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Capacitor voltage ripple and capacitance
evaluation in a direct three-phase to single-phase
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Abstract—This paper introduces the capacitor current
and voltage ripple evaluation of a direct three-phase to
single-phase ac/ac modular multilevel converter with full-
bridge sub-modules. Based a desired sub-module capacitor
voltage ripple, the required capacitance is calculated, which is
valuable to dimension sub-modules’ energy storage in many
applications. Simulations and measurements using a scaled-
down prototype validate the analysis.

Index Terms—battery, capacitance, capacitor RMS cur-
rent, capacitor voltage ripple, full-bridge, medium-voltage,
MMC.

I. INTRODUCTION

Ultrafast chargers based on direct ac/ac modular mul-
tilevel converters (MMCs) reduce the size and cost of
medium-voltage (MV) connected chargers by employing
a single medium-frequency transformer (MFT) [1]–[3].
However, the MMC sub-module (SM) capacitors are still a
driving factor of the converter’s volume and price [4]–[6].
In addition, MMC SMs must keep an admissible current
ripple, and therefore voltage ripple, to minimize capacitor
loss [7]. Increasing SMs capacitance reduces the voltage
ripple. Based on a desired capacitor voltage ripple, the
desired sub-module capacitance can be estimated [8]–[14].

The ac/dc modular multilevel converter has a capacitor
voltage ripple that is dominated by the grid second-order
harmonic frequency [15]–[17]. The voltage ripple related
to the grid frequency can be decreased through a control
scheme [18]–[21]. Despite that, the medium-frequency
single-phase voltage output of the ac/ac MMC adds higher-
order harmonics to the capacitor current and voltage ripple
[1], [2]. Therefore, this paper investigates SM capacitor
current, voltage ripple and the necessary capacitance to
maintain the ripple within desired limits in an ac/ac MMC
with full-bridge SMs.

II. MODULAR MULTILEVEL CONVERTER

The MMC with full-bridge SMs offers ac/dc and ac/ac
conversion between the three-phase and single-phase ter-
minals [1], [2], [6], [17]. The ac/ac MMC is for example
able to connect a MV grid to a MFT, with frequencies
ω1 = 2πf1 and ω2 = 2πf2, respectively. As shown in Fig.
1, a transformer connected to the single-phase terminals
can offer galvanic isolation between the three-phase ac
voltage (uy) and the dc voltage (udc). In the MMC the
upper and lower arms are denoted by x ∈ {u, l } and three

phase quantities are indicated by y ∈ {a, b, c}. The arms
are comprised of a series inductance Ly and N series-
connected SMs, each comprised of a full-bridge converter
and a dc-bus capacitor.

A. Fundamentals

The series connected SMs in a MMC arm can be
simplified to controllable voltage and current sources (Fig.
2), representing the average behavior [1], [2]. Therefore,
SMs from each arm are combined to create the summed

capacitor voltages vx
y =

N∑
k=1

vx
y,k as in Fig. 2, where

vx
y,k is the SM capacitor voltage of the kth sub-module.

Additionally, the SMs capacitor voltages are related to

the arm voltages ux
y =

N∑
k=1

Sx
y,k vx

y,k, with the kth SM’s

switching function given by Sx
y,k ∈ {−1, 0, 1}. The

switching functions generate the arms’ average insertion

indices nx
y = 1

N

N∑
k=1

Sx
y,k, where −1 ≤ nx

y ≤ 1 , leading

to ux
y = nx

yvx
y .

Assuming that the SM capacitors in each arm have equal
capacitance, the equivalent capacitance in the arms Cσ =
Cy

N decreases as the number of SMs increases. Assuming
that the capacitor voltages are equal for every module in
the arm, the insertion indices steer the voltage and current
sources in Fig. 2 as ux

y = nx
yvx
y and ıxCy = nx

yı
x
y .

B. Decomposition of the circuit states

The MMC arm voltages and currents can be decom-
posed into differential-mode (∆) and common-mode com-
ponents (Σ) as

u∆
y =

1

2

(
uu
y − ul

y

)
, (1)

ı∆y =
1

2

(
ıuy − ıly

)
, (2)

uΣ
y =

1

2

(
uu
y + ul

y

)
, (3)

ıΣy =
1

2

(
ıuy + ıly

)
. (4)

Assuming sinusoidal PWM modulation, the steady-state
differential-mode components are defined as
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Fig. 1. Electrical circuit of a MMC-based ultrafast charger.
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Fig. 2. Three-phase to single-phase ac/ac MMC averaged equivalent
circuit.

u∆
y = −

√
2U∆

y cos
(
ω1t+ θ∆

y

)
, (5)

ı∆y =
√

2I∆
y cos

(
ω1t+ ϕ∆

y

)
, (6)

where ω1 is the grid frequency.
The steady-state common-mode components are de-

scribed as

uΣ
y =
√

2UΣ
y1 cos

(
ω1t+ θΣ

y1

)
+
√

2UΣ
y2 cos

(
ω2t+ θΣ

y2

)
,

(7)

ıΣy =
√

2IΣ
y1 cos

(
ω1t+ ϕΣ

y1

)
+
√

2IΣ
y2 cos

(
ω2t+ ϕΣ

y2

)
,

(8)
where ω2 is the fundamental frequency of the single-phase
voltage and current uz and ız. These definitions offer a
decoupled control between grid and MFT currents [2].

C. Power distribution

Based on this decomposition, the instantaneous power
px
y = −ux

yı
x
y processed by the controllable voltage source

of each MMC arm in Fig. 2 is defined as pΣ
y =

1
2

(
pu
y + pl

y

)
and p∆

y = 1
2

(
pu
y − pl

y

)
. The time aver-

aged common and differential-mode powers are given by
PΣ
y = U∆

y I
∆
y cos

(
θ∆
y − ϕ∆

y

)
− UΣ

y2I
Σ
y2 cos

(
θΣ
y2 − ϕΣ

y2

)
and P∆

y = −UΣ
y1I

∆
y cos

(
θ∆
y − ϕ∆

y

)
, respectively. The

average power PΣ
y is equal to zero in steady-state due

to equal power flowing in and out of the three-phase and
single-phase ports. In addition, P∆

y is regulated by UΣ
y1,

with in steady-state UΣ
y1 = 0 and therefore IΣ

y1 = 0.
Furthermore, PΣ

y and P∆
y can be controlled through uΣ

y1

and uΣ
y2 respectively [2]. The control scheme to regulate

common-mode voltages is not investigated in this paper,
but it can be found in [1], [17].

D. Arm capacitor current and voltage ripple

The SM capacitor current and voltage ripple calculation
are necessary for capacitor dimensioning in any MMC ap-
plication. Without loss of generality, the capacitor current
and voltage ripple of the upper arms is calculated from
Fig. 2. The ripples for the lower arms are equal due to
symmetry. The upper arm insertion indices and the average
summed capacitor voltage are found to be

nu
y =

u∆
y + uΣ

y

Vu
y

, (9)

Vu
y = Ûy +

Ûz

2
, (10)

where Ûy and Ûz are the voltage amplitudes of the grid
and MFT. The capacitor voltage ripple can be reduced by
appropriate choice of the modulation scheme to obtain (9)
[22]. However, this paper does not cover modulation, as it
focuses on analytical expressions for the capacitor current



and voltage ripple based on the MMC averaged equivalent
circuit. During steady-state UΣ

y1 = 0, therefore

nu
y = −

√
2
U∆
y

Vu
y

cos(ω1t+ θ∆
y ) +

√
2
UΣ
y2

Vu
y

cos(ω2t+ θΣ
y2).

(11)
In addition, based on the common and differential-mode

decomposition, the SM capacitor currents are

ıuCy =− U∆
y

Vu
y

I∆
y cos(2ω1t+ θ∆

y + ϕ∆
y )

+
UΣ
y2

Vu
y

IΣ
y2 cos(2ω2t+ θΣ

y2 + ϕΣ
y2)

− U∆
y

Vu
y

IΣ
y2 cos[(ω1 + ω2)t+ θ∆

y + ϕΣ
y2]

+
UΣ
y2

Vu
y

I∆
y cos[(ω1 + ω2)t+ θΣ

y2 + ϕ∆
y ]

− U∆
y

Vu
y

IΣ
y2 cos[(ω1 − ω2)t+ θ∆

y − ϕΣ
y2]

+
UΣ
y2

Vu
y

I∆
y cos[(ω2 − ω1)t+ θΣ

y2 − ϕ∆
y ], (12)

considering the dc currents equal to zero in steady-state. To
evaluate the steady-state summed capacitor voltage ripple,
the integral of (12) results in

vu
y =Vu

y −
1

2ω1Cσ

U∆
y

Vu
y

I∆
y sin(2ω1t+θ

∆
y +ϕ∆

y )

+
1

2ω2Cσ

UΣ
y2

Vu
y

IΣ
y2 sin(2ω2t+θ

Σ
y2+ϕΣ

y2)

− 1

(ω1+ω2)Cσ

U∆
y

Vu
y

IΣ
y2 sin

[
(ω1+ω2)t+θ∆

y +ϕΣ
y2

]
+

1

(ω1+ω2)Cσ

UΣ
y2

Vu
y

I∆
y sin

[
(ω1+ω2)t+θΣ

y2+ϕ∆
y

]
− 1

(ω1−ω2)Cσ

U∆
y

Vu
y

IΣ
y2 sin

[
(ω1−ω2)t+θ∆

y −ϕΣ
y2

]
+

1

(ω2−ω1)Cσ

UΣ
y2

Vu
y

I∆
y sin

[
(ω2−ω1)t+θΣ

y2−ϕ∆
y

]
.

(13)

The summed capacitor voltage ripple contains the same
frequency components as its current. The voltage ripple
depends on the averaged summed capacitor voltage, arm
capacitance, common- and differential-mode voltage and
current, frequencies 2ω1, 2ω2, ω1+ω2 and ω2−ω1 and all
the angles in (13). Thus, the frequency with the greatest
amplitude in the capacitor voltage ripple depends on
the application. For instance, ultrafast chargers consider
ω2 > ω1 to diminish the MFT size and cost [1]–[3].
In that case, the double frequency (2ω1) from the grid
has more influence on the capacitor voltage ripple than
the double frequency (2ω2) from the MFT. However, in
traction systems the double frequency (2ω2) from the MFT
has more influence on the capacitor voltage ripple since
in this application ω1 > ω2 [17].

III. CAPACITANCE EVALUATION

The SM capacitor RMS current and voltage ripple are
necessary to dimension the MMC energy storage require-
ments. The RMS current is obtained from the amplitudes
of the components in (12). The amplitudes with frequen-
cies 2ω1 (Îu

Cy,2ω1
) and 2ω2 (Îu

Cy,2ω2
) are straightforward.

The amplitudes with frequencies ω1 +ω2 (Îu
Cy,ω1+ω2

) and
ω2−ω1 (Îu

Cy,ω2−ω1
) need manipulation. The SM capacitor

RMS current is given by

Iu
Cy =

{(
Îu
Cy,2ω1

)2

+
(
Îu
Cy,2ω2

)2

2

+

(
Îu
Cy,ω1+ω2

)2

+
(
Îu
Cy,ω2−ω1

)2

2

} 1
2

. (14)

In addition, (13) can be used to specify the SM ca-
pacitance for a desired voltage ripple

(
∆Vx

y

)
in ac/ac

MMCs with full-bridge SMs. A theoretical upper limit
to the voltage ripple can be derived by considering all
components to have a phase such that their peaks align.

Climy =
2N

ν
(
Vx
y

)2
[
U∆
y I

∆
y

2ω1
+
UΣ
y2I

Σ
y2

2ω2

]

+
2N

ν
(
Vx
y

)2
[
UΣ
y2I

∆
y + U∆

y I
Σ
y2

ω1 + ω2

]

+
2N

ν
(
Vx
y

)2
[
UΣ
y2I

∆
y + U∆

y I
Σ
y2

ω2 − ω1

]
. (15)

This is the worst case voltage ripple that can occur.
Here ν =

∆Vx
y

Vx
y

is the ratio of peak-to-peak voltage ripple
to average summed capacitor voltage. If ω2 � ω1, the
capacitor ripple in (13) can be approximated by only the
first sine term, leading to a required capacitance

Cy =
U∆
y I

∆
y N

ω1ν
(
Vx
y

)2 . (16)

IV. EXPERIMENTAL VERIFICATION

Simulations and experiments were conducted with the
parameters described in Table I. Simulations were per-
formed with the switched and averaged models from Fig.
1 and Fig. 2, respectively. Experiments were carried out
with a scaled-down prototype shown in Fig. 3.

To calculate current amplitudes in (14), I∆
y = Pout

6Uy
,

U∆
y =

√
(Uy)

2
+
(
ω1LyI∆

y

)2
, θ∆

y = arcsin
(
ω1LyI

∆
y

U∆
y

)
and ϕ∆

y = 0 are fixed for an unitary power factor. To
evaluate (14), IΣ

y2 = Pout

6UΣ
y2

, UΣ
y2 = Uz

2 , θΣ
y2 = 0 and ϕΣ

y2

can be imposed by means of a closed-loop control [1],
[17]. The current amplitudes and the RMS current in (14)
are plotted in relation to ϕΣ

y2 as shown in Fig. 4. To reduce
SM capacitor RMS current, the control must impose an
angle ϕΣ

y2 that results in the Iu
Ca curve valley in Fig 4.

The RMS capacitor current in (14) is plotted in relation
to the MMC output power together with measurements
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Fig. 3. Photograph of the experimental setup including a scaled-down MMC prototype.

TABLE I
RATINGS OF THE MMC-BASED SCALED-DOWN PROTOTYPE.

Description Variable Value Unit
Output power Pout 1 kW

Three-phase ac peak voltage Ûy 200 V
Single-phase ac peak voltage Ûz 200 V

DC voltage udc 200 V
Summed capacitor voltage Vx

y 400 V
Grid frequency f1 50 Hz

Single-phase frequency f2 1000 Hz
SM switching frequency fsw 5000 Hz

Arm inductance Ly 2.36 mH
Arm capacitance Cy 1.25 mF

Ac/dc converter capacitance Cdc 1 mF
Number of SMs per arm N 4 -

and simulations using the switched and averaged circuit
models as shown in Fig. 5. The expression in (14) is
confirmed by varying the converter output power (Pout)
for a fixed ϕΣ

y2 = 0.1 rad. The error between the analytical
expression, simulations and measurements in Fig. 5 can
be attributed to the closed-loop control to obtain (9) and
losses that were not considered in the model.

To verify (15) and (16), the relation between ripple
voltage and sub-module capacitance is presented in Fig. 6.
Simulation results from the switched and averaged models
are plotted together with the measurement in a scaled-
down prototype. The differences between the switched and
averaged models are due to the additional ripple caused
by the SM switching frequency. The PWM and sorting
algorithm to select the insertion indices of SMs in the
MMC arms contribute with high frequency components
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that are not present in the averaged model. The voltage
ripple from simulations and measurement in Fig. 6 is
calculated as presented in Fig. 11, which also shows
the high frequency components. Furthermore, the models
do not include the dead-time between switches that also
contributes to the voltage ripple, which could explain the
deviation of the measured ripple.
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Fig. 6. Capacitor voltage ripple in relation to the sub-module capacitance.

The SM capacitance is fixed in the experimental setup,
which limits the ripple measurement to one point in Fig.
6. The switched model exhibits greater precision than the
averaged model in comparison to the measurement. There-
fore, the capacitor current and voltage analysis should
consider PWM and dead-time for better capacitance eval-
uation in ac/ac MMCs.

As presented in Fig. 7, the insertion indices in (9)
are comprised of common-mode and differential-mode
components. The closed-loop control modifies (9) with the
measurements of summed capacitor voltage ripple instead
of its average value. Since the summed capacitor voltage
in the experimental setup is higher than in (10), the MMC
arms are under-modulated.
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Since the MMC arms are interfacing both the three-
phase AC grid and single-phase MFT, the steady-state
upper arm currents measurements shown in Fig. 8 include
frequencies ω1 and ω2.

Fig. 9 compares the simulated averaged model and
measured SM capacitor currents to verify the amplitudes in
(14). In the experiments the capacitor currents (ıxCy) cannot
be readily measured, so they have been derived from the
measured arm currents (Fig. 8), through multiplication
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with the arm insertion indices (Fig. 7) that are obtained
with a closed-loop control.

Fig. 10 shows the Fast Fourier Transform (FFT) of sim-
ulation and measurement from Fig. 9. The FFT confirms
the current amplitudes presented in Fig 4. However, the
closed-loop control that generates the arm insertion indices
introduces undesired harmonics in the SM capacitor cur-
rent [17]. Furthermore, the operation point of ϕΣ

y2 in Fig.
4 could explain the mismatch between current amplitudes
of simulation and experiment.
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The SM capacitor voltage measurement is plotted in
Fig. 11 together with the simulation result. The switched
model was used for an accurate comparison with the mea-
surement. The high frequency components in the voltage
ripple are associated to the PWM and sorting algorithm
that modifies (9).
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V. CONCLUSION

This paper evaluates the capacitor RMS current and
voltage ripple in full-bridge SMs of a direct three-phase to
single-phase ac/ac MMC. Based on the capacitor voltage
in the SMs, the required capacitance for a specific voltage
ripple was determined. As a result, the analysis can be
utilized to dimension SM capacitance in ac/ac MMCs,
which is a driving factor of the size and cost in many
applications.

Experiments show the arm currents of the MMC with
frequency components from the three-phase and single-
phase terminals. Furthermore, simulation and measure-
ment of the capacitor current and voltage ripple in one
sub-module attest the analysis.
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