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—— Abstract

In this paper, we study the computational complexity of the Maximum Cut problem parameterized
above guarantee. Our main result provides a linear kernel for the Maximum Cut problem in connected
graphs parameterized above the spanning tree. This kernel significantly improves the previous
O(k®) kernel given by Madathil, Saurabh, and Zehavi [ToCS 2020]. We also provide subexponential
running time algorithms for this problem in special classes of graphs: chordal, split, and co-bipartite.
We complete the picture by lower bounds under the assumption of the ETH. Moreover, we initiate a
study of the Maximum Cut problem above %\E | lower bound in tripartite graphs.

2012 ACM Subject Classification Theory of computation — Graph algorithms analysis; Theory of
computation — Fixed parameter tractability

Keywords and phrases Tripartite, 3-colorable, chordal, maximum cut, FPT-algorithm, linear kernel
Digital Object Identifier 10.4230/LIPIcs. MFCS.2023.22

Funding Supported by the project CRACKNP that has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation programme (grant
agreement No. 853234).

Acknowledgements We want to thank anonymous reviewers for their suggestions that helped to
improve the presentation of the paper.

1 Introduction

The maximum cut problem, MAX-CUT for short, is a well-studied optimization problem
in computer science and graph theory. In this problem, we need to split the vertices of
a given graph into two parts, such that the sum of weights of edges going between two
parts is maximum. The weighted version of the decision problem was one of Karp’s 21
NP-complete problems [14]. However, it is known that even unweighted MaxiMuM CUT is
NP-complete [10]. It is easy to see that the problem admits an FPT-algorithm parameterized
by the solution size, since the size of solution is relatively large. Specifically, if m is the
number of edges in the input graph, then using a greedy argument we can construct a cut
of size . That is why it is natural to study parameterization above lower bounds. Under
such parameterization [13], our goal is to find a solution of size k + I(I) where I is the
input instance, {(]) is a polynomial time computable lower bound and k is our parameter.
For more details about parameterizations of this type, we refer interested readers to a
very nice survey written by Gutin and Mnich [13]. Mahajan and Raman were the first
who studied the MAXIMUM CUT problem parameterized above lower bounds [16]. They
showed that MaxmMuM CUT parameterized above lower bound 5 admits an FPT-algorithm.
Later Crowston et al. [4,5] presented a 2°%) algorithm and a kernel with O(k®) vertices
for MaxiMuM CUT in the connected graph under more refined lower bound % + "Tfl
Subsequently, Crowtson et al. [3] presented an O(k?)-vertex kernel, and finally, Etscheid and
Mnich [8] constructed an O(k)-vertex kernel. However, MAXIMUM CUT admits other lower
bounds. One such lower bounds for a connected graph is n — 1. To construct a cut of this
size, it is enough to find a spanning tree and then partition vertices such that all edges of the
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37 icensed under Creative Commons License CC-BY 4.0
48th International Symposium on Mathematical Foundations of Computer Science (MFCS 2023).
Editors: Jérome Leroux, Sylvain Lombardy, and David Peleg; Article No. 22; pp. 22:1-22:14

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


mailto:i.bliznets@uu.nl
https://orcid.org/0000-0003-2291-2556
mailto:evn1999@yandex.ru
https://doi.org/10.4230/LIPIcs.MFCS.2023.22
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de

22:2

MaxCut Above Guarantee

tree appear in the cut. Note that lower bounds 3 + ”7_17 n — 1 are incomparable. We denote
MaxiMmuM CUT parameterized above spanning tree by MAX-CuT-AST. Madathil et al. [15]
presented an O*(8%)-time algorithm and a kernel with O(k®) vertices for MAX-CuT-AST.
Note that the lower bounds 3 + "T_l and n — 1 are incomparable, since in very sparse graphs
n—1>%+ "T_l but in dense graphs 7 + ”T_l > n — 1. So, the linear kernel designed by
Etscheid and Mnich [9] does not provide a linear kernel for the parameterization above n — 1.

In this paper, we continue the study of MAX-CuT-AST. Our main result establishes
an O(k)-vertex kernel for this problem. This result resolves an Open Problem 2 from the

survey [13] and significantly improves upon the previous O(k®)-vertex kernel.
» Theorem 1. MAX-CUT-AST has a kernel with O(k) vertices and O(k) edges.

» Theorem 2. There is no kernel with sublinear number of vertices for MAX-CUT-AST
unless ETH fails.

MaxiMuM CUT does not admit a 2°(™)-time algorithm unless the ETH fails [2]. Hence,
MaxX-CuT-AST also does not admit 2°%)-time algorithm unless the ETH fails. However, we
show that we can get a significant improvement if we restrict our input to special classes of
graphs. Specifically, we proved the following theorems.

» Theorem 3. Max-Cur-AST can be solved in a connected co-bipartite graph G in
20(vk) poly time.

» Theorem 4. MaXx-CuT-AST on connected chordal graphs and split graphs admits a
20(vk) poly-time algorithm.

We complement these results with conditional lower bounds assuming the Exponential Time
Hypothesis.

» Theorem 5. MAXx-CuT-AST does not admit 200V poly or 2°0V™) poly algorithims on
split graphs and on chordal graphs unless the ETH is false.

» Theorem 6. MAXx-CUT-AST does not admit 200VF) poly algorithm on co-bipartite graphs
unless the ETH is false.

We also initiate a new parameterization of MAXIMUM CUT on tripartite graphs. First, we
show that MAX-CUT-AST on tripartite graphs is essentially as hard as MAX-CuT-AST
on general graphs. Note that it is easy to see that a tripartite graph admits cut of size %m
where m is the number of edges. However, it is not clear how to find such cut if the partition
is not provided in the input. We prove that we can construct a randomized polynomial
time algorithm that finds such cut. In order to design the algorithm we employ semidefinite

programming and technique used to find a best known approximation of MaxiMuMm CuT [12].

» Theorem 7. There is a polynomial time randomized algorithm that finds an edge cut of
size 2|E(G)| on an input tripartite graph G.

Note that the lower bound %m is essentially tight since disjoint union of k& triangles is
a tripartite graph and the maximum cut equals to 2k while the total number of edges is
3k. Therefore it is natural to ask whether MAXIMUM CUT above 2|E(G)| admits an FPT
algorithm in tripartite graphs. Unfortunately, we have not resolved the question and state it
as an open problem. However, we show that finding cuts significantly bigger than %|E (@)|
is hard even in tripartite graphs that contain such cuts. Formally, we proved the following
theorem.

» Theorem 8. Assuming P # NP for any 0 < e < % there is mo polynomial time algorithm
that finds cut of size > (% + 6) |E| in tripartite graph if such cut exists.
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2 Preliminaries

In this paper we work with undirected simple graphs. Only in very special cases we allow
multigraphs and multi-edges. We explicitly mention situation when we start working with
multi-edges. We use standard graph notations which can be found in [7]. As usual we
denote by n or |V(G)| number of vertices in a graph G. Similarly by m or |E(G)| we denote
number of edges in a graph G. Generally by k we denote value of parameter that is under

consideration at the moment of discussion. Complement of the graph G we denote by G.

We recall that V(G) = V(G) and e € E(G) if and only if e ¢ E(G). Recall that in the
MaximMmuM CuUT problem we need to partition vertices of a given graph into two parts such
the number of edges between two parts is the maximum possible. By Eg (A, B) we denote
the set of edges going from the set A to the set B in the graph G. If the graph G is clear
from the context we omit subscript G. Partition of vertices of graph into two disjoint parts
A and B we denote by (A, B). Slightly abusing notation in some cases we refer to cut as

a set of edges E(A, B) and in other cases we refer to cut as a partition of vertices (A, B).

mc(G) denotes size of the maximum cut of the graph G. We call a vertex an articulation
point/vertex if its removal increase number of connected components. Recall that block is a
maximal 2-connected component.

Chordal graphs are graphs that do not contain induced cycles on ¢ vertices for ¢ > 4.
Co-bipartite graphs are graphs whose complement graph is bipartite.

Many of our results concern the parameterized complexity of the problems, including
fixed-parameter tractable algorithms, kernelization algorithms, and some hardness results for
certain parameters. For a detailed survey in parameterized algorithms we refer to the book of
Cygan et al [6]. Due to the space constraints, proofs of lemmas marked by (x) are omitted.

3 Kernel

In this section we provide a linear kernel for MAX-CuUT-AST. Recall that in this problem, we
are given a connected graph G, integer k, and our goal is to determine if G has a maximum
cut of size at least n — 1 + k. Before we proceed we formulate lemma by Mathadil et al. [15]
that we are using in our algorithm.

» Lemma 9 ([15]). There exists a polynomial time algorithm that for (G, k) either concludes
that graph G has a cut of size at least |V(G)| — 1+ k or finds a set S C V(G) such that
|S| < 3k and each block of G — S is either a clique or a cycle.

» Theorem 1. Max-CuT-AST has a kernel with O(k) vertices and O(k) edges.

Proof. First of all we apply algorithm from Lemma 9. After this step either we conclude
that input instance is Yes-instance and we can output a trivial kernel or we find a set S
with properties described in Lemma 9. In the later case we proceed with an application of
reduction rules. Our reduction rules maintain the following properties: (i) graph is connected;
(ii) each block of G — S is either a cycle or a clique, however some of these cycles might
become cycles of length 2 (our graph might become a multi-graph).

We call a vertex of G — S special if it has an edge to S or if it is an articulation point of
G-S.

We are ready to present our first reduction rule.

Rule 1: Let U be a block in G\ S, v € U is the only special vertex in U and U # {v}
Remove: Vertices U \ {v}
Parameter: Reduce k by mc(U) — (|U| — 1)

22:3
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Proof of correctness. Note that U has no other articulation points or vertices with edges to
S except v. Therefore, v is an articulation point of the whole graph G. Hence, the maximum
cut in G equals to the sum of the cut in U and G — (U \ {v}).

This reduction deletes all edges in U, so the maximum cut decreases by mc(U). Besides we
delete |U| — 1 vertices. Hence, the parameter should be decreased by me(U) — (JU| —1). <«

Rule 2: Let v has no neighbors in G\ S, and exactly one neighbor in S i.e. N(v) =u € S

Remove: v

Parameter: Reduce k by multiplicity of edge uv — 1

Proof of correctness. Under this constrains v is either a pendant vertex in G or vertex
connected with some other vertex u by multiple edges. Removal of v decreases the maximum
cut by multiplicity of edge uv and number of vertices decreases by one. |

Since a block can consist of one vertex only in case this vertex is isolated, exhaustive
application of these two rules leave every block with at least two special vertices or the whole
connected component is a single vertex with at least two edges towards .S and neighborhood
of size at least 2.

» Lemma 11. In a graph where Rules 1, 2 do not apply, every connected component of
G — S has at least two edges to S.

Proof. Let C be a connected component of G — S such that |E(S,C)| = 1. Therefore, at
most one vertex from C' is a special vertex but not an articulation point.
If C is composed of a single block then it has no articulation points and therefore has a
block with only one special vertex. Hence, either Rule 1 or Rule 2 must be applicable.
Otherwise C' has at least two leaf blocks, each of them having exactly one articulation
point. At least one of these leaf blocks has no other special vertices and can be reduced by
Rule 1. |

» Lemma 12. Let f be the number of edges between S and those connected components of
G — S which have at least 3 edges to S. If f > 24k then (G, k) is a YES-instance.

Proof. Let Uy,...,U,, be a connected components of G — .S. Without loss of generality we
can assume that the first [ of them have more than three edges to S and the other have only
2. Note that | < g

If f > 24k we construct a cut of G with at least |V (G)| + k edges. First of all, in
each connected component U; we construct a cut of size at least |V(U;)| — 1 according to a
spanning tree lower bound. After that we put the whole S into one of the parts so that at
least half of edges between S and G — S is cut. Note that number of edges between S and
G — S is at least 2(m — 1) + f.

So, the constructed cut has the following size:

me(G) > Z(W Ui)l = 1) + (m ZW =i+ % Z g g
:i g i \+4k>Z|V )+ 1SI+E=V(G) +

i=1

Il
-

K2

Constructed cut has size at least > V(G) — 1 + k which means that (G, k) is a Yes-
instance. <
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Before we state the next reduction rule we prove the following auxiliary claim.

> Claim 13. Let M be a maximum cut in a graph G, and edge e is a bridge in G then
e M.

Proof. If e € M then there is nothing to prove. Otherwise, e € M. Let e = uv. The
maximum cut M induces a partition of vertices in G into two parts V7, V5. Without loss of
generality u, v € V4. The edge e also induces a partition of V(G) into two parts Wy, Wa, each
part corresponds to a connected component in a graph G — e. Without loss of generality,
we assume that u € Wi, v, € Wa. Let us consider the following partitioning (A, B) where
A=WVinW)U VenWs),B = (ViNWs)U (VonNWp). Note that u € A, v € B. So the
cut generated by partitioning (A, B) contains edge e. Moreover, if edge e’ # e then either
e’ connects two vertices from W; or two vertices from W5. Hence, if ¢/ € M then €’ has
one endpoint in A and the other in B. So, M is not a maximum cut which leads to a

contradiction. 4
Rule 3 Let U be a block in G — S which is a clique, W C U is the set of special vertices
such that |[W| < [|U|/2]
Remove: Vertices V(U) \ W and a maximal subset of edges F' in G[W] such that (G —

(U —=W))\ F is connected
Parameter:  Reduce k by mc(U) — |V(U)| 4+ |W| — |[E(G[W]\ F)|)

Proof of correctness. Let G’ be a graph obtained from G by deletion of all edges from U
and vertices V(U) \ W.

Since U is a clique, its maximum cut is achieved when its vertices are divided between
partitions equally (or almost equally if |U]| is odd). Since [W| < [|U]/2], any cut of G’ can be
extended to induced maximum cut of U (simply add vertices from U \ W to both parts such
that they contain [|U|/2] and [|U|/2] vertices from U). Therefore, mc(G’)+me(U) < mc(G).

Since G’ and U do not have common edges we have mc(G’)+mc(U) > me(G). Combining
the two inequalities we have me(G') + me(U) = me(G).

Let G” be a graph (G — (U — W)) \ F. Note that V(G"”) = V(G’) and E(G") =
E(G")U(E(GW])\ F). Each edge from the set E(G[W])\ F' is a bridge in G, otherwise F'
is not maximal. In any graph maximum cut contains all bridges, by Claim 13, so we have:
mc(G") = me(G') + |E(GW]) \ F| = mc(G) — me(U) + |E(G[W]) \ F|. And this proves
correctness of the reduction.

Note that the reduction preserves the clique-cycle-forest property of G — S as we delete
the subset V(U) \ W and the clique W was replaced by a spanning tree. So each edge in the

spanning tree of W can be seen as a clique on two vertices. |
Rule 4 Let e = bc be an edge from E(G — S) such that deg, b = deg, ¢ = 2, and a, d be
the other neighbours of b and ¢ respectively (note that a and d may be the same
vertex)
Remove: vertices b, ¢ and add edge ad if a # d

Parameter: No changes applied

Proof of correctness. Let G’ be graph obtained after application of the reduction rule. We
prove that me(G’) = me(G) — 2.

First, we show that mc(G’) > mc(G) — 2. Let (A4, B) be partition of G that produces the
maximum cut. Induced partition in the subgraph G’ has cut of size > mc(G) — 2. Indeed,
if all 3 edges ab, be, cd are in cut E(A, B), then a,d are in different partitions. Hence, the
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induced partition cuts an edge ad in G’ having a cut of size me(G) — 3+ 1 = me(G) — 2 in
G'. Tf at most 2 edges from the set {ab, be, cd} belong to the cut E(A, B) then obviously
induced vertex partition has cut at least |[E(A, B)| — 2 = mc(G) — 2.

To prove that mc(G) > mc(G’') + 2 we construct partitioning of vertices V(G) based
on partitioning of vertices V(G’). Let (A’, B’) be the maximum cut in G’. We construct
partition of V(G) simply by adding vertices b, ¢ to partition (A’, B’). We place ¢ be in the
same part as a and b be in the other. Let us call obtained partition (A, B). In this case
edges ab, bc belong to cut E(A, B), edge cd is in the cut if and only if ad was in the cut of
the graph G'. Hence, |Eg(A, B)| = |Eq/(A’, B')|+2.

Since the lower bound and the maximum cut size decrease by two, the parameter should
not be changed.

Note that after application of the reduction rule G’ — S is a clique-cycle-forest as G — S.
However, the reduction can remove a cycle of length 3 or turn a cycle of size 4 into two
multiple edges. |

» Lemma 14. If none of the above rules is applicable to G then at least half of all vertices
in every block of G — S are special.

Proof. For cliques it is true since otherwise rule 3 is applicable. Cycles can not have 2
consecutive non-special vertices since otherwise we can apply reduction rule 4. |

Rule 5 If there are at least k£ even cycles blocks in G — S
Return:  YEs-instance.

Proof of correctness. Consider a subgraph H containing k even cycles of G — S. We
construct a spanning forest in H, to do this we remove an arbitrary edge in each cycle. This
forest can be extended to a spanning tree F' of the whole G. If we add back previously
deleted edges of the subgraph H we obtain a bipartite graph (all introduced cycle have even
length). The bipartite subgraph has exactly |[V(G)| — 1 + k edges, hence, G has a required
cut and we can output YES. <

Now we can bound the total size of connected components in G — S that have at least 3

edges to S (note that here we are speaking about connected components and not blocks). We

split blocks of these components into several types and bound the total number of vertices in

block of each type. We consider the following types of blocks from connected components

with at least 3 edges going to S:

1. Blocks with > 3 articulation points;

2. Blocks with < 3 articulation points and at least one special vertex that is not an articulate
vertex;

3. Even cycles with exactly two special vertices which are articulation points;

4. Cliques and odd cycles with exactly two special vertices which are articulation points.

These types of blocks cover all possibilities, since in connected components with at least

three edges towards .S all blocks with only one special vertex were removed by rule 1. Below

for each type we bound the total size of blocks of this type.

1. For the graph G — S we consider a bipartite forest of blocks and articulation points F": for
every block X we introduce a vertex ax and for every articulation point y we introduce
a vertex b,. Moreover, axb, € E(F) if and only if y € V(X). Each articulation point
belong to at least two blocks. Therefore leaves and isolated vertices in F' correspond to
blocks with one and zero articulation points respectively. We recall, that we removed all
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blocks with at most one special vertex except isolated vertices with at least two edges
going to S. Hence, each block corresponding to isolated vertex or leaf in the forest F' has
an edge going to S, as every non-isolated block left has at least two special vertices each
of these blocks has its own edge to S. Hence, by Lemma 12 we have that there are at
most 24k leaves and isolated vertices in F.

It is known that for any tree or forest T' the following holds

Z (deg(v) — 2) < number of leaves in T.
veT :degp v>2

Hence, we have

Z (degr(v) — 2) < 24k. (1)

veEF:degp v>2

Moreover, 3, c p.qeg, v>2 9687 (V) < 33 e pudeg,. v>2(degr(v) —2) < 324k = 72k,
Note that the total number of articulation points in blocks with at least 3 articulation
points is bounded by >, ¢ p.deg,. v>2 d€8p(v). The total number of special vertices that
are not articulation points in such blocks is bounded by 24k, by Lemma 12. Therefore,
the total number of special vertices in blocks with at least 3 articulation points is bounded
by 72k 4 24k = 96k. Hence, by Lemma 14 these blocks have at most 2 - 96k = 192k
vertices.

2. Each block of these type has at least one special vertex v that is not an articulation point.
This vertex must have an edge to S. Therefore at least one third of special vertices in
this type blocks are vertices with an edge to S. By Lemma 12, number of vertices with
an edge to S is at most 24k. Hence, blocks of this type have at most 3 - 24k = 72k special
vertices. Moreover, by lemma 14 we conclude that the total number of vertices in these
blocks is at most 2 - 72k = 144k.

3. There is at most k such blocks otherwise the reduction rule 5 is applicable. By Lemma 14
each of these blocks has at most 4 vertices, so their total size is at most 4k.

4. We note, that the only blocks in this category are simple edge between two articulation
points. Indeed, a clique having more vertices would be reduced by Rule 3. An odd cycle
with only two special vertices must have size 3 by Lemma 14. However, a cycle on 3
vertices is also a clique, so it is also subject to reduction by rule 3.

To bound the number of vertices in these blocks we again use forest of blocks and

articulation points F' constructed before. Let us mark and count vertices in this forest

that belong to one of the following classes:

a. vertices of degree > 3: there is at most 24k of such vertices, follows from inequality 1

b. other vertices corresponding to blocks of type 2 and 3: Note that blocks of
first type have degree > 3 and therefore are counted in previous point. Before we
showed that there are at most 24k blocks of the second type and at most & blocks of
the third type, so there are at most 25k vertices of these type.

c. vertices corresponding to articulation points with an edge to S: by Lemma 12
there is at most 24k such vertices.

Recall that we mark all vertices from bullets a,b,c. Hence, in total there are at most

24k + 25k + 24k = 73k marked vertices. Note that every block of type 4 corresponds to

an unmarked vertex.

Unmarked vertices correspond to blocks of type 4 and articulation points that (i) does

not have an edge to S, (ii) belongs to exactly two blocks. We cannot have a path of

unmarked vertices of length 6 since otherwise Rule 4 is applicable.

MFCS 2023
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Note that every unmarked vertex is of degree 2. We consider a forest F’ obtained from
F by contracting every path of unmarked vertices into an edge. F”’ is a forest with only
marked vertices so it has at most 73k vertices and at most < 73k — 1 edges. No more
than 6 unmarked vertices can be mapped to a single edge of F'. Hence, there are at most
6(73k — 1) = 438k — 6 unmarked vertices in F. Recall that number of blocks of type 4 is
at most the number of unmarked vertices. Moreover, each such block contains at most 2
vertices. Hence, number of vertices in such blocks is at most 876k — 12.

We just have shown that number of vertices in connected components with at least three
edges to S is at most O(k). Now it is left to obtain a bound for the total size of connected
components that have exactly 2 edges to S (one edge is not possible due to Rules 1, 2, zero
edges is impossible due to connectivity of the graph). From now on we are considering only
blocks of connected components that have exactly 2 edges to S. Since each leaf block has an
edge to S, these components are either a single block with 2 edges to .S, or a chain of blocks
with two leaf blocks having exactly one edge to S, or a single vertex having two edges going
to S.

Note that every block in these components has exactly 2 special vertices or the whole
component is a single vertex with two edges going to .S. Hence, each such block is a cycle Cy,
or a cycle Cy (a double edge), or a single edge Ko, or the whole component is just one vertex.

Rule 6 If the total number of vertices in the connected components of G — S with 2 edges
to S is at least 20k

Return: YES.

Proof of correctness. Let S’ = S U (even cycle blocks of connected components of G — S
with 2 edges to S) and U = other vertices of these components. Due to Rule 5 we have at
most k even cycles in G —S. Moreover, we are considering blocks that have at most 4 vertices.
Hence, at most 4k vertices can belong to an even cycles. Therefore, |S’| < 3k + 4k = 7k and
|U| > 20k — 4k > 16k.

Every vertex in U has a degree 2 in G. Hence, there are no edges between vertices in U,
since otherwise to this edge Rule 4 is applicable. Therefore each vertex in U has 2 edges
going to S’. We prove that in this case the graph contains a cut of size at least V(G) + k.
To do this we consider the following procedure:

take a spanning forest H in G such that each tree in the forest has exactly one vertex

in S’;

uniformly randomly partition vertices in S’ in two parts;

place the rest of all vertices in the part so that all edges from trees in H are in cut.
Note that every two vertices from different trees are placed in parts randomly independently.
Hence, each edge between trees can be in the constructed cut with probability % Since
|S’] < 7k and each tree has one vertex in S’ there is at least |V(G)| — Tk edges in H.
Every vertex in U has two edges to vertices in S’. Hence, one of the edges is an edge
between two trees in H. Therefore, the expected number of edges in the cut is at least
> |E(H)| 4+ & = |V(G)| — 19| + 18 > |V(G)| — Tk + 8 = |V(G)| + k. Hence, we proved
that a cut of size at least |V(G)| — 1 + k exists.

Note that this procedure can be derandomized using method of conditional probabilit-
ies [17] which allows to find a required cut deterministically, if needed. |

Now we are ready to bound the overall number of vertices. Recall that there are at
most 192k vertices in blocks of type 1, at most 144k vertices in blocks of type 2, at most
4k vertices in blocks of type 3, at most 876k — 12 vertices in blocks of type 4. Hence,



l. Bliznets and V. Epifanov

number of vertices in connected components with at least 3 edges going to S is at most
192k + 144k + 4k + 876k — 12 = 1216k — 12. We also have at most 20k vertices in other
connected components of G — S and at most 3k vertices in S. In total we have at most
1216k — 12 + 20k + 3k = O(k) vertices.

In order to bound number of edges we employ the final reduction rule.

Rule 7 If graph contains at least 2k + 2|V (G)| edges
Return:  YES-instance.

Proof of correctness. Every graph has a cut of size at least |E(27G)‘ Hence, in this case
graph has a cut of size at least w = |V(G)| + k which means that our input is a
YES-instance. |

Taking into account that |V (G)| = O(k) after application of Rule 7 we conclude that
B(G)] = O(k).

The algorithm either produces a graph with O(k) vertices and edges or concludes that
the graph has a required cut. In the latter we can output a trivial YES-instance. Hence, we
constructed a linear kernel.

Note that the final graph might contain multi-edges. However, in this case we can apply
reduction rule 4 backwards and replace every multi-edge with a cycle of length 4. It is easy
to see that exhaustive application of this operations increase kernel size only linearly. |

The following theorem shows that the obtained kernel has asymptotically optimal size unless
ETH fails.

» Theorem 2. There is no kernel with sublinear number of vertices for MAX-CuT-AST
unless ETH fails.

Proof. A trivial brute force algorithm solves MAX-CuT in O(2IV()). A kernel with o(k)
vertices would imply that we can solve MAX-CuUT in 2°F) = 2°U0E(G)D which is impossible
unless ETH fails. <

4 Subexponential Algorithms for Max-Cut-AST

In this section we present subexponential algorithms for MAX-CuT-AST in chordal and
co-bipartite input graphs.

4.1 Co-bipartite Graphs

» Theorem 3. MaAX-CUT-AST can be solved in a connected co-bipartite graph G in
20(VE) poly time.

Proof. Note that co-bipartite graphs consist of two disjoint cliques and edges between them.
At least one of the cliques contains at least half of the vertices. Therefore, each co-bipartite
graph contains at least (%5 — 1)/2 edges. It is well known that a maximum edge cut in any
graph contains at least half of all edges. Hence, in any co-bipartite graph maximum cut size

is at least 5 (5 — 1)/4. Therefore, if §(5 —1)/4 > n — 14k we can output Yes immediately.

Otherwise, k = Q(n?) and the simple brute-force algorithm with working time 2"n°®) is
actually 20(V®) poly algorithm. <
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4.2 Chordal Graphs
First of all we recall some well-known results and prove auxiliary lemma.

» Lemma 17 ([11]). For an input chordal graph G we can find a tree decomposition of
mantmum width in polynomial time. Moreover, in this tree decomposition all vertices of each
bag induce a clique in the original input graph G.

» Lemma 18 ([1]). Given an input graph G and its tree decomposition of width k one can
find the size of mazimum cut in 2°®) poly time.

» Lemma 19. Let H be an induced subgraph in a connected graph G and graph H has a cut
with at least £ edges then the graph G has a cut of size at least |V (G)| — |V (H)| + £.

Proof. Assume that (A, B) is the partitioning of V' (H) into two parts such that |E(A, B)| > £.
We complete the partitioning (A, B) with vertices from G \ H such that we get a cut of size
at least |V(G)| — |[V(H)| + ¢.

Let us consider a spanning forest F' of the graph G such that each tree T from the forest
F has only one vertex from V(H) and the vertex is a root node of the tree. For each vertex
v € V(G) we assign a tree T, such that v € T}, and T,, € F'. Moreover, for each v € V(G) we
assign vertex 1, € V(H) such that r, € T, and r, is a root vertex of T,,. Now we are ready
to present the partitioning. If dr, (v, r,) is even we place v in the same part as r,, otherwise
we place v in the opposite part of r,. In the constructed partitioning each edge of forest F’
is in the cut, since for each vertex its ancestor belong to a different part. Since the graph
G is connected we have that |E(F)| = |V(G)| — |[V(H)|. Also the partitioning contains all
edges from the initial cut of subgraph H. Therefore, we constructed a cut of size at least
V(@) = [V(H)[+ £ <

Now we have all ingredients to prove the main theorem of this subsection.

» Theorem 4. Max-CuT-AST on a connected chordal graphs admits a 20(Vk) poly-time
algorithm.

Proof. Using Lemma 17 we find tree decomposition of the input graph G. In this tree
decomposition each bag is a clique. We denote by ¢ — 1 the treewidth of the input graph G.
Hence, there is a bag of size . It means that G contains a subgraph H such that H is a
clique on ¢ vertices. If @ >k + ¢ —1 then by Lemma 19 we conclude that the graph G
contains a cut of size at least n + &k — 1.

Otherwise, Wll) < k+¢—1 and we have £ < 5 + 2vk. Hence, £ = O(vk) and we can
find and exact value of the maximum cut by standard dynamic programming using tree

decomposition. The running time of this algorithm is 29" poly = 20(VF) poly. |

» Corollary 21. MAX-CUT-AST on a connected split graph admits a 20(Vk) poly algorithm.

Proof. The statement immediately follows from the previous theorem since the class of all
split graphs is a subclass of all chordal graphs. |

4.3 Lower Bounds

Under assumption of the Exponential Time Hypothesis we show that algorithms for chordal
and split graphs are essentially tight.

» Theorem 5. Max-CUT-AST does not admit 200V poly or 2°W™) poly algorithms on
split graphs and on chordal graphs unless the ETH 1is false.
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Proof. Bodlaender and Jansen [1] presented a reduction of MAX-CUT on arbitrary graph G
to MAX-CUT on split graph. This reduction transform graph G with a cut K into a graph G’
on |V(G)|+|E(G)| vertices with |V (G)|- (|[V(G)|—1)/2+2|E(G)| edges. Moreover, G has the
maximum edge cut K if and only if G’ has the maximum edge cut 2|F(G)| + K. Note that
2|E(G)| + K = O(n?) and |V(G)| + |E(G)| = O(n?). Hence, by solving MAX-CuT-AST in
20(Vk) poly time (or in 20V IV(GND poly) on split graphs we can solve MAX-CUT on arbitrary
graphs in 2°(") poly time. However, it is known that under assumption of ETH Max-CuT
does not admit 2°( poly algorithm [6]. So we get a desired contradiction. |

» Theorem 6. Max-CuT-AST does not admit 20(VF) poly algorithm on co-bipartite graphs
unless the ETH 1is false.

Proof. Bodlaender and Jansen [1] presented a reduction of MAX-CUT on split graphs to MAX-
CUT on co-bipartite graph. If the initial split graph G contains n vertices then the obtained co-
bipartite graph will contain O(n) vertices and O(n?) edges. It means that k = O(n?). If MAX-
CuT-AST admits 20(V%) poly = 2 Vn?) poly = 2°(v) poly algorithm on co-bipartite graphs
then we can solve MAX-CUT on split graphs in 2°( VE) poly = 2°¢ Vn?) poly = 20(vn) poly
which contradict the previous theorem. |

5  Tripartite Graphs

5.1 Parametrization Above a Spanning Tree

» Lemma 24. Let us assume that MAX-CuT-AS'T on tripartite graphs with n vertices admits
algorithm with running time T (k,n) where k is the parameter. Then MAX-CuT-AST on
arbitrary graph G with n' vertices and m' edges can be solved in T (k,n’ + 2m') + poly(n’)
time.

Proof. To prove the statement we reduce MAX-CUT-AST on arbitrary graph G to MAX-
CuT-AST on tripartite graph G’ such that |[V(G')| = |V(G)| + |2E(G)|. We construct G’
in the following way, for each edge e = uv € E(G): (i) create two vertices e,, e,; (ii) delete
edge uv; (iil) add edges ue,, e, ey, e,v. Essentially we subdivide each edge twice. It is easy
to see that V(@) is an independent set in graph G’ and G’ \ G is a disjoint union of edges.
Hence, G’ is a tripartite graph.

Now we provide a connection between the size of maximum cut in the graph G and
the size of maximum cut in G’. We claim that mc(G’) = mc(G) + 2|E(G)|. Having
partition (A’, B") of vertices V(G’) we construct partitioning (A, B) of V(G) such that
|[E(A,B)| > |[E(A’, B")| — 2|E(G)|. We take A = A'NV(G),B =B NV(G). All edges in
E(G’) we can partition in triples of the following type ue,, e, €,, €,v. It is easy to see that
if cut E(A’, B') contains all three edges ue,, e,€,,e,v then cut E(A, B) contains at least
one edge. So it means that for each triple we lose at most 2 edges in E(A, B) compared to
E(A’,B’). Hence, |E(A, B)| > |E(A", B')| — 2|E(G)].

Now, it is enough to prove that having a cut (A, B) of graph G we can construct a
cut (A'B’) of G’ such that |E(A’, B")| > |E(A, B)| + 2|E(G)|. In order to do this for each
edge e = uv we place vertices e,, e, in the opposite part to vertices u,v correspondingly,
ie. if u € A,v € B then we put u,e, to A’ and v,e, to B’, similarly, if u,v € A then
we put u,v to A’ and e,,e, to B’. It is easy to see that for such cut (A’ B’) we have
E(A, B)| > |E(4, B)| +2|E(G).

So we proved that mc(G’) = mc(G) + 2|E(G)|. Recall that |[V(G")| = |[V(G)| + |12E(G)|.
Hence, mc(G') — (|[V(G')| —1) = mc(G) — (V(G) — 1). Therefore, answer for Max-CuT-AST
on graph G’ is the same as the answer for MAX-CUT-AST on graph G. As G’ is tripartite
we have proved the desired result. <

22:11

MFCS 2023



22:12

MaxCut Above Guarantee

Above lemma implies the following result.

» Corollary 25. There is no 2°) poly algorithm for Max-CuT-AST on tripartite graphs
under assumption of the ETH.

Proof. Such algorithm would imply that MAX-CUT-AST can be solved on arbitrary graph
in 2°®) poly time by lemma 24. However, existence of such algorithm contradict to the
ETH [15]. <

5.2 Parameterization Above 2 |E|

First of all we show that any tripartite graph G has a maximum cut of size at least 2|F|. Let
assume that G has parts Vi, Vo, V3. It is easy to see that |E(Vy, Vo U V3)| + E|(Va, Vi U V3)| +
E|(V3,V1UV,)| = 2|E(G)|. So at least one of the cuts (Vi, VaUV3), (Vo, V1 UV3), (V3, V1 UVS)
has size %|E |. However, even knowing that a graph is tripartite we may not have a partition
itself.

Below we show that we can find an edge cut of size 2|E| in tripartite graphs even if
partition on three parts is not provided in the input. To get this result we employ semi-definite
programming.

» Theorem 7. There is a polynomial time randomized algorithm that finds an edge cut of
size %\E(G)| on an input tripartite graph G.

Proof. First of all for each vertex v; € G we assign vector v; € R™ and formulate the following
program:
min A
Vi e V(G) (0;,0;) =1
Vij € E(G) (0j,05) < A
Essentially we are looking for n unit vectors such that minimum angle between any two

vectors that correspond to adjacent vertices is maximized. We known that the input graph is
tripartite, hence there is a solution such that A < —%. To achieve the value —% it is enough

to map vertices of first part into (1,0,...0), vertices of second part into (f%, @, 0,...,0),
vertices of third part into (f%, 7§, 0,...,0). It means that in the optimum solution of the

semidefinite program angle between two vectors corresponding to two adjacent vertices is
at least %’T It is known [18] that for any e semidefinite programming can be solved with
additive error of size € in polynomial time from the input and log % Therefore, we can find
the optimum value of A up to additive error €. After that we generate a random hyperplane
and split vertices of graph into two parts. We put vertex v; to the first part if the vector
v; is lying on one side of the generated hyperplane or to the second if v; is lying on the
other side of the hyperplane. The expected value of an edge e = v;v; being in the cut under
such partitioning is equal to arccos(v;,v;) > arccos(—3 + €) = 2 — 6(e) [18, Chapter 6].
Hence, the expected value of the cut is at least (2 — §(¢))|E|. We choose € in such way that
§(€)|E| < . Since derivative of arccos(-) is bounded in the neighborhood of —3 we can take
€= W. If we choose € in this way we obtain a polynomial time algorithm which output

a cut of expected value at least 2|E| — &. Note that the value Z|E| — } is not integer and the
size of a cut is an integer. So, the algorithm sometimes must output values of size at least
[2|E|] — & = [2|E]]. Since the cut size is bounded by |E|, our algorithm output value of
size [2|E|] with probability at least €( Ilfl) Therefore it is enough to repeat the algorithm
polynomial number of times, take the largest cut among all generated. The algorithm will
not output cut of size at least [2|E|] only with exponentially small probability. <
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» Lemma 27 (). Under the assumption P # NP there is no polynomial time algorithm that
for each tripartite graph G finds a cut of size at least %|E\ if it exists.

In the following theorem we show that fraction %

the following type % + € where € € (0, %) Informally speaking to achieve this results it is
enough to add large number of disjoint subgraphs K3 to the construction in the previous

can be replaced with any fraction of

theorem. Indeed, each partition of a triangle cuts at most 2 edges out of 3. Therefore, by
adding triangles we make fraction of size of maximum cut to the total number of edges being
close to %

» Theorem 8. Assuming P # NP for any 0 < € < % there is mo polynomial time algorithm
that finds cut of size > (% + 5) |E| in tripartite graph if such cut exists.

Proof. In order to refute existence of such algorithm we show that using this algorithm we
can construct a polynomial time algorithm that on tripartite graphs with the number of
edges divisible by 6 outputs cut of size at least %|E |, if such cut exits.

Let us assume that tripartite graph G contains n vertices and m edges and we need to
check existence of cut of size at least %m. If we add k disjoint triangles to the graph G
then essentially we need to check if in the new graph exists a cut of size at least > 57’” + 2k,
since in each triangle we can cut at most two edges. However, the number of edges in the
new graph is m + 3k. Therefore the ratio between the cut and the overall number of edges
becomes STTL/JFL;?“
integer k such that the fraction is not smaller than % + . Note that, for fixed £ we have
k = O(m). Since we chose the maximum k with such properties we have that:

5m/6+2(k+1) 2
mi3(kt1) ~3°° (2)

Now it it left to show that cuts with %m — 1 edges does not satisfy required equation, i.e.
that:
5m/6+2k—1 2

. This fraction tends to % as long as we increase k. Consider the maximum

m + 3k < 3 te
To do this it is enough to show that 57”7/7? I;,f = 5%/%'(2]&1")1). Below we provide detailed
computations.
5m/6+2k —1  5m/6+2(k+1)

m + 3k m 3k 1)

oo M6+ 242 5m6+2k — 1
m+3k+3 m + 3k
o < (5m/6+ 2k +2)(m + 3k) = (5m/6 + 2k — 1)(m + 3k +3)
(m + 3k + 3)(m + 3k)

(5m /6 + 2k)(m + 3k) + 2(m + 3k) — (5m/6 + 2k)(m + 3k + 3) + (m + 3k + 3)

0<
(m + 3k + 3)(m + 3k)
o < (56 + 2K)(m + 3k) + 2(m + 3k) — (5m/6 + 2K) (m + 3k) — 3(5m/6 + 2k) + (m + 3k + 3)
(m + 3k + 3)(m + 3k)
o 20m+3K) = 3(5m/6 + 2k) + (m + 3k +3)
(m 4+ 3k + 3)(m + 3k)
0o 2524 1)+ k(E-6+3)+3
(m + 3k + 3)(m + 3k)

0o m/2+3k+3

(m + 3k + 3)(m + 3k)

Hence, the constructed graph with disjoint triangles G’ contains cut of size 577” + 2k if
and only if it contains at least (2 +¢) [E(G’)|. Moreover, it happens if and only if initial
graph contained a cut with at least 2|E(G)| edges. <
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6

Conclusion

In Section 5 we initiate study of MAXIMUM CUT problem on tripartite graphs parameterized
above 2|E| lower bound. We think that existence of an FPT algorithm for this problem is
an interesting open question.
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