not necessary in the case of conservative updates. The mistake and expected

c-regret bounds for Algorithm 2 are presented in Theorem 4.

Theorem 4. The expected mistakes of Algorithm 2 with non-conservative updates
(/NON-CONSERVATIVE[=1), and learning rate n = ZA%Q, where D* > _7{;/[’ NW), are

bounded by

—

>l # sign(Uy) + 2T

te[T]

B[] < (1 + max;; IUijI)
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Algorithm 2 MGD algorithm for predicting a binary matrix with side informa-
tion in the transductive setting.

Parameters: Learning rate: 0 < 7, margin estimate: 0 < y < 1, non-conservative
flag [NON-coNseRvATIVE] € {0, 1} and side information matrices M € ST, N €
S, withm+n>3

Initialization: M « 0 ;:W! < 0.
For t=1,...,T
e Receive pair (i;, j;) € [m] X [n].

e Define ~ 1
X':=————=VM-~e;(e;) VN*. (3.7)
, VRMRN
e Predict

Y, ~ UNIFORM(—7, Y) X [NON-CONSERVATIVE] ; y; ¢—tr (W’ (X ’)T) ; 9 « sign(y,—Y,).

e Receive label y, € {—1, 1}.

o If y, # 9, then M «— M U {z}.
o If y,¥, < v X [NON-CONSERVATIVE] then

W« W'+ gy, X" (3.8)

e Else W « W',

fOl‘ allU € ((—00, _1] U [1, OO))an with ”U”max < 1/7

The mistakes in the realizable case with conservative updates ([NON-CONSERVATIVE [=0)

D2

i Where D* > miny csp! ) JH}/VL ~(V), are bounded by,

and learning rate n =
D2
Ml < =,
Y
forallU € R™" with me(U) < 1/y and y, = sign(U,,;,) for all t € M.

The bounds can be rewritten in terms of the quasi-dimension, since
(D nO))? . .
Ay vU) < —2E— from the inequality 4ab < (a + b)* for scalars a, b, so

—~ D’ U
that D > 2vn @)

> . After this manipulation, we obtain a mistake bound in the real-

izable case (with exact tuning) of O(D? mc(U)?). This has a quadratic dependence
on D, which is worse than the linear dependence in Theorem 1 for the MEG algo-
rithm. It may seem prohibitive that tuning the learning rate exactly for the mistake

bound requires knowing the number of mistakes beforehand. However, we can use
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mxn
’

the doubling trick to avoid this. In the special case where U € {-1, 1}

—

E[MI] < > [y # Uyl + % VT (3.9)
1M
follows directly from the theorem, which gives us an expected regret bound with
¢ = 1. In the case of vacuous side information, that is M = I™ and N = I",
the mistake bound becomes O(mn mc(U)?) which is vacuous since U € R™",
Thus the bound is only interesting when the side information provides a significant
improvement to the quasi-dimension term.

The MGD algorithm offers the benefit that the prediction can be computed
through the dual form, as shown in Proposition 5. The dual form computes updates
with a per-trial time complexity of O(min(mn, T)), similar to the direct implementa-
tion which has a complexity of O(mn) when taking advantage of the fact that X'is
of rank 1. Both implementations are superior to the time complexity of O((m + n)*)

for the transductive MEG algorithm.

Proposition 5. The prediction given by Algorithm 2 on trial t can be equivalently

computed through:

- n + AT+
= E M. NT . 3.10
% R RN seU;y B ( :

where U, : {s : y;y; < Y[NON-CONSERVATIVE], § < t}.

Proof. Recall that y, = tr(W'X"), where X' = L__ VM+e;(e;)" VN*. We

Rt RN
observe that W' can be written

% n
W'=—-=L— 5% VMre.e, VN*
VRMRN ZU] o

Using the linear and cyclic properties of the trace
(W' (X)) = q Ztr( VM+e; e} N*e;el VM)
RMRN 7 s s t

ZegMJreiSe;xNJrejt (3.11)

seU;

~ RarRu
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Recalling that M and IN are symmetric matrices, and that the inverse of a symmetic

matrix is also symmetric, the proposition follows from (3.11). O

It is also possible to run the algorithm using positive semi-definite embeddings
for W and X", similar to those in Algorithm 1. By following a similar analysis to
that for Theorem 4, we obtain similar bounds, with the only difference being that

D* > D?w, N(U)Q. The corresponding prediction in the dual form is then given by

5 — 1 + 1 + ?
= UZ)’s (—2RM M;; + %Niﬂg) . (3.12)

seU;

Observe that the predictions given by Equations (3.10) and (3.12) are similar to the
(vector) kernel perceptron, where the kernel is respectively given by the product and

sum squared of the row and column kernels.

3.3 Inductive Matrix Completion

In the previous section, the learner was assumed to have complete foreknowledge
of the side information through the matrices M and IN. In the inductive setting, the
learner has instead kernel side information functions M* and N*. With complete
foreknowledge of the rows (columns) that will be observed, one may use M* (N™)
to compute M (IN'), which corresponds to an inverse of a submatrix of M* (N¥).
In the inductive, unlike the transductive setting, we do not have this foreknowledge
and thus cannot compute M (INV) in advance. Notice that the assumption of side
information as kernel functions is not particularly limiting, as for instance the side
information could be provided by vectors in R¢ and the kernel could be the positive
definite linear kernel K (x,x’) := (x,x’) + €[x = x'].

For the algorithm with MGD updates, it is trivial to generalize to the induc-
tive setting by considering the dual form shown in (3.10), and the corresponding
inductive algorithm retains the same time complexity of O(min(mn, T')). Hence, we
will focus our discussion on MEG updates. Algorithm 3 is prediction-equivalent
to Algorithm 1 with MEG updates up to the value of Rys(Ryn). In [70], the au-

thors provide very general conditions for the “kernelization” of algorithms with an
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Algorithm 3 Predicting a binary matrix with side information in the inductive
setting.

Parameters: Learning rate: 0 < 17, quasi-dimension estimate: 1 < 9, mar-

gin estimate: 0 < y < 1, non-conservative flag [NON-cONSERVATIVE] € {0, 1},
side-information kernels M* : 7 x I — R, Nt : I x9 — R, with
Rm 1= maxjer M*(i,i) and Ry := max;cy N*(j, j), and maximum distinct rows
m and columns »n, where m + n > 3.
Initialization: M — 0, U« 0, 7' <0, ' <0 .
For t=1,...,T
e Receive pair (i;, j,) € I X 9.
e Define
(Mt)+ = (M+(ira is))r,sef’u{i,} 5 (Nt)+ = (N+(jra js))r,sq’]’u{j,} s
P [< VAT e (W)eﬂ] [< Ve (W)ehy
' 2Ry \2Rw 2Ry 2Ry ’
log(W") « log (—D )I'I’W 124 Iy X ().
m

tn seU

e Predict

Y, ~ UNIFORM(—7, 7) X [NON-CONSERVATIVE] ; y; < tr (W’ X' (t))— 1; 9, «sign(y,~Y,).

e Receive label y, € {—1, 1}.

o Ify, #9,then M « M U {¢}.
o If y,, < v X [NON-CONSERVATIVE] then

M MU}, I« I'U{i}, and T < T U (i)

e Else 7' « 1" and g™ « J".

emphasis on “matrix” algorithms. They sketch a method to kernelize the Marrix
ExpoNENTIATED GRADIENT algorithm based on the relationship between the eigensys-
tems of the kernel matrix and the Gram matrix. We take a different, more direct

approach, in which we prove its correctness via Proposition 6.

The intuition behind the algorithm is that, although we cannot efficiently em-
bed the row and column kernel functions M* and N'* as matrices since they are
potentially infinite-dimensional, we may instead work with the embedding corre-
sponding to the currently observed rows and columns, recompute the embedding

on a per-trial basis, and then “replay” all re-embedded past examples to create the
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current hypothesis matrix. The following is our proposition of equivalency, proven

in Section 3.6.3.

Proposition 6. The inductive and transductive algorithms are equivalent up to Ray
and Ry. Without loss of generality assume I C [m] and J'*' C [n]. Define
M = (MW, "))t and N = (N, 7)) jr.jrem)’- Assume that for the
transductive algorithm, the matrices M and IN are given whereas for the inductive
algorithm, only the strictly positive definite kernel functions M* and N* are pro-
vided. Then, if Ry = Rpyr and Ry = Ry, and if the algorithms receive the same

label and index sequences, then the predictions of the algorithms are the same.

Thus, the only case when the algorithms are different is when Ry # Rps or
Ry # Rn. This is a minor inequivalency, as the only resultant difference is in the
term 9. Alternatively, if one uses a normalized kernel such as the Gaussian, then
Rm =Rn = 1.

For Algorithm 1 with MEG updates, we have a per trial time complexity of
O(max(m, n)*); Algorithm 3 has a per trial complexity of O(min(max(m, n)*, T?)).
In the dominant step on every trial (with an update) of the transductive algo-
rithm, there is an SVD of a (m + n) X (m + n) matrix; thus, the algorithm requires
O(max(m, n)*) time. We split the analysis of the inductive algorithm into two cases.
In the case that max(m,n) < T, the complexity on every trial is dominated by the
sum of up to mn matrices of size up to (m +n) X (m +n) (i.e., in the regret setting we
can collapse terms from multiple observations of the same matrix entry) and thus
has a per-trial complexity of O(max(m, n)*). In the other case, on trial 7, we need
O(t}) time since we need to compute the eigendecomposition of three O(f) x O(t)
matrices as well as sum O(¢) X O(t) matrices up to ¢ times. Putting together we have

a time complexity of O(min(max(m, n)*, T?)) per trial.

3.4 Motivation of Update for Algorithm 1

As alluded to in Section 2.2.1, the update rules of online algorithms are often mo-
tivated by the fact that they are the result of an implicit optimization. This typically

aims to find a weight matrix at each time step ¢ that trades off between minimiz-
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ing the loss at that time step and a regularization term which ensures that the new
weight matrix does not stray too far from the weight matrix at the previous time step
t — 1. For the MEG algorithm, the “distance” between the two weight matrices is
measured by the quantum relative entropy (see e.g. [4]). Analogously, many batch
matrix completion algorithms also aim to solve an optimization problem (for ex-
amples, see Section 2.2.2). Similar to the online counterpart, a typical formulation
trades off between minimizing the cumulative loss and a regularization term that is
related to a complexity measure of the weight matrix, such as the trace norm. In this
section, we motivate the update rule in Algorithm 1 by giving an analogous batch

optimization problem.

Let us recall that the prediction of Algorithm 1 before randomization is given
by
yo=u(W' X" -1,

where

exp (log(VV"l) + ny,X t) if y;5; < Y[NON-CONSERVATIVE]

Wh=1 (3.13)
wi-l otherwise,
~ 1 . . , 1T

X'=-D" |eizel| ek el| D, (3.14)

Wl = QI””", D = diag(\/M VR, \/N\/RN), with row and column side

m+n

information matrices M € S”', and N € S". For simplicity, we consider non-
conservative updates for the remainder of the section. We can prove similar results

for conservative updates by only considering trials with mistakes.

We furthermore define
Xl._l it o ot it . er
= E [em’ en] [em’ en] >
the modified hinge loss with respect to matrix W € R (n+mx(m+n)

1
LHW) = ;[7 —y(e(WX") = D,
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and the quantum relative entropy for positive semi-definite matrices A and B as
A(A,B) :=tr(AlogA - AlogB+ B - A).
In the following, we present the analogous batch optimization problem

“*1 will be shown to be the same as

in (3.15). The minimum of this problem, W "
the minimum of the optimization in (3.16) through Proposition 7. It is then straight-
forward to turn (3.16) into an “online approximate optimization”, given by (3.17).
As shown in Proposition 8, the minimum W*' of this optimization problem relates
to the prediction y, in Algorithm 1 through the equation y, = tr((W*' X"’) — 1. The

optimization problems are as follows:

1.
Wt = argmin ~ ARMP"MP + Ry
W W=ZZ7,Z=[P;Q]
ny ). £ (W) - —, (3.15)
selt] tn
where the optimization is over all P € R Q € R™* and k.
2.
Wz*’”] := argmin A(DW D, DW*'D) +ny Zf (W), (3.16)
W W€5m+n self]
where W*! = m%D‘z.
3.
W™ = argmin A(IDW D, DW*'D) + npy f, (W). (3.17)
W.Wesmn

Proposition 7. For all t
Wi =Wy

where W™ is defined as in (3.15) and W, is defined as in (3.16).

Proposition 8. For all t € [T, the predictions y, in Algorithm I can be written as

¥ =u(WX" -1,
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where W™ is as defined in (3.17) and we recall that

X' = ! [ei’ ; ej’] [ei’ : ej’]T.

2 m> —n m> =n

We now aim to further our understanding of optimization problem 1 in (3.15).

Dk
m+n

We suggest in the following proposition that the term —=—- comes from the fact that

the optimal decomposition into P and Q is not unique.

Proposition 9. Let P’ := (P,0) € R™ and Q' = (Q,0) € R™¥, where k'
k + ¢ for some arbitrary ¢ > 0. Defining B := RyyP"MP + RNQ"NQ, B’
Ry (P'YMP’" + RN(Q')YNQ' and a = D_ e then have

m+n’

A(B,alI*) — ak = A(B’, aI¥) — ak’
Proof. We have

A(B.aI*) = tr(Blog(B)) - tr (B log (aI")) + tr(aI*) - tr(B)
= tr(B log(B)) — log (a) tr(B) — tr(B) + ak

Similarly, we have
A(B’,alI*) = tr(B’ log(B")) — log (a) tr(B’) — tr(B’) + ak’.

0

0 O
ate tr(B’log B’), we observe that for B with eigendecomposition VAV™, B’

V O||A Of|VT 0
, where A can be any ar-
0 A[|0 O||]O0 A

bitrary ¢ X ¢ orthogonal matrix. Recalling that the B and log(B) have the same

Observing that B’ =

l, we clearly have tr(B’) = tr(B). To evalu-

has the eigendecomposition

eigensystems, and that the trace of a matrix is the sum of its eigenvalues, we have
tr(B log(B)) = tr(A log(A)) and tr(B’ log(B’)) = tr(A log(A))+clim,_,(x log(x)).
Since lim,_,o xlog(x) = 0, we then have that tr(B log(B)) = tr(B’log(B’)). This

then gives the proposition. O
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We also observe that Wl*’”] can be written as follows

WS e SR M R NO) 1Y W)

WW=ZZ7,Z=[P;Q] selr]

where S(B) := tr(Blog(B)) — log(%) tr(B) — tr(B), which is the negative von
Neumann entropy up to a scalar factor of log(%). When the term S (Ry, P" M P +
RnQ™NQ) is minimized, we have that Ry, P"M P + RvQ N Q = 2.1 50 that
tr(RpyP"MP + RNQ™NQ) = 9 . This is in contrast to when the negative von

Neumann entropy of a matrix A is minimized, in which case we have A = I.

3.5 Discussion

In this chapter, we presented MEG and MGD algorithms that can be applied in
transductive and inductive settings. The mistake and regret bounds of the MEG al-
gorithms show a superior scaling with the quasi-dimension D, at the expense of a
higher time complexity. Table 3.1 shows an overall comparison of the algorithms in
the transductive and inductive settings. For both settings, the MGD algorithm has
a low per-trial complexity of O(min(mn, T)). As for the MEG algorithm, the time
complexity is cubic or quartic with respect to max(m, n), depending on the setting.
It remains an open problem whether the time complexity of MEG updates can be
further reduced. One possibility is to approximate the update through sketching
methods. Although this has been applied to vector EG algorithms such as [80],
its theoretical effectiveness in the matrix case has not yet been studied in the lit-
erature and it seems to be a challenging problem. Similarly, it may be possible to
apply techniques used in the budget Perceptron algorithms, such as those in [115],
to lower the complexity of the MGD and inductive MEG algorithms. Another direc-
tion is to extend these results to FTRL algorithms with general convex regularizers.
We believe that this should be feasible given that our analysis follows the vector
case closely. The MEG algorithm requires a few parameters, such as the quasi-
dimension estimate D. Apart from using the doubling trick, it may be interesting

to investigate whether we can use parameter-free methods (such as [116]) to re-
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Mistake Bound  Time Complexity

MEG transductive O(max(m, n)*)

O(Z log(m + n))
MEG inductive » 08 O(min(max(m, n)*, T?))
MGD transductive o P ) O(min(mn, T))
MGD inductive 7 O(min(mn, T))

Table 3.1: The mistake bounds and per-trial time complexities of the general matrix com-
pletion algorithms.

move this dependence. In the following chapters, we will show how to evaluate the
quasi-dimension term D for various examples. In particular, in Section 4.4.1 of the
following chapter, we will show an example where our MEG bound is tight up to

logarithmic factors.
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3.6 Proofs

3.6.1 Proof of Theorem 1

We first give some preliminaries for the proof. We introduce the quantum relative

entropy, which plays a central role in the amortized analysis of our algorithm.

Definition 10. The quantum relative entropy of symmetric positive semidefinite

square matrices A and B is
A(A, B) :=tr(Alog(A) — Alog(B) + B — A).

We now present general inequalities for matrices. The following lemma is the
well known Golden-Thompson Inequality, whose proof can be found, for example,

in [71].

Lemma 11 (Golden-Thompson Inequality). For any symmetric matrices A and B

we have,

tr(exp(A + B)) < tr(exp(A) exp(B)).
Lemma 12. For matrix A € S¢ with eigenvalues no less than -1,
I-A+A%—exp(-A)>0.

Proof. Let B := I — A+ A% —exp(—A). Observing that A, A? and exp(—A) share

the same set of eigenvectors,
T-A+A>—exp(-A)=UT - A+ A’ —exp(-A)U",

where U is the orthogonal matrix and A is the diagonal matrix in the eigendecom-
position of A. Therefore, each eigenvalue Ap; of the resulting matrix B can be

written in terms of an eigenvalue Ap; of matrix A for all i € [d],

Api=1-Aa;+ 2, — exp(=1a,).
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The positive semidefinite criterion requires that all eigenvalues be non-negative, so

that Ap; > 0. This inequality holds true for 14, > —1. m]

Lemma 13. For any matrix A € S, and any two matrices B,C € S B < C

implies tr (AB) < tr (AC).
Proof. This follows a parallel argument to the proof for [4, Lemma 2.2]. O

Recall that (P, Q) is the “optimal” factorization which minimizes the opti-
mization problem in D7, ,(U). Let us define the quasi-dimension with respect to

this factorization
D =Ry tr(PTMP)+ Ry r (Q'NQ).

Then, we have that D = D?v.r, ~O).

Lemma 14. For U as defined in Definition 2, we have that,

tr(U)=D. (3.18)
Proof.
5 YRyt VM P ) Y
@) =t(ZZ) =tr ) (\/RM VM P Ry \/NQ)
VRN VNQ

v e (NAEPD VAT) + Ry tr (VN QQ V')

mtr(PTMP)+ Ry tr(QTNQ)

Lemma 15. For all trials t, tr(X") < 1, and all eigenvalues off(’ are in [0, 1].

Proof. Recall that

(X" = t(z'(z")") =

VM~+e), We{;’}Tl\/Wef;_ VN+e!
V2Rar V2R V2Rar  V2Rw |
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Hence ) 5
0 R R
| V2R V2R~

and then bounding the first term on the right hand side gives,

V2R

The argument for the second term is parallel. Therefore since it is shown that the

2
= s (eh) (VAT VITel, < s max (e) M€l = 5

2R M i€lm]

trace of X' is bounded by 1 and that X' is positive definite, this implies that all

eigenvalues of X' are in [0, 1]. O

Proof for regret statement (Equation (3.1))

For the regret statement, we consider non-conservative updates. We recall that U =
yU as defined in (3.4). The assumption that ||U || < i guarantees the existence

of row-normalized matrices P € R and Q € R"™ that give U = PO".
g

In the following, we recall the hinge loss as L).(y,y) := %[)f — yy],. We define
H':= Vg, y L0050 = Vo [y = (v tr (W XY) - 1)] (3.19)

where V denotes the subgradient and where y, is as defined in Algorithm 1. When

vy: = v, we will only consider the specific subgradient H' = 0.
Lemma 16. Forallt € [T],
H' = -y X' [y >y, (tr(VVt)zt) - 1)] :

Proof. Recalling the definition of H' := V3, L] (y.,7,), observe that when y >
Ve (tr (VV’XI) - 1), we have

Vi Y L0030 = Vg [y =3 (e (WX = 1)] = =3(X)" = -3 X', (3.20)

where we used the fact that Votr(AB) = B7. In the case that y <



Chapter 3. General Algorithms and Bounds 50

3. (i (W %) = 1),
Vi V-EKi(Yt,)_’t) =0

Lemma 17. For all trials t € [T] in Algorithm I, we have for n € (0, 1]:
AT, W) = AU, W™ 2 (e(W' = O)H') - e(W'(H")?)) . (3.21)
Proof. We have:

AU, W' - AU, W™ = tr (f]log W —Ulog VV’) +tr (VV’) —tr (VV”I)
=—n tr(fJH’) +tr (W) - tr (e VV’—”H’) (3.22)
UH')+tr (W) - tr (Ve ) (3.23)
UH')+ (W' (I-¢))
UH') +uw(W'(

W' (nH' - n*(H'Y)) (3.24)

where Equation (3.22) comes from substituting Lemma 16 in the update equation of
the algorithm, Equation (3.23) comes from Lemma 11 and Equation (3.24) comes

from Lemmas 12 and 13. O

Lemma 18. For Algorithm 1, we have for n € (0, 1]:

,E[ZT:] tr ((VV’ - I]')H’) < % [tr(Ulog( (el) n))) ) + IEZ[Tl]ntr (W’(H’)z).
(3.25)

Setting the additional assumptions D>D=tr (ﬁ) > 1land m+n >3 gives

> (W -DHH) < D log (m +n) + »_ ntr(W'(H')?). (3.26)

t€[T] n 1€[T]

Proof. We start by proving Equation (3.25). Rearranging Lemma 17 and summing
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over t,

Z (r(W' - O)H")) < ! {Z AU, W' = AU, W™ + 12 tr(v"V’(Hf)z)J

te[T] t€[T]
1 - - - - -
< - [A(U, WhH- AT, W+ Y tr(Wt(H’)2)].
n te[T]
Using the fact that AU, W'*') > 0 and writing out AU, W), we then obtain
Equation (3.25).
To prove Equation (3.26), we attempt to maximize the term tr (U log (U(”g”) ))+
D. Noting that tr (U log(aU)) < tr(U ) log (tr(aU)) for a > 0, we then have

tr(Ulog( (Z;_ )))+@§tr(l~])log(U(U)(—T+m)+@
e e

The upper bound in the above equation is convex in tr(U) and hence is maximized

at either boundary {1,@}. Comparing the terms, we have

tr(Ulog(wD +D< log(m - n) +D
eD eD

for tr(f] ) =1and

tr (Ulog (%)) +D< ﬁlog(m +n)
e

for tr(U) = D. We then observe that given the assumptions, f)log(m + n) maxi-

mizes, therefore giving the upper bound in Equation (3.26).

Lemma 19. Forallt € [T] in Algorithm 1:
r(W!'(H'?) < yLy5n3) + v + 1. (3.27)

Proof. The proof splits into two cases.

Case )y <y ¥, =y (tr (W’f(t) - 1):
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Observe that H' = 0 due to Lemma 16, giving tr (W’(H ’)2) = 0 which
demonstrates (3.27) in this case.

Case2)y >y ¥y, =y (tr (W’X’f) - 1):
We have that

tr(Wf(H’)Z) = tr(v'V’(Xf)z) < tr(VV’X’), (3.28)

where the first equality comes from the fact H' = —y,X‘ " from Lemma 16 and
the second inequality comes from Lemma 13 and the fact that (X")? < X' due to

Lemma 15.
We split case 2 into two further subcases.
Sub-case 1) tr (W’X ’) <y + 1 (Prediction smaller than margin):

Since the hinge loss is non-negative,
r(W'X') < yLLGu3) +y + 1,

lower bounding the L.H.S. by (3.28) demonstrates (3.27).
Sub-case 2) tr (W‘X ‘) > vy + 1 (Prediction larger than margin with mistake):

We have
r(W'X') < [tr(VVfo) +y-— 1]+ —(y-1< [tr(VV’X") +y— 1]+ +iy+1).
By the case 2 and sub-case 2 conditions we have that y, = —1, with

YL (-1.5) = [y +r(W'X') - 1] .

+

Thus we have

r(WX') <yLI(-1.5)+ (y + 1)

and by lower bounding L.H.S. by (3.28) we demonstrate (3.27) and thus the lemma.

O

Lemma 20. For Algorithm 1, assuming that n € (0, 1], D>D=t (Tj) > 1 and
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m+n > 3, we have
X7t 7 t 1~ y =
Z tr ((W -U)H ) < -Dlog(m+n) +ny Z L., 3) +n(1+y)T.
1€lT] n t€lT]
Proof. Combining (3.26) and (3.27) gives the lemma. O

Lemma 21. For U := yU, where U € R™", min; ; |U;j| > 1 and U || ;pax < %

_ . 1 )
-EZ,-()G, Uij) < (1 + 11}2}X|Uij|) [y # sign(U;,;,)] < (1 + ;) Ly # sign(U,;, )]

Proof. We first prove the first inequality. From the definition of the hinge loss and
U,

L;/i(yf’ Ui,j,) = Lgi(yf’ intjt)
1
= —[y(1 _thi,j,)]+
Y

=[1- thi,j,]+~

In the case that y,U;;, > 0, we have L).(y;, U; ;) = [1 = |U,;|1+ = 0 since |U; ;| > 1
by assumption. Otherwise, we have in(yt, U,',j,) <1+|Ujl <1+ max;;|U;l|. The
first inequality follows by combining these two cases.
For the second inequality, we may further evaluate
max |U;;| = min maxmax (P, Q;
ax|Upl = _min max max (P, Q)

< min max || P} max ;
Jmin, max || B max||Q|

= ”UHmax-

Using [|U |lmax < =, we then have max; ; |U;j| < %, from which the second inequality

1

Y
follows.

O

Now we are ready to introduce the regret bound in terms of the hinge loss for

the deterministic y,.
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Lemma 22. The hinge loss of Algorithm 1 with parameters y € (0, 1], D>D>1,

n = 5lo§(Tm+n), T > 2Dlog(m + n) and m + n > 3, is bounded by

4
Z L0n) < Z L6 T+~ \/21) log(m + m)T + z)log(m +n), (3.29)

te[T] 1€[T]

where we recall that U := yU and I_]i,j, =tr (UX") — 1 (see page 35).

Proof. First, we aim to prove the bound

DL 0nd) - Ly0n Ty) < Y. (W - THH), (3.30)

t€[T] telT]

so that we can apply Lemma 20. Recall H' is defined as the subgradient of

L] (v, 3:). Substituting for J, gives,
Y 5 1 Ity
Li0w5) = 1y - yltr (W'X') - D],

Lemma 3 gives,

_ 1 ~ ~
L000ii) = Zly = w(r(TUX') =D, .

Define
2= Ly —war(2X7) - 1),

Since L].(y:,-) is convex and the fact that a convex function applied to a linear

function is again convex, we have that f(-) is convex. We have

D (Li0n5) = L6 Ti) = Y (AW - D)

te[T) 1€[T]

< > (W -0)vw)) (3.31)

te[T]

= Z tr W[ J WI-th(yﬁyl))

1 Z (W' -0 H'), (3.32)

te[T]

where (3.31) follows from the fact that f(A)— f(B) < tr((A— B)V f(A)) for a con-
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vex function f and symmetric matrices A, B and (3.32) comes from the definition

of H' = Vi5,y.LY.(y,, 3 (see (3.19)).

Hence we can apply Lemma 20, which gives the following upper bound for

Yoetr tr (W' = O H');

>, w (W' -DHH') < Dlog(m +m) 4y ) L0ny) +n(l+ )T

t€[T] 1€[T]

Substituting the above into (3.32) gives,

Z th(yt,yt) < Z th(yf’ Ulr/r) +

te[T] 1€[T]

Z)log(m +n)+ 1y Z L) +n(1 + 7)TJ

te[T]

( )[Z L.0n0,) + ~Dlogm+m + 11+ 7)T)
ny Y

te[T]

( )[ZL (1 0i,j1)+ii\)10g(m+n)+2_nT] i
ny 0%

te[T]

where the final inequality follows since y € (0, 1].

We observe that np € (O, %] due to the definition of 7 and the assumption on 7.
We apply (1/(1 — x)) < 1 + 2x for x € [0, 1/2] to obtain

1 2
3 L) <A +2p| Y. L5300 Tyj) + — (Dlogm +m) + 217
r€lT] ielT] my Y

(@) 3
(6] ——

— T 2
=(1+2) Y L300 Uiy) + = Dlogm+ )+ 777T +

te|T]

) ®)
2

2 4
ZDlog(m+n) + —LT
y y
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By substituting = \/ —D“’i(’"*”),

56

(b)
(a)

_ n 2D log(m + n) _
D LouF) < ) L0n Ui+ \/ T Y L Uiy +
te[T] t€[T]

te[T]

(©) (d)

4~ 2 [ =
—Dlog(m + n) + ; \/21) log(m + n)T
Y

where (1) = (@) + (b), (2) + (3) = (d), and (4) + (5) = (c¢). From Lemma 21, we then
have Lgi(y,, Uitj,) <1+ i < % for t € [T], giving

_ 4 [~ 4~
Z L5y - Z L0, U;j) < ; \/21) log(m + n)T + ;Dlog(m + n).

te[T] 1€[T]

O

Lemma 23. For y, € {—-1,1}, y, € R, Y, ~ UnirorM(—7Y, ), v € (0,1] and 9, :=
sign(y, — Y),

2E[y; # /] < in(yz, Vo)

Proof. We have

3ty i -y<i <y

1 ify, >y
and

ity < -y

- if-y<yi<y
0 if y, > y.

The possible cases are as follows.

1. If 5 <y, 2Ely; # 91 = L., ,). This is since if y, = 1, E[y, # §,] = 1 — &

1

2 2y
and Lgi(y,,)‘),) = %(7 - yy). Similarly if y, = =1, E[y, # J] = % + zy—; and
Lgi()’z,)_’z) = %(7 + ¥o)
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2. If |yl = y and E[y; # ;] = 0, then £gi(yta)_]t) = %[7 = yl+ = 0.

3. If [y > y and Ely, # §,1 = 1, LI, 30) = %[)’ + [yl 2 277 = 2E[y; # 31].

O

—

Lemma 24. The expected mistakes of Algorithm 1 with parameters y € (0,1], D >
_ Dlog(m+n) .
D>1,n= =27, andm+n >3, is bounded by

1 35 =
BIMI < 5 ) £5,00Uip) + — \Dlogm +n)T, (3.33)

te[T]

where we recall that U := yU and l_]i,j, =tr (f]}zt) — 1 (see page 35).
Proof. Let us consider the following two cases.

1. T <9Dlog(m + n).

E[M[I<T

< min(T, 9D log(m + n))

= \/min(T, 9D log(m + n))?

< \/913 log(m + n))T

3 =
< - \/Z) log(m + n))T
Y

where the last inequality holds since y € (0, 1].

2. T >9D log(m + n). We apply Lemma 23 to Lemma 22, and obtain

1 _ 2 [ 2
ElMI) - > L0n Ty < ; \/21) log(rm +mT + =D log(m -+ m)

te[T]

2 — 2 =
< - \/21) log(m + n)T + — \/(Z) log(m + n))?
Y Y

2 [ = 2 =
< - \/21) log(m + )T + — | Dlog(m + n)T
4 3y
(3.34)
< ﬁ \/f)log(m +n)T
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where (3.34) applies due to the assumption on 7.

Combining the two cases gives the lemma. m|

The regret statement of the theorem then follows from Lemma 24 by applying

the first inequality in Lemma 21.

Proof for the mistake bound (Equation (3.2))

In this subsection, we prove the second part of Theorem 1 (Equation (3.2)). To do

so, we prove an intermediate result which implies the theorem:

Lemma 25. The mistakes in the realizable case with conservative updates
([NoN-cONSERVATIVE] = 0) and parameters n = v, D > Z)?V_,’N(U ) are bounded
by,

IM]| < 3.6(D/y*) log(m + n), (3.35)

forallU € ((—oo,=1] U [1,00))™" with ||U|lpax < 1/y and y, = sign(U,,;,) for all
te M.

We now recall the second part of the theorem and show that Lemma 25 implies

this.

The mistakes in the realizable case with conservative updates
([~noN-conservATIVE] = 0) and parameters 7 = vy, D> miny csp! 1) D?\/I, V)
are bounded by,

IM]| < 3.6(D/y*) log(m + n),

forall U € R™" with mc(U) < 1/y and y, = sign(U,,;,) for all t € M.

Since Lemma 25 holds for all U € ((—oo0, —1] U [1, 00))™", it also holds for the
comparator matrix V* € argminVESpl(U,)Z)va, ~(V) where U” € R™". We have
V= sign(Vi’: J.[) = sign(U{r j[) for all ¢. It now remains to be shown that ||V*|| . < 1/y
is equivalent to mc(U’) < 1/y. It is easy to show that ||Vl < 1/y im-
plies mc(U’) < 1/y since we have mc(U’) < ||[V*|lmax < 1/y. To show that
mc(U’) < 1/y implies ||V *||max < 1/, we observe that ||V *|[nx < 1/ iff there



Chapter 3. General Algorithms and Bounds 59

exist P and Q such that PQT = iV* . We now show that m¢(U’) < 1/y im-
plies the existence of such a decomposition for V*. The condition mc(U") < 1/y
implies that there exists a V' € SPY(U’) such that ||V'||max < 1/y. Therefore,
there exist P and Q such that PQ™ = %V’ and D?W,N(V,) is finite. Since
Z)?\J,N(V*) = minygpi Z)}/W,N(V) < Z)?VI,N(V’), we have that ZX\/I,N(V*)
must be finite as well, thus implying the existence of a decomposition.

In the remainder of the section, we provide the proof for Lemma 25.

Proof of Lemma 25

Lemma 26. [4, Lemma 2.1] If A € S¢ with eigenvalues in [0, 1] and a € R then:
(1-¢€e")A<I—-exp(ad)
Lemma 27. For all trials t € M, we have:
AT W) = AU, W™ 2y e (UX') + (1= ™) e (W X') . (3.36)
Proof. We have:

AU, W' - AU, W™ = tr (ﬁ log W' — U log W’) + tr (VV’) —tr (W’“)
=y tr (O X) +tr (W) - tr (e W omX)  (3.37)

> iy, tr (O X) +tr (W) - tr (e W'em X)) (3.38)
=y, tr (f])zt) + tr( ( e”y’Xt))
>y tr(OUX') + (1 - e™) e (W'XY), (3.39)

where Equation (3.37) comes from the update of the algorithm, Equation (3.38)
comes from Lemma 11 and Equation (3.39) comes from Lemma 26 which applies

since, by Lemma 15 all eigenvalues of X' are in [0, 1]. O

Lemma 28. [34, Lemma A.5] For x € [-1, 1],

XHx+l-e">B-e)x.
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We proceed by showing that the “progress” AU, W) — AU, W) of W*

towards U may be further lower bounded by cy (see Lemma 29).

Lemma 29. Let ¢ := 3 — e. For all trials t with t € M (under the conditions of

Lemma 32) we have:
AU, W' = AU, W™ > ¢y?

Proof. By Lemma3, U, ;, = tr (ﬁXf)—l so since y, = sign(U;, ;,) = sign(U,,;,), and
y < min,, ;, |U; ;| by the constraints on U, we have y < y, (tr (f]X”) - 1). So when
y; = 1 we have tr(fff(’) > 1 + v and when y, = —1 we have tr(f]f(t) <1-vy We
use these inequalities as follows.

First suppose that y, = 1. By Lemma 27 we have:

AT W= AU W™ 2y (UX) + (1 - ) tr(W'X')
>y +y)+1-e)tr(W'X')
2yl +y)+0-¢€) (3.40)
=(y+y)+1-¢
> ¢y’ (3.41)

where Equation (3.41) comes from Lemma 28 and Equation (3.40) comes from the
fact that §, = —1 and hence, by the algorithm, tr (W‘X ‘) <1.

Now suppose that y, = —1. By Lemma 27 we have:

AT W) - AU W™ 2~y (UX') + (1 - e?)tr (W' X')
>—y(l-y)+(1-e") (WX
>—y(l-y)+(1-¢€7) (3.42)
=—y+y +1-¢7”

> ¢y?, (3.43)

where Equation (3.43) comes from Lemma 28 and Equation (3.42) comes from the
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fact that §, = 1 and hence, by the algorithm, tr (W’X ’) > 1. O

Lemma 30. We have,

ey’ M| < AU, W).

Proof. Suppose that we have T trials. Then we have:

AU, WY > AU, W" - AU, W
- Z UASBINUATAS)
te[T]

- Z (AT, W) - AT, W) (3.44)

teM

> ey’ (3.45)

teM

= cy’M,

where (3.45) follows from (3.44) using Lemma 29. |

Lemma 31. Given that W' = @ﬁ we have

A(ﬁ, Wl) <tr (ﬁ) log(m + n) + tr(l}) log tr%]) +D - tr(ﬁ)
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Proof. We have:

=tr (U log U)-tr ﬁlog (—)) +D— tr(l~]) (3.46)
m+n
<t(U log(tr(ff))) —tr (ff log (mi-l—n)) +D - tr((j) (3.47)

= (log(tr(f])) — log (%)) (D) + D - t(U)

(tr(f])(m + n)]

=log tr(f]) +D- tr(f]) ,

where (3.47) follows from (3.46), since U := VAV~ where Aisa diagonal matrix

of the eigenvalues of U. This holds since,

(U logU) = t(VAV ™'V Iog AV ™)
=tr(VAlogAV™)
=tr(Alog A)

m+n m+n

<O Wlog D] )
i=1 i=1

= tr(U log(tr(D))) .

Lemma 32. The mistakes, |M|, of Algorithm 1 with the assumption that y,

sign(U,,j,) for all t € M and with parameters ||U||pex < 1/y, 1 < D and n=-vy
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and conservative updates, is bounded above by:
1 D\ —~
M| < 3.6 |D|logm +n) +log=|+D-D (3.48)
Y D
Proof. Combining Lemmas 30 and 31 gives us

<L [tr () 10gn + ) + (@) log 22 + B - tr(f]))
cy D

Using Lemma 14 and upper bounding 1/c by 3.6 then gives the result. O

The theorem statement for the realizable case then follows by setting D> D.

3.6.2 Proof of Theorem 4

In this subsection we provide the proofs for the regret and mistake bound statements
for the MGD algorithm. For the mistake bound, we prove the following lemma in
the remainder of the subsection, which implies the bound (see discussion following

Lemma 25, where we can replace the quasi-dimension by the quasi-area).

Lemma 33. The mistakes in the realizable case with conservative updates

_ : _ D2 2
(/NON-CONSERVATIVE[=0) and learning rate n = ik where D > ?qw’N(U),
are bounded by,

@2
|M| S 5
Y

forallU € ((—o0,—=1] U [1,00))™" with ||U|lnex < 1/y and y, = sign(U,,;,) for all
te M.

For all ¢t € [T], we define
H' = yV‘;V,LKi(y,, V;) [y X [NON-CONSERVATIVE] > y,y,], (3.49)

where V denotes the subgradient and we recall that y, = tr (W’ (X Z)T), as defined in
Algorithm 2. We also define U := yU for U € ((—o0, —1] U [1, 00))™" and recall

the following lemmas from Section 3.6.1.
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Lemma 21. For U := yU, where U € R™" min;;|U;| > 1 and
10l < &

_ . 1 )
L.o,U,) < (1 + Hll_f}xlUijl) [y: # sign(U;,;,)] < (1 + ;) [y # sign(U,,;,)]

Lemma 23. Fory, € {-1,1}, §; € R, Y, ~ Untirorm(—y,7y), v € (0, 1]
and y, := sign(y, — 1),

2B[y; # /] < in(yt’)_]t)'

Lemma 34. Forallt € [T],
H' = -y X' [y X [NON-CONSERVATIVE] > y,j;] .

Proof. When 7y X [NON-CONSERVATIVE] > y,3;, we have that H' = V3, v L] .(y, J,) and

hence
H' =V, [7 -y (tr(VV’X’) - I)L = Vi (y -V (tr(VVtXt) - 1)) = —y, X"
When y X [NON-CONSERVATIVE] < y,¥;, H' = 0 by definition. m|

Recall that (P, Q) is the “optimal” factorization which minimizes the opti-
mization problem in the definition of Z)?VI ~(U). Let us define the quasi-area with

respect to this factorization as
A= RyRntr(PTMP)tr(Q'NQ).
Then, we have that A = ﬂ;/\/l, ~O).

Lemma 35.

r(UU™) < A
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Proof. We start by proving the equality. Recall that U = VRuRN VM PQ™ VN.
t(UU") = RyrRun tt( VM PQ" NQP™ VM)

from which the equality follows by the cyclic property of the trace. For the inequal-

ity, we bound
RuRNtt(P"TMP - Q"NQ) < RuRn tt(P"TMP)tr(Q"N Q)

which follows since tr(AB) < tr(A) tr(B) for A, B € S,. |

Lemma 36. Forallt € [T],
tr(X'(XH) < 1.

Proof. Recall that

. 1
X'=———+VMve,(e;) VN~

RuRN

Evaluating

1

MRN

(XX = z tf(VM+e;(e;) N'te,(e;,)" VN*)

(e;)"M"e;(e;) N'e,

RmRN
_ 1 + +
- RMRN inde” " JisJi
<1,

where the inequality comes from the definition of the squared radius: Rp; :=

MmaX;em] M; . O

Lemma 37. Forallt € [T],

w(U(X") = U,

e

Proof. RecallthatU = VRyRN VM PQ™ VN and X' = — VM*e;(e;)” VN*.
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Then we have

aw(U(X"") = t( VM PQ7ej (e;,)” VM)
= tr(e,TtPQTej,)

= (pQT)i,,j,

O

We proceed with the typical progress inequality for MGD. For a matrix A, we
define the || A||r as the Frobenius norm, given by tr(AAT).

Lemma 38. Forallt e [T],
1O - W2~ U - W2 = i e((H")?) + 2nte(W' - U) H").

Proof. Recalling the update rule and by Lemma 34, we have that for both conser-

vative and non-conservative updates, W' = W' — nH'. Hence,

U - WH; =(U - (W' -=nH"),U - (W' - nH"))
= U - W2 + > w(H'(H")") = 2pte(W' = U) H"). (3.50)

The lemma then follows by rearranging Equation (3.50). i

Lemma 39. For Algorithm 2 with non-conservative updates, assuming that n =
\/% and D* > A > 1,

Z (W' = U H') < DT

te[T]

In the case of conservative updates, assuming that n = ,/% and D* > A > 1,

Z (W' = U) H') < \| DM

teM
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Proof. We prove for the case of conservative updates. The case of non-conservative
updates can be proven in the same manner by summing over [7] instead of M.
Rearranging the equation in Lemma 38 and summing over ¢ € M (while noting that

for conservative updates H' = 0 when ¢ # [M]) gives

Ztr«vif’—mﬂf)— (||U W 1T - WHHR) + 2 ) tr(H'(H'Y)

teM teM
1( ~ -
<3 10 - W2 + 7 ;M; tr(Ht(H’)T)) (3.51)
= % t(UU) + 17 %{; tr(H‘(H‘)T)) (3.52)
= 2—177 t(UU™) + 12 %;ﬁ tr(X’f(Xf)T)) (3.53)
1
<3 (D* +n* M) (3.54)
L5+ T
217 2

where (3.51) comes from the fact that ||U — W'MMII% > 0, (3.52) follows from
Wi .= 0, (3.53) comes from Lemma 16 and (3.54) comes from Lemmas 35 and 36.

The lemma follows by setting the i from the assumption. O

Lemma 40. For Algorithm 2 with non-conservative updates, assuming that n =

\/Z%z and D* > A > 1
D L) = ) L0 Uiy) < = \/zﬂ (3.55)

te[T] 1€[T]

D2
[}

Z ‘EZi(ytv)_]t) - Z Lh,()’z, UL,J,) < - \/@2|M (3.56)

teM teM

where we recall that U := yU. In the case of conservative updates, n = and

D>A>1

Proof. We prove the case for the conservative updates. The case for non-

conservative updates can be proven in a similar manner by using [7'] instead of
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M. We aim to prove

Z (Lgi()’za Vi) — Lgi(y,, Ul‘,j[)) < % Z tr ((Wt - 0)Ht)

teM te[T]

so that the lemma follows from Lemma 39. For t+ € M, we have that H' =

Vi v Ll (v, 3:) since y,y, < 0. Substituting for j, gives,
Y 5 1 X7t Wt
Lhi()/t, yt) = ;[7 - )’t(tr (W X ) - DI,

Lemma 3 gives,
_ 1 ~ ~
Li00Uij) = Sy = W (UX) - D],
Define
1 ~
W2y =y - w(tr(ZX') - DI,

Since L].(y:,-) is convex and the fact that a convex function applied to a linear

function is again convex, we have that f(-) is convex. We have

Z (in()’t’yt) - L. Ui,j,)) = Z (f;(Wt) - ft(ﬁ))

teM teM

< > (W -0) VW) (3.57)
= > u(W'-0) Vg L0 5))

1 ~ ~
- - Z tr (W' -0) H'), (3.58)
teM
where (3.57) follows from the fact that f(A) — f(B) < tr((A — B)"Vf(A)) for a
convex function f and (3.58) comes from the definition of H' = V3, v.L]. (v, )
(see (3.49)). |

The regret statement of the theorem follows from Equation (3.55) in Lemma 40
by bounding ;7 L1 (Or, ¥o) and Yy L1:(vr, U;, ) through Lemma 23 and the first
inequality of Lemma 21 respectively. For the mistake bound in the realizable case,

we use Equation (3.56) in Lemma 40 and observe that Y}, £).(v;, U ;,) = 0, from
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which Lemma 33 follows. [ |

3.6.3 Proof of Proposition 6

We now prove Proposition 6, that the transductive and inductive algorithms are

equivalent. Recall by assumption that Ry = Rps and Ry = Ry

Equivalence of Traces

Suppose, in this subsection, that we have some given trial 7. In this subsection we

analyse the inductive algorithm. We make the following definitions:

Definition 41. For all s € U N [¢]

o(s) = [< VAT et <m>efs]
' V2R V2Rw
v(s) := [(\/(MT+1)+)81}. ( ‘/(NT+1)+)ejS]
' V2Rv | \2Rw

Note that X"(s) = v(s)v(s)" and X7*1(s) = (s)0(s)" for s € UN [1].

Lemma 42. For all | € N and for all ay,a,, ...,a; € U N [t — 1] there exists some

a € R such that:
X'(@)X'(a) - X'(a) = av(a))v(a)’

and

X" anX™ ay) - X" ) = av(a)v(a)

Proof. We prove by induction on /. In the case / := 1 the result is clear with @ := 1.

Now suppose the result holds with [ := ¢ for some ¢ € N. We now show
that it holds for /[ := g + 1. Since it holds for [ := ¢, choose @’ such that
X'(@)X'(a) -~ X'(ay) = a’v(aw(a,)" and X™(@) X" (ar)--- X" (a,) =
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a'v(a;)v(a,)". Note that we now have:

X'(a)X'(@) - X'(a) = X'(@) X' (@) - X'(a) X" (@)
= o/ v(ar)v(a,) X' (@)
= a’v(a))v(a,) v(a)v(a)’

= (v(a) v(@)) @’ v(@)v(@)’
_ M+(iaq’ iu/) 4 N+(jaq7ju1)
B ZRM 2RN

) a'v(a))v(a)’

Similarly we have:

MG i) | NG o)
2R 2RnN

X" anX" N ap) - XN ay) = ( ) ' v(a)v(a;)’,

from which the result follows. O

Lemma 43. Foralll € N and for all a,,a, ...,a; € UN [t — 1] we have:

r (XX (@)X ') X'(a)) = r (X' X" @)X (@) -+ X" (@)

Proof. By Lemma 42, let a be such that
X'(a)X' (@) X"(@) = av(a)v(a)

and

X" anX™ N ay) - X" (@) = av(a)v(a@)"
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Note that:

r (X0 X (@)X a2) - X'(a)
= atr (X' (o(a)v@)’)

= atr (v(Hv() v(a)v(a)")

= atr (v(a) v()v() v(a))

= a (v(a) v(®)) (v(1)"v(ar))
—a (M+(ia1’ lt) + N+(ja1a ]l‘)) (M+(it’ ial) + N+(jt’ jal))
B 2R 2RN 2Rnr 2RN

Similarly we have:

tr (X~T+l(t)XT+l(al)XT+l(a2) . XT+1(al))

= M+(ia1’ lt) + N+(ja1,jt) M+(it, ial) + N+(jt’ jal)
T 2R 2RN 2R 2RN

The result follows. O

Lemma 44. For any g € N, any k € R* and any by, b,,---b,_ € R we have:

q q
tr[X’(z)[ Z bet(s)}]:tr[X'T“(t)( Z bSX'T“(s)}]

seUn[r—-1] seUn[r—1]

Proof. We have:

q
it [Xf(r)( D bst<s>] )
seUN[r-1]

:tr[fm) ooy ey (ﬁbai))z«al))?(az)---X%aq)]

a1€0N[t=1] axeUN[t-1] a,eUNn[t-1] \ i=1

_ Z Z Z (ﬁbai)tr(X[(t)X[(m)Xt(az)'"X[(aq))

a1€UN[t=1] ap€UN[t-1] ag€UN[t=1] \ i=1
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and similarly,

—1 4
tr (X 0 [Z b,X T“(S)) ]
s=1
q
:tr[XT“(n DR [l—[ba,.]XT“<a1>XT“<az>---XT“wq)

a1€UN[t=1] a€UN[t-1] ag€UN[e=1] \ i=1

— Z Z Z (ﬁ bai) tr(XT+1(I)XT+1(¢11)XT+1(612)" .XT+1(aq))’

a1€UN[t—=1] ap€UN[t-1] a,€UN[t=1] \ i=1

The result follows by Lemma 43. O

Lemma 45. For any k € R* and any by, b,,---b,_1 € R we have:

tr (X”(t) exp [KI + Z bSX‘(s)]] =tr {X”l(z‘) exp [KI + bSX'T“(s)]]
seUn[z—1]

seUN[t-1]

Proof. Using the fact that exp (A + B) = exp (A) exp (B) for commuting matrices
A and B, and noting that the multiple of the identity matrix commutes with any

matrix, we have that

tr [X’(t) exp (KI + Z bSXt(S)D =fr (X't(t) exp (k1) exp{ Z bs)zt(s)]] )
seUN[r—1] seUN[r—1]

By the Taylors series expansion we have:

oo q

bth(s)]]:eKtr[X’(t)Zl'[ Z bSX’f(s)]]
q: seUN[t—1]

oo q

:eKZl'tr[X’(t)[ Z bSX’(s)]]
q' seUN[t—1]

tr [X’(t) exp (kI) exp [

seUN[r-1]

Similarly, we have

) q
tr[XT+1(t)exp[KI+ > bSXT“(s)]]:e’(qz:(;%tr()z”l(t)[ > bSXT“(s))].

seUN[z—-1] seUN[t-1]
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The result then follows from Lemma 44. O

Equivalence of Algorithms

On a trial ¢, let Z, be the prediction (y,) of the inductive algorithm and let y, remain

the prediction of the transductive algorithm. We fix « := log (@/ (m+ n)).

Lemma 46. On a trial t the prediction, y,, of the transductive algorithm is given by:

t—1
yi=tr [XT“m exp (KI £ fs@oXT“(s)]]
s=1

and the prediction, 7;, of the inductive algorithm is given by:
7, =tr [X’(t) exp [KI + Z fs(ZS)X’(s)]]
s=1

where fi(x) := iy, if ysx < 7y X [NON-CONSERVATIVE] and f(x) := 0 otherwise.
Proof. Direct from algorithms, noting that if s ¢ U N [ — 1] then f(Z,) = 0. |
Lemma 47. Given a trial t, if y; = Z; for all s < t, then y; = Z,.

Proof. Direct from Lemmas 46 and 45 (with by := f,(¥,) = f,(Z;)), noting that if
s ¢ UnN[t— 1] then fi(z,) = 0. O

Proposition 6 follows by induction over Lemma 47. [

3.6.4 Proof of Proposition 7

Before proving Proposition 7, we first present an intermediate lemma, Lemma 48.

Lemma 48. Giving a matrix A € R scalar a € R, we have that
AAA", aI") = A(A™ A, aI*) + a(n - k).

Proof. Denote the n X n eigendecomposition diagonal matrix of A" A as A, and
that of AA™ as A;. Observe that the non-zero eigenvalues of A" A is identical to

that of AA™. In both cases, these are given by the square of the singular values of

A.
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This fact then allows us to write the following,

A(AAT,al") = tr(AA" log(AA")) — tr(AA™ log(al™) + tr(al") — tr(AA")
= tr(A, log(A,)) — tr(A, log(aI™)) + tr(al™) + tr(A,)
= tr(Ay log(Ay)) — tr(Ay log(al®)) + tr(aI™) + tr(Ay)
= tr(Ay log(Ay)) — tr(Ay log(aI®)) + tr(aI®) + a(n — k) + tr(Ay)
= tr(AT Alog(A™ A)) — tr(A” Alog(al®)) + tr(aI®) + a(n — k) + tr(Ay)
= A(A" A, alI") + a(n - k).

We now recall the proposition and provide a proof.

Proposition 7. For all ¢

Wit =w;
where W™ is defined as in (3.15) and W, is defined as in (3.16).

Proof. We recall that

—_

D
s, . m+n S
W' = argmin A(DWD,—+nI ) + 1y E Iy (W).

W WeSmn m selr]
Then, we write
E) t—1
st _ . X m+n S
W, = argmin AW, ——I"" +ny ) [, (W)
W:WeS W=DW D m+n =1

- t—1
= argmin AZZ, D ey ny Z £ (W)
W:W=2ZZ7,Z-DZ m+n pr}
where Z € RWxk the last optimisation is over all Z and k, and we have made
use of the fact that requiring W € S”*" is equivalent to requiring that W = ZZ".
This is because any symmetric matrix A has an eigendecomposition A = VIV,
Since all the eigenvalues of W are non-negative by virtue of it being positive semi-

definite, we can set Z = V VX. Similarly, any matrix Z has a SVD decomposition
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Z = SQT", so that ZZ™ = SO2S7, which gives a matrix with non-negative
eigenvalues {in : i € [m + n]}. Then using Lemma 48,

—

o Z) t—1
W= argmin  AZ7Z,——I)+ny Y fL(W)+
W.W=ZZ7.Z=-DZ m+n

D(m +n—k)

£ m+n

E) t—1

= argmin A(Z"D*Z,——1TI") +ny Z (W) +
W.W=22Z7 m+n

5(m+n—k)
m+n

s=1

Finally by considering wlog Z = [P; Q] for P € R"™ Q € R™*, we then have
that this equals W™

3.6.5 Proof of Proposition 8

In the following, we prove Proposition 8. We compute W **! as described in (3.17),
and show that this gives rise to the prediction in Algorithm 1. We note that (3.17) is

convex in W due to the following lemma.
Lemma 49. The function
ADW D, A) + f, (W)
is convex in W € 87" where A € S""" and D € S""".

Proof. First, we note that the sum of convex functions gives a convex function. The
hinge loss fyt (W) is a convex function in y,, where we recall that y, := tr(W X)) —1.
Since the composition of a convex and linear function is a convex function, we have
that the hinge loss is convex in W.

Hence, we aim to show the convexity of F(W') := A(DW D, A). We define
the function

GW)=DWD

and the function

HW) =AW, A).
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We then have that F(W) = H(G(W)). It is clear that GG is linear in W since

G(Q’W] + (1 - Q)Wz) = D(CYW] + (1 - QWZ))D
=aDW D + (1 — a)DW,D
=aGW)) + (1 — a)G(W>).

We also know that H is convex in W due to the convexity of the quantum relative
entropy with respect to its first argument. By the convexity of H and the linearity of
G, we have that their composition F' is again convex.

O

Since the function in (3.17) is convex, we can use the first derivative to find the
minimizer. For a function F(W) ;: RUm+mximin _y R e will denote its derivative

with respect to W as Vy F(W).

Lemma 50. We have
1
Vw f, (W) = —;sz’ [y > y(tr(W X" - 1].

Proof. Clearly if y < y,(tr(W X") — 1), then L].(5,,y:) = [y (W) = 0, resulting
in a derivative of Q"+ For y > y,(t((W X") — 1), we have that f{(W) =
%[7 — y,(tr(W X") — 1)] which gives the lemma since V4 tr(AB) = B™ and X" is

symmetric for all . O

Lemma 51. For F(W) .= A(DW D, DW*' D), we have
Vw F(W) = D(log(DW D) —log(DW ' D))D.

Proof. Recall that (Vyy F(W)),; = % for all i, j € [m + n]. Defining G(W) :=
DW D, we have that

oF oF 0G
=) LM (3.59)
oW 440Gy Wy
Since sz = Zs,; DksWstDtla
0G
Y = DuD;j. (3.60)

oW,
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We also have

F
oF = (log(G) — log(DW™' D))y, (3.61)
0Gy

since VA(A(A, B)) = log(A) — log(B) for symmetric matrices A, B (see e.g. [4]).
Combining (3.59), (3.60) and (3.61),

oF
oW;;

= ) (10g(G) — log(DW*' D))y DD

k,t

The lemma then follows since D is symmetric.

Lemma 52.

Vw (A(DW D, DW'D) + nyf: (W) = D(log(DW D) - log(DW*'D))D

=y, X" [y > y(r(WX") = 1)]

Proof. This follows directly from Lemmas 50 and 51. m|

Lemma 53. We have

X'= DX'D.

Proof. Recall that
X' = ! [ei’ ; ej’] [ei’ ; ej’]T.

2 m> —n m> —n

and

X' = lD‘1 [ei‘ : ej’] [ei’ : ej’]T D

m> —n m> —n

Lemma 54. Forallt € [T],

—_— D' exp(log(DW*'D) + ny, XD if y> y,(tt(WX") - 1)

Wt otherwise.

(3.62)
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Proof. We recall that W*"*! = argminy, AADW D, DW*'D) + nyf;(W). We
first consider the case when y > y,(tr(W X’) — 1). From Lemma 52, we have that

the minimum W™ satisfies
D(log(DW?*D) —log(DW*'D))D — ny, X' = 0.
Rearranging,

log(DW*D) — log(DW™*'D) = ny, D' X'D™!

W* = D' exp(log(DW™*' D) +ny, D' X' D)D",

From Lemma 53, we then obtain the first case. For the other case, we have that the

minimum W™ satisfies
D(log(DW*D) — log(DW*' D))D = 0,

from which the second case follows. ]

Lemma 55. Forallt € [T],
W =D'W'D™
where W' is as defined in Algorithm 1.

Proof. We prove by induction over ¢. For t = 1, we have that W*! = D p-2 =

m+n

D'W'D'. Now we show that if W*' = D™'W'D"", we also have W*'*! =
D'W™*!' D!, From Lemma 54, we have for the case y > y,(tt(W X") — 1):

wetl = Dl exp(log(DW*' D) + 17yt)2't)D_l
= D' exp(log(W") + ny, X")D"! (3.63)
= D'wW* D!, (3.64)
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where (3.63) comes from the assumption that W*' = D-'W'D"!, and (3.64)
comes from the update rule in Algorithm 1. Otherwise, there is no update and

we have

W*,t+1 — W*,t
=D'W'D™
— D_IWHID_I.

By Lemmas 55 and 53,

¥+ 1=tr(W'X")
= u(DW*'DX")
= (W' DX'D)
= (W™ X").



Chapter 4

Latent Block Structure

In the previous chapter, we gave mistake and regret bounds for online matrix com-
pletion with side information for a general matrix. In this chapter, we will apply
these bounds to binary matrices with a k X ¢ latent block structure, where k and
¢ are respectively the number of distinct row and column factors. In the trans-
ductive setting, if the side information is predictive of the underlying factoriza-
tion of the matrix, then in an ideal case, the mistakes are bounded by (j(kf). In

the inductive setting, we provide an example where the mistakes are bounded by

O(max(k, €)? min(k, £)).

4.1 Introduction

In this chapter, we aim to apply the bounds that we developed in the last chapter for
the MEG and MGD algorithms to the hypothesis class of matrices with a k x £ latent
block structure. Such matrices have the property that both the margin complexity
and the max-norm are bounded by min( vk, \/Z’). Recall that the mistake bounds that
we proved in the previous chapter are of the form O(D/y?) and O(D?/y?), where D
is the quasi-dimension term and 1/y? is a parameter of the algorithm which serves
as an upper estimate of the squared margin complexity mc(U)? of the comparator
matrix U. In this chapter, we will upper bound the quasi-dimension term 9 for

different scenarios in the transductive and inductive settings.

Recall that in the case of vacuous side information, ) = m + n. However, if
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there is a k X ¢ latent block structure and the side information is predictive, then we
show that D € O(k + ¢€) in the transductive setting. This results in an MEG mistake
bound that is O(k€), which we will later argue is optimal. In the inductive setting,
where we are given only a pair of kernel functions, we give an example with the min
kernel where the quasi-dimension D is now bounded by O(k? + ¢?), giving an MEG
mistake bound that is O(max(k, €)® min(k, £)). Although latent block structure may
appear to be a “fragile” measure of matrix complexity, our regret bound implies that

performance will scale smoothly in the case of adversarial noise.

The chapter is organized as follows. First, we give a background on matrices
with a latent block structure. In Section 4.3, we formally introduce the concept of
latent block structure (Definition 56) and provide an upper bound (Theorem 57) for
the quasi-dimension O when the matrix has latent block structure. For the transduc-
tive setting, we provide an example that bounds  when we have graph-based side
information (Section 4.4.1); and a further example (Section 4.4.2) when the matrix
has additionally a “community” structure. For the inductive setting, we present an
example illustrating a bound on O when the side information comes as vectors in
R4 which are separated by a clustering via hyper-rectangles in Section 4.5.1 and
hyper-spheres in Section 4.5.2. Finally, we perform synthetic experiments in Sec-

tion 4.6.

4.2 Background

Hartigan [72] introduced the idea of permuting a matrix by both the rows and
columns into a few homogeneous blocks. This is equivalent to assuming that each
row (column) has an associated row (column) class, and that the matrix entry is
completely determined by its corresponding row and column classes. This has since
become known as co- or bi-clustering. This same assumption has become the basis
for probabilistic models which can then be used to “complete” a matrix with missing
entries. The authors of [73] give rate-optimal results for this problem in the batch
setting and provide a literature overview. It is natural to compare this assumption to

the dominant alternative, which assumes that there exists a low rank decomposition
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1 10 20 30 40 50 1 10 20 30 40 50
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Figure 4.1: A (9, 9)-biclustered 50 x 50 binary matrix before/after permuting into latent
blocks.

of the matrix to be completed, see for instance [74]. Common to both approaches
is that associated with each row and column, there is an underlying latent factor so
that the given matrix entry is determined by a function on the appropriate row and
column factor. The low-rank assumption is that the latent factors are vectors in R¢
and that the function is the dot product. The latent block structure assumption is
that the latent factors are instead categorical and that the function between factors

is arbitrary.

4.3 Definition and Quasi-Dimension Bound

We introduce the concept class of (k, £)-binary-biclustered matrices (previously de-
fined in [34, Section 5]), in the following definition. A visualization of an example
(9,9)-biclustered matrix can be found in Figure 4.1. We then give an upper bound
to the quasi-dimension term Z)}YVL ~(U) when a matrix has this type of latent struc-
ture in Theorem 57. The magnitude of the bound will depend on how “predictive”
matrices M and IN are of the latent block structure. In Sections 4.4.1 and 4.4.2,
we will use a variant of the discrete Laplacian matrix for M and IN to encode side

information and illustrate the resultant bounds for idealized scenarios.
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Definition 56. The class of (k, €)-binary-biclustered matrices is defined as

By ={U e (=1, 1)"™" :r e [k]",c € [(I" U e (-1, 1), Uy = U, i€ml, j €

Thus each row r; is associated with a latent factor in [k] and each column c;
is associated with a latent factor in [£] and the interaction of factors is determined
by a matrix U* € {1, 1}**¢. More visually, a binary matrix is (k, £)-biclustered if
there exists some permutation of the rows and columns into a k X ¢ grid of blocks

m,n

each uniformly labeled —1 or +1. Determining if a matrix is in B} ;

7 » may be done

directly by a greedy algorithm. However, the problem of determining if a matrix
with missing entries may be completed to a matrix in B;";' was shown in [75, Lemma

8] to be NP-compLETE by reducing the problem to CLiQUE COVER.

Many natural functions of matrix complexity are invariant to the presence of
block structure. A function f : X — R with respect to a class of matrices X
is block-invariant if for all m,k,n,{ € N* withm > k, n > ¢, R € 8™ and

C € 8" we have that f(X) = f(RXC") for any k x £ matrix X € X. The max-

norm, margin complexity, rank and VC-dimension' are all block-invariant. From

m,n

the block-invariance of the max-norm, we may conclude that for U € B/,

me(U) < U lnax = 1U lnax < min( Vk, V). 4.1)

This follows since we may decompose U = RU*C" for some U* € {—1, 1},
R € 8™ and C € B™! and then use the observation in the preliminaries that the

max-norm of any matrix in {—1, 1} is bounded by min( /m, Vn).

In the following theorem, we give a bound for the quasi-dimension D?VI, ~O)
which will scale with the dimensions of the latent block structure and the “predic-
tivity” of M and IN with respect to that block structure. The bound is independent

of y in so far as Z)?VLN(U) is finite.

'Here, a hypothesis class  defines a matrix via U := (h(X))het xex-

[n]}.
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Theorem 57. IfU € B'}' define

2tr(R" M R)YRapr +2 tr(CTNCYRN +2k+2¢ M, N are PDLaplacians
Z)}’VLN(U) =

kt(R"MR)Rps + £tr(C"NC)RN MeS™ and N € S",
(4.2)

as the minimum over all decompositions of U = RU*C" for R € 8™, C € 8"

and U* € {1, 1}, Thus for U € BZ}",

Dy nO) <Dy nU) (U nax < 1/7)

min D}, (V) < Dy, y(U) (if mc(U) < 1/y).
VeSPL(U) ’ ’

The bound 1)3/\/1, ~yU) < 1)3\/1, ~(U) allows us to bound the quality of
the side information in terms of a hypothetical learning problem. Recall that
argmin,, - 1., (7" M1)Rps is the upper bound on the mistakes per Novikoft’s theo-
rem [76] for predicting the elements of vector y € {—1, 1}"" with a kernel perceptron
using M ! as the kernel. Hence the term O(tr(R™ M R)Rjs) in (4.2) may be inter-
preted as a bound for a one-versus-all k-class kernel perceptron where R encodes a

labeling from [k]™ as one-hot vectors.

It is also possible to prove a similar bound for (ﬂy\/[’ ~U) £ Ay y(U), where

4(r(R" M R)Rpr + k)(tr(CTNCYRN +€) M, N are PDLaplacians
A, NU) = .
k€ - tr(R" M R)Rpg - tr(CTNCYRN M e S?, and N € 8",

(4.3)

This bound may be used when applying the mistake and regret bounds of the MGD
Y 2

algorithm. Recalling that ;7(?\/[’ ~yU) < w from Chapter 3, we can observe

. .. . . R D5 O
that the upper bounds satisty a similar relationship, i.e., A}, N (U) £ —=5—.

In the remaining chapters, we will apply Theorem 57 on various examples in
the transductive and inductive settings. The inductive setting is more general, as it
only requires a pair of kernel functions M* and N*, from which we can build M
and IN. However, only in a technical sense will it be possible to model inductive

side information via a PDLaplacian, since M * can only be computed given knowl-
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edge of the graph in advance. This is unfortunate since the quasi-dimension upper
bound for PDLaplacians in Theorem 57 does not have the multiplicative factors in
k and ¢ as compared with general positive definite matrices.

We next show an example where D?\/I, ~(U) € O(k + €) with “ideal” side infor-

mation.

4.4 Transductive Setting

4.4.1 Graph-based Side Information

We may use a pair of separate graph Laplacians to represent the side information
on the “rows” and the “columns.” A given row (column) corresponds to a vertex in
the “row graph” (“‘column graph”). The weight of edge (i, j) represents our prior
belief that row (column) i and row (column) j share the same underlying factor.
Such graphs may be inherent to the data. For example, we have a social network of
users and a network based on shared actors or genres for the movies in a “Netflix”
type scenario. Alternatively, as is common in graph-based semi-supervised learn-
ing [77, 78] we may build a graph based on vectorial data associated with the rows
(columns), for example, user demographics. Although the value of O will vary
smoothly with the predictivity of M and IN of the factor structure, in the following
we give an example to quantify 9° in a best case scenario.

Bounding D¢ for “ideal” graph-based side information. In this ideal case
we are assuming that we know the partition of [m] that maps rows to factors. The
rows that share factors have an edge between them and there are no other edges.
Given k factors, we then have a graph that consists of k disjoint cliques. However,
to meet the technical requirement that the side information matrix M (IV) is positive
definite, we need to connect the cliques in a minimal fashion. We achieve this by
connecting the cliques like a “star” graph. Specifically, a clique is arbitrarily chosen
as the center and a vertex in that clique is arbitrarily chosen as the central vertex.
From each of the other cliques, a vertex is chosen arbitrarily and connected to the
central vertex. Fig. 4.2 illustrates a graph with 4 cliques that is constructed using

this methodology, where the edges that connect the cliques to the central vertex are
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highlighted in red. Observe that a property of this construction is that there is a
path of length < 4 between any pair of vertices. Now we can use the bound from

Theorem 57,
D°=2tr(R"TM R)Rp; + 2tr(C"NCRNn + 2k + 2¢,

to bound D < P° in this idealized case. We focus on the rows, as a parallel ar-
gument may be made for the side information on the columns. Consider the term
trf(R" M R)Rng, where M := L° is the PDLaplacian formed from a graph with
Laplacian L. Then using the observation from the preliminaries that (" L°u)Rge <
2(u"Lu Ry, + 1), we have that tr(R" M R)Rps < 2tr(R"LR)Ry, + 2k. To evaluate
this, we use the well-known equality of tr(R"LR) = X, jep ||R,~ - Rj”z. Observ-
ing that each of the m rows of R is a “one-hot” encoding of the corresponding
factor, only the edges between classes then contribute to the sum of the norms, and
thus by construction tr(R"LR) < k — 1. We bound Ry, < 4, using the fact that the
graph diameter is a bound on Ry, (see [79, Theorem 4.2]). Combining terms and as-
suming similar idealized side information on the columns, we obtain D° € O(k +¢).
Observe then that since the comparator matrix is (k, €)-biclustered, we have in the
realizable case (with exact tuning), that mc(U)? < min(k, £) by (4.1). Thus, the mis-
takes of the MEG and MGD algorithms are bounded by (j(mc(U )2D°) = (j(kf) and
O(mc(U)*(D°)?) = O(min(k, £) max(k, £)*) respectively. This MEG upper bound
is tight up to logarithmic factors as we may decompose U = RU*C'" for some
U* € {(-1,1}* R € 8™ and C € B™ and force a mistake for each of the k¢

entries in U™,

Can side information provably help? Unsurprisingly, yes. Consider the set of
matrices such that each row is either all ‘+1” or all *-1°. This set is exactly BJ7".
Clearly, an adversary can force m mistakes, whereas with “ideal” side information

the upper bound is O(1).



Chapter 4. Latent Block Structure 87

Figure 4.2: Example graph for learning graph-based side information with 4 latent factors.

4.4.2 Online Community Membership Prediction

A special case of matrix completion is the case where there are m objects which
are assumed to lie in k classes (communities). In this case, the underlying matrix
U € {-1,1} is given by U;; = 1 if i and j are in the same class and U;; = -1
otherwise. Thus this may be viewed as an online version of community detection
or “similarity” prediction. In [38], this problem was addressed when the side infor-
mation was encoded in a graph and the aim was to perform well when there were
few edges between classes (communities).

Observe that this is an example of a (k, k)-biclustered m X m matrix where U* =
2I% — 117 and there exists R € 8™ such that U := RU*R’. Since the max-norm
is block-invariant, we have that [|U||nax = ||U"|lmax- In the case of a general k X k
biclustered matrix, ||U*|lmax < Vk (see (4.1)). However in the case of “similarity
prediction”, we have ||U*||m. € O(1). This follows since we have a decomposition
U* = PQ by P,Q € R**! with P := (P;; = V2[i = jl + [ = k + 1Diepy jepes11
and Q := (Q;; = V2[i = jl1 - [j = k + )ieti.jetie11- thus giving [[U*lmax < 3. This
example also shows that there may be an arbitrary gap between rank and max-norm
of +1 matrices as the rank of U™ is k (in [9] this gap between the max-norm and rank
was previously observed). Therefore, if the side-information matrices are taken to
be the same PDLaplacian M = IN defined from a Laplacian L, we have that since
U llmax € O(1) and D° € O(tr(R" L R)Ry,), mistake bounds of O(tr(R™ L R)R},) and
O(tr(R"LR)*(Ry)?) are obtained for the MEG and MGD algorithms respectively,
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which recover the bounds of [38, Proposition 2] up to constant factors. This work
extends the results in [38] for similarity prediction to regret bounds, and to the
inductive setting with general positive definite matrices. In the next section, we will

see how this type of result may be extended to an inductive setting.

4.5 Inductive Setting

In the previous section, with the idealized graph-based side information, one may be
dissatisfied as the skeleton of the latent structure is essentially encoded into M (IN).
In the inductive setting, the side information is instead revealed in an online fashion.
The definition of (k, £)-binary-biclustered matrices for the inductive setting may be

extended to the following:
Bi? ={U e{-1,1)"Y :re[kl’,ce[)),U" € {-1,1}*, Ui = U:c]’ 1€1,j€9}.

If wesetm = |{t;, : t € [T]}land n = |{j, : t € [T]}], then given comparator
matrix U € ]Bi ’57, we define U € BZ’;’, such that U,-,’ i, =U,, fort,t €[T] where
i; = min{s : 1, = 1,} and j, = min{s : j; = J,}. The importance of side information
is also highlighted in this setting. In the absence of side information, the MEG and

MGD bounds become linear and quadratic respectively with respect to the matrix

dimension 7', making them vacuous.

In the following examples, we receive a row and column vector 1, j; € RIxRY
on each trial; these vectors will be the indices to our row and column kernels. We
assume that these vectors may be separated into distinct clusters retrospectively,
where each cluster corresponds to a row or column latent class. In Section 4.5.1,
we will assume box-shaped clusters and apply the min kernel on the row and col-
umn vectors, obtaining MEG mistake bounds of O(min(k, £) max(k2, €%)). In Sec-
tion 4.5.2, we apply the Gaussian kernel on ball-shaped clusters, and obtain MEG

6/72

mistake bounds of O(min(k, £) max(k, €)* (1 + V3) max(k, £))*>*“>"), where p and

05 are properties of the clusters.
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Figure 4.3: Side information vectors for d = 2, with the corresponding separating boxes.

4.5.1 Side Information in Boxes

In the following, we show an example for predicting a matrix U € Bi 27 such that
for online side information in [—7, r]¢ that is well-separated into boxes, there exists
a kernel for which the quasi-dimension grows no more than quadratically with the
number of latent factors (but exponentially with the dimension d). The online side
information is given by a row and column vector 1,, J, € [—r, r]¢X[-7, 1% which we
receive on each trial, and for simplicity we set r = " and d = d’. Fig. 4.3 illustrates
side information vectors for d = 2 and the boxes that separate these. For simplicity,

we use the min kernel, which approximates functions by linear interpolation.

r+l
2

and the min kernel K : [0,7]¢ x [0,7]? — R as K(z,t) := [12, min(x;, #;). Also

Bounding D for the min kernel. Define the transformation s(x) := %:v+

define 6o(S1,...,8%) = minj<cjcqp MiNges, aves; 1T — Z'|l. A box in R is a set

{x : a; < x; < b;,i € [d]} defined by a pair of vectors a, b € R.

Proposition 58. Given k boxes Si,...,S¢ Cc [-nrlY, r > 2, 6, =

min (2, %6(51, P Sk)), and LTi,..., Ly € Uf.{:lSi, lfR = ([33, € Sj])ie[m],jE[k] and
d

K = (K(s(x;), 5(2)) jeim then tr(RTK ' R) < k()"

Recall the bound (see (4.2)) on the quasi-dimension for a matrix U € BZ%”,
where we have D < D° = ktr(R" M R)Rpy + £ tr(C™ N C)Ry for positive definite
matrices. If we assume that the side information on the rows (columns) lies in
[-r,7]% then Rps < Ry < ¥ (Ry < Ry < r?) for the min kernel. Thus by

applying the above proposition separately for the rows and columns and substituting
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into (4.2), we have that

4r\?
D<D =K +52)(6—*) ,
where &%, = min {2, 6.(S1,.... 5, 368 1,....80} > 0,8 1,..., 5, are the given
k boxes that cluster the row side information vectors, and S, ..., S, are the £ boxes

that cluster the column side information vectors.

Corollary 59. Assume that we receive 1,5, € [—r,r]? x [-r,r]? on each trial,
where r > 2, and that there exist k boxes Si,...,S; C [-r,r]% and € boxes
Si.....8, c [-rr]% such that 1,,...,17 € Ui.‘zlSi, Jis--->JT € Ulegi and
8% = min {2,16,(S1..... 1), 2668 1.....5)}>0.

The mistakes of Algorithm 3 in the realizable case with conservative updates

— d
and parameters D = (K> + £%) (;‘T’:) ,n= m, are bounded by,
4r\?
M) < 3.6 min(k, £) (K + ) (5_*) log(m + n),

forany U € Bfg for which U has a decomposition RU*C™ which satisfies R, , =
[ €Ssand Cj, =) € S.), andy, = sign(U,,,,) for all t € M.

The expected mistakes of Algorithm 3 with non-conservative updates and pa-

— d D
rameters D = (k* + %) (37’) N = \/%, are bounded by

4r
6*

[

d
E[[M]] < Z[y, #U,,1+35 \/min(k, 0) (k> + 52)( ) log(m + n)T

t€[T)
foranyU € ]Bf’ 57 for which U has a decomposition RU*C™ which satisfies R, , =
[ €Ssand Cj =) € Sl

Hence we have that, with an optimal tuning and well-separated side infor-
mation on the rows and columns, the MEG mistake bound for a (k, {)-biclustered
matrix in the inductive setting is of O(min(k, £) max(k, £)?), and the MGD mistake
bound is O(min(k, £) max(k, £)*). By using the bound on the quasi-area in Equa-

tion (4.3), we obtain an MGD mistake bound of O(min(k, £)k*¢%). However, our
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Figure 4.4: Side information vectors for d = 2, with the corresponding separating balls.

best lower bound in terms of k and ¢ is just k¢, as in the transductive setting. An

open problem is to resolve this gap.

4.5.2 Side Information in Balls

In the following, we show an example for predicting a matrix U € Bé 57 for side
information that is well-separated into balls. Similar to the min kernel example, we
receive a row and column vector 7, j, € R¢ x R on each trial; these vectors will
be the indices to our row and column kernels, and for simplicity we set d = d'.
Fig. 4.4 illustrates example side information vectors and their separating balls for
the d = 2 case. For this example, we use the Gaussian kernel. Instead of using
Theorem 57 to bound the quasi-dimension which only holds for binary U, we will
use Proposition 60, which bounds the quasi-dimension for a real-valued matrix U
that is sign-consistent with U. This is done to simplify the downstream analysis,
which requires the interpolation of points defined by the data using RKHS functions
of the Gaussian kernel. If we were to use Theorem 57, the interpolation values
would be at exactly 0 and 1. However, Proposition 60 allows for interpolation values
to be between 0 and maximum height 4, which is more natural for the Gaussian

kernel.

This proposition requires that

N Nl < (7 + 1> min( Vk, Vo),
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where there is an additional multiplicative (k2 + 1)* term as compared with its binary
counterpart in (4.1). Under this condition, the proposition bounds Z)}YVI, N(U) <
0 (k R tr(RTM R) +{Rn tr(é'TN é’)) where R and C are the real-valued coun-
terparts to the block-expansion matrices R and C' in the decomposition of the binary

biclustered matrix U.

Proposition 60. For U € B)';' with decomposition RU*C™ where R € Bk,
U € -1, C e B, k> 1,€> 1, and for L = (h+ 1) min(Vk, VO), there

exists a matrix U € SPY(U), such that |U||pax < L and

_ 1 ~ ~ ~ ~
Dy (O < 3 (kRas tr R"M R) + { Ry tr(C"NC))
for any R and C where
~ [1+‘/§,h] l‘fR,‘jzl 5 [1+ \/§,h] ifCijzl
R,‘j S and Cij S .
[0, kl_l] ifRij=0 [0, {%1] ifCij=0

Bounding O for the Gaussian kernel. Define the Gaussian kernel Kj :
R?x R - R as Ky(x,t) := exp(-Bllx — t||*). Also define 5x(S1,...,S;) =
Min| << j<x MiNges, aves ; [ — 2. A ball in R4 is the set of points {x : ||z -], < p},

defined by the centre t € R¢ and radius p.

Proposition 61. Given k balls S 1,...,S, with respective radii py,...,pr, max-
imal radius p = maXeppi 05 = 0(S1,...,80), Ti,...,Ty € Uf.‘:lS,-, and
K = (Ks(xi, ;)i jeym, where B = Wlog((l + V3)(k = 1)), there exists

an R € R™* such that

[1+ V3,h] ifxi€S;
R,’je

[0, 21 ifa ¢S,

2

and (R K™ R) < ki where h = (1+ V3) ((1 + V3)(k - 1))¥+6,

Applying Proposition 61 to Proposition 60, and observing that for the Gaussian
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kernel Rpr = Ry = 1, we have

DWU) < %(18 + O,

2

where /1 := (1 + V3) ((1 + V3)max(k—1,¢— 1))2"55“‘53)2 , 0 is the smallest separa-

tion between any two given balls, and p is the largest radius of a ball. Using the fact
that sign(U,, i) = sign(U;;,) and max; ;|Al;j < || Allmax for any matrix A, we derive

the following corollary.

Corollary 62. Assume that we receive 1, ), € RY x R¢ on each trial, and
that there exist k balls Si,...,Sr c R¢ with respective radii pi,...,pw, and
¢ balls §,,...,5, ¢ R4 with respective radii py,...,pPe, Such that iy,...,ir €
U Si Jieoyr € VLS, 6 = min(6a(S1,....50),6:81,....50)>0, p =
max(maxiey i Max g f7) and b := (1 + V3)((1+ V3)max(k - 1, £ - 1))W

The mistakes of Algorithm 3 in the realizable case with conservative updates

and parameters D= %(k2 + %, n = are then bounded by,

1
(h+1)2 min(Vk, Vo)’

M| < 1.2 (h + 1)*h* min(k, £)(k* + €*) log(m + n)

forany U € Bff for which U has a decomposition RU*C™ which satisfies R, , =
[ €Ssand Cj, =) € S.), andy, = sign(U,,,,) for all t € M.

The expected mistakes of Algorithm 3 with non-conservative updates and pa-

rameters D = %(k2 + O, n= \/w, are then bounded by

2 .
) < L o+ 1P ming Vk, Vo) Sl # Uy I+

2 te[T]

i+ )2
35 \/ % min(k, €) (K2 + ) log(m + )T

forany U € Bff for which U has a decomposition RU*C™ which satisfies R, , =
[ll € Sa] and Cj,,a = [.]t € ga]-

We therefore have an MEG mistake bound of O(min(k, €) max(k, £)2h°).
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4.5.3 Balls vs. Boxes

It is hard to directly give a meaningful comparison between the Gaussian kernel
mistake bound in Corollary 62 with the min kernel bound in Corollary 59, since the
assumption that the side information is well-separated into boxes does not imply
that it can be well-separated into balls and vice versa. For ease of comparison,
we shall therefore assume that the side information can be well-separated into both
balls and boxes.

We first note that the Gaussian kernel and min kernel bounds scale similarly
except that the former has a h® term whereas the latter has a (4r/6%)? term. In
the case where p = 67, h® € O(max(k,€)?), and the Gaussian kernel bound has
a superior scaling when O(max(k, £)*) < O((4r/6%,)?). More generally, observing

2
that min(z'%, (g’T)z), we have that the Gaussian kernel mistake bound term
2 2

scales with ((1 + V3)(k - 1))%. For the min kernel bound, assuming that k > ¢,
and that the largest box dimension a > 6., we can roughly bound r < 2ka so
that the mistake bound scales with (%)d. Hence, we have that the ratio (% scales
exponentially in the Gaussian bound as opposed to the polynomial scaling of 3.
However, the min kernel bound scales exponentially with d, whereas there is no
dependence on d in the Gaussian bound.

The regret bounds are harder to compare, owing to the fact that the re-
gret bound with the Gaussian kernel in Corollary 62 has a constant factor of

(h + 1)*> min( vk, \/z) in front of the comparator matrix whereas the min kernel

bound in Corollary 59 does not.

4.6 Synthetic Experiments

To illustrate the algorithm’s performance, synthetic experiments were performed in
the transductive setting with graph side information. We assess the performance of
the algorithm with varying levels of side information noise, and apply a sketching
method [80] which approximates the exponential in our algorithm and offers an
improved time complexity.

In particular, the comparator matrix U is sampled uniformly at random from
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Figure 4.5: Error rates for predicting a noisy (9, 9)-biclustered matrix with side informa-
tion, with side information noise 8 € [0.0,0.5] .

the set of all square (9,9)-biclustered matrices, after which i.i.d. noise is added.
A visualization of a noise-free example matrix can be found in Figure 4.1. The

noise process flipped the label of each matrix entry independently with probability

p =0.10.

4.6.1 Side information Noise

The side information on the rows and columns are represented by PDLaplacian ma-
trices, for which the underlying graphs were constructed in the manner described in
Section 4.4.1 (see Fig. 4.2). For this experiment, varying levels of side information
noise B € [0.0,0.5] were applied. This was introduced by considering every pair
of vertices independently from the constructed graph and flipping the state between
EDGE/NOT-EDGE With probability S. A final step is added to ensure the graph is con-
nected. In this step a random pair of components is connected by a random edge,

recursively. The process terminates when the graph is connected.

The parameters were chosen so that the expected regret bound in Theorem 1

would apply to our experimental setting. We use the quasi-dimension upper bound
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D= Z);’VLN(U) =2tr(R"M R)Rp; + 2tr(C" N C)R + 4k, as developed in The-
orem 57 for PDLaplacians. The learning rate was set as 7 = 4/ %. Since each
run of the algorithm consisted of predicting all n* matrix entries sampled uniformly
at random without replacement, we set 7 = n?. As for the margin estimate, due to
the requirement that y < 1/||U]||max, @ suitable value can be extracted from Equa-
tion (4.1), giving y = 1/ Vk.

The per trial mistake rate is shown in Fig. 4.5 for matrix dimension n =
40, ...,400, where each data point is averaged over 10 runs. We observe that for
random side information 8 = 0.5, the term D could lead to a bound which is vacuous
(for small n), however, the algorithm’s error rate was in the range of [0.25,0.45],
being well below chance. With ideal side information, = 0.0, the performance
improved drastically, as suggested by the bounds, to an error rate in [0.10, 0.25].
Observe that since there is 10% label noise for all values of 3, the curves are con-
verging to an online mistake rate of 10%. The data points for the plot can be found
below. For our implementation of n = 1000 at a noise level of 8 = 0.5, 10 runs re-
quired approximately 37 hours on an Intel(R) Xeon(R) Gold 6240 CPU @ 2.60GHz
with 4GB of RAM and a NVIDIA Tesla P100 GPU. At a noise level of 8 = 0.0 (no
noise), 10 runs required approximately 27 hours. Note that this was run on a shared
node on a cluster, meaning that the run time may vary depending on the other jobs

that were running.

4.6.2 Sketching Method

This experiment aims to assess the effectiveness of applying the sketching
method [80] to our algorithm, which reduces the computational complexity by ap-
proximating the computation of the dominant step, the exponential on log(W").
It approximates the term exp(log(W’)) ~ exp(log(Vi/")/Z)RRT exp(log(VV’)/2),
where R € R?™¢ has entries sampled from a standard Gaussian disitribution. The
term exp(log(VVt )/2)R can be evaluated efficiently through the iterative Lanczos
method, which has a time complexity in O(kn*s + s?), where s is the number of
iterations. We performed experiments with the same parameters as those in the pre-

vious section, with x € {1, 2,5, 10, 20, 100}, and no side information noise S = 0.0.
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Figure 4.6: Error rates for predicting a noisy (9, 9)-biclustered matrix with side information
with the sketching method. The bottom curve represents the error rates with a
direct exponential computation.

For « € {1,2, 5}, we required more iterations with s = 20, whereas for « € {10, 20},
we only did s = 10 iterations, and for k = 100, we performed only 5 iterations. At
this value of «, we also compare against the methodology in [81], which evaluates
an approximate matrix exponential vector product (as shown by the dotted line).
The time complexity of this method is O(kn?s), where s is dependent on the 1-norm
of W'.

The plots in Fig. 4.6 shows the error rates for the different values of x. We
observe that using only « = 1, as proposed in [80], yields error rates which plateau
around 0.4. As expected, higher « converge to smaller error rates, with xk = 100
converging to error rates below 0.15. In the regime that we explored, we found that
the run time with the sketching method was only faster for « € {1, 2}. Using the same
hardware in the previous section, each run for n = 1500 and x = 1, 2 and 100 took on
average around 6.9, 11.0 and 54.8 hours respectively, compared to 11.1 hours for the
direct exponential computation. However, the sketching method has a lower time

complexity, suggesting that the method may result in quicker computation times for
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Min Kernel Bound Gaussian Kernel Bound
MEG O(min(k, £) max(k, 5)2(%)d) O(min(k, £) max(k, £)*h®)
MGD sum squared kernel ~O(min(k, £) max(k, £)*( (‘5‘7’:)2") O(min(k, £) max(k, £)*h®)
MGD product kernel O(min(k, é’)szz(;%)w) O(min(k, O)k*€*h?)

Table 4.1: The mistake bounds of the MEG and MGD algorithms in the inductive
setting as applied to biclustered matrices. We recall that 7 = O(((1 +
2

P
V3) max(k, £)) "),

larger matrices.

4.7 Discussion

In this chapter, we applied the bounds developed in Chapter 3 to the hypothesis class
of (k, £)-biclustered matrices. We recall that the MEG and MGD algorithms achieve
mistake bounds of O (D/ )/2) and O (DZ /yz) respectively. For this hypothesis class,
the margin term 1/y? < min(k, £) when exactly tuned as the margin complexity. We
bounded the D term for various examples. In the transductive setting with ideal
graph-based side information, D € O(max(k, £)). When applying our bound to the
problem of online community membership prediction, we recovered and extended
the result in [38]. The synthetic experiments corroborate our theoretical results and

suggest the possibility of applying the sketching method on our algorithm.

In Section 3.2.2, we discussed two possible embeddings: one which has a
product kernel in its dual form (see (3.10)), and one which has a sum squared kernel
(see (3.12)). Observing that we can apply the quasi-area bound in (4.3) for the
product kernel, but can use the tighter quasi-dimension bound (4.2) for the sum
squared kernel, we then show a comparison of the two kernels against MEG in
Table 4.1. We observe that the predictions for both kernels in the GD algorithm

naturally extend to the tensor case of order p. Given kernels M7, ..., M, and side
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information vectors !, ... ", the predictions on trial # would be in the form of

P
A 1 i j
9 =n Z Vs l_[ m M, 1)) (product kernel) (4.4)

€U, =1 J

» 2
1 -
% =n Z Vs —— MG, 1) (sum squared kernel) . 4.5)
2R m;
s€U; j=1 J

It is not difficult to write the bounds. The problem, as highlighted in Table 4.1,
is that the GD bounds can be vacuous in cases when the EG bound is not. In
what follows, we hypothesize that bounds can be proven for an efficient algorithm
completing a tensor of order p that has a generalized notion of biclustering, where
we now receive p side information vectors that are well-separated in balls or boxes,

and we use min or Gaussian kernels to inform similarity.

We first introduce our generalized notion of biclustering for tensors. The class

of (ki,...,k,)-binary-clustered tensors of order p is defined as

BZI,...}:V!p — {U e {_1, l}le...me .
~~~~~ P

€ k™, U* € (-1, 1% U, . =U", ,,qelpl).
iy ip
For simplicity, we assume k = k; = ... = k,. On each trial 7, we receive side
information vectors zt], e zf € R4, We have the realizable case when y, = U, 1
for some U € Bkm'km’ where i/ = min{s : 7 = 17} for all ¢ € [p]. Assume that for
all g € [p], the vectors {i},ir; from all T trials can be well-separated into k clusters
S9,....8], where if vectors ¢f and ] are in the same cluster, then they correspond
to the same latent class, i.e. rZ = rZ in the definition of the biclustered tensor.

Define 6..(S1,..., S,’:) = MiNgepp MIN | <gep<k minmesg,m,esg |z — '||, and similarly,

52(5 1, ey Sf) = minqe[p] minlSa<bSk minazeSZ,a:’eSZ ”m - w/||2-

Conjecture 63. If the clusters are box-shaped, then there exists a polynomial-time
algorithm for which the number of mistakes in the realizable case can be bounded
by (j(kl’“(;‘f)d), where 6%, := min(2, }Lém(Sl, . ,Sf)), and r > 2 is the largest

Leo-norm of 1! for all q and t. If the clusters are ball-shaped, then there exists a
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polynomial-time algorithm for which the number of mistakes in the realizable case
o2

can be bounded by (j(kp+1(h’p)p(1’+l)), where we define b, := c,(c,(k — 1)),

cp is a constant which increases with p, p is the radius of the largest ball and

8 1= 6,(SL,...,SD).

The conjecture is motivated by the trends which follow from the bounds for
the first-order tensor (vector) and the second-order tensor (matrix) cases. For the
first-order tensor case, the task is to complete a binary vector, where we are given a
single side information vector 1, on each trial ¢ and a single kernel function which in-
forms similarity between the entries M*. The predictions are given by (4.5) where
p = 1, for which the kernel perceptron algorithm gives mistake bounds of the form
O(minyes, , =1 13 X3), where X7, = max, M*(i,,1,). If the side informa-
tion vectors can be well-separated into boxes S, ...Sy, then we can consider the
hypothesis h(x) = >, @ifi(x), where «; € {-1,1}, fi(x) = [x € §;], and we have
that [|A]l%,. = |[OIP%7 a; ()P < (Xiern aillfi(»l)*. By Lemma 65, we have that
I£OIP < ()¢ for all i, so that ||l < (;)'*. Combining with X3, < r/,
the mistake bound can thus be written as O(k2 (4r/6§o)d). Similarly, if the side

information vectors can be separated into balls S, ..., S, we can consider the hy-

[2,h]] ifxesS;
pothesis h(x) = X, @ifi(x), where a; € {-1,1}, fi(x) € , and
[0, ] otherwise
2

W, = 2(2(k — 1))*>*%" . Using a similar analysis to that in Lemma 68, we ob-

tain [|;(0)|* < (h})* for B := m log(2(k — 1)). Hence, the mistakes are in
2 2

0 (kz(h’l)z). For the matrix p = 2 case, we consider the bounds given by the MEG

algorithm. It remains an open problem to prove this conjecture for higher orders of

D
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4.8 Proofs

4.8.1 Proof of Theorem 57

We recall Theorem 57 and then prove it.

Theorem 57. IfU € B)'; define

2tr(R"T M R)Rpg +2tr(C"NCYRN +2k+2¢ M, N are PDLaplacians
Z);VI,N(U) = s
ktr(R"TM R)Rpg + £tr(CTNCYRN M e S" and N € S,

as the minimum over all decompositions of U = RU*C™ for R € 8™, C ¢ 8"

and U* € {1, 1}, Thus for U € B,

Dy nO) <Dy nW) ([ U lnax < 1/7)
min_ D}, (V)< Dy, nU)  (if me(U) < 1/y).

VeSPL(U)

Proof. A y-decomposition of matrix U is given by a P e N™danda Q € N™ such
that PQ™ = yU. A block-invariant decomposition of matrix U € By, is given by a
P e N4 and a Q € N™ for some d such that there exists a § € (0, 1], P* € N*4,
anda Q* € N sothat P = RP*,Q = CQ* and PQ™ = 6U.

We now prove the following intermediate result,

Lemma: If U € Bkm”{,”, then for every y € (0, 1/||U||max), there exists a

block-invariant y-decomposition of U .

Proof. Since U € B, we have that U = RU*C" for some R € Bk,
C € 8 and U* € {-1,1}*‘. Observe by block invariance we have
that ||U||lmax = |IU"|lmax and by the definition of |||l We have that
there exists a (m)—decomposition of U* via factors P* € N*¢, and
a Q* € N this implies that P = RP:, Q :=CQ"isa (m)—

block-invariant decomposition of U'.
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Now given any y € (0, 1/||U]||max) We construct a y-block-invariant de-
composition of U. Set ¢ := y||U||max- We construct new factor matrices

p/ c Nm,d+1 and Q/ c Nn,d+1
P = (cﬁ (V1 —c2)1); Q = (Q 0) :

Observe that (P, Q) is the required y-block-invariant decomposition

of U. O

Recall (5.6),

D, N U) = pgli:r; , Rutr(PTMP) + Ry tr(Q'NQ) . (4.6)
Observe that when the feasible set of the optimization that defines Z)}y% ~W) is
non-empty and U € BZ’;, there exists a member of the feasible set which is a block-
invariant decomposition of U by the lemma above. We proceed by proving an upper
bound of

Rastr(PTMP) + Ry tr(Q'N Q)

for every block-invariant decomposition of U'.
First we will bound the term tr(P™ M P) for general positive definite matrices
and then for PDLaplacians. By symmetry, the bound will also hold for tr(Q" N Q).

Suppose (P, Q) is a block-invariant decomposition of U. Then, we have

tr(P"M P) = r(RP*)" M RP*) = w(P*(P*) R M R)
<t (P*(P))t(R"MR) = ktr(R"MR),

where the inequality comes from the fact that tr(AB) < An(A)tr(B) <
tr(A) tr(B) for A, B € S,. By symmetry we have demonstrated the inequality
for positive definite matrices.

We now consider PDLaplacians. Assume M := L° = L + (%) (i)T R;', aPD-

Laplacian. Recall the following two elementary inequalities from the preliminaries
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(Section 1.3): if w € [—1, 1]™, then

1
(u"Lu)Ry, < E(uTL°u)RLo , 4.7

(" L°u)Rpe <2(u"LuRg +1). (4.8)

Observe that for an m X m graph Laplacian L with adjacency matrix A that for
X € $Rm><d,
2
w(X'LX) = Z Al Xi- X[ (4.9)

(i, )EE
Suppose (P,Q) is a block-invariant decomposition of U then the row vectors
p,..., 15m come in at most k distinct varieties, that is | (Je p,-l < k. The same
holds for R and furthermore (P, = P,) & (R, = R,) for r, s € [m]. Observe that

givenr, s € [m] thatif R, # R, then || R, — R,|> =2 and | 15, - If’s ? < 4 since they

are coordinate and unit vectors respectively. This then implies,

w(PTLP)<2u(R'LR) . (4.10)
Thus we have
tr(P"M P)YRy < 2tr(PTLP)Ry, + 2k by (4.8)
<4tr(R'"LR)Rp + 2k by (4.10)
<2tr(R"MR) Ry + 2k by (4.7)
By symmetry we have demonstrated the inequality for PDLaplacians. O

4.8.2 Proof of Proposition 58

In the following, we define K, (-) := K(zx, ). If r > 2,67, := min (2, ‘1—‘6(51, cee Sk)).
This implies that &%, < min (2, 528(S1.....5y)). Recall that s(z) = Slao + 1.
Then observe that, given that the transformation &; = s(a;) holds true for all
i € [m], requiring Sy,...,S¢ C [-r,r]* with @y,..., 2, € UL.S; and 6, <

min (2, %6(5 Lyenns Sk)) is equivalent to the requirement that Si,....8, cILr¢
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f(x1, x2)

<+

Figure 4.7: Visualization of the function f(x;,xp) with S, S, and S3 represented as red
rectangles in the x; — x; plane.

with Zi,...,&, € U §; and 65, < min (2, 6(§1,...,§k)). Furthermore, for all
i € [m] and j € [k], we have that x; € S ; if and only if Z; € S j- We shall proceed
with the latter set of requirements for simplicity. Recall that the RKHS for the d = 1
min kernel 7{71( is the set of all absolutely continuous functions from [0, c0)? — R

that satisfy £(0) = 0 and [["[f/(x)]*dx < 0.

Lemma 64. The inner product for f € 7-{71< may be computed by,

fog) = fo F(0g (x)dx.

Proof. We show this by the reproducing property:

(K = f(0).

Defining 1,(¢) as the step function that evaluates to 1 for ¢ < x and 0 otherwise, we
note that the derivative of min(x, ) with respect to ¢ is equal to 1,(¢). This gives rise

to

fo FOK (x,t)dt = fo L (ndt = fo f/®dt = f(x).

Using the condition of f(0) = 0, we then obtain the reproducing property. O
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Lemma 65. Given k boxes S1,....8, € [1,r]%, 6, < min(2,6(51.....5,)) and

Ti,..., T,y € Uf.‘zlg,-, there exists a function f € Hy for which f(&;) = [Z; € S for

J € [m] and this function has norm

SNEAY
I £1] —(520).

Proof. Recall that a box in R? is a set {x : a; < x; < b;, i € [d]} defined by a pair of
vectors a, b € R4, First, we consider the case of d = 1, with the coordinates of S
defined by a and b. Defining the function that interpolates the points &, ..., in

one dimension as f' € H,., we chose f' to be the following:

0,
0 for x<a--=
Ogo
=x+1—-=a for a—-=3<x<a
1
=11 for a<x<b

5
—6%x+1+6% for b<x§b+§’

0 for x>b+%‘°.

This function is picked from the space H. so that fooo[(f 1Y (x)]?dx is minimized
with respect to “worst-case” constraints. The condition on d7, implies that 67, < 2,
so that £1(0) = 0. It also implies that 6%, < 6(S1,...S) so that for all i € [m],
fY(%)=0if % ¢ S;. The norm ||f!|*, then becomes

I = f I(FY (x0)Pdx
0
a 2 b+ % 2
:f (i) dx+f (i) dx
ot \ 6%, b oz

2 7ok
AN
o)\ 2] &

This can be extended to multiple dimensions by observing that the induced
product norm of f is the product of the norms of f! in each dimension, thus giving

the required bound. In this case also, the condition on 6%, ensures both f(0) = 0
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and f(x;) = 0 for x; ¢ S |,where i € [m]. For an illustration of this function in two

dimensions, see Figure 4.7. O

Lemma 66. Given k boxes S,,...,5, c [1,r]4 or, < min(2,6(§1,...,§k)) and

Zi,.. Ty € UL S, ifu = (; = [&; € §1Diem and K = (K(&:, ;)i jeimy then

T -1 4d
u K us(;).

Proof. Using a well-known equality (see e.g. [82, Proposition 12.32]) and
Lemma 65, we observe that,

4 d
w K 'u= min 1Al < =]
feHy: f(&)=IE:€5 11,ielm] 0%,

for w := (u; = [Z; € S 1 Dietm)» K := (K(Zi, Z)))i jetmy and Ty, ..., Ty € UigySi. O

Defining u; as the i column of R, then observe that the term tr(R"K'R) =
Yicy W K 'u;.  Thus by applying Lemma 66 to each w;, we have that
uw(R"K™'R) < k(). n

4.8.3 Proof of Proposition 60

We recall the proposition and first provide an intermediate lemma.

Proposition 60. For U € B";' with decomposition RU*C™ where R € Bk,
U e {-1,1), C e B8 k>1,¢> 1, and for 5 = (h + 1) min( Vk, V), there

exists a matrix U € SP'(U), such that ||U ||nx < £ and

1
Y

_ 1)? ~ ~ ~ ~
D, () < (1h i \/)g (kRas t(R"MR) + ¢ Ry r(C"NC)),
’ +

for any R and C where

- |n+v3n ifR; =1 - |+ V3,h ifCy=1

R; € and Cie :
[0, =1 ifR;;=0 [0, 71 ifC;;=0

Lemma 67. For any U € B} with decomposition RU*C"™ where U* € {-1, 1 }exe

R e 8% C e 8% h > 1+ V3, and any R and C where R;; €
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[1+ V3,h] ifR;=1 - |ln+v3am oirc=1

and Cij € s

RU*C™ € SP'(U).

Proof. We first write (RU*é’T),» = 1~ZZU “C ;. We proceed to evaluate the value of
(RU*C’T)i ; for arbitrary i and j. We denote (V) = RITU*. We also denote the
indices of the largest elements of Ri and C ;@S Kipay and [, respectively, and define
ai = Rikmax'

that a; = Rikm > 1+ V3 and | 2k ek (k) R,-K,U:,l| < 1 for any / € [{]. Hence, for

By the restrictions on R;, for any « € [k] and U* € {1, 1}**, we have

any [ € [{]
v € [~(a;+ 1), —(a; = DU [a; - 1,a; + 1]
and
RioUppoll = Rigyoe > | Y. RieUL. @.11)
K €[k \{Kmax}
Since sign(f?ikm U;jml) = sign(U,:Wl) andU; = R[U* Equation (4.11) implies

(v')" = RTU* € SP(RIU"). (4.12)

We now show that sign(RlTU*é’j) = sign(U;;). By Equation (4.12) and the
fact that U;; = R;U; , this is equivalent to showing that the sign of I%ZU*(Z' ;=
(v)"C; is equal to the sign of vi . We will show this by proving that vi Cj, .| >

| Zretetina Vi Cirl-

In the worst case, Ivéml = g; — 1 and for all ' € [€]\ {lyar}, V)| = a; + 1,
=1+ V3and Cjy = 7. Recall that we require that v Cj, | =
(1+ \/§)(ai =D > | Xrerenim vf,C’ﬂfl = a;+ 1. This holds for any a; > 1+ % 3, and

holds in our case since @; > 1 + V3 > 1 + % V3. We have now shown RU*C™ €

i ~
Vl’vlm,” < 0, Cﬂ

max
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SP(U). To conclude the proof, we show |(vi)Té i| > 1. We have

(V) Cil =1, Ci,.. = Z v Cirl

Vel lnax}
> (1+ V3)a;— 1) = (a; + 1)
> V3a;-2- V3
> V3(1+V3)-2-13

= 1.

For a matrix A € R®’ we define the diagonal matrix D, with entries
(Da)i = m. The proposition can be proven by combining the bounds derived

from setting the following values of y and real-valued comparator matrix U

1 - 1 o
= U=-Dg,.RU(CDz)" 4.13)
Y i+ 1)2\/2 y RU c
and
! U= D REUY D, 5y
7 == = - > « (9T .
ht 12 VR y R U:C

For conciseness, we proceed to prove using the first set of values as set out in (4.13),
noting that the bound for the second set of values follows analogously.

By the restrictions on the elements of RandU* € {—1, 1}**¢, we have that for

all i € [m] and for all I € [£], max,ep Rix € [1+ V3,41 and | T cppv,n RieUS )| <
1. Therefore, we have
RU* € [V3,h+ 1], (4.14)
giving
m[a>]<||(RU*),-II <(h+1)Ve. (4.15)
1€lm

We also have

max ||C)ll < (h+ 1) (4.16)
J€ln]
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since in the worst case C has one element as ~ and all the other elements ﬂ, SO

Cj| < Vi +1 < h + 1. By Lemma 67, RU*C" € SP(U), and by

(h+1) Ve >
IRUI =

that max jep,

Equations (4.15) and (4.16), we have that for all i € [m] and j € [n],

h+1
IG5l

to be larger. Hence U e SPY(U).

and > 1, so that the y term and the two D matrices only scale the values of U

We now show that ||U]|max < i = (h + 1)2V¢. Recall the definition of the
max-norm:

[Ullmax = min_ max ||F;|| max [|Q;ll.
PQT=U i J

Defining P’ := (h + 1)\/Z’D§U*I~%U* and Q' = (h + l)Déé’, we then
have that (P’,Q’) is in the feasible set of the optimization, so that ||U]||ma <
max; || P/|| max.,-llQ;.ll. Since max;||(DgA);ll = 1 for an arbitrary matrix A, we
then have

1T llmax < (B + 12 VE.

We now prove the quasi-dimension bound. To do so, we will make use of the

following facts:
«  min|(RUY > V3C, (4.17)
which holds due to (4.14).
. ?Gl[ir{]lll(j,-ll >1+ \/§, (4.18)
since in the worst case C  has one non-zero element with value 1 + V3.

e t((D4A)YBD4A) < a’ Ba, (4.19)

4 A mingg ||A minjc || AP %
where a; is the i column of A, A € R and B € R¥’. The inequality holds
since, tr(DaA)" BDAA) = Y, @:Ba;, where @; is the i column of D 4 A, and
can be evaluated as a; = a; © (1/||A4l],..., 1/||A.l) <

mmze[a] LAl ai.

We define P’ = DEU*RU* and Q' = DC«C and note that ||15l.’|| = 1 for
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all i € [m] and ||Q;.|| = 1 for all j € [n]. Then recall the definition of the quasi-

dimension:

D}, NU) = pmin Ra tr (P"MP)+Rytr(QNQ) .

where P and Q are row-normalized matrices. We observe that P'(Q’)" = yU, and

hence we can bound

Dy fO) < Ry tr(P)Y M P) + Ry tr (QVYNQ')
= Ryt tr(D oy RU) M D gy, RU") + Ry tr (D C)" N D¢ C)

P, tr((RU"Y MRU") + S B (CINC))
Min;ep [I((RU)|? min e, [|Cl[?
(4.20)
< R tr(RUY M RU") + _ R tr(é’TNé’) 4.21)
-3 (1+ V3)? '
R .. RN -
= MuUYRMRU)+ —~__ «(C"NC)
3¢ (1+ V3)?
_ Rum (U (U R"MR) + _ R t(C"NC)
3¢ 1+ V3)?
< R tr(U*(U*)") tr(R" M R) + R tr(C"NC) (4.22)
3¢ (1+ V3)?
= R—Mktr(RTMR) S t(C"NC) (4.23)
3 (1+ V3)?

where (4.20) follows from (4.19), (4.21) follows from (4.17) and (4.18), (4.22)
follows from tr(AB) < Apx(A)tr(B) < tr(A)tr(B) for A,B € S, and (4.23)
follows from tr(U*(U*)") = k¢.

[ |
4.8.4 Proof of Proposition 61
We first prove an intermediate lemma.
Lemma 68. Given k balls S,...,S;, with respective radii py,...,pr, maximal

radius P = MaXiep Pis 5; = 5(51, e ,Sk), Ti,..., Ly € UleSi, and K =
(Kp(xi, x))i jeym), where B = W log((1 + V3)k = 1)), there exists a u € R™
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such that
[1+ V3,h] ifx;€S,
u; €
[0, ﬁ] otherwise

2

and w K 'u < h*where h := (1 + V3)((1 + V3)(k — 1))*%+2”

Proof. We make use of the following equality, (see e.g. [82, Proposition 12.32])

u K 'u= min 2
SfeHyc: f(xi)=uj,ic[m] ”f”'K

Taking f'(-) = h%Kp(,t), where t € R is the center of §,, and § =
W log((1 + V3)(k — 1)), the lemma is proven if f’ is in the feasible set,

since we would then have

2 2 2
11l < 177 Ml < B

min
SfeHy: f(x)=u;,ic[m]

We proceed to prove that f’ is in the feasible set. To do so, we prove that the
following statements are true: f’(t + pl) = 1 + V3 and f@+@+0d)1) = ﬁ
These constraints ensure that the function f’(x) must be sufficiently large for any
point & within the radius p (corresponding to the case when @ € §), and that f"(x)

decays sufficiently for any point & beyond the given separation ¢, (when @ ¢ S ).

F(t+p1) = hKy(t + pl, t)

= hexp(—Bp’d)

2 2
= (1+ V3)((1 + V3)(k — 1) #5037 eXP(‘mk’g«l + VK- 1)))
2 2

= (1+ V3 + V3)k = )70 (1 + V3)(k - 1) 73037
=1+ V3.
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'@+ (+063)1) = h¥Ks(t + (p + 551, t)

= hexp(—B(p + 85)d)

— 2p6z+2(52)2 (P ;)2

= (1+ V3)((1 + V3)(k- 1)) exp( 55 7 (57 log((1 + V3)(k - 1)))
o2 —(p+6% 2

= (14 VI + VB)(k = )P (1 + VBk — 1)

~2p6%~(63)?

= (1+ V3)((1 + V3)(k = 1)) 5

=1+ V3)((1+ V3)k-1)"
1

k-1

O

Defining u; as the i column of R, we have R*RK'R = 3¢ | u K 'u;. We

then obtain the result by applying the intermediate lemma k times.



Chapter

Online Multitask Learning with

Long-Term Memory

In this chapter, we introduce a novel online multitask setting. In this setting, each
task is partitioned into a sequence of segments that is unknown to the learner. As-
sociated with each segment is a hypothesis from some hypothesis class. We give
an algorithm that is designed to exploit the scenario where there are many such
segments but significantly fewer associated hypotheses. This algorithm is designed
for infinite hypothesis classes from a reproducing kernel Hilbert space. Its per trial
time complexity is cubic in the number of cumulative trials. We prove a regret
bound that holds for any segmentation of the tasks and any association of hypothe-
ses to the segments. In the single-task setting, this is equivalent to switching with
long-term memory in the sense of [83]. In the single-task special case, this is the first
example of an efficient regret-bounded switching algorithm with long-term memory

for a non-parametric hypothesis class.

5.1 Introduction

We consider a model of online prediction in a non-stationary environment with mul-
tiple interrelated tasks. Associated with each task is an asynchronous data stream.
As an example, consider a scenario where a team of drones may need to decon-

taminate an area of toxic waste. In this example, the tasks correspond to drones.
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Each drone is receiving a data stream from its sensors. The data streams are non-
stationary but interdependent as the drones are travelling within a common site. At
any point in time, a drone receives an instance x and is required to predict its label
y. The aim is to minimize mispredictions. As is standard in regret-bounded learning
we have no statistical assumptions on the data-generation process. Instead, we aim
to predict well relative to some hypothesis class of predictors. Unlike a standard
regret model, where we aim to predict well in comparison to a single hypothesis,
we instead aim to predict well relative to a completely unknown sequence of hy-
potheses in each task’s data stream, as illustrated by the “coloring” in Figure 5.1.
Each mode (color) corresponds to a distinct hypothesis from the hypothesis class.
A switch is said to have occurred whenever we move between modes temporally
within the same task. Thus in task 1, there are three modes and four switches. We
are particularly motivated by the case that a mode once present will possibly recur
multiple times even within different tasks, i.e., “modes” < “switches.” We will
give algorithms and regret bounds for infinite non-parametric Reproducing Kernel

Hilbert Space (RKHS) [84] hypothesis classes.

Fort=1toT do
Receive task ¢7 € [s].
Seti— "t o(1).
Receive instance x7 = x| € X.

Task 1

Task 2

Task 3

Task 4 Predict j\)‘r = 5\7; € {_1’ 1} .
Task 5 Receive label Y=y e{-1,1}.
e Incur Loss Lo, 97).

Figure 5.1: A Coloring of Data Streams
(5 tasks, 6 modes, and 11

switches). Figure 5.2: The Switching Multitask

Model

The chapter is organized as follows. In the next section, we introduce our
formal model for online switching multitask learning. In doing so, we provide a
brief review of some related online learning results which enable us to provide a
prospectus for attainable regret bounds. This is done by considering the bounds
achievable by non-polynomial time algorithms. We then provide a brief survey of

related work. In Section 5.3, we provide the algorithm and the bound for RKHS
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hypotheses classes. We complement our theoretical results with synthetic experi-
ments in Section 5.4. Finally, we provide a few concluding remarks in Section 5.5

and Section 5.6 contains the proofs.

5.2 Online Learning with Switching, Memory, and

Multiple Tasks

We review the models and regret bounds for online learning in the single-task,
switching, and switching with memory models as background for our multitask
switching model with memory.

In the single-task online model a learner receives data sequentially so that on

atrialt = 1,...,T, the learner:
1. receives an instance x;, € X from the environment,
2. predicts a label y, € {-1, 1}
3. receives a label from an environment y, € {—1, 1}
4. incurs a zero-one loss Ly (y;, J,), where we recall that Ly, (v, 3;) := [y; # $:].

There are no probabilistic assumptions on how the environment generates its in-
stances or their labels; it i1s an arbitrary process which in fact may be adversar-
ial. The only restriction on the environment is that it does not “see” the learner’s
9, until after it reveals y,. The learner’s aim will be to compete with a hy-
pothesis class of predictors H C R so as to minimize its expected c-regret,
R%.(h) := Z,T:1 E[Lo1 Vs, 9] — c¢Lo1 (v, sign(h(x,))) for every hypothesis i € H,
where the expectation is with respect to the learner’s internal randomization.

In this chapter we will consider the hypothesis class given by a set Hy induced
by a kernel K. Given a reproducing kernel K : X x X — R we denote the induced
norm of the reproducing kernel Hilbert space (RKHS) Hy as ||-||x (for details on
RKHS see [84]). Given an instance sequence « := (xy,...,x7), we let 7-1(1? A=
{h € Hx : h(x;) € ([-4,-1]U [1,A1]),VYt € [T]} denote the functions in H that

have a bounded range on the sequence. In the case where A = 1, the functions are
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binary-valued. An analysis of online gradient descent (OGDg) with the hinge loss,
kernel K and randomized prediction [12, see e.g., Ch. 2 & 3] (proof included in

Section 5.6.3 for completeness) gives an expected regret bound of

R (h) € O(‘/thﬁ{ X12<T) (Vh € HEY), 5.1)

where X,Z( > max 7 K(x;, x;). This bound does not have a dependence on A, unlike
the bound to be introduced in Theorem 69. It remains an open problem whether the

dependence on A in the latter bound can be removed.

In the switching single-task model the hypothesis becomes a sequence of hy-
potheses h = (hy, hy, ..., hy) € HT and the c-regret is R.(h) = Zthl ElLo1(yr, Y)]—
cLo1(yr, sign(h,(x;))). Two parameters of interest are the number of switches k :=
Zf:]l[ht # h,,1] and the number of modes m := | U;T=1 {h;}|, i.e., the number of the
distinct hypotheses in the sequence. In this chapter we are interested in long-term
memory, that is, algorithms and bounds that are designed to exploit the case of

m < k.

For the hypothesis class 7—(; M we may give non-memory bounds of the form

R?(h) € O(\/k max, ||][% XIZ(T) by using a simple modification [85] of OGDg

(see Section 5.6.3). To the best of our knowledge, there are no previous long-term
memory bounds for ‘7—(([?”1), even if A = 1 (however see the discussion of [39] in
Section 5.2.2); these will be a special case of our multitask model, to be introduced

next.

5.2.1 Switching Multitask Model

In Figure 5.2, we illustrate the protocol for our multitask model. The model is es-
sentially the same as the switching single-task model, except that we now have s
tasks. On each (global) trial 7, the environment reveals the active task {7 € [s].
The ordering of tasks chosen by the environment is arbitrary, and therefore we may
switch tasks on every (global) trial 7. We use the following notational convention:
(global time) T = ! (local time) where i = €7, t = o(7) and o(7) := Z§:1[5j ={].

Thus x* = x/, y* = y!, etc., where the mapping is determined implicitly by the task



Chapter 5. Online Multitask Learning with Long-Term Memory 117

vector £ € [s]T. Each task i € [s] has its own data pair (instance, label) sequence
(x"l, y"l), s (X yT,) where T = T' + ... + T*. The multitask hypotheses multiset
is denoted as h* = (h',...,h") = (h!,...,h Tl’“ Jhi, .. k) € H'. In the mul-
titask model, we denote the number of switches as k(h*) := Y7, ZZII [h + K

il
the set of modes as m(h™) := U, UIT:'.1 {hi} and the multitask regret as Ry(h*) :=
DRI E[Lm(y;,f/;) — Lo1(y}, hi(x))). In the following, we give motivating up-
per bounds based on exponential-time algorithms induced by “meta-experts.” We
provide a lower bound with respect to 7—1(1?J in Proposition 70.

The idea of “meta-experts” is to take the base class of hypotheses (7—5,? "y and
to construct a class of “meta-hypotheses” by combining the original hypotheses to
form new ones, and then apply a meta-algorithm to the constructed class; in other
words, we reduce the “meta-model” to the “base-model.” The meta-algorithm that

we will use is the “multiplicative weight” (MW) algorithm [86] which learns a finite

hypothesis class Hy,, and a regret bound! of the form

Rr(h) € O(\log(HT)  (7h € Hyy)

was given in [87]. This is a special case of the framework of “prediction with
expert advice” introduced in [88, 19]. We cannot however use hypotheses from
7*1(,?’1) directly since the cardinality, in general, is infinite, and additionally we do
not know x in advance. Instead of using hypotheses from 7-I(Km M as building blocks
to construct meta-hypotheses, we use multiple instantiations of an online algorithm
for 71'(1? D as our building blocks to construct meta-algorithms. The MW algorithm
is then used as a meta-meta-algorithm to combine these meta-algorithms.

We let Ax := {a[l],...,a][m]} denote our set of m instantiations that will
act as a surrogate for the hypothesis class ‘7—((; Y We then construct the set,
Axlk,m, s, T',....T*) := {a € AL : k = k(@),m = |m(a@)|}. Each a € Ag
now defines a meta-algorithm for the multitask setting. That is, given an online

multitask data sequence (x"l, yi), e (x’%_,, y;,), each element of a will “color” the

Technically, when we say that an algorithm achieves a bound, it may be that the algorithm
depends on a small set of parameters which we have then assumed are “tuned” optimally.
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corresponding data pair with one of the m instantiations (we will use the function
a: {(t,i): t € [T'],i € [s]} — [m] to denote this mapping with respect to a@). Each
instantiation will receive as inputs only the online sequence of the data pairs corre-
sponding to its “color”; likewise, the prediction of meta-algorithm a will be that of
the instantiation active on that trial. We will use as our base algorithm OGDg. Thus

for the meta-algorithm @ with (binary) predictions @(x!), we have from (5.1),

N

Ti
Z Z E[Lo1 (), @a(x}))] <

i=1 t=1
N

1+d4 o
i ZZLOI@I,sIgnw[a()(x,>)>+20( Il ]||§X2T) (5.2)
1 1

for any received instance sequence x € X' and for any A[1],...,h[m] € 7-1(1? A,

The MW algorithm [19, 88, 11] does not work just for hypothesis classes;
more generally, it works for collections of algorithms. Hence we may run the MW
as a meta-meta-algorithm to combine all of the meta-algorithms @ € Ay, with the

corresponding regret bound of

s s T
> Z E[Loi (), D1 < ) ) BLLoi G, @(x))] + O ( \/logaﬁKDT) ENE)

i=1 t=1 i=1 t=1

Thus by substituting the loss for each meta-algorithm a (the R.H.S. of (5.2))
into (5.3) and using the upper bound (T]:S)ms(m — 1)¥ for the cardinality of Ak, we

obtain (using upper bounds for binomial coefficients and the inequality }; \/p;q; <

Vi P)(2ig)

Ry® (1) € O (Zicniuo I X, + slogm + klogm + Klog(T = $)/k)T )
(5.4)
for any received instance sequence * € X! and for any h* € ‘7‘1(,? A" such that

k = k(h*) and m = [m(h")|.

The term 3 4c,ns ||h||§< X12< may be viewed as a learner complexity, i.e., the

price we “pay” for identifying the hypotheses that fit the modes. A salient feature
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of long-term memory bounds is that although the data pairs associated with each
hypothesis are intermixed in the multitask sequence, we pay the learner complexity
only modestly in terms of potentially leading multiplicative constants. A switching
algorithm without long-term memory “forgets” and pays the full price for a mode
on every switch or new task. We have thus given an exponential-time algorithm
for 713? Y with O(1) leading multiplicative constants. In Section 5.3, we give an
efficient algorithm for 7’1(1? Y with a time complexiy of O(T?) per trial, and in terms
of learner complexities, it gains only leading multiplicative constants of O(1* log T).

In the case of binary RKHS functions (4 = 1), this becomes O(log T').

5.2.2 Related Work

In this section we briefly describe other related work in the online setting that con-
siders either switching or multitask models.

The first result for switching in the experts model was the WML algo-
rithm [19], which was generalized in [89]. There is an extensive literature building
on those papers, with some prominent results including [83, 90, 91, 92, 93, 94, 95,
96, 97, 98, 99]. Relevant for our model are those papers [83, 91, 94, 92, 97, 98, 99]
that address the problem of long-term memory (m < k), in particular [83, 91, 94].

Analogous to the problem of long-term memory in online learning is the prob-
lem of catastrophic forgetting in artificial neural network research [100, 101]. That
is the problem of how a system can adapt to new information without forgetting the
old. In online learning, that is the problem of how an algorithm can both quickly
adapt its prediction hypothesis and recall a previously successful prediction hypoth-
esis when needed. In the experts model this problem was first addressed by [83],
which gave an algorithm that stores each of its past state vectors, and then at each
update mixes these vectors into the current state vector. In [91], an algorithm and
bounds were given that extended the base comparision class of experts to include
Bernoulli models. An improved algorithm with a Bayesian intepretation based on
the idea of “circadian specialists” was given for this setting in [94]. In the work that
this chapter is based on [8], an algorithm for multitask learning with memory in the

expert setting is given, and is directly inspired by the methodology in [94].
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The problem of linear regression with long term memory was posed as an open
problem in [94, Sec. 5]. Algorithm 4 gives an algorithm for linear regression for
bounded functions in a RKHS with a regret bound that reflects long-term memory.
Switching linear prediction has been considered in [85, 14, 102, 39]. Only [39]
addresses the issue of long-term memory. The methodology of [39] is a direct in-
spiration for Algorithm 4. We significantly extend the result of [39, Eq. (1)]. Their
result was 1) restricted to a mistake as opposed to a regret bound, ii) restricted to
finite positive definite matrices and iii) in their mistake bound the term analogous
tO X hem(ne) ||h||§< XIZ{ was increased by a multiplicative factor of (j(lm(h*)l), a signifi-

cantly weaker result.

Multitask learning has been considered extensively in the batch setting, with
some prominent early results including [103, 104, 105]. In the online multitask
expert setting, [106, 107, 108, 94] considered a model where each task is associated
only with a single hypothesis, i.e., no internal switching within a task. Also in the
expert setting, [109, 110] considered models where the prediction was made for
all tasks simultaneously. In [110], the aim was to predict well relative to a set of
possibly predefined task interrelationships and in [109], the interrelationships were
to be discovered algorithmically. The online multitask l/inear prediction setting was
considered in [111, 112, 113]. The models of [112, 113] are similar to ours, but like
previous work in the expert setting, these models are limited to one “hypothesis” per
task. In the work of [111], the predictions were made for all tasks simultaneously

through a joint loss function.

5.3 RKHS Hypothesis Classes

Our algorithm and its analysis builds on Algorithm 3 for online inductive matrix
completion with side-information and its corresponding performance guarantee in

Theorem 1. We recall the following notation from Section 1.3.

The max-norm (or y, norm [9]) of a matrix U € R"™" is defined by

U := min < max |[|P]| X max e, 5.5
1 T PQTZU{KMII d 1<j<n||621||} (5.5)
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where the minimum is over all matrices P € R"*? and Q € R"™ and every integer
d. We denote the class of m X d row-normalized matrices as N™4 := {P c R™<d .

||P,|| =1, i € [m]}. The quasi-dimension of a matrix is defined as follows.

Definition. The quasi-dimension of a matrix U € R"™" with respect to

M e S™

++2

N e S’ atyas

Y - : ST » ol 3
D, yU) = pin_ r(PTMP)Ry +r (Q'NQ)Ry . (5.6)
where the infimum is over all row-normalized matrices P e N and
Q € N and every integer d. If the infimum does not exist then

D)y nU) 1= +00 (The infimum exists iff |U |lnax < 1/7).

Algorithm 3 addresses the problem of the online prediction of a comparator ma-
trix U with side information. The side information is supplied as a pair of ker-
nels over the row indices and the column indices. In Theorem 1, a regret bound
é(\/(@/yz)T) is given, where 1/y* > |U|3,, and D > Z)?VI’N(U) are parame-
ters of the algorithm that serve as upper estimates on ||U]|?,, and D?\/[, ~(U). The
first estimate 1/y? is an upper bound on the squared max-norm (Eq. (5.5)), which
like the trace-norm may be seen as a convex proxy for the rank of the matrix [3].
The second estimate D is an upper bound of the quasi-dimension (Eq. (5.6)), which
measures the quality of the side-information. The quasi-dimension depends upon
the “best” factorization (1 /’}/)IADQT = U, which will be smaller when the row P
(column Q) factors are in congruence with the row (column) kernel. We bound the
quasi-dimension in Theorem 71 in Section 5.6 as a key step to proving Theorem 69.

In the reduction of our problem to a matrix completion problem with side infor-
mation, the row indices correspond to the domain of the learner-supplied kernel K
and the column indices correspond to the temporal dimension. On each trial we re-
ceive an x7 (a.k.a. x!). The comparator matrix U is now an embedding of H, where
the column of H corresponding to time 7 will contain the entries H* = (h7(x"))ye(ry-
Fig 5.3 illustrates an example comparator matrix and its corresponding latent ma-

trix U~. Although we are predicting functions that are changing over time, the
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1
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Task1 | - .
’ 1 Task1| -
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z3 :
: T
Task2 | °
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72 :
Task 2
m=1 2 2 3 4
Task 2
2
(a) Example matrix U. Each row corresponds 2

to a distinct instance, and the columns rep- (b) Corresponding latent matrix U*. The rows
resent the different trials. Both rows and represent the instances, and the columns cor-

columns are ordered by task for conve-  roqp0nd to the distinct hypotheses, m.
nience. On each trial, we are asked to predict
a diagonal element of this matrix.

Figure 5.3: The reduction of the online multitask learning problem to the matrix comple-
tion problem with a (7',m)-biclustered matrix U. In this example, m = 3.

underlying assumption is that the change is sporadic; otherwise it is infeasible to
prove a non-vacuous bound. Thus we expect H ~ H!  and as such our column
side-information kernel should reflect this expectation. Topologically, we would
therefore expect a kernel to present as s separate time paths, where nearness in
time corresponds to nearness on the path. In the following we introduce the path-
tree-kernel (the essence of the construction was first introduced in [114]), which
satisfies this expectation in the single-task case. We then adapt this construction to

the multitask setting.

A path-tree kernel P : [T] x [T] — ‘R, is formed via the Laplacian of a
fully complete binary tree with N := 2M°&T*l _ 1 vertices. The path corre-
sponds to the first T leaves of the tree, numbered sequentially from the leftmost
to the rightmost leaf of the first 7' leaves. Denote this Laplacian as L where the
path is identified with [7'] and the remaining vertices are identified with [N] \ [T].
Then using the definition L° := L + (%) (%)T R;', we define P(t,v) := (L°)},

where 7, v € [T]. We extend the path-tree kernel to a multitask-path-tree ker-

nel by dividing the path into s contiguous segments, where segment i is a path
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of length T, and the task vector £ € [s]” determines the mapping from global

know the task vector £ in advance; we only require upper bounds on the lengths of
the tasks to be able to use this kernel. Finally, we note that it is perhaps surpris-
ing that we use a tree rather than a path directly. We discuss this issue following
Lemma 73 in Section 5.6.

Algorithm 4 requires O(¢*) time per trial ¢ since we need to compute the eigen-
decomposition of three O(t) X O(t) matrices as well as sum O(f) X O(f) matrices up

to ¢ times. We bound the regret of the algorithm as follows.

Algorithm 4 Predicting 713? Yina switching multitask setting.

Parameters: Tasks s € N, task lengths T!,...,T* € N, T := il T!, learning rate: n > 0,
complexity estimate: C > 0, modes: m € [T], RKHS function upper bound: A > 1,SPD

and )A(%, :=2[log, T.

Initialization: U «— 0, X! <0, 7' < 0.
For r=1,....,T

e Receive task €7 € [s].

e Receive x7 € X .

OSeti<—€T;t<—o'(7');xt~ =x".

e Define
K™ := (K(x, Z))x,zeX’U{xT} 5 PT = (P(T, U))T,UE’TTU{T} s
=, VKTe* Prel || VKTe¥° Pre?
X'(v) = ; ; ,
NS N o | IRV EE S5 &
~ C T T -~
T - [ XTI+ T 7)+2 T
W' « exp (log (2Tm/12 ) I + Z nyuX (v)] .
velU
e Predict
1 1 -~ .
Y™ ~ Untrora (— ) DV e w(WIXT@)-1: 5= 5T e signT-Y).

VA2 Nma2
e Receive label yi := y7 € {~1, 1

}
o Ify™yT < \/;72 then
m.

Ue—Uufr), X'« XTu{x™), and 7T « 77U (7).

eElse X!  XTand 77 « 7.
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Theorem 69. The %—regret of Algorithm 4 with upper estimates, k > k(h*), m >

Im(h")],

C>Ch):= /12[ Z hl% X2 + 2(s + k — 1)m[log, T1* + 2m2] ,

hem(h*)

)?,2( > max.er) K(X7, x7), and learning rate n = [ 021;%3) is bounded by

N

- A I E R o -
> D BLLn 6 )] = 5= Lonoh sign(i() < 35y/CTlog@T)  (57)

i=1 t=1

. . . T
with received instance sequence x € X' and for any h* € ?l(;f % where A > 1.

Comparing roughly to the bound of the exponential-time algorithm (see (5.4)),
we see that the log m term has been replaced by an m term, we have worse scalings in
terms of A, and we have gained a multiplicative factor of log 27. From the perspec-
tive of long-term memory, we note that the potentially dominant learner complexity
term - e n(ne I\l|% X2 has only increased by a slight log 2T term if 4 = 1. To gain
more insight into the problem, we also have the following simple lower bound. We
observe that even though it is written in terms of some h* € 7-1(;('3 D T, it is also a

T . T r
lower bound for 7—(? 7 since ?l(If DT ¢ 7‘1(,? b7

Proposition 70. For any (randomized) algorithm and any s,k,m,I" € N, with k+s >
m > 1 andI' > mlog, m, there exists a kernel K and a Ty € N such that for every

T > T().'

T
D ELLo (73] = Lo, @) € (YT + slogm + klogm) T
=1

for some multitask sequence (x',y"),...,(xT,y") € (X x {-=1,1})T and some h* €
[H PV such that m 2 Im(RO), k 2 k(R"), Shemne Il X5 = Im(h)|log, m, where

X3 = maxqer K(x7, x7).

Comparing the above proposition to the bound of the exponential-time algo-

rithm (see (5.4)), the most striking difference is the absence of the log T terms. We
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conjecture that these terms are not necessary for the zero-one loss. In the following

section, we give a proof sketch of Theorem 69.

5.3.1 Proof Sketch of Theorem 69 and Theorem 71

In the proof, we give a reduction of Algorithm 4 to Algorithm 3. Two necessary ad-
ditional results that we need include Theorem 71 and Corollary 74. In Corollary 74,
we bound a normalized margin-like quantity of the multitask-path-tree kernel used
in the algorithm. Then in Theorem 71, we bound the quasi-dimension which indi-
cates how to set the parameters of Algorithm 4 as well as determines the value of
C(h*) in the main theorem. As this bound of the quasi-dimension is a key element
of our proof, we contrast it to a parallel result proved in Theorem 57.

We recall that the regret (see Theorem 1) of Algorithm 3 is (j( \/(f)/yz)T)
where 1/y* > ||U|]?

max

and D > D}, vU). We will prove in our setting 1/y* =
mA% > ||{U|2,, in the discussion following (5.26).

We now contrast our bound on the quasi-dimension (Theorem 71) to the
bound of Theorem 57. The quasi-dimension depends on vy so that if y < 7/, then
D?W, ~yU) < Z)X/I, ~(U). In Theorem 57, the given bound on quasi-dimension is
independent of the value of y. Thus to minimize the regret bound of 5( \ (f\)/ yz)T),
it is sensible in Theorem 57 to select the smallest possible 1/y? = ||U||12mx. The sit-
uation in this chapter is essentially reversed. In the following theorem, it is required
that 1/y* = ma* > ||U|1%,. In fact, m max;; |U;;|* is the maximum possible value of
the squared max norm in the case that m = [m(h*)| with respect to all possible com-
parators h* (see (5.26)). Thus in contrast to Theorem 57, the following result trades
off a potentially larger value in 1/y? for a smaller possible D. If we were instead to
use the bound of Theorem 57, then the term in this chapter },c,,n+ I\ll% Xz would
gain a leading multiplicative factor of m? (terrible!).

We recall the following notation. The class of m X d row-normalized is denoted
as Nmd = (P c Rmxd . ||f’,|| = 1,i € [m]} and the class of block expansion
matrices is defined as 8¢ := {R c {0, 1}"™? : ||Ry|| = 1 for i € [m], rank(R) = d}.

Block expansion matrices may be seen as a generalization of permutation matrices,

additionally duplicating rows (columns) by left (right) multiplication.
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We define the class of (k, £, 1)-biclustered matrices as

By, ={U = RU'C" € ([-4,-1]1U[1,A)"™" : Re 8™ ,C € 8",

U* e (-1, -17U[1, D>

In the case that 4 = 1, we retrieve the definition of the (k, {)-binary-biclustered

matrices as seen in Chapter 4.

Theorem 71. [f H € By, y = 1/ VmA2, A > 1 and if
Dy nH) =V 2 u(H) MH" )Ry + tr(CTNC)Ry (5.8)

is defined as the minimum over all decompositions of H = H*C"™ for H* €
([=4, =11 U [1, A])P*™, C € B then for U = DH where D is a diagonal matrix

with entries D;; = mfori € [p]

Dy wU) <Dy (H) (7 = 1/ Vmd2).

Proof. Recall by supposition y = 1/ VmA2, and define U* := DH*. Note that for
alli € [p], IU7|l = 1. Set P" := yU* and Q" := C hence P’ € NP, Q" € N'™
and P'Q"" = yU*C" = yDH*C" = yU.

Recall (5.6),

D, N U) = pé@gUtr(PTMﬁ) R +r(Q'NQ) Ry . (5.9)

Observe that (15’, Q’) is in the feasible set of the above optimization. Hence

Dy nU) <t (PTMP) Ry + 1 (Q"NQ') Ry
=Y (U MU"Rp; + tr(C"NC)Rn .

We also have for all i € [p], j € [m] that U;;. = DiiHl.*j = I/I’j’?”H* Recalling
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that |H| > 1 so that ||H;|| > v/m, we then have

U < AH},.
Observing that tr((U*)" MU ™) scales quadratically with the entries of U™ then gives

the result. O

5.4 Synthetic Experiments

As the online multitask setting with memory setting is a novel one, there are no
alternative algorithms that we can directly compare against. Instead, we show the
memory and multitask features of our algorithm separately. To demonstrate the
former, we compare our algorithm to the (kernel) switching and non-switching per-
ceptron algorithms in the single task case. Then we show the multitask learning
feature by comparing our algorithm which learns over 1024 trials in a single task
to the same algorithm which learns across two tasks, with 1024 trials per task. On
each trial, the task number is selected uniformly at random, until all 1024 trials
have been exhausted for one of the tasks; when this happens, all trials will occur in
the remaining task. In the following experiments, we will assess the performance
of our algorithm with the RKHS space induced by the Dirac kernel. In addition,
we consider introducing decay methods, which reduces the time complexity of the

algorithm.

5.4.1 Dirac Kernel

In this experiment, we consider the instance space X = [d], hypothesis space H, =
{-1,1}% and the kernel Ky(x,x’) = 2[x = x’'] — 1. For this setup, we have that
max,eq) Ks(x,x) = 1 and that ||h||%(d = d for all h € H,. Since the hypotheses
are binary, we set 4 = 1, and consider 3 modes (m = 3). All hypotheses and
instances are sampled uniformly at random from their respective spaces. We set the
parameters according to Theorem 69, with C:=3d+6(s+k— Dm[log, T1*> + 18,
n=4 %, and average our results across 10 runs. For all experiments, we feed

identical input sequences to the different algorithms.
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Figure 5.4: Results for the worst-case kernel. The shaded regions show the standard de-
viation. For the plots in the second column, the dotted lines show the linear
fit.

We consider dimensions d € {16,32,64}, k = 15 switches which occur at
regular intervals every 64 trials and switch between the three modes consecutively.
Across the different setups, the first two columns of Figure 5.4 show that in the
single task case (s = 1), our algorithm has fewer cumulative mistakes than the
perceptron algorithms and our algorithm exhibits memory behaviour as the average
number of mistakes per segment decreases over time. Figure 5.4 (third column)
shows that the mistakes per task in the multitask setting with s = 2 are consistently

lower compared to the single task setting.
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5.4.2 Decay Methods

The time complexity of our algorithm is O(|U,*) per trial z. We therefore seek to
constrain |U,| < B for all ¢, by applying the decay methods inspired by [115, 102],
bounds for which have been proven only for the kernel perceptron. In [115], the
contributions of the elements in U, are decayed after which the earliest trial in U,
is removed. In contrast, [102] has the simpler strategy of removing an element at
random without any decay.?. For these experiments, we consider the same setup
as the one in Section 5.4.1. Figure 5.5 shows the results. For simplicity, we did
not shrink the contributions for the strategy in [115]. We choose the smallest B
for which there was no overlap between the error bars of the switching perceptron
and the decay method in the single task setting. We used this value of B for both
the single task and multitask experiments. For the random removal strategy, we
required a higher B = 192, whereas the earliest trial removal strategy only required
B = 48. For both methods, there was no discernible memory behaviour as the
number of mistakes per segments increases. However, the multitask decay methods

did outperform the single task algorithm with no decay in both cases.

5.5 Discussion

We have presented a novel multitask setting which generalizes single-task switching
under the long-term memory setting. We gave an algorithm for the RKHS hypothe-
sis class with per trial prediction times of O(*), for which we proved both upper and
lower bounds on the regret. An open problem is to resolve the gap between the two
bounds. On the algorithmic side, the algorithm depends on a number of parameters,
such as C, which depends on s, k and m. The knowledge of these parameters can be
circumvented through the doubling trick. Alternatively, there is extensive research
in online learning methods to design parameter-free methods. Can some of these
methods be applied here (see e.g., [116])? For a non-parametric hypothesis class,

intuitively it seems we must expect some dependence on 7. In terms of the time

2For simplicity, we implement the transductive algorithm (Algorithm 1). This is possible due to
the finite-dimensional domains of both the row and column kernels, and is equivalent to the inductive
algorithm due to Proposition 6.



Chapter 5. Online Multitask Learning with Long-Term Memory

130

Single task

Single vs multitask

Cumulative mistakes

Mistakes per segment

Cumulative mistakes

ours (na removal) 3 ours (8=152) 220 { ~~single task
itching perceptron 40 £ switching perceptron -~ mulitask: task 1
300 dom removal B=192) o 7 120 —=- multtask: task 2
7 s 7] multitask with removal: task
SN SINRZANES kot el ok
N IN IS ey
15 4 AN S S AN N
20 a N AV NN o
PRV
= = Pl MR ediddd vy z
SRR EP
80 NEVEPEVER IV YRR 0
Woeoohboorvbsohbol
PRV PR EEEY “
SV L EY I L)
0 PPl EY 2
danieaderaaegay
o n/,/’/j//,/j////,////. 3
012012012012 01:20 5 o a0 0 w0 100

o 500 1000 1500 2000
T

Random trial removal

»0 irs (B=48) 1404 —--
S0 switching perceptron
00 5 120
% Y
20 H NENRENRER -
ol Lnaer BN
‘5 .___f-nv/-'/f’:"’ SRS SIS
= 7 M A 7z “A
ron U eAl e Rl e
s MUOHBE AR d e 80
= = Bl bdaueredddl .
Wl HEAUHAAGEEE 0] w
//’5/’f§//5§/’ﬁ'§/
4 B A /"/. /i
e dedbdiburlbubyiy ©
Cj//f//ff//ﬁf/,/ﬁ
o BV »
dudddbddnbagybsy
o AR o
C12013 01206130120 o B w0 w0 100

o 500 1000 1500 2000
T

Earliest trial removal

Figure 5.5: Results for the decay methods.

complexity, can we perhaps prove bounds for sketching methods [80] that have had
success in simpler models to improve the running times? More broadly, for what
other infinite hypothesis classes can we give efficient regret-bounded algorithms in

this switching multitask setting with long-term memory?
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5.6 Proofs
5.6.1 Proof of Theorem 69

Proof of Corollary 74

In this section, we prove Corollary 74, which is utilized in the proof of Theorem 69.
The corollary is first stated below.

Corollary 74. If f € Hp N {0, 1} then

/13 max P(z.7) < k() + s(/logy TP + 2, (5.10)
where P = P71 k(f) = X0, SITFC) # £(D] and s(f) == S fC) #

Gl

We recall the notions of effective resistance between vertices in a graph and
the resistance diameter of a graph. A graph may naturally interpreted as an resistive
network where each edge in the graph is viewed as a unit resistor. Thus the effective
resistance between two vertices is the potential difference needed to induce a unit
current flow between them and the resistance diameter is the maximum effective
resistance between all pairs of vertices.

To prove the corollary, we will need to bound the diagonal element of the
Laplacian pseudo-inverse by the resistance diameter. In the following Lemma, we
will improve upon [10, Eq. (9)] by a factor of % for the special case of fully complete

trees.

Lemma 72. For the graph Laplacian L € R"N of a fully complete tree graph,

1
ie[N] 2

where Rgi.,(L) is the resistance diameter of the graph described by L.

Proof. Before proving the result, we shall recall 4 general facts about graphs, trees
and Laplacians. We also denote the set of vertices at a given depth a level. The root

is at level O.
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1. The effective resistance between vertices i and j is given by (see [117]),

R, j) = L + LY, - 2L (5.11)

2. The diagonal element of L* is given by (see eg. [118])

@ _ Rt()t
N N2’

L= (5.12)

where R(i) = 2?1:1 R@, j) and Ripr = X i< R(, J).

3. For fully complete trees, we have that R(i) = R(j) and L} = Lj.j if i and j are

in the same level due to symmetry.

4. For trees, the effective resistance between vertices i and j is given by the

geodesic distance (path length) between the two vertices.
Next, we prove the following intermediate result.

Lemma: For a given vertex i, the vertex j that minimizes L:;. is the leaf

vertex with the largest geodesic distance from i.

Proof. Define h to be the height of the tree. We take vertex i’ to
be at level k € [h — 1] and vertex j at level k + 1. Recalling that
R@G) = Z?’zl R(i, j), we will consider the individual summands that
compose R(j’) and R(7’), given by the geodesic distances between 7’
and j’ respectively and the other vertices due to fact 4. From fact 3
(with respect to the summands), we can assume without loss of gener-
ality that vertex j’ is the child of i’. Going from the summation of R(;j")
to the summation of R(i"), there are 3 possible changes to the geodesic

distances in the summation:

1. the descendants of j* will have a geodesic distance reduced by 1
2. the geodesic distance between i’ and j’ remains constant

3. all the other vertices will have a geodesic distance increased by 1.
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Hence, defining D ; to be the set of descendants of node j,

R(j) = RG) - Z1+ Z 1

ieDy e[NI\D y U{j'})
=R(@") - Dyl +N—(D;|+1)

= R(@’)+ N -2D;| - 1.

This gives that R(j") — R(i") < N, and

R() = RG) _

N <1 (5.13)

We show that vertex j that minimizes L;} must be a leaf vertex by con-
tradiction. Suppose j is not a leaf vertex then there exists a child of
J # i. Call the child j* which thus satisfies R(i, j') — R(i, j) = 1. Hence,
Equations (5.11) and (5.12) give

1(R()  RG)

- —= —-R(G )+ R3G, Jj) (5.14)

L, — L =
vooov 20N N

<0, (5.15)

where the inequality is due to (5.13) for which we let i’ = j. Hence, we

have that Llfj > L; which is a contradiction.

Then, using Equations (5.11) and (5.12), we have

argmin L;; = argmin R _ R(i, j).
j i N

Since all leaf vertices have the same R(i), the leaf vertex that minimizes

must be the one with the largest geodesic distance from i. O

Recall that for a tree, the resistance diameter is equal to its geodesic diameter,
and hence the vertices that maximize the effective resistance are given by the two
leaf vertices with the largest geodesic distance. We therefore proceed by consider-

ing i and j to be any of the vertices that maximize the effective resistance, giving
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the resistance diameter. Due to fact 3, we have L], = L}rj. Then, from (5.11), we

obtain,

1
ERdiam(L) = L:l— - L:}

=L - mkinL;;{ (5.16)
| &

>L;—-— ) Ly
V2

> Lt (5.17)

where (5.16) comes from the intermediate lemma, and (5.17) comes from the fact

that Z?’zl L;} = 0 for all i € [N] since L1 = 0 for connected graphs. O

The following Lemma is essentially a simplification of the argument in [114,

Section 6] for Laplacians,

Lemma 73. (See [114, Section 6].) If f € Hp N {0, 1}7 then

max P(t,1) < 2[log, T
Te[T]

A1 max P(t,1) < k(Plog, TT +2,, (5.18)

where k(f) := SLf(0) # f(t + 1)].

Proof. First we recall the following standard fact about the graph Laplacian L of

an unweighted graph G = (V, E),

u' Lu = Z (Lti - Mj)z ,
(i.))€E
where V is the set of vertices and E is the set of edges in the graph. Call this quantity
the cut of the labeling w. Consider a fully complete binary tree with a depth of
[log, T + 1. For simplicity now assume that there are exactly T leaf nodes, i.e.,

log, T € N. Assume some natural linear ordering® of the leaves. This ordering

3Given every three vertices in ordering (a, b, c) we have that d(a, b) < d(a, c) where d(p, q) is the
path length between p and g.
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then defines our path. We call each set of vertices at a given depth a “level” and
they inherit a natural linear ordering from their children. Suppose that there are n
vertices at a given level £, and define wf =y where vf is the ith vertex on level €.
The path-cut at this level is given by Y7 [wé — w’, |.

We now proceed to argue that for a given binary labeling of a path with associ-
ated path-cut k(f), we can identify a (real-numbered) labeling of the tree, such that:
a. the labeling of the tree leaves is binary and consistent with that of the path and b.
the tree has a cut of no more than %k( f)Nog T. The construction is as follows: each

parent inherits the average of the labels of its children. We make two observations

about the constructed labeling:

1. The path-cut at a higher level cannot be more than the level below. Consider
two adjacent levels with the lower level ¢ having n vertices. Denote the set
of odd numbers that is a subset of [n — 1] as I,,4, and the set of even number
that is a subset of [n — 2] as I,,,,. Recall that the path-cut of the lower level is

' Iwl — w’_,|. This can be bounded as follows:

n—1

¢ ¢
Z Wi — Wiyl

i=1

14 { 4 4
w. + w: w: + w;
_ 14 i i+1 i i+1 ¢ 1 11
= Z Wit + G Z Wi = wipl
i€lyqq i€leven
' 4 4 A
_ e Wit Wi Wit Wi e ] ! —wl |
= Wi ) 3 Wit Wir1 = Wi
i€loda i€lpgq\{n—1}
4 4 { 14
w: + w: w. +w.
£ i i+1 i i+1 4 4 l
> Z w; — —2 + — e W |t |Wi+1 - Wi+2|
i€l qq i€logq\{n—1}
t 4 4 '
w. + w; w. + w:
l i i+1 i i+1 4
N e BT (5.19)
ie’nd(l iEIOzId\{n_ 1 }
. wt + w! ) wl +w! |
> wl — i i+ + i i+l Wf
2 i D) i+2
i€lpqq\{1} i€lpqq\{n—1}
4 4 { 4
_ ¢ Wit Wis| (Wi T Wiy
= Wiin > ) Wisa
iEI()dd\{n_l}
4 4 ' 4
> Z W; +2Wi+1 Wi ;‘ Wiis (5.20)
iEI(rdzl\{n_”
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where (5.19) and (5.20) follow from |a—b|+|b—c| > |a—c| (triangle inequality).
Observing that the R.H.S. of (5.20) is the path cut of the upper level, we are

then done.

2. If we denote the set of edges between two adjacent levels by E, we have that
2 peE(i — u /)% is at most half the path-cut of the lower level. This can be
seen by considering the edges between a given parent i and its two children j
and j'. Let us define x as half the path cut due to the children, i.e. 3[u; — uyl.
Since all labelings are in [0, 1], we have that x € [0, 1/2]. The cut made due
to the parent and the children, i.e. (u; — u;)* + (u; — uy)* is then given by 2x”.
Using the inequality x — 2x*> > O for x € [0, 1/2], and applying this to all the

parents on the same level as vertex i, we then prove the statement.

Combining the two above observations and recalling that there are [log, 71+1 levels

(and therefore [log, T'] transitions between the levels), we have that

[log, T 1 [log, T 1
D, i< Y opO < ) Sk,
(i,))€E =1 k=1

where p(¢) is the path-cut of the tree at level £, the first inequality is due to observa-
tion 2, and the second inequality is due to observation 1. Hence we have shown our
premise that the cut is upper bounded by %k( fllog, T. Observe that our premise
still holds if there are more than 7" leaf nodes, as we can treat any additional leaves
on the bottom level as being labeled with the last label on their level; thus the cut
will not increase. Hence we have shown the following inequality where L is the
Laplacian of a fully complete binary tree with N vertices and a path of 7 leaves

labeled by an f € {0, 1}71,

1
min u'Lu < —k(f)[log, TT. (5.21)
ue RN = £(i),ie[T] 2

We next observe that

R <[log, T17. (5.22)

This follows from Lemma 72, where Ry, = max;n;L;; is bounded by half the
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resistance diameter, which is then just bounded by half the geodesic diameter. Fur-
thermore if L is the Laplacian of a connected graph and L° := L + (%) (%)T Ry

then if uw € [—1, 1]™ we have

Rre = 2Rg,

1
u L°u <u Lu+ —.
L

Thus combining the above with (5.21) and (5.22), we have,

R <2[log, T,

min (" L°w)Rp. < k(f)[log, TT* +2,

ue RN :u;=£(i),ie[T]

which proves the Lemma. O

Observe that the left hand side in (5.18) is up to constant factors, the nor-
malized margin of f in the sense of Novikoft’s Theorem [76]. The construction
is somewhat counterintuitive as one may expect that one can use a path graph di-
rectly in the construction of the kernel. However, then max,¢7) P(, t) € ©(T) which
would lead to a vacuous regret bound. Also one may wonder if one can reduce the
term (log T)? while maintaining a linear factor in k(f). In fact the term (log T')? is

known [119, Theorem 6.1] to be required when k(f) = 1.

As a straightforward corollary to Lemma 73, we have
Corollary 74. If f € Hp N {0, 1}7 then
I£115 max P(z,7) < (k(f) + s(f)og, TV +2, (5.23)

where P = PETT' k(f) = 5, SETFG) # £(,/D] and s(f) = DEMfC) #
FED],

Proof. Since each task is laid out contiguously along the bottom layer, we pay the

path-cut for each task individually and we pay s(f) for the intertask boundaries. O
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Proof of Theorem 69

We first recall some of the notation introduced earlier in the section. The block
expansion matrices are defined as 8™¢ = {R c {0,1}™ : |Rj| = 1 fori €
[m],rank(R) = d}. The class of (k,{)-binary-biclustered matrices is defined as
By, ={U = RU'C" € {-1,1}™" : U* € {~1, 1Y R e 8™ C e 8™} . Next,
we recall Theorem 69 and provide a proof.

Theorem 69. The expected regret of Algorithm 4 with upper estimates, k >
k(h*), m = Im(h")],

C > Ch) = /12[ Z

hll% X% + 2(s + k — )m[log, T1* + 2m2] ,
hem(h*)

)A(,z( > maxer) K(x7, x7), and learning rate n = C;;%ﬁ? is bounded by

N

Ti
A 1+ A2 S A
> D ELLa (901 - —5— Lo hi) <3520 T1og2T)  (524)

i=1 t=1

. . . »T
with received instance sequence x € X! for any h* € 7-!3? % where A > 1.

Proof. Algorithm 4 is the same as Algorithm 3 except for some redefinitions in the

notation. For convenience we recall Algorithm 3 below”.

Algorithm 3.

Parameters: Learning rate: 0 < 17 quasi-dimension estimate: 1 < D,
margin estimate: 0 < y < 1 and side-information kernels M* :
IxT >R N :Ix9J — R, with Ry := max;er M*(i,i) and
Ry = max ey N7(j, j), and maximum distinct rows m and columns

n, where m + n > 3.
Initialization: M — 0, U« 0,7' <0, 7' <0 .
For tr=1,...,T

e Receive pair (i;, j,) € I X 7.

4Since we are only concerned with the regret bound, we have set the parameter
NON-CONSERVATIVE = 1 in our restating of the algorithm.
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e Define

(Mt)+ = (M, I))rsetulis) 5 (Nt)+ = (N+(]'r,js))r,sejfu{j,} >
(Ve wwws] K VAT et (VT )e? ]
2Ry 2Ry V2Rym  V2Rw ’
W' — exp (log( )I'IIIJ“T'Jr2 + Z UyAvXt(s)] )

seU

X'(s) := [

m+n

e Predict o
retw(WX'@) 5 3, — sign(3,) .

e Receive label y, € {—1,1}.

o Ify, # 9, then M «— M U {¢}.
o If y,j, < v then

UeUU{r, I™ «T'U{i}, and I « T U {j,}.

e Else 7' « 1" and g™ « J".

The following table summarizes the notational changes between the two algorithms.

Description Algorithm 3 | Algorithm 4
Row space I X
Column space g [T]
Row kernel M K
Column kernel N+ P := ptr'--T
Row squared radius Rm X2
Column squared radius R )A(%,
Margin estimate y? mA?
Complexity Estimate Dy? ¢
Dimensions > m,n T.T
Time t T
Instance (iss J1) (x7,7)

We now recall the following regret bound for Algorithm 1, which also holds for

Algorithm 3, due to Proposition 6.

>Note T is an upper bound known in advance for the number of rows. We will use p to denote

the number of distinct x values seen over the trials of the algorithm.
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—_

Theorem 1 The expected mistakes of Algorithm 1, parameters D >

D nO),n=+ D IOE(T"”"), are bounded by
I + max; ; |U,jl 35 [=
E[[M]] < ( . J1Mij ) Z[y’ # sign(U;,;)] + 7 N Dlog(m + n)T

teM
(5.25)

forall U € ([—o0,~11U [1, 00y with [|Ulyax < 1/7.

We introduce the following notation: the set X := Urerriix™}, the matrix H :=
(W(x): xe X" 7 e[T), H* := (h(x))xexin pemnry and C' := ([AT = h]rer1nemne)

(note C € B''™), D € RP* is a diagonal matrix with entries D;; = for

i
YIE
i € [pl, U := DH, the matrices K = [(K(x,x) : x,x € X", P = [(P(,v) :
rve[TD]™', and A := max; ; |[H;;|. Observe that H = H*C".

Initially we note that we very trivially extend the algorithm and thus its analysis

in so far as we use the upper bounds and X2 > R and X2 > Rp.

It now remains that in order to complete the reduction of Theorem 69 to The-

orem 3, we need to demonstrate the following four inequalities:

lUllmax < VA2 (5.26)
max |U;j| < A (5.27)
L]
1 < min|Uj| (5.28)
LJ
p 1 .
DY) < —C(h). (5.29)

First we show (5.26). Recalling the definition of the max-norm, we have
max — i -Pz j
Wy = min | max ||| max Q|

Set P’ := DH*, and Q' := C' and observe that (P’, Q') is in the feasible set of the

minimization, giving

[Ullmax < max [|(DH") || max [|C}|
ie[|Xfn|] JelT]
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= max — I H/ ||| max [|C}|
ienXﬁnu()flngll C) e

Next we show (5.27) and (5.28). Defining U* := DH*, we have U = U*C",
so that all the entries that appear in U must also exist in U* and vice versa. We

therefore have

max |Uj;| = max |Uj|
ij L,j

= max |(DH");j]
l’.]
| H |
max
iyl H|

Using % = VmA2, IHl.*jl < A, and = < VLE for all i and j, then gives (5.27).
Similarly, we have
i

|H,
. . J
min |U;;| = min

i T Il

Using i = VmA2, |H}| > 1 and ”Tln > \/rﬁ for all i and j gives (5.28).

We now show (5.29). We recall the following useful equality (see e.g. [82,
Proposition 12.32]),

u K lu = min 2 -
fEHK:‘f(x):ux:XEX ”‘f”K ( )

where K = (K(x,Xx)),vex» w € R¥ and K is invertible and K is a kernel. By

Theorem 71 we have
Wawrs 1 _ A A
Dy wEU) < — tw(H*) KH"X2 + (C"PC)X3

where we recall that H = H*C™ with H* := (h(x))extin pemn and C := ([A7 =

R zer ) hemn) (note C' € BT™),
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Simplifying and using (5.30) we have,

1 ) .
DLUPW) < — > ik X + u(CTPO)RE. (5.31)
hem(h*)

From (5.30) we have,

t(C™P C) = Z c;Pcy, = Z AR (5.32)

hem(h*) hem(h*)

where c;, is the column vector formed by taking the A column of C. The vector

c, € {0,1}7 indicates if hypothesis & is “active” on trial 7, i.e., c, = [A" = h].

Next we define f,(7) := ¢j for 7 = 1,---,T. Recalling 7 = f: (xy We also have
fh(T) = fh (f;(-r))-
From (5.32) and Corollary 74 we have,
w(C PO = > Ilfillp £ (5.33)
hem(h*)
< D (k) + s(finllog, TT +2)
hem(h*)
< ) k() + s(fiNllog, TT + 2m(h")
hem(h*)
< D (i) + s(fid)log, TT +2m
hem(h*)
< 2(s + k- 1)log, TT* + 2m (5.34)
where _
s T'-1 . . s—1 . ‘
k(f) = £ # G, s = ) [f G # G,

i=1 =1 i=1
and where (5.34) comes from using ;¢ k(fn) = k(h*) < 2k and 3¢, p+) S(h) <
2(s — 1), where the factors of two are due to each switch of f, on successive time

steps as well as intertask boundaries being counted twice.
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Substituting (5.34) into (5.31), we have

1 )
DWW < — > ik Xy +2(s + k= Dllog, T +2m,
hem(h*)

This demonstrates (5.29) thus completing the reduction. O

5.6.2 Proof Sketch of Proposition 70

First we recall and then give a proof sketch of Proposition 70.

Proposition 70. For any (randomized) algorithm and any s,k,m,I" € N, with
k+s>m>1andT > mlog, m, there exists a kernel K and a Ty € N such that for

everyT > Ty:

T
D ELLn G730 = Lon7 W G0) € @( (T + slogm + klogm) T)
=1

for some multitask sequence (x',y"),...,(xT,y") € (X x {=1,1})T and some h* €
[HE V1 such that m > |m(h")], k 2 k(R"), Shemcne) Al X3 = Im(h*)|log, m, where
X2 = max,r) K(x7, x7).

Proof Sketch. We recall the following online learning terminology. A sequence
of examples (x1,y1), ..., (xr,yr) is realizable with respect to a hypothesis class H
if there exists an h € H, such that 3/, Lo;(;, h(x;)) = 0. The optimal mistake
bound (Ldim(H)) with respect to a hypothesis class H also known as the Littlestone
dimension [16, 120] is, informally speaking, the minimum over all deterministic
learning algorithms, of the maximum over all realizable example sequences of the

number of mistaken predictions.

We will apply the following useful result [120, Lemma 14] which we quote

below for convenience,

Lemma 14 (Lower Bound). Let H be any hypothesis class with a fi-

nite Ldim(H). For any (possibly randomized) algorithm, there exists a



Chapter 5. Online Multitask Learning with Long-Term Memory 144

sequence (x1,y1), ..., (xr,yr) such that
T ;
R . Ldim(H)T
E Z} Loi(y1.31) = min Loy (v hx) =\ ———g——.

In essence, this allows one to go from a lower bound on mistakes in the realizable
case to a lower bound in the non-realizable case. However, Lemma 14 only applies
directly to the standard single-task model. To circumvent this, we recall as discussed
in Section 5.2, that the switching multitask model may be reduced to the single-task
model with a domain X = XX [T'] X [s] and hypothesis class H’. Therefore a lower
bound in the switching multitask model with respect to H implies a lower bound in
the single-task non-switching case for H’ via the reduction. There are some slight
technical issues over the fact that “time” is now part of the domain X’ and thus e.g.,
valid example sequences cannot be permuted. We gloss over these issues in this
proof sketch noting that they do not in fact impact our arguments. The argument

proceeds by demonstrating that there exists for any s, k,m,I" € N, a kernel K and a

realizable multitask sequence (x',y"), ..., (x",y") for which
T
D L6557 € QT + slogm + klogm) , (5.35)
=1
where z € X7, X2 = maxeqr K" x7), T' > Ypouns Iz X2 > mlog, m,

k > k(h*), m > |m(h*)| and k + s > m > 1. After demonstrating that there ex-
ists such an example sequence we can apply [120, Lemma 14] to demonstrate the
proposition. Since the lower bound is in the form Q(P+ Q+R) which is equivalent to
Q(max(P, Q, R)), we may treat P, Q and R, independently to prove the bound. Be-
fore we treat the individual cases, we give a straightforward result for a simplistic

hypothesis class.

Define X, := [d] and H; := {-1, 1}¢ (i.e., the set of functions that map [d] —
{—1, 1}). Observe that Ldim(H,) = d, as an algorithm can force a mistake for every
component and then no more. Also, observe that if we define a kernel K,(x, x") :=

2[x = x’] = 1 over the domain X, that H,; = 7‘(,(5”), max,eq) K4(x, x) = 1 and that
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Ihllk, = d for all h € H,. Finally, note that if m = [H,| then Yeyq, IllE, Xz, =
mlog, m.

We proceed by sketching an adversary for each of the three cases.

1. Case I is the max.

To force I' mistakes, we choose K = K, and set d = I'/m and without loss
of generality assume that d is an integer and recall that k + s > m. Since
Ldim(H,;) = d, an adversary may force d mistakes within a single task in
the first d trials. This strategy may be repeated k more times within a single
task thus forcing (k + 1)d mistakes. If k + 1 > m, we are done. Otherwise,
the constraint k + s > m implies that we may force d mistakes per task in

m — (k + 1) other tasks. Thus after md trials, md = I mistakes have been

forced while maintaining the condition m > |m(h*)|.

2. Case klog, m is the max.

Set d = log, m and without loss of generality assume d is positive integer.
Using ‘H,; we force kd mistakes by first forcing d mistakes within a single
task then “switching” k — 1 times forcing kd = klog, m mistakes, while main-

taining the conditions m > |m(h*)| and k > k(h™).

3. Case slog, m is the max.

Same instance as the above case, except we force d mistakes per task.

5.6.3 Proofs and Details for Section 5.2

For the reader’s convenience, we collect some standard well-known online learning

results or minor extensions thereof in this subsection.

Details for MW Bound

The algorithm and analysis corresponds essentially to the classic weighted majority
algorithm introduced in [19]. We first define some of the notation to be used in the

section. We define the component-wise multiplication as zOw := (x;wy, ..., X,Wy,).
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If f: R - Rand x € R" then f(x) := (f(x1),..., f(x,). We denote the proba-
bility simplex as A, := {h € [0, N"ynth: 2nen = 1} and set A, := Ay, If v € Ay
then 4 ~ v denotes that 4 is a random sample from the probability vector v over
the set H. We denote |Hy,| as n. We now introduce the MW algorithm and give the

corresponding regret.

Algorithm 5§ MW Algorithm

Parameters: Learning rate n; finite hypothesis set {h', ..., "} = Hy, € (=1, 1}

Initialization: Initialize v; = %1"
For t=1,...,T
e Receive instance x; € X.
e Seth, = (h'(x,)... W' (x,)) € {-1, 1}".
e Predict
i ~ V5 9I<—hﬁ’.
e Receive label y, € {—1, 1}.
e Update

1 .
£, — Elht - 91
Wiy — w; ©exp (-n¥,)
Wit

Vvl << S
Z,’:l Wit

Theorem 75. For Algorithm 5, setting n = \/(2logn)/T

T

D BLLo G 301 = Lot( h(x) < v21og()T (5.36)

=1
for any h € Hg,,.

Proof. Recalling that ¢, = ‘h’;ﬂ, we have that v, - £, = E[Ly(y;, ;)] and that
e -4, = Lo(y;, h'(x,)). In what follows, we will therefore bound v, - ¢, — e’ - £,. We

first prove the following “progress versus regret” inequality.
, 1 : . -
vl €t < (d(e )~ d(el ) + 2y vt (5.37)

i=1

where d(u,v) = Y., u;log(3) is the relative entropy for u, v € A,. Let Z; :=
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i viiexp(—nt;;). Observe that from the algorithm

n

. . . 1% i
d(e',v) - d(€',vi1) = ) el log —

Vi,

J=1

J=1

i=1

. " 1
> —ne' - £, - log Z vl =l + Enzﬁii) (5.38)
i=1
. 1 1
. 1 1
> v, b, —e - 8,) - 5772 Z Vil (5.39)

i=1

using inequalities e ™ < 1 —x + % for x > 0 and log(1 + x) < x for (5.38) and (5.39)
respectively.

Summing over ¢ and rearranging we have

m

T
3 (vt ) < % (e v - de vp) + 230 3 it
=1 =1 i=1

logn 7 < 2

where (5.40) comes from noting that d(u,v;) < logn, —d(u,v,+;) < 0, and

DD N vt,ifz . < T. Finally we substitute the value of 7 and obtain the theorem. O

Proof for Online Gradient Descent Regret Bound

In this section, we will prove expected regret bounds for online gradient descent [76]
for both the switching and non-switching cases. The proofs are adapted from the
material in [12, 89, 85, 121]. Recall that we wish to prove the following for the

non-switching case:

a 1+
Z E[Loi (s, $0)] — ; Lo1(yy, sign(h(x,))) € O ( N I X,%T) (5.41)
t=1
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for all h € 7—1(; Y and X,z( := maxer) K(x;, x;). For the switching case, we wish to

prove

1

T
. + 4 .
D BLLoi (1501 = — Lo sign(he)) € O Jemax [ XGT)  (5.42)
=1
for all h € 7—1(1?3 4 and XIZ( := maxr) K(x;, x,). For simplicity, we prove for an
arbitrary inner product (-, -) space with induced norm ||-||. The RKHS setting reduces

to this setting by identifying @ := K(x, -), u := h, and (u, x) := h(x).

Algorithm 6 Randomized Constrained Online Gradient Descent Algorithm

Parameters: Learning rate 7, radius R
Initialization: Initialize w; = 0
For t=1,...,T

e Receive vector x; € R<.
e Predict

Y, ~ Untrorm(—1, 1) ; y, «—(w,, x,) ; y; «sign(y, — Y,).

e Receive label y, € {—1, 1}.

o If y,y, < 1 then
w;' — w; + nyx,

Wiy < PR(w;n)

o Else w}" « w,; wy <« w,

In the following, we define the hinge loss (with margin 1) Ly;(y1,y2) = [1 —
yiy2ls fory, y, € R. We define 2, := -y, [1-y{w;, ;) 2 0] € Vo L1 (1, (w, 1)),
where w,, x, and y, are as defined in Algorithm 6. We define Pg(w) to be the

projection into the ball with radius R, so that

w if [|lw|| <R
Pr(w) =

R otherwise .
[lwll

We also present a lemma, used as a starting point for both the switching and non-

switching proofs.
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Lemma 76. For Algorithm 6 and any w lying in the convex set {u : ||u|| < R},
1 2 2, 20,12
(w, =1, 2) < o (lwr = ulP = lwer =l + 7 1|zF)
n
Proof. Using the update rule of the algorithm, we have

2 2
||y = u||” = lhw, = 52, — ull

2 2 2
= lw; — ull” = 2w, — u, z;) + 7 ||z

2 .
Next note that |Jw,,; — ul|]* < ||w§" - u” since w,,; and u both live in the convex

set {u : ||u|| < R}, giving
2 2 2 2
w1 —ull” < flw, —ull” = 2w, —w, z) + 17 [|z]".
Rearranging then results in the lemma. O

Non-switching bound

Lemma 77. For Algorithm 6, given X = max, ||x;||, |lul]| < U and n = ﬁ we have
that .

Z ‘£hi(yt5 )_)1‘) - ‘£hi(yt5 <Iu” wt)) S \ U2X2T

=1

for any vector u.

Proof. Using the convexity of the hinge loss (with respect to its second argument),

we have

Lni(ye, ¥) — Loy, (u, 1)) < (w; — u, 2y).

We may therefore proceed by bounding " (w, — u, z,). Starting with Lemma 76

and summing over ¢, we have

T T

1
D w, =, z) < —|llwy = wlP = lwra - ul? + 77 Y 2
t=1 277

=1

1 T
< 2 (Ilull2 +17° Z IIztll2) (5.43)
t=1
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where Equation (5.43) results from the definition of w;. O

Theorem 78. For Algorithm 6, given X = max, ||z, ||ull < U, n = =<,

XNT

o 1+2 _ 1
D ELLo (901 = 5 Lon(yi sign(u, ) < 5 VUXT,

=1

for any vector u such that 1 < {u,x;)| < Afort=1,...,T.

Proof. The bound follows from Lemma 77, where we bound the hinge loss terms

as follows:
1. 30 Lo 30 = 2 30 ELLoi (v, 9] (see e.g. Lemma 23)

2. LGy (u,x)) < (1 + ) Loy (v, sign({uy, 1)).

The second inequality can be proven as follows. We recall that Ly;(y,, (u, x;)) =
[1 - y{u,x,)],. In the case that y,(u,x;) > 0, we have that Ly;(y;,(u,x,)) = 0
since [(u, x,)| > 1. Otherwise, we have L;(y,, (u,x;)) = [1 + (uw, )]y < 1+ A
Combining the two cases, we have Lyi(y;, (u, x,)) < (1 + A) Loy, sign({uy, x,))).

O

The bound for the non-switching case in (5.41) then follows by setting U =

[l
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Switching bound

Lemma 79. For Algorithm 6, given X = max, ||z, {uw,...ur} C {u : ||ul| £ R},

n= x%ﬁ and \/”'U’T”2 + 2R Y gy — w)l| < U, we have that

T
D L3050 = Lie () < VUXT.
t=1

Proof. Using the convexity of the hinge loss (with respect to its second argument),

we have

Lni(ye ¥o) — Lni(ye, (up, ) < (w, — uy, 24).

We may therefore proceed by bounding ", (w; — u,, z;). Starting with Lemma 76

and summing over ¢, we have

T T
1
21 (w =y z) < 5 ;:1 (e = wlP = lweer = wlP + 72 207)  (5.44)

To transform the right hand side of the above equation into a telescoping sum, we

add and subtract the term A, = ||w;s; — wl]* = |1 — sl giving

T T

2 2 2 2
Dl = wll? =l = wlP = > lw, = wlP = wper = wel? - A,
t=1 t=1

T

2 2 2 2
= llwrll? = w1 = urall? = ) (weer =l = llw, = welP)
t=1
T-1

2 2 2 2
= il = lwrer = urlP = > (lwrer = wllP = lwi = wal?)
t=1

(5.45)

T-1

2 2 2
<l = > (lwir = wlP = lwir = wal?),
t=1

(5.46)

where Equation (5.45) comes from evaluating ¢ = 7" in the summation.
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Computing the sum, we obtain

T-1

2 2
D llwiy = wll = lwe = wall =
t=1

~

-1
2 2
™ = [l ll” = 2€wps, (wr = wer1))

1M

~

-1
2 2
2 ) llwll” = llwen 17 = 2 llweall e = el
!

1l
—_

T-1

> [l P = Il - 2RZ llw, = wenll - (5.47)
t=1

where Equation (5.47) comes from ||w,,|| < R, a consequence of the projection

step. Substituting this back into Equations (5.44) and (5.46), we then obtain

T T-1 T
1
2w = z) < ol + 2R Dl = will+ o P
=1 t=1 t=1
1
< U+ 2x°T.
2n 2

= VU?X?T,

where the second inequality comes from the definitions of z,, U and X, and the

equality comes from the definition of 7. O
Theorem 80. For Algorithm 6, given X = max, ||z, {u;,...ur} C {u : ||lu|]| £ R},
and \/IluTII2 + 2R ZIT:_]l w1 —ufll < U, and n = X_l\]/T we have that

. 1+4 1

;Eu:m(ynyt)] ~ Lo sign((up @) < 5 VUXT

for any sequence of vectors uy,...wr such that 1 < [(u, x;)] < A fort =

I...,T.

Proof. The bound follows from Lemma 79, where we bound the hinge loss terms

as follows:
LS5 L3 = 235 BLLoi (v, 9] (see e.g. Lemma 23)

2. Lni(Oy (u, ) < (1 + ) Lo (s, sign({uy, ,))) (see the proof for Theorem 78

for more details).
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O

The bound for the switching case then follows from Theorem 80 by setting

R = max, |||, and U = +/(4k + 1) max, ||u|[%, noting that
T-1

2 2
llurll” + ZRZ lwr = wll < llurll” + 2 max flu| 2k max [Ju/l)
t=1

= |luz|* + 4k max |||
t
< (4k + 1) max |Ju,|/?
t

= U>.

This gives us a regret bound of

1+A2 1
Lot (up ) < = \/(4k + 1) max ||u,|PX?T .
2 2 t

T
Z E[Lo1 (s 9] =
=1

Using the inequality Va + b < +a+ Vb for positive scalars a and b, we then obtain

the desired scaling.



Chapter

Conclusion

In Chapter 3, we provide efficient algorithms for online matrix completion with side
information. We consider two possible settings for how the side information may
be revealed. In the transductive setting, the side information of all the rows and
columns is provided as two positive semi-definite matrices, whereas in the induc-
tive setting, we are given two kernels, and the side information is revealed in an
online fashion. The algorithms that we provide are instances of the MEG and MGD
algorithms. For the MEG algorithm, we prove mistake bounds of the form 6(%),
where D measures the quality of the side information, and y? is the margin com-
plexity when exactly tuned. The MGD algorithm has an inferior mistake bound of
O(%z), but a superior time complexity. The prediction of the MGD algorithm can
easily be shown to have a dual form; depending on the embedding, it is equivalent
to the kernel perceptron prediction with the kernel being the product or sum squared
of the row and column kernels. We observe in the discussion of Chapter 4 that the
MGD algorithm can be naturally extended to the tensor case, whereas this remains

an open problem for the MEG algorithm.

In Chapter 4, we apply our bounds on the hypothesis class of biclustered ma-
trices. For these matrices, our best mistake bounds in the transductive setting is of
O(kt), which is tight up to logarithmic factors. In the inductive setting however, our
best mistake bounds are (j(min(k, £) max(k?, €%)). It remains to be seen whether this

gap can be resolved. In Chapter 5, we introduce the novel setting of online multi-



Chapter 6. Conclusion 155

task learning with long-term memory. We frame this problem as a special case of
completing a biclustered matrix, and propose to solve this using our inductive algo-
rithm for matrix completion up to a few redefinitions. The applications that we have
considered so far are based on considering the hypothesis class of biclustered ma-
trices. However, the bounds that we prove in Chapter 3 are completely general, and
other research directions include applying our bounds to other hypothesis classes of
matrices, which could give rise to other applications.

In addition to our theoretical results, we perform experiments where we apply
a sketching method on the transductive algorithm in Chapter 4 and decay methods
in Chapter 5. Although these heuristics to reduce the time complexity seem to work
to varying degrees, theoretical guarantees are still lacking. Having interpretable
bounds for these heuristics would lend weight to large scale applications, for which
the otherwise cubic and quartic runtimes may become prohibitive. The experiments
that we include in the thesis are done on synthetic data. To further demonstrate the
applicability of the algorithms, experiments on real world data can be considered in

the future.
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