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Abstract

An overview of the properties of a Sym(n)-orbit of an ideal is provided using the
properties of a group action. The egg-colouring problem is explained and used for
some combinatorial problems. Properties of minimal prime ideals are explored and
the connection between a prime ideal and a domain is explained. The connection
between a real polynomial ring and a complex polynomial ring through an irre-
ducible polynomial is explored. Using this connection, the notion of minimal prime
ideals that contain an ideal that is generated by functions with multiple distinct ir-
reducible polynomials in a real polynomial ring is introduced. Some properties of a
quasi-polynomial and some properties of the degree of a polynomial are provided.
The number of Sym(n)-orbits of the minimal prime ideals that contain an ideal that is
generated by functions f(x;) that factor into purely linear polynomials in K[x1, ..., X,
and consequently also those that contain an ideal that is generated by functions f(x;)
in C[xq, ..., 4], is found. Then the number of Sym(n)-orbits of the minimal prime
ideals that contain an ideal that is generated by functions f(x;) that factor into ir-
reducible quadratic polynomials in R[x, ..., x,], followed by those that contain an
ideal that is generated by an arbitrary function f(x;) in R[x, ..., x,], is found. The
latter expression is then proven to be quasi-polynomial and the maximum degree of
this expression is found.
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Chapter 1

Introduction

In a branch of abstract algebra, namely ring theory, there exists the concept of rings.
Significant research has yet been done within this branch with a focus on rings.
However, the effort made regarding ideals has items which can be added. Within
this branch of abstract algebra, an ideal of a ring is a special kind of subset of the
ring [5].

Let K[x1, ..., x,] be a polynomial ring over the real or complex numbers and let I
be an ideal in K[xy, ..., x;]. A minimal prime ideal containing I, which is not prime
itself, is a prime ideal p O I such that there is no prime ideal g such thatI C g C p. In
this project, we will try to count the number of Sym(n)-orbits of the minimal prime
ideals containing I.

To achieve this, firstly in Chapter 2, we will introduce the Sym(n)-orbits of ideals,
which will illustrate the existence of ideals which are the same under permutations
of the indices in the variables xj, ..., x,. Secondly, the concept of a minimal prime
ideal will be explained in Chapter 3. Then in Chapter 4 we will be given an ideal
I C R[xy, ..., x,] that is generated by f(x;) = p1 - ... - ps that factors into d quadratic
irreducible polynomials. We will then show how to construct minimal prime ide-
als p C R[xq,..., x,] that contain I that correspond to the minimal prime ideals
p' C Clxy, ..., xy), using the ring homomorphism R[x1, ..., x|/ (f(x1), ..., f(xn)) =
Clx2, ..., xu]/ (f(x2), ..., f(xn)). We will then explain how any irreducible polynomial
inR[xy, ..., X, | can be factored as a product of two linear terms in R[xy, ..., x,,] / (f (x;)).
The last thing that will be explained in Chapter 4 is the change of a degree in a sum
using the findings of Leonhard Euler (1707-1783) and Colin Maclaurin (1698 - 1746),
which will be used in Chapter 6. Finally in Chapter 5 and 6, we will use the findings
of the previous Chapters and some new findings to find the number of Sym(n)-orbits
of the minimal prime ideals that contain an ideal which consists of f(x;) which con-
sist of irreducible factors in Clxy, ..., x,,| and R[xy, ..., x,,| respectively.

An easy and elementary example of what will be explored in this project is find-
ing the zeroes of a function. If we take a couple of the same functions, but with
different variables (ie. f(x1), f(x2), ..., f(x;)), we know that all these functions have
the same set of roots. If we have n-tuples of solutions, we will see the collection of
these n-tuples forms a grid. This example will be explained in Chapter 3.

Now especially in Chapter 2, Chapter 3 and Chapter 4, but also in the other two
Chapters, we will use terms which have been introduced in the course Algebra and
Discrete Mathematics. For a full overview of these subjects we refer you to the lec-
ture notes of this course by Chloe Martindale [5]. We also introduce the concept of a
quasi-polynomial for a small component of Chapter 6, which for the interested read-
ers will be explained somewhat throughout by Petr Lisonék [4] or a more compact
explanation can be found on the Wikipedia page [7].






Chapter 2

Sym(n)-orbits

2.1 Group actions
Here we will give some insight of what group actions are about, which we will later
use to define the Sym(n)-orbit of an ideal.

Definition 2.1.1. Let G be a group with identity element e and X be a set. A group action
« from G on X is a function « : G X X — X such that fora w,0c € Ganda f € X we have:

1. ale, f) = f.
2. a(mt-o,f) =a(ma(o, f)).

Note: we define gx := a(g, x) from now on.

Lemma 2.1.2. We let G = Sym(n) with identity element (1) and X = k[x1, ..., x,]. Let
m e Gand f € X. Wedefine: nf = mf(x1,x2,...,%,) = f(xn(l),xn(z),...,xn(n)). We
have that the induced map o : G x X — X is a group action.

Proof. We have that

(1) f =) f(x1,x2, .., xn) = f(x1,%2, ..., Xn) = f.

So we have that « satisfies the first requirement of a group action and we also have
that:

n(of) = m(of(x1,x2, . Xn))
= nf<x(7(1)rxa(2)l--'l xa(n))

= f(xrr(a(l))/ X(o(2))r - Xre(o(n)) ).
Now by the definition of a permutation [1] we have that
Xr(o(i)) = X(moo)(i)-

So we get that:

f(Xr(e())r Xr(c@))r -+ Xr(o(n)) = f(X(roe)(1)r X(700) (2) -+ X (rr00)(n)) = (TTOT)f.

Which proves that « satisfies second property of a group action. So we have that
«: G x X — Xis a group action. O

2.2 The Sym(n)-orbit

In this section we will give the definition of the Sym(n)-orbit of an ideal, which will
be an important element in the proofs of the theorems in Chapter 5 and Chapter 6.
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It will show how two ideals can be the same under permutation, thus showing the
similarities to each other.

Definition 2.2.1. Let X = k[x1, ..., x,] be a ring and let I be an ideal in X. Let G = Sym(n)
act on X as above. Then the Sym(n)-orbit of an ideal I is {7t(I)|7t € Sym(n)}.

Definition 2.2.2. The Sym(n)-orbit of an element f € X = k[x1, X2, ..., Xp] is:
Orb(f)={r(f)| € Sym(n)}.

Remark 2.2.3. When we have that ¢ € Orb(f) <= 3 € Sym(n) : n(f) = g, we
also have that f € Orb(g) <= 3 € Sym(n) : n(g) = f. Now since we take our first
statement to be true, in particular we have that ¢ = 7(f) < f = n1(g).

Lemma 2.2.4. Let X = k[x1,...,x,] be aring. If I C X is an ideal and 7t € Sym(n), then
7t(I) is an ideal.

Proof. We know that I is an ideal, so if we have that f € I and g € X, then fg € I.
We also have that for f,g € I, f + ¢ € 1. So we now have to prove that 77(I) is an
ideal, thus we have to prove that:

1. Vf,gen(l): f+ g€ n(l).
2.Vfen(l),geX: fgen(l).

To prove the first statement we let f = 7t(h) and ¢ = 7(k) for some h,k € I. Since I
is an ideal, we have that i + k € I. So we also have that 7t(h + k) € 7(I). Since we
have that:

7T<h + k) = (h + k) (xrr(l)l s xrt(n))
= h(xn(l), ey xn(n)) -+ k(xn(l), ey xn(n))
= 7e(h) + (k) = f +g.
We have that f + g € 7(I).
To prove the second statement we first note that
7T(f) ’ 7T(g) = f(xn(l)l e xr[(n)) ’ g(xr((l)r e xr((n)) = fg(xrf(l)l e x?‘[(}’l)) = ﬂ(fg)
We also use the property that

(o (f)) = (roa)(f).

So now if we have an f € 7(I), there is an h € I, such that f = 7(h). We also have
that thereisa ¢ € X and a k € X, such that g = 7(k). Since we have that hk € I by
the properties of an ideal, we have that 7w(hk) € 7(I). We also have that 7t(hk) =
rt(h)rt(k) = fg. So fg € m(I). Since k was taken arbitrarily, g is an arbitrary element
of X. We also had taken f arbitrarily. So we have that Vf € nt(I),g € X : fg € n(I).
Thus we have thatif I C X is an ideal and 7 € Sym(n), then 7t(I) is an ideal. O

We can now talk about the Sym(n)-orbit of an ideal I.

Notation 2.2.5. If we have that two ideals I and | are in the same Sym(n)-orbit we some-
times denote thisas I ~ |.
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2.3 The egg colouring problem

Suppose one would like to colour 5 eggs and they have 3 colours of paint to their
disposal. In how many different ways can these eggs be coloured, given that the
difference between, for example, two yellow painted eggs cannot be seen.

Lemma 2.3.1. Let there be k different colours and n eggs, with k,n € IN.

Then f(k,n) = (n Zf; 1

be coloured when we have the following requirements:

) is the formula for the number of different ways these eggs can

» Eggs of the same colour are indistinguishable.
* All eggs are to be coloured with the available colours.
* Not every available colour has to be used.

Proof. Using the explanation from the book "Discrete Wiskunde" [3], we prove this
lemma.

We take the colours to be baskets in which we can put the eggs and between these
baskets we put walls. So we get that there are k — 1 walls between our k colours. One
of the ways to colour the eggs would be given by placing the n eggs in the k baskets.
As an example we take 5 eggs and 3 colours, one way to colour the eggs would be:

egg, egg, wall, egg, egg, wall, egg.

Here we see that there are 2 eggs in the basket of colour 1, 2 eggs in the basket of
colour 2 and 1 egg in the basket of colour 3. We also see that we have created a series
of 5+2=7 objects, 5 eggs and 2 walls. The number of such series is the number of
ways to choose 5 positions for the eggs from the 7 positions total, or the number of
ways to choose 2 positions for the walls from the 7 positions total.

So now considering our example, if we were to have k colours and n eggs, we would
create a series of n 4+ k — 1 objects, n eggs and k — 1 walls. Now the number of such
series that we can create is the number of ways we can choose the position for the
k — 1 walls in the series of n + k — 1 total positions. So we get the formula

n+k—1
s = (")
for the number of ways to colour n eggs with k colours. O

We will see the egg colouring problem in various forms in later chapters.






Chapter 3

Minimal prime ideals

We will now give the definition of a minimal prime ideal and prove some properties
of I together with R/I for some ring R and some ideal I C R. On top of that, we will
give two examples of the minimal prime ideals that contain a given ideal I.

Lemma 3.0.1. Let R be a ring and let I be an ideal in R, then we have that 1 is prime if and
only if R/ 1 is a domain.

Proof. Suppose that I is prime. Let x,y € R/I. Then there are elements a,b € R such
that x = a(modI) and y = b(modI). Now suppose that xy = 0, but x # 0, so we
havea ¢ I. We get:

0 = xy = (a(modl))(b(modl)) = ab(modl) = ab(modl) = 0.

So now we have that ab € I and since I is prime, we have b € I. But then we have
y = b(modl) = 0in R/I. So we have that R/I is a domain.

Now suppose R/ is a domain. Let a,b € R so that ab € I and suppose a & I.
Let x = a(modI) and y = b(modI). Then we get xy = ab(modl) = 0. Since we had
x # 0in R/I and we have R/I is a domain, we get that y = 0 in R/I. But then we
have that b € I and thus we have that I is prime. O

Definition 3.0.2. Let R be a ring and let I be an ideal in R. A prime ideal p C R containing
I is minimal when we have the property that for any prime ideal | C R containing I, if we
have I C J C p, then | = p.

Example 3.0.3. Suppose we have the function f(x) € R[x], where f(x) = x> + 5x + 6.
We know this function can be factored and that we get f(x) = (x + 3)(x + 2). If we want
to know for which values of x we get f(x) = 0, we get that x = —2 and x = —3. So now if
we have an ideal I = (f(x))), we have that the zero set, { —2, —3} of this ideal corresponds
to the union of the points x 4+ 2 and x + 3. So we get that the minimal prime ideals that
contain I are (x +2) and (x + 3).

Example 3.0.4. Suppose we have the function f(x) € Rx|, where f(x) = x> —1. We
know this function can be factored and that we get f(x) = (x —1)(x+1). So f(x) =0
for x = 1 and x = —1. So if we have an ideal I = (x% -1, x% —1) C R[xq, x2], we have
that the zero set of this ideal, {(1,1),(=1,1),(1,—1), (=1, —1)}, corresponds to unions of
the points x1 —1,x1 +1,x, — 1 and xo + 1. So we get that the minimal prime ideals that
contain Iare p1 = (x —Lxa—1), pp = (x1+1,x0—1), p3 = (xy — Lxp+ 1) and
pa = (x1+1,x2+1). We also see that t(p2) = p3 for m = (1,2), so we have that p,
and p3 are in the same Sym(n)-orbit, which gives us that there are 3 Sym(n)-orbits of the
minimal prime ideals containing I.

We will show how one can calculate the number of Sym(n)-orbits in any ideal
I C K]xq, ..., xs] for K € {C,R} in the later Chapters 5 and 6.
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We will now explain an important property of R/I, where R is a ring and I is a
maximal ideal. This is an important property that will be used to find the minimal
prime ideals of ideals generated by an irreducible polynomial in R[x].

Lemma 3.0.5. Let R be a ring and let I be an ideal in R, then we have that I is maximal if
and only if R/ 1 is a field.

Proof. 1 is maximal means that if we have thatif I C ] = J = (1) = R.

” = " Let I be a maximal ideal.
Let a(modl) € R/I be a non-zero element, so we have a ¢ I, since 0 € I,a # 0.
Now let ] = {ra+ g|r € R, g € I}. We have:

1. 0=0a+0€].

2. Letria+g1,ra+g €.
Then we have that (r1a+g1) — (rna+g2) = (rn —r)a+ (g1 —g2) € J.

3. Letxc Randra+g € J.
Then x(ra+ g) = (xr)a+xg € Jand (ra+ g)x = (rx)a+gx € J.

So we have that ] follows the properties of an ideal of R. We also have that if g € I,
then g = 0a+ g € J. So we have that I C Jand sincea = 1a+0 € J,a & I, we
have I C Jand I # |. Since I is maximal, we have | = R. Now since we have that
1 € R = ], we have that there arean b € R, f € I such that:

1=ba+ f = 1(modl) = ba(modl) = (b(modl)) - (a(modlI)).

So we have that every non-zero element a(modl) € R/I has an inverse, so R/ is a
field.

” < ” Let R/I be a field.

So we have 0(modI),1(modl) € R/I. Therefore I # R. Now for I to be a maximal
ideal we have to have that for an ideal | of R for whichI C | = | = R.

Let Jbeanideal of Rwith I C J. Leta € J,a ¢ I. Sincea ¢ I,a(modI) # 0(modI).
Now since R/ is a field and a(modI) is non-zero, a(modI) has an inverse. So there
isa b € R such that (a(modI))(b(modl)) = ab(modl) = 1(modI). So thereisa f € I
such thatab+ f =1in R/I.

We now have that ba € | since a € J. We also have ba + f € ], since I C J. So we
have 1 € J. So then we have | = R. So we have that I is a maximal ideal. O



Chapter 4

Ring homomorphisms and the
degree of polynomials

4.1 A ring homomorphism

In this section we will show the ring homomorphism from R[x1, ..., xx]/ (p1, ..., Pn)
to C[x2, ..., Xn|/ (P2, ..., pn), where p; is an irreducible polynomial in R[x;]. This will
then be used to show how to construct minimal prime ideals p C R[x, ..., x,] that
contains I that correspond with the minimal prime ideals p’ C C|xy, ..., x,]. We will
then explain how any irreducible polynomial in R[xy, ..., x,] can be factored as a
product of two linear terms in R[x, ..., x|/ (pi)-

Lemma 4.1.1. Let p = ax* + bx + c be an irreducible polynomial in R[x] with a # 0 then
we have that

R[x]/(p) = C.

Proof. We have that any element in R[x]|/(p) has a representative of the form dx + e
for d,e € R. We have that p = ax? + bx + c is irreducible, so we have that the ideal
is maximal, since now the quotient is a field, which is in particular a domain.

We have to show that R[x]/(p) = C. We let ¢ be the ring homomorphism from
R(x] to C given by f(x) — f(=2r=4c) where =b+VI’=41c ¢ C. This means that

we will evaluate a polynomial in R[x] at —b+27\/l;2—m'

We will take z = a + pi = —b+vbr—dac sz’;_‘”’c with B # 0 as a complex zero of the polynomial
p = ax*+bx +c.
We now show that this is a ring homomorphism. Let p,q € R]x], then we have:

p(p+q)=(p+q)(z)
= p(z) +4(z) = ¢(p) + ¢(q)
¢(pq) = (pq)(z)
= p(2)q(z) = ¢(p)P(q).

So ¢ is a ring homomorphism.

We now show that it is surjective. First we note that b> — 4ac < 0, since we have
that p is irreducible in R[x]. So we have that there has to be a complex solution for
the equation p = 0. We know that C can be identified with the vector space R? by

b
image of ¢ contains u¢(x) + v for all real numbers 1 and v. Since ¢(x) is not real, the
image contains a 2 dimensional subspace which is then necessarily equal to C. Thus
the map is surjective.

. . a
treating each complex number z = a + bi as a vector ( ) € IR2. We have that the
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We now show that the kernel is {(ax? + bx + c):
Since we have that z is a complex zero of ax? + bx + ¢, it is clear that ax? + bx + c is
in ker(¢) and so we have that (ax? + bx + c) C ker(¢). To show that also (ax? + bx +
c) D ker(¢) we do the following:
Suppose there is a p € ker(¢). By dividing p by ax? + bx + ¢ using polynomial long
division we get that p = (ax? + bx + c)q + r for polynomials r of a degree less than
2. Now we have that 0 = ¢(p) = p(z) = r(z). But since the only polynomial in
R[x] with degree less than two with r(z) = 0 is the zero polynomial, we get that
r = 0. This gives us that p = (ax? + bx + ¢)q, so p € (ax> + bx + ¢). So we have that
(ax? + bx + c) = ker(¢).

So we have that R[x]/ (ax? + bx + ¢) = C. O

Corollary 4.1.2. R[x1,...,x4]/(p1,.... pn) for n € IN and for an arbitrary irreducible
polynomial p; = a(x;)? + bx; + ¢ € R[xy, ..., xn| with a degree of 2 is isomorphic to
Cx2, ..., Xu)/ (P2, oes Pn)-

Proof.

R[x1, oo, Xn] / (P1, ovr Pn) = (R[x1, o0, 0]/ (91)) / (P2) oo P1) = Clx2, ooy x|/ (P2, oes P)-

Where the first congruency follows from simple modular rules and the second is a
direct application of Lemma 4.1.1. O

What follows from this is that prime ideals in R[x3, ..., x,] that contain I C
R[x1, ..., x4] which contain an irreducible polynomial of degree 2 in the variable x;,
correspond exactly with the prime ideals in C|[x3, ..., x,] that contain this same I.
Analogously it also follows that prime ideals in R]xj, ..., x,]| that contain I C
R[x1, ..., x4] which contain an irreducible polynomial of degree 2 in the variable x;,
correspond exactly with the prime ideals in C[x, ..., Xj_1, Xj{1, ..., X, ] that contain I C
R[x1, ..., x4], which we will use in Chapter 6.

Lemma 4.1.3. Suppose f1(x) = x*> + a1x + by, fo(x) = x> + ax + by, ..., fa(x) = x* +
agx + by are pairwise distinct irreducible polynomials in R[x1, ..., x,]. Now suppose we have
the ideal I = ((f1(x1))" (f2(x1)) 2. (fa(x1))%, ooy (f1 (o) ) (f2(20)) 2o (fa(20))0). Fix
i € [n]. A minimal prime ideal p that contains I and x? 4+ a1x; + by, should contain at
least one of Xj— X, Xj+Xi+a, Xj —e12X; — €2, Xj — €32X; — €42, Xj — €13X; — €23,
Xj— €33X; — €43,..., Xj — €1,4X; — €y g and xXj — e3 gX; — ey forall j # iin {1,..., n}, where
fork € {2,...,d} we have

a% — 4bk
€1k = ;
! ll% — 4171 ’
. Elk—4bk
ek = 5 ;
p . (1% — 4bk e
3k — — — %k
a:} — 4b1
a%—4b
—q, — k k
uk 11274b] al
€k = 5 = €3k — €1k41-

Proof. Without loss of generality we can prove this for the case where d = 2. The
general case can be done completely analogously.
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Suppose that d = 2, we then have that fi(x) = x4+ a;x + by and fo(x) = x> +
ax + by are distinct irreducible polynomials. We then also have the ideal I =
((f1(x1))2(f2(x1))%2, ..., (f1(xn))2 (f2(x4))%). So in this case a minimal prime ideal p
that contains I and xi2 + a1x; + by, should contain at least one of x; — x;, x; + x; + a1,
x]- —e12X; — €22 and x]- —€32X; — €42 for all] 7é iin {1, veey Tl}, where

a% — 4b2
€12 = 5
IZ% — 4b1 ’
2
a2—4b2
az + a2—4b1 al
€ = 5 ’
¢ a% — 4172 o1
32 — — 2 — —61,2,
a — 4171
a2—4b2
—ay — [ S
a —4b1
€42 = 5 = €22 — €1,241.

To prove this case we proceed as follows.

We have that by assumption fi(x;) € p, we then have, for p to contain I, that
either f1(x;) or f2(x;) is contained by p for all j € [n] \ {i}. In the case that fi(x;) is
contained in p, we have that fi(x;) — fi(x;) = sz —x2 4 a1 (xj—x;) = (x5 — x7) (x; +
x; +a1) and we can conclude that a minimal prime ideal p contains at least one of
Xj— X and Xj+x; +aj.

Now the case that we have that f»(x;) is contained in p. Since we know that
f2(x;) factorises in C, we know that it factorises in R[x;]/(f1(x;)) by Lemma 4.1.1.
We now have that all classes in R[x;]/(f1(x;)) have elements of the form sx; + . So
if fo(x;) factorises over C as (x; — z1)(x; — 2z2), then z; corresponds with a form of
e12%; + ez and zo with e3ox; 4 e42. So we find that (x; — e12x; — e22) (x; — e3p%; —
es2) = fa(x;j)(modfi(x;)). So we get (x; — e12x; — e22)(Xj — e32X; — es2) — f2(x}) =
hfi(x;). We have that the degree on the left hand side of this equation is 2, thus the
degree of h is 0.

So we have that f(x;)(modfi(x;)) = (xj — e12x; — e22)(xj — e3px; — e42) for some
e12,€22,€32,e42 € R. €1 and e3» are non-zero, since fz(xj) = 0 has no real solutions.
So we get that for an & € R we have:

JC]2 + Clzx]‘ + bz —h- (Xlz +aix; + bl) = (x] —€12X; — 82,2)(26]' —e32X; — 64,2)
X]Z- +axx; + by — hxl-z — hayx; — hby = X]2 — €32XiXj — e42Xj — €12X;Xj + 81,263,23(1-2
T e1,2€40X; — €22Xj + €22€32X; + €224
x]2 + axx; — hxl2 — hayx; — hby + by = sz + (—es2 —e22)x; + ellzeg,,zxiz + (e12642
+e20e32)x; +eapes + (—e32 — e12)X;X;
axxj — hx} — hayx; — hby + by = (—esn — e22)x;j + €1pe32%7 + (e1,064

+e2pe32)X; +expesn + (—e3p — e12)Xixj.
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From this we get the following equations

—e3p—e1p0=0=e30 = —e1p;

Ay = —€4p2 — €27,

—h= €1,2632 = —h = —6%2 =h= 6%’2 = e1p = \/E;

— ha1 = €1,0€42 + €637 = —h(ll = \/ﬁ(€4,2 — 62/2) = \/ﬁal = €22 — €47;
— hby + by = eppey;

ap + Vhay
az + \/flal = —C€4p — et exp —€40 = a2+ \/ﬁal = —2e4p = €4p = - ;
a + \/ﬁﬂll —day + \/Eal
Ay = —e4p —epp = 4y = —€22 + — = e = f;
b+ by — a4+ Vhay —ay+Vhay _ hai —a3,
rree 2 2 4
2—4b
ha? a2 az a2 L2 2 4p,
—hby+—2=2—-by=h(-b+-L)=2-b=>h=3— =2 :
1t =g e hEht ) = ok d-dh g2 — 4b,
Z
So we get that:
p . a% — 4b2 .
12 =4 57
’ Cl% — 4b1
o 112—4b2
az + 11%—4171 al
erny = ’
2,2 5
p [l% — 4b2 o1 o
2= T = e
3 ﬂ% — 4b1 12
o o H%—4bz
a ﬂ%—4b1 a]'
€42 = > = €22 — €1,241.

Now let p’ be the ideal (x7 + a1x; + by, hjlj € [n]\ {i}) for hj € {xj — x;, x; +
Xi+ a1, X — e12X; — €22, Xj — €32X; — esn}, since we have that all fj are either equal to
Xj— Xi, Xj+ Xj+ a1, Xj —€12X; — €22 OF Xj — €32X; — €42, We have that ]R[xl, ey xn] /p/ =
R[x;]/ (xl2 +ax; +b) = C, where xi2 + ax; + b is irreducible. Since the latter is a
domain, we know that p’ is indeed prime.

So we have that a minimal prime ideal p that contains I and xi2 + a1x; + by, should
contain at least one of x; — x;, xj + x; + a1, Xj — e12X; — ez and xj — e32x; — ey for
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all j € [n] \ {i}, where

a% — 4b2
€12 =
a% — 4171 ’
2
. a274b2
az + d%74b1 al
€0 = > ;
¢ . a% — 4b2 — i
32 — — > — — €12,
ay — 4b1
2
{12*4b2
az a%—4b1 al
€42 = 5 = €22 —€1,241.

4.2 The degree of a sum of polynomials

If we have a sum from 1 to 7 of polynomials of degree d, we can show that the sum
is a polynomial in #, with a degree of d + 1.

Lemma 4.2.1. Let f(x) = x% be a polynomial of degree d and consider

for n > 0. Then we have that g(n) is a polynomial in n of degree d + 1.
Proof. By the Euler-Maclaurin formula [2], we get the following

(F&V(n+1) = fZD(0)).

n B (n+1) B (1’1 + 1)d By
Y r) = [ fxdx - L

Here we have that B; are Bernoulli numbers and f () (x) is the j" derivative of f(x).
Now since f(x) is a polynomial, the terms

) sz
=1

AP ) = £ )

]

are all zero when 2j —1 > d. Now since fOnH f(x)dx is of degree d + 1 and all

the other terms in the above formula have lower degrees, we get that Y}, x? is a

polynomial in 7 and has a degree of d + 1. O

Corollary 4.2.2. Suppose f(x) is an arbitrary polynomial of degree d, now consider

for n > 0. Then we have that g(n) is a polynomial in n of degree d + 1.

Proof. If we have a polynomial f(x) of degree d, it can be written as

F(x) = cax® +cg_1x7 4 . 4 c1d + co.
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We have here that ¢y, ..., ¢y are constants and c; is nonzero. We now have that

n

n n n
Y £ = (Y cax) + (Y carx™™ ) + ..+ (X o).
k=0 k=0 k=0 k=0
Now we can see easily, using 4.2.1, that the degree of the first sum is 4 + 1, the degree
of the second sum is d, etc. Thus we have that g(n) = Y/_, f(k) is a polynomial in n
of degree d + 1. O
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Chapter 5

Counting in C|x1, ..., Xy

Here we will find the number of Sym(n)-orbits of the minimal prime ideals that
contain an ideal I C K[xy, ..., x,], where K is a field, which is generated by functions
that can be decomposed into linear polynomial factors. Then we will see that when
Kis equal to C this covers all ideals that are generated by the Sym(n)-orbit of a single
univariate polynomial in C[x1, ..., X, ].

Let f(x) € K[x]. Suppose f(x) is decomposed as (x — a1)®(x — ap)®...(x — ay)%,
where a; #ap # ... #a5 € Kand ey, ...,e; € IN.

We now have an ideal I = (f(x1), f(x2), ..., f(xn)) C K[x1, ..., Xn].

Proposition 5.0.1. The number of minimal prime ideals p in K[x1, ..., X, that contain I is
dar.

Proof. We have I = (f(x1), f(x2),..., f(x4)) and we also have that f(x) = (x —
1) (x — ap)%...(x —ay)%. An ideal is prime when it has the property that for any
ab € I, either a or b is in I. Since linear polynomials are prime, we have that a p
that is generated by linear polynomials is prime. So for a minimal prime ideal p to
contain I, we have to have that one of the factors x; — a; for all i € [n], ] € [d] should
be contained in p. Since all the linear polynomials x; — a; are divisors of f(x;), the
minimal prime ideal that consists of the polynomials x; — a;, where every i € [n] is
only used once, contains I.

So now for p to contain I we should choose one of the d factors of every f(x;), so we
have n choices of 4 options, so in total there are d" minimal prime ideals that contain
I. O

Theorem 5.0.2. The number of Sym(n)-orbits of the minimal prime ideals containing

I=(f(x1), f(x2), s f (2))

n+d-—1
d—1 )

Proof. To find the number of Sym(n)-orbits we have to select a j for every i in x; — a;.
This gives us that we have to divide all n over the d different j, as stated above. We
have that the Sym(n)-orbits make sure that there is no difference between x;, so order
does not matter. This means the ideal (x1 — 2, x, — 3) is in the same Sym(n)-orbit as
the ideal (x7 — 3, x2 — 2) since one x; has been given a 3 and one has been given a 2
in both ideals. So now we have an egg-colouring problem as given in 2.3.1, where
n+d-— 1>

is equal to

d—1
Sym(n)-orbits of the minimal prime ideals that contain I. O

we have n eggs and d colours. This gives us that there are f(d,n) = (
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Corollary 5.0.3. If we take our polynomial ring K[x1, ..., X, to be C[x1, ..., x|, we see that
any polynomial f(x) € C[x| can be decomposed as (x — a1)° (x — az)®...(x — ay)% and
thus any ideal

I=(f(x1), f(x2),..., f(xn)) C C[x1,x2, ..., Xn]

n+d-—1

has d" minimal prime ideals containing I and has ( g1

> Sym(n)-orbits of the mini-

mal prime ideals p containing I.



17

Chapter 6

Counting in R |xq, ..., xy]

Here we first make a base case, namely the ideals are generated by polynomials f(x;)
which can be factored into a single irreducible polynomial in R[x;] to the power of ¢,
which we will see in section 6.1. We then use this base case to find a general expres-
sion by induction for the ideals which are generated by functions f(x;) which can
be factored into an arbitrary number of irreducible polynomials in R[x;] in section
6.2. This expression can then be upgraded, in section 6.3, to the general expression
for the number of Sym(n)-orbits of the minimal prime ideals that contain an ideal in
R[x1, ..., x,] that is generated by f(x;) which can be factored into an arbitrary num-
ber of irreducible linear and quadratic polynomials in R[xy, ..., x,], we then prove
that this expression is quasi-polynomial and we give the maximum degree of this
expression.

6.1 A single quadratic irreducible polynomial

Let f(x) € R[x]. Suppose f(x) is decomposed as (x> + ax + b)¢, where we have that
x2 + ax + b is irreducible and where a,b € R and e € IN. We now consider the ideal
L1 = (f(x1), f(x2), ..., f(xn)) C R[xyq,..., x| (here we have that the 1 in I, ; stands
for the fact that f(x) decomposes into a single irreducible polynomial, which will
become clearer in section 6.2).

Lemma 6.1.1. Suppose p is a minimal prime ideal containing I,, 1. Fixi € [n] := {1,2,...,n}.
Then:

(a) Forevery j € [n]\ {i}, thereis an f; € {xj — x;,x; + x; + a} such that p = (x? +
ax; + b,]‘j|j e [n]\ {i}).

(b) If thereis a j such that f; = x; — x;, then p = (x]2 +ax; +b, gxlk € [n]\ {j}), where
Sk € {xx — xj, Xk + xj + a} such that for all k # i, j:

fk =Xk —xi < g =X — X

(c) If there is a j such that f; = x; + x; +a, then p = (x]2 +ax; +b, gk € [n]\ {j}),
where g € {xx — Xj, X + Xxj + a} such that for all k # i, j:
fk:xk—xi < gk:xk—i—xj—i—a.

Proof. (a) If the ideal p contains I,; = ((x% + ax; + b), ..., (x3 4+ ax, + b)°) and
xi2 + ax; + b, then p contains at least one of x; — x; and x; + x; +a for all j #
i, because (x; — x;)(xj + x; +a) = xF + 2 + ax; — xix; — xF —ax; = (x7 +
axj +b) — (x? + ax; + b), which is a linear combination of x7 + ax; + b and
sz + ax; + b, which shows sz + axj + b(modx? + ax; + b).
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(b)

(©)

Let p’ be the ideal (x7 +ax; + b, fjl|j € [n] \ {i}), for f; € {x; — x;, xj + x; + a}.
Since we have that all f; are either equal to x; — x; or to x; + x; +a, we have that
R(x1, ..., xu] /P = Rlx;]/ (x? + ax; + b) = C, where x? + ax; + b is irreducible.
Since the latter is a domain, we know that p’ is indeed prime.

So in general we get that a minimal prime ideal p that contains I,; is p =
(x? +ax; + b, fi|j € [n] \ {i}), where f; € {xj — x;,xj + x; + a}.

If we have a p = (x? +ax; + b, fj|j € [n] \ {i}) in which we have a j such that
fj = xj — x;, then we can do a couple operations inside of this ideal.

We then have that for every k € [n]\ {i,j} such that fy = x;x — x;, we can
rewrite fi so that we get

fo=xc—xi — (%) = xi) = X — Xj = &k

We also have that for every k € [n] \ {i,j} such that fy = x;x + x; + 1, we can
rewrite fi so that we get

fk:xk—i—xi+1+(xj—xi):xk+xj+1:gk.

We also have that we can rewrite f; = x; — x; — 2(x; — x;) = x; — xj = gi. We
also have that since f; = x; — x;, we can rewrite xl-2 + ax; + b so that we get

X} +axi + b+ (x;+ x5+ a)(xj — x;) = x7 + ax; + b.

So in total we have that if we have a p = (x2 +ax; + b, fj|j € [n]\ {i}) in
which we have a j such that f] = Xj — X, we can rewrite this p, such that we
getp = (x7 +ax; + b, gk € [n]\ {j}), where g € {xx — xj,x¢ + x; +a} and
we also have seen that Vk # i,j: fr = xx — x; <= gt = x; — xj and we also
have fy = x +x; +a < g = x; +xj +a.

If we havea p = (x? +ax; + b, fj|j € [n] \ {i}) in which we have a j such that
fj = xj + xi + a, then we can do a couple operations inside of this ideal.

We then have that for every k € [n]\ {i,j} such that fy = x;x — x;, we can
rewrite fi so that we get

fi=x—xi+ (xj+xi+a) =x+x+a= g

We also have that for every k € [n] \ {i,j} such that fy = x; + x; + 4, we can
rewrite fi so that we get

fk:xk+xi+a_(xj+xi+a) :xk_xj:gk'

We also have that we can rewrite f; = x; +x; +a = x; + x; +a = g;. We also
have that since f; = x; + x; + a, we can rewrite xi2 + ax; + b so that we get

xF+axi+ b+ (xj— x;)(x; + xi + a) :x]z—kaxj—i—b.

So in total we have that if we have a p = (x2 +ax; + b, fj|j € [n]\ {i}) in
which we have a j such that f; = x; + x; + a, we can rewrite this p, such that
we get p = (x]2 +axj +b,glk € [n]\ {j}), where g, € {xx — xj, x + x; + a}
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and we also have seen that Vk # i,j: fr = xx —x; <= g = x +xj+aand
fk:xk+xi+a — &k = Xk — X
O

Example 6.1.2. Suppose we have that Iy; = (f(x1), f(x2), f(x3)) C R[x1, x2, x3], where
we assume that each x? + ax; + b is irreducible in R[x1, x2, x3]. We now have for any p that
contains I3 :

* We have for each j € [n] \ {i}, there is an f; € {xj — x;,xj + x; + a} such that
p=(x} +axi+b,filj € [1]\ {i}).

o Ifthereisaj: fj = xj — x;, then p = (x]2 +ax;+b,gklk € [n] \ {j}), where g €
{xx — xj, X + xj + a} such that for allk # i, j: fr = xx — x; <= gk = X — Xj.

 Ifthereisaj: fi = xj+ x; +a, thenp = (xf+axj+b,gk]k € [n)\{j}), where g €
{xx — xj, xx + xj+a} such that forallk # i,j: fr = x —x; <= gk = Xx +xj+a.

So now if we write down all p which contain an x? + ax; + b we get the following:

p1 = (x3 4 axy +b,xp — x1,%3 — X1);
= (x} +ax; +b,xy — x1, X3+ x1 +a);
= (¥} +ax; +b,xy+x1 +a,x3 — x1);

p4—(x1+ax1+bx2+x1+ax3+x1+a)

= (x5 +axy +b,x1 — x2,X3 — x2);

= (x5 +axy+b,x; — x2, X3+ X2 +a);

py—(xz-l-axz-l-bxl-i-xz-i-ax3—x2)
X5+ axy +b,x1 +x2 +a,x3+ x2 +a);

= (
(x3 +axs+Db,x1 — x3,% — X3);
(x

pio = 3+ax3+b,x1+x3—|-a,x2—x3);
pi1 = (X3 +axs +b,x1 — x3,% + x3 + a);
P12 = (x3 4 ax3 +b,x; +x3+a,x2+x3+a).

And here we see that we can say that a few of these are the same ideal under permutation
and are thus in the same Sym(n)-orbit. This means there is a permutation of the indices in
the variables x1,x, and x3 such that p; ~ p; for two of the ideals p;, p; given above. For
the permutations (1,2) and (1,3) we respectively see that p; is in the same Sym(n)-orbit
as ps and py, pa is in the same Sym(n)-orbit as ps and p1o, p3 is in the same Sym(n)-orbit
as py and py1 and py is in the same Sym(n)-orbit as pg and p1p. And due to the second
and third property above combined with permutations we can also say that py is in the same
Sym(n)-orbit as p3 and pa.
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Now to show why pa is in the same Sym(n)-orbit as ps, we have to use the third property
given above. We will show it below using the properties of an ideal.

(x§+ax1+b,xz—x1,x3+x1+a)

= (3 4ax;+b+ (x3—x1)(x3+x1 +a),x2 —x1 +x3+x +a,x +x3+a)
x%+ax1+b+x§—x%+ax3—axl,xz+X3+a,x1+x3+a)

X3+ axs +b,xp+ x3+a,x; +x3+a)

X3+ axs +b,x1+x3+a,x+ x5 +a)

X2 4ax; +b,x0+x1 +a,x3+x +a).

~~ ~~ —~

Here we used in the first equality that x3 — x1 € R[x1, X2, x3] and x3 + x1 +a € p, thus
(x3 —x1)(x3+x1 +a) € pand in the last equality we used that py is the same as py, under
permutation. It can be shown similarly that p3 is in the same Sym(n)-orbit as py. Thus we
have that py ~ ps ~ pg and py ~ p3 ~ pa ~ P ~ P7 ~ P8 ~ P10 ~ P11 ~ P12. So we
have that there are 2 Sym(n)-orbits of the minimal prime ideals p that contain I3 ;.

As seen in the example above, we get that the total number of minimal prime
ideals p that contain the ideal I3; C R[x, ..., x3] is bigger than the number of Sym(n)-
orbits of the minimal prime ideals that contain I5;. We will show below that this is
the case for any I,, 1. We will do this after we have made a representation that makes
counting the number of Sym(n)-orbits of the minimal prime ideals p that contain I,, ;
easier.

Definition 6.1.3. If p is the ideal (x7 +ax; + b, f|j € [n] \ {i}), where f; € {x; — x;, xj +
x; +a}, we say it is of type (i,k,n —k — 1). We have here that k = #j # i : f; = xj — x;
and wheren —k —1=4#j #i: fj = xj + x; +a.

Lemma 6.1.4. Suppose p,q are minimal prime ideals containing 1,,1. Now suppose p is of
type (i,k,n —k —1). Then p, q are in the same Sym(n)-orbit if there is a j such that q is of
type (j,k,n — k — 1); moreover, in this the case q is of type (i,k,n —k —1) or (i,n — k —
2,k+1).

Proof. We want to know that if p is of type (i,k,n —k — 1) and g is of type (j,[,n —
I — 1) whether they are in the same Sym(n)-orbit. This will be the case if and only if
either | =korl=n—k—2.

Now since p is of type (i,k,n — k — 1), there are iy, ..., ix, i}, ..., i;,_,_; 7 i which
are pairwise distinct, such that p = (xl2 +ax; + b, xi, — xi, ..., X — X, Xy +xit+a, ..,
Xy txita)

Now if g is is of type (j, k, n — k — 1), then likewise there are i, ..., i, ji, s 1y 1 7#
j which are pairwise distinct, such that g = (x]2 +axj+b, xj, — xj, ..., Xj, — Xj, X +xj+
a,.., Xj;Hﬁl + x]' + ll).

Now take the permutation o of 1,...,n that sends i to j, if to j¢ for f € {1,...,k}
,and i), to j, form € {1,..,n —k —1}. Then o(p) = g, so we have that p of type
(i,k,n —k — 1) and g of type (j, k,n — k — 1) are in the same Sym(n)-orbit.

From here it can clearly be seen that if p is of type (i,k,n —k — 1) and g is of type
(i,k,n — k — 1), that they are in the same Sym(n)-orbit.

Now if q is of type (j,n — k — 2,k + 1), then there are ji, ..., ju—k—2, 1, ...,j,’(Jrl such
thatg = (x]2 +ax;+b,xj — Xj,.., X, —Xj, X X+, Xy X+ a).
Now from the third statement of Lemma 6.1.1 we find that g = (sz, + axy +
1
b, xj, + X+, Xy, F X+ a,X = Xy Xjp XX + xj + a). This can be
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reordered to g = (x]2i +axy + b, Xjp = Xjty e Xjt = Xt Xy +xp+a,.,%, x5+
a,xj + xj + a) and we find that we now have that g is of type (jj,k,n —k —1). As
seen above, we now know that p and g are in the same Sym(n)-orbit.

From here it can clearly be seen that if p is of type (i,k,n —k — 1) and g is of type
(i,n —k — 2,k + 1), that they are in the same Sym(n)-orbit.

Now if pis of type (i,k,n —k — 1) and g is of type (j,I,n — — 1), then without loss
of generality, namely by using a permutation of the indices in the variables x1, ..., xy,
we have that p is of type (1,k,n —k — 1), where p = (x% +axy+b,x3— X1, 00, X1 —
X1, Xgi2 + X1+ 4a,..., X, + x1 +a) and q is of type (j,I,n — 1 —1).

If p and g were to be in the same Sym(n)-orbit, we would have a permutation o,
where p = 0(q). If this were the case we would have that p is of type (1,k,n —k — 1)
and o(q) is of type (1,I,n —1 —1) or (1,n —1 — 2,1 + 1), depending on whether
Xg-1(1) — Xjisingor x,-i() + xj +aising.

Without loss of generality in the case that g is of type (1,1,n — ] — 1), we have that
p=(x3+ax;+b,x3— X1, ., Xep1 — X1, Xp2 + X1 + 4, ..., X + X1 + a) and that 0(q) =
(x% +axy +b,xj — X1, Xj, — Xy, Xy + X+ a,.,xp X+ a), where all j; and j!
are pairwise distinct and not equal to 1. The case that g is of type (1,n — 1 — 2,1+ 1)
is treated similarly.

Suppose there is a position i, such that there is x; — x; in p and x; + x; +a in
o(q). Then since we have that 0(q) = p, we get that x; + x; +a € p. So we also get
thatx; +x1+a— (xi—x1) =2x1+a € p = %(le-l-a) = x1+ 5 € p. Then now
since x2 + ax; + b € p, we have that (—=5)?+a-—§+b = —% +b € p. We have

that —% +b # 0, since x% + axy + b has no real zeroes. So we have that p contains a
non-zero constant, so we have that p = R. This is a contradiction with the fact that
p is a minimal prime ideal. So we have that / should be equal to k in this case, in the
case that g is of type (1,n —1 — 2,1+ 1), we find that n — I — 2 is equal to k and hence
lis equalton — k — 2.

So we have that if p,q are minimal prime ideals containing I, ; and p is of type
(i,k,n —k —1). Then p,q are in the same Sym(n)-orbit when we have that there
is a j such that g is of type (j,k,n — k — 1), moreover, in this the case g is of type
(i,kkn—k—1)or (i,n—k—2,k+1). O

Lemma 6.1.5. The number of Sym(n)-orbits of the minimal prime ideals p containing I, 1
is equal to:
n
2
n—
2

+ 1 for even n;

L + 1 for odd n.

Proof. First we look at the fact that p and ¢ are in the same Sym(n)-orbit if we have
that p is of type (i,k,n —k — 1) and g is of type (j, k,n —k — 1) for some i, j, k. This
that leaves us with n Sym(n)-orbits, as the values that k can take ranges from 0 to
n—1.

Now we look at the fact that p and g are in the same Sym(n)-orbit if p is of type
(i,k,n —k — 1) and q is of type (i,n —k — 2,k + 1) for some i, j, k. So now we look at
the values that k can take. We have that k can go from 0 ton — 1.

Now for an even n, if we have a p with type (i,k,n — k — 1) with a given value
of k between 5 — 1 and n — 2, it lies in the same Sym(n)-orbit as an ideal of type
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(i,1,n —1 —1) where ] = n — k — 2 lies between 0 and 5 — 1. If we have a p of type
(i,n —1,0), then any ideal in its Sym(n)-orbit will also be of type (i,n —1,0). These
Sym(n)-orbits are distinct by Lemma 6.1.4 So in total we get that there are 5 + 1
distinct Sym(n)-orbits for even n.

Now for an odd #, if we have a p with type (i, k,n — k — 1) with a given value of
k between ”Tfl and n — 2, it lies in the same Sym(n)-orbit as an ideal of type (i,[,n —
| — 1) where | = n —k — 2 lies between 0 and “5! — 1. If we have a p of type
(i,n —1,0), then any ideal in its Sym(n)-orbit will also be of type (i,n —1,0). These
Sym(n)-orbits are distinct by Lemma 6.1.4. So in total we get that there are ”Tfl +1
Sym(n)-orbits for odd n.

So for any n € IN, we have that there are

g + 1 for even n;

n—1

+ 1 for odd n.
Sym(n)-orbits of the minimal prime ideals p containing I,,1 = ((x? 4+ ax; +b)¢, ..., (2
+ax, +b)°). O

6.2 Multiple quadratic irreducible polynomials

Let f(x) € R[x]. Suppose f(x) is decomposed as (x* + ajx + by )¥'(x? + arx +
bp)¥2...(x% + agx + by)¥4, where we have that all x> + ayx + by,...,.x> + azx + by are
distinct and irreducible and where all 4;,b; € R and the exponents y; € IN for all
i €{1,..,d}. Wenow consider theideal I, ; = (f(x1), f(x2), ..., f(xn)) C R[x1, ..., x4]
(here we have that the d in I, ; stands for the fact that f(x) decomposes into powers
of d distinct irreducible polynomials).

Lemma 6.2.1. Suppose p is a minimal prime ideal containing I, 4. Fixi € [n] := {1,2, ..., n}.
If p contains x? + ayx; + by; then

(a) Foreveryj € [n]\ {i}, thereis an f; € {xj — x;, x; + X; 4+ a1, X; — e12X; — €22, Xj —
€32X; —€42,Xj —€13X; —€23,Xj —€33X; —€43,...,Xj = €1,Xj — €24, Xj—€34Xj — 64,d},

2
- ay; —4bm
h = a3, —4bw — ot Va4t n — _
wnere e1,m = 0 —db; €2,m = 7 s €3m = —C€lms C4m = €2,m — €1,mlA1

such that p = (x? + a1x; + by, fjlj € [n] \ {i}).

(b) If there is a j such that f; = x; — x;, then p = (x]2 +a1x; + by, glk € [n]\ {j}),
where g € {Xxx — Xj, Xk + Xj + a1, Xk — €1,mXj — €2m, Xk — €3mXj — eq} for all
m € {2,..,d} such that f; = xj — x; <= g = x; — xj and for all k # i,j, for
allm € {2,...d}: fi = xx— % <= g =% —%X, fk = 5 +xi+a =
gk = Xk + x]- + aq, fk = Xk — €1,mXi — €2,m < 8k = Xk — 61/mx]' — €m and
fe =Xk —e3mXi —eam <> k= Xk — €3mXj — Cam-

(c) Ifthereisa jsuch that f; = xj 4 x; + a1, then p = (x]2 +ayx;+ by, glk € [n]\ {j}),
where 9r € {xk — Xj, Xk + Xj + a1, Xy — e1,mXj — €2,m, Xk — €3,mXj — 64/,11} fOT all
m € {2,..,d} such that fi=xitxitm <= g = x;+xj+ayand for
all k # i,j, forallm € {2,..,d}: fr = xx—x; <= & = X +xj+ay,
fe = xx+xi+ay = g = X —Xj, fx = Xk —e1uXi —€m = & =
Xk — €3,mXj — eam, fk = Xp — €3uXi — €4 = Sk = Xk — €1,mXj — €m-



6.2. Multiple quadratic irreducible polynomials 23

Proof.

(©

(a) If the ideal p contains I, = (f(x1), f(x2),..., f(x4)), we have that for
any p that contains xi2 +a1x; + by and I, it contains at least one of x; — x;,
Xj+ x; + a1, Xj — e1,mX; — e and Xj — €3 X; — e, forallm € {2,...,d} and for
all j # i, because by 4.1.3, we have that if p contains x]Z +a1x; + by, we have
that it contains one of x; — x; and x; + x; + 41 and if p contains x]z + amXj + by,
for an m € {2,..,d}, we have that it contains one of Xj — e1,mX; — ez,m and
Xj — e€3,mXi — €4,m-

As in 4.1.3 we also see that p is prime.

So in general we get that a minimal prime ideal p that contains I, ; is p =
(x2 + a1x; + by, filj € [n]\ {i}), where f; € {x; — x;, xj + x; + a1, Xj — e;mX; —
e2,m, Xj — €3 mXj — e4 } form € {2,...,d}.

If wehavea p = (x? +ayx; + by, fj|j € [n] \ {i}) in which we have a j such that
fj = xj — x;, then we can do a couple operations inside of this ideal.

We then have that for every k € [n]\ {i,j} such that fy = x; — x;, we can
rewrite fx so that we get

fie =2 —xi = (% = xi) = xp — X} = &k
We also have that for every k € [n] \ {i,j} such that fy = x + x; + a1, we can
rewrite fi so that we get
fk :xk+xi+a1+(xj—xi) :xk+x]-—|—a1 = &

We also have that for every k € [n] \ {i,j} such that fy = xx — e1,,X; — e2,m, We
can rewrite f; so that we get

fe = Xk —ermXi — eam — ey (Xj — Xi) = Xg — €1 mXj — exm = &k-

We also have that for every k € [n] \ {7, ]} such that fy = xx — e3,x; — €a,,, We
can rewrite f; so that we get

fre = Xk — e3mXi — eqm — €3 (Xj — Xi) = Xx — €3mXj — eqm = &k-

We also have that we can rewrite f; = x; — x; — 2(x; — x;) = x; — xj = g;. We
also have that since f; = x; — x;, we can rewrite xi2 + a1x; + by so that we get

xl-Z +a1x; + by + (Xl' —i—x]‘ —l—&ll)(Xj — xi) = sz —I—EI1Xj + by.

So in total we have that if we have a p = (x? + ayx; + by, fi|j € [n] \ {i}) in
which we have a j such that f; = x; — x;, we can rewrite this p, such that
we get p = (x2 +a1x; + by, glk € [n]\ {j}), where g € {xx — xj, 1 + x; +
a1, Xk — €1,mXj — €,m, X — €3,mXj — €4 } forallm € {2,...,d}. We also have seen
that f; = xj —x; <= & = x;—xjand Vk # i,j, forallm € {2,..,d}:
fk =Xk — X << Q= xk—x]-,fk =X txi+m < = xk+x]-+a1,
fk = Xk —ermXi —em = gk = Xk — e1,mXj — e and fr = xp — e3mX; —
eam < Sk = Xp — €3,mXj — €4m-

If wehavea p = (x? +ayx; + by, fj|j € [n] \ {i}) in which we have a j such that
fj = xj + x; + a1, then we can do a couple operations inside of this ideal.



24

Chapter 6. Counting in R[x, ..., x|

We then have that for every k € [n]\ {i,j} such that fy = x; — x;, we can
rewrite fi so that we get

fe=xk—xi+ (xj+x+a1) = x5 +xj+ a1 = &

We also have that for every k € [n] \ {i,j} such that f; = xx + x; + a1, we can
rewrite fi so that we get

kaXk+xi+ﬂ1—(x]'—|—xi+a1):xk—xj:gk_

We also have that for every k € [n] \ {7, ]} such that fy = x; — ey ,X; — €2,m, We
can rewrite f; so that we get

fe = Xk — ermXi — e — €3 (X + x; + aq)
= Xk — €1,mX; + €1,mXi — €3,mXj — €2, — €3ma1
= Xk — €3mXj — €2,m + e1,m1
= X — e3mXj — (e2,m — €1,ma1)

= Xk — €3,mXj — €4m = Zk-

We also have that for every k € [n] \ {i,j} such that fy = x; — e3 uX; — €4, We
can rewrite fj so that we get

fr = Xk — €3 mXi — eqm — e1m(X; + X; +a1)
= Xk — €3,mX; + €3,mX; — €1,mXj — C4m — €1,mA1
= X — e1,m¥Xj — (e4m + €1,ma1)

= Xk — €1,mXj — €2,m = &k-

We also have that we can rewrite f; = x; + x; + a1 = x; + xj + a1 = g;. We also
have that since f; = x; + x; + a1, we can rewrite x;-z -+ a1x; + by so that we get

xlz + a1x; + by + (X]‘ — xi)(X]' + x; +IZ1) = sz +111Xj + by.

So in total we have that if we have a p = (x? + ayx; + by, fjlj € [n] \ {i}) in
which we have a j such that f; = x; + x; + a1, we can rewrite this p, such
that we get p = (x]2 + a1x; + by, gklk € [n] \ {j}, where gr € {xx — xj,xx +
Xj+ a1, Xg — e1,mXj — €2,m, Xk — €3mXj — €4, } forallm € {2,...,d}. We also have
seen that f; = x;+x;+a1 < ¢ = x;+x;+a; and Vk # i,j, for all
m € {2,...,d}: fe =xx—xi = g = Xk—l—x]‘—l—ﬂl,fk =X+t Xxi+a <
Sk = Xk —Xj, fkx = Xk —elmXi —€m < gk = Xp — €3mXj — ey and
fi = Xk — e3mXi — eam > gk = Xk — €1mXj — €2m-

O]

Example 6.2.2. Suppose we have that I3 = (f(x1), f(x2), f(x3)) C R[x1, x2, x3] , where
we have that each f(x;) can be factored in R[x1, x,, x3) in the following way f(x;) = (x? +
ax; + b)V1(x? + cx; + d)¥2. Fix i € {1,2,3}. We now have for any p that contains x? +
ax; + b (for simplicity, in this example e;, := e; and ay := a,by :=b,ap 1= ¢, by :=d):
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* We have for each j € [n] \ {i}, there is an f; € {xj — x;,x; + x; +a,x; — e1x; —
2—4d
2_4d e 2w
€, x]' — e3X; — 64}, where €1 = 2—ab’ € = ——7%5 ——,€3= —€1,€4 =€ —e1d

such that p = (x7 +ax; + b, f;lj € [n] \ {i}).

o If thereis a j: f; = xj — x;, then p = (sz—kaxj—kb,gk]k € [n]\{j}), where
9k € {xk—xj,xk+xj+a,xk—elxj—ez,xk—eng—e4} such that f; = x; —
xj = gi=xi—xjandforallk #i,j: fr = xx —x; <= g = X —Xj, fr =
Xkt xita &= g =xX%+X+a fi=x—e1xi—ex <> g =X —e1Xj — e
and fr = xp — e3x; — ey <= §p = Xy — €3Xj — ey.

o Ifthereis aj: fi = xj+ x; +a, then p = (x]2+uxj—|—b,gk]k € [n]\ {j}), where
Sk € {Xk — Xj, Xk + Xj + a, X — e1Xj — ez, X — e3Xj — eq} such that f; = xj + x; +
a < gi=xitxjtaforallk #i,j: fr =xx—x; < g=xx+xj+a, fp=
X+ xi+a < gk:xk—x]-,fk:xk—elxi—ez = 8k = Xk —€3Xj — ey,
fk:xk—63xi—e4 <~ Sk = X — €1Xj — €.

So now if we write down all p which contain an x? + ax; + b we get the following:

P = (x%%—axl +b,xp — x1,x3 — X1);

p2 = (x%%—axl+b,x2—x1,x3+x1+a);

p3 = (x% +ax1+b,x) — x1,x3 —e1x1 — e2);

pa = (x% +axi +b,xy — x1,X3 — e3x1 — eg);

ps = (x%%—axl+b,x2+x1+a,x3—x1);

pe = (X3 +ax; +b,x0 +x1 +a,x3 +x1 +a);

p7 = (¥} 4+ ax; +b,x0 +x1 +a,x3 —e1x1 — e2);
ps = (X3 +ax; +b,x0 +x1 +a,x3 — e3x1] — eg);
po = (¥} +ax; +b,x2 —e1x1 — ez, X3 — x1);

p1o = (X3 +ax; +b,x —e1x1 — e, X3+ x1 +a);
P11 = (x% +ax1+b,xy —e1x1 — ey, X3 —e1x1 — €2);
p12 = (X3 +ax; +b,x —e1x] — e, X3 — e3x1 — e4);
p13 = (x% +CIX1 + b,xz — €3X1 — €4,X3 — xl);

p1a = (x% +ax1+b,xy —e3x; —eq, X3+ X1+ 4a);
p15 = (X3 +ax; +b,xp — e3x] — eq, X3 — e1x1 — €2);
P16 = (X3 +ax; +b,xp — e3x] — eq, X3 — e3x] — e4);
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p17 = (x3 4 axo + b, x1 — x2,%3 — X3);

P18 = (xz+ﬂxz+b X1 — X2, X3 + X2 + a);

P19 = (xz+ﬂxz+b X1 — X2,X3 — e1X2 — €2);

P20 = (x2+ax2+b X1 — X2, X3 — €3X2 — €4);
po1 = (X3 +axo +b,x1 + x4+ a,x3 — x2);

P22 = (x5 +axy +b,x1 4+ x2+a,x3 + x2 +a);
pos = (X3 +axo +b,x1 + x4+ a,x3 — e1x2 — e2);
pos = (X3 +axo +b,x1 + xp +a,x3 — e3x2 — e4);
pos = (X3 +axo +b,x1 —e1x — €2, X3 — X2);

P26 = (x 2+axz+b X1 —e1Xxp —ep, X3+ X2+ a);
po7 = (X3 +axo +b,x1 — e1x2 — ez, X3 — e1x2 — €2);
pos = (X3 +axo +b,x1 — e1x2 — ez, X3 — e3x2 — e4);
poo = (X3 +axo +b,x1 — e3xy — €4, X3 — X2);

pao = (x 2+uxz+b X1 —e3Xp —eq, X3+ Xo+a);
p31 = (X3 +axo +b,x1 — e3xp — eq, X3 — e1x2 — €2);
P32 = (x2+uxz+b X1 — e3Xp — eq,X3 — €3Xp — €4);
p3s = (X3 +axs +b,x1 — x3, % — X3);

paa = (X3 +axs +b,x1 +x3+a,% — x3);

p3s = (X3 +axs +b,x1 — e1x3 — ez, X2 — X3);
p3e = (X3 +axs +b,x1 — e3x3 — eg, X2 — X3);
p37 = (X3 +axs +b,x1 — x3, %2 + x3 + a);

p3g = (x3 4 ax3 +b,x; +x3+a,x +x3 +a);

P39 = (X3+ﬂx3+b X1 —e1x3 — ey, X2+ x3 +a);
pag = (x3 4 ax3 +b,x; — e3x3 — eq, X2 + X3 + a);
pa1 = (x3-|-11x3-|-b X1 — X3,X2 — €1X3 — €2);
pao = (X3 +axs +b,x1 +x3+a,x —e1x3 — e2);
psz = (x 3+11x3+b X1 —e1X3 — €, X2 — e1X3 — €2);
Pas = (x3 +axz+b,x1 —e3x3 —es, Xp — €1X3 — €2);
pas = (x3 4 ax3 +b,x; — x3, %) — e3x3 — ey);
pae = (X3 +axs +b,x1 +x3+a,x — e3x3 — eg);
Pa7 = (X3 +axs +b,x; —e;x3 — ez, X — e3x3 — e4);
pag = (x3 4 ax3 +b,x; — e3x3 — eq, X2 — €3X3 — e4).

And here we see that we can say that a few of these are the same ideal under permutation
and are thus in the same Sym(n)-orbit. This means there is a permutation over the indices of
the variables x1, xy and x3 such that p; ~ p; for two of the ideals p;, p; given above. We see
that py ~ Pm+1e for the permutation (1,2) and that py, ~ py432 for the permutation (1,3)
(we also have that some ideals are actually the same due to the second and third property
above, for example 6.1, 6.17 and 6.33). And due to the second and third property above
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combined with permutations we can also say looking solely at 6.1 to 6.16, that

6.1 is single;

6.2 ~ 6.5 ~ 6.6;

6.3 ~ 6.9;

6.4 ~ 6.13;

6.7 ~ 6.8 ~ 6.10 ~ 6.14;
6.11 is single;

6.12 ~ 6.15;

6.16 is single.

So we get that we have 8 Sym(n)-orbits of the minimal prime ideals that contain I3, and
2 .
x5 4 ax; +b.

We again see the sort of case that happened in 6.1.2. We get that the total number
of minimal prime ideals p that contain the ideal Isp C R[xy, ..., x3] is bigger than
the number of Sym(n)-orbits of the minimal prime ideals that contain I3,. We will
show below that this is the case for any I, ;. We will do this after we have made
a representation that makes counting the number of Sym(n)-orbits of the minimal
prime ideals p that contain I, ; easier.

Definition 6.2.3. If p is the ideal (x? 4+ ayx; + by, fi|j € [n] \ {i}), where f; € {x; —
Xj, Xj + Xj + a1, X — €1,mXj — €x,m, Xk — €3,mXj — €4} forall m € {2,...,d}, we say it is of
type (i, kv, 11, ko, 1o, ..., kg, 1g). We have here thatky = #j #i: fj = x; —x;, Iy = #] # i :
fi = xj + x; +ay and where, for m € {2,...,d}: ky =#j #i: fj = xj — ey mX; — eo,m and
lnm =#] #1i:fj =X — e3mXi — eqm-

Lemma 6.2.4. Suppose p, q are minimal prime ideals containing I, 5. Now suppose p is of
type (i, k1,11, k2,12, ..., kq,13). Then p,q are in the same Sym(n)-orbit if there is a j such that q
is of type (j, k1,11, ko, I, ..., kg, 11); moreover, in this case q is of type (i, k1,11, ko, o, ..., kg, 14)
or (l, Ih—1,k1+1,1,ko,.., ld/kd)-

Proof. We want to know that if p is of type (i,k1,11,k2, 12, ..., k4,1;) and q is of type
(j,s1,t1,52,t2, ..., 84, t4) whether they are in the same Sym(n)-orbit. This will be the
case if and only if either s,, = ky, and t,, = I, forallm € {1,..,d} orsy =1; —1,
th =ki+1,sy =lyand t, =ky forallm € {2,...,d}.

So assume that p is of type (i, k1,11, k2, Iz, ..., kg, 14). First (a) we will prove that if g
is of type (i, k1,11, k2,12, ..., kg,13), then p and g are in the same Sym(n)-orbit. Then (b)
we will prove that if g is of type (i,11 — 1,k1 + 1,1, ko, ..., 14, k4), then p and g are in the
same Sym(n)-orbit. At last (c) we will prove that if g is of type (j, s1, t1,52, t2, ..., 4, t4),
then g is not in the same Sym(n)-orbit as p if we do not have that either s,,, = k;, and
tm = Iy forallm € {1,..,d}orsy =11 —1,t; = k1 +1, s,y = I, and t,, = ky, for all
me {2,..,d}.

(a) Since p is of type (i, k1,11, k2,13, ..., kg, 13), there are iy, 1, ..., ik, ey i1 10 oo i1y 1y
Ty 17 ooer By g By 1s woer Ly Ly wveeves Ty 1s woor Tk kyr B, 10 s 11,1, 7 1 Which are pairwise distinct,
such that p = (xl2 + a1x; + bl,xikl/1 = Xig ooy Xig o Xiy Xip  F X+ Ay, X X+
a1, Xiy, g — €12Xi — €22, w00y Xjy T €12X; — €22, X)) | — €32X; — €42, Xjy T €32X; — €42,
...... , xikd/] —€1,4Xi — €24, s xikd’kd —e1,4X; — €4, xi,d/] —€34X;i — €44, s xild”d —e34X; — 64,[1).

Now if g is is of type (j, k1,11, k2, I, ..., k4, 14), then likewise there are ji, 1, ..., i, k;/

s e Jl s Jka s over Tkakar Tl L wver Jlo b weevees Tk Lr +vor Jkaskas Jlas1s =r g1y 7 ] Which are pair-
. . . . 2 . . _ . . _ . . .
wise distinct, such that g = (x]- +a1x; + by, Xjor = Xjrwer Xy = Xjr Xjy +xj +ay, ...,
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x]-ll’ll + X]' +ay, x]'kz’l — 61,23(]' — €22,y x]'kz’kz — 61/2x]' — €22, lez,l — 63,2x]' — €42,y lez/lz —
83,23(]‘ €40, cunnee ’ x]‘de — elldxj — €24, s xjkdfkd - elldx]- — €24, led,l — 83,dx]‘ —€ad,-s ledfld -
€34Xj — €4,d)-

Now take the permutation ¢ of 1,...,n that sends i to j, i, r to ji, s for f €
{1, ... km} and i}, ¢ to jj, . for ¢ € {1,..., L} for m € {1,..,d}. Then o(p) = g, so
we have that p of type (i,k1,11, k2,12, ..., kg,15) and q of type (j, k1,11, ko, 12, ..., kg, 14)
are in the same Sym(n)-orbit. From here it can clearly be seen that if p is of type
(i,k1,11,ko, Iy, ..., kg,15) and q is of type (i, k1,11, k2,12, ..., k4,15), that they are in the
same Sym(n)-orbit.

(b)If gis of type (j, 1 — 1, k1 + 1,12, ko, ..., 14, kg), then there are ji, 1, ..., jik, 1y—1, Ji; 1/
"~/]11,k1+1/]k2,1/ ""]kz,lzf]lz,lf ""]lzlkzl ...... ’]kdfl’ “.,]kd/ld’]ldlll ""]ld/kd 75 ] (note that the first
spot in the subtext denotes the placement in the type in this specific case, the sec-
ond spot in the subtext denotes the count), such that g = (x]2 +a1x; + bl,x]-k1 L
Xjyeoor Xy o1 = Xjr Xji 4 +Xxj+ay, .., Xjp, k1 +xj+ay, Xji,1 — €12Xj — €22, e, Xji | — €12%;
— €272, lezrl — 63,2x]' — €42,y xflz,kz — 63123{]' €42, eeeen , Xjkd/l — €1ldx]' — €24, s xjkdf’d — elldx]-
—C2d, Xjy T €3dXj T Cads s Xjy T €3,4X 64,d)

Now from the third statement of Lemma 6.2.1 we find that g = (szl e, +

N ,

by, X 1 + X a +ay, .., X -1 + Xji 1 t+ay, Yo = Xjyar o Xy g1~ Xigar Xjupa — 32X, 1
84/2, ceey x]-kw — 63,2x]'11/1 — 64[2, X]'IZ,1 — 81/23(]'11,1 — 62,2, ceey lem — 61[2)(?]‘11,1 — 82[2, ...... , x]'kdrl —
63,dx]-ll’1 — €44,y xjkd’ld — €3,dJC]’]1’1 — €44, x]',d’l — €1rdx]’]1’1 — €24,y x]',d’kd — €1/dx]"1/1 — €24, x]'
+ Xji 1 +a1)

This can be reordered so that we find g = (x]%ll1 +aq Xj 4 + by, Xji o = X 1r o X
= Xj 1 X + Xji 1 +ay, ..., X 11 + Xj 1 +ay, xj+ Xjp, 1 +aq, Xjp — €12%j 1 T €22,
JC]'lz/k2 - 61,2le1,1 — €22, x]'kz/l — 63,23(]',1,1 — €42, x]'kz/lz - 63/2)(]'[1’1 — €42, e p led,l - elldlelrl
_ ez,d, ceey led/kd — el,dszlﬂ — ezld, x]-kd/l — 63/dx]'11'1 — €4/d, veey xjkd/ld — 83/dx]'11'1 — 64,01) and we
find that we now have that g is of type (x]'zl,wklf li,ko, Ip, ..., kg, 17). As seen above,
we now know that p and g are in the same Sym(n)-orbit. So we have that p of type
(i,k1,11,ko, 1o, ..., kg, 13) and g of type (j,I1 — 1,k1 + 1,12, ko, ..., 15, k) are in the same
Sym(n)-orbit. From here it can clearly be seen that if p is of type (i, k1,11, ko, Io, ..., k4, 14)
and gis of type (i,ly — 1,k1 + 1,12, ka, ..., 13, ky), that they are in the same Sym(#n)-orbit.

(c) Now if pisof type (i, k1,11, k2, 1o, ..., kg, 17) and g is of type (j, s1, 1,52, t2, ..., Sa, ta),
then without loss of generality, namely by using a permutation of the indices of
the variables x1, ..., x,, we have that p is of type (1,k1,11, k2,12, ..., k4,14), where p =
(X7 + a1x1 + b1, X2 — X1, ooy Xy 41 — X1, Xpy 42 + X1+ A1 oy Xy oty 11+ X1+ 81, Xy 41,42 —
€12X1 — €22,

Xy 4+l +ko+1 — €1,2X1 — €22, Xy [ +ky+2 — €32X1 — €42, «oe) Xjy 41y +hp+l+1 — €32X1 — €42,
~~~~~~ P e, )42 T CLANT T €2 e X e gy g1 T ELAXT T C2d Xy g kg0 T
€3,dX1 — @4, ey X — €34X1 — €4q)-

Now if p and g were to be in the same Sym(n)-orbit, we would have a permutation
o, where p = o(q).

Now if this were the case we would have that p is of type (1,k1, 11, k2, I, ..., kg,1;) and
o(q) is of type (1,s1,t1,52,t2, ..., 84, tq) or (1,11 — 1,51 +1,t2,52,..., t4,54), depending
on whether x,-1(7) — xjisin g or x,-1(1) + xj + a1 is in 4.

Without loss of generality in the case that g is of type (1,s1,t1,52, t2, ..., S, tq), we
have that p= (X% +aix1+by,x0—x1,..., Xjy 41— X1, X2 + X1+ a1, o0, Xpg 11 X1+
A1, Xy +14+2 — €1,2X1 — €22, eoey Xy -1y +hp+1 — €1,2X1 — €22, Xjy -1y +kp+2 — €32X1 — €42, .-+,
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Xy +l4+ko+1+1 — €32X1 — €42, .....t ,X(Zi;% ku+ly)+2 €1,4X1 — €24, ...,X(Zz;% kutla)+kg+1 T
CLAXT = €20, X (i kg ) k42— €3AX1 — €ady s Xn — €30X1 — es4) and thato(q) = (x3 +
aixi + bl,xlk]ll — X1, eeey xlk],k] — JCl,X]l],1 +x1+a, .., xllm + X1+ ﬂ],xlkzl —e1pX1 —
€22,y X1k2,k2 —€12X1 — €22, X112/1 —€32X1 —€42,..., x1’2r’2 —€32X1 — €42, eunet , X1kd,1 —€1,4X1
— €0y Xy T CLAXT — €24, X1, T €3,4X1 — Cady ey X1, T €3,4X1 — es1), where all
g, iand 1; ;forallm € {1,...,d} are pairwise distinct and not equal to 1. The case
that g is of type (1,11 — 1,51 + 1,12, 52, ..., t4, 54) is treated similarly.

Suppose now that there is a position i, such that there is x; — x1 in p and x; +
x1 + a1 in (g). Then since we have that o(q) = p, we get that x; + x1 + a1 € p. So
we also get that x; + x1 + a1 — (x; — x1) = 2x1 + a1 = x1 + % € p. Then now since

2
x2 +ax; + by € p, we have that (— %)% +a;- -4 + b = —% + by € p. We have

that —% + by # 0, since x% + a1x1 + by has no real zeroes. So we have that p contains
a non-zero constant, so we have that p = R. This is a contradiction with the fact that
p is a minimal prime ideal. Analogously, we can show that on this position i, there is
NO X; + €14 X1 + €2, OF X; + €3 X1 + €, form € {2, ...,d}. So we have that s; should
be greater or equal to k;. Analogously it can be shown that ¢; should be greater or
equal to /1. Also analogously it can be shown that s,, should be greater or equal to
ky, and t,, should be greater or equal to I, for m € {2, ...,d} in this case. From the fact
thatkl—l—ll —|—k2+12—|—...—|—kd—|—1d—|—1 = nandsl—l—tl +so+tr+...+s;+tg+1=mn,
wegetthatky + 1 +ko+h+..+kij+1; =51+t +s2+1tr+..+5;+t;and from
this we get that s = ky,t; = I, = ky and t,, = Iy, for m € {2,...,d}. In the
case that g is of type (1,1 — 1,51 + 1, 2,52, ..., t4,54), we find that t; — 1 is equal to k;
and s; + 1 is equal to [;, we also find that t,, is equal to k;, and s, is equal to /,;, for
me {2,..,d}.

So we have that if p, g are minimal prime ideals containing I, ; and p is of type
(i,k1,11,ko, 1, ..., kg,17). Then p,q are in the same Sym(n)-orbit when we have that
there is a j such that g is of type (j, k1,11, k2,12, ..., k4, 1), moreover, in this case g is of
type (i, ki,li,ky, 1o, ..., kg, ld) or (i, L —1,ki+1,1,ko, ..., 1, kd) ]

Theorem 6.2.5. The number of Sym(n)-orbits of the minimal prime ideals p containing I, 4
is equal to

G ()« () s

— 2

u=1

4 1 n4+2u—2 n+2u—23

2(2(< o — 1 >—|—< oy — 2 >)) for odd n.

Proof. First we note the fact that p and g are in the same Sym (n)-orbit if we have that
p is of type (i,ki,11,ka, I, ..., k4,15) and q is of type (j, k1,11, k2,12, ..., k4,14) for some
i,j,k1,11,ka, 12, ..., kg,15. 6.2.1 So now to count the number of Sym(n)-orbits, we look
at the number of Sym(n)-orbits of p where p is of the form (1,ky, 11, ko, o, ..., kg, 14)
and where we have that Z?:l ki+1;, = n—1. We look at the fact that we have
d pairwise distinct irreducible quadratic polynomials. So p contains either fi(x;),
fa(xi),..., fa(x;) for each x;. So p contains ny f1(x;), n2 f2(x;), ..., ng fa(x;) . We have
that n; has values in the range from 0 to n. Now when we have that n; = 0, we
get that 2522 ng = n. This gives us the number of Sym(n)-orbits for the minimal
prime ideals that contain I,, ;_1, since these ideals are generated by f(x;) that consist
of powers of d — 1 distinct irreducible quadratic polynomials.
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To find an equation for the number of Sym(r)-orbits of the minimal prime ideals that
contain I, ;, we will use induction. Suppose that for d € N and d > 1, we have that
the number of Sym(n)-orbits of the minimal prime ideals p that contain I, ; is equal
to

1 (n+2u—2 n4+2u—3 nd gy |
;(2(( 2u—1 >+< o —2 >+<u_1>)) for even n;
Sl (nt2u—2\  (n+2u-3
Efz(( 2u—1 >+< 2 —2 )>) for odd n.

We now take as base case d = 1, then we get that the number of Sym(n)-orbits of
the minimal prime ideals p that contain I, 4 is equal to

1 1 n+2u—2 n+2u—3 L_4+u
- - .
L;(z(( 2u—1 )""( 24 —2 >+< 1 ))) for even n;
1
1 (n+2u—2\  (n+2u—3
Lg(z(< 2u—1 >+< 2u —2 >)) for odd n.
Which is equal to

(2 (1) (F -5+ () ()

= — +1forevenn;

(-0 ()

Zn;1+1f0roddn.

NS

Which is correct by 6.1.5.

Now for our induction step, we assume that the induction hypothesis is correct
for d = w — 1. For our induction hypothesis to stand, we should have that d = w
also holds.

We look at the fact that we have w quadratic polynomials. So p contains one of
f1(xi), f2(xi),..., fw(x;) for each x;. So p contains ny f1(x;), n2 fa(xi), ..., Hw fw(x;) .
We have that n; has values in the range from 0 to n. Now when we have that n; = 0,
we get that ) |, n, = n. This gives us the number of Sym(n)-orbits for the minimal
prime ideals that contain I, ,,—1 which is generated by f(x) which consists of powers
of w — 1 distinct irreducible quadratic polynomials.

So if we have that n; = 0, we get that there are

Y1, m+2u—-2 n—+2u—3 L
(2(< 2u—1 >+( 2u -2 )+< i1 >)) for even n;

1 /m+2u—2 n+2u—23
1(2(( o —1 >+< oy — 9 ))) for odd n,

w

g =
_

u=
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Sym(n)-orbits.

Now for n; > 0, without loss of generality we take that the minimal prime ideals
p are of type (1,ky,11, ko, I, ..., ky, Iy). We have three possibilities that we will count.
We can count the Sym(n)-orbits of the minimal prime ideals p using the fact that
0<Il; <n-—1. We will count:

1. The Sym(n)-orbits where I; = 0.
2. The Sym(n)-orbits where Iy > 0,k; =11 — 1 and k;, = I,,, form € {2, ..., w}.

3. The Sym(n)-orbits which consists of two types of minimal prime ideals follow-
ing 6.2.1.

In the first case, we have an egg colouring problem 2.3.1, where we have n — 1 eggs
and 2w — 1 colours, since we have to divide the n — 1 x;, where i # 1 over the 2w — 1
different options that x; can take when leaving x; 4 x; + a1, aka the option that is
counted by [;, out. So to count the number of Sym(n)-orbits, we have to calculate

_(n—=14+2w—-1-1\ (n+2w-3
f(zw_l’”_l)_< 2w —1-1 )‘( 2w —2 >

In the second case, we count the prime ideals where, we have to have that # is
even, so we have that n — 1 is odd. Then we have to have that n; — 1 is odd and #n,,
for m € {2,...,w} is even. So in this egg colouring problem, we first fix one egg to
have colour /1. After this we want to colour the eggs in pairs of two, either /; and
ki, ky and I, ..., ky and [, so that we keep the conditions of this case. So now we get
an egg colouring problem with w colours (11, ny,..., 1) and 52 eggs, since the eggs

124w — 1)

w—1

will be coloured in pairs of 2. So we get that there are f(w, ’52) = (

(% °0)
w—1 )

Now in the third case, we can count the Sym(n)-orbits where we have that if
p=(1,ki,lh, ko, 1o,k lw) and g = (1,11 — 1, k1 + 1,13, ko, ..., L, k). To do this, first
we will count the total possibilities of how the n — 1 eggs can be divided among the
2w colours kq,11,ko, 15, ..., ky, lw. Then we will subtract the cases where the switch
from the third item of 6.2.1 cannot be made, so for odd n we will subtract the first
case and for even n we subtract the first and second case. Then after this subtraction
is made, the total will be divided by two, since there are two p with a fixed indicator
1 that switch to each other in one Sym(n)-orbit in this case. So in total we get that
there are

%(f(2w,n—l) —fRQw—-1,n-1) —f(ZU,n;?_))
() ()= (50 e
%(f(Zw,n—l) — fRw—1,n—1) —f(ZU,ngz))
:;(<n;3z312>_<n;?%ﬁ;3>) for odd

Sym(n)-orbits in the third case.
So in total we get that the number of Sym(n)-orbits of the minimal prime ide-
als containing I = (f(x1), f(x2), ..., f(x,)), where we have that f(x;) consists of d



32 Chapter 6. Counting in R[x, ..., x|

distinct irreducible quadratic polynomials is
— n+2u—2 n+2u—3 4ty 1 (n4+2w—-2
; < 2u—1 >+< 2u—2 )+<u—1 >))+2(< 2w —1 >
n+2w—3 A tw n+2w -3 At w )
< 2w —2 > <w—l >)+< 2w —2 >+(w—1 for even n;
71
n+2u—2 n+2u—3 1 (n+2w-—2
( 2u—1 )+< 2u—2 >))+2(< 2w —1 )

B <n+2w—3>)+ <n+2w—3> for odd 1.

w m

2w — 2 2w — 2

Which equals
wi:l 1( n+2u—2 n n+2u—3 T4

— 2 2u —1 2u —2 u—
u=1

1, (n+2w-2 n—+2w—-3 T4 w )
+2(< 2w —1 >+< 2w 2 >+<w—1 ) for even n;
1 (n42u-2 n—+2u—3

(2(( 2u—1 >+< 2u -2 >))

1
1 (n4+2w—-2 n—+2w—3
+2(( rw — 1 )-l—( 2w — D )) for odd n.

—~

Which equals

=1 (m+2u—2 n+2u—23 nT—zi_l_u .
Z;(2(( 2u—1 )+( 24— 2 >+< -1 ) for even n;
1 m+2u—2 n+42u—3

uzl(z(( 2u—1 > + < 24 —2 >)) for odd n.

Thus the hypothesis ford = w — 1+ 1 = w also holds.
So we have that the number of Sym(n)-orbits of the minimal prime ideals p con-
taining I, 5 is equal to

1 (n+2u—2 n4+2u—3 4y |
;(2(( 2u—1 >+< oy —2 >+<u_1>)) for even n;
d

1 (n+2u—2\  (n+2u—3
1;1(2(< 2u—1 >+< 2u—2 )>) for odd 7.

O

Remark 6.2.6. We have that the equation in that we found in 6.2.5 can be reduced, which
we will show here. The original equation looks as follows.

n+2u—2 n+2u—3 ot gy |
;2< 2u—1 >+( 2u —2 >+<u—1>)) for even n;
d
Lo(n+2u—2 n+2u—3
u; 2< 2u—1 >+< 2 —2 >)) for odd n.
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We will first look at the equation for odd n:
41, (n+2u—2 n+2u—3
u;(z( 2u—1 )‘L( 2u -2 >)>
n+2u+1)-2 n+2(u+1)-3 . .
Z < 2u+1)—1 >+< 2ut1) -2 ) by index shift
_ld*( n+2u n n+2u—1 )
2420 2u 1 2u '
Now when we write out this equation, we get
—  (n+2u n+2u—1
Eg‘ (2u+1> ( 2u >)
1 n—1 n+2 n+1 n+4 n+3
=20 (o) (3 (2 )+ (15915 +-
n+2(d—1) n+2d—-1)—-1
+<2(d—1)+1>+< 20d-1) )
When we first solve this for brackets and then reorder we will see that we get
1, /n n—1 n+2 n+1 n+4 n+3
(@) (0 (37 (27) + (159 (15) ++
n+2d—2 n+2d—3
+< 24— 1 >+< 24 -2 >)
1, /n-1 n n+1 n+2 n+3 n+4
=2 ) 1)+ (1) (57 + (1)< (57) +-
n+2d—-3 n+2d—2
+< 2d -2 >+< 24— 1 >)
12dZ:1< 1—|—u>
Finally, by the Christmas Stocking Theorem (CST) [6] which states that Zf;ol (n j_ Z) =

<k + n) , we see that

k—1
126121 1—|—u 1 (n-1+2d\ 1 (n+2d—1
2\ 2d-1 ) 2 n '
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Now we will look at the equation for even n:

S e (M) (T

u=1
1 4 n+2u—2 n+2u—3 d 4ty
_2(£(< 2u—1 ) ( 2u —2 >)+u;<u—1 >)
1 (n+2d-1 d 44y
_2(( n >+L§(u—l )
_ -1 /n-4
:1(<n+2d 1>—|— <2 +u+1>) by index shift
2 n = u
1 (n+2d-1\ & (2 +u
B
2 n 1;) u
1. /n+2d-1 2 4d
(AN () by CST
_ 1 (m+2d-1 f+d—1
()0

So we get that the equation that we found in 6.2.5 is equal to

1(<”+2d_1>+<2+f_1>) for even n;
2 n 5

1 (n+2d—-1

2(( N )) for odd n.

Remark 6.2.7. When we take a look at example 6.2.2, we see that we have 8 Sym(n)-orbits
for the minimal prime ideals that contain Iz, and x? 4+ ax; + b. Then looking at example
6.1.2 we see that we will have 2 Sym(n)-orbits for the minimal prime ideals that contain
Lo and not x? + ax; + b. Thus in total we have that there are 10 Sym(n)-orbits for the
minimal prime ideals p that contain I o = ((x3 + axy + b)Y (x3 + cx1 +d)¥2, (x5 + ax, +
b)YV (x3 + cxa + d)¥2, (x5 + axz + b)V1 (x5 + cx3 +d)¥2) C R[xq, x2, x3).

Looking at the equation we got at 6.2.6 and we take d = 2 and n = 3, we get that there
are 10 Sym(n)-orbits for the minimal prime ideals that contain I3, which is the same as we
found earlier.

6.3 The minimal prime ideals containing I € R[x, ..., x;]

Theorem 6.3.1. The number of Sym(n)-orbits of the minimal prime ideals p containing
Liaw = (f(x1), f(x2),..., f(xn)) C R[x1,...,xn], where each f(x;) can be factored as
(x2 4+ aqx; 4 by )V (57 + apx; 4 bp) V2. (X7 + agx; + b)Y (x; — 1) (x; — €2) 2. (X — o),
where all x? 4+ a1x; + by, X7 + axx; + by, ..., x? + agx; + by are distinct and irreducible in
R[x1, ..., Xn], where c; # ¢y # ... # cpareall in R and where the exponents y1, ..., Y4, €1, ..., €4 €

N, is equal to
" n—z+v—1> 1 <z+2d—1) (Z+d—1>
— + 2 .
Lo (e )

z=0,z even

n i (<n—zz)—_kg)—1> _;((z+22d—1>))'

z=0,z odd
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Proof. For a minimal prime ideal p to contain I, ;,, we have to have that p contains
one of x? + ayX; + by or x; — ¢y form € {1,..,d} and h € {1,..,v} for each i €
{1,..,n}.

So now we should count over the linear and quadratic polynomials that p con-
tains. After dividing the linear and quadratic polynomials, we can use the equations
found in 5.0.2 and 6.2.6. Now if we have that p contains z irreducible quadratic poly-
nomials in a single variable, we have that p contains n — z linear polynomials in a sin-
gle variable. So to count the number of Sym(n)-orbits, we have to plug the equations
found in 5.0.2 and 6.2.6 into the following sum: }_7_, linear orbits - quadratic orbits,
which will split into two sums, one counting over the even z and one over the odd
z, because of the division between even and odd 7 in the equation found in 6.2.6. So
we get that there are

i ((n—zz)—l—;)—1> .;(<z+22d—1> n <§+§—1>))

z=0,z even 2
! n—z+ov—1\ 1 (z+2d—1

e (TR ()

z=0,z odd

Sym(n)-orbits of the minimal prime ideals p that contain I,, 4.
O

Lemma 6.3.2. The degree of the number of Sym(n)-orbits of the minimal prime ideals con-
taining I, 4, as found in 6.3.1 as a function of n is equal to v 4+ 2d — 1.

Proof. The degree of a polynomial is the highest power that is taken in the polyno-
mial, so if we look at the aspects of the polynomial found in 6.3.1, we see that the
highest power that the polynomial in (1 — z):

n—z+v—1
v—1 !

can take is v — 1. We also see that the highest power that the polynomials in z:

1 /z+2d—1 Z+d—1 1 /z+2d-1
U G RS R 1T (G
can take is 2d — 1.

So we find that we have a polynomial of degree v — 1 in n — z, which we multiply
with one of the polynomials of degree 2d — 1 in z. This gives us the two polynomials

<n—z—l—i)—1> ';(<Z+2;i—1> n <§—|—§l—1>)

n—z+ov—1 1( z+2d—1 )

v—1 2 z )
These two functions in z, if we take n to be a constant, have a degree equal to the
sum of the two degrees earlier found, which is equal to (v — 1) + (2d — 1). Now the

degree of number of Sym(n)-orbits of the minimal prime ideals that contain I, ; , as
found in 6.3.1 is at most equal to (v —1) + (2d —1) +1=v+2d — 1 by 4.2.2. O

and

Lemma 6.3.3. The number of Sym(n)-orbits of the minimal prime ideals containing 1,, 4,
as found in 6.3.1 forms a quasi-polynomial.
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Proof. A quasi-polynomial can be written as q(k) = c;(k)k? + cy_1(k)k¥1 + ... +
co(k). We can rewrite the equation that we found in the following way:

Z_O,Zieven(<n—zz]i—71)—1> .;(<z+22d—1) n (é—f—g—l)))
_i_z_og:()dd((n—zz)i—zl)—l) .;(<z+22d—1>)>

:§(<n—zi—zlz—1> é(<z+22d—1) o) (§+gl—1>))‘

2

We have here that g(z) is 1 for z even and 0 for z odd. We now have that

v =5 () e (BT

2

is a quasi-polynomial. Then if we look at the multiplication of <n B ZZ) i— le B 1> and

h(z), we clearly see there will still be a quasi-polynomial, as we multiply a polyno-
mial with a quasi-polynomial and quasi-polynomials are closed under multiplica-
tion [4].

At last we have a summation of quasi-polynomials as we have

ST AT s ()

Thus by the fact that quasi-polynomials are closed under addition [4], we still have
a quasi-polynomial, but now the quasi-polynomial is in 7, with at most the degree
we found in 6.3.2. ]
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Chapter 7

Discussion

In this project we proved a couple of statements relating to minimal prime ideals
and we derived an expression for the number of Sym(n)-orbits of the minimal prime
ideals that contain an ideal I in R[xy, ..., x,]. We also looked at whether this expres-
sion is a quasi-polynomial or not and which degree it can have. There is still further
research that can be done, building on top of what we found, and we will now give
some examples.

The smallest extension that can be done is to prove whether the degree of the
polynomial found in 6.3.1 is actually equal to v + 2d — 1.

Another possible extension would be to find the number of Sym(n)-orbits in
Q[x1, ..., Xu), by first finding a good representation for the minimal prime ideals
that contain an ideal that consists of f(x;) which can not be factored into linear or
quadratic polynomials in Q[x;] and then using combinatorics and induction like in
6.1.5 and 6.2.6 to find an expression for the number of Sym(n)-orbits of the min-
imal prime ideals that contain this ideal. Then by using this expression and the
expressions found in 5.0.2 and 6.2.5, we can find an expression for the number of
Sym(n)-orbits of the minimal prime ideals that contain an ideal that consists of f(x;)
that can be factored into irreducible terms in Q[x;]. As an addition to this, an expres-
sion can be found for the number of Sym(n)-orbits of the minimal prime ideals that
contain an ideal that consists of f(x;) that can be factored into irreducible terms in
any polynomial ring K[x;].

What also can be investigated further, is whether there is an approach to find the
number of Sym(n)-orbits of the minimal prime ideals that contain I, ; as in Section
6.2, that leads directly to the equations we found in 6.2.6. We now used an approach
that led to a sum which could be transformed into the equation found in 6.2.6, but
we have not found a direct approach yet. If a direct approach is found, this approach
could maybe also be used for the extensions above.

Regarding the polynomial rings that we have already explored, we note that an
addition to these could be the addition of multiple variables. With this we mean that
we can find an expression for the number of Sym(n)-orbits of the minimal prime ide-
als that contain an ideal that consists of f(x;, x;) that can be factored into irreducible
terms in C[x;, x;| and other polynomial rings. This then could be expanded to ideals
that consist of functions with n variables.

Investigating these additions and the expressions we already found could be in-
teresting for research purposes in the fields of ring theory.






39

Bibliography

[1]

[2]

[3]

[4]

[5]

6]

[7]

Hans Cuypers Arjeh M. Cohen and Hans Sterk. Lecture notes: Sets, Logic and
Algebra. 2018.

V Kac and P Cheung. “Euler-Maclaurin Formula”. In: Quantum Calculus. New
York, NY: Springer, 2002, pp. 92-98.

J.H. van Lint and J.W. Nienhuys. Discrete wiskunde. Schoonhoven: Academic
Service, 1991.

Petr Lisonék. Quasi-Polynomials: A Case Study in Experimental Combinatorics. Re-
search Institute for Symbolic Computation, Johannes Kepler University, Linz,
Mar. 1993.

Chloe Martindale. Lecture notes: Algebra and Discrete Mathematics. 2018.

Eric W. Weisstein. Christmas stocking theorem. [Online; accessed 20-January-2023].
URL: https://mathworld.wolfram.com/ChristmasStockingTheorem.html.

Wikipedia contributors. Quasi-polynomial — Wikipedia, The Free Encyclopedia. [On-
line; accessed 4-December-2022]. 2022. URL: https://en.wikipedia.org/w/
index.php?title=Quasi-polynomial&action=history.


https://mathworld.wolfram.com/ChristmasStockingTheorem.html
https://en.wikipedia.org/w/index.php?title=Quasi-polynomial&action=history
https://en.wikipedia.org/w/index.php?title=Quasi-polynomial&action=history

	Abstract
	Introduction
	Sym(n)-orbits
	Group actions
	The Sym(n)-orbit
	The egg colouring problem

	Minimal prime ideals
	Ring homomorphisms and the degree of polynomials
	A ring homomorphism
	The degree of a sum of polynomials

	Counting in C[x1,...,xn]
	Counting in R[x1,...,xn]
	A single quadratic irreducible polynomial
	Multiple quadratic irreducible polynomials
	The minimal prime ideals containing IR[x1,...,xn]

	Discussion
	Bibliography

