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a b s t r a c t 

A theoretical model is considered to predict the minimum ambient gas temperature at which fine iron 

particles can undergo thermal runaway–the ignition temperature. The model accounts for Knudsen tran- 

sition transport effects, which become significant when the particle size is comparable to, or smaller 

than, the molecular mean free path of the surrounding gas. Two kinetic models for the high-temperature 

solid-phase oxidation of iron are analyzed. The first model (parabolic kinetics) considers the inhibiting 

effect of the iron oxide layers at the particle surface on the kinetic rate of oxidation, and a kinetic rate 

independent of the gaseous oxidizer concentration. The ignition temperature is solved as a function of 

particle size and initial oxide layer thickness with an unsteady analysis considering the growth of the 

oxide layers. In the free-molecular limit (small particles), the thermal insulating effect of transition heat 

transport can lead to a decrease of ignition temperature with decreasing particle size; however, the pres- 

ence of the oxide layer slows the reaction kinetics, and its increasing proportion in the small-particle 

limit can lead to an increase of ignition temperature with decreasing particle size. This effect is observed 

for sufficiently large initial oxide layer thicknesses. The continuum transport model is shown to predict 

the ignition temperature of iron particles exceeding an initial diameter of 30 μm to a difference of 3% or 

less (30 K or less) when compared to the prediction of the transition transport model. The second kinetic 

model (first-order kinetics) considers a porous, non-hindering oxide layer, and a linear dependence of 

the kinetic rate of oxidation on the gaseous oxidizer concentration. The ignition temperature is resolved 

as a function of particle size with the transition and continuum transport models, and the differences 

between the ignition characteristics predicted by the two kinetic models are identified and discussed. 

© 2023 The Author(s). Published by Elsevier Inc. on behalf of The Combustion Institute. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Iron has an excellent potential as a global energy carrier due 

o its high energy density, its abundance, and the existing widely- 

eveloped iron mining, production, and recycling industries [1,2] . 

o design and optimize practical iron burners, a deeper under- 

tanding of the physics underlying the combustion of fine iron 

articles is required in the scientific community. In particular, the 

gnition phenomenon of solid fuel particles leads to a burning 

egime exhibiting rapid reaction kinetics and high energy release 

ates [3,4] ; therefore, iron burners with ignited particles present 

he potential for practical, high-power applications, motivating the 

eed to accurately predict iron particle ignition. 
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Conventionally, the continuum assumption has been adopted to 

escribe transport processes in metal combustion problems. This 

ssumption fails when the solid particles are of comparable size to, 

r smaller than, the gas molecular mean free path, as quantified by 

he Knudsen number (Kn), the ratio of the mean free path to the 

article radius. Generally, researchers reported that for Kn ≤ 0 . 01 , 

ontinuum treatment accurately describes transport processes; for 

n ≥ 10 , free-molecular laws describe transport processes; and, at 

ntermediate Kn, transport occurs in the transition regime [5–9] . 

In the past few decades, several studies have investigated the 

imits of applicability of continuum transport in heterogeneous re- 

ction problems. In engineering systems involving the formation of 

erosol nanoparticles and vapor molecules, Gopalakrishnan et al. 

5] reported transition effects must be considered for submicron 

nd nano- particles at 1 atm. Shpara et al. [8] established the onset 

f transition effects between 1.23 and 46.3 μm particle diameter 

or boron combustion between 4.0 and 0.1 MPa. In the heating and 

gnition delay time of metallic particles, Mohan et al. [10] reported 
Institute. This is an open access article under the CC BY license 
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hat these effects become important at 2 and 18 μm particle diam- 

ter for pressures of 10 and 1 bar. Ermoline [11] reported transition 

eat transfer becomes significant for predicting the ignition of alu- 

inum nano- and micro- particles at 1 atm. Recently, Senyurt and 

reizin [12] studied the ignition of aluminum, boron, and magne- 

ium particles, and stated transition effects could be important up 

o 200 μm particle diameter at 1 atm. 

Alas, transition effects were not previously captured in iron par- 

icle ignition problems. In a recent work, Mi et al. [13] investigated 

he ignition behavior of iron particles governed by a parabolic oxi- 

ation law. This kinetic model considers the hindrance of the tran- 

ient oxide layer growth on the kinetic rate of solid-phase iron 

xidation [14] , and an independence of the kinetic oxidation rate 

n the surrounding gaseous oxidizer concentration [15] . The re- 

ults were computed using a continuum transport model. In the 

urrent work, the analysis reported in Ref. [13] is extended, by 

onducting a quantitative study of the ignition behavior of fine 

ron particles across the Knudsen transition regime, while applying 

he flux-matching boundary sphere method [7,16] to resolve tran- 

ition heat and mass transport. Additionally, different iron oxida- 

ion kinetics are investigated, namely the first-order kinetics pro- 

osed by Hazenberg and van Oijen [17] . This kinetic model con- 

iders a porous iron oxide layer not hindering the kinetic rate of 

olid-phase iron oxidation, and a linear (first-order) dependence of 

he kinetic oxidation rate on the gaseous oxidizer concentration at 

he particle surface. 

The current work is structured as follows. In Section 2 , an 

verview of available kinetic models for solid-phase iron oxidation 

s presented. Then, the mechanisms of gas-particle heat and mass 

ransfer as a function of the Knudsen number are presented, and 

he physics underlying thermal and mass accommodation for tran- 

ition and free-molecular transport are discussed. In Section 3 , a 

odel to predict ignition of a single iron particle accounting for 

ransition heat and mass transport effects is formulated, with un- 

teady and steady analyses. In Section 4 , the ignition temperature 

s resolved as a function of particle size for the parabolic and first- 

rder kinetic models, and the results are compared to continuum 

ransport modeling. Sources of error are discussed in Section 5 , and 

oncluding remarks are provided in Section 6 . 

. Background 

.1. High-temperature solid-phase iron oxidation kinetics 

Chen and Yeun [18] reviewed experimental data on the high- 

emperature solid-phase oxidation of iron (Fe) in air and oxygen. In 

he temperature range from 973 to 1523 K, the oxidation of Fe was 

ound to consistently result in the formation of a three-layered, 

ompact oxide scale adhering to the Fe surface, where the scale 

as composed of wüstite (FeO), magnetite ( Fe 3 O 4 ), and hematite 

 Fe 2 O 3 ). As well, experimental evidence reported by Goursat and 

meltzer [15] suggested the kinetic rate of oxidation to be inde- 

endent of the surrounding gaseous oxidizer concentration, as the 

eaction rate-limiting step is the internal diffusion rate of iron ions 

hrough the oxide layers. In fact, the kinetics follow a parabolic 

ate law, 

 

2 = k X t ⇒ 

d X 

d t 
= 

k X 
2 X 

(1) 

here X is the thickness of the oxide layer, k X is the kinetic rate, 

nd t is time. Hence, the growth rate of the oxides were found to 

e inversely proportional to their increasing thickness. 

Following the parabolic kinetic model, Mi et al. [13] proposed 

n unsteady iron particle oxidation model considering the growth 

f a two-layered oxide scale on the particle surface. The iron ox- 

des FeO and Fe O were formed through two parallel reactions 
3 4 

2 
etween Fe and O, while the formation of Fe 2 O 3 was neglected, 

ue to its relatively negligible thickness in the oxide layer [14] . The 

rowth rate of each oxide was formulated to follow Eq. (1) , with 

inetic parameters calibrated to the experimental work of Païdassi 

14] . The independence of the kinetic rate on oxidizer concentra- 

ion led to a specialization of the k − β model [4] to a switch-type 

odel, which naturally captures the transition between kinetic- 

nd external-diffusion- limited combustion. 

An alternative kinetic model was recently proposed by Hazen- 

erg and van Oijen [17] to model the steady one-dimensional prop- 

gation of flames in iron particle suspensions. They considered 

pherical particles composed of an Fe core surrounded by a grow- 

ng porous FeO shell that does not inhibit the kinetic rate of oxida- 

ion. Instead, a first-order (linear) dependence of the kinetic reac- 

ion rate on the oxidizer concentration at the particle surface was 

ssumed. In a different study by Lysenko et al. [19] , the oxidation 

inetics of iron particles were experimentally studied through ther- 

ogravimetric analysis (TGA) in the temperature range from 298 

o 1073 K. The oxidation kinetics were formulated as a set of n -

rder branched reactions, where two parallel pathways were con- 

idered: direct formation of Fe 2 O 3 from Fe and O; and formation 

f Fe 3 O 4 from Fe and O, then further oxidation of Fe 3 O 4 to Fe 2 O 3 . 

Among the three kinetic models presented, the model described 

y Mi et al. [13] is proposed to better represent the underlying 

hysics of high-temperature solid-phase iron oxidation, as it is 

ased on an extensive experimental and theoretical literature on 

he topic. In the model proposed by Lysenko et al. [19] , the tem-

erature range covered (298–1073 K) maps multiple different ox- 

dation mechanisms, as reviewed by Chen and Yeun [18] , namely 

ince FeO becomes a stable oxide above 843 K; however, this was 

ot captured by Lysenko et al. [19] , who proposed a single set of 

quations covering this entire temperature range. Regarding the 

odel proposed by Hazenberg and van Oijen [17] , literature shows 

ron oxidation results in a multi-layered oxide scale dependent on 

emperature [18] , beyond the formation of only FeO. As well, FeO 

as assumed to be porous, despite its Pilling–Bedworth ratio of 1.7 

redicting a compact, protective oxide layer [20] . Nevertheless, the 

urrent work implements both of the kinetic models proposed in 

efs. [13,17] : the former implementation permits a characterization 

f transition transport effects on parabolic kinetics independent of 

xidizer concentration, a realistic representation of iron oxidation 

inetics, while the latter allows an investigation of the fundamen- 

al impact of Knudsen transition effects on a first-order kinetic re- 

ction. 

.2. Gas-particle heat and mass transfer 

.2.1. Knudsen number and transport regimes 

Intrinsic to the solid-phase iron oxidation and ignition problem 

s heterogeneous heat and mass transport. It occurs under differ- 

nt regimes as a function of the non-dimensional Knudsen number, 

n = λMFP /L c , the ratio of the gas molecular mean free path, λMFP , 

o the system characteristic length, L c . In the case of a particle, 

he characteristic length is typically defined as the particle radius, 

 c = r p . When the Knudsen number is much greater than 1 (e.g., 

n ≥ 10 ), transport processes occur in the free-molecular regime 

5–9] . The gas molecules, on average, travel a large distance be- 

ween inter-molecular collisions, and a low molecule-particle colli- 

ion rate is observed, which limits heat transfer, and controls mass 

ransfer in external-diffusion-limited heterogeneous combustion. In 

he free-molecular regime, the analytical solution to the rates of 

eat and mass transport for a stationary particle in a quiescent gas 

ields [7,21,22] , 

˙ 
 FM 

= αT π r 2 p 

p ̄c g 

2 

(
γ + 1 

γ − 1 

)(
T p 

T g 
− 1 

)
(2) 



J. Jean-Philyppe, A. Fujinawa, J.M. Bergthorson et al. Combustion and Flame 255 (2023) 112869 

Fig. 1. Temperature and concentration jump in the Knudsen layer. The profiles differ from the continuum solutions from the particle surface to the Knudsen layer boundary, 

as a result of gas kinetics effects on heterogeneous heat and mass transfer. 
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˙ 
 FM 

= αM 

π r 2 p (C g ̄c g − C p ̄c p ) (3) 

here αT is the thermal accommodation coefficient (TAC), p is the 

ulk gas pressure, c̄ is the gas average molecular speed, γ is the 

as heat capacity ratio, T is temperature, αM 

is the mass accom- 

odation coefficient (MAC), and C is the concentration of the gas 

pecies. The subscripts “p” and “g” indicate that parameters are 

valuated at the particle surface and in the bulk gas, respectively. 

When the molecular mean free path is much smaller than the 

article radius (e.g., Kn ≤ 0 . 01 ), transport processes occur in the 

ontinuum regime [5–9] . Continuum transport is characterized by 

arge inter-molecular and molecule-particle collision rates. The rate 

f heat transfer is limited by the inability of the molecules col- 

iding with the particle to effectively carry the energy away from 

he surface to the bulk gas before encountering several collisions, 

hile mass diffusion is also limited by the inter-molecular colli- 

ions. In the continuum regime, the analytical solutions to Fourier’s 

aw of conduction and Fick’s law of diffusion yield, 

˙ 
 C = 4 π r p k (T p − T g ) (4) 

˙ 
 C = 4 π r p D(C g − C p ) (5) 

here k is the gas mixture-averaged thermal conductivity, and D
s the mass diffusivity of the gas species in the mixture. 

For intermediate Kn (e.g., 0 . 01 < Kn < 10 ), transport processes 

ccur in the transition regime [5–9] . Conceptually speaking, the 

ransition regime can be understood by delimiting two distinct 

egions around the particle surface [6,7] . In the vicinity of the 

article, there exists a region with few inter-molecular collisions 

alled the Knudsen layer, where transport mechanisms are gov- 

rned by free-molecular gas kinetics. The thickness of the Knudsen 

ayer is on the order of the gas molecular mean free path. Beyond 

he Knudsen layer, the transport mechanisms occur in continuum, 

here macroscopic heat conduction and mass diffusion laws ap- 

ly. This conceptual understanding is based on experimental ev- 

dence of the temperature and concentration jumps arising from 

ransport at heterogeneous interfaces, causing a deviation from the 

emperature and concentration profiles predicted by continuum, as 

epicted in Fig. 1 [7,16,21,23–25] . The Knudsen layer also exists in 

he continuum and free-molecular limits; however, its small size 

elative to the particle in the continuum limit leads to a negligi- 

le impact of gas kinetic transport effects at the particle surface, 

ermitting solutions described purely by the macroscopic transport 

quations. Conversely, its large size relative to the particle in the 

ree-molecular limit implies that continuum transport beyond the 

nudsen layer need not be considered. 

The transition regime presents an additional difficulty, as there 

xists no analytical closed-form solution to describe the transport 

echanisms in this range of Kn. Heat and mass transfer are gov- 

rned by the full Boltzmann equation, an integral-differential equa- 
3 
ion with initial and boundary conditions [6,7] . Consequently, mul- 

iple modeling approaches to describe the transition regime were 

eveloped over the past decades. An elaborate review of transi- 

ion heat conduction modeling employed in the laser-induced in- 

andescence literature is presented by Liu et al. [7] , whereas sev- 

ral methods for heat and mass transport prediction in droplet 

vaporation problems are reported by Wagner [24] . In the current 

ork, the boundary sphere transition transport method–also called 

uchs’ method–is employed. 

.2.2. Modeling the transition regime - the boundary sphere method 

The boundary sphere flux-matching method explicitly intro- 

uces a Knudsen layer of thickness θ , closely related to the mean 

ree path of the gas molecules in the vicinity of the particle, de- 

imiting the free-molecular and continuum transport regions. The 

phere of radius r p + θ is called the limiting sphere, and its sur- 

ace has temperature T θ and gas concentration C θ . Immediately at 

he particle surface, the temperature and concentration are T p and 

 p , while, in the bulk gas, they are T g and C g . The gradients be-

ween the particle and limiting sphere surfaces give rise to heat 

nd mass transport described by free-molecular laws, and the gra- 

ients beyond the limiting sphere result in heat and mass trans- 

ort described by continuum laws. The Knudsen layer is assumed 

o be in quasi-steady equilibrium, hence, energy and mass conser- 

ation provide necessary conditions for flux-matching of the trans- 

ort rates at the particle and limiting sphere surfaces. The bound- 

ry sphere method solves for the thickness of the Knudsen layer, θ , 

s well as the temperature and species concentration at the jump 

istance which satisfy the conservation laws, T θ and C θ , respec- 

ively. In the case of the combustion of a particle, two additional 

quations are needed to solve for T p and C p : one for the heat gen-

ration rate from the particle, and one for the consumption rate of 

xidizer. 

The mathematical formulation for the boundary sphere method 

s presented in Section 3.2 . The boundary sphere method imposes 

o restrictions on the temperature and concentration differences 

etween the particle surface and the bulk gas, while several other 

ethods for example implicitly assume small temperature differ- 

nce [7] . As well, this method asymptotes to the correct solutions 

n the free-molecular and continuum limits. 

.3. Accommodation coefficients 

The TAC and MAC are critical in determining the transport rates 

n the free-molecular and transition regimes, and their quantita- 

ive determination are complicated problems which have been ex- 

ensively studied in the literature over the past several decades. 

evertheless, there remains large uncertainty in determining their 

alues for transport calculations between different solid-gas pairs, 

hich is a challenge for iron particle ignition calculations. The de- 

ermination of accommodation coefficients is rooted in the theory 
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Fig. 2. Schematic of interatomic potential V as a function of interatomic distance r

for a solid and a gas atom. (a) The region V (r) < 0 is the potential well and gives 

rise to attractive forces, while V (r) > 0 results in repulsive forces. The minimum of 

the curve r 0 is the equilibrium position. The difference [ lim r→∞ V (r)] − V (r 0 ) is the 

potential well depth. (b) Example of an overlap of the physisorption and chemisorp- 

tion potential functions between a solid atom M and nitrogen. The physisorption 

potential relates to non-dissociative adsorption of N 2 , while the chemisorption po- 

tential pertains to dissociative adsorption of individual N atoms. The molecule must 

overcome an activation barrier E c to enter the chemisorbed state, while it must 

overcome an activation barrier E d to desorb from the chemisorbed state. 
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t
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t

t

f gas-surface scattering processes, and a comprehensive review of 

his topic is beyond the scope of the current work. Instead, some 

elected pioneering studies on the TAC and MAC are mentioned, 

nd practical considerations for their quantification in engineering 

pplications are highlighted. 

.3.1. Definition of accommodation coefficients 

The formal definition of the TAC, also referred to as the energy 

ccommodation coefficient, is attributed to Knudsen and yields 

21,23,26] , 

T = 

〈 E r − E i 〉 
〈 E p − E i 〉 (6) 

here E i and E r are the energy of the incident and scattered gas 

olecules, E p is the energy the scattered gas molecules would 

arry if they reached thermal equilibrium with the wall before be- 

ng scattered, and 〈·〉 indicates an average. The denominator can 

e reformulated as 〈 E r − E i 〉 max ; hence, the TAC is a quantification

f the effectiveness of heat transfer between the surface and the 

as molecules upon molecule-surface encounters. In Eq. (6) , en- 

rgy is often equivalently substituted by temperature. Analogously, 

he MAC, also referred to as sticking, trapping, or adsorption coef- 

cient, is defined as [6,27] : 

M 

= 

net rate of adsorption 

rate of collisions 
. (7) 

ence, the MAC is a measure of the effectiveness of heterogeneous 

ass transfer upon molecule-surface encounters. In Eq. (7) , the 

ate of collisions can be determined from gas kinetics theory, while 

he net rate of adsorption takes into account both the rates of ad- 

orption and desorption of gas molecules from the surface. There- 

ore, the determination of the MAC is based on the kinetics of sur- 

ace processes. 

.3.2. Gas-surface scattering processes and physical mechanisms of 

ccommodation 

The theory of gas-surface scattering processes is fundamentally 

ased on the interaction of atoms through interatomic potential 

orce fields [23,28] . From elementary gas kinetics theory, it is gen- 

rally accepted that at large distances, physical van der Waals in- 

eractions give rise to attractive forces between atoms, while at 

hort distances, the overlapping of electronic clouds results in re- 

ulsive forces. This is best demonstrated through a potential en- 

rgy curve, as schematically depicted in Fig. 2 a. Upon approach- 

ng a solid surface, there exists various processes through which 

 gas atom or molecule may be scattered [23,28] . The interaction 

ynamics may lead to elastic or inelastic scattering, the latter im- 

lying energy transfer or accommodation through the TAC. 

A number of key factors which govern the TAC were discussed 

y Goodman and Wachman [23] : the molecular mass ratio be- 

ween the gas and solid, φ = m g /m s ; the surface roughness; and 

he adsorption state of gas atoms on the surface. A large ratio φ
mplies multiple interatomic collisions are required to reverse the 

omentum of the incident gas, which leads to a longer residence 

ime near the solid, and a higher probability of energy exchange 

hrough phonon or electronic processes. Additionally, large values 

f φ are typically associated with deeper interatomic interaction 

otentials. An increase of surface roughness leads to an increase in 

he TAC, when the roughness is on a scale which may cause mul- 

iple collisions of incident gas atoms or molecules before they are 

cattered back to the bulk gas. Moreover, the TAC increases with 

he presence of adsorbate gas layers on the surface when com- 

ared to the clean-surface TAC, due to enhanced energy transfer 

hrough gas-gas interactions, which are inherently stronger in na- 

ure than gas-solid interactions [29] . The surface temperature also 

as an indirect impact on the TAC: an increase in surface tem- 

erature induces a thermal roughening effect, which increases the 
4 
lean-surface TAC [30] ; however, increasing temperature induces 

esorption of the gas at the solid surface, which decreases the TAC. 

xperimental evidence has shown the latter effect outweighs the 

ormer, and the net result is a decrease in the TAC with increasing 

urface temperature [23,31] . 

Inelastic scattering, which gives rise to thermal accommoda- 

ion, may occur through a direct pathway which involves phonon 

nergy exchange between the gas and solid at short distances, 

r through a trapping-desorption (adsorption-desorption) process 

28] , which is intrinsically linked to mass accommodation. King 

27] reviewed the kinetics of adsorption and desorption processes, 

hile providing insight on their relationship with thermal and 

ass accommodation. The author noted that, upon approaching 

he solid surface, a gas molecule may be elastically scattered back 

o the gas phase without energy exchange (no accommodation). 
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Fig. 3. Particle reaction model. Symbols T and C O 2 denote temperature and oxidizer 

concentration. Subscripts “p”, “θ”, and “g” denote particle surface, Knudsen layer 

surface, and bulk gas. Heat and mass transport, ˙ Q and ˙ m O 2 , are governed by free- 

molecular and continuum laws within and beyond the Knudsen layer of thickness 

θ , respectively. 

Fig. 4. Solid-phase iron oxidation models. Model 1: multi-layered parabolic kinetic 

model with the formation of protective FeO and Fe 3 O 4 shells. Model 2: first-order 

reaction with the formation of a porous FeO shell. 
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onversely, the incident gas molecule may lose sufficient trans- 

ational kinetic energy to the surface to become adsorbed in the 

hysisorbed state, i.e., being trapped in the van der Waals attrac- 

ive potential well. For trapping to occur, the gas molecule must 

e completely thermally accommodated by the surface. Then, the 

olecule may be inelastically scattered back to the bulk gas (des- 

rption), or, if the formation of a chemisorbed state is possible be- 

ween the solid-gas pair, it may pass to this more stable state after 

vercoming an activation barrier. The overlap of the physisorption 

nd chemisorption potential wells is depicted in Fig. 2 b. Based on 

he physical definition of the MAC, and the fact that, to remain 

rapped in an adsorbed state, the incident gas molecule must be 

ompletely thermally accommodated, King [27] noted that there is 

n intrinsic relationship between the TAC and the MAC, which he 

nferred from a review of experimental measurements to be nearly 

ne-to-one. 

.3.3. Determination of accommodation coefficients for engineering 

urfaces 

A number of classical theories, based on the dynamics of gas- 

urface scattering processes, have been developed to calculate the 

AC and MAC from first principles [23,26,27,32] ; however, several 

ssumptions, or the necessity to know parameters which are dif- 

cult to estimate, limit the applicability of these theories to prac- 

ical calculations. Additionally, methods for experimental determi- 

ation of the TAC and MAC have been extensively developed in the 

iterature [26,27] , and semi-empirical correlations typically pro- 

ide good agreement with experimental data; however, the avail- 

bility of experimental data is limited to specific solid-gas pairs 

nd surface conditions, and their extrapolation is not straightfor- 

ard. Furthermore, the treatment of the TAC and MAC has often 

een decoupled in the literature, despite their intrinsic relationship 

e.g. in trapping-desorption-dominated inelastic scattering). An ad- 

itional limitation is that the vast majority of experimental mea- 

urements of the TAC are carried out under clean-surface condi- 

ions, where impurities–adsorbate gas layers–have been thoroughly 

leaned from the sample. The cleaning method involves bringing 

he surface to a very high temperature to induce desorption of all 

as impurities, and cooling in a vacuum-controlled environment 

efore introducing the test gas [23,31] . Hence, although the clean- 

urface TAC provides important insight on the underlying physical 

rocesses which govern it, such experimental data is of limited rel- 

vance in practical engineering calculations. 

In an effort to address this issue, Song and Yovanovich [31] pro- 

osed, in the late 1980s, a generic semi-empirical correlation based 

n the classical theory of the modified Baule formula [23] . The 

ormulation is a linear combination of the clean-surface TAC pro- 

osed in [23] , and an empirical term dependent on surface tem- 

erature to account for the coverage of the surface by adsorbate 

ases. The correlation was calibrated to experimentally-measured 

alues of the TAC where no effort s were undert aken to clean the 

urface, and it is inferred to provide a good approximation of the 

AC for engineering surfaces. In the current work, the Song and 

ovanovich [31] correlation is used to approximate the TAC, and 

he MAC of oxygen on iron is assumed to be equal to the TAC 

alculated through the correlation. This assumption is justified by 

he deep interaction potential between iron and oxygen, and it is 

nferred that trapping-desorption dominates accommodation be- 

ween this solid-gas pair. 

. Model formulation for an isolated iron particle 

.1. Model description 

The current work couples solid-phase iron oxidation kinetics 

ith the boundary sphere flux-matching method to predict sin- 
5 
le iron particle ignition accounting for Knudsen transition heat 

nd mass transport effects. The model considers a spherical parti- 

le consisting of an iron core of radius r Fe , surrounded by concen- 

ric iron oxide layers of thickness X i , where i represents the solid- 

hase oxides, and a Knudsen layer of thickness θ , as illustrated in 

ig. 3 . Two particle reaction models are considered, as illustrated 

n Fig. 4 : 

1. a parabolic kinetic model with two parallel single-step reac- 

tions, based on the model of Mi et al. [13] , wherein i takes the

values “FeO” and “Fe 3 O 4 ”; 

2. a first-order single-step kinetic model, based on the model of 

Hazenberg and van Oijen [17] , wherein i takes the value “FeO”. 

As mentioned in Section 2.1 , the high-temperature parabolic 

xidation of iron results in the formation of a three-layered ox- 

de scale on the iron surface, where Fe 2 O 3 is the outermost oxide 

ayer; however, since its thickness is only 1% of the total thickness 

f the oxides, its contribution to heat release in the particle is neg- 

igible. Hence, it is neglected in the thermophysical analysis [13] . 

The Knudsen layer thickness θ is on the order of the gas molec- 

lar mean free path, and the sphere of radius r p + θ is the limit-

ng sphere, where r p is the particle radius. In this region, there are 

ew inter-molecular collisions, hence, free-molecular laws describe 

ransport processes, while macroscopic continuum laws describe 

eat and mass transport beyond the limiting sphere [7] . The par- 

icle is placed in hot air represented by a binary gas mixture con- 

isting of 21% oxygen ( O 2 ) and 79% nitrogen ( N 2 ) by volume. Heat 

ransfer between the particle and the gas occurs through conduc- 

ion; radiation is neglected, since it has a negligible contribution to 

eat transfer in the pre-ignition phase [13] . Other assumptions of 

he model include: 
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Table 1 

Properties and kinetic parameters for the iron particle ignition model. 

Description Symbol Value 

Density ρFe 7874 kg/m 

3 

ρFeO 5745 kg/m 

3 

ρFe 3 O 4 5170 kg/m 

3 

Specific heating value q FeO 3.787 MJ/kg 

q Fe 3 O 4 4.841 MJ/kg 

Kinetic constant k ∞ , 1 7 . 50 × 10 6 m / s [17] 

k 0 , FeO 2 . 670 × 10 −4 m 

2 / s [13] 

k 0 , Fe 3 O 4 1 . 027 × 10 −6 m 

2 / s [13] 

Activation temperature T a,1 14,400 K [17] 

T a , FeO 20,319 K [13] 

T a , Fe 3 O 4 21,310 K [13] 

Diffusion volume v O 2 16.6 [36] 

v N 2 17.9 [36] 
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1. The solids maintain a constant density throughout the high- 

temperature oxidation and ignition process. 

2. Since the Biot number is small for the particle sizes considered, 

the particle is at a uniform temperature T p . 

3. The bulk gas is in sufficient quantity such that its temperature 

T g and composition are not affected by the single particle igni- 

tion. 

4. The gas flow velocity is negligible. 

5. The Stefan flow is neglected. 

6. The second-order heat and mass transport mechanisms (Dufour 

and Soret effects) are neglected. 

The particle internal energy (or enthalpy), H p , is tracked in time, 

long with its mass content in each solid-phase species, m Fe and 

 i , where the oxides i are determined by the particle kinetics. The 

nthalpy is formulated as, 

 p = m Fe h Fe (T p ) + 

∑ 

i 

m i h i (T p ) (8) 

here h Fe and h i represent the specific gravimetric enthalpy of 

he solids, computed as a function of T p with the Shomate equa- 

ion based on the NIST Database [33] . While H p is tracked, an iter-

tive root-finding procedure can be applied to resolve T p . 

.2. Conservation laws in the Knudsen layer 

.2.1. Implicit method 

The boundary sphere heat balance yields ˙ Q p = 

˙ Q θ ≡ ˙ Q L , where 
˙ 
 p is the free-molecular heat loss rate from the particle surface 

o the Knudsen layer, and 

˙ Q θ is the continuum heat loss rate 

rom the limiting sphere surface to the bulk gas. Similarly, the 

ass balance yields ˙ m O 2 , p 
= ˙ m O 2 ,θ

≡ ˙ m O 2 
, where ˙ m O 2 , p 

is the free- 

olecular O 2 consumption rate at the particle surface, and ˙ m O 2 ,θ

s the continuum O 2 diffusion rate at the limiting sphere surface. 

sing Eqs. (2) –(5) yields: 

T π r 2 p 

p ̄c θ
2 

(
γ ∗ + 1 

γ ∗ − 1 

)(
T p 

T θ
− 1 

)
= 4 π(r p + θ ) k ∗(T θ − T g ) (9) 

M 

π r 2 p (C O 2 ,θ c̄ θ − C O 2 , p ̄c p ) = 4 π(r p + θ ) D 

∗(C O 2 , g − C O 2 ,θ ) . (10) 

ince the Stefan flow is neglected and the consumption rate 

f oxidizer is small in the pre-ignition phase, the pressure p = 

 B N A T ( 
∑ 

j C j / M j ) is spatially and temporally uniform, where k B 
s the Boltzmann constant, N A is Avogadro’s number, M j is the 

olar mass of the gaseous species, and j takes the values ”O 2 ”

nd ”N 2 ”. With this formulation, given C O 2 and T at a given loca- 

ion, ”p” or ”θ”, the corresponding C N 2 can be computed. The gas 

verage molecular speed is c̄ = [8 k B N A T / (πM )] 1 / 2 , where M =
 

∑ 

j C j M j ) / ( 
∑ 

j C j ) is the gas mixture-averaged molar mass. The

hickness of the Knudsen layer is formulated as the mean free path 

valuated in the bulk gas, θ = λMFP,g , computed as [7] , 

MFP,g = 

πk g (γg − 1) M g ̄c g 

4 k B N A f g p 
(11) 

here f g = (9 γg − 5) / 4 is the Eucken factor. Since the bulk gas

roperties remain constant throughout the ignition process, θ is 

onstant. 

In Eqs. (9) and (10) , the superscript ∗ indicates that the 

ixture-averaged thermophysical and transport properties are 

valuated with a two-third law [34] , wherein γ ∗ is evaluated closer 

o { T p , C O 2 , p , C N 2 , p } than the corresponding properties at θ , while

 k ∗, D 

∗} are evaluated closer to { T θ , C O 2 ,θ , C N 2 ,θ } than their coun-

erpart in the bulk gas. The heat capacity ratio is approximated as 

= c p / [ c p − R u / M ] , where c p is the mixture gravimetric heat ca-

acity at constant pressure, c p = ( 
∑ 

j C j c p, j ) / ( 
∑ 

j C j ) , and R u is the

niversal gas constant. The heat capacities of the species c p, j are 
6

valuated as a function of T with the NASA 7-coefficients polyno- 

ials [35] . The mixture thermal conductivity is approximated with 

he Wilke mixture rule, 

 = 

1 

2 

(∑ 

j 

μ j k j + 

1 ∑ 

j (μ j /k j ) 

)
(12) 

here μ j is the molar fraction of the gas species, and k j is its 

hermal conductivity, computed as a function of T with the NASA 

-coefficients polynomials [35] . The oxidizer mass diffusivity in 

he binary mixture is computed with the Fuller–Schettler–Giddins 

emi-empirical correlation [36] : 

 = 

10 

−7 T 7 / 4 
[∑ 

j (1 / M j ) 
]

1 / 2 

p 
101325 

[∑ 

j 

(
v 1 / 3 

j 

)]
2 

. (13) 

alues for the semi-empirical parameters v j can be found in 

able 1 . 

Equations (9) and (10) require a method to approximate the 

AC and MAC, αT and αM 

. For each species in the gas mixture, 

he TAC is computed with the Song and Yovanovich [37] semi- 

mpirical correlation, 

T , j = F 

( M j 

6 . 80 + M j 

)
+ (1 − F ) 

(
2 . 40 N A φ j 

(1 + φ j ) 2 

)
(14) 

here F = exp [ −0 . 57(T p − 273) / 273] , φ j = M j / M oxide , and M oxide 

s the molar mass of the oxide at the external surface of the 

article–Fe 2 O 3 or FeO. Although Fe 2 O 3 is neglected in the thermo- 

hysical analysis of the parabolic kinetic model, it is used to com- 

ute αT , j , which is a surface property. The mixture TAC is com- 

uted as [38] : 

T = 

(∑ 

j 

μ j αT , j 

M 

1 
2 

j 

)/ (∑ 

j 

μ j 

M 

1 
2 

j 

)
. (15) 

he MAC of O 2 on the surface is set equal to the corresponding 

AC of O 2 computed with Eq. (14) , αM 

= αT , O 2 
. 

With knowledge of T p solved from Eq. (8) , and provided an ex- 

ression for ˙ m O 2 
derived from the particle kinetics ( Section 3.3 ), 

qs. (9) and (10) with associated relations can be solved numer- 

cally for { T θ , C O 2 , p , C O 2 ,θ } . The values of ˙ Q L and ˙ m O 2 
can then be

btained from either side of Eqs. (9) and (10) , to obtain the heat 

nd mass transport rates considering Knudsen effects. 

.2.2. Explicit method 

The general boundary sphere implementation described by 

qs. (9) and (10) requires solving a coupled system of nonlin- 

ar equations with associated relations. Under the assumption of 

mall temperature and concentration differences between the bulk 

as and the particle surface, the heat transport rate can instead be 

xpressed by applying a transitional correctional factor β to the 
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ontinuum rate. Liu et al. [7] derived such a formulation based on 

he Springer and Tsai model [39] , 

T = 

˙ Q L 

˙ Q C 

= 

(
1 

1 + Kn 

+ 

1 

2 

G T Kn 

)
−1 (16) 

here ˙ Q L is the actual heat transport rate accounting for Knud- 

en transition transport effects, ˙ Q C is the rate which would be ob- 

ained purely from continuum–Eq. (4) –and G T = 8 f/ [ αT (γ + 1)] is

he geometry-dependent heat transfer factor. Analogously, a tran- 

ition factor βM 

is derived for the mass transport rate, ˙ m O 2 
, 

M 

= 

˙ m O 2 

˙ m C 

= 

(
1 

1 + Kn 

+ 

1 

2 

G M 

Kn 

)
−1 (17) 

here ˙ m C is obtained from Eq. (5) , G M 

= 4 f/ (αM 

γ Le ) is the

eometry-dependent mass transfer factor, and Le is the Lewis 

umber. A detailed derivation of Eq. (17) is provided in 

ppendix A . Equations (16) and (17) are valid for arbitrary Kn and 

ssume θ = λMFP,g , where λMFP,g is obtained from Eq. (11) . 

.3. Particle oxidation kinetics 

.3.1. Parabolic model with compact oxide layers 

The parabolic kinetic model is based on the model of Mi et al. 

13] , wherein a multi-layered, compact oxide shell is formed on the 

urface of the iron core, as shown in Fig. 4 , through the parallel

eactions: 

e + 

1 

2 

O 2 → FeO (18) 

 Fe + 2 O 2 → Fe 3 O 4 . (19) 

he particle oxidation kinetics are formulated through a parabolic 

ate law, where the rate-limiting step is the internal diffusion rate 

f iron ions through the oxide layers. Consequently, the kinetics 

re independent of C O 2 , p . The kinetic rate of formation of the oxide 

 is, 

˙ 
 i, k = ρi A i 

d X i 

d t 
≡ ρi A i 

(
r i − X i 

r i X i 

)
k ∞ ,i exp 

(−T a ,i 
T p 

)
(20) 

here ρi is the oxide solid-phase density, A i = 4 π r 2 
i 

is the reaction 

urface area, r i is the reaction radius, k ∞ ,i is the pre-exponential 

actor, and T a ,i is the activation temperature. The reaction kinetic 

arameters are provided in Table 1 . The reactions occur at the ex- 

ernal surface of the oxide shells, such that the reaction radii are 

 FeO = r Fe + X FeO , and r Fe 3 O 4 
= r p . The formulation for d X i / d t pro-

ided in Eq. (20) is adjusted from Ref. [13] to take into account 

urvature effects in the diffusive transport rate of the ions through 

he oxide layers. The kinetic rate of consumption of Fe and O 2 can 

hen be obtained through: 

˙ 
 Fe,k = 

∑ 

i 

ν Fe 
i 

˙ m i, k (21) 

˙ 
 O 2 , k = 

∑ 

i 

ν O 2 
i 

˙ m i, k . (22) 

ue to the independence of the kinetics on C O 2 , p , the interplay 

etween the kinetic- and external-diffusion- limited combustion 

egimes is captured through a switch-type model [13] . The max- 

mum transport-limited consumption rate of O 2 , ˙ m O 2 , d 
, is deter- 

ined by setting C O 2 , p = 0 in the Knudsen mass transport equa- 

ions. The resulting rate is compared to ˙ m O 2 , k 
, and the low- 

st value is selected as the actual O 2 consumption rate, ˙ m O 2 
= 

in { ˙ m O 2 , k 
, ˙ m O 2 , d 

} . If ˙ m O 2 , k 
≤ ˙ m O 2 , d 

, Eqs. (20) and (21) can be used 

irectly for the rate of change of the state variables. In the opposite 

ase, the O 2 is partitioned through reactions (18) and (19) propor- 

ionally to the kinetic rates of each reaction, and the rates are ad- 

usted as ˙ m i, d = ( ˙ m O , d / ˙ m O , k ) ˙ m i, k , and ˙ m Fe,d = ( ˙ m O , d / ˙ m O , k ) ˙ m Fe,k . 
2 2 2 2 

7

.3.2. First-order model with porous oxide layer 

The second kinetic model is based on the model of Hazenberg 

nd van Oijen [17] , which considers a single-step reaction: 

e + 

1 

2 

O 2 → FeO . (23) 

he oxidizer consumption rate at the particle surface is formulated 

ith a first-order Arrhenius rate law, 

˙ 
 O 2 = k 1 C O 2 , p A Fe ≡ k ∞ , 1 exp 

(−T a,1 

T p 

)
C O 2 , p A Fe (24) 

here A Fe = 4 π r 2 
Fe 

is the reaction surface area, k 1 is the kinetic

ate of the reaction, k ∞ , 1 is the pre-exponential constant, and T a,1 is 

he activation temperature. The reaction parameters are provided 

n Table 1 . The FeO oxide shell is assumed to be porous and to

ause no hindrance on the transport of O 2 , as shown in Fig. 4 ,

hich results in the reaction surface area to be A Fe . The Knudsen- 

orrected oxidizer transport rate is evaluated as, 

˙ 
 O 2 = ββM 

(C O 2 , g − C O 2 , p ) A Fe (25) 

here β = D 

∗/r Fe is the diffusive velocity evaluated with the two- 

hird law. The parameter βM 

can either be obtained directly from 

q. (17) in the explicit method, or it can be computed by solving 

he system defined by Eqs. (9) and (10) , then computing βM 

= 

˙  O 2 / ˙ m C in the implicit method. An effective diffusive velocity can 

hen be defined as: 

eff = βM 

β. (26) 

he standard procedure for first-order reactions can then be ap- 

lied, wherein Eqs. (24) and (25) are equated and solved for C O 2 , p , 

nd the result is substituted back in Eq. (24) to obtain, 

˙ 
 O 2 = 

(
k 1 

k 1 + βeff

)
βeffC O 2 , g A Fe ≡ Da ∗βeffC O 2 , g A Fe (27) 

here the Knudsen-corrected normalized Damköhler number 

a ∗ = k 1 / (k 1 + βeff) has been defined. The consumption rate of Fe

nd the production rate of FeO can be related through stoichiomet- 

ic coefficients using Eqs. (23) and (27) to the consumption rate of 

 2 : ˙ m Fe = ν Fe 
O 2 

˙ m O 2 
, and ˙ m FeO = ν FeO 

O 2 

˙ m O 2 
. 

.4. Governing equations and ignition criterion 

The governing equations for the rate of change of the state vari- 

bles are: 

d m Fe 

d t 
= − ˙ m Fe (28) 

d m i 

d t 
= 

˙ m i (29) 

d H p 

d t 
= 

∑ 

i 

( ˙ m i q i ) + 

˙ m O 2 h O 2 − ˙ Q L . (30) 

n the right-hand-side of Eq. (30) , the first term represents the 

nergy release in the particle from the formation of the oxides, 

here q i is the heating value of the oxides, provided in Table 1 ; the

econd term relates to the enthalpy increase of the particle due to 

he incorporation of O 2 , where h O 2 is the enthalpy of O 2 computed 

t T θ with the implicit method, or at T g with the explicit method; 

nd the third term is the Knudsen-corrected conductive heat loss 

ate from the particle surface to the surrounding gas mixture, ob- 

ained with the implicit or explicit method. 

Given an initial particle and gas temperature, T p,0 = T g ; a bulk 

as pressure, p = 1 atm ; an initial particle diameter, d p , 0 ; and 

n initial oxide layer thickness, X 0 = 

∑ 

j X j, 0 , the governing equa- 

ions are solved in time with the MATLAB solver ode15s . In the case 
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f the parabolic kinetic model, the initial oxide layer thickness X 0 
s partitioned into 95% FeO and 5% Fe 3 O 4 by thickness [13] . In the 

ase of the first-order model, X 0 = 0 , as X has no impact on the

inetic rate. Equations (28) –(30) are numerically integrated until 

article burnout, or until the particle has undergone thermal run- 

way, which is the ignition criterion. For the first-order model, this 

ranslates to Da ∗ approaching unity. 

.5. Steady-state ignition model formulation 

The unsteady model is compared to a simple steady-state Se- 

enov analysis, not considering the growth of the oxides, with 

he Knudsen correction factors obtained from the explicit bound- 

ry sphere method. Using Eqs. (4) and (16) , the heat loss rate from

he particle can be expanded to: 

˙ 
 L = 8 π r 2 p k 

∗(T p − T g ) 
(

r p + θ

2 r 2 p + G T θ r p + G T θ2 

)
(31) 

here θ ≡ λMFP,g . The heat generation rate in the particle from the 

ormation of the oxides is ˙ Q R = 

∑ 

i ˙ m i q i . In the parabolic kinetic 

odel, using Eq. (20) results in, 

˙ 
 R = 

˜ q FeO 

(r p − X 0 δFe 3 O 4 )(r p − X 0 ) 

(1 − δFe 3 O 4 ) X 0 

+ 

˜ q Fe 3 O 4 

(r p − X 0 δFe 3 O 4 ) r p 
X 0 δFe 3 O 4 

(32) 

here ˜ q j = 4 πq j ρ j k 0 , j exp (−T a , j /T p ) , and δFe 3 O 4 
= 0 . 05 is the ini-

ial proportion of Fe 3 O 4 in the oxide layer. In the case of first-order 

inetics, Eqs. (17) , (23) , and (27) can be used to show: 

˙ 
 R = 8 π r 2 p D 

∗C O 2 , g 

(
ν FeO 

O 2 

q FeO k 1 

)
( 

r p + θ[
2 r 2 p + G M 

r p θ + G M 

θ2 
]
k 1 + 2 D 

∗(r p + θ ) 

) 

. (33) 

emenov ignition occurs when 

˙ Q L = 

˙ Q R and d 

˙ Q L / d T p = d 

˙ Q R / d T p .

he criteria are solved as a function of d p , 0 and compared to the 

nsteady results. 

. Results and analysis 

The parabolic and first-order kinetic models are two indepen- 

ent models for the ignition of an iron particle. As previously 

tated, the parabolic kinetics are proposed to provide a more re- 

listic representation of the high-temperature solid-phase oxida- 

ion of iron, and the results obtained with this model are pre- 

ented independently in Section 4.1 . The first-order model results 

re then presented as a comparison to the parabolic model in 

ection 4.2 . Unless otherwise stated, the explicit method is used to 

ompute the boundary sphere transport rates ( Section 3.2 ), since a 

mall temperature and oxidizer concentration difference between 

he bulk gas and the particle surface are assumed in the pre- 

gnition phase. In some instances where this assumption is not 

alid ( Section 4.1.5 ), the implicit method is used. 

.1. Parabolic kinetics 

.1.1. Sample results - transient behavior and ignition 

Figure 5 shows the particle temperature, T p , normalized oxi- 

izer concentration at the particle surface, C O 2 , p /C O 2 , g , and growth 

f the oxide layers, X i , for a burning particle placed in different 

ulk gas temperatures, T g , with the parabolic kinetic model. As T g 
s increased, T p increasingly separates from the bulk gas as seen 

n Fig. 5 (a), which accelerates the particle kinetics; however, the 

rowth of the oxides shown in Fig. 5 (c) has the opposite effect, 

hile also leading to additional inert thermal mass to be heated 

y the energy release of the particle. As well, the heat loss rate 

rom the particle increases with the temperature separation �T = 
8 
 p − T g . For T g below the critical ignition temperature T ign , T p re-

urns close to T g after reaching a peak; the particle burns out in the 

inetic-limited regime, and C O 2 , p /C O 2 , g tends to one. At the critical 

as temperature for ignition, the exponential dependence of the ki- 

etics on T p exceeds the adverse effect of the oxide layer growth 

nd heat loss rate. The particle undergoes thermal runaway and 

ransitions to the diffusion-limited regime, and C O 2 , p reaches zero, 

s seen in Fig. 5 (b) for T g = 1072 K. 

.1.2. Ignition behavior - effect of particle size and initial oxide layer 

hickness 

The critical gas ignition temperature, T ign , is solved as a function 

f particle size, d p , 0 , and initial oxide layer thickness, X 0 , as shown

n Fig. 6 . The continuum and transition analyses are both con- 

ucted; the former results agree with those presented in Ref. [13] . 

 physical interpretation of the plateau in the large-particle limit 

s provided in Ref. [13] : as d p , 0 increases, the heat generation rate 

ncreases faster with particle size than the heat removal rate, facili- 

ating particle ignition; however, larger particles grow a thicker ox- 

de layer, which impedes ignition. The competition between these 

wo effects eventually leads to an independence of T ign on d p , 0 . At 

arge d p , 0 , the transition analysis converges to the continuum re- 

ults, as expected. In the small-particle limit, different trends are 

bserved. For X 0 = 1 and 10 nm, T ign decreases with d p , 0 , opposite

o what is predicted by the continuum model. For X 0 = 100 nm, 

 ign increases with d p , 0 , but the asymptotic behavior is weaker than 

ts continuum counterpart. 

The ability of the particle to ignite is dependent upon its ability 

o retain heat; hence, an important analysis of heat transfer pro- 

esses as a function of particle size arises. In the free-molecular 

imit, where the limiting step for heat transfer is the low molecule- 

article collision rate, the heat loss rate scales with the surface 

rea available for collisions. In fact, 

 p + θ → θ (34) 

 

2 
p + G T θ r p + G T θ

2 → G T θ
2 (35) 

quation (29) ⇒ 

˙ Q L → 

8 πk ∗

G T θ
(T p − T g ) r 

2 
p (36) 

hich can be shown to be equivalent to Eq. (2) and scales with 

 

2 
p . Conversely, in the continuum limit, where the inter-molecular 

ollisions hinder heat transfer, the heat loss rate scales with the 

istance over which this resistance is significant, which is the ther- 

al boundary layer, that has a thickness proportional to r p . In fact, 

 p + θ → r p (37) 

 r 2 p + G T θ r p + G T θ
2 → 2 r 2 p (38) 

quation (29) ⇒ 

˙ Q L → 4 πk ∗(T p − T g ) r p (39) 

hich is identical to Eq. (4) and scales with r p . The Knudsen num- 

er across the transition regime quantifies the interplay between 

he free-molecular and continuum heat transfer limiting processes. 

The trends observed in Fig. 6 (b) for small particles are then 

xplained as follows. As d p , 0 decreases, the molecule-particle col- 

ision rate decreases. Since parabolic iron kinetics are indepen- 

ent of the delivery rate of oxidizer to the particle surface ( C O 2 , p ),

he internal reaction rates are not affected; however, the decreas- 

ng collision rate results in a decrease of the heat loss rate from 

he particle. This thermal insulating effect increases the ignition 



J. Jean-Philyppe, A. Fujinawa, J.M. Bergthorson et al. Combustion and Flame 255 (2023) 112869 

Fig. 5. Particle transient behavior for d p , 0 = 20 μm, X 0 = 10 nm at different T g (parabolic kinetics). Ignition occurs at T g = 1072 K. 

Fig. 6. Ignition temperature as a function of initial particle size for different initial oxide layer thicknesses (parabolic kinetics). 
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Fig. 7. Comparison of the prediction of T ign vs. d p , 0 as resolved by the unsteady 

model–thick upper branches–and the steady model–thin lower branches (parabolic 

kinetics). 
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ropensity of smaller particles as observed with X 0 = 1 nm and 

 0 = 10 nm, reducing T ign ; however, as d p , 0 decreases at constant 

 0 , the iron content available to react and generate heat is reduced, 

hile the proportion of inert oxide thermal mass, which must be 

eated to undergo thermal runaway, increases. For a sufficiently 

arge X 0 (e.g., 100 nm), the latter effect outweighs the thermal in- 

ulating effect of the transition transport regime, and the net result 

s an increase of T ign with decreasing d p , 0 . 

It is of interest to note that, in the boundary sphere approach, 

 limiting sphere beyond which continuum appropriately describes 

ransport processes is defined. The thermal boundary layer resis- 

ance around the limiting sphere scales with its radius r p + θ . In 

he free-molecular and continuum limits, only one of these terms 

ominate. Hence, in the free-molecular limit, the thermal bound- 

ry layer thickness scales with the gas molecular mean free path, 

hile in the continuum limit, it scales with particle size. 

.1.3. Steady and unsteady analyses - effect of oxide layer growth 

The unsteady model is compared to a simple steady-state Se- 

enov analysis as formulated in Section 3.5 , which is similar to 

he model proposed in Senyurt and Dreizin [12] . Figure 7 shows 

he steady analysis predicts a qualitatively different behavior of 

 ign vs. d p , 0 . This formulation always under-predicts T ign , since it 

eglects the oxide growth, which decreases the particle reaction 

ates. The discrepancy becomes larger with increasing d p , 0 , while 

t decreases with increasing X 0 . To understand this behavior, Fig. 8 

hows the growth of the oxide scale in time at T ign for a small ( 8

, d p , 0 = 2 . 51 μm) and a large ( 8 b, d p , 0 = 100 μm) particle, given

ifferent values of X 0 . In Fig. 8 (a), the growth ranges from approx-

mately one half to two orders of magnitude, while in Fig. 8 (b), it

anges from two to four orders of magnitude. Hence, the growth of 

he oxide scale before ignition ( �X) increases with d p , 0 , which im- 

lies a larger discrepancy between the unsteady and steady mod- 
9 
ls. As well, Fig. 8 shows �X is larger for smaller values of X 0 ,

hich once again leads to larger discrepancies between the un- 

teady and steady ignition models. Figure 8 (b) shows X converges 

o approximately the same value at the moment of ignition for the 

arge particle, independent of X 0 , while the values differ for the 

mall particle. Hence, T ign becomes independent of X 0 in the large- 

article limit, as shown by the converging curves in Fig. 6 , since 

he total mass content that must be heated to undergo thermal 

unaway remains approximately constant. In general, the large dis- 

repancies between the unsteady and steady models, namely for 

arge particles and small initial oxide layer thicknesses, imply that 

n unsteady analysis should be used to predict T ign for kinetics fea- 

uring oxide layer growth and an adverse effect of the oxide layer 

n the kinetic reaction rates. 
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Fig. 8. Growth of the oxide scale over time at the critical ignition temperature (parabolic kinetics). 

Fig. 9. Comparison of the ignition temperature as a function of particle size with the transition ( T ign ) and continuum ( T ign,co ) transport models (parabolic kinetics). 
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.1.4. Continuum approximation limit 

Figure 9 compares T ign to T ign,co as a function of d p , 0 , where 

 ign,co are the continuum-predicted ignition temperatures. As ex- 

ected, T ign /T ign,co → 1 as d p , 0 increases. With the Song and 

ovanovich [37] correlation for αT , Fig 9 (a) shows continuum mod- 

ling predicts the same results as transition modeling to within 

5% for d p , 0 � 4 μm, and to within 99% for d p , 0 � 30 μm, which

orresponds to temperature differences of 10–50 K. In practice, 

uch small differences cannot be resolved by current experimen- 

al measurement methods. 

The parameter αT is a key variable governing T ign in the transi- 

ion and free-molecular regimes. There is large uncertainty in re- 

orted values of αT for iron surfaces. Mohan et al. [10] report αT 

hould be within the range 0.50 to 0.90 for metal surfaces. Litera- 

ure for different iron-gas pairs reports αT scattered between 0.03 

nd 0.64 [40–43] . In the temperature range 900–1650 K, the Song 

nd Yovanovich [37] correlation results in values of αT ranging be- 

ween 0.34 and 0.46 for a Fe 2 O 3 -air system, and between 0.56 and 

.63 for a Fe-air system. This significant uncertainty renders the 

ppropriate selection of αT difficult, and the impact of this uncer- 

ainty is shown in Fig. 9 (b). The Song and Yovanovich [37] corre- 

ation results are compared to the range 0.08–0.90 representative 

f the scattered data in the literature for Fe-N 2 systems. Smaller 

T results in lower T ign , since the heat is less effectively carried 

way from the particle surface. At d p , 0 = 30 μm, the difference be- 

ween continuum and transition transport modeling increases from 

% to 3%, or from 10 to 30 K, which still represents experimen- 

ally unresolvable variations of the ignition temperature; therefore, 

easonable values of αT yield no impact on the overall conclusion 

hat transition effects only become significant for particles sized in 

he low tens of microns. In general, the continuum modeling accu- 

acy limit for iron particle ignition problems can be established at 

0 μm, which agrees with the order of magnitude reported by the 
10 
ajority of previous researchers in heterogeneous reaction prob- 

ems [5,8,10,11] . 

.1.5. Post-ignition burning regime - effect of oxidizer concentration 

The results presented in the current section are resolved with 

he implicit method ( Section 3.2 ). The oxidizer molar fraction in 

he bulk gas μO 2 
is varied and the transient parabolic model is re- 

olved. Since the parabolic kinetics are independent of C O 2 , p , T ign 

emains unaffected by a change in μO 2 
; however, Fig. 10 shows 

hat, for T g = 1022 K > T ign , the peak particle temperature reached, 

uring its stabilized diffusion-limited combustion after the ther- 

al runaway process, is impacted by μO 2 
. For combustion in air 

 μO 2 
= 21% , Fig. 10 (b)), T p exceeds the melting point of iron and

ts oxides, the lowest being that of FeO–1650 K. For combustion at 

ow oxidizer concentration (e.g., μO 2 
= 1% , Fig. 10 (a)), T p stabilizes 

t ≈ 1215 K after the thermal runaway process, below the melting 

oint of iron and its oxides. Once the oxide layer grows sufficiently 

hick, the particle extinguishes; hence, it has burnt out in the solid 

hase without melting. 

The burning regime as a function of μO 2 
and T g is resolved in 

ig. 11 for d p , 0 = 50 nm, with the transition and continuum trans- 

ort models. Since T ign is predicted to be higher with the con- 

inuum model (1421 K), the ignited region with T p,max < T melt be- 

omes nearly nonexistent. In comparison, the transition model pre- 

icts a much larger region with T p,max < T melt , due to the lower T ign .

he combustion regime where T p,max < T melt is of importance for 

ractical applications, since a combustion purely in solid-phase im- 

lies no evaporation takes place at the particle surface. This can fa- 

ilitate collection of iron oxides, which is one of the foundations of 

he iron fuel economy proposed in Ref. [2] . This regime is observed 

t sufficiently low oxidizer concentration, as a function of particle 

ize and bulk gas temperature, as shown in Fig. 11 (a). Further ex- 
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Fig. 10. Transient particle temperature profile (top row) and oxidizer consumption limits (bottom row) at different bulk gas oxidizer molar fraction for a particle with 

d p , 0 = 50 nm , X 0 = 10 nm , for T g = 1022 K > T ign ≈ 1021 K . 

Fig. 11. Burning regime as a function of bulk gas temperature at low bulk gas oxidizer molar fraction, with d p , 0 = 50 nm, X 0 = 10 nm (parabolic kinetics). 

Fig. 12. Particle transient temperature profile for d p , 0 = 20 μm at different T g . 
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erimental and theoretical investigations studying this combustion 

egime are required. 

.2. First-order kinetics - results and comparison to parabolic model 

.2.1. Sample results - transient behavior and ignition 

Figure 12 (a) shows the transient behavior of a particle in dif- 

erent bulk gas temperatures resolved with the first-order kinetic 

odel. The behavior is similar to that observed in Fig. 12 (b) for 

he parabolic kinetic model; however, the separation between T p 
nd T g is much less pronounced for temperatures below T ign in 

ig. 12 (a). This is explained by the inverse dependence of the 

arabolic kinetics on the growing oxide thickness, X , which can 
11 
ead to a quenching of the particle after the thermal runaway pro- 

ess has begun and can cause �T max = T p,max − T g to reach high 

alues for T g < T ign . In contrast, the first-order kinetics show no de- 

endency on X; hence, the ignition phenomenon exhibits higher 

riticality. An additional factor which contributes to the higher 

T max in the parabolic kinetics is the higher activation tempera- 

ure of the reactions (see Table 1 ). 

.2.2. Ignition behavior - effect of particle size 

Figure 13 (a) shows T ign vs. d p , 0 with the first-order kinetic 

odel, with the continuum and transition transport methods. The 

rst-order oxidation kinetics predict an increase of T ign with de- 

reasing d p , 0 , which is in contrast with the parabolic kinetics 
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Fig. 13. Ignition temperature as a function of initial particle size resolved with Knudsen transition (thick lower branches) and continuum (thin upper branches) transport 

models, with the unsteady analysis. In (a), the symbol ∗ represents the critical size below which the particle cannot ignite. 
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Fig. 14. Ignition temperature as resolved by the unsteady and steady analyses (first- 

order kinetics); comparison to the small-particle ignition plateau calculated through 

Eqs. (47) and (48) . 
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hown in Fig. 13 (b), which may predict a decrease of T ign with de-

reasing d p , 0 . In fact, for r p � θ , Eq. (39) shows the heat loss rate

cales with particle size. The heat release rate from the first-order 

xidation kinetics scales with particle surface area: 

 p + θ → r p (40) 

2 r 2 p + G M 

r p θ + G M 

θ2 ) k 1 → 2 r 2 p k 1 (41) 

quation (34) ⇒ 

˙ Q R → 4 π r 2 p D 

∗C O 2 , g 

(
ν FeO 

O 2 

q FeO k 1 

)(
1 

r p k 1 + D 

∗

)
(42) 

≡ 4 πC O 2 , g ν FeO 
O 2 

q FeO 

(
k 1 β

k 1 + β

)
r 2 p . (43) 

s such, as particle size increases, the heat release rate increases 

uch faster than the heat loss rate, leading to a decrease in T ign .

n fact, under continuum transport analysis, particles with an ini- 

ial diameter below a critical particle size become incapable of ac- 

umulating sufficient heat to undergo thermal runaway. As demon- 

trated by Soo et al. [4] , this leads to a small-particle ignition de-

eneration limit. This limit is also observed in the current work, 

s seen from the continuum line in Fig. 13 (a); however, the tran- 

ition model predicts a removal of the ignition degeneration limit, 

nd a plateau of T ign for small particles. This phenomenon can be 

xplained through further mathematical analysis. 

Following the first Semenov ignition criterion, ˙ Q L = 

˙ Q R , 

qs. (31) and (33) can be equated and re-arranged to yield: 

 g = T p −
D 

∗C O 2 , g ν FeO 
O 2 

q FeO k 1 

k ∗( 

2 r 2 p + G T θ r p + G T θ
2 [

2 r 2 p + G M 

r p θ + G M 

θ2 
]
k 1 + 2 D 

∗(r p + θ ) 

) 

. (44) 

he second Semenov ignition criterion is d 

˙ Q L / d T p = d 

˙ Q R / d T p . Us-

ng, 

 1 = k ∞ , 1 exp 

(−T a,1 

T p 

)
⇒ 

d k 1 
d T p 

= k 1 
T a,1 

T 2 p 

(45) 

qs. (31) and (33) can be differentiated with respect to T p and 

quated to yield: 

k ∗

2 r 2 p + G T θ r p + G T θ2 
= 2 (D 

∗) 2 C O 2 , g ν FeO 
O 2 

q FeO k 1 

(
T a 

T 2 p 

)
r p + θ{ [

2 r 2 p + G M 

r p θ + G M 

θ2 
]
k 1 + 2 D 

∗(r p + θ ) 
} 

2 

. (46) 
12 
n the small particle limit, r p  θ , which allows to rewrite 

qs. (44) and (46) as: 

 g = T p −
D 

∗C O 2 , g ν FeO 
O 2 

q FeO k 1 

k ∗

(
G T θ

G M 

θk 1 + 2 D 

∗

)
(47) 

 

2 
p = 

2 (D 

∗) 2 C O 2 , g ν FeO 
O 2 

q FeO k 1 T a,1 

k ∗

(
G T θ

[ G M 

θk 1 + 2 D 

∗] 2 

)
. (48) 

he solution of the system defined by Eqs. (47) and (48) only de- 

ends on: the thermophysical and transport properties of the gas, 

he TAC and MAC through the geometrical Knudsen heat and mass 

ransfer factors, the reaction kinetic parameters, and the molecu- 

ar mean free path. Since the system always has a solution and is 

ndependent of r p , no small-particle ignition degeneration limit is 

bserved, and a plateau of T ign is observed for small particles. 

The system defined by Eqs. (47) and (48) is solved numerically, 

nd the result is compared to the unsteady and steady ignition 

odels for the first-order kinetics in Fig. 14 . The steady analysis 

ends towards the plateau of T ign calculated through Eqs. (47) and 

48) , which is ≈ 869 K. This plateau is below the observed plateau 

f ≈ 900 K in the unsteady analysis. In fact, the steady analysis 

nder-predicts T ign , since the growth of the oxide is neglected, 

hile it represents inert thermal mass to be heated during the 

hermal runaway of the particle; however, the difference between 

he two models is small, since the growth of the oxide layer has 

o adverse effect on the first-order kinetic rate of oxidation. This is 

n contrast to the parabolic kinetics model, which exhibits a large 

ifference of the calculated T ign between the unsteady and steady 

nalyses. 
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Fig. 15. Oxidation model with the formation of cracks (direct oxidizer diffusion 

channels) in the oxide layer. 

5

5

o

k

R

g

p

c

w

t

d

s

s

f

p

w

a

a

s

a

t  

t

u

≈  

c

f  

u

5

i

fl

l

K

e

r

o

i

u  

n

f  

u

i

6

t

t

t

o

m

m

p

r

d

w

m

s

T

w

h

p

t

s

n

i

t

t

w

t

a

v

p

b

d

o

s

c

t

i

s

t

t

e

a

i

D

r

t

A

r

u

t

(

S

A

. Discussion 

.1. Oxidation kinetics of iron particles 

The parabolic kinetic model used in the current study is based 

n the model developed by Mi et al. [13] , who calibrated their 

inetic parameters to the experimental work of Païdassi [14] . In 

ef. [14] , the kinetics of iron were studied through the isothermal 

rowth rate of iron oxides on the surface of iron films in the tem- 

erature range 973–1523 K. One possible limitation of the work 

arried by Mi et al. [13] is that the experimental results of Païdassi 

ere based on bulk material–iron films–and were used to predict 

he kinetics of iron particles; however, the mechanisms of lattice 

iffusion may not accurately describe particle kinetics. In fact, Ly- 

enko et al. [19] studied the kinetics of iron particles in their TGA 

tudies. In Ref. [19] , an activation energy of 110 kJ/mol for the 

ormation of Fe 2 O 3 was reported, the highest iron oxide. In com- 

arison, Païdassi [14] reported an activation energy of 169 kJ/mol, 

hile the survey conducted by Chen and Yeun [18] resulted in an 

ctivation energy of 155 kJ/mol. Hence, the noticeable difference in 

ctivation energy may be attributed to mechanisms intrinsic to the 

ample geometry, such as the possible formation of small cracks 

cross the oxide layers, which creates direct diffusion channels for 

he oxygen to react with the iron core, as depicted in Fig. 15 . Fur-

her experimental endeavors are required to clarify this question. 

An additional possible limitation of the parabolic kinetic model 

sed is that the current model extends the Païdassi [14] kinetics to 

900 K in the unsteady analysis ( Fig. 7 ); however, the kinetics are

alibrated in the range 973–1573 K. To more accurately predict T ign 

or particles � 1 μm, improved kinetics for T p < 973 K should be

sed in future studies. 

.2. Formulation of the Knudsen layer thickness 

The primary difficulty of the boundary sphere method resides 

n determining the appropriate Knudsen layer thickness θ for the 

ux-matching conditions. The perhaps most widely applied formu- 

ation was provided by Wright [25] in a derivation based on the 

nudsen cosine law, which takes into account particle curvature 

ffects to calculate the effective average free-molecular transport 

egion around the particle surface; however, the exact formulation 

f θ was shown to yield only marginal variations of the flux rates 

n the boundary sphere method, provided that it is a factor close to 

nity of the mean free path [7,16] . In the current work, the thick-

ess of the Knudsen layer, θ , is set equal to the molecular mean 

ree path in the bulk gas, which allows a constant value of θ to be
13 
sed for the transient analyses. This approximation is justified by 

ts minimal impact on the transition heat and mass transport rates. 

. Conclusions 

The current study quantitatively assesses Knudsen transition 

ransport effects on the ignition behavior of fine iron par- 

icles. A computational model considering two possible high- 

emperature solid-phase iron oxidation models–parabolic and first- 

rder kinetics–and coupling them to a boundary-sphere flux- 

atching transition transport method was implemented. The 

odel was solved to resolve the critical gas temperature at which 

article ignition can occur as a function of particle size, and the 

esults predicted by the two kinetic models were compared. Ad- 

itionally, results obtained with the transition transport analysis 

ere compared to a continuum transport approach for both kinetic 

odels. 

In the parabolic kinetic model, the ignition temperature was 

hown to follow different trends with decreasing particle size. 

ransition transport processes lead to a thermal insulating effect 

ith decreasing particle size, which facilitates particle ignition; 

owever, the increasing oxide layer proportion with decreasing 

article size adversely affects the reaction kinetics, impeding par- 

icle ignition. These two effects compete and the reaction model 

hould be solved unsteadily to assess the overall trend of the ig- 

ition temperature as a function of particle size and initial ox- 

de layer thickness. The unsteady analysis is increasingly impor- 

ant for larger particles and smaller initial oxide layers. Continuum 

ransport modeling was shown to predict ignition temperatures to 

ithin 10–30 K or less of the transition transport model for par- 

icles with an initial diameter exceeding 30 μm. The 30 μm limit 

grees with the order of magnitude reported by a majority of pre- 

ious researchers for the onset of transition effects. In the small- 

article limit, the transition transport analysis revealed a com- 

ustion regime where particles ignite and burn in the external- 

iffusion-limited regime below the melting point of iron and its 

xides. 

In the first-order kinetic model, the ignition temperature was 

hown to monotonically decrease with increasing particle size. The 

ontinuum small-particle ignition degeneration limit was shown 

o be removed with the transition transport analysis, due to the 

ndependence of ignition temperature on the particle size in the 

mall-particle limit. The ignition temperature was shown to tend 

owards a plateau in the small-particle limit. The different qualita- 

ive trends between the parabolic and the first-order kinetic mod- 

ls provide a comparison basis for future experimental work that 

ims to validate the high-temperature solid-phase oxidation and 

gnition behavior of single iron particles. 
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ppendix A. Explicit mass transfer factor in the boundary 

phere flux-matching method 

The detailed derivation of Eq. (17) is provided in the current 

ppendix. Liu et al. [7] derived an explicit formulation of the heat 

ransport rate between a spherical particle and a gas in the bound- 

ry sphere flux-matching method, 

T = 

˙ Q L 

˙ Q C 

= 

(
1 

1 + Kn 

+ 

1 

2 

G T Kn 

)
−1 (A.1) 

here ˙ Q L is the actual heat loss rate from the particle accounting 

or transition transport effects; ˙ Q C = 4 π r p k (T p − T g ) is the heat loss

ormulated in the continuum approximation, with r p the particle 

adius, k the gas mixture-averaged thermal conductivity, and T p , T g 
espectively the particle and bulk gas temperature; Kn = λMFP /r p is 

he Knudsen number based on the bulk gas mean free path λMFP ; 

nd, 

 T = 

8 f 

αT (γ + 1) 
(A.2) 

s the geometry-dependent heat transfer factor, with f = (9 γ −
) / 4 the Eucken factor, γ the heat capacity ratio, and αT the ther- 

al accommodation coefficient (TAC). Equation (A.1) incorporates 

he assumption that the Knudsen layer thickness is formulated as 

he mean free path of the bulk gas, θ = λMFP . As well, Eq. (A.1) im-

lies the ratio of the mean thermal molecular speeds in the bulk 

as, c̄ g , and at the Knudsen layer surface, c̄ θ , tends to 1, 

c̄ g 

c̄ θ
= 

(
8 k B T g 

πm g 

)
1 
2 

(
πm θ

8 k B T θ

)
1 
2 ≡

(
T g 

T θ

)
1 
2 

(
m θ

m g 

)
1 
2 ≈ 1 (A.3) 

here k B is the Boltzmann constant. In Eq. (A.3) , m θ and m g 

re respectively the average individual molecular mass of the gas 

olecules at the Knudsen layer surface and in the bulk gas. The 

atio (m θ /m g ) 
1 
2 tends to 1 if the concentrations of the gaseous 

pecies at the limiting sphere surface and in the bulk gas are 

imilar. As well, (m θ /m g ) 
1 
2 → 1 if the inert gas and the oxidizer

ave a similar molecular mass, independent of the concentra- 

ion gradients. Such is the case for a gaseous mix of O 2 and N 2 . 

quation (A.1) as well assumes (T g /T θ ) 
1 
2 → 1 , in other words there

s a small temperature difference between the Knudsen layer sur- 

ace and the bulk gas. This is always the case in the pre-ignition 

hase of an iron particle. 

Equation (A.1) incorporates the methodology of the boundary 

phere method, while allowing the heat transfer rate to be cal- 

ulated without solving a coupled system of nonlinear equations. 

 similar term βM 

can be derived for the boundary sphere mass 

ransport rate, following the same approach as in Liu et al. [7] . The

xidizer transport inside and outside the Knudsen layer is equiva- 

ently described by: 

˙ 
 | (r p + θ ) 

− = αM 

π r 2 p (C θ c̄ θ − C p ̄c p ) (A.4) 

˙ 
 | (r p + θ ) 

+ = 4 π(r p + θ ) D(C g − C θ ) . (A.5) 

here D is the oxidizer mass diffusivity in the gas mixture, αM 

is 

he mass accommodation coefficient (MAC), C is the oxidizer con- 

entration, and the subscripts g, θ , and p respectively denote in the 

ulk gas, at the Knudsen layer surface, and at the particle surface. 

he symbol C is used to describe oxidizer concentration instead 

f C O 2 as in previous sections to lighten the notation. If the mass 

ransport would occur completely in the free-molecular or the con- 

inuum regime from the bulk gas to the particle surface, it would 

espectively be described by: 

˙ 
 FM 

= αM 

π r 2 p (C g ̄c g − C p ̄c p ) (A.6) 
14 
˙ 
 C = 4 π r p D(C g − C p ) . (A.7) 

ultiplying Eq. (A.4) by ˙ m C / ˙ m FM 

results in: 

˙ 
 

˙ m C 

˙ m FM 

= αM 

π r 2 p (C θ c̄ θ − C p ̄c p ) 
4 π r p D(C g − C p ) 

αM 

π r 2 p (C g ̄c g − C p ̄c p ) 

= 4 π r p D 

(
C θ c̄ θ − C p ̄c p 

c̄ g 

)
C g − C p 

C g − C p ( ̄c p / ̄c g ) 
. (A.8) 

sing the assumption c̄ θ / ̄c g ≈ 1 and introducing the assumption 

¯ p / ̄c g ≈ 1 , this simplifies to: 

˙ 
 

˙ m C 

˙ m FM 

= 4 π r p D(C θ − C p ) . (A.9) 

ow the ratio of the transport rates can be expanded to, 

˙ m C 

˙ m FM 

= 

4 π r p D(C g − C p ) 

αM 

π r 2 p (C g ̄c g − C p ̄c p ) 
= 

4 D(C g − C p ) 

αM 

r p ̄c g (C g − C p ( ̄c p / ̄c g )) 
= 

4 D 

αM 

r p ̄c g 

(A.10) 

here the assumption c̄ p / ̄c g ≈ 1 was used. Additionally, 

q. (A.5) can be re-arranged to: 

˙ 
 

r p 

r p + θ
= 4 π r p D(C g − C θ ) . (A.11) 

dding Eqs. (A.9) and (A.11) and using Eq. (A.10) yields: 

˙ 
 

(
r p 

r p + θ
+ 

4 D 

αM 

r p ̄c g 

)
= 4 π r p D(C θ − C p ) + 4 π r p D(C g − C θ ) ≡ ˙ m C .

(A.12) 

sing the approximation θ = λMFP , the definition of the Knudsen 

umber Kn = λMFP /r p , and re-arranging yields: 

˙ m 

˙ m C 

= 

(
1 

1 + Kn 

+ 

4 D 

αM ̄

c g λMFP 

Kn 

)
−1 . (A.13) 

sing the definition of the mean free path [7] : 

MFP = 

k (γ − 1) 

f p 

(
πm g T g 

2 k B 

)
1 
2 (A.14) 

here p is the bulk gas pressure, and the result [ πm g T g / (2 k B )] 
1 
2 ≡

 T g / ̄c g , the factor in the second term on the right-hand-side of 

q. (A.13) can be re-written as, 

4 D 

αM ̄

c g λMFP 

= 

4 D 

αM ̄

c g 

f p 

k (γ − 1) 

c̄ g 

2 T g 

= 

2 D f p 

αM 

k (γ − 1) T g 
≡ 2 f 

αM 

(γ − 1) 

DρR g 

k 
(A.15) 

here the ideal gas law p = ρR g T g was used, with ρ the gas den-

ity and R g the individual gas constant. Now the definition of the 

ewis number yields, 

e = 

α

D 

= 

k 

ρc p D 

⇒ 

Dρ

k 
= 

1 

c p Le 
(A.16) 

here α is the thermal diffusivity and c p is the heat capacity at 

onstant pressure. Substituting in Eq. (A.15) : 

4 D 

αM ̄

c g λMFP 

= 

2 f 

αM 

(γ − 1) 

R g 

c p Le 
. 

ow, 

 p = c v + R g ⇒ 1 = 

1 

γ
+ 

R g 

c p 
⇒ 

R g 

c p 
= 

γ − 1 

γ

ence we obtain: 

4 D 

αM ̄

c g λMFP 

= 

2 f 

αM 

γ Le 
. (A.17) 
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he new geometry-dependent mass transfer factor is defined as, 

 M 

= 

4 f 

αM 

γ Le 
(A.18) 

hich is a non-dimensional number. Substituting Eq. (A.17) in 

q. (A.13) and using the above-defined G M 

results in: 

M 

= 

˙ m 

˙ m C 

= 

(
1 

1 + Kn 

+ 

1 

2 

G M 

Kn 

)
−1 . (A.19) 

quation (A.19) has a form identical to Eq. (A.1) . The new bound- 

ry sphere mass transfer factor, βM 

, allows to calculate the oxi- 

izer mass transport rate from the bulk gas to the particle surface 

xplicitly, with a transitional correction factor. Therefore, the heat 

nd mass transport can both be resolved explicitly with the bound- 

ry sphere method. Equations (A.1) and (A.19) are valid for arbi- 

rary Knudsen number, and incorporate the assumptions c̄ g / ̄c p ≈ 1 , 

¯ g / ̄c θ ≈ 1 , and θ = λMFP . 

Using Eqs. (A.2) and (A.18) , the heat and mass transfer factors 

re related by: 

G T 

G M 

= 

8 f 

αT (γ + 1) 

αM 

γ Le 

4 f 
⇒ 

G T 

G M 

= 2 

αM 

αT 

(
γ

γ + 1 

)
Le . (A.20) 
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