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The modifiedmasslessDirac equationintroducedin a previous paperis herestudiedin
moredetail,especiallyfor transformationpropertiesandinvariances.Featureswhichdiffer
fromthestandardmasslesscaseincludetheabsenceof amanifestchiralrotationinvariance
for the full masslessspinor(this invarianceis concealedby ”rescaling”effects),andthe
existenceof a spinorpotential.

1. Introduction

This paperis a continuationof a previousone[1], wherea new masslessDirac equa-
tion wasfirst introducedasa particularcaseof a modifiedDirac formulation. The new
equationis herestudiedin moredetail,especiallyfor transformationpropertiesandgauge
invariance.Theresultingtheoryisonewhichisappropriatefor masslessleft-handedneutri-
nosinteractingwith (massless)Z0 gaugeparticles.Theoutlinedtreatmentis donebefore
secondquantizationandbeforepossiblesymmetrybreakingeffects [2-4]. In particular,
anomalies[3,4] arenot a concern(asthey only ariseafter secondquantization),nor is a
Higgsmechanism[3,4] presentin orderto givemassto thegaugebosons.As comparedto
thestandardmasslessDiractheory, theformulationbasedonthisnew equationhasseveral
distinctive features.For example,the full neutrinospinordoesnot displaya manifestin-
varianceunderchiral rotations(Sect.5), andits equationis not separatelyinvariantunder
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spatialparity(Sect.3) andchargeconjugation(Sect.4). Also, theright-handedcomponent
of the full spinorneedsnot be eliminatedfrom the picture,but remainsnon-interactive
andcanbeinterpretedasa spinorpotential.Themotivationfor this study[1] is provided
by theinterestin distinguishingbetweenstrictly masslessDirac fermionsand”provision-
ally” masslessones(thelatterbeingthosewhich aremeantto acquiremassthroughsome
symmetrybreakingeffect).

Notationis ratherstandardthroughoutthe paper, with Greek(Latin) indicesrunning
throughthevalues0,1,2,3(1,2,3).Thesummationconventionis appliedto repeatedupand
down labels,andunitsaresuchthath̄ � c � 1.

2. ModifiedmasslessDiracequation:covarianceandgauge
invariance

In a frameof reference
�

of realspacetimecoordinatesx ��� xµ � andpseudoeuclidean
metricgµν � diag(+1,-1,-1,-1),themodifiedmasslessDirac equationintroducedin a pre-
viouspaper[1] maybewrittenasfollows:

iγα∂αΨ � x� � m
2
� I � εγ5 � Ψ � x� � m 	� 0 
 � 1�

Here,Ψ � x� is acomplex four-spinorandtheDiracmatricesγµ (in afixedchosenrepresen-
tation)obey theusualrules

γµγν � γνγµ � 2gµνI ��� γµ � † � γ0γµγ0 � � 2�

with I being the 4  4 identity matrix andγ5 � iγ0γ1γ2γ3. Also, ε � � � 1� S� T , whereS
andT indicatethe space-index andthe time-index [2] of the frame

�
: namely, S � 0 if

s ��� xk � is aright-handedtriplet (S � 1 otherwise),andT � 0 if t � x0 runsforward(T � 1
otherwise).Equation(1) leadsto aconservedrealcurrent[1]

Jµ � x� � q
2

Ψ � x� γµ � I � εγ5 � Ψ � x� � Ψ � x��� Ψ† � x� γ0 � � 3�

whereq � R is someappropriate(non-vanishing)chargeparameter.
For reallinearcoordinatetransformationsof thePoincaŕegroup

x� µ � λµ
αxα � bµ � λµ

αgαβλν
β
� gµν � � 4�

andkeepingm invariant(m� � m), therelatedspinortransformationscanberealizedin the
samemannerof thestandardmassiveDirac theory[3–11]:

Ψ� � x� � � ΛΨ � x� � Λ � 1γµΛ � λµ
αγα � Λ† ��� γ0Λ � 1γ0 � � 5�
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where the positive (negative) sign in Eq. (5) applies to the orthoctronous(an-
tiorthochronous)cases.For eachtransformation,Λ is only arbitraryby a (global) phase
factorandthespinorΨ� � x� � satisfiestheequation

iγα∂� αΨ� � x� ��� m
2
� I � ε� γ5 � Ψ� � x� � � � 6�

This shows the covarianceof the theory. In particular, with convenientchoicesof the
aforementionedphasefactors,aspatialinversion(t � � t � s� ��� s) anda temporalinversion
(t � ��� t � s� � s) will respectively have

Λ � iγ0 � for aspatialinversion� � Λ � γ0γ5 � for a temporalinversion� � � 7�

If q is taken to be a true scalar, the currentJµ � x� is not a true four-vectorunderthe
full Poincaŕegroupof transformations:rather, it exhibitsapseudovectorialbehavior under
a temporalinversion.Sincethis is not particularlyelegant (althoughin agreementwith
similarconventionsprevalentin theliterature),weherepreferto define[2]:

q ��� � 1� Tq!"� � 8�

whereq! is atruescalar(thevalueof q in atime-forwardframe).Thus,with theconvention
(8) enforced

J� µ � x� ��# q�
2

Ψ� � x� � γµ � I � ε� γ5 � Ψ� � x� ��� λµ
αJα � x� � � 9�

for all transformationsof type(4).
Thephaseinvarianceof Eq.(1) is identicalto thatof thestandardmassiveDiracequa-

tion [3-11]: eachsolutionΨ � x� staysa solution(andfor thesamevalueor thecurrent)if
multipliedby a(global)phasefactorexp� ic� , with c $ R. Thus,Eq.(1) canbemadegauge-
invariant[3-11] by theminimal replacement(hermitianoperator% hermitianoperator):

i∂µ % i & µ # i∂µ � q! Yµ � x��� i∂µ �'� � 1� TqYµ � x� � � 10�

Thisgives

iγα ( ∂α ) iq! Yα � x� * Ψ � x��� m
2
� I � εγ5 � Ψ � x� � � 11�

whichdoesnotchangetheformalexpression(3) of theconservedcurrent.Here,Yµ � x� is a
realvectorpotential,from whichwedefinetheantisymmetricfield

Zµν � x��� ∂µYν � x�+� ∂νYµ � x� � � 12�
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This is takento satisfy

∂αZαµ , x-�. Jµ , x- / , 13-

Therelevantequations(Eqs.(11) and(13),with (12) and(3) asdefinitions)areeasily
shown to be covariantunderthe full Poincaŕe group (4), with Yµ

, x- being a true four-
vectorandwith spinorialtransformationsstill givenby (5). Thecurrentcontinuesto bea
truefour-vectoraccordingto (9), andthefield Zµν

, x- behaveslikea truefour-tensor.
For thesake of clarity, the following point is worth remarking:if theconventionhad

beenchosenthatq is a truescalar, thetransformationpropertiesof Jµ , x- (aswell asthose
of Zµν
, x- andYµ

, x- ) would besomewhatlesselegant.However, theminimal replacement
would remainas in the rightmost-handsideof Eq. (10), since , 0 1- TqYµ

, x- would still
bea truefour-vector. (Althoughrarelymentionedin theliterature,thiscommentsimilarly
relatesto thetheoryof thestandardmassiveDiracequation.)

3. Activetransformationsof thePoincaŕegroup

UnlikethestandardmassiveDiractheory, thepresenttheoryis manifestlynon-invariant
underspatialparity andchargeconjugation.Thedetailedbehavior underactive transfor-
mationswill beexaminedin thissectionandthenext.

A linearactivetransformation(of thePoincaŕevariety)is achangeof thefieldvariables
in thefollowing manner[3-11]:

1
Ψ , x-�. Ψ2 , x- 3

1
Yµ
, x-�. Y 2µ , x- 3 , 14-

whichkeepsm invariant(
1
m . m) andis associatedwith thedefinitions

1
Zµν
, x-�. ∂µ

1
Yν
, x- 0 ∂ν
1
Yµ
, x- 3 , 15-

1
Jµ , x-�. q

2

1
Ψ† , x- γ0γµ , I 0 εγ5 -

1
Ψ , x- , 16-

14
µ . ∂µ 5 iq6 1Yµ

, x- / , 17-

For convenience,wealsodefine:

1
Kµ , x-�. q

2

1
Ψ† , x- γ0γµ , I 5 εγ5 -

1
Ψ , x- / , 18-

Theprimednotationin Eq.(14)is takenoverfromSect.2,butnochangeof coordinates
is actuallyperformed.As usual,theinvarianceof thetheoryunderatransformationof type
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(14) is determinedby verifying whethertherelevantequationsfor the transformedfields
have (or do not have) thesameformsastheoriginalonesfor theuntransformedfields.In
our case,invarianceis observedfor all active transformationscorrespondingto theproper
Poincaŕe group.Thedifferencewith the standardmassive Dirac theorybecomesevident
whenweconsidera spatialparity transformation

7
Ψ 8 x9�: iγ0Ψ 8 t ; < s9 ;

7
Yµ 8 x9�: Yµ 8 t ; < s9 ; 8 199

for whichweobtain

iγα
7=

α
7
Ψ 8 x9�: m

2
8 I > εγ5 9

7
Ψ 8 x9 ; 8 209

∂α
7
Zαµ 8 x9�: 7Kµ 8 x9 ? 8 219

Thus,spatialparity invarianceis violated,andthis violation is built in the theoryevenin
theabsenceof interaction(q@BA 0).

For a temporalparity transformation

7
Ψ 8 x9�: γ0γ5Ψ 8 < t ; s9 ; 7Yµ 8 x9�:�< Yµ 8 < t ; s9 ; 8 229

thesituationis similar to thatdescribedabove.Specifically, thetransformedfield variables
(22)satisfyanequationlike (20),andthefollowing:

∂α
7
Zαµ 8 x9�:�< 7Kµ 8 x9 ? 8 239

By comparison,thestandardmassiveDirac theoryis invariantundertemporalparity in the
limit of avanishinginteraction.

Whenspatialparity andtemporalparity arecombinedinto thespacetimeparity trans-
formation

7
Ψ 8 x9�:�< iγ5Ψ 8 < x9 ; 7Yµ 8 x9�:�< Yµ 8 < x9 ; 8 249

invarianceis obtainedin Eq.(11),but Eq.(13) is non-invariant:

∂α
7
Zαµ 8 x9�:�<

7
Jµ 8 x9 ? 8 259

As might have beenexpected,the theorybecomesinvariantunder(24) in the limit of a
vanishinginteraction.
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4. Chargeconjugationandtimereversal

Charge conjugationcan be satisfactorily introducedonly after secondquantization
[10]. However, in the presentcontext, it is still possibleto to simulatethis transforma-
tion. To thatend,wefirst rewrite Eq.(13)asfollows:

∂αZαµ C xD�E σJµ C xD F C 26D

with σ E 1. Then,we definechargeconjugationasthe(antilinear)conjugationoperation
[9]

G
Ψ C xD�E γ5BΨ H C xD F GYµ

C xD�E�I Yµ
C xD F C 27D

whichkeepsm invariant(
G
m E m) andis coupledwith

G
σ E�I σ J C 28D

Here,B is a fixedchosenunitarymatrixsuchthat[9]

C γµ D H�E B†γµB J C 29D

Otheractivetransformationsrelatedto theconjugationoperationmaybeintroducedby
compositionof Eqs.(14), (27) and(28). For example:time reversal(temporalparity and
(27),with nochangein σ), PC transformation(chargeconjugationandspatialparity),and
TPC (PC andtimereversal).They areasfollows:

G
Ψ C xD�E γ0BΨ H C I t F sD F

G
Yµ
C xD�E Yµ C I t F sD F Gσ E σ C time reversalD C 30D

G
Ψ C xD�E iγ0γ5BΨ H C t F I sD F

G
Yµ
C xD�E�I Yµ C t F I sD F Gσ E�I σ C PCD C 31D

G
Ψ C xD�E�I iγ5Ψ C I xD F GYµ

C xD�E�I Yµ
C I xD F Gσ E�I σ C TPCD C 32D

With definitionslike(15) - (18)extendedto theaboveoperations,it is readilyseenthat
thePC transformationleadsto:

∂α
G
Zαµ C xD�E Gσ GJµ C xD C 33D
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iγα KL
α
KΨ M xN�O mP

2
M I Q εγ5 N KΨ M xN R M 34N

Thesamehappensfor timereversal.Hence,invarianceis guaranteedfor bothPC andtime
reversalif m is real (seealsoSect.5). For TPC, invarianceis obtainedevenfor complex
m. On theotherhand,chargeconjugationleadsto thefollowing:

∂α
KZαµ M xN�O Kσ KKµ M xN M 35N

iγα KL
α
KΨ M xN�O mP

2
M I S εγ5 N KΨ M xN R M 36N

Theseequationsdisplay a lack of invariancewhich persistsin the limit of a vanishing
interaction,irrespectiveof therealor complex characterof m.

In concludingthissection,we remarkthattheadoptedphaseconventionfor theΛ’sof
Sect.2 conformsto theequation

Λ P O�T B†ΛB U M 37N

wherethe positive (negative) sign is valid for thePoincaŕe transformationswith positive
(negative)determinant.ThisprovidesthatΨ M xN andits chargeconjugatebehave in identi-
calmannersunderPoincaŕe transformations[3-11]; it alsoreducesthearbitrarinessof the
Λ’s to thesign.

5. Otherinvariances?

Accordingto [1], thevalueof thenon-vanishingparameterm is physicallyirrelevant.
Hence,oneshouldconsiderthepossibilityof rescaling:thatis, allowing mV O r V m WO 0 for
coordinatetransformations,and Km O Krm WO 0 for active transformations.This would gen-
eralizetheinvariancesandtransformationsalreadydiscussedin theprevioussections.For
instance,a generalizedglobal ”phase”invariancefor Eq. (1) would involve anoperation
of thetype

KΨ M xN�O UΨ M xN U M 38N

leaving Eq.(1) invariantin form (but with possiblerescaling)

iγα∂α
KΨ M xN�O Km

2
M I Q εγ5 N KΨ M xN U M 39N

andleaving thecurrentinvariantin value
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X
Jµ Y xZ�[ Jµ Y xZ \ Y 40Z

Equations(39) and (40) areobtainable(with Eqs. (1) and (39) beingequivalent) if the
matrixU satisfies

U†γ0γµ Y I ] εγ5 Z U [ γ0γµ Y I ] εγ5 Z ^ detY U Z`_[ 0 Y 41Z

U†γµU [ Xrγµ a Wγµ Y I ] εγ5 Z ^ Xr [
X
m
m
_[ 0 ^ Y 42Z

whereW is anarbitrary4 b 4 matrix.
No-rescalingsolutionsof thetypeU [ expY icZ I (with c c R) wereintroducedin Sect.

2. Thesearethe only solutionsof Eqs. (41) and(42), correspondingto
X
r [ 1 andwere

gauged(i.e. madelocal) by meansof the minimal replacement(10). For values
X
r _[ 1,

othersolutionsexist whicharenot multiplesof theidentity matrixandarenot necessarily
unitary: all arelinearcombinationsof I andγ5. For instance,it is worth mentioningthe
chiral rotationsU [ exp Y idεγ5 Z (with d c R), leadingto

X
r [ exp Y 2id Z . However, unlessthe

rescalingsolutionsaregauged,they mayaswell be”disabled” in thepresentcontext, by
choosinga valueof m (real,dueto theexistenceof antilinearoperations1) andkeepingit
unchangedunderall transformations.For comparison,weremindthatthestandardmassive
Diracequationalsopossessesarescalinginvariance,but muchmorelimited, relatedto the
signambiguityof its (real)massparameter:it is usuallyeliminatedbyselectingthepositive
valuefor themassparameter[6].

Here,we do not wish to explore the possibility of gaugingthe rescalinginvariance.
Thus,in the light of thepreviousdiscussion,rescalingis excludedaltogether:md [ Xm [
m c R ]'e 0f . Furthermore,wenoticethatit is convenientto identify m with the(positive)
massparameterof themassive counterpartto Eq. (1). In otherwords,if Eq. (1) appliesto
electronneutrinos,m is takento betheelectronmass,etc.[1].

6. Spinorpotential

The introductionof the right-handedcomponentΨR
Y xZ and left-handedcomponent

ΨL
Y xZ of Ψ Y xZ [1] showsthatEq.(11)canbeequivalentlyrewrittenasthetwo equations

iγα g
αL Y xZ�[ 0 Y 43Z

L Y xZ�[ iγα g
αRY xZ ^ Y 44Z

1If m is notchosento bereal,Eq.(1) is not invariantunderPC or timereversalasdefinedin Sect.4, but could
bemadeinvariantby meansof rescaling(makinguseof anappropriatechiral rotation).

130 FIZIKA B 6 (1997)3, 123–132



RASPINI : MODIFIED MASSLESS DIRAC EQUATION

where

L h xi�j ΨL h xi k Rh xi�j ΨR h xi l mk h 45i

while thecurrent(3) is givenby

Jµ h xi�m qL h xi γµL h xi n h 46i

As suggestedin [1], Rh xi canbe viewed asa spinorpotentialfor the the physically
relevantquantityL h xi . Thetheoryis thenreducedto two definitionsof physicallyrelevant
fields from potentials(Eqs.(12) and(44)), andtwo equationsfor thephysicallyrelevant
fields (Eqs. (13) with the current(46), andEq. (43)). It is easilyseenthat L h xi remains
invariantin valueif Rh xi undergoesthechange:

Rh xi�o Rh xi prqR h xi k h 47i

where qR h xi satisfiestheequation

iγα s
α qR h xi�m 0 n h 48i

7. Conclusions

This paper, togetherwith [1], proposestheuseof a modifiedmasslessDirac equation
for strictly masslessleft-handedDirac fermions.Propertiesof thisnew equationprovidea
consistentframework for its usein theelectroweaktheory. Thefour-componentstandard
masslessDiracequationwouldstill beusefulfor Diracfermions(e.g.,electrons)whichare
meantto acquirea massaftertheintroductionof somesymmetrybreakingeffect [1].

Thenew masslessDiracequationhassomeveryinterestingfeatures,includingthepos-
sibility of rescalingandtheexistenceof a spinorpotential.Besides,it solvesthestanding
problem[10] of the”superfluous”right-handedcurrent.
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MODIFICIRANA DIRACOVA JEDNADŽBA ZA ČESTICEBEZ MASE

U ranijemje raduizvedenamodificiranaDiracova jednaďzbazačesticebezmase,a ovdje
sepodrobnijeproǔcavajuposebicenjenatransformacijskasvojstva i invarijantnost.Njene
posebitosti,koje je razlikuju od standardnebezmasenejednaďzbe, su odsustvo mani-
festnekiralnerotacijske invarijantnostipotpunogbezmasenogspinora(ta je invarijantnost
sakrivenaučincima“r escalinga”i pojavaspinornogpotencijala.
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