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Abstract

In this paper, we present a detailed study of the reach distance-layer structure of the De Bruijn and
Kautz digraphs, and we apply our analysis to the performance evaluation of deflection routing in De
Bruijn and Kautz networks. Concerning the distance-layer structure, we provide explicit polynomial
expressions, in terms of the degree of the digraph, for the cardinalities of some relevant sets of this
structure. Regarding the application to defection routing, and as a consequence of our polynomial
description of the distance-layer structure, we formulate explicit expressions, in terms of the degree of
the digraph, for some probabilities of interest in the analysis of this type of routing.

De Bruijn and Kautz digraphs are fundamental examples of digraphs on alphabet and iterated line
digraphs. If the topology of the network under consideration corresponds to a digraph of this type, we
can perform, in principle, a similar vertex layer description.

1 Introduction

Deflection routing [I] is a routing scheme for bufferless networks based on the fact that if a packet cannot
be sent through a given link due to congestion, it is deflected through any other available link (instead of
being buffered in the node queue), and the packet is then rerouted to destination. This kind of routing is
nowadays interesting in the context of optical networks [19] 25 [B1] and on-chip networks [6, 22]. However,
its efficiency depends highly on the network topology (as well as on the decision criteria used to deflect
packets when collisions appear [I1]). More precisely, the routing efficiency will be determined by how much
the distance to the destination increases when a deflection occurs. This question is addressed by considering
some probabilities, as studied in Subsection [2.3] Because of this reason, the efficiency in networks with
unidirectional links may be worse than in the bidirectional case. Nevertheless, in many cases, directed
networks are convenient [22] [29].

Despite being known for a long time, active research is still going on on De Bruijn and Kautz digraphs
B(d, D) and K(d, D) [2,[9,[20, 21], both in graph theory [4, [10} 18 23] and in network engineering [14] 24] 2§].
Those digraphs have been proposed as topologies for optical networks (see for instance [5l [7, B0]). This
paper is concerned with deflection routing in these kinds of networks.

To study the topological properties of B(d, D) and K(d, D) that we need to evaluate the performance
of deflection routing, we provide a detailed study of its reach distance-layer structure. We give explicit
polynomial expressions, in terms of the degree of the digraph, for the cardinalities of some relevant sets of
this structure. For instance, if S¥(v) denotes the set of vertices at distance i from a given vertex v, we show
that |SF(v)| = d*—a;—1d* "' —- - - —ayd—ap, where the coefficients ay, are 0 or 1, and are explicitly determined
from the sequence representation of v. Moreover, if w is a vertex adjacent from v, we demonstrate that
there are at most two integers j such that the intersection S} (v) N .S¥(w) is nonempty; we show how to
determine such values of j; and we relate the polynomial description of |S;(v) N ST (w)| with that of |S)(v)|.

We apply our results on the distance-layer structure to provide explicit expressions, in terms of the
degree d, of some probabilities of interest in the performance evaluation of deflection routing in B(d, D)
and K(d, D). Moreover, the polynomial description of the distance-layer structure is interesting by itself
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from a graph theoretical approach, and it can be helpful in other applications of De Bruijn and Kautz
digraphs to networks or other engineering fields.

The paper is organized as follows. In Section [2] we present our results on the distance-layer structure
of the set of vertices of B(d, D) and K (d, D) (Subsections 2.1 and 2.2, and on deflection routing (Subsec-
tion . To develop the proofs of our results, we need a collection of technical lemmas and remarks that
allow us to understand the distance-layer structure comprehensively. The proofs of these lemmas are put
together in an Appendix that also contains a long common proof of two of the propositions formulated in
Subsection 2.2

An extended abstract of a preliminary version of our work appeared in [I2]. Moreover, and extended
preprint version of this paper, with examples and additional remarks, can be found in [13].

2 Our results

Concerning the distance-layer structure of the set of vertices of the De Bruijn and Kautz digraphs we
formulate some polynomial expressions (in terms of the degree d of the digraph) for the cardinalities of
some relevant sets of this structure. More precisely, let S¥(v) be the set of vertices at distance i from a
given vertex v. We show that |S¥(v)| = d* — a;—1d*~! — -+ — a1d — ag, and the coefficients a;, € {0,1} are
explicitly calculated. Moreover, given v, we show that for each vertex w there exists at most one integer
Jj = i such that the intersection Sf(v) N S7(w) is nonempty; and in the case that w is adjacent from v,
we provide a precise characterization of when S (v) N S¥(w) # (. Furthermore, if w is adjacent from v,
we prove that if S¥(v) N S* (w) # 0, then [SF(v) NSS! | (w)| = d =t —b;_od"=2 — ... — byd — by, and that
if Sf(v) N Sy(w) # 0, then [S}(v) N S*(w)| = d" — a;_1d™" — ... — ayd — ag, where the coefficients of
these polynomial expressions, by, o € {0,1}, 0 < k < ¢ — 2, and «;_1 € {0,1,2}, are determined from the
coefficients ay, of the polynomial expression of |S}(v)].

2.1 The distance-layer structure of B(d, D) and K (d, D)

This subsection and the following one are devoted to presenting our results on the characterization of the
distance-layer structure of B(d, D) and K (d, D).

We make use of the well-known sequence representation of the vertices of B(d, D) and K(d, D). Each
vertex of the De Bruijn digraph B(d, D) corresponds to a sequence v = v1vs - - - vp such that each element
vk belongs to a base alphabet A of d symbols, and vertex v is adjacent to the d vertices w = vy -+ - vpvpy1,
where vpi1 € A. Analogously, each vertex of the Kautz digraph K(d, D) corresponds to a sequence
v = v1vg - - vp, where now vy # vg+1, 1 < k < D, and the base alphabet A has d+ 1 symbols. In K(d, D),
vertex v is adjacent to the d vertices w = vg - --vpvp41, where vpy1 € A and vpy1 # vp. The digraphs
B(d,D) and K(d, D) are d-regular, d > 2, have diameter D, and number of vertices d° and d? + dP~1,
respectively.

Notice that if v = vivg - - v;v;41 - - - vp 18 the sequence representation of a vertex v, then the sequence
representation of a generic vertex w for which there exists a walk from v to v of length i, 0 <i < D —1, is
U = V41 - Up * - - - %, where the subsequence * - --* means that the last ¢ symbols of u can be arbitrarily
chosen (in the case G = K(d, D), two consecutive symbols must be different). It is easily checked that
between any pair of vertices there exists a walk of length D in B(d, D) and of length D + 1 in K(d, D).
It is also a well-known fact that in B(d,D) and K(d, D) the shortest path between any two vertices
is unique. Indeed, let v and z be distinct vertices with a sequence representation v = wvivs---vp and
z = 2129+ zp, respectively. Then, the distance from v to z is k if and only if k is the smallest integer
such that v =wvy ---vgz1 - - zp_g; that is to say, k is the smallest integer such that the last D — k symbols
of the sequence representation of v coincide with the first D — k symbols of the sequence representation
of z. Moreover, if £ > 2, then the shortest path from v to z is v,u1,...,ur_1,2, where the sequence
representation of the intermediate vertex u; is u; = vi41 - V21 2p—k4i, 1 << k— 1.

From now on let G be the digraph under consideration (either G = B(d, D) or G = K(d, D)) and let V
denote its vertex set.

Given v € V, for 7 > 0, let S;(v) be the set of vertices for which there exists a walk from v of length 4,
and let S¥(v) denote the set of vertices at distance 7 from v. From the definition it is clear that So(v) = {v};
S1(v) is the set of vertices adjacent from v, usually denoted as 't (v); Sf(v) =0 for i > D + 1; and

i1
Sr(w) = S;(v) \ <U Sk(v)> for0<i<D. (1)
k=0



Moreover, since in B(d, D) there exists a walk of length D between any pair of vertices, if G = B(d, D) and
i > D, then S;(v) =V, and so |S;(v)| = dP. Analogously, if G = K(d, D) and i > D + 1, then S;(v) =V
and |S;(v)| = dP + dP~1, because in K(d, D) there is a walk of length D + 1 between any pair of vertices.

2.2 Polynomial description of the distance-layer structure

The first goal of this subsection is to present a polynomial description of the cardinality of the set S} (v),
where the polynomial has degree i, variable d (the degree of the digraph), and coefficients 0 or 1. In order
to obtain this description, we introduce the following definition.

Definition 1. Given v € V' and two integers k, ¢ such that 0 <7< D and 0 < k < 4, let

Sk(v), if Sg(v) C S;(v) and for all j, k < j <1,
Ski(v) = such that S;(v) C S;(v) we have Si(v) € S;(v);

0, otherwise.

Remark 1. It follows from Definition [1] that S; ;(v) = S;(v) for any v € V. Moreover, if G = K(d, D), then
Si—1,i(v) = 0 for any v € V, because S;_1(v) € S;(v). In the case G = B(d, D) there are vertices v such
that S;_1,(v) = S;—1(v) and vertices v for which S;_1 ;(v) =0

To prove the results presented in Subsections and we use several technical lemmas gathered in
the Appendix at the end of the document. However, for the sake of readability, we include in Subsection [2.2
the statements of Lemmas [I] to [5} and in Subsection the statements of Lemmas [6] to

We will use the following notation. If v € V/, then vj; ;; denotes the subsequence v;v;11---v; of the
sequence representation v = vive - -vp. In particular, vj; ; = v; is the i-th element of this sequence.

Lemma 1. Let v € V. Then |S;(v)| = d* for 0 < i < D. Moreover, if G = B(d,D) and i > D, then
Si(v) =V ; while if G = K(d,D) and i > D + 1, then S;(v) =V.

The main part of the next lemma essentially states that, given any two (no necessarily different) vertices
v,v', if k <i< D ork<i= D, then either Si(v) C S;(v') or Sk(v) NS;(v') = 0. The precise formulation
in terms of the sequence representation of v and v’ is as follows.

Lemma 2. Let v,v’ € V be two vertices with sequence representation v = v1vg - --vp and v/ = vjvh - vp.
Let 0 < k < i and assume that S;(v') # V. Theni < D, Sp(v) £V, and the following statements hold:

1. If k <i < D, then either Sp(v) C S;(v') or Sk(v) N S;(v') = 0. Moreover, Si(v) C S;(v') if and only
if Vikt1,0-G-0)] = Viy1,p)-

2. If k <i= D, then G = K(d,D) and either Sk(v) C Sp(v') or Si(v) N Sp(v') = 0. Moreover,
Si(v) C Sp(v') if and only if vky1 # V.

3. Ifk =i =D, then G = K(d, D) and Sp(v)NSp((v') # 0. Moreover, if vp = v, then Sp(v) = Sp(v'),
whereas if vp # v}, then Sp(v) # Sp(v') and |Sp(v) N Sp(v')| = dP —dP~1.

Remark 2. Let 0 < k < j < i < D. By statement (1) of Lemma 2, S;(v) € S;(v) if and only if
S;(v) N Si(v) = 0. Therefore, if Si(v) C S;(v) and S;(v) € S;(v), then Si(v) € S;(v). This observation
allows us to reformulate Definition [1|in the following way: Let v € V' and let k, i be two integers such that
0<i¢<Dand0<k<i. Then

e { Sk(v), if Sk(v) C S;(v) and Sk(v) NSj(v) =0 for all j, k < j < i;
k,i\V) =

0, otherwise.

Remark 3. By Remark and Lemmawe have Sy ;(v) = Sk(v) if and only if vjx11, p—(i—k)) = V[i41,p) and
Vlk+1,D—(j—k)] 7 V[j+1,p] for all j, k < j < i. In particular, if ¥ =7 — 1, then S;_; ;(v) = S;_1(v) if and
only if S;_1(v) C Si(v); if and only if v;; p_1] = vji41,py; if and only if v; = v;41 =--- = vp.

Remark 4. Let 0 < ki, ko < @ < D. We claim that if ky # ko, then Sy, ;(v) N Sk,.i(v) = 0. Indeed, if
Sky,i(V) N Sk, i(v) # 0, then Sk, ;(v) # 0 and Sk, i(v) # 0. So, Sk, i(v) = Sk, (v) C Si(v) and Sy, ;(v) =
Sk, (v) C S;(v). Hence Sk, (v) N Sk, (v) = Sky.i(v) N Skyi(v) # 0. Now, by applying Lemma [2] either
Sk, (v) C Sk, (v) or S, (v) C Sk, (v). Hence either Sk, (v) C Sk, (v) C S;(v) or Sk, (v) C Sk, (v) C S;(v). In
any case, this leads us to a contradiction with the definition of Sy ;(v). This completes the proof of our
claim.



The following result describes the structure of the distance-layer set S*(v).
Lemma 3. Letv €V and let 0 < i < D. Then S} (v) = (US;“ )

Now we can prove our first result concerning |7 (v)].

Proposition 1. Letv € V and i < D. Then,
|S;(U)| = dl - ai_ldi_l — = a1d — aop,

where the coefficients ay are 0 or 1, and ar = 1 if and only if Sk ;(v) # 0. In particular, if v =vive - vp,
then a;—1 =1 if and only if G = B(d, D) and v; = v;y1 = -+ = vp.

Proof. On one hand, from Lemma [3| we have S} (v) = S;(v)\ ( 2;10 Skﬂ-(v)). On the other hand, from the
definition of Sy ;(v) we have Sk ;(v) C S;(v). Therefore,

157 (v)| =

o)\ ( U Ska(v))| = 18:w)] | Lj Sialv)].

As shown in Remarkl 1f k1 # ko, then Sk, ;(v)NSk, i(v) = 0. Therefore, it follows that ‘ Uk 105k,i(11) =
E \Sk i(v)|. Thus, from the definition of Sy ;(v) and by Lemmal we have

|57 (v)] = [Si(v wDSm )| =d - Zakd

where the coefficients ay, are 0 or 1, and ay, = 1 if and only if Sy ;(v) # 0. Clearly, if i = D, then S;_1 ;(v) # 0
if and only if G = B(d, D). To conclude, assume that ¢ < D. In such a case we have a;—; = 1 if and
only if S;_1 ;(v) # 0; if and only if S;_1(v) C S;(v); if and only if v;; p_1) = vji11,p) (the last equivalence
follows from statement (1) of Lemma [2] which can be applied because ¢ < D). Therefore we conclude that
if i < D, then a;—1 =1 if and only if G = B(d, D) and v; = v;41 = --- = vp. This completes the proof of
the proposition. O

To illustrate the use of Proposition [1} let us consider the following two examples.

Example 1. Consider the De Bruijn digraph G = B(d,7) and let v € V be a vertex which sequence
representation is v = affapfaf, where o and S are distinct elements of the symbol alphabet A. Let us
determine the number of vertices, |S§(v)|, at distance 6 from such a vertex v.

If the symbol x stands for an arbitrary element of A, we can describe the sets S;(v) as Sp(v) = {u €
Vi u=aBpaBaf}, S1(v) ={u €V : u= BBafafx}, So(v) = {u eV : u=pafaf *x*}, ..., and
Se(v) ={u eV :u=pxxxx*x}. We realize that if k < 6, then Si(v) C Sg(v) if and only if k = 1,2,4.
Hence Si6(v) = Si(v), because Si(v) € S;(v) if 1 < j < 6; So6(v) = 0, because Sy(v) C Si(v); and
Sa6(v) = S4(v), because Sy(v) € Ss5(v). Therefore we have a; = a4 =1 and a2 = a3 = a5 = 0, and hence
|Sg(v)| = db — d* — d.

Example 2. In this second example we consider the Kautz digraph G = K(d,10) and let us calculate
|S§(v)|, being v a vertex with sequence representation v = afyafyafas, where o, 5 and ~ stand for
different elements of the symbol alphabet A. As in Example [1] the sets S;(v) can be described as Sp(v) =
{u € V:u=apyafyapapf}, S1(v) = {u eV : u= Byafyafafx}, Sa(v) = {u eV : u=yafyafap *
x}, ..., and Sg(v) ={u € V: u = af **x** * % x}. (Remember that, since G is a Kautz digraph, two
successive symbols in the above sequence representations must be different.) We can verify that if & < 8,
then the only subsets Sy, g(v) which are nonempty are Sog(v) = So(v), S3,8(v) = S3(v), and Sg g(v) = Se(v).
So we conclude that |Sg(v)| = d® — d® — d3 — 1.

For the application to deflection routing, in addition to | S} (v)|, we are also interested in [S} (v) N S (w)]
when w is a vertex adjacent from v. Let v € V and w € S1(v), and let 4 > 0. By the triangular inequality
we have Sf(v) N S7(w) =0 if j <i— 1. Therefore, since V' = UJ —o S5 (w), we conclude that

St =

ot

(S (v) N SF(w U v) N S (w)).

0 j=i—1

J



First, we demonstrate in Proposition [2] that there are at most two integers j > i — 1 such that the
intersection S} (v) NS} (w) is nonempty. After this, in Propositions|3{and {df we show how to determine such
values of j. Finally, in Theorems and 3| we relate the polynomial description of |S}(v)| with that of
|55 (v) NS (w)].

Proposition 2. Let v € V and let : < D. Then for each vertex w € V there exists at most one integer jo,
i < jo < D, such that S;(v) NS} (w) # 0. In particular, if w € Si(v), then

1. either there exists a unique integer jo, i < jo < D, such that the intersection Sf(v) N S% (w) is
nonempty, and so S} (v) = (S} (v) NSy (w)) U (S (v) N St (w));

2. or, for all integer j, i < j < D, the intersection Sf(v) N S¥(w) is empty, and so Sf(v) = Sf(v) N
Sy (w).

Proof. We have to prove that there exists at most one integer jo, i < jo < D, such that S} (v) NS} (w) # 0,
because if so, statements (1) and (2) follow. To prove that, let us demonstrate that if S (v) N S5 (w) # 0
for some j, i < j < D, then Sf(v) N S5 (w) = 0 for all integer j* such that j < j* < D. Thus assume
Sr(v) N SH(w) # 0 and let j < j° < D. On one hand, if S (v) N S5(w) # O, then S;(v) N Sj(w) # O
and, since ¢ < D, we conclude from Lemma [2| that S;(v) € S;(w). On the other hand, by definition we
have S% (w) = Sy (w) \ (Ui:ol Sk(w)) and, since j < j', we get that S;(w) N 5% (w) = 0. Thus we have
Si(v) N S5 (w) = 0, because S;(v) C Sj(w), and therefore we conclude that S} (v) NS} (w) = 0, as we

J
wanted to prove. O

Proposition 3. Assumed > 3. Letv eV, w € S1(v), and let i < D. Then,

1. Ifj =i # D, then Sf(v) N SH(w) # O if and only if Si(v) N Sj(w) # O and Si(v) € S ;(w) for
i< k<j.

2. The intersection S} (v)NSF_; (w) is empty if and only if G = B(d, D) and v; = v;y1 = -+ = vp = wp.
Furthermore, if Sf(v) NS}, (w) =0, then S}F(v) NS} (w) # 0.

3. There exists a unique integer j, i < j < D, such that the intersection S} (v) N S;(w) 18 non-empty.

The condition d > 3 cannot be removed from the hypothesis of Proposition [3| because if d = 2 and
G = B(d, D), then statements (1) and (3) do not necessarily hold. So we study completely the case d = 2
in the next proposition.

Proposition 4. Assume d=2. Letv eV, w € S1(v), and let i < D. Then,
1. Ifj =i # D, then Sf(v) N ST (w) # 0 if and only if S;(v) N.S;(w) # 0, Si(v) € Sk j(w) fori <k <j,

and one of the following conditions holds:

(a) j <D;
(b) j =D, and vy p_1) # Vjiy1,p] o Si—1,;(w) = 0.
2. The intersection SF(v)NS?_;(w) is empty if and only if G = B(d, D) and v; = v;41 = -+ = vp = wp.

Furthermore, if Sf(v) NSy, (w) =0, then S}F(v) N SH(w) # 0.
8. The intersection S (v) NS (w) is empty for all integer j, i < j < D, if and only if G = B(d, D) and
Vi = Vj41 =+ =Up 7# Wp.

Propositions [3] and [4] are proved together in the Appendix.
The following lemma deals with the set of vertices w € Sy (v) for which the intersection set .S;(v) N.S;(w)
is nonempty.

Lemma 4. Let v € V and, for 0 <i < j < D, let Fj:j(v) ={we S1(v): Si(v)NSj(w)#0}. Then
1. The set Fj:j (v) is nonempty if and only if one the following conditions is fulfilled:

(a) 1<j<D-1 and Vli+1,D+i—j—1] = V[j+2,D]-
(b) i <j=D—1 and either G = B(d, D), or G = K(d,D) and viy1 # vp.
(c) i=j, G=B(d,D) and vjy1,p) = vp - - VD-

2. If the set I‘Xj (v) is nonempty, then I‘Ij (v) has a unique element w which sequence representation is
W = Vg - - UPViy(D—j). Moreover, ifi = j, then S;_1(w) C S;(v) = Si(w) C Si11(v) = Sig1(w) C---.



In the next result we provide a detailed description of the intersection sets S7(v) N S (w) when w is a
vertex adjacent from v and for ¢, < D with i — 1 < j.

Lemma 5. Let v € V and w € S1(v). Leti,j < D with i —1 < j. If S;(v) N S;(w) # 0, then the
intersection set Sy (v) N S5 (w) can be described as follows:

\Us,“ ifj=i—1
2. (SD( )N Sp(w )\USkD ifi=j=D and G = K(d,D).

3.V\(5D,1()USD N USkD )ifi:j:DandG:B(d,D).

v) '\ ((gsm(v)) u (kglskd(w))) ifj =1 andi#D.

Remark 5. Observe that in the above expressions we have Sy ;(v) C S;(v) for 0 < k < i — 1, because of
the definition of Sy ;(v). Furthermore, by Lemma [2| either Sy ;(v) N S;—1(w) = (Z) or S;“( ) C Si—1(w),
0<k<i—1.

Next we show that, whenever the intersection S} (v)ﬂSJ*(w) is nonempty, its cardinality has a polynomial

expression of the form _ _
’S* OS* )|zd’—bi_ldl_l—...—bld—bo,

where the coefficients by are determined from the coefficients aj of the polynomial expression of |S}(v)].
The coefficients by are computed in the following theorems.

Theorem 1. Let v € V, w € S1(v), and let 1 < i < D. Assume that Sf(v) NS} (w) # O and that
Sr(v) NSt (w) # 0 for some i < jo < D. Then,

Si(v) = (57 (v) NSy (w)) U (SF(v) NS, (w))

and so
1S (0)] = |57 (0) N Sy (w)] + |57 (v) NS (w))].
Moreover, if . '
|SZ*(,U)| =d —a;_1d7 — ... —ard— ag
is the polynomial expression of |SF(v)| given in Proposition then | S} (v) N S’;‘_l(w)| and |S}F(v) N Sy (w)|
have polynomial expressions

|57 (0) N Sy (w)| = di™ = bimad™2 — ... — byd — by,

’S* ﬂ S* )‘ =d - (ai,1 + 1)di_1 — (ai,g - bifg)di_Q — .= (a1 — bl)d — (a() — bo),
where b, € {0,1} and by, =1 if and only if ar, =1 and vp_;1p+1 = Wp.

Remark 6. In Theorem [1] the equality S (v) = (S;(v) N S;_;(w)) U (SF(v) N S% (w)) as well as |5} (v)| =
|57 (v) N Sy_y(w)| + S5 (v) N S ( (w)| is valid even if Sy (v) N S;_;(w) or S (v) N S% (w) were empty, as
deduced from Proposmon

Remark 7. We know from Proposition [I] that aj, € {0,1}. Since b, € {0,1} and b, = 1 only if a, = 1, we
conclude that, for 0 < k < — 2, the coefficient ay — by in the polynomial expression of |[Sf(v) N S} (w)| is
also either 0 or 1. Moreover, the coefficient a;_1 + 1 in this polynomial expression is 1 or 2. More precisely,
from Proposition we have a;_1 + 1 = 2 if and ounly if G = B(d, D) and v; = v;41 = -+ = vp.

Proof. From Proposition [2| we conclude that S} (v) = (S7(v) NSy (w)) U (Sf(v) N S5 (w)) , and so, since
(S;(0) NSy y(w)) N (SF(v) NSy (w)) = 0, we get |SF(v)] = |Sf(v) N Si*il(w)| + |4S;*(v) N Sy (w)|. To
complete the proof of the theorem we must demonstrate that if |Sf(v)| = d* — a;_1d"™* — ... — a1d — ao,
then ’S* )N S ( )‘ = d" ' — b_od"™2 — ... — bid — cg, where b, = 1 if and only if a; = 1 and
Up—itk+1 = Wwp. Let us demonstrate this.



First of all observe that S;(v) N S;—1(w) # 0, because w € S;(v). So we can apply statement (1) of
Lemma to write SF(v) N S7_;(w) as

S1@) NS 0) = Sia@)\ | 51a0) = Sia@)\ (U $a) U (Siaa) 0 5i@)) - @)
k=0 k=0

We claim that, in the above expression, the intersection S;_1 ;(v)NS;—1(w) is empty. Indeed, if G = K(d, D),
then S;—1,:(v) = 0 (see Remark [1)) and we are done. So we can assume G = B(d, D). Moreover, since
SH(v) NS (w) # 0, we know by statement (2) of Propositions (3| and {4 that v; = v;41 = -+ = vp = wp
does not hold. Now we can see that the assumption S;_1 ;(v) N S;—1(w) # 0 leads to contradiction. On one
hand, if S;_1,;(v) N Si—1(w) # 0, then § # S;_1;(v) = Si—1(v), and s0 v; = V41 = - -+ = vp, by Remark 3]
On the other hand, by statement (1) of Lemma if Si_1(v) N Si—1(w) # 0, then vy p_1) = wy;, p) and so
v = V41 = -+ = Up = wp, a contradiction that proves our claim.
Therefore, since S;_1(v) N S;—1(w) = 0, we get from (2] that

i—2

S7(0) N Sty (w) = S (1) \ ( U (Sks()n Si_1<w>)>,

k=0

where, by statement (1) of Lemma [2} for 0 < k < i — 2, we have either Sy ;(v) N S;_1(w) =0 or Sk ;(v) C
Si—1(w). Thus, recalling that if k1 # ka, then Sk, ;(v) N Sk,,i(v) = 0 (see Remark [}, we have

|S:(U)HSZL( )|—|SZ 1 |—Z|SkZ ﬂSl 1( )| di_l—bifgdi_Q—...—bld—bo,

where the coefficients b are 0 or 1. More precisely, for 0 < k < ¢ — 2, we have by = 1 if and only if
Sk.i(v)NS;—1(w) # 0. That is, by, = 1 if and only if Sy ;(v) # 0 and Sy ;(v)NS;—1(w) # 0. Now, by applying
Proposition [1| and statement (1) of Lemma |2 we have by, = 1 if and only if a; = 1 and Si(v) C S;_1(w);
if and only if ar, = 1 and vjx41,p—(i—k)+1] = W}, p)- To finish the proof let us demonstrate that we have
ar =1 and Vg1, p—(i—k)+1) = W}, p) if and only if a, = 1 and vp_jy 41 = wp. Clearly, we only must show
that if ap = 1 and vp_iyk41 = wp, then Vi1 p_(i—k)+1) = wpi,p;- If ¢ = D, there is nothing to prove.
So let us prove the implication in the case ¢ < D. Hence assume ¢ < D, ax = 1, and vp_;1x+1 = wp.
By Proposition [I] and the definition of Sy ;(v), if ax = 1, then Sy ;(v) = Sk(v) C Si(v). Hence, again by
statement (1) of Lemmaland since w € S1(v), we have vjy11, p—(i—k)] = V[i+1,0] = W[, p—1]- Therefore the
equality v[k41,p—(i—k)+1)] = W};,p) holds, because we are assuming vp_;yx+1 = wp. This finishes the proof
of the theorem. O

Theorem 2. Let v € V, w € S1(v), and let 1 < i < D. Assume that SF(v) N S} (w) = 0. Then
S¥(v) = Sr(v) N SHw), and so

S* ﬂS* = S* ’U) :di—ai_ldi_l—...—ald—ao.
| (w)) |Z< |

Proof. Let v € V and w € S1(v). Let 1 <4 < D and assume that S}(v) N S;_,(w) = 0.
If SF(v)NS;_; (w) = 0, then, by Statement (2) of Proposmonslandl, we have S7(v)NSH(w) # 0. Hence
the unique integer jo given in Proposmonl is jo = 4. Therefore, by statement (1) of this Proposition l we

have S} (v) = Sf(v)NSF(w), and so, if |S¥(v)| = d* —a;_1d" ™ — ... —a1d — ap is the polynomial expression
of |S7(v)|, then |S¥(v) N SF(w)| = |Sl*(v)| =d' —a;_1d7— .. — ald — ap. O
Theorem 3. Letv €V, w € S1(v), and let 1 <i < D. Assume that Sf(v) N S5(w) =0 for alli <j < D.

Then SF(v) = Sf(v) NS, (w) and
|S* QS* )| = |Sf(v)|:di—ai_ldifl—...—ald—ao,

where, in this case, we have d = 2 and a;—, = 1. Therefore |S* )N S (w )’ can be equivalently expressed

as ) )
’S* ﬂS* )‘ :dlil—ai_2d172...—a1d—a0.

Proof. Let v € V and w € S1(v). Let 1 <4 < D and assume that S;(v) NS5 (w) =0 for all i <j < D.

First of all notice that we must have d = 2, because if d > 3, then, by statement (3) of Proposi-
tion |3} there exists a unique integer j, ¢ < j < D, such that the intersection S;(v) N ST (w) is non-empty,
contradlctmg the assumption that Sf(v) N S5 (w) = 0 for all i < j < D.



If Sf(v) N SH(w) = 0 for all i < j < D, then, by statement (2) of Proposition [2} we have Sf(v) =

S¥(v) NS (w) and so, if [SF(v)| = d’ —a;—1d"' — ... — a1d — ag is the polynomial expression of |S¥(v)],
then

|SF () NSy (w)| = |SF ()| =d' —ai—1d™" — ... —ard — ao. (3)

It remains to prove that, in this case, we have a;_; = 1. On one hand, by Proposition [I| we know that

a;—1 = 1if and only if G = B(d, D) and v; = v;41 = --- = vp. On the other hand, by statement (3) of

Proposition if Sf(v) N Sy(w) =0 foralli <j<D,then G = B(d,D) and v; = viy1 = --- = vp # Wp.

Therefore a;_1 = 1.
Finally notice that, since d = 2 and a;_1 = 1, we have d° —d*~! = d*~!. Then the polynomial expression
d'—d 1 —a;_od2 ... —ajd—ag in can be equivalently expressed as d' ' —a;_od* 2 ... —a1d—ag. O

2.3 Application to deflection routing

The authors proposed in [II] an analytical model for evaluating the performance of deflection routing
schemes under different deflection criteria. In that model, a Markov chain is defined with states 0,1,..., D,
corresponding to the possible distances that a packet may be to its destination (D stands for the diameter
of the network), and such that the transition probabilities depend on the deflection criteria and the network
topology.

In this paper, we determine for the case of B(d, D) and K(d, D) the following two probabilities that
appear in the formulation [I1]:

e Input probability P;,(i): Given a vertex v selected uniformly at random, let P;,(7) be the probability
that another distinct vertex v’, also selected uniformly at random, be at distance ¢ from v.

e Transition probability P:(7,j): Suppose that a packet with destination vertex z is deflected when
visiting an intermediate vertex at a distance ¢ to z. We denote by Py(i, ) the probability that the
new distance to z (after the deflection has occurred) be j.

This subsection applies our results on the distance-layer structure of B(d, D) and K(d, D) to obtain
explicit expressions, in terms of the degree d, for these probabilities.

To calculate Py, (i) and Pi(4,5) we need to introduce a suitable partition of the vertex set of the di-
graph, classifying the vertices according to their sequence representation. In this way, we consider in V' an
equivalence relation ~ defined by v = v1vs...vp ~ v = vjvh... v if and only if there exists a permuta-
tion o of the symbol alphabet A such that o(v;) = v}c, 1 < k < D. Notice that two equivalent vertices
have a sequence representation with the same number s of distinct symbols, where 1 < s < min (d, D) if
G =DB(d,D)and 2 < s <min(d+1,D) if G = K(d, D). Let ns be the number of equivalence classes in
which the number of distinct symbols in the sequence representation of the vertices is s (clearly, ny = 1 if
G = B(d,D), and n; =0 and ng = 1 if G = K(d, D)). Thus the partition of V' induced by the relation ~
can be written as

V=JWau-uvin). (4)
S

Moreover, since the sequence representation of a vertex in V; ; contains s different symbols, then, indepen-
dently of j, 1 < j < ns, we have that

. dd—1)---(d—s+1) if G = B(d, D),
| S’j|_{ (d+1)d(d—1)---(d—s+2) if G=K(d,D).

Furthermore, since [V = > [V; ;|, we get

min (d,D)
> nedd—1)--(d—s+1)=d", if @ = B(d, D);
s=1
min (d+1,D)
> ne(d+D)dd—1)--(d—s+2)=d”+d°7", if G=K(d,D)
s=2
Evaluating the above identities for d = 1,2,3,..., the values of ng can be recursively computed. For

instance, if G = B(d, D), then the first non-zero values of ns are ny = 1, ny = 2P=1 — 1 forall D > 1 and
alld > 2, n3 =3Pt —2P +1)/2forall D > 1and all d > 3, ...; and if G = K(d, D), then ny = 1,
nyg=2P"2 1forallD>2andalld>2 ngs=(3P2-2P"1y1)/2forall D>2andalld>3, ...



The total number of classes in the partition isl =) ns. Therefore, if D < d, thenl =n;+---+np
is independent of the degree d. However, if D > d this is not true. For example, if G = B(2,D), then
I =n1+ng =2P~1 whereas if G = (3, D), then | = ny +ny +ng = (3°71 +1)/2.

From now on, for simplicity, we will also denote the partition as

V=VU--UV, (5)

where each term V; in corresponds to one of the sets V ; in , and we will use both and as
illustrated in the following example.

Example 3. Let G = K(d,4), d > 3, and let a, 8, v and § stand for different elements of the base alphabet
A. The numbers ng of equivalence classes for which the the sequence representation of its vertices contains
s distinct symbols is ng = 1, ng = 272 —1 =3, and ny = (3°72 - 2P-1 +1)/2 = 1. So we have | =5
different vertex classes, namely Vi = Vo1 ={v eV : v=afaf}, Vo=V ={veV: v=afay}, V3=
Vso={veV:v=afya}, Va=Vss={veV: v=abfy},and Vs = Vi1 ={v €V : v =afyd}, with
respective cardinalities V1| = (d+1)d, |Va2| = [V5] = |V4| = (d+1)d(d—1), and |V5| = (d+1)d(d—1)(d—2).

Now we introduce some additional technical lemmas that we need in this section and that will be proven
in the Appendix.

Lemma 6. Letv €V and, for 0 <i < j <D, let I'; ;(v) = {w € S1(v) : Sf(v)NSj(w) # 0}. Then
7 () # 0 if and only if there exists a vertea: w such that 7 ;(v) = {w}; if and only if there exists a vertex
w such that I'; ;(v) = F:j( v) = {w}. Moreover, w € T} ;(v) if and only if w € Fj:j(v) and S; (v) € St ; (w)
fori<t<y.
The following lemma discusses the set of vertices w € Sy (v) for which the intersection set S;(v) N.Sp(w)
is nonempty. (The case S;(v) N S;(w) # 0, for j < D, was considered in Lemma [d] )

Lemma 7. Let v € V and, for 0 <i < D, let I'/ 5 (v) = {w € Si(v) : S;(v) N Sp(w) # 0}. The following
statements hold: '

1. If G=B(d,D), or G=K(d,D) and vi11 = vp, then I‘;TD(v) = 51(v).

2. If G=K(d,D) and viy1 # vp, then w € F:D(’U) if and only if w € S1(v) and viy1 # wp. Moreover,
TF () = d— 1.

The last technical lemma deals with the partition {Vi,...,V;} of the vertex set V. Notice that
if o is a permutation of the symbol alphabet and o(v) is the vertex whose sequence representation is
o(vi)o(vz)...o(vp), then v and o(v) belong to a same vertex class V, (that is to say, the sequence repre-
sentations of v and o (v) have an equivalent structure). The proof of the lemma is an immediate consequence
of the definitions and of the fact that o is a bijection.

Lemma 8. Let o be a permutation of the symbol alphabet and, givenv € V, let o(v) = o(v1)o(vs2) ...o(vp).
Then the following statements hold:

1185 ()] = |57 (o (v))].

2. If w € S1(v), then |SF(v) NSH(w)| =[S (o(v)) NS5 (o(w))].

At this point, using the partition and the layer structure of the digraph, we present our results on input
and transition probabilities.

Expressing the input probability as >, Pi,(i | v € V) P(v € V,) we obtain the following result that
provides a description of P,(7) in terms of the degree d of the digraph.

Theorem 4. For any choice of the vertices vV, ... v®  where v(") € V., the input probability Pin (i) is
given by

and has the following expression:

where a(T ) e {0,1}. More preczsely, (r ) =1 if and only if Sk (v ( ) #0; if and only vakﬂ D—(i—k)] =

(r) (r) ) .
Vit1,p) and Vi1, D— (j—k)] #+ U[j+1,D] for all j, k< j <.



Proof. Let v be a vertex selected uniformly at random from the vertex set V. By definition, the input
probability Py, () is the probability of selecting uniformly at random from V' \ {v} a vertex v" which is at
distance i from v. For a fixed v, the probability of selecting such a v’ is clearly P, (i | v) = [SF (v) |/(|V] — 1).
Moreover, by Lemmalg] this probability is the same for any vertex v € V, in a same vertex class V,,, 1 < r < L.
Moreover, since v is chosen uniformly at random from V', we have P(v € V,.) = |V,|/|V|. Thus, for any
choice of v(") € V,., the input probability Pi,(i) can be expressed as

(Vi-1) VI’

Pin(i) = Zpin (l |0 e VT) P (v(r) c VT) = zl: M Vel

r=1

The proof is completed by using the polynomial description of |Sf (v(r))| given in Proposition |1| and
Remark [3l

Finally, notice that Pi,(i) = © (1/d”~*), because |S} (v)| = © (d*) (independently of v) and |V| =
o (dP). 0

The transition probability Py(i, j) can also be calculated as P¢(i, j) = >, Pe(i,j | v € V) P(v € V,). In
this sum, Py(4,5 | v € V,.) is the conditional probability that the new distance to destination be j, given
that a deflection occurs when visiting a vertex v at distance i to the destination and belonging to the class
V,; whereas P(v € V,.) is the probability that the vertex at which deflection occurs be in V... In this way,
we obtain the following result.

Theorem 5. The transition probabilities Pi(i,7), 1 <i < j < D, are given by
1 - 4
Pt(’iJ) - IVT|p(T,m) (1 _ q(T,l)) ,
CEpD

where p49) and ¢\ are of the form

p(r,i,j) _ k(r,i,j) ' di — Oél(.f?)dzfl . agr,jt)d B Oé(()TiZ)

di — aif?dz’l — = a(lm)d - aér’l)
and i (r,3) 7 (r,1) (1)
Rt (R Sk

di — az(-Tl)ali*1 — a(lm)d — aém) ’

and the coefficients of these fractions are 0, 1 or 2. Namely, k"7 k(™) ¢ {0,1}; agi? e {0,1,2};
al(f? € {0,1}; and al(r’i), al(r’i), bl(r’i) € {0,1} for0<l<i—2.
Remark 8. Tn the proof of this theorem it will be shown how to determine the coefficients k(rid) - g(mi)
a,(:’l), bg’z), and a,(cm). More precisely, we will show that if v(") is any representative vertex in the class V,,
: ) 3 : r : r) _ ) (r), (r)
and if w(") is the vertex adjacent from v(") given by w(™ = Vg VD V(o) then
(a) k(™19 =1 if and only if SF (v(")) N Sx (w™) # 0, as determined by statement (1) of Propositions
and [4}
(b) £ =1 if and only if Sf (v)) NSz (W) # 0, as determined by statement (2) of Propositions
and [4
(r;3)

(c) the coefficients a, " € {0,1} are determined from v(") as in Proposition

(d) the coefficients ag’i) and b,(cr’i) are determined from v(") and w(") as in Theorems |1| and
We stress that the values of all these coefficients are independent of the choice of v(") in the class V,.

Proof. Let v be the vertex at which deflection occurs and suppose that the destination vertex z is at
distance ¢ from v. Let w € S1(v) be the vertex through which deflection takes place. In other words, we
are supposing that a packet circulating within the network (which has to arrive to z) is currently in v and
cannot proceed through the shortest path from v to z; and hence it is deflected to vertex w.

Hence the probability that the new distance from w to the destination vertex z is j, given that a
deflection occurs in v and that the deflection takes place through w, is just the probability that, conditional
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on the event 2z € S (v), the destination vertex z belongs to S (v) N S5 (w). In this way, denoting this
conditional probability as Py (4,7 | v, w), we have
157 () N 53 (w)

|55 (v)]

P (i,5 | v,w) =

It follows that Py (i,j | v,w) # 0 if and only if Sf (v) N S5 (w) # 0.

Let wq’}’z be the vertex adjacent from v in the unique shortest path from v to z. The vertex w through
which deflection takes place is selected uniformly at random from Sy (v) \ {w;, ,}. Hence the probability
P (w | v) that, given that deflection occurs, it takes place through w € S1(v) can be calculated as

Plw|v)= Y Pw|v,2)P(z|v),
z€8F(v)

where P(w | v,2) = 0 if w = w;, , and P(w | v,2) = 1/(d — 1) if w # w;, ,. Moreover, w = wj, , if and only
if z € S¥(v) NSk (w). Therefore, P(w | v,2z) = 0 if and only if z € SF(v) N S;_, (w) Furthermore, the
probability that the destination vertex is a given vertex z belonging to S} (v) is simply

1
EHOI

Then, since |S}(v)| — [SF(v) NS} (w)] is the number of vertices z € S} (v) for which w # w]

r(wu)zls;(v” > Fwiv2)

_ 1 \S*( V= ISFw) NS (w)] 1 (1_|S$(v)0521(W)I)
|57 (v)] d—1 d—1 |57 (v)] '

P(z|v) =

v,z» We have

Let T, (v) = {w € Si(v) : Sf(v) N SH(w) # 0}. Clearly, we have Py (4,5 | v,w) # 0 if and only if
w e Ty, (v ) Moreover, it is proved in Lernmas and |§| that if v = viva - -vp and T} ;(v) # 0, then T} ;(v)
contains a single vertex w, which sequence representation is uniquely determined from v, ¢ and j, namely

Wy = V2 - VDViq (D—j)- (6)

Taking all these considerations into account we can express the transition probability that the new
distance to the destination is j, conditional on the event that deflection occurs at v, as

Po(iyjlv)= Y Pu(i,j|o,w)-Pw|v)=P(i,j | v,w,)Plw, | v)
werly ;(v)

1 St nSy(w)] (0 1S5®) NSE (wy)]
S ] (1 157 (0)] )

(7)

if 7 ; (v) # 0; and P¢ (4, j | v) = 0 otherwise.

Furthermore, if o is a permutation of the symbol alphabet A, then, using the notation introduced in
Lemma [8) we can check that T'j ; (0(v)) # 0 if and only if I'; ; (v) # 0, and that if I' ; (o(v)) # 0, then
[y (o(v)) = {0 (wy)}. Moreover o(w, )= (’T(v) »(z) I8 the vertex adjacent from o (v) in the shortest path
to o(z). This facts, together with the statements of Lemma l 8}, imply that the probability calculated in
is the same for any vertex v(") in a given vertex class V,. (Recall that V, is the class of vertices to Wthh
v(") belongs according to the structure of its sequence representation. )

Now, by adding for all the classes V, and taking into account that P (v(™) € V,.) = |V,|/|V| we obtain
the transition probability P;(z, j) that, conditional on the event that the deflection occurs in a vertex which
is at distance i to the destination vertex, the new distance to this destination is j. In this way, by setting
w) = w, (- we have

P.(i, ) = Zrt (zy | o™ e vr) P (M € vr)
5 (0™ A §* (w® < (M)A S* - (w®

“Fre 57 (o7
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Furthermore, if the intersection S; (v(")) NS* (w™) is nonempty, we conclude from Theorems 1| and [2{ that
|52 (v0M) N S% (w™)] has a polynomial expression given by d' — a{"Vdi=* — ... —a{""d - a{"". Morecover,
by Theorem if S* (’U(T)) NSy, (w(T)) # (), then ‘SZ* (v(r)) NSy, (w(r))| has also a polynomial expression

of the form d'~! — bgi;) di=2—... — bgm)d - bér’i). Therefore, by taking also into account Proposition |1}, we

have
1 o )
Po(i. i) — S Wl pr) (1= gt
t(lu]) (d71)|V| . IV |p ( q )7

where p(™%7) and ¢(™" are of the form

p(r,i,j) _ i) di — Oéz(-’,:’i)dlil . agr,?)d - a(()ril)

di — al(fll)di_l = alra - aém)
and ‘ L . ,
S _ i e S L I A

di — az(f?ali*1 — = a(lr’i)d - a(()r’i) 7

and k(7)) € {0,1}. Furthermore, we have k(") = 1 if and only if S (v(") N St (w™) £ 0, as
determined by statement (1) of Propositions [3| and |4 and we have k(") = 1 if and only if S} (v(’“)) N
Sr 4 (w(’“)) # (), as determined by statement (2) of Propositions |3| and

Finally, observe that the coefficients ag"i) are determined from v(") by using Proposition [l and the

coefficients oz,(cr’i),b,(;"i) € {0,1} are determined from (") and w() by using Theorems |I| and So we
conclude that:

1. a,(:’i) € {0,1};

2. a{") €{0,1,2}, and o™ " € {0,1} for 0 < k < i —2.
This completes the proof of the theorem. O

The following example illustrates the fractions p(7) and ¢("" as well as the expressions of the tran-
sition probabilities Py (7, j) formulated in Theorem

Example 4. Let G = K(d,12), d > 3, and cousider the class of vertices V,. which sequence representation
is of the form afvyapyafyapy, where o, B and 7 stand for different symbols of the alphabet A. Suppose
that v € V., is the vertex at which the deflection occurs and let w = ByafByafyafywie be the vertex
adjacent from v through which this deflection takes place. Let us calculate, for instance, the transition
probabilities Py(4,6 | v € V,.) and P(1,6 | v € V).

Firstly, let us consider Py(4,6 | v € V,.). Observe that if this probability is not zero, then the destination
vertex z must belong to Sy (v) and also to S§(w). Therefore, since Sy(v) C Si(v) and SE(v) C Se(v), we
conclude that Sy(v) N Sg(w) # 0 is a necessary condition for Py(4,6 | v € V,) # 0. Using the notation
of Examples [I| and |2} we have Sy(v) = {u € V : u = Byafyafy **xx} and Sg(w) = {u € V : u =
Byafywis * * x * x x}. From these sequence representations we can check that Sy(v) N Sg(w) # O if and
only if S4(v) C Sg(w); if and only if w13 = a. We conclude that if Py(4,6 | v € V,.) # 0, then there is only
one precise vertex w adjacent from v such that d(w, z) = 6, namely w = SyafSyafyafya.

Using Propositions 1| and [3| and Theorem [1] we deduce that | S (v)| = d* —d, |S5(v) N SE(w)| = d* — d3,
and |S§(v) N S3(w)| = d® — d. Therefore we get from that the value of the transition probability
Pi(4,6 | v € V,) is

P46 | v e V) = — . 151 NS (w) (1_|51(W‘S§(w>|)

d—1 EHOI EHOI
R e A d -
Td-1 di-d di—d)  dtd+d—d—d-1

Observe that in (§), the expressions of |55 (v) N Sg(w)|/[S5(v)| and |Sj(v) N S5 (w)|/|S5(v)| correspond in
Theorem [5| to p("16) = (d* — d3)/(d* — d) and ¢"% = (d® — d)/(d* — d), respectively.

Secondly, let us determine Py(1,6 | v € V,.). Reasoning as before we deduce that if P¢(1,6 | v € V) # 0,
then we must have S;(v) N Sg(w) # 0, being w the vertex adjacent from v through which the deflection
takes place. We can check that this necessary condition holds if and only if w2 = «; that is, w must be
again the vertex w = Syafvyafyafya. But now we deduce from Proposition [3| that S7(v) N S§(w) = 0.
Therefore, although the necessary condition S (v) N Sg(w) # @ for having P¢(1,6 | v) # 0 holds, we have in
this case Py(1,6 | v) = 0. This fact is captured in Theorem [5| by setting k("1:6) = 0.
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The previous theorem provides a description of the probabilities Pi(4,5) in the case j < D. Next we
discuss the case j = D. Clearly we have Py(D,D) = 1, because D is the maximum possible distance
between the vertices of the digraph. Moreover, the transition probabilities Pi(i, D), 1 < i < D, can be
obtained from Theorem |5| because, for each i, we have P.(i, D) =1 — Z?:_il P.(4,7). However, for the sake
of completeness, we present in the following theorem a description of the transition probabilities P (i, D),
analogous to those provided in Theorem 5| for Py (¢, ).

Theorem 6. The transition probabilities Py(i, D), 1 < i < D, are given by

moy

P.(i, D) = |V| ZZ IV, ‘p(rsz (1 _ q(rsz)) 7

where m, € {d —1,d} if G = K(d,D) and m, = d if G = B(d, D), and where p\"*% and ¢ are of the
form

N O (r,5,1) (r,5,0)
P = f(rsi) d' — oy ‘ d=t— —oy ‘ d— oy |
di — dT3gi-t _ g g [
and . . -
i—1 7,8,%) gi—2 .8, .8,
q(r,s,i) _ Ii(r’s’i) ) d - bz—2 d — ... — bl ' d— bO -
di — ("0 di-1 — ... _ ("5 g _ g{rs)

where all the coefficients are 0, 1 or 2. Namely Ersd)  gmsi) € {0,1}; oz(” ) e {0,1,2}; a(TS e {0,1};
(mdozlr“)7 (rs.1) b(r“)E{O 1} for0<I<i—2.
Proof. We use the same notation and an analysis similar to that in the proof of Theorem[5] The probability

that the new distance from w to the destination vertex is D, given that a deflection occurs in v (which is
at distance i to the destination) and that the deflection takes place through w € Sy (v) is

|5¢ (v) N Sp (w)]
157 (v)]

Py (i,D | v,w) =

Let F:D(v) = {w € Si(v) : Si(v) N Sp(w) # 0} be the set defined in Lemma Clearly, if w €
S1 (v) \I‘iD (v), then for such a vertex w we have P (¢, D | v,w) = 0. In Lemmait is proved that I‘;CD (v)
is always nonempty. Indeed, if G = B(d, D), or G = K(d, D) and v;11 = vp, then F;TD(’U) = S1(v); whereas
if G = K(d,D) and v;11 # vp, then F:D(v) ={we S1(v) : w=v2--vpwp, wWp # viy1,Vp}, and hence
|F:D(v)\ = d— 1. Therefore, the transition probability that the new distance to the destination is D, given
the event that deflection occurs at v, can be expressed as in ; that is,

P: (i, D |v) = Z P: (i, D | v,w) - P(w | v)
wEF:rD('U)

LN ISH )08 ()l (, 1S50) 05 4w
- 3 e (o PR, ?)

where m = d—1if G = K(d, D) and v;41 # vp and m = d otherwise; and w,, 5, 1 < s < m, are the vertices
belonging to F+ (v).
Furthermore if o is a permutation of the symbol alphabet A, then the elements of F+J( o(v)) are
Wo(v),s = O (wv,s) 1 < s < m. Hence, by taking into account Lemma [8) we conclude that the probability
@ is the same for any vertex v(") in a given vertex class V,. By adding for all the classes V, and taking
into account that P (v(™ € V,) = [V,|/|V| we obtain the transition probability P;(i, D) that, conditional
on the event that the deflection occurs in a vertex which is at distance ¢ to the destination vertex, the new
distance to this destination is D. In this way, by setting w(™*) = Wy 5, 1 < 5 < m, we have

P.(i, D) = Zrt (z Do ev,) P(v0) eV,)
St ) NSy )| (| IS 0 nsi, (w9 |
= = S g (- e )
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Moreover, by considering the polynomial expressions of | S (v(™) N S}, (w™*)| and |S; (v™) N Si_; (w™))],

we have
1 Ukl . .
P.(:. D)= —— (T,S,’L) (1_ (T187Z)>
D)= =) 2 2 M v

where m, € {d — 1,d} if G = K(d,D) and m, = d if G = B(d, D), and where p(™*" and ¢(™*" are
expressed as

p(r7svi) — k(i) d — Oéz('giﬂ)difl —_— e — Oégr’s7z)d B a(()r,s,z)

di — az(f?l)di—l L agr,s,z)d B aé’r,s,z)

and | N | |
q(r,s,i) _ H(T7S,i) ) a1 — bgi;’l)d1_2 — = bgT’S’Z)d . bgr‘,s,z)

di — agfi’l)di—l — e — ag""svl)d _ aé’r‘,s,z)

and k(™) k(s ¢ £0,1}. More precisely, k(%% = 1 if and only if S} (v(’")) NSy (w(r’s)) £ (0, as
determined by statement (1) of Propositionsand and k(%% = 1 if and only if S} (v()NS;_; (W) #
(), as determined by statement (2) of Propositions [3[ and

As in Theorem [5, the coefficients a,(:’s’i), a,(:’s’i , bg’s’i) are determined from v(") and w(™*) by using

Propositionand Theoremsand Furthermore, a,(f’s’i) € {0,1}, az(fi’i) € {0,1,2}, and a,(:’s’i), b,(:’s’i) €
{0,1} for 0 < k < i — 2. O

Using the Markov model [IT] mentioned in Section 1, we can apply the probabilities given in Theorems
and [6] to measure the efficiency of deflection routing in De Bruijn and Kautz networks.

We conclude this subsection with two corollaries that are straightforward consequences of our previous
results. The first one deals with the asymptotic behaviour of the input and transition probabilities. The
second one is about the computation of the mean distance in the De Bruijn and Kautz digraphs (some
related results can be found in [3, 26, 27]).

Corollary 1.
1. Pin(i) ~1/dP~% as d — oc.
2. If j < D and d is large enough, then Py(i,7) < 1/d.
3. If j = D, then Py(i,j) ~ 1 as d — o.

Corollary 2. If G is the De Bruijn digraph B(d, D) or the Kautz digraph K(d, D), then the mean distance
of G is given by Zi’;l i Pin(i).

3 Final remarks

The digraphs B(d, D) and K(d,D) are fundamental examples of digraphs on alphabets [16] as well as
iterated line digraphs [8, [15]. Indeed, in the line digraph L(Gg) of a digraph Gy each vertex represents
an arc (z,y) of Go; and a vertex (x,y) is adjacent to a vertex (z,t) if and only if y = z. For any k > 1,
the k-iterated line digraph, L*(Gy), is defined recursively by L*(Go) = L(L*~(Gy)) (see for instance
[I5]). In particular, if Gy is the complete symmetric digraph on d vertices with a loop in each vertex, then
B(d, D) = LP71(Gy); and if Gy is the complete symmetric digraph on d + 1 vertices without loops, then
K(d, D) = LP~1(Gy). Other used network topologies correspond to iterated line digraphs as, for instance,
the generalized De Bruijn cycles [I7]. So, we point out that an analysis of the distance-layer structure (and
hence the evaluation of the efficiency of deflection routing in the corresponding network topology), similar
to the one presented in this paper, could be done in other families of digraphs on alphabets or of iterated
line digraphs.

Acknowledgement. We would like to thank the anonymous reviewers for their time and effort to
review the manuscript. We sincerely appreciate their valuable comments and suggestions, which helped us
in improving the quality of the paper.
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Appendix

We remind that V' denotes the vertex set of the digraph, either G = B(d, D) or G = K(d, D), and that,
for v = viva---vp € V, we denote the subsequence v;v; 41 ---v; by Vi j]-

Proofs of the technical lemmas
Proof of Lemma 1

The result follows directly from the sequence representation of the vertices and the adjacency rules. More-
over, we must consider that in K (d, D) there exists a walk of length D + 1 from a given vertex v to any
other one. O]

Proof of Lemma [2]

It follows from Lemma [I] that if S;(v') # V, then i < D — 1if G = B(d, D), i < D if G = K(d, D), and
Sk(v) £V for k < 4.

Suppose i < D. The sequences corresponding to vertices w € Si(v) and w’ € S;(v') are of the form
W = Vpy1---vp *---x and w' = vj |- v k-, respectively. Since k < i, we get from these sequence
representations that Si(v) N S;(v') # 0 if and only if

/ /
Vk+1 = Yiq15- - Vk(D—i) = Up> (10)
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that is, the subsequences vj,41,p—(i—k) and UEHLD] coincide. Furthermore, Si(v) C S;(v') if and only if
condition holds. (Notice that for k = i we have Si(v) = S;(v").) Hence if k < i < D, then either
Si(v) C Si(v') or Sk(v) N S;(v) = 0 and statement (1) is proved.

Now assume that k < ¢ = D and G = K(d, D). Then Sx(v) ={w € V : w = vj41---vp *---*} and
Sp(v)={w eV :w=wws - wp, wy # vh}. Therefore, if vy11 # v then Sk(v) C Sp(v'), whereas if
Vg1 = v then Si(v) N Sp(v') = 0.

Finally assume that k =4 =D and G = K(d, D). Then Sp(v) ={w €V :w =wywy - -wp, w1 #vp}
and Sp(v') = {w € V : w = wyws - -wp, wy # vjh}. Hence Sp(v) N Sp(v') # () because the alphabet
A has d + 1 symbols and d > 2. Moreover, Sp(v) C Sp(v') if and only if Sp(v) = Sp(v'), if and only if
vp = vh. If vp # v}, then |Sp(v) N Sp(v')| = (d — 1)dP~1 = dP — dP~1, because wy € A\ {vp,vp}. O

Proof of Lemma [3]

From the definitions it is clear that

i—1

S (0) = Si(v) \ (U Si() = S\ (U Su) nSi)).
k=0

k=0

By Lemma either Si(v) N S;(v) =0 or Sk(v) C S;(v). Therefore, S} (v) = Si(v) \ ( 2_:10 Sk,i(v)). O

Proof of Lemma [4]

Let w € Si(v). Hence wyi,p_1) = vpz,p]. Assume first that j < D — 1. By statement (1) of Lemma
Si(v) N Sj(w) # O if and only if vj41,p—(j—i) = wijt1,p); that is, Si(v) N S;j(w) # 0 if and only if
Vjit1,D—(j—i)—1] = V[j+2,0] and vp_(;_;) = wp. In particular, if i = j, then v;1; = vy =--+ =vp = wp,
and hence G = B(d, D).

Now suppose j = D — 1. By Lemma 2] S;(v) N Sp_1(w) # 0 if and only if v;y; = wp. Therefore, if
G = B(d, D) there is always a vertex w € Fifj(v), while if G = K(d, D), then there exists w € Fj,j(v) if
and only if v;41 # vp. In particular, if G = K(d, D) and Fifj(v) # (), then D # i+ 1.

Until now we have proved statement (1). Next, to prove statement (2) first let us assume that F;fj (v) # 0.
Observe from the above that if w € I‘j"j(v), then wp is uniquely determined and it is equal to v;(p_j
both for j < D—1 as for j = D—1. Hence F;-fj (v) has a unique element w which sequence representation is

W = Vg -+ UDViy(p—j)- 1t is clear from the previous statements that if F;.fj (v) # 0 and 7 = j, then G cannot
be K(d, D). Since w € S1(v) we have S;(w) C Sj4+1(v) for all [ > 0. Hence to finish the proof of statement
(2) we only need to show that if i = j, then Si(v) = Si(w) for all k£ > i. But this is clear because, from
the above discussion, if i = j and F;fj (v) # 0, then there exists « such that the sequence representations of
v and w are of the form v = vy ---v;a- -, w = wy - W - - - . O

We include in this appendix three additional results, namely Lemmas [A72] and [A73] which are used
in the remaining proofs. In the following two, we consider some valuable properties of the sets Sy j(w) in
the case that w is a vertex adjacent from v. Lemma which is a refinement of Lemma [5| in the case
j =iandi# D, is formulated after the proof of Lemma [f]

Lemma A.1. Let v € V and w € S1(v). Let 0 < i,5 < D and let k, 0 < k < j. Assume that
Sk.j(w) N Si(v) #0. Then

1. If k = D, then Sk j(w) = Sp(w). Moreover,

(a) If i = D, then Sy j(w) = S;(v) if G = B(d, D), while Sy j(w) # S;(v) if G = K(d, D).
(b) Ifi < D, then S;(v) C Sk ;(w).

2. If k# D, then S;(v) C Sy ;(w) = Sk(w) if k > 1, while Sp(w) = Sk ;(w) C Si(v) if k <i. Moreover,

(a) If k =i, then G = B(d, D), Si(v) = S;(w), and either j =i or j =i+ 1.
(b) If k=1i—1=7j, then Si j(w) N S;(v) = Si—1(w).

(¢c) If k =i—1< j < D, then either S;_1,(v) = 0 or G = B(d,D) and j = i. Moreover, if
Si—l,i(v) }é @, then Si—l,i(v) = Si_u(w) = Si_l(’U) = Si_l(w).

(d) If k=1i—1< j=D, then either S;_1,(v) =0 or G = B(d, D). Moreover, if S;_1,(v) # 0 and
wp =vp, theni=j=D and Sp_1,p(v) = Sp_1,p(w) = Sp-1(v) = Sp_1(w).

(e) If k < i—1, then there exists k' <1 —1 such that Sy ;(w) C S ;(v).
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Proof. Let us prove statement (1). If &k = D, then j = D and clearly Sy ;(w) = Sp(w). If G = B(d, D)
we have Sp(v) = Sp(w) = V. If G = K(d, D), then Sp(v) # V and Sp(w) # V. Furthermore, since
w € S1(v), we have vp = wp_1 # wp. Hence, by applying Lemma Sp(v) # Sp(w). So we have proved
(1.a). To prove (1.b) observe that if G = B(d, D), then S;(v) C Sp(w), because Sp(w) = V; whereas if
G = K(d, D) and S;(v) N Sp(w) # 0, then S;(v) € Sp(w) by statement (2) in Lemma [2}

Next we are going to prove statement (2). From now on assume that k # D.

If Sk j(w) N S;(v) # 0, then by the definition of Sy ;(w) we get Sy j(w) = Sk(w), and hence, by applying
Lemma [2] Si(w) C S;(v) if k < i, while S;(v) C Sk(w) if i < k, because k < D.

First let us consider statement (2.a). If k = ¢, then from our assumptions we get that S;(v)N.S;(w) # 0.
Thus the set Fjl(v) defined in Lemmais nonempty. Therefore, if ¢ < D, then from Lemma We have
G = B(d, D) and S;(v) = S;(w). To conclude the proof of statement (2.a) we must demonstrate that either
t=jori+1=j On one hand we have k£ < j. On the other hand we are assuming k = i. So, ¢ < j.
Thus it only remains to prove that j < i+ 1. Assume on the contrary that i +1 < j. Since I‘Z'i (v) # 0, by
applying again Lemma [f] we have S;_1(w) C S;(v) = Si(w) C Sit1(v) = Sig1(w) C -+ € S;(v) = Sj(w).
Therefore, S;(w) C Si1(w) C Sj(w) and thus, by Definition [T} we have S; ;(w) = 0. This contradicts the
assumption Sy ;(w) N S;(v) # 0, because k = 1.

Now let us prove (2.b). From Remark [1] we have S;_1;_1(w) = Si—1(w). Moreover, S;_1(w) C S;(v)
because w € S1(v). So, statement (2.b) follows.

Next we demonstrate statements (2.c) and (2.d). Notice that ¢ < j because k =4 — 1 and k < j. By
the assumptions of the lemma we have w € S;(v) and S;_1 ;(w) N S;(v) # 0. Hence S;_1 j(w) = S;—1(w) C
Si(v). Suppose that S;_1;(v) # (. Recall that this assumption implies G = B(d, D) (see Remark and,
moreover, from the definition of S;_1 ;(v) it follows that S;_1 ;(v) = Si—1(v) C S;(v).

Let us consider first statement (2.c). So now we are assuming j < D. We have to prove that j =i and
that S;_1(v) = S;—1,:(w) (because this last equality and the assumption S;_1 ;(v) # 0 imply S;_1 ;(w) # 0,
and hence S;_1 ;(v) = S;—1(v) and S;_1 ;(w) = S;_1(w)). Since S;_1(v) C S;(v) and i —1 < i < D, we can
apply statement (1) of Lemma [2| and we get that V[, D—1] = V[i+1,p]- Moreover, vz p| = w[,p—1] because
w € S1(v). Hence on one hand we have v; = w; = v;y1 = --+ = wp_1 = vp. On the other hand, from
the definition of S;_1 ;(w), in any case we have S,_1 ;(w) C S;(w). So, S;—1 ;(w) N S;(v) C Si(v) NS;(w).
Therefore, S;(v) N S;j(w) # 0 because we are assuming S;_1 j(w) N S;(v) # 0. Thus, since i < j < D, we
can apply once more Lemma and now we get that S;(v) C Sj(w) and that vjj;1,p—(j—iy) = W[j+1,p]- In
particular, wp = vp_(j_j) = Wp_(j—i)—1 and therefore

V; =W = V4] = = Wp_1 = VUp = Wp. (1]_)

Observe that for i <1 < j < D, equality implies W, p_i4i—1] = Wi41,p] and W41, p—(j—1)] = Wj41,D]-
Thus (again by Lemmal|2]) we have S;_1(w) C S;(w) C Sj(w) for i <1< j < D. Butif j > i the definition of
Si—1,j(w) would imply S;_1 j(w) = 0, a contradiction. Therefore, it must be j = 4, as we wanted to show. To
complete the proof of statement (2.c) in the case j < D, it only remains to show that S;_1 ;(v) = S;—1:(w).
But this is straightforward because by our assumptions we know that S;_(w) = S;—1 ;(w) = Si—1,;(w)
and S;—1(v) = S;—1,:(v), and, moreover, by we have v; p) = wj; p}, and so S;_1(v) = S;_1(w). This
completes the proof of (2.c).

Now we are going to prove (2.d). So, let us assume j = D. In this case we want to prove that
if wp = vp, then i = D and Sp_1(v) = Sp_1(w) (as in the proof of (2.c) this last equality implies
Sp_1,p(v) = Sp_1,p(w) = Sp_1(v) = Sp_1(w)). First let us show that i = D. On the contrary, assume
that ¢ < D. In that case, since S;_1(v) C S;(v) and i — 1 < i < D, we can apply again statement (1) of
Lemma to get vj; p—1] = Vji+1,p] and thus vy p) = wp, p_y), because w € Si(v). Thus, since wp = vp,
equality also holds. Therefore, we have w;; p_i1;—1) = wpq1,p) and w11, p_(j—1)) = Wpg1,p) for
i <1 < D. Thus (again by Lemma [2) we have S;_;(w) C Sj(w) € Sp(w) =V for i <1 < D. Since
i < D the definition of S;_1 p(w) implies S;_1 p(w) = @, a contradiction. Therefore, it must be i = D,
as we wanted to prove. It remains to show that Sp_1(v) = Sp—1(w). But this is straightforward because
wp = vp and so Sp_1(v) = Sp_1(w).

Finally, let us prove statement (2.¢). Let k¥ < ¢ — 1 and assume that Sy ;(w) N S;(v) # 0. From
Sk, ;(w) N S;(v) # 0 it follows that Sy ;(w) = Sk(w) and Si(w) N S;(v) # 0. Notice that Si(w) C Sk41(v)
because w € S1(v). Hence Si41(v)NS;(v) # 0 and so, by applying Lemma 2} it follows that Sy11(v) C S;(v)
because k+ 1 < i. Let k' = max{l : k+1 <[ < iand Sky1(v) C Si(v) C S;(v)}. From the definition we
get k' <i—1and Skt1(v) C Sk (v) = Sk i (v). Therefore, Sy ;(w) = Sk(w) C Skt1(v) C Sk i(v). O

Lemma A.2. Letv € V and w € S1(v). If 0 < k <i—1< D and Sk;—1(w) # 0, then there exists
k' <i—1 such that Sii—1(w) C Sk (v).
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Proof. Let k < i— 1 and assume that Sy ;_1(w) # 0. It follows that Sy ;—1(w) = Sk(w) C S;—1(w). Hence
Sk+1(v) N Si—1(w) # O because Si(w) € Ski1(v). So, since k + 1 < i — 1, by applying Lemma [2] we get
Si+1(v) C Si—1(w). Therefore, Si+1(v) C Si(v) because S;—1(w) C S;(v). Let ' =max{l : k+1<1<
i and Sk11(v) C Si(v) C S;(v)}. From the definition we get ¥ < i — 1 and Sk11(v) C Sp(v) = Sk i(v).
Thus Sk,i—1(w) C Sk11(v) C Sk i(v). O

Proof of Lemma [5]

By Lemmawe have S} (v) = S;(v) \ ( 2;10 Sk,i(v)) and S7(w) = S;(w) \ (Ui;(l) Sk,j(w)). Therefore,

S7(0) 187 (w) = (Si(v) N1 8;(w) \ (( U Si(v)) U (U sk,j<w>)) .
k=0 k=0

By applying Lemma [2 it follows that S;(v) C S;(w) if i < j < D and ¢ < D, while S;(w) C S;(v) if
j=i—1. Thus

w) \ ((U Sm(v)) U (i_UQSk,i_l(w))) ifj=i—1;
St (v) N8 (w) = <SD( )N Splw ) ((US’“D ) (USW(“’D)

if j=1=D;
i1 j—1
v)\ (( U S;m-(v)) U ( U S;w-(w))> if j >iandi# D.
k=0 k=0
i—1 it * *
By Lemma we have (J;_% Ski—1(w) € Us_p Sk.i(v), and hence the description of Sj(v) N S*(w)
formulated in statement (1) follows

Next we are going to prove the expression of S (v) NS (w) given in statements (2) and (3). So assume
that ¢ = j = D. Hence

sg(v)msg(w):(sp()msD ) ((USkD ) (Dle(Sk’D(w)mSD(v)D).
k=0

By statement (2.e) of Lemma if0<k<D—2and Sk p(w)NSp(v) # 0, then there exists k' < D —1
such that Sy p(w) C Sy p(v). Hence Sk, p(w) N Sp(v) C Sk .p(v) N Sp(v) C Sk p(v), and so

Sp() N Sh(w) = (Spv) N Sp(w)) \ (( U Skp(®)) U (Sp-1,p(w )ﬂSD(v))>.
If G = K(d,D), then from Remark [1] we have Sp_1 p(v) = Sp_1,p(w) = 0, and so the description
given in statement (2) follows. If G = B(d,D), then from Remark [I| we have Sp_1 p(v) = Sp_1(v),
Sp_1,p(w) = Sp_1(w), and from Lemmawe have Sp(v) = Sp(w) = V. Hence statement (3) follows.

Now we are going to prove that if j > i # D, then the set S(v) N S;(w) can be expressed as stated in
statement (4). So, assume that j > i # D. Hence

S:(0) N3 (w)
i—1 i-2 j-1
v \ << U Sk,i(v) @] ( U Sk’j(w)) U ( U Sk’j(w))>
k=0 k=0 k=i—1 .
| Sk,j(w))>.

)
v \<(p:sk7i<u>)u(p (Sestwynsien) o ( U

By statement (2.¢) of Lemma [A1] if 0 < k < i— 2 and Sk j(w) N S;(v) # 0, then there exists k' <i—1
such that Sk ;(w) C Sy i(v). Hence Skj(U]) N S;(v) C Sk i(v) NS;(v) C Sk i(v), and so

S5 (v) N S (w) = ((US;” ) (US’” )>

as claimed in statement (4). O
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Lemma A.3. Let v € V and w € S1(v). Let j =i and i # D. Let S;(v) N Sj(w) # 0 and S;(v) L Sk, j(w)
fori <k <j—1. Then Sf(v) NS} (w) can be described as

1—2

S (v) N S (w) = Si(v) \ (( U Ski(w)) U s'),
k=0
where
0 if Si—1(w) =0 and vy p_1) # Vjit1,0]s (1)
Si—1(v) if Si—1,j(w) =0 and v p_1) = Vjis1,0]s (2)
S§'=2< Siq1(w) if Si—1,j(w) # 0 and vy p_1) # Vjiv1,0]s (3)
Si—1(v) = Si—1(w) if Sicq(w) #0 and vy p_1) = vjp1,p) and § < D, (4)
Si—1(v)U S, 1( ) if Sic1(w) # 0 and vy p_q) = vjiy1,p) and j =D, (5)
0.

where in the last case we have S;_1(v) N S;—1(w) =

Proof. From statement (4) of Lemma the intersection set S7(v) N ST (w) can be written as
Si(v) NS5 (w) =

N (U 50) 0 (51,0 5100)u Q Swnsw)) 0
k=0 i
ifi < j, and a
S (v) NS} (w) = Si(v) \ (( U Ska®)) U (Si15(w) 0 Si(v))) (13)
k=0

if i = 5. If Si(v) € Sk ;(w) for i < k < j— 1, then from statement (2.e) of Lemma we get that
Sk,j(w) N S;(v) =0 for i < k < j — 1. Therefore, our assumptions imply that the following equality holds
both for i < j and for ¢ = j:

S; () N 82 (w) = Si(v) \ <( U s,m-(u)) U (Si_l,j (w) N Si(v))> = S;(0) \ <( Lj sk,i(v)) U s/),
k=0 k=0

where S’ = Sifl,i(v) U (Sifl,j(w) N Sz(’l}»

Observe that if S;_1 j(w) = 0, then S" = S;_1 ;(v). Therefore, statements (1) and (2) follow from
Remark Moreover, by the definition of S;_1 ;(v), we have S’ = S;_1 ;(v) C S;(v).

From now on we assume that S;_1 j(w) # (. In this case we have S’ = S;_1;(v) U (S;—1(w) N S;(v)),
and, so, S = 5;_1,(v) US;_1(w) C S;(v) because S;_1(w) C S;(v) (recall that w € S1(v)).

By Remark 3} if v;; p_1] # v[i41,p), then S” = S;_1(w), proving statement (3). Therefore, the proof of
the lemma will be completed by demonstrating statements (4) and (5).

Thus assume that S;_1 ;(w) # 0 and vj; p_1] # Vji+1,p], O, equivalently, assume that S;_; ;(w) # 0
and S;_1;(v) # 0. Hence we have S’ = S;_1;(v) U S;_1(w) = S;—1(v) U S;—1(w). To prove (4) and (5) we
are going to apply Lemma with £ =7 — 1. Observe that we are under the assumptions of this lemma
because, since S;_1 j(w) # 0 and w € S1(v), then S;_1 j(w) N S;(v) = S;—1(w) N S;(v) = Si—1(w) # 0.

Let us prove (4). If j < D, since we are assuming S;_1 ;(v) # 0, from statement (2.c) of Lemma
we conclude that j =4 and S;_1;(v) = Si—1,i(w) = S;—1(v) = Si—1(w). Thus S’ = S;_1(v) = S;—1(w), as
we wanted to prove.

Finally, let us prove (5). If j = D, since we are assuming S;_1 ;(v) # (), now from statement (2.d) of
Lemma we get wp # vp. In partlcular we have vy; p) # wy;, p). So, by statement (1) of Lemma we
have S;_1(v) N S;—1(w) = 0. This completes the proof of the lemma O

Proof of Lemma

Since S7(v) N S5 (w) C Si(v) N Sj(w) we have I'; ;(v) C F:j(v). Let us assume Fj:j (v) # 0, in which case
F:j(v) = {w}, where w is the unique element of F:j(v) given in statement (2) of Lemma Therefore we
have T7 ;(v) # 0 if and only if I'} ;(v) = Fj:j (v) = {w}; if and only if Sf(v) N SF(w) # 0. Finally, since
Si (v) NS (w) # 0 if Sf(v) NS} (w) # O, we conclude from statement (1) of Propositions [3| and [4] (which
proof depends only on the preceding technical lemmas) that Sy (v) NS} (w) # 0 if and only if w € I‘;fj (v) and
Si(v) € St j (w) for i <t < j; that is, we have w € I'f ;(v) if and only if w € FZj(v) and S; (v) € St ; (w)
fori <t < j. O
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Proof of Lemma [T

If G = B(d, D), then Sp(w) = V and hence S;(v) N Sp(w) = S;(v) # @ for all w € S1(v). Therefore if
G = B(d, D), then FID(’U) = S1(v). Now let G = K(d, D). If w € Si(v), then wyy p_1) = vp,p) and,
in particular, wp_; = vp. Thus we have wp # vp, because two consecutive symbols in the sequence
representation of the vertices of K(d, D) are different. By statement (2) of Lemma 2 we have S;(v) N
Sp(w) # 0 if and only if v;11 # wp. Therefore if v;11 = vp, then v;41 # wp holds for any w € S;(v). We
conclude that if G = K(d, D) and v;41 = vp, then I‘ID(U) = S1(v). This completes the proof of statement
(1).

Let us demonstrate statement (2). So assume G = K(d, D) and v;41 # vp. By the previous consid-
erations, we have w € F:D(’U) if and only if w € S1(v) and v;y1 # wp; if and only if w € S;(v) and
wp & {vitr1,vp}. Then, since the symbol alphabet has d + 1 > 3 symbols, we have FZ_D(U) # () and,
moreover, |F;TD (v)] = d — 1. This completes the proof of the lemma. O

Proof of Propositions [3] and

We prove together the two propositions. Firstly, we prove the case i = j = D of both statement (3) of
Proposition [3| and statement (3) of Proposition 45 secondly, we prove statement (1) of Proposition [3[ and
statement (1) of Proposition 4 next we consider the common statement (2) of both propositions; and
finally, for ¢ < j < D, we complete the demonstration of statement (3) of Proposition [3[ and statement (3)
of Proposition

Case i = j = D of statement (3) of Propositions [3| and
Let i = j = D. We have to prove that if d > 3, then Sf(v) N Sj(w) # 0; whereas if d = 2, then
St(v) N Si(w) # 0 if and only if G = K(d, D) or vp = wp. Equivalently, we must demonstrate that if
G = K(d, D), then Sf(v) N S5 (w) # 0; while if G = B(d, D), then S} (v) N Sj(w) # 0 if and only if d > 3
or vp = wWp.

If G is the Kautz digraph K (d, D), then, by statement (3) of Lemma[2} we have Sp(v) N Sp(w) # 0 and
|Sp(v) N Sp(w)| = dP — dP~1. Since Sp(v) N Sp(w) # B, by statement (2) of Lemma the intersection
SH(v) N SH(w) can be expressed as

D—-2
SH) N Sh(w) = (Sp@) N Sp)) \ [ Sen(v):
k=0

Moreover, by Deﬁnitionand Lemma we have either Sy, p(v) = 0 or |Sk. p(v)| = |Sk(v)| = d*. Therefore
the cardinality of the union UkD;(f Sk, p(v) can be bounded as follows:

D-2

D-2 dD—l_l
U Seo@)| <D d* = ———,
k=0 k=0
and hence e p D
-t -1 —2 1
v) N w)| = —d” ) — = > 0.
1S(0) N S (w)] > (d° = dP1) d=2)d_+

d—1 d—1
In particular, we get that if G = K(d, D), then S},(v) N S (w) # 0, as we wanted to prove.
Now let us assume G = B(d, D). We must demonstrate that, in this case, we have S}, (v) NS} (w) # 0
if and only if d > 3 or vp = wp.
If G = B(d, D), then Sp(v)NSp(w) = V and, by statement (3) of Lemmal[5] we can write S}, (v)NS}, (w)
as

D—2
S5 (v) N SH(w) =V \ (SD,l(v) USp_i(w)u sw(v)). (14)
k=0

By taking into account again that either Sk p(v) = 0 or Sk p(v)| = |Sk(v)| = d*, we have

D—-2
Spfl(v) U SD,1(’LU> U U Sk’D(’U)
k=0

Dflil

D—-2
< |SD—1(U) U SD—l(w)| + Z ‘Sk,D(rU)l < ‘SD—l(’U) U SD—l(w)| + ﬁ’
k=0
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and thus
Pt -1

|Sp(v) N Sh(w)| = dP — [Sp-1(v) USp1(w)] = ——

(15)
At this point we distinguish two cases: d > 3 and d = 2.
First assume d > 3. Since |Sp_1(v)| = |Sp_1(w)| = dP~!, we have the bound |Sp_1(v) USp_1(w)| <
2dP~1. Hence it follows from that
dP~'—1  (d—3)dP +dP~'+1

* * > 4P _ D—-1 —
1S5 (v) N S5 (w)| = dP — 2d s e >0,

because d > 3. Therefore we have proved that if G = B(d, D) and d > 3, then S}, (v) N SH(w) # 0.
Finally, assume d = 2. In this case we must demonstrate that if vp = wp, then S} (v) N SH(w) # 0;
while if vp # wp, then S} (v) N SH(w) = 0.
If vp = wp, then, by statement (1) of Lemma we have Sp_1(v) = Sp_1(w). So if vp = wp, from
and by taking into account that d = 2, |V| =2 and |Sp_1(v)| = 2P~ we get

1SH(v) N SH(w)| = 2P —2P~1 — (2P~1 —1) =1,

which demonstrates that S}, (v) N SH(w) # 0.

To end suppose vp # wp. Since we are assuming d = 2, we conclude that vp and wp are the two
different symbols of the base alphabet A for the sequence representation of the vertices. Moreover, by
using this sequence representation, it is easy to check that in this case we have Sp_1(v) U Sp_1(w) = V.
Therefore, if vp # wp we conclude from that Sp(v) N.SH(w) = 0.

This completes the proof of statement (3) of Proposition [3| and statement (3) of Proposition {4| in the
case 1 =j = D.

Statement (1) of Propositions (3| and

Let j > i # D. We have to prove that if d > 3, then S} (v) N S} (w) # 0 if and only if S;(v) N S;(w) # 0 and
Si(v) € Sk,j(w) for i < k < j; whereas if d = 2, then S (v) N Sy (w) # 0 if and only if S;(v) N .S;(w) # 0,
S;i(v) € Sk j(w) for i < k < j, and one of the following conditions holds:

1. < D;
2. =D, and V[4,D—1] # Uli+1,D] O Si—l,j(w) = 0.

Firstly we claim that, for any d > 2, if j > i and S} (v) N S5(w) # 0, then Si(v) N S;(w) # O and
Si(v) € Sk, j(w) for i <k < j. Clearly, if Sf(v) N Sy (w) # 0, then S;(v) N S;(w) # 0. If j =i we are done,
because in this case the condition S;(v) € Sk ;(w) for i < k < j is empty. So, let us assume j > 4. Since
Si(v) N Sj(w) # 0, by statement (4) of Lemma 5] the intersection set S;(v) N Sj(w) can be written as

S (v) N 87 (w) = Si(v) \ (( Lj Sea(w) U ( U SkJ(w))).
k=0

k=i—1

So if S;(v) C Sk, j(w) for some k, i < k < j, then we conclude from the above expression that S} (v)NS7 (w) =
(0. This finishes the proof of our claim.

Now we are going to demonstrate that if d = 2, j = D, and S} (v) N Sj(w) # 0, then v p_1] # Vjiy1,0)
or S;_1,;(w) =0.

We claim that if d = 2, j = D, v p_1] = Vj41,p], and Sj_y1 j(w) # 0, then S;_1(v) U Si_1(w) =
Si(v). Indeed, on one hand, since vj; p_1] = v[i41,p], from statement (1) of Lemma [2| we conclude that
Si—1(v) C Si(v). So, by Definition [1} we have S;_1;(v) # 0. On the other hand, since S;_1 p(w) # (), then
Si—1,p(w) = S;—1(w), and hence S;,_1 p(w) N S;(v) = Si—1(w) N S;(v) = Si—1(w), because w € Si(v). In
particular, S;_1 p(w) N S;(v) # 0. Therefore, if i # D = j, S;_1 ;(w) # 0, and vy p_1] = V[i11,p], then we
can apply statement (2.d) of Lemma to conclude that wp # vp.

To finish the proof of our claim, let us use the sequence representation of the vertices to check that if
d=2,1< D, v;p_1] = Vit1,p], and wp # vp, then S;_;1(v) U S;_1(w) = S;(v).

In fact, if ¢ < D and v p_1) = v[i+1,p), then v; = vi41 = -+ = vp = « for some symbol « of
the base alphabet A. In particular we have G = B(d, D). Hence a vertex z belongs to S;_1(v) if and
only if 2y, p_i41] = vy,p) = - --a. Analogously, since w = vy ---vpwp (because w € S1(v)), a vertex
Z'is in S;_1(w) if and only if szDﬂ»H] = wp,p] = «---awp. Moreover, we have 2" € S;(v) if and
only if Zﬁ,Dﬂ‘] = Wyq1,p) = a---a. If we assume d = 2 and vp # wp, then vp = a and wp are the
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two symbols of the base alphabet A, that is, we have A = {a,wp}. Now it is clear that a vertex z
belongs to S;_1(v) U S;_1(w) if and only if 23 p_j = a---«; if and only if z € S;(v). Hence we have
Si—1(v) U Si_1(w) = S;(v), as we wanted to check.

This completes the proof of our claim.

From our claim and by statement (5) of Lemmal[A.3} we conclude that if d = 2, j = D, Sf(v)NSF(w) # 0,
Si—1,p(w) # 0, and v}; p_1] = V[i41,p], then

Si1(v) U Sy_1(w) = Si(v) and S*(v) N S5 (w) = Ss(v) \ (( [j Sk,i(v)) U s'),
k=0

where S’ = S;_1(v) U S;—1(w) and S;—1(v) N S;—1(w) = @. Since S;—1(v) U Si—1(w) = S;(v), we get
SH(v) N SH(w) = 0, which is a contradiction.

At this point we have proved the direct implication of statement (1) of Proposition 3| and statement (1)
of Proposition [4]

To complete the proof we are going to show that if S;(v) N S;(w) # 0, S;(v) € Sk j(w) for i <k < j,
and if one of the following conditions hold:

(i) d=3;
(il) j < D;
(111) ] = D, and Uli,D-1] 7£ Uli4+1,D] or S¢_17j(w) = @,
then S7(v) N S7(w) # 0.
Let us assume S;(v) N S;(w) # 0, S;(v) € Sk, j(w) for i < k < j, and that either condition (i), or (ii), or
(iii) is fulfilled.

Since S;(v) N Sj(w) # O and S;(v) € Sk j(w) for i < k < j, by Lemma we deduce that the
intersection set Sy (v) N S7(w) can be described as

i—2
S5 (v) N S} (w) = Siv) \ (( U Ski(v)) U s’), (16)
k=0
where S" C S;_1(v) US;_1(w).
First assume that we are under condition (i); that is, d > 3. Since either Sy ;(v) = 0 or |Sk,:(v)| =
ISk (v)| = d*, and |S;_1(v)| = |Si—1(v)| = d*~L, we have

i B — d-t—1 o 2di—dt—1
kL_JOSk,i(’U) us’| < 1;) [Ski () + 151 () + [Sica ()] 7= + 247 = ————,  (17)
and hence i —d -1 (d-3)d +d 1
87 (0) N85 (w)| > d - Z2— = = P >0, (18)

because d > 3. Therefore, if condition (i) holds, then S¥(v) N S5(w) # 0, as we wanted to prove.

Now we must demonstrate that Si(v) N S5 (w) # 0 if either condition (ii) or (iii) is satisfied.

First observe that if either condition (ii) or (iii) is satisfied, then, by statements (1), (2), (3), or (4) of
Lemma the set S’ in is either S" =0, or S’ = S;_1(v), or 8" = S;_1(w). Therefore, in any case
we have |S’| < d*!, and so we have the bound

i2 | R B T
kL:JOSk,i(U)US <kZ:0|5k,i(U)|+|S| < ﬁ-l-d =g 1 (19)
and hence ] .
157 () N 82 (w)| > di — 65:11 _ (d_ﬁd;“. (20)

So [Sf(v) N S5 (w)| > 0 for any d > 2. Therefore we have Sy (v) NS5 (w) # 0.
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Statement (2) of both propositions

Here we assume d > 2. We must prove that:
(a) the intersection S} (v) NSy ;(w) is empty if and only if G = B(d, D) and v; = v;41 = -+ = vp = wp.
(b) if S¥(v) NS} (w) =0, then SF(v) N SF(w) # 0.

Let us prove statement (a).
First of all observe that S;(v) N S;—1(w) # 0, because w € S1(v). So we can apply statement (1) of
Lemma to write S} (v) NSE_;(w) as

S5(0) N Sty (w) = Si-1(w)\ | Sks(v)
k=0
i—2
= Sifl(w) \ ( U S;m-(v) U (Sifl,i(v) n Si,l(w))>
k=0
1—2
V(U Skatwyus), (21)
k=0

where S" = S;_1 ;(v) N S;—1(w). Next we are going to prove that either S’ =0 or S" = S;,_1(v) = S;_1(w).
To this end, we only must prove that if S;_1;(v) N S;—1(w) # 0, then S;_1;(v) N S;i—1(w) = Si—1(v) =
Si—1(w). So assume S;_1;(v) N S;—1(w) # 0. In particular we have S;_1,(v) # 0 and hence, from
Definition |1} ' we get that S;_1;(v) = S;—1(v). So our assumption implies that S;_1(v) N S;—1(w) # 0.
Now, by applying statement (1) of Lemma [2, we have S;_;(v) C S;—1(w) and S;_1(w) C S;—1(v). Hence
Si—1,i(v) N Si—1(w) = Si—1(v) N Si—1(w) = S;—1(v) = Si—1(w).

By Deﬁnition and Lemma [1| we know that |S;_;(w)| = d"~! and that, either Sy ;(v) = 0 or |S,(v)| =
|Sk(v)| = d*. Therefore, from we conclude that

157 (0) NSy (w)] = [Si1(w \—ZISJH ) =18 = d~ Zd’“ 15|

Thus, since

d—1 d—1

i—1 -1 ) i—1 1
de_dll d (d )d + >0,

we have |SF(v) NS (w)] = 0 if and only if |S’| # 0. Therefore SF(v) N S}, (w) = 0 if and only if
Si,l,i(v) n Si,l(w) = Sifl(v) = Sifl(w).

By statement (1) of Lemma [2, we have S;_1(v) = S;_1(w) if and only if vy; py = wy; p;. Thus, since
w € S1(v), we conclude that Si_l(v) = S;—1(w) if and only if v; = v;y1 = -+ = vp = wp; if and only if
G = B(d,D) and v; = vi41 = --- = Up = Wp.

Therefore the proof of (a) W111 be completed by showing that if S 1(v) = 1(w), then S;_1 ;(v)
Si—1(w) = Si—1(v) = S;_1(w). Let us prove this. Assume S;_;(v) = S;_ (w) Then Si—1(v) = Si—1(w)
S;(v), because w € S1(v). Therefore, by Definition[I} we have S;_1;(v) = Si—1(v). So S;_1,;(v)NS;_1(w)
Si—1(v)NS;—1(w) = 8;—1(v) = S;—1(w), as we wanted to prove.

Now let us demonstrate (b); that is, we have to prove that if S} (v)NS}_; (w) = @, then SF(v)NSF(w) #

So let us assume S} (v) NS} ;(w) = 0 and thus, by (a), we have G = B(d, D) and v; = vj41 = - -
Up = Wp.

If i = D and d > 3 there is nothing to prove, because in this case we have S%(v) N .SH(w) # 0 by the
case i = j = D of statement (3) of Proposition ' 3} whereas if i = D and d = 2, then, since vp = wp, we
also have ST, (v) N ST (w) # 0 by the case i = j = D of statement (3) of Propositions

Hence assume ¢ < D. Since v; = vi41 = -+ = vp = wp, we have v;;1,p_1] = V42,p] and vp = wp,
which implies 'U[z+1 D] = W[i11,p), because w € S1(v). Thus we conclude from Lemmathat Si(v) = S;i(w)
and so S;(v) N S;(w) # 0. Therefore if d > 3, then it follows from statement (1) of Proposition [3| that
S¥(v) N SF(w) # 0. Whereas if d = 2, since i < D, we also have Sf(v) N S} (w) # 0, because of condition
(a) of statement (1) of Proposition 4l This concludes the proof of (b).

N>
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Case i < j < D of statement (3) of Propositions [3| and

We have to prove the following two statements:

a) If d > 3, then there exists a unique integer j, ¢ < j < D, such that the intersection S} (v) N S*(w) is
i J
nonempty.

(b) If d = 2, then the intersection S} (v) N SF(w) is empty for all integer j, i < j < D, if and only if
G = B(d,D) and v; = v;41 = -+ = vp # wp.

Before proving (a) and (b) let us demonstrate the following claim: for any v € V' and w € Sy(v), either
S;(v)NSp_1(w) # 0 or S;(v) N Sp(w) # 0.

Indeed, the claim clearly holds whenever G = B(d, D), because in this case we have Sp(w) =V. If G is
the Kautz digraph K (d, D), we conclude from statements (1) and (2) of Lemma [2] that if v;41 = wp, then
S;(v) N Sp_1(w) # O; while if v;41 # wp, then S;(v) N Sp(w) # . This finishes the proof of our claim.

The above claim guarantees that the set of integers {¢: ¢ < ¢ < D and S;(v) N Se(w) # 0} is nonempty.
Set &g = min{{ : i < £ < D and S;(v) N Se(w) # 0}. So £y is an integer such that ¢ < ¢ < D,
Si(v) N Sy (w) # 0, and S;(v) N Sk(w) = O for i < k < £y. In particular, for i < k < £y, we have
Si(v) € Sk(w), and hence S;(v) € Sk ¢, (w) for i <k < L.

Let us prove (a).

So we assume d > 3 and we have to demonstrate that there exists a unique integer j, i < j < D, such
that the intersection S} (v) N S (w) is nonempty. By Proposition [2} it is enough to prove that there exists
an integer jo, i < jo < D, such that the Sj(v) NS} (w) # 0.

If ¢ = D the result holds by taking jo = D, because in this case, by the case ¢ = j = D of statement
(3) of Proposition [3| we have ST,(v) N S} (w) # 0. Whereas if ¢ < D the result holds by taking jo = .
Indeed, since S;(v) € Sk, (w) for i < k < {y, by applying statement (1) of Proposition (3] we have
St(v) NSy (w) # 0.

This concludes the proof of (a).

Now let us prove (b).

Assume d = 2. First, let us prove that if for all integer j, i < j < D, the intersection S (v) N S7(w) is
empty, then G = B(d, D) and v; = v;41 = -+- = vp # wp.

Observe that if ¢ = D, then the above implication is a direct consequence of the case i = j = D of
statement (3) of Proposition [4f Thus we only must prove the implication in the case i < D.

Hence, assume i < D. Let us consider the integer £y defined above. By assumption, Sf(v) NSy (w) = 0.
Therefore, by statement (1) of Proposition we conclude that £o = D, vj; p—1] = V[i4+1,p], and S;_1 ¢, (w) #
(). Since i < D we have vj; p_1) = vji11,p) if and only if G = B(d, D) and v; = vi41 = --- = vp. To conclude
it only remains to show that vp # wp.

Since ¢y = D and S;_1 4, (w) # 0, by Remark [2| we have S;_1(w) N Si(w) =0 for all i — 1 < k < D.
By statement (1) of Lemma [2| we have S;—1(w) N Sk(w) = @ for all i — 1 < k& < D if and only if
W(i, D—(k—i)—1)] # W(k+1,D] foralli—1 < k < D; if and only if Vli+1,D—(k—i)—1)] # V[k+2,D] for UD—(k—1i) 75 wp
foralli—1 <k < D. Since v; = vj31 = -+ = vp we have v 41, p_(k—i)—1)] = Vpy2,p) foralli—1 < k < D—1.
Therefore we have S;_1(w) N Sp(w) = 0 for all i =1 < k < D if and only if vp_(,_;) # wp for all
i —1 < k < D; if and only if vp # wp.

Reciprocally, let us demonstrate that if G = B(d,D) and v; = v;y1 = -+ = vp # wp, then the
intersection S} (v) N Sj*(w) is empty for all integer j, ¢ < j < D. If v; = viy1 = -+ = vp # wp,
then vjip1,p—(j—i)] # Wy+1,p) for all j, i < j < D. Therefore, by statement(1) of Lemma [2, we have
Si(v) N Sj(v) = 0 for all j, i < j < D, and hence Sf(v) N S} (w) = 0 for all j, i < j < D. It remains

to be proved that we also have S¥(v) N S} (w) = 0. Indeed, since Sf(v) = S;(v) \ ( Z_:lo Sk(v)> and
SH(w) =V \ < kl?z_ol Sk(w)), we conclude that

i—1

57 (0) N Sh(w) = S;(0) \ [ (Su(v) U Sk(w)) =0,

k=0

because, since d = 2 and v; = v;y1 = -+ = vp # wp, we have S;_1(v) U S;_1(w) = S;(v). (This last
equality can be easily checked by using the sequence representation of the vertices.)
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