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EXISTENCE AND MULTIPLICITY OF POSITIVE SOLUTIONS

FOR A SCHRÖDINGER–POISSON SYSTEM

WITH A PERTURBATION
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Abstract. In this paper we study the nonlinear Schrödinger-Poisson sys-
tem with a perturbation:

{

−∆u+ u+K(x)φu = |u|p−2u+ λf(x)|u|q−2u in R
3,

−∆φ = K(x)u2 in R
3,

where K and f are nonnegative functions, 2 < q ≤ p < 6 and p > 4, and
the parameter λ ∈ R. Under some suitable assumptions on K and f , the

criteria of existence and multiplicity of positive solutions are established by

means of the Lusternik–Schnirelmann category and minimax method.
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1. Introduction

In this paper we are concerned with the coupled system of Schrödinger–

Poisson equations of the form:

(SP)







−∆u+ u+K(x)φ(x)u = h(x, u) in R
3,

−∆φ = K(x)u2 in R
3,

where K is a nonnegative function and h : R3×R→ R is a Carathédory function.

Such a system, also known as the nonlinear Schrödinger–Maxwell equations,

have a strong physical meaning. It was first introduced in [8] as a model describ-

ing solitary waves for the nonlinear stationary Schrödinger equations interacting

with the electrostatic field, and also in semiconductor theory, in nonlinear optics

and in plasma physics. Indeed, in Problem (SP) the first equation is a nonlinear

stationary Schrödinger equation (where, as usual, the nonlinear term simulates

the interaction between many particles) that is coupled with a Poisson equation,

to be satisfied by φ, meaning that the potential is determined by the charge of

the wave function.

In recent years, problem (SP) has been studied widely via variational meth-

ods under the various hypotheses on K and f , see [3], [5], [6], [13], [14], [18], [20],

[24], [25] and the references therein. Now we recall some of them as follows.

If h(x, u) ≡ |u|p−2u and K(x) ≡ µ > 0, Ruiz [24] gave existence and nonex-

istence results on positive radial solutions of problem (SP), depending on the

parameters p and µ. It turned out that p = 3 is a critical value for the exis-

tence of solutions. Later, the results in [24] were further improved in Ambrosetti

and Ruiz [5] by showing the presence of multiple bound states when certain

conditions on the parameters are satisfied.

If h(x, u) ≡ a(x)|u|p−2u and K(x) ≡ µ > 0, Chen et al. [14] studied the mul-

tiplicity of positive solutions for problem (SP) with 4 ≤ p < 6. They showed that

the number of positive solutions are dependent on the profile of the function a.

If h(x, u) ≡ a(x)|u|p−2u and K is a nonnegative L2-function, Cerami and

Vaira [13] obtained the existence of positive ground state and bound state so-

lutions for problem (SP) with 4 < p < 6 under some suitable assumptions, but

not requiring any symmetry property on a and K.

Motivated by these findings, we now extend the analysis to the nonlinear

Schrödinger–Poisson system with a perturbation. Our intension here is to illus-

trate the difference in the solution behavior which arises from the consideration of

the perturbation. Here we consider the following Schrödinger–Poisson systems:

(SPλ)







−∆u+ u+K(x)φ(x)u = |u|p−2u+ λf(x)|u|q−2u in R
3,

−∆φ = K(x)u2 in R
3,


