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G R A P H I C A L A B S T R A C T

H I G H L I G H T S

A novel coarse grain model is developed for the speed-up of DEM simulation.
The scaling laws are based on the continuum assumption of an arbitrary flow.
The scaling laws for non-spherical and poly-dispersed particles are derived.
Good agreement between original and scaled-up particles are observed.
The proposed model is universally applicable to any particle shape models.
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A B S T R A C T

In this work, the validity of the Scaled-Up Particle (SUP) model, which is a novel coarse grain model for
Discrete Element Method (DEM), is examined to simulate a flow of non-spherical and poly-dispersed particles.
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Poly-dispersed particles
Scaled-Up Particle (SUP) model
Coarse grain model

The SUP model is based on the authors’ previous work and the scaling law is derived from the continuum
assumption of an arbitrary particles flow. We discuss that the model is applicable not only to spherical and
mono-dispersed particles, as is the case tested in the previous work, but also to non-spherical and poly-dispersed
particles. Simulations of various systems are performed such as compression of a particle bed, heap formation,
high shear mixer, large scale rotary drum and V-mixer. It is shown that the results obtained from the SUP
model are in both qualitative and quantitative agreement with those from the original particles as long as the
resolution is sufficiently high.
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1. Introduction

Various kinds of powders and particles can be found in nature or
produced in industry, and they are stored, transported, mixed and/or
separated in a wide range of engineering applications. Individual par-
ticle properties such as size, shape and surface energy can have a
considerable impact on the way the particles interact with neigh-
bouring particles and wall boundaries, which affects the bulk flow
dynamics. However, particle level interactions are extremely complex
and challenging to be observed by experiment, and our knowledge
today is still limited. Therefore, the design of equipment and process
conditions are often determined empirically which is inefficient and
requires numerous trial-and-errors.

Numerical simulation can be a powerful alternative tool to un-
derstand the underlying physics to achieve better process control,
optimisation and troubleshooting. Discrete Element Method (DEM) [1]
has become a particularly popular choice of simulating particulate
flows where the movement of particles is carefully tracked in a La-
grangian manner. One of the main advantages of DEM over a Eulerian
model is that the individual particle properties and the inter-particle
interactions can be directly considered.

In many studies in the literature (e.g., [2,3]), spherical particles
are used in DEM because of (a) fast contact detection, (b) simple
form of the rotational equation to solve, and (c) easy implementation
in a numerical code. However, most of the real-life particles are not
spherical but have complex shapes. Rolling resistance [4,5] is some-
times utilised to artificially take into account particle non-sphericity
while using spherical particles. Although this is an easy and convenient
method, it is still unclear how much the rolling resistance alone can
mimic various physical effects caused by particle shape such as particle
inter-locking [6]. To the best of the authors’ knowledge, there is no rule
of thumb to determine the type and magnitude of rolling resistance to
properly represent the high non-sphericity of particles.

Several models are already proposed and used in the literature to
directly represent the non-sphericity of particles in DEM. A good review
can be found in [7]. One of the most commonly used models is the mul-
tisphere model that uses multiple sub-spheres rigidly clumped together
to represent one non-spherical particle [8–12]. In this way, the particle
contact can be detected using the same algorithm for spheres, and any
shape, in theory, can be represented by changing the number, size and
position of the sub-spheres. The drawbacks are (a) the computational
cost increases rapidly as the number of sub-spheres increases and (b)
the resultant particle surface has perceptible roughness in the scale of
the sub-spheres. Another popular model to explicitly handle particle
non-sphericity is the polyhedral model [13–15] where one particle
consists of multiple facets. It can represent arbitrary particle shape
even with sharp corners. However, very small facets are required to
properly represent a particle surface with high curvature, which can
increase the computational cost enormously. An alternative approach
is to implicitly capture particle shape using a mathematical function.
Particularly, the superquadric function, which is first introduced by
Barr [16], has attracted much attention since it can describe a variety of
non-spherical shapes commonly found in engineering applications such
as ellipsoids, cuboids, disks and rods by changing only 5 parameters for
size and blockiness [12,17,18]. Although it cannot represent arbitrary
2

or irregular shape unlike the aforementioned two models, it can provide p
smooth particle surface without employing small elements. However,
the particle contact is usually detected in an iterative manner and may
become a bottle neck when the particles have low curvature surfaces.
In summary, all of these models have pros and cons, and a suitable one
should be selected depending on the particle type used in the system
of interest.

One of the major problems of DEM is the extremely high compu-
tational cost to track the movement of a large number of particles.
Even with the recent advancement of computational power, it is still
difficult or practically impossible to complete large-scale simulation
within an acceptable period of time. Therefore, various methods have
been proposed and used for simulation speed-up; GPU computing [19–
21], domain decomposition [22,23], reduced particle stiffness [24–28],
and coarse grain model [29–40]. Especially, the coarse grain model is
becoming increasingly popular since it has a potential to shorten the
simulation time by many orders of magnitude.

In the coarse grain model, the particle size is artificially ‘‘scaled-
up’’ by 𝑙 times while keeping the system size the same so that the
total number of particles is reduced by 𝑙3 and the time step interval is
increased by 𝑙 [41]. A good review for the current coarse grain models
s provided by Di Renzo et al. [42]. The coarse grain models in the
iterature are largely classified into two categories in the authors’ pre-
ious work [43]: a parameter scaling approach [30,33,38] and direct
orce scaling approach [29,31,34,37,44,45]. In the parameter scaling,
he input parameters of the scaled-up particles are adjusted to achieve
imilarity to the original particle system. Although this approach is easy
o use, the scaling law of each parameter is usually dependent on the
ormulation of the force model, and it might not be easy or not even
ossible to derive the scaling law if the formulation is complex. In the
irect force scaling, on the other hand, the forces acting on the original
articles are first estimated using the original particle parameters and
ariables and then directly scaled for the scaled-up particles to obtain
imilar bulk flow. This approach tends to give simpler scaling laws and
s attracting attention.

Relatively recently, the authors proposed a novel coarse grain model
ith direct force scaling [41,43,46]. This is called Scaled-Up Particle

SUP) model in this paper. In the SUP model, all forces exerted on
articles are categorised into inter-particle forces (e.g., contact force
nd liquid bridge force) and body forces (e.g., gravitational force and
luid force), and the scaling law for each category is derived based on
he continuum assumption of an arbitrary particles flow. One distinct
dvantage of the SUP model is that it only requires two scaling laws,
.e., one for the inter-particle forces and the other for the body forces. In
ther words, the same scaling law can be used to any forces as long as
he force category is the same. In contrast, other coarse grain models
n the literature have to derive force-specific scaling laws. Extensive
alidation studies and comparisons with the conventional coarse grain
odel can be found in [41].

Most, if not all, of the coarse grain models in the literature are
ested with spherical particles. As mentioned above, simulation of
on-spherical particles is even more computer-intensive than that of
pherical particles, and it is highly demanded in the engineering com-
unity to reduce the computational cost for practical applications. In

he authors’ previous work [41,43,46], the validity of the SUP model
s only examined with spherical and mono-dispersed particles. In this
ork, it is explained that the non-sphericity and poly-dispersity of the

articles do not affect the derivation of the scaling laws in the SUP
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model. The model is then applied to simulate various systems such
as compression of a particle bed, heap formation, high shear mixer,
rotary drum and V-mixer to investigate its validity. In the validation
studies, both the multisphere and superquadric models are employed
to represent the particle shape although any shape model can be
used in theory. LIGGGHTS [47] is used for the simulations, which is
open-source and fully customisable.

2. Discrete element method

2.1. Governing equations

The translational and rotational equations of motion of Particle 𝑖
nteracting with adjacent Particle 𝑗 is given by:

𝑖�̇�𝑖 =
∑

𝑗
𝑭 𝐶𝑖𝑗 + 𝑭𝐺𝑖 (1)

�̇�𝑖 =
∑

𝑗
𝑴𝐶𝑖𝑗 (2)

𝑳𝑖 = 𝑰 𝑖𝝎𝑖 (3)

where 𝑚 is the particle mass, 𝒗 is the translational velocity, 𝑭 𝐶 is the
contact force, 𝑭𝐺 = 𝑚𝒈 is the gravitational force, 𝑳 is the angular
momentum, 𝑴𝐶 is the contact torque, 𝑰 is the tensor of inertia, and
𝝎 is the angular velocity. Note that both 𝑰 and 𝝎 are defined in the
global (observer-fixed) reference frame.

The orientation of particle is described as the rotation of the coor-
dinate vectors of the global reference frame, i.e. 𝒆𝑥 = (1, 0, 0)T, 𝒆𝑦 =
(0, 1, 0)T and 𝒆𝑧 = (0, 0, 1)T, to the coordinate vectors of the local (body-
fixed) reference frame, �̃�𝑥, �̃�𝑦 and �̃�𝑧. The rotation is tracked using the
uaternion [48], 𝒒, which is defined as:

= (𝑞0, 𝑞1, 𝑞2, 𝑞3)T (4)

he rotation matrix, 𝑹, can then be constructed as:

=
⎛

⎜

⎜

⎝

1 − 2(𝑞22 + 𝑞23 ) 2(𝑞1𝑞2 − 𝑞0𝑞3) 2(𝑞1𝑞3 + 𝑞0𝑞2)
2(𝑞1𝑞2 + 𝑞0𝑞3) 1 − 2(𝑞21 + 𝑞23 ) 2(𝑞2𝑞3 − 𝑞0𝑞1)
2(𝑞1𝑞3 − 𝑞0𝑞2) 2(𝑞2𝑞3 + 𝑞0𝑞1) 1 − 2(𝑞21 + 𝑞22 )

⎞

⎟

⎟

⎠

(5)

y definition, �̃�𝑥 = 𝑹𝒆𝑥, �̃�𝑦 = 𝑹𝒆𝑦 and �̃�𝑧 = 𝑹𝒆𝑧. The evolution of the
uaternion of Particle 𝑖 is governed by the following equation:

̇ 𝑖 =
1
2
𝒒𝑖◦�̃�𝑖 (6)

where the operation ◦ is the quaternion multiplication [48], and �̃� =
−1𝝎 is the angular velocity in the local reference frame.

.2. Contact force

In this work, an adhesive contact model based on the JKR the-
ry [49] is used. The normal and tangential contact forces are given
y:

𝐶n = −
(

4𝐸∗

3𝑟∗
𝑎3 − 4

√

𝜋𝛾𝐸∗𝑎3 + 𝜂n𝒗𝑟𝑒𝑙 ⋅ 𝒏
)

𝒏 (7)

𝐶t = −min[8𝐺∗√𝑟∗𝛿n𝛿t + 𝜂t𝑣𝑠, 𝜇𝑠𝐹𝑁 ]𝒕 (8)

where 𝑎 is the contact radius, 𝛾 is the surface energy, 𝜂 is the damping
coefficient, 𝒗𝑟𝑒𝑙 is the relative velocity, 𝒏 is the unit normal vector,
𝛿 is the particle deformation (overlap), 𝑣𝑠 is the magnitude of the
relative tangential velocity at the contact surface, 𝜇𝑠 is the sliding
friction coefficient, 𝐹𝑁 is the normal load during sliding, and 𝒕 is the
unit tangent vector. The subscripts n and t indicate the normal and
tangential directions, respectively. The reduced quantities indicated
with the superscript ∗ are defined as:
1
∗ = 1 + 1 (9)
3

𝑟 𝑟𝑖 𝑟𝑗
1
𝐸∗ =

1 − 𝜈2𝑖
𝐸𝑖

+
1 − 𝜈2𝑗
𝐸𝑗

(10)

1
𝐺∗ =

2(2 − 𝜈𝑖)(1 + 𝜈𝑖)
𝐸𝑖

+
2(2 − 𝜈𝑗 )(1 + 𝜈𝑗 )

𝐸𝑗
(11)

where 𝑟 is the particle radius, 𝐸 is the Young’s modulus, and 𝜈 is the
Poisson’s ratio.

The contact radius is given as the solution of the following equa-
tion [50]:

𝑎4 − 2𝑟∗𝛿n𝑎2 −
4𝜋𝛾𝑟∗2

𝐸∗ 𝑎 + 𝑟∗2𝛿2n = 0 (12)

The damping coefficients in the normal and tangential directions are
given as [2]:

𝜂n = −2
√

5
3
𝛽(𝑚∗𝐸∗)1∕2𝑟∗1∕4𝛿1∕4n (13)

t = −4
√

5
3
𝛽(𝑚∗𝐺∗)1∕2𝑟∗1∕4𝛿1∕4n (14)

1
𝑚∗ = 1

𝑚𝑖
+ 1

𝑚𝑗
(15)

where 𝛽 is a function of the restitution coefficient, 𝑒, and given as:

𝛽 =
ln(𝑒)

√

ln2(𝑒) + 𝜋2
(16)

𝑁 can be evaluated as [51,52]:

𝑁 =
|

|

|

|

|

4
(

𝑎
𝑎0

)3
− 4

(

𝑎
𝑎0

)3∕2
+ 2

|

|

|

|

|

𝐹𝑝𝑜 (17)

where 𝐹𝑝𝑜 is the pull-off force and 𝑎0 is the contact radius at the
equilibrium condition, which are defined as:

𝐹𝑝𝑜 = 3𝜋𝛾𝑟∗ (18)

0 =
(

9𝜋𝛾𝑟∗2

𝐸∗

)1∕3

(19)

.3. Superquadric model

In this work, two different shape models are used: superquadric and
ultisphere models. In the superquadric model, the particle shape is

mplicitly captured with the following function [16]:

(𝑿) =
(

|

|

|

|

𝑋
𝑎
|

|

|

|

𝑛2
+
|

|

|

|

𝑌
𝑏
|

|

|

|

𝑛2
)𝑛1∕𝑛2

+
|

|

|

|

𝑍
𝑐
|

|

|

|

𝑛1
− 1 (20)

= (𝑋, 𝑌 ,𝑍)T (21)

here 𝑎, 𝑏, and 𝑐 are the size parameters in each principal axis, and 𝑛1
and 𝑛2 are the blockiness parameters that control the edge sharpness as
shown in Fig. 1. 𝑿 is the position vector from the centre of the particle.
The particle surface is defined as 𝑓 (𝑿) = 0, and 𝑓 (𝑿) takes a negative
alue inside the particle and a positive value outside the particle. The
olume of the particle can be theoretically calculated as:

𝑠𝑞 = 8𝑎𝑏𝑐

[

𝛤
(

1
𝑛2

+ 1
)]2

𝛤
(

2
𝑛2

+ 1
)

𝛤
(

1
𝑛1

)

𝛤
(

2
𝑛1

+ 1
)

𝑛1𝛤
(

3
𝑛1

+ 1
) (22)

where 𝛤 is the gamma function.
The contact detection is based on the iterative algorithm to find

the midway point between particles [53]. In the contact force cal-
culation, the particle radius is replaced with the volume equivalent
sphere radius. Although employing the Gaussian curvature radius or
the mean curvature radius at the contact point can give more accurate
force evaluation, these radii may become very large depending on
the particle shape and the time step interval may become excessively
small for stable calculation. Employing the equivalent sphere radius
can reasonably approximate the force–displacement curve according
to the work by Podlozhnyuk et al. [53] without compromising the
computational cost.
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Fig. 1. Shape of superquadric particles with different blockiness parameters.

Fig. 2. Shape representation of a non-spherical particle with multisphere model using
different number of sub-spheres.

2.4. Multisphere model

In the multisphere model, a single particle consists of multiple
sub-spheres as shown in Fig. 2. The relative positions between the
sub-spheres do not change with time. Arbitrary particle shape can be
represented by changing the number, size and position of the sub-
spheres. If needed, the sub-spheres can be overlapped with each other
to increase the smoothness. The volume, centre of mass and inertia
tensor are calculated using a Monte Carlo procedure.

The contact forces between the sub-spheres belonging to the neigh-
bouring particles are computed based on the simple and fast contact
detection algorithms used in the conventional DEM. The forces and
torques acting on the sub-spheres are accumulated relative to the centre
of mass of the particle [8].

3. Scaled-up particle (SUP) model

3.1. Scaled-up system

In the coarse grain model, the size of particles used in the simulation
is artificially scaled-up while keeping the system size the same. In this
work, the system with the original particle size is called ‘‘original sys-
tem’’ whereas that with the increased particle size is called ‘‘scaled-up
system’’. 𝑙 is a scale factor and defined as:

𝑙 = (𝑚S∕𝑚O)1∕3 (23)

where the subscripts O and S indicate the original and scaled-up sys-
tems, respectively. In the direct force scaling approach [43], the input
parameters such as the particle density are unchanged when the par-
ticle size is increased. A novel coarse grain model is proposed in the
authors’ previous work [41,43,46], which is referred to as the Scaled-
Up Particle (SUP) model in this work. The SUP model is based on the
4

Table 1
Relationships between original and scaled-up particle
variables.

Variable Relationship

Translational velocity [29] 𝒗O = 𝒗S
Rotational velocity [29] 𝝎O = 𝑙𝝎S
Particle overlap [41] 𝛿O = 𝛿S∕𝑙

continuum assumption of an arbitrary particles flow and maintains the
same forces and torques acting on the control volumes (CVs) in the
original and scaled-up systems (Fig. 3). The concept of the SUP model
is briefly explained in the following sections.

3.2. Evaluation of original particle variables

The original particle variables, e.g., particle velocity and overlap,
are required to estimate the forces and torques (e.g., contact forces
and torques) acting on the original particles. Since the original particles
are not explicitly simulated but represented by the scaled-up particles,
the original particle variables need to be evaluated from those of the
scaled-up particle. The relationships between the original and scaled-up
particle variables are summarised in Table 1 [29,41]. The translational
and rotational velocities are defined to keep the same total kinetic
energy, and the relationship of the overlap is obtained from geometric
similarity so that the same mass of particles are homogeneously dis-
tributed and accommodated in the CVs. More details on the evaluation
of the original particle variables can be found in [41].

3.3. Scaling laws

It is assumed that the continuum assumption of the particles flow is
valid, and a sufficient number of particles are accommodated in the
CVs. In continuum mechanics, the forces acting on the CVs can be
regarded as the rate of change of the momentum in the CVs [54]. The
change of momentum is caused by the three mechanisms illustrated in
Fig. 4: (a) the momentum exchanged between the neighbouring CVs
with the movement of particles, (b) the momentum exchange caused
by the inter-particle forces between particle pairs belonging to different
CVs and (c) the momentum imparted to all particles in the CVs by body
forces.

Since the relationships in Table 1 give the same particle velocity
in the CVs between the original and scaled-up systems, no scaling
is required for the momentum fluxes across CV faces related to the
particle movement. On the other hand, the number of particle pairs
interacting across the CV faces are reduced by 𝑙2 in the scaled-up
system. Hence the inter-particle forces such as the contact force should
be scaled as follows to keep the same momentum exchange between
the neighbouring CVs:

𝑭 𝐼S = 𝑙2𝑭 𝐼O (24)

where 𝑭 𝐼 represents any inter-particle force. Finally, since the number
of particles in the CVs are reduced by 𝑙3 in the scaled-up system, the
following scaling law should be used for the body forces such as the
gravitational force:

𝑭𝐵S = 𝑙3𝑭𝐵O (25)

where 𝑭𝐵 represents any body force. The same concept can be applied
to the torques and angular momentum, which leads to the following
scaling for the inter-particle torques such as the contact torque:

𝑴𝐼S = 𝑙2𝑴𝐼O (26)

where 𝑴𝐼 represents any inter-particle torque.
One may notice that the resultant scaling laws above can be the

same or similar to the conventional ones in literature in some (albeit
limited) cases, for example, the fluid force scaling in [29] and normal
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Fig. 3. Arbitrary particles flow and control volumes in (a) original and (b) scaled-up systems.
Fig. 4. Three mechanisms of momentum change in control volume due to (a) particle movement, (b) inter-particle force between particle pairs belonging to different CVs and (c)
body force with spherical and mono-dispersed particles.
Fig. 5. Three mechanisms of momentum change in control volume due to (a) particle movement, (b) inter-particle force between particle pairs belonging to different CVs and (c)
body force with non-spherical and poly-dispersed particles.
contact force scaling in [44]. However, it should be noted that there is a
conceptual difference between the SUP and conventional models. In the
conventional models, it is considered that one coarse grained particle
‘‘envelops’’ a group of original particles, and it is attempted to keep
the particle level motion. In this way, the conventional models usually
use force-specific scaling laws [29,31,44]. In the SUP model, on the
other hand, the consistency of the translational and rotational motions
is achieved in the control volume level (not in the particle level). One
of the most distinct advantages of the SUP model is that it only requires
two scaling laws: one for any inter-particle forces and torques and the
other for any body forces. More details of the derivation of the scaling
laws can be found in [46], and comparisons with other models in the
literature can be found in [41].

3.4. Application to non-spherical and poly-dispersed particles

In all the validation studies presented in the authors’ previous
work [41,43,46], spherical and mono-dispersed particles are used for
simplicity. However, the theories in Section 3.3 are generic, and the
same scaling laws can be derived with non-spherical and poly-dispersed
particles as shown in Fig. 5. It is also important to stress that any shape
5

models available for DEM can be used in principle, e.g., superquadric,
multisphere and polyhedral models.

4. Results and discussion

In this section, simulations of non-spherical and poly-dispersed
particles in various systems are presented to discuss the validity of the
SUP model. In all simulations, the results obtained from the SUP model
are compared with those from the original particles. Five different
systems are employed: compression of a particle bed, heap formation,
high shear mixer, large scale rotary drum and V-mixer.

4.1. Compression of particle bed

The SUP model is used to simulate compression of densely packed
cohesionless particles, which can be regarded as a quasi-static and
contact force dominant system. This is the simplest system tested in
this work. Two different particle shapes are employed as shown in
Fig. 6: (a) Shape I is a flat cube expressed with the superquadric
model, and (b) Shape II is a dumbbell with the multisphere model. The
size and shape parameters of the original particles are summarised in
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Table 2
Size and shape parameters of original particles for bed compression simulation.

Shape Particle type Size parameters Shape parameters

I Superquadric flat cube 𝑎 = 0.25 mm
𝑏 = 0.25 mm
𝑐 = 0.125 mm

𝑛1 = 4
𝑛2 = 4

II Multisphere dumbbell 𝑑𝑠𝑢𝑏 = 0.338 mm 𝑁𝑠𝑢𝑏 = 2
𝐿𝑠𝑢𝑏 = 0.338 mm

Table 3
Common calculation conditions for bed compression
simulation.

Property Value

Particle density [kg∕m3] 2500
Young’s modulus [MPa] 5
Poisson’s ratio [–] 0.3
Restitution coefficient [–] 0.9
Sliding friction coefficient [–] 0.3
Surface energy [J∕m2] 0
Initial bed height [mm] 100

Table 2. The diameter of the sub-spheres, 𝑑𝑠𝑢𝑏, in the dumbbell (Shape
II) is 0.338 mm, the number, 𝑁𝑠𝑢𝑏, is 2, and the distance between
the sub-sphere centroids, 𝐿𝑠𝑢𝑏, is 0.338 mm, i.e., no overlap between
the sub-spheres. Simulations using the original particles and scaled-up
particles with 𝑙 = 2 and 4 are performed as illustrated in Fig. 6c and 6d.
Other common simulation conditions are listed in Table 3. The Young’s
modulus used is 5 MPa, which is rather low as compared to that of
typical solid materials (such as glass). However, the main purpose of
these simulations is to assess the capability of the SUP model, and the
use of a low Young’s modulus is not an issue as long as the same value
is used in the original and scaled-up systems. The same applies to the
simulations in the following sections.

The initial bed is prepared as follows. First, 0.037 kg of particles
are randomly generated in the rectangular simulation domain with
dimensions of 14 × 14 × 200 mm3. A plane wall is placed at the
bottom and periodic boundaries are used in the horizontal directions.
The sliding friction coefficient is set to a small value (0.05) at this stage
to create a compact initial bed. The particles generated are settled by
gravity and then removed if the height from the bottom is more than
100 mm. Finally, an upper wall is placed right above the bed surface.

The sliding friction coefficient is then set to 0.3 and the upper wall
starts to move downwards to compress the bed with a constant speed
of 5 mm/s while the bottom wall is fixed. Figs. 7 and 8 show the
stress acting on the upper wall as a function of the strain with Shape
I and II particles, respectively: (a) the results with the SUP model,
i.e., the 𝑙2 scaling for the contact force and torque, and (b) the results
with the 𝑙3 scaling. Note that the 𝑙3 scaling is used for contact force
in the literature [29], and it is shown here for comparison. It can be
observed that the SUP model (Figs. 7a and 8a) can replicate the stress–
strain curve well regardless of the scale factors and particle shapes.
On the other hand, Figs. 7b and 8b show significant overestimation
of the stress, which becomes even more pronounced as the scale factor
increases.

4.2. Heap formation

Simulations of heap formation of cohesive particles as shown in
Fig. 9 are presented in this section. Particles are continuously fed from
a thin insertion region and settle by gravity to form a heap. The feeding
is stopped at 𝑡 = 4 s, and the simulation continues until a stable heap
is formed. The simulations are performed using particles with different
shapes as illustrated in Fig. 10: Shape A is a rod represented with the
superquadric model, Shape B is a rod represented with the multisphere
model, Shape C is a sphere and Shape D is a flat plate. The size and
shape parameters of the original particles are listed in Table 4. These
6

s

Table 4
Size and shape parameters of original particles for heap formation simulation.

Shape Particle type Size parameters Shape parameters

A Superquadric rod 𝑎 = 0.328 mm
𝑏 = 0.328 mm
𝑐 = 0.657 mm

𝑛1 = 5
𝑛2 = 2

B Multisphere rod See Table 5

C Sphere 𝑎 = 0.459 mm
𝑏 = 0.459 mm
𝑐 = 0.459 mm

𝑛1 = 2
𝑛2 = 2

D Superquadric flat plate 𝑎 = 0.63 mm
𝑏 = 0.63 mm
𝑐 = 0.158 mm

𝑛1 = 4
𝑛2 = 4

Table 5
Positions and diameter of original sub-spheres of Shape B.

ID [–] 𝑥 [mm] 𝑦 [mm] 𝑧 [mm] 𝑑𝑠𝑢𝑏 [mm]

1 0.000 0.000 −0.333 0.666
2 0.000 0.000 0.000 0.666
3 0.000 0.000 0.333 0.666
4 0.167 0.000 −0.500 0.333
5 0.083 0.144 −0.500 0.333
6 −0.083 0.144 −0.500 0.333
7 −0.167 0.000 −0.500 0.333
8 −0.083 −0.144 −0.500 0.333
9 0.083 −0.144 −0.500 0.333
10 0.167 0.000 0.500 0.333
11 0.083 0.144 0.500 0.333
12 −0.083 0.144 0.500 0.333
13 −0.167 0.000 0.500 0.333
14 −0.083 −0.144 0.500 0.333
15 0.083 −0.144 0.500 0.333

Table 6
Common calculation conditions for heap formation
simulation.

Property Value

Particle density [kg∕m3] 2000
Young’s modulus [MPa] 5
Poisson’s ratio [–] 0.3
Restitution coefficient [–] 0.3
Sliding friction coefficient [–] 0.5
Surface energy [J∕m2] 0.1
Feed rate [kg/s] 0.08
Feeding time [s] 4

parameters are chosen so that all shapes have approximately the same
volume. The positions and diameter of the original sub-spheres of Shape
B are provided in Table 5. Simulations using the original particles and
scaled-up particles with 𝑙 = 2 and 4 are performed. Other common
simulation conditions are listed in Table 6.

The simulations are pseudo-2D with a domain size of 300 × 30 × 190
m3. A flat wall is placed at the bottom boundary, and periodic
oundaries are employed in the depth direction (i.e., the direction of
he shortest edge of the simulation domain). The size of the particle
nsertion region is 12 × 30 × 30 mm3, and it is located at 175 mm from
he bottom as illustrated by the solid line in Fig. 9. The resultant bulk
olume of the heap, which can vary depending on the heap packing
tructure, is calculated from the image analysis of snapshots obtained
rom the simulations. The snapshots are binarised as shown in Fig. 11,
nd the projection area of the binarised image is multiplied by the
epth of the simulation domain (i.e., 30 mm) to calculate the bulk
olume. It is confirmed that the depth of the domain is sufficiently thin
nd there are negligible changes of the heap structure in this direction
or all simulations.

Figs. 12 and 13 show the bulk volume of the heap as a function
f time obtained from Shape A and Shape B particles (rods repre-

ented with the superquadric and multisphere models), respectively.
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Fig. 6. Compression of packed particle bed with different shapes; (a) flat cube with superquadric model (Shape I), (b) dumbbell with multisphere model (Shape II), (c) initial bed
with flat cubes and (d) initial bed with dumbbells.
Fig. 7. Stress–strain curve during bed compression with Shape I particles (flat cube): (a) the SUP model and (b) 𝑙3 scaling for contact force and torque.
The results with the 𝑙3 scaling for the contact force and torque are
also presented for comparison. In all cases, the bulk volume increases
linearly with time while the particles are being fed, and then becomes
7

constant soon after the feeding stops. In both Figs. 12b and 13b, the
𝑙3 scaling notably overestimates the bulk volume, and the difference
becomes more pronounced as the scale factor increases. This means
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Fig. 8. Stress–strain curve during bed compression with Shape II particles (dumbbell): (a) the SUP model and (b) 𝑙3 scaling for contact force and torque.
Fig. 9. Heap formation simulation at 𝑡 = 1, 2, 3, 4 and 5 s from left to right. The particle insertion region is indicated with a solid line. The particle insertion is stopped at 𝑡 = 4
s.
Fig. 10. Shape of particles used for heap formation; (a) Shape A is a rod represented with superquadric model, (b) Shape B is a rod represented with multisphere model, (c)
Shape C is a sphere and (d) Shape D is a flat plate with superquadric model.
Fig. 11. Image analysis to calculate bulk volume of heap; (a) snapshot from simulation
and (b) binarised image.

that the heap with 𝑙3 scaling are more loosely packed than the original
heap, which implies that the cohesion forces between the particles are
overestimated. On the other hand, in both Figs. 12a and 13a, the results
with the SUP model are almost identical to those with the original
particles. Fig. 14 shows the superposition of Figs. 12a and 13a. It can
be said that the rods represented with the superquadric and multi-
sphere models are similar and can give comparable results. However,
the final bulk volume in the original systems with the multisphere
particles is approximately 4% larger than that with the superquadric
particles. This may be because of the inherent roughness in the scale
of the sub-spheres in the multisphere model, which could lead to
8

increased apparent friction and mechanical interlocking between the
particles [55].

Fig. 15 shows the bulk volume of the heap as a function of time
obtained from Shape A, Shape C and Shape D particles, where the
shapes are all represented with the superquadric model. It can be
observed that the bulk volume is strongly dependent on the particle
shape. The heap of the spheres (Shape C) is the most compact, followed
by the rod (Shape A), whilst the heap of the flat plates (Shape D) is the
loosest. The bulk volume of Shape D in the final state is approximately
30% larger than that of Shape C in the original particle cases. It can also
be seen that the SUP model successfully captures the shape dependency
of the heap volume.

Fig. 16 shows the bulk volume of the heap as a function of time
obtained from a 50:50 homogeneous mixture of Shape C and Shape D
particles. It can be observed that the resultant bulk volume of this bi-
dispersed system lies between those of the mono-dispersed systems of
each shape, which may be reasonable intuitively. It is clear that the SUP
model can properly predict the bulk volume of the original mixture.
These results support the discussion in Section 3.4 that the SUP model
can be applied not only to mono-dispersed but also poly-dispersed
particles.
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Fig. 12. Bulk volume of heap as a function of time with Shape A particles; (a) the SUP model and (b) 𝑙3 scaling for contact force and torque.
Fig. 13. Bulk volume of heap as a function of time with Shape B particles; (a) the SUP model and (b) 𝑙3 scaling for contact force and torque.
Fig. 14. Bulk volume of heap as a function of time with Shape A (superquadric rod)
and Shape B (multisphere rod) particles.
9

Fig. 15. Bulk volume of heap as a function of time with Shape A, Shape C and Shape
D particles.
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Fig. 16. Bulk volume of heap as a function of time with the 50:50 mixture of Shape
C and Shape D particles.

Fig. 17. Shape of particles used for high shear mixer simulation; (a) rod and (b) sphere
particles represented with superquadric model.

4.3. High shear mixer

In Section 4.2, it is inferred that the SUP model can be used for
poly-dispersed particles. We have performed simulations of a high shear
mixer to further investigate the validity of the model for dynamic flows
of cohesive non-spherical and poly-dispersed particles. As is the case
in the authors’ previous work [41,43], the mixer used is a scaled-down
version of the 10L Roto Junior high shear granulator (Zanchetta Lucca).
The inner diameter of the mixer is 84 mm and a 3-bladed impeller is
mounted at the bottom. Superquadric rod particles as well as spherical
particles as shown in Fig. 17 are employed where the size and shape
parameters of the original particles are listed in Table 7. Both of the
shapes have approximately the same volume. Three cases are consid-
ered as shown in Fig. 18: Case 1 with 100% superquadric rod particles,
Case 2 with a 50:50 homogeneous mixture of the superquadric rod
and spherical particles and Case 3 with 100% spherical particles. Other
common simulation conditions are listed in Table 8. The particle–wall
cohesion force is deactivated so that particles do not adhere to the
casing wall and impeller, which could excessively reduce the amount
of bulk moving particles available for analysis. Simulations with the
original and scaled-up particles with 𝑙 = 2 and 4 are carried out.

The 3 × 3 snapshots in Fig. 19 shows typical flow at steady state
with Cases 1 (top row), Case 2 (middle row) and Case 3 (bottom row) in
the (a) original system, (b) scaled-up system with 𝑙 = 2 and (c) scaled-
up system with 𝑙 = 4. The results of the original systems (Fig. 19a) are
first compared. A clear difference of the particle velocity can be seen
among these cases. In Case 1 (100% rod particles), the colour of the
particles near the casing wall is mostly red or orange indicating that
the particles have large velocity, and the bed surface is rather rough. By
mixing 50% of the spherical particles (Case 2), it can be observed that
10
Table 7
Size and shape parameters of original particles for high shear mixer simulation.

Shape Size parameters Shape parameters

Rod 𝑎 = 0.136 mm
𝑏 = 0.136 mm
𝑐 = 0.545 mm

𝑛1 = 4
𝑛2 = 4

Sphere 𝑎 = 0.25 mm
𝑏 = 0.25 mm
𝑐 = 0.25 mm

𝑛1 = 2
𝑛2 = 2

Table 8
Common calculation conditions for high shear mixer
simulation.

Property Value

Particle density [kg∕m3] 1000
Young’s modulus [MPa] 5
Poisson’s ratio [–] 0.3
Restitution coefficient [–] 0.1
Sliding friction coefficient [–] 0.3
Surface energy [J∕m2] 0.02
Total mass of particles [kg] 0.0458
Impeller rotation speed [rpm] 300

the particle velocity near the casing wall largely decreases, the volume
of the bed also decreases and the bed surface becomes smoother. In
Case 3 (100% spherical particles), the colour of the particles is mostly
green or yellow except for the near-impeller region, the bed is more
compacted and the particles flow smoothly. Qualitatively, the results
obtained from the SUP model show a similar velocity field and bed
structure of the original system.

Fig. 20 shows the probability density distributions of the particle
velocity. In Case 1, a Gaussian-like distribution can be seen with
relatively large peak velocity. In Case 2, the overall distribution is
shifted to the left and a skewer peak can be observed. In addition,
the distribution becomes less symmetric. In Case 3, the probability
of smaller velocity increases, and the skew peak is further shifted to
the left. Fig. 21 shows the peak velocity analysed from Fig. 20. The
SUP model can reasonably predict the original difference of the peak
velocity caused by the particle shape and poly-dispersity quantitatively.

4.4. Large scale rotary drum

Simulations of cohesionless and cohesive particles flows in a large
rotary drum are presented in this section. The drum is 1 m in diameter,
and the particle used is a superquadric flat plate with 𝑎 = 0.685 mm,
𝑏 = 0.685 mm, 𝑐 = 0.171 mm, 𝑛1 = 4 and 𝑛2 = 4, i.e., the same
shape as Shape D in Fig. 10 but slightly different in size. The equivalent
sphere diameter of the particle is approximately 1 mm. Other common
simulation conditions are listed in Table 9. The simulation is pseudo-
2D with periodic boundaries in the depth direction of the drum, and
the original particles as well as scaled-up particles with 𝑙 = 4 and 8 are
employed. The drum depth is adjusted so that the size ratio between the
drum depth and equivalent sphere diameter is kept to 5. The total mass
of the particles in the original system is 2.34 kg, and that of the scaled-
up system increases proportionally to the scale factor since the drum
depth increases accordingly. Three different values of surface energy
are tested: 𝛾 = 0, 0.1 and 0.4 J∕m2.

Fig. 22 shows typical snapshots of the particles in the drum at
steady-state with 𝛾 = 0 J∕m2 (top row), 0.1 J∕m2 (middle row) and 0.4
J∕m2 (bottom row) in the (a) original system, (b) scaled-up system with
𝑙 = 4 and (c) scaled-up system with 𝑙 = 8. A video is also provided as
Supplementary material to show the movement of the particles. First,
we discuss the flow pattern in the original systems (Fig. 22a). When
𝛾 = 0 J∕m2, i.e., no cohesion force, the flowability of the particles is
good, and it shows a typical cascading motion [56,57] with a smooth
profile of the bed surface. A clear and distinct band coloured by blue,



Powder Technology 426 (2023) 118676K. Washino et al.
Fig. 18. Three cases for high shear mixer simulation; (Case 1) 100% rod particles, (Case 2) 50:50 mixture of rod and spherical particles and (Case 3) 100% spherical particles.
The rod and spherical particles are coloured green and grey, respectively.
Fig. 19. Typical snapshots of particles in high shear mixer with Case 1 (top row), Case 2 (middle row) and Case 3 (bottom row); (a) original, (b) scaled-up (𝑙 = 2) and (c)
scaled-up (𝑙 = 4) systems. The colour indicates the particle velocity.
above which the particles avalanche down, is formed all the way from
the left to the right of the bed. When 𝛾 = 0.1 J∕m2, a similar flow
pattern can be seen, but the particles in the avalanching region are
more lumpy and the bed surface is less smooth. Finally, when 𝛾 = 0.4
11
J∕m2, the flow pattern changes drastically. A large chunk of particles is
formed at the top of the bed due to the large cohesion force, and the
blue band no longer reaches the right end of the bed. The chunk breaks
into smaller lumps when falling by gravity, which then tumble down
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Fig. 20. Probability density distribution of particle velocity in high shear mixer.
a
a
s
t
o
i
S
b
m

s
a
r
a
a
b
l
a
w
c

t
i
f
a
t
m
b
t
f

Fig. 21. Peak velocity of particles in high shear mixer.

he bed surface instead of avalanching. The scaled-up particles can
ualitatively capture the flow patterns of the original systems described
bove although several discrepancies can be seen especially with 𝑙 = 8,
.g., some particles are detached from the upper side of the drum wall
hen 𝛾 = 0.1 J∕m2, and the size of the lumps is relatively large when
= 0.4 J∕m2. These discrepancies are caused by the lack of spacial

esolution: the size of the scaled-up particle is too large to resolve the
haracteristic flow structure such as the particles attached on the wall
12

0

nd the size of the lumps. In this sense, the size of a scaled-up particle is
nalogous to the cell size for Computational Fluid Dynamics (CFD). The
cale factor should be determined from sensitivity analysis to ensure
hat the flow structure of interest can be reasonably resolved, just like
ne performs a mesh sensitivity study for CFD simulation. Note that this
s a general limitation of the coarse grain models and not specific to the
UP model. Nevertheless, the overall flow patterns and structures can
e reproduced even with the large scale factor, which can be useful in
any engineering applications.

Fig. 23 shows the time averaged solid fraction in the drum over 1
. The dashed lines and arrows indicate the dynamic angle of repose
nd the height at which the particles are detached from the drum wall,
espectively. It can be seen that the dynamic angle of repose increases
s the surface energy increases whilst the height at which the particles
re detached decreases. In addition, the boundary of the bed surface
ecomes blur as the surface energy increases due to the formation of
umps. A qualitatively good agreement can be seen between the original
nd scaled-up systems. This reinforces the fact that the SUP model can
ell capture the sensitivity of the overall flow structures to the particle

ohesiveness.
For more quantitative comparisons, the probability density distribu-

ions of the particle velocity with 𝛾 = 0, 0.1 and 0.4 J∕m2 are plotted
n Fig. 24. Two distinct peaks can be observed when 𝛾 = 0 J∕m2. The
irst peak arises from the cascading motion. The second peak almost
grees with the drum wall velocity (0.785 m/s), which indicates that
he particles near the wall are likely to be in a ‘‘solid-like’’ state that
ove rigidly with the wall. A similar bimodal velocity distribution can

e seen with 𝛾 = 0.1 J∕m2, but the first peak is less pronounced because
he cascading motion is retarded by the cohesion force. Finally, the
irst peak completely disappears when the surface energy increases to

2
.4 J∕m , and the flow pattern is changed drastically. The scaled-up
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Fig. 22. Typical snapshots of particles in rotary drum with 𝛾 = 0 J∕m2 (top row), 𝛾 = 0.1 J∕m2 (middle row) and 𝛾 = 0.4 J∕m2 (bottom row); (a) original, (b) scaled-up (𝑙 = 4) and
(c) scaled-up (𝑙 = 8) systems. The colour indicates the particle velocity.
particles can capture the overall velocity distributions of the original
particles as well as the surface energy dependency of the flow pattern.

4.5. V-mixer

Finally, the SUP model is applied to simulate the flows of both
cohesionless and cohesive particles in a V-mixer. This is the most
complex system used in this work since the flow changes with time
depending on the orientation of the mixer. The particles used are
multisphere bars and chips as shown in Fig. 25, both of which consist
of 4 identical sub-spheres with a diameter of 0.32 mm without overlap.
The equivalent sphere diameter of these particles is 0.51 mm. The
dimensions of the V-mixer are given in the work of Kuo et al. [58]:
two cylinders with a diameter of 66 mm and height of 147 mm are
slanted 45◦ in the opposite directions, clipped with the vertical axis
at the tip and unified smoothly. The mixer rotates with 60 rpm with
respect to the rotation axis located at 76 mm from the bottom of the
mixer. The simulation conditions are listed in Table 10. Two different
values of surface energy are tested: 𝛾 = 0 and 0.01 J∕m2. Simulations
using the original particles and scaled-up particles with 𝑙 = 2 and 4 are
performed.
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Table 9
Common calculation conditions for rotary drum simulation.

Property Value

Size parameters 𝑎, 𝑏, 𝑐 [mm] 0.685, 0.685, 0.171
Shape parameters 𝑛1, 𝑛2 [–] 4
Particle density [kg∕m3] 2500
Young’s modulus [MPa] 5
Poisson’s ratio [–] 0.25
Restitution coefficient [–] 0.9
Sliding friction coefficient [–] 0.3
Surface energy [J∕m2] 0 ∼ 0.4
Drum rotation speed [rpm] 15

The initial particle bed is prepared as follows. First, the bar particles
are continuously fed from a flat insertion region located at 80 mm from
the mixer bottom until it reaches 0.2 kg. After the bar particles are
settled by gravity, 0.2 kg of the chip particles are fed from the same
insertion region. In this way, the bar and chip particles in the initial
bed are almost completely segregated. During the initial packing stage,
the mixer is stationary and the surface energy is set to 0 J∕m2 to avoid
the particles sticking on the wall.
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Fig. 23. Time averaged solid fraction in rotary drum with 𝛾 = 0 J∕m2 (top row), 𝛾 = 0.1 J∕m2 (middle row) and 𝛾 = 0.4 J∕m2 (bottom row); (a) original, (b) scaled-up (𝑙 = 4) and
(c) scaled-up (𝑙 = 8) systems. The dashed lines and arrows indicate the dynamic angle of repose and the height at which the particles are detached from the wall, respectively.
Table 10
Calculation conditions for V-mixer simulation.

Property Value

Particle density [kg∕m3] 2500
Young’s modulus [MPa] 5
Poisson’s ratio [–] 0.25
Restitution coefficient [–] 0.9
Sliding friction coefficient [–] 0.3
Surface energy [J∕m2] 0, 0.01
Total mass of particles [kg] 0.4
Mixer rotation speed [rpm] 60

Figs. 26 and 27 show the front view of the particles at 𝑡 = 0, 1, 2, 3
and 4 s (from the left to right) with 𝛾 = 0 and 0.01 J∕m2, respectively.
The bar particles are coloured yellow whilst the chip particles are
coloured red. A video is also provided as Supplementary material to
show the movement of the particles. As in the previous sections, we
first discuss the flow patterns in the original systems (Figs. 26a and
27a). In Fig. 26a, a Y-shape pattern of the chip particles appears at the
surface of the bed at 𝑡 = 1 s, i.e., after one revolution. With one more
revolution (𝑡 = 2 s), many chip particles move to the front and the
14
Y-shape becomes wider. At 𝑡 = 3 s, the particles in the front are mostly
the chip particles although small amount of the bar particles can be
seen at the centre and sides of the bed. Finally, at 𝑡 = 4 s, more bar
particles move to the front at the centre of the bed. In Fig. 27a, many
particles are sticking on the mixer wall due to the cohesion force. A
V-shape pattern of the chip particles appears in the middle of the bed
at 𝑡 = 1 s, which is related to the particles initially sticking on the wall.
The flowability of the particles is rather poor, and the angle of repose
is larger than that of the cohesionless particles in Fig. 26a which leads
to a deeper valley. The SUP model (Figs. 26b–c and 27b–c) can capture
both flow patterns described above qualitatively.

Figs. 28 and 29 show the cross-sectional view of the particles at
𝑡 = 0, 1, 2, 3 and 4 s (from the left to right) with 𝛾 = 0 and 0.01 J∕m2,
respectively. It is clear that the internal distributions of the bar and chip
particles are largely different from those on the front view (Figs. 26 and
27): several layers of the bar and chip particles can be observed after
the mixer rotation. It can also be said that the internal distributions
of the bar and chip particles are qualitatively similar between the
original and scaled-up systems in both the cohesionless and cohesive
cases although some of the thin layers cannot be resolved especially
with 𝑙 = 4.
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Fig. 24. Probability density distribution of particle velocity in rotary drum with (a) 𝛾 = 0 J∕m2, (b) 𝛾 = 0.1 J∕m2 and (c) 𝛾 = 0.4 J∕m2.
Fig. 25. Shape of particles used for V-mixer; (a) bar and (b) chip. Both of the particles
are represented with the multisphere model and consist of 4 identical sub-spheres
without overlap.

For more quantitative comparison, the average heights of the bar
and chip particles from the rotation axis are plotted in Fig. 30. It can
be seen that the fluctuation patterns and the peak values vary with
time because of the non-uniformity of the bed. Although the overall
frequency and amplitude are somewhat similar between Fig. 30a and
b, each peak value is not the same because the cohesion force can
affect the particle dynamics and the angle of repose as discussed above.
Initially, the heights of the bar and chip particles are significantly
different since the particles are almost completely segregated, and the
difference becomes smaller as the mixing proceeds. At 𝑡 = 4 s, the
heights of the bar and chip particles are roughly the same. The results
in the scaled-up systems are in quantitative agreement with those in
the original systems regardless of the scale factor. It is concluded that
the SUP model can replicate the original flow patterns which fluctuate
with time as well as the progression of mixing.
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5. Conclusions

In this work, the validity of the Scaled-Up Particle (SUP) model,
which is a novel coarse grain model for DEM developed in the au-
thors’ previous work [41,43,46], is investigated to simulate a flow
of non-spherical and poly-dispersed particles. It is explained that the
derivation of the scaling laws in the SUP model is not restricted by
particle shape. Therefore, it is inferred that the scaling law can be
applied not only to spherical and mono-dispersed particles, as is the
case tested in the previous work, but also to non-spherical and poly-
dispersed particles without any change in theory. Simulations of a
variety of systems are performed to discuss the validity of the model.
The key findings in each simulation are summarised below:

• In the compression simulations of packed particle bed, which is
a quasi-static and contact force dominant system, it is shown
that the SUP model can well replicate the original stress–strain
curve using both the superquadric and multisphere models. It is
also demonstrated that the 𝑙3 scaling for contact force and torque
significantly overestimates the stress.

• In the simulations of heap formation, it is shown that the SUP
model can properly capture the effect of various particle shapes
in the original system. The bulk volume of the heap obtained from
the scaled-up particles is almost identical to that from the original
particles regardless of the shape parameters and shape model
used. It is also shown that the original bulk volume of a binary
mixture (sphere and flat particles) can be well reproduced with
the SUP model. This proves that the model can be applied not only
to mono-dispersed particles but also poly-dispersed particles.

• Simulations of a high shear mixer are performed to further in-
vestigate the validity of the SUP model for dynamic flows of
non-spherical and poly-dispersed particles. Both the particle ve-
locity and bed structure can vary with the fraction of different
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Fig. 26. Front view of the particles in a V-mixer at 𝑡 = 0, 1, 2, 3 and 4 s from left to right with 𝛾 = 0 J∕m2; (a) original, (b) scaled-up (𝑙 = 2) and (c) scaled-up (𝑙 = 4) systems.
Bar and chip particles are coloured with yellow and red, respectively.
Fig. 27. Front view of the particles in a V-mixer at 𝑡 = 0, 1, 2, 3 and 4 s from left to right with 𝛾 = 0.01 J∕m2; (a) original, (b) scaled-up (𝑙 = 2) and (c) scaled-up (𝑙 = 4) systems.
Bar and chip particles are coloured with yellow and red, respectively.
shape particles, which can be well replicated with the SUP model.
The peak velocity is also compared and a good quantitative
agreement can be seen.
16
• In the simulation of the flow in a large rotary drum, it is shown
that the impact of the surface energy on both the overall flow
pattern and the flow structure can be well predicted with the SUP
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Fig. 28. Cross-sectional view of particles at in a V-mixer at 𝑡 = 0, 1, 2, 3 and 4 s from left to right with 𝛾 = 0 J∕m2; (a) original, (b) scaled-up (𝑙 = 2) and (c) scaled-up (𝑙 = 4)
systems. Bar and chip particles are coloured with yellow and red, respectively.
Fig. 29. Cross-sectional view of particles at in a V-mixer at 𝑡 = 0, 1, 2, 3 and 4 s from left to right with 𝛾 = 0.01 J∕m2; (a) original, (b) scaled-up (𝑙 = 2) and (c) scaled-up (𝑙 = 4)
systems. Bar and chip particles are coloured with yellow and red, respectively.
model. However, some discrepancies from the original system are
also observed at larger scale factor. They are caused by the lack
of the spacial resolution, i.e., the size of the scaled-up particles
is too large to resolve the characteristic flow structure. It is
17
recommended to perform a sensitivity study of the scale factor to
ensure that the flow structure of interest is reasonably resolved,
which is similar to the sensitivity study one usually performs for
CFD simulations.
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Fig. 30. Average height of particles from rotation axis with (a) 𝛾 = 0 J∕m2 and (b) 𝛾 = 0.01 J∕m2.
• In the simulation of the flow and mixing in a V-mixer, it is shown
that the SUP model can reproduce the original flow patterns
which can vary with time and the orientation of the equipment.
It is also proven that the progression of mixing in the original
and scaled-up system is reasonably similar both qualitatively and
quantitatively.
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