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1 Introduction

Cosmological solutions of string theory are important for several reasons. If a string cos-
mology ever described the actual early universe, its dynamical evolution is important for
understanding the structure of this universe, our home. On a more general note, cosmo-
logical solutions are also interesting for the slightly more formal question of understanding
the behaviours which are allowed, even in principle, within string theory.

One common feature of string theory vacua is the presence of runaway potentials to-
wards an asymptotic limit [1, 2]. Such runaway potentials can arise from gaugino condensa-
tion in heterotic string theory, from non-perturbative superpotentials in type IIB compact-
ifications, and also from perturbative corrections in type IIA, type IIB and other models.

The simplest asymptotic limits of moduli space are the large volume / weak coupling
limits. In most scenarios, the moduli that control the approach to these asymptotic limits
are the Kähler (volume) and dilaton (string coupling) moduli. The Kähler potential tends
to be logarithmic in the asymptotic moduli, for example

K = −3 ln
(
T + T̄

)
− ln

(
S + S̄

)
(1.1)
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for a 1-modulus Calabi-Yau in the context of type IIB D3/D7 compactifications. The
canonically normalised fields are also logarithmic in these moduli, Φ =

√
3
2 ln τ and Ψ =√

1
2 ln s, where τ = Re(T ) and s = Re(S) = 1

gs
. It follows that potentials with power-law

expansions in τ−1 and gs, as one would expect for physics originating in the perturbative
α
′ and gs expansions in string theory, are exponential when written in the canonical fields

Φ and Ψ.
The development of precise scenarios of moduli stabilisation allows such dynamics to

be studied in a robust setting rather than through ad hoc assumptions. In our analysis,
we first restrict to dynamics where only a single volume modulus controls the approach
to the asymptotic limit, and regard the other fields (such as the dilaton) as rigid. This
assumption is well motivated in the context of LVS [3], where the moduli mass spectrum
and generalised no-scale structure [4] sees the volume modulus singled out as the unique
light field, while the dilaton is flux-stabilised together with the other complex structure
moduli at parametrically massive values [5, 6].

In this case, the simplest asymptotic potential (corresponding to a power-law expansion
in τ−1, i.e. in inverse volume) is

V (Φ) = V0 exp (−λΦ) , (1.2)

with λ is a constant (although we can also consider double exponential potentials, V (Φ) ∼
exp (− exp (λΦ)), arising from a purely non-perturbative superpotential W = e−αT ). This
familiar behaviour has also recently been reinterpreted in terms of the swampland de Sitter
conjecture, at least in the asymptotic limit (see [7]).

As long as λ >
√

2, it has long been understood that the scalar field evolution will
result in kinetic energy domination and the scalar field rolling away to the asymptotic
Φ→∞ limit [8–10] (often referred to as a decompactification limit). Values of λ <

√
2 can

give accelerated expansion but are hard to realise in string theory (see [11–18] for recent
analyses). As well as asymptotic limits, similar periods of kinetic energy domination can
arise in string cosmology as transitory phases, as an intermediary epoch between the end of
inflation and fields settling down into the present-day vacuum (see [19] for a recent study).

In the asymptotic limit, such kinetic-dominated runaways are normally viewed as phe-
nomenologically undesirable, but not dangerous. The main point of this paper is to empha-
sise that this runaway behaviour conceals a more pathological aspect: its correct interpre-
tation is as a 10-dimensional Kasner solution in the string frame, with the three external
dimensions contracting and the six internal dimensions expanding. In an asymptotic limit,
such a runaway solution is headed not towards decompactification: but instead towards a
Big Crunch singularity in which the ‘non-compact’ dimensions all collapse.

The basic intuition for this is that, in a kinetic-dominated runaway, the potential be-
comes negligible for the dynamics. As the potential tends to be sourced by fluxes and branes
within the compactified theory, in a limit of zero potential the dynamics of compactified
effective field theories, at least in terms of the runaway field, should map onto sourceless
cosmological solutions in the higher-dimensional theory. However, sourceless cosmologi-
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cal solutions do not allow for uniform expansion, but rather require the inhomogeneous
behaviour of Kasner cosmologies.

The study of time-dependent cosmological backgrounds in string theory has a long his-
tory, including the study of the runaway epoch and generalisations of Kasner cosmologies
(for example, see [20–26] and for more recent work see [15, 16, 27]). In particular, see [28]
for a discussion of the relationship of Kasner cosmologies to lower-dimensional rolling dila-
ton and moduli cosmologies. However, this link of runaway stringy decompactification
potentials to higher-dimensional Kasner cosmologies, leading to a subsequent Big Crunch
in string frame, seems either not to have been made or to have so dropped out of general
awareness that it needs restating.

The structure of this paper is as follows. In section 2 we demonstrate the relationship of
Kasner and kination solution in 4d compactifications, first for one-modulus models and then
in more general scenarios. In section 3 we consider the same question in compactifications
to dimensions other than 4, finding that the same picture can be generalised for an arbitrary
number of dimensions. In section 4 we consider the relationship to the swampland and the
question of which low-energy behaviours are dynamically possible within quantum gravity,
before concluding.

2 Kasner to kination and back again

The Kasner solution [29] is one of the oldest cosmological solutions of vacuum general
relativity. In 10-dimensional spacetime, and splitting coordinates into xi (external) and yj
(internal), the Kasner metric becomes

ds2 = −dt2 +
3∑
i=1

t2pidx2
i +

6∑
j=1

t2qjdy2
j , (2.1)

where ∑
i

pi +
∑
j

qj = 1,
∑
i

p2
i +

∑
j

q2
j = 1. (2.2)

The Kasner solution, in which some dimensions expand while others contract, has a curva-
ture singularity at t = 0. However, even without curvature singularities, in the presence of
contracting dimensions length scales will fall below the string scale and a supergravity effec-
tive field theory will break down (which does not require the curvature actually to diverge).

We now relate various forms of this solution to the dynamics of 4-dimensional effective
field theories. While in some ways this is an exercise in dimensional reduction, it results in
a connection between kination and Kasner solutions that is perhaps not widely appreciated,
and so it is useful to present the calculations explicitly.

2.1 EFTs with a single modulus

In terms of 4-dimensional kination dynamics, we first consider the case where only a single
volume modulus appears in the 4-dimensional EFT dynamics. We can then restrict the Kas-
ner solution to homogeneous behaviour in the extra dimensions. In this case, two possible
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Kasner solutions exist. The first has pi = −1/3 and qj = 1/3 (describing contraction in the
4-dimensional space and expansion in the compact space), while the latter has pi = 5/9 and
qj = −1/9 (with the 4-dimensional space expanding and the compact space contracting).

We first show that the former solution,

ds2 = −dt2 +
3∑
i=1

t−2/3dx2
i +

6∑
j=1

t2/3dy2
j ,

dimensionally reduces to the 4-dimensional runaway kination solution, with a scalar field
rolling asymptotically towards infinity.

Treating the extra dimensions as compact, it follows from the Kasner metric that the
extra-dimensional volume behaves as( Vol(CY, t)

Vol(CY, t0)

)
∼
(
t

t0

)2
. (2.3)

As long as this volume is small, we must be able to view the physics from the perspective
of 4-dimensional EFT, according to the standard procedures of dimensional reduction [30].

This time-dependence of the volume also allows us to confirm that the contribution of
the potential becomes negligible as the field rolls down the exponential runaway (i.e. the po-
tential energy of eq. (1.2) redshifts faster than the kinetic energy). For λ >

√
6, we see from

eq. (2.3) combined with eq. (2.7) that the potential energy will indeed redshift fast than ki-
netic energy (and note that for LVS, λ =

√
27
2 and so this condition is comfortably satisfied).

As applicable for LVS, we are regarding both the string coupling and other moduli as
rigid and fixed with a high mass, allowing us to treat the only relevant rolling field as the
volume (note that developments in moduli stabilisation are crucial for this, as otherwise
it would be inconsistent to restrict the dynamics to only the volume mode and neglect all
the other moduli). Dropping the non-dynamical and constant gs factors, the 4d Einstein
frame metric relates to the 10d string frame metric as

g4d,Einstein = Vg4d,s, (2.4)

where V is the internal volume in units of the string length ls and g4d,s is the restriction of
the 10d string frame metric to the four large dimensions. We therefore have

ds2
4d,E = −t2dt2 + t4/3

(
dx2

1 + dx2
2 + dx2

3

)
. (2.5)

To put this in a more canonical form, we write tE = t2

2 , to give

ds2
4d,E = −dt2E + (2tE)2/3

(
dx2

1 + dx2
2 + dx2

3

)
, (2.6)

with the growing scale factor a(tE) ∼ t
1/3
E appropriate for a kinetic energy-dominated

universe.
In a 4-dimensional kinating phase, the evolution of the rolling scalar is

Φ(tE) = Φ(tE,0) +
√

2
3MP ln

(
tE
tE,0

)
. (2.7)
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Using the standard Kähler potential K = −3 ln
(
T + T̄

)
, it follows that the canonical

field Φ =
√

3
2 ln Re(T ) =

√
2
3 lnV. In the kination effective field theory, the compact

volume therefore grows as V ∼ tE ∼ t2 — entirely consistent with the behaviour of the
10-dimensional Kasner solution.

We can also run this argument upwards, starting with the kination dynamics of a
scalar field in 4-dimensions, with1

Φ = Φ0 +
√

2
3MP ln

(
tE
tE,0

)
,

ds2 = −dt2E + t
2/3
E

(
dx2

1 + dx2
2 + dx2

3

)
. (2.8)

As above, our knowledge of the physical interpretation of moduli implies that the Calabi-
Yau volume grows as Vol(CY) ∼ tE/tE,0. Together with our knowledge of the rules of
dimensional reduction, this implies that the corresponding 10-dimensional string frame
metric, restricted to 4d, behaves as

ds2
string = −dt

2
E

tE
+ t
−1/3
E

(
dx2

1 + dx2
2 + dx2

3

)
. (2.9)

Performing a coordinate redefinition t = t
1/2
E , we obtain

ds2
string = −dt2 + t−2/3

(
dx2

1 + dx2
2 + dx2

3

)
, (2.10)

which is the expected restriction of the Kasner solution to 4d.
This argument shows that pure runaway kination (i.e. a classical scalar field rolling to

the infinite decompactification limit in an otherwise empty universe) should be interpreted
as representing the higher dimensional Kasner solution. The Kasner solution reveals a
hidden problem with the asymptotics: the 3 ordinary dimensions are actually shrinking in
string frame, and so the asymptotic limit is not 10-dimensional flat space but instead a
singular crunch in the ‘non-compact’ dimensions.

Note that this point was already lurking and implicitly present in the stringy interpre-
tation of the 4d kination solution. Although this solution may appear unproblematic as
the scale factor is growing as a(tE) ∼ t

1/3
E , this is within a frame where the 4-dimensional

Planck scale, MP = 2.4× 1018GeV, is fixed. As Vol(CY) ∼ tE/tE,0, we see that the string
scale actually behaves as ms ∼ MP√

V ∼
MP√
tE

and so the string length behaves as ls ∼ t
1/2
E .

So, although this kinating universe does have a growing scale factor, its fundamental scale
ls is growing faster than the scale factor: given time, the fundamental scale much catch up
with the expanding universe, with catastrophic consequences.

A similar analysis holds for the inwards kination solution, describing a roll in from
large compact volumes. Here, the appropriate 10d Kasner metric is

ds2 = −dt2 +
3∑
i=1

t10/9dx2
i +

6∑
j=1

t−2/9dy2
j ,

1This solution follows straightforwardly from the scalar evolution equation in the absence of a potential,
Φ̈ + 3HΦ̇ = 0.
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and so VCY ∼ t−2/3. The conversion to 4d Einstein frame gives

ds2
4d,E = −t−2/3dt2 + t4/9

(
dx2

1 + dx2
2 + dx2

3

)
.

Defining tE = t2/3, this metric becomes (up to numerical factors)

ds2
4d,E = −dt2E + t

2/3
E

(
dx2

1 + dx2
2 + dx2

3

)
,

which is the kination metric. In the 4-dimensional stringy effective field theory, this corre-
sponds to cosmological evolution of the rolling volume field with

Φ(t) = Φ(t0)−
√

2
3MP ln

(
tE
tE,0

)
. (2.11)

It is easy to see that this does indeed give V ∼ t−1
E ∼ t−2/3, as expected for consistency

with the 10d Kasner solution.

2.2 Multiple moduli and toroidal compactifications

It is instructive to extend this analysis to the case where multiple moduli control the
extra-dimensional volume. A useful example is when the Calabi-Yau volume can be split
as T 2×T 2×T 2, with all tori dynamical. Cosmologically, this also describes fibred versions
of LVS in which the fibre (torus) moduli are lighter than the volume modulus and so remain
dynamical in the cosmological evolution [31], even though the blow-up Kähler moduli are
fixed along with the dilaton and complex structure moduli.

We therefore consider a toroidal configuration, with an internal manifold of T 2×T 2×
T 2. In IIB compactifications, the chiral multiplets are defined in terms of 4-cycle volumes
τi, so we write

V =
√
τ1τ2τ3, (2.12)

(any numerical prefactor in eq. (2.12) is irrelevant). The corresponding Kähler potential is

K = − ln
(
T1 + T̄1

)
− ln

(
T2 + T̄2

)
− ln

(
T3 + T̄3

)
, (2.13)

with Ti = τi + ici, where ci is the RR axion (as these RR axions are not important for our
subsequent dynamics, we shall not discuss them further). The kinetic terms are rendered
canonical in terms of new fields φi =

√
1
2 ln τi. Within a kination-dominated runaway, the

effective equations of motion for the φi fields are

φ̈i + 3Hφ̇i = 0, (2.14)

and are solved by

φi(t) = φi(tE,0) + αiMP ln
(
tE
tE,0

)
. (2.15)

The Hubble scale is given by

H = 1
MP

√
1
6
(
φ̇2

1 + φ̇2
2 + φ̇2

3

)
= 1
tE

√
α2

1 + α2
2 + α2

3
6 . (2.16)
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and so solutions of the equations of motion satisfy

α2
1 + α2

2 + α2
3 = 2

3 . (2.17)

The physical volume of each 4-cycle behaves as

(
τi
τi,0

)
=
(
tE
tE,0

)αi√2

, (2.18)

and so the overall volume behaves as

V
V0
∼
√
τ1τ2τ3 =

(
tE
tE,0

)(α1+α2+α3)/
√

2

. (2.19)

To connect this to the Kasner solution, note that the volume of 4-cycle moduli τi relates
to the volume of the 2-tori ti as τi ∼ εijktjtk, and so τ1 ∼ t2t3. It follows from eq. (2.18)
that the time-dependences of the 2-cycle volumes ti are

t1 ∼ tλ1
E , t2 ∼ tλ2

E , t3 ∼ tλ3
E ,

where

λ1 = α2 + α3 − α1√
2

, (2.20)

λ2 = α1 + α3 − α2√
2

, (2.21)

λ3 = α1 + α2 − α3√
2

. (2.22)

As the exponents λi directly tell us about the growth of the three 2-tori within the 6-
dimensional space, they allow us to re-interpret the 4-dimensional kination solution as a
Kasner solution within the 10-dimensional theory. Using eq. (2.19) to eq. (2.22) and rescal-
ing the 4d metric from 4d Einstein frame to 10d string frame, the required Kasner metric is

ds2
10d = −dt2E

t
(α1+α2+α3)√

2
E

+ t
2
3−

(α1+α2+α3)√
2

E

(
dx2

1 + dx2
2 + dx2

3

)
(2.23)

+t
α2+α3−α1√

2
E

(
dy2

1 + dy2
2

)
+ t

α1+α3−α2√
2

E

(
dy2

3 + dy2
4

)
+ t

α2+α3−α1√
2

E

(
dy2

5 + dy2
6

)
.

To turn this into canonical Kasner form, we write tE = t

1
1− (α1+α2+α3)

2
√

2 . The metric then
becomes

ds2
10d =−dt2 + t2p

(
dx2

1 +dx2
2 +dx2

3

)
+ t2q1

(
dy2

1 +dy2
2

)
+ t2q2

(
dy2

3 +dy2
4

)
+ t2q3

(
dy2

5 +dy2
6

)
,

(2.24)
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where the Kasner exponents are given by

p = 2
√

2− 3 (α1 + α2 + α3)
6
√

2− 3 (α1 + α2 + α3)
, (2.25)

q1 = (α2 + α3 − α1)
2
√

2− (α1 + α2 + α3)
, (2.26)

q2 = (α1 + α3 − α2)
2
√

2− (α1 + α2 + α3)
, (2.27)

q3 = (α1 + α2 − α3)
2
√

2− (α1 + α2 + α3)
. (2.28)

It can be verified that these exponents indeed satisfy the Kasner conditions,

3p+ 2 (q1 + q2 + q3) = 1, (2.29)
3p2 + 2

(
q2

1 + q2
2 + q2

3

)
= 1, (2.30)

provided that the condition of eq. (2.17) is satisfied, namely α2
1 + α2

2 + α2
3 = 2

3 — thus
showing that the 4-dimensional kination solution can indeed be interpreted as a higher-
dimensional Kasner cosmology in string frame.

It is again straightforward to reverse this argument, so that it now runs from the
10-dimensional Kasner solution into a 4-dimensional kination solution. We start with a
10-dimensional Kasner solution,

ds2
10d =−dt2 + t2p

(
dx2

1 +dx2
2 +dx2

3

)
+ t2q1

(
dy2

1 +dy2
2

)
+ t2q2s

(
dy2

3 +dy2
4

)
+ t2q3

(
dy2

5 +dy2
6

)
.

(2.31)
As the volume of the internal dimensions is VCY ∼ t

2(q1+q2+q3)
s , the 4d Einstein frame

metric is
ds2

4d,E = −t2(q1+q2+q3)
s dt2s + t2p+2(q1+q2+q3)

s

(
dx2

1 + dx2
2 + dx2

3

)
. (2.32)

Using the coordinate redefinition tE = t
1+(q1+q2+q3)
s , we obtain

ds2
4d,E = −dt2E + t

2p+2(q1+q2+q3)
1+(q1+q2+q3)
E

(
dx2

1 + dx2
2 + dx2

3

)
, (2.33)

which indeed reduces to the kination metric

ds2
4d,E = −dt2E + t

2/3
E

(
dx2

1 + dx2
2 + dx2

3

)
(2.34)

provided the exponents satisfy the Kasner condition 3p+ 2 (q1 + q2 + q3) = 1.

2.3 Perturbations of Kasner

If a 4-dimensional runway kination solution is equivalent to a higher-dimensional Kasner so-
lution, then it should also be the case that perturbations of this Kasner solution should have
an interpretation as perturbations within the 4-d kination solution. In the case of the ki-
nation solution, it is long understood that a radiation perturbation of the kination solution
will grow relative to the background, ending up in a tracker solution [8–10]. A growing per-
turbation of the Kasner solution, which places energy in a mode which corresponds, under

– 8 –
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dimensional reduction, to radiation degrees of freedom in the 4-dimensional theory, should
then map under dimensional reduction to the growth of radiation in a kination background.

While we leave a full analysis including wave-like behaviour for future work, we discuss
here some simple perturbations of the Kasner solution. Hence, we consider the perturbed
Kasner metric

ds2 = ds2
kasner + 2εt2/3√

6
∑

i=1,2,3
j=4,...,9

hij(t)dxidyj−3

+ 2ε2t2/3
∑

i,j=1,2,3
i<j

h2
ij(t)dxidxj + ε2t2/3

∑
i=1,2,3

h2
ii(t)dx2

i .
(2.35)

This involves turning on components of the metric (the mixed gxy components) which
correspond on toroidal dimensional reduction to vector fields, Aµ.2 We can solve the
vacuum Einstein equations to first order in ε if

h′ij(t) = 0, (2.36)

for all i and j, whereas if we further restrict to

hij(t) = 1 (2.37)

the solution is then exact to all orders.
Note that locally this perturbation is equivalent to the Kasner metric, as they are

related through the coordinate transformation

xi → xi, yj → yj + ε√
6

(x1 + x2 + x3). (2.38)

However, such a coordinate transformation violates the global structure of the metric. In
particular, it mixes the compact and noncompact coordinates and destroys the coordinate
periodicity of the compactification structure

xi ∼ xi, yj ∼ yj + 2πRj . (2.39)

In contrast, the perturbed metric is defined within the compactification coordinates which
satisfy the periodicity conditions, allowing for a simple and physical interpretation of com-
pactification on reduction to the 4-dimensional theory.

Reducing to 4d as previously, we now get a string frame metric

ds2
string = −dt2 + t−2/3(dx2

1 + dx2
2 + dx2

3) + ε2t2/3(dx1 + dx2 + dx3)2. (2.40)

In Einstein frame, we have

ds2
4,E = t2ds2

string = −dτ2 + (2τ)2/3(dx2
1 +dx2

2 +dx2
3) + ε2(2τ)4/3(dx1 +dx2 +dx3)2, (2.41)

2Although we note that on a full Calabi-Yau the absence of 1-cycles implies that no U(1) gauge field
would arise in this manner.
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with τ = t2/2. To first order in ε the scale factor is a(τ) = τ1/3 while the energy density
associated to (2.41) is

ρ = 1
24πτ

−2 + 25/3

24π ε
2τ−4/3 ∼ a−6 + ε2a−4, (2.42)

which is the energy density applicable to kination with a small but growing radiation frac-
tion, consistent with the expected behaviour in 4d EFT. Although we leave a full analysis of
perturbations to future work, this provides evidence that perturbed Kasner solutions indeed
capture the growth of radiation in a kination background, viewed from a 4d perspective.

3 Kasner and kination in higher dimensions

We next investigate whether similar behaviours hold for compactifications from D to (d+1)
spacetime dimensions, where D and d can take any values (provided that D > d+ 1 > 2).

3.1 Kasner to kination

In a (d+1)-dimensional FLRW spacetime with vanishing potential, the Friedmann equation
is (See appendix B for details)(

ȧ

a

)2
= H2 = 2

d(d− 1)M2
P,d+1

ρ = φ̇2

M2
P,d+1d(d− 1)

, (3.1)

where MP,d+1 is the (d+ 1)-dimensional Planck mass. The scalar equation of motion is

φ̈+ dHφ̇ = 0. (3.2)

Together with eq. (3.1), this implies

φ(tE) = φ0(tE) +

√
d− 1
d

MP,d+1 log
(
tE
tE,0

)
, ρ(tE) = d− 1

2d
M2
P,d+1
t2E

, (3.3)

with the scale factor and Hubble scale behaving as

H(tE) = 1
d tE

, (3.4)

a(tE) =
(
tE
tE,0

)1/d

, (3.5)

corresponding to a metric

ds2
E,d = −dt2E + t

2
d
E

d∑
i=1

dx2
i . (3.6)

We ask whether eq. (3.6) can be obtained through compactification of a D-dimensional
Kasner solution. For a generic D−dimensional spacetime, a Kasner solution compatible
with an isotropic d-dimensional space has a metric

ds2 = −dt2 + t2p
d∑
i=1

dx2
i +

D−d−1∑
j=1

t2qidy2
j , (3.7)
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where the exponents must satisfypd+
∑D−d−1
j=1 qj = 1,

p2d+
∑D−d−1
j=1 q2

j = 1.
(3.8)

For homogeneous internal dimensions, qi = q, with the two solutions

p̄± =
1±

√
(D−2)(D−d−1)

d

D − 1 q̄± =
1∓

√
(D−2)d
D−d−1

D − 1 . (3.9)

To see whether (3.7) can reproduce (d+ 1)-dimensional kination, as in section 2 we move
to Einstein frame via gµν,E = (VD−d−1)2/(d−1) gµν,s (See appendix A). As the higher di-
mensional volume scales as

VD−d−1 ∼ t
∑D−d−1

j=1 qj , (3.10)

the (d+ 1)-dimensional part of the metric becomes

ds2
4d,E = −t

2(1−pd)
d−1 dt2 + t

2(1−p)
d−1

d∑
i=1

dx2
i , (3.11)

where we have used (3.8). With the substitution

t =
(
d− pd
d− 1 tE

) d−1
d−pd

, (3.12)

we obtain

ds2
4d,E = −dt2E + t

2
d
E

d∑
i=1

dx2
i , (3.13)

matching with (3.6).
Furthermore, as happens in d = 3, the kinating solution is unstable to perturbations

(such as the presence of initial radiation), which drive it towards a tracker solution in any
dimension d > 1. Indeed, radiation and kination energy densities redshift as3

ρrad(tE) = ρrad,0
a(tE)d+1 and ρkin(tE) = ρkin,0

a(tE)2d (3.14)

respectively, so that the former (radiation) will eventually catch up with the latter (kinetic
energy). More precisely, one can repeat the analysis of [10], and find that kination along a
sufficiently steep exponential potential, in the presence of radiation, always evolves to an
attractor solution where the energy densities have fixed ratios. The details are presented
in appendix B.

3Matter, which redshifts as a(tE)−d, can also drive kination towards a tracker solution, at a rate faster
than radiation. In practice though, it is hard to have states behaving as matter when the Hubble scale is
very high, for example after inflation.
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3.2 Kination to Kasner

We remark that, so far, we haven’t imposed the requirement that the scalar field giving
rise to kination be identified with the extra dimensional volume(s). This aspect is less
developed in d 6= 3 spatial dimensions, as the nature of light scalar fields depends on the
moduli stabilisation scenario, and these have been most studied for compactifications to
3 spatial dimensions. Since the volume has a fixed time dependence during kination, this
leads to an additional condition that must be satisfied in order for the uplift to work.4

For simplicity, let us firstly treat the case where a single scalar is controlling the size
of the extra dimensions, and all the exponents qj = q are equal (analogous to the LVS case
considered in section 2). In the string frame, the volume scales as

VS ∼ t
∑D−d+1

j=1 qj = t1−pd ∼ t
(1−pd)(d−1)

d−pd
E (3.15)

If there is a single modulus controlling the size of the volume, the canonically nor-
malised scalar is (See appendix A)

Φ =
√

D − 2
(D − d− 1)(d− 1)MP,d+1 logVS , VS ∼ t

(d−1)
√

D−d−1
d(D−2)

E . (3.16)

If Φ is the field responsible for kination, this should agree with (3.15). Indeed, the two
exponents are equal if

p2d(D − 1)− 2pd+ 2 + d−D = 0, (3.17)

which is implied by (3.8). Therefore, a kinating volume modulus can be uplifted to a Kasner
solution for any total spacetime dimension D and compactification dimension d+ 1.

4 Applications to the swampland

The physics we have described involves evolution that, from a 4-dimensional perspective,
appears as an ordinary kinating scalar field. However, the trajectory of the field leads
towards a Big Crunch and so cannot be continued indefinitely within the full theory.5 This
is reminiscent of swampland restrictions on allowed behaviours within 4d effective field
theories within quantum gravity UV completions.

4.1 What goes wrong in the effective field theory?

In a kination phase in 4d EFT, the field moves through roughly one Planckian distance
every Hubble time

∆Φ =
√

2
3MP ln

(
tE
tE,0

)
. (4.1)

4It would also be interesting to consider the cases where fields other than the volume, e.g. the dilaton,
are driving kination.

5Whether this Big Crunch is actually realised is moot: the point is that the effective field theory breaks
down and requires us to include additional states to obtain an adequate description of the physics.
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We have seen in section 2 that, even classically, this field profile cannot be sustained
indefinitely due to the presence of a Crunch singularity. But what goes wrong? How can
we see this from a 4-dimensional perspective and how does the 4-dimensional effective field
theorist know about his or her imminent demise? When measuring scales, the effective
field theorist sees H

mKK
→ 0 and H

mΨ
→ 0 along the kination roll, an apparent indicator

that they are being rapidly transported to the Isles of the Blessed in which all couplings
are weak and all volumes are large. But, in fact, they are doing Turkey Effective Field
Theory: and Christmas (or Thanksgiving) is coming in the form of the Crunch.

In a theory such as LVS, the light moduli are the volume and the axion; all other moduli
obtain large masses and so can consistently be integrated out of the low-energy effective
field theory. Within the cosmological kination solution, the masses of these other moduli
satisfy mΨ > H and so will not be subject to gravitational particle production. Although
it is true that a tower of particles becomes progressively lighter as the kinating field evolves
to the boundary of moduli space, consistent with the Swampland Distance Conjecture [32],
it is always the case that mtower > H, and so the single-modulus description remains
valid within low-energy effective field theory. The Transplanckian Censorship Conjecture
(TCC) [33] is also satisfied,6 as

a(tE)
a(tE,0)

H(tE)
MP

=
(
tE
tE,0

)1/3 1
3MP tE

� 1 (4.2)

for any times tE > tE,0. Indeed, what is interesting is that the singularity arising en
route to decompactification does not appear to trace back to a violation of the refined
distance conjecture [32, 34–36], the EFT paradigm7 or any other swampland constraint.
The behaviour involved instead appears harmless: a runway towards the weak-coupling,
large-volume decompactification limit.

One 4-dimensional perspective on the underlying problem is that, although the scale
factor a(tE) ∼ t1/3E is growing in Einstein frame, the fundamental string length ls is growing
faster (ls ∼ t

1/2
E ) and the Crunch corresponds to the latter catching up with the former.

However, to foresee this within 4-dimensional effective field theory, we need to know enough
of the fundamental theory to know that a string length exists and what size it has.

One further 4-dimensional aspect to the question can be identified. Our analysis has
focused on classical evolution and a classical runaway, starting with an empty universe with
just a rolling modulus. In a quantum universe, even if initially empty, quantum particle
production will occur and generate a small fraction of radiation (for example, for either
the graviton or the massless axion always present in LVS). Along the kination roll, any
initial amount of radiation, however small, will grow in relative importance (as ργ ∼ a−4

while ρkination ∼ a−6) and the solution will evolve towards a tracker solution, moving away
from the kination (and uplifted Kasner) dynamics. So, it is clear that quantum effects will
disrupt this analysis and allow the kination phase only to last for a finite amount of time.

6As is a refined version proposed in [18].
7We refer to section 2.1 of [19] for a more detailed discussion on the validity of the EFT approach.
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4.2 Dynamics and kinematics in the swampland

There is a large literature on swampland conjectures: bounds on the possible allowed forms
of low-energy field theories consistent with quantum gravity. The vast majority of these,
however, are kinematical in nature: they are statements about the masses of towers of
particles at different points in moduli space (for example, as in [37–40]) or the charge-to-
mass ratio of particles at points in moduli space (as in the weak gravity conjecture [41–44]).

Such conjectures do not address dynamical evolution, except for a limited number of
examples such as the TCC [33] or the Festina Lente [45, 46] bound. The results of section 2
show that the ‘obvious’ route to decompactification is anything but: rather than leading
to decompactification into flat and empty 10-dimensional space, it instead produces a Big
Crunch singularity within our three spatial dimensions. This motivates the question of
whether there are restrictions on the nature of dynamical trajectories towards the asymp-
totic regions of moduli space, such as the large-volume and weak-coupling limits? More
in general, it would be interesting to come up with constraints on the allowed trajectories
in field space, in a similar spirit to [17, 47]. Although our focus has been on evolution
towards decompactified large-volume weak-coupling limits of moduli space, it would also
be interesting to study an evolution towards other singular loci in moduli space, such as
the ones analysed in [48].

Another perspective on this is that in a kination phase, the fields moves through
roughly a Planckian distance every Hubble time

∆Φ =
√

2
3MP ln

(
tE
tE,0

)
(4.3)

and so kination defines a field profile in spacetime in which the field vev alters by a Planck-
ian distance every Hubble time. The essence of section 2 was that there are significant
problems with such a profile. This suggests that fundamental constraints may exist on field
profiles with parametrically trans-Planckian temporal field excursions. We leave, however,
a precise formulation of such constraints for future work.

5 Conclusions

We have seen in this paper how the runaway, kination-dominated behaviour of scalar fields
in string theory conceals an interesting higher-dimensional interpretation in terms of a
10-dimensional Kasner solution. This behaviour is interesting for both phenomenological
and more formal reasons. From a phenomenological side, in various scenarios in string
cosmology the universe goes through a kination phase between inflation and the final
minimum (e.g. see [19] for a recent study). The higher-dimensional solution may give a
novel perspective on the physics of this epoch.

From a more formal perspective, the kination runaway represents behaviour which
appears satisfactory within 4-dimensional EFT, but conceals a pathology within the full
theory. This is reminiscent of the swampland, and motivates the development of swamp-
land constraints which are dynamical in nature, corresponding to the time evolution of
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systems, rather than merely kinematic statements about theories at particular points in
moduli space.

Kination epochs in string cosmology are common, result in trans-Planckian field ex-
cursions, but are relatively understudied in the string cosmology literature. We regard the
physics described in this paper as an example of why they are interesting and merit more
detailed study.
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A Dimensional reduction

We briefly review here how one can obtain the relation between the canonically normalised
volume modulus in d+ 1 dimensions and the volume of the compact space. Although this
can easily be achieved within a supergravity description (such as 4d N = 1 theories), direct
dimensional reduction gives the result for any dimension. We start from a D-dimensional
Einstein Hilbert action,

SEH = 1
2k2

D

∫
dDx

√
−g̃DR̃D, (A.1)

and decompose the higher dimensional metric as

ds2 = g̃µνdx
µdxν + e2ω(x)g̃mndy

mdyn µ, ν = 0, . . . , d m, n = d+ 1, . . . , D − 1. (A.2)

Therefore, the higher dimensional volume (in the string frame) is given by

V = e(D−d−1)ω(x). (A.3)

Let us first perform a Weyl rescaling on the D-dimensional metric, through the field redef-
inition

g̃Dab = e2ω(x)gDab. (A.4)

By use of standard identities in GR, the Lagrangian density can be rewritten as√
−g̃DR̃D =

√
−gDe(D−2)ω(x)

(
RD − 2(D − 1)∇2ω − (D − 1)(D − 2)∂aω∂aω

)
, (A.5)

where all the contractions and covariant derivatives on the right-hand side are performed
with respect to the new metric gDab. Since the metric is now a product metric of two spaces,
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the higher dimensional Ricci scalar decomposes as the sum of the Ricci scalar in the two
spaces, i.e.

RD = Rd+1 +RD−d−1, (A.6)

with gd+1
µν the (d+ 1)-dimensional block of the full metric gDab. In the bulk we are assuming

the source-less Einstein equations to be satisfied, so R(D−d−1) = 0. We can then compactify
to d+1 dimensions. Integrating out the KK modes from the spectrum, the action becomes

SEH =
M2
P,d+1
2

∫
dd+1x

√
−gd+1e

(D−2)ω(x) (A.7)

×
(
Rd+1 − 2(D − 1)∇2ω − (D − 1)(D − 2)∂µω∂µω

)
.

We have defined the d-dimensional (reduced) Planck mass as

M2
P,d+1
2 = Ṽ

2k2
D

, (A.8)

where Ṽ is the volume calculated with the metric g̃mn. We can now perform a second Weyl
rescaling of the d+ 1-dimensional metric only,

gd+1
µν = e−

2(D−2)
d−1 ω(x)hµν , (A.9)

to make the Ricci scalar in d + 1 dimensions canonically normalised. The latter will
transform as dictated by (A.5) under a scale transformation (with D = d + 1), while the
Laplacian transforms as

∇2
g ω = e−

2(D−2)
d−1 ω(x)

(
∇2
h ω − (D − 2)hµν∂µω∂νω

)
. (A.10)

Putting everything together, and turning any total derivatives into boundary terms,
the action becomes

SEH =
M2
P,d+1
2

∫
dd+1x

√
−h

(
Rh −

(D − 2)(D − d− 1)
d− 1 ∂µω∂

µω

)
, (A.11)

so that the normalised volume scalar takes the form

Φ =
√

D − 2
(D − d− 1)(d− 1)MP,d+1 logV. (A.12)

ForD = 10 and d = 3, we recover Φ =
√

2
3MP logV. Combining eqs. (A.3), (A.4) and (A.9),

we also see that the Einstein frame metric hµν is related to the string frame metric g̃µν by

hµν = V
2

(d−1) g̃µν , (A.13)

which correctly reduces to hµν = V g̃µν for d = 3.
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B Tracker solution in arbitrary dimensions

We here show the existence of tracker solutions in arbitrary dimensions, for a kinating scalar
field rolling along an exponential potential and in the presence of radiation. This confirms
the expectations of eq. (3.14). Our analysis will closely parallel that of [10], generalising it
to an arbitrary number of dimensions. We start from a (d+ 1) dimensional FLRW metric,

ds2 = −dt2E + a(tE)2
d∑
i=1

dx2
i , (B.1)

and assume that (together with the kinating scalar) another cosmic fluid is present. For
simplicity, we only consider the case of radiation, whose conservation law and equation of
state are given by

ρ̇+ dH (ργ + Pγ) = 0, Pγ = ργ
d
. (B.2)

The (d+ 1)-dimensional Friedmann equations can be written as (see for example [49, 50])

Ḣ = −
M2
P,d+1
d− 1

(
ργ + Pγ + Φ̇2

2

)
, (B.3)

H2 = 2
d(d− 1)M2

P,d+1

(
ργ + 1

2Φ̇2 + V (Φ)
)
, (B.4)

and the equation of motion for the spatially homogeneous scalar is given by

Φ̈ + dHΦ̇ + ∂V

∂Φ = 0. (B.5)

We define the variables

x = 1
HMP,d

Φ̇√
d(d− 1)

, y = 1
HMP,d

√
2V (Φ)
d(d− 1) , (B.6)

and take the specific choice of an exponential potential V = V0e
− λΦ
MP,d+1 . The Friedmann

equations can then be recast as the dynamical systemx
′ = −dx+ λ

√
d(d−1)

4 y2 + x
(
dx2 + d+1

2
(
1− x2 − y2)) ,

y′ = −λ
√

d(d−1)
4 xy + y

(
dx2 + d+1

2
(
1− x2 − y2)) , (B.7)

with the constraint that

0 ≤ Ωγ ≤ 1, Ωγ ≡
2ργ

d(d− 1)H2 = 1− x2 − y2. (B.8)

The primed quantities in (B.7) represent derivatives with respect to N = log a. Without
loss of generality, we can assume y ≥ 0, since sending y → −y is equivalent to inverting
the sign of t. The system above always has the trivial critical points

(x, y)1 = (0, 0), (x, y)2 = (1, 0), (x, y)3 = (−1, 0), (B.9)
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which correspond to the cases of first an empty universe and then kination (in either
direction for Φ) respectively. A linear stability analysis around those points shows they
always have at least one runaway direction, and are thus an unstable node or a saddle
point. There are also two non-trivial critical points for d > 1, given by

(x, y)4 =

λ
2

√
d− 1
d

,
1
2

√
4− λ2d− 1

d

 , (x, y)5 =

 d+ 1
λ
√
d(d− 1)

,
1
λ

√
d+ 1
d

 . (B.10)

The first critical point is characterised by Ωγ,4 = 0, and is also present in the absence of
radiation [27]. It is a solution where the scalar field is not kinating (y 6= 0, so there is
energy density in the potential), but there no radiation is present. It is an attractor for

λ2 <
2(d+ 1)
(d− 1) , (B.11)

and a saddle point otherwise (if it exists). For the second critical point, the constraint (B.8)
implies it only exists for

λ2 ≥ 2(d+ 1)
(d− 1) as Ωγ,5 = 1− 2

λ2
d+ 1
d− 1 . (B.12)

Linearising (B.7) around (x, y)5, one obtains that this last solution is a stable node for

2(d+ 1)
(d− 1) < λ2 <

16(d+ 1)2

(9 + 7d)(d− 1) (B.13)

and a stable spiral for

λ2 >
16(d+ 1)2

(9 + 7d)(d− 1) . (B.14)

This analysis is in agreement with table I of [10] for d = 3.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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