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Abstract. Advanced ceramics are a class of materials used as cutting tools in some of the most 
demanding material removal operations. Their high hardness makes them extremely suited for use 
at these extreme conditions. However they have a relatively low fracture toughness when 
compared to other conventional tool materials.  

A combined experimental-numerical method was used to investigate the role of microstructure on 
the fracture of advanced ceramics. In particular, the effect of grain size and matrix content were 
examined. Representative finite volume (FV) microstructures were created using Voronoi 
tessellation. It is shown, by comparing with real micrographs, that the method captures the 
features of real microstructures in terms of grain size distribution and grain aspect ratio. It was 
found that the underlying microstructure significantly affects the failure of this class of materials. 
Furthermore, it was found that by altering the microstructural parameters in the numerical model, 
such as grain size and matrix content, it is possible to specify material improvements. 

Introduction 

In this study, we examine a two-phase ceramic structure composed of stiff hard particles together 
with a softer ceramic matrix material. Carolan et al [1, 2] have shown that the strength and 
toughness of two-phase materials are affected by both the grain size and matrix content. Therefore 
it is desirable to be able to virtually optimise these parameters to be able to produce stronger or 
tougher materials for specific applications. By specifying materials virtually, the influence of 
individual material parameters on the microstructural scale can easily be investigated and altered 
to change bulk material properties.  

A number of authors [3, 4] have generated finite element meshes directly based on actual 
microstructural images. In this work, however, a representative synthetically generated geometry 
is produced. Numerous studies have been carried out to produce numerical microstructures using 
Voronoi tessellation [5, 6]. However there is little in the literature to show that numerical 
microstructures are actually representative of the real microstructures they were created to replace. 
This is important, especially in the case of fracture problems, where the morphology of a grain 
boundary interface is of added importance in initiating fracture.  

Synthetic microstructure generation 

Voronoi tessellation was used to generate the geometrical model of the microstructure. It is a 
commonly used method for the generation of numerical microstructures of ceramic [8, 9] and 
metallic [7, 10] materials in both two- and three-dimensions. The Voronoi tessellation algorithm 
produces a random structure, which is representative of a two-phase material. Each Voronoi tile is 
then reduced in area around the circumcentre of the tile until the desired area fraction of the 
second interpenetrating phase is reached, see Fig.1.  



   
(a) 40% particles        (b) 50% particles          (c) 60% particles 

   
(d) 40% particles        (e) 50% particles          (f) 60% particles 

Figure 1: Numerical microstructures with (a-c) 5×5 grains and (d-f) 10×10 grains 

Comparison of real and numerical microstructure. Six synthetic microstructures were 
generated for investigation, as shown in Fig. 1. Grain size distribution, aspect ratio and percentage 
primary phase were obtained through image analysis. The generated microstructures had a particle 
content of 40%, 50% and 60%. This was found to be in good agreement with micrographs of the 
real advanced ceramics being investigated. The real microstructures have a higher percentage of 
small grains than its numerical counterpart due to small fragmented grains. However, it is not 
thought that these small fragments affect the mechanical properties of the bulk material. 

Results 

Finite volume stress analysis. Finite volume based stress analysis was carried out on the six 
generated microstructures using OpenFOAM 1.6-ext [11]. Each generated microstructure was 
100×100 µm in size with approximate particulate content of 40%, 50% and 60%, but with varying 
grain sizes. The simulations were 2-dimensional and plane strain was specified in the third 
direction. The Young’s modulus and Poisson’s ratio for the grains are 800 GPa and 0.1 
respectively, while for the matrix material E = 300 GPa and ν = 0.1 were chosen for illustration. 
Both the particulates and matrix were treated as linear elastic over the course of the simulation.  

The microstructures were subjected to a normal traction rate of 10 MPa/s in the positive y-
direction for a total loading time of 10 seconds, while periodic boundary conditions were applied 
in the x-direction, see Fig. 2. The periodic boundary conditions ensure that both material and 
displacement distribution are continuous from right to left.  

 
Figure 2: Generated microstructure with periodic boundary conditions subjected to a fixed traction on top surface 

Effective elastic properties. The Young’s Modulus value of a multiphase material depends on the 
properties of the individual phases. The Young’s modulus of the numerical microstructures were 
calculated using four methods; (i) the effective Young’s Modulus was found by averaging the 
local stress and strain in each cell [18], (ii) a numerical value was found by calculating the average 
tractions and displacements on the loading boundaries, (iii) a theoretical value was found using the 



Eshelby-Mori-Tanaka approach [15–17], and (iv) theoretical upper and lower bounds were found 
using the Hashin-Shtrikman method [12-14]. The results can be seen in Table 1.  

Microstructure Vf EHOM [GPa] ELD [GPa] EEMT [GPa] EHS [GPa] 
5×5 0.406 423.8 435.2 423.5 421.4 – 439.6 
5×5 0.501 465.1 477.8 462.5 460.0 – 481.1 
5×5 0.599 510.8 524.8 508.6 505.8 – 528.8 

10×10  0.401 421.7 433.4 421.6 419.5 – 437.5 
10×10 0.500 464.8 477.8 462.1 459.6 – 480.6 
10×10 0.600 507.6 522.3 509.1 506.3 – 529.3 

Table 1: Elastic properties of numerical microstructures where EHOM is calculated using the homogenisation method 
(i), ELD is calculated using the load-displacement method (ii), EEMT is calculated using the Eshelby-Mori-Tanaka 
method (iii), and EHS is calculated using the Hashin-Shtrikman method (iv). Vf is the volume fraction of particulates.  

The Young’s modulus of the 5×5 and 10×10 microstructures with the same volume fraction of the 
second phase material was found to be very similar using all the methods for calculating the 
Young’s modulus. This suggests that the Young’s modulus is not affected by the grain size. 

It was found that the load-displacement method consistently gave higher results than both the 
Eshelby-Mori-Tanaka and the homogenisation methods. The load-displacement values were found 
to lie close to the upper bounds of the Hashin-Shtrikman limits. The homogenising was found to 
give realistic values for Young’s modulus, and these values were found to be in good agreement 
with the Eshelby-Mori-Tanaka method. Both these values tend to lie close to the lower bound of 
the Hashin-Shtrikman limits. 

Fig. 3 plots the distribution of Von-Mises equivalent strain for both the 5×5 and 10×10 
microstructures. The highest strains are seen in the more compliant matrix phase. Furthermore, it 
was noted that the strains were observed in the microstructure with 40% particles and decreased as 
the particle content increased. This would suggest that as the particle content increases more of the 
strain is absorbed by the harder phase. Hence, as particle content increases, the material strength 
also increases. 

 
     (a) 40% grains        (b) 50% grains                  (c) 60% grains 

 
      (d) 40% grains        (e) 50% grains                  (f) 60% grains   
Figure 3: The Von-Mises equivalent strain distribution in the numerical microstructures with (a-c) 5×5 grains 

and (d-f) 10×10 grains subjected to a normal traction of 100 MPa.  

Conclusion 

The purpose of this paper was to develop statistically representative numerical models of 



advanced ceramic microstructures. The microstructures were generated using the Voronoi 
tessellation algorithm and subsequently altered to add a specified percentage primary inclusion 
phase. In the current paper it has been shown that the Voronoi Tessellation technique is a good 
method for the production of synthetic microstructures. Using the numerically generated 
microstructures, Finite Volume analysis was carried out to investigate the stress and strain 
distributions in the microstructures and hence calculate the effective Young’s modulus. It was 
observed that the higher strains occur in the more compliant second phase material. Furthermore, 
it was observed that as percentage particulates increased, the stress and strain decreased.  

The current paper presents a useful and implementable tool for investigating the effect of 
microstructural parameters on the microscopic stress and strain distribution in a two-phase 
material. It is intended to extend the predictive capabilities of the models to capture strength and 
fracture behaviour. 

Acknowledgements 

The authors would like to thank Element Six Ltd., Enterprise Ireland and the Irish Research 
Council for providing financial support for this research. 

References 

[1] D. Carolan, P. Alveen, A. Ivanković, N. Murphy. Effect of notch root radius on fracture toughness of 
polycrystalline cubic boron nitride. Eng. Fract. Mech., 78 (2011) 2885-2895  

[2] D. Carolan, A. Ivanković, N. Murphy. Thermal shock resistance of polycrystalline cubic boron nitride. 
J. Eur. Ceram. Soc., 32 (2012) 2581–2586  

[3]  A.C.E. Reid, S.A. Langer, R.C. Lua, V.R. Coffman, S. Haan, R.E. García. Image-based finite element 
mesh construction for material microstructures. Comput. Mater. Sci., 43(4) (2008) 989-999  

[4] M. Huang, Y. Li. X-ray tomography image-based reconstruction of microstructural finite element 
mesh models for heterogeneous materials. Comput. Mater. Sci., 67 (2012) 63–72  

[5] M. Nygårds, P. Gudmundson. Three-dimensional periodic Voronoi grain models and micromechanical 
FE-simulations of a two- phase steel. Comput. Mater. Sci., 24 (2002) 513–519 

[6] M. Kühn, M.O. Steinhauser. Modeling and simulation of microstructures using power diagrams: Proof 
of the concept. Appl. Phys. Lett., 93 (2008) 034102 

[7] R. Dobosz, M. Lewandowska, K.J. Kurzydlowski. FEM modelling of the combined effect of grain 
boundaries and second phase particles on the flow stress of nanocrystalline metals. Comput. Mater. 
Sci., 53(1) (2012) 286–293  

[8] D.H. Warner, J.F. Molinari. Micromechanical finite element modeling of compressive fracture in 
confined alumina ceramic. Acta Mater., 54(19) (2006) 5135–5145  

[9] T. Zhou, C. Huang, H. Liu, J. Wang, B. Zou, H Zhu. Crack propagation simulation in microstructure 
of ceramic tool materials. Comput. Mater. Sci., 54 (2012) 150–156  

[10] H. Li, K. Li, G. Subhash, L.J. Kecskes, R.J. Dowding. Micromechanical modeling of tungsten-based 
bulk metallic glass matrix composites. Mater. Sci. Eng., A, 429 (2006) 115–123  

[11] H. Weller, G. Tabor, H. Jasak, C. Fureby. A tensorial approach to CFD using object oriented 
techniques. Computers in Physics, 12 (1998) 620– 631  

[12] Z. Hashin, S. Shtrikman. A variational approach to the theory of the elastic behaviour of multiphase 
materials. J. Mech. Phys. Solids, 11 (1963) 127–140  

[13] P. Wall. A comparison of homogenization, Hashin-Shtrikman bounds and the Halpin-Tsai equation. 
Applications of Mathematics, 42 (1997) 245–257  

[14] Z. Hashin. On elastic behaviour of fibre reinforced materials of arbitrary transverse phase geometry. J. 
Mech. Phys. Solids, 13 (1965)119–134 

[15] G. P. Tandon and G. J. Weng. Average stress in the matrix and effective moduli of randomly oriented 
composites. Compos. Sci. Technol., 27 (1986) 111–132  

[16] T. Mori and K. Tanaka. Average stress in matrix and average elastic energy of materials with 
misfitting inclusions. Acta Metall., 21 (1973) 571– 574  

[17] J.D. Eshelby. The determination of the elastic field of an ellipsoidal inclusion, and related problems. 
Proc. R. Soc. London, Ser. A, 241 (1957) 376–396  

[18] X. Chen, Y. Mai. Micromechanics of rubbertoughened polymers. J. Mater. Sci., 33 (1998) 3529–3539 


