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On the Axiom of Canonicity

Abstract. The axiom of canonicity was introduced by the famous Polish lo-
gician Roman Suszko in 1951 as an explication of Skolem’s Paradox (without
reference to the Löwenheim-Skolem theorem) and a precise representation
of the axiom of restriction in set theory proposed much earlier by Abraham
Fraenkel. I discuss the main features of Suszko’s contribution and hint at its
possible further applications. The objective of the paper is rather modest:
I only try to recall Suszko’s ideas, and I add certain commentaries, hoping
that they might inspire younger scientists to develop them further.
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1. Introduction

1.1. Motivation

Roman Suszko was one of the most prominent Polish logicians. He is
known primarily as the founder of non-Fregean logic as well as one of
the most influential persons in the domain of algebraic logic, developed
initially mainly in Poland. But Suszko also contributed to model theory,
formal analysis of natural language, formal epistemology, and the theory
of definitions, among others. He wrote only one work on set theory
[Suszko, 1951], and it is precisely that publication that interests us here.
I dare to claim that this contribution by Suszko still deserves attention
and should be analyzed anew, in particular with respect to modern views
on the foundations of set theory. I also believe that the main constructs
in Suszko’s paper could be applied in other mathematical domains.
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As Suszko himself writes at the beginning of the paper, his main
goal was to give a precise formulation to certain considerations related
to Skolem’s paradox. He emphasizes the fact that his analysis makes no
use of the Löwenheim-Skolem theorem, and cites a passage from Car-
nap’s Logical syntax of language [1937] where Carnap recalls Fraenkel’s
axiom of restriction and its connection to Skolem’s paradox. Later in the
paper, Suszko claims that his considerations make it possible to express
Fraenkel’s axiom of restriction with precision. I provide a few words of
explanation on Skolem’s paradox and the axiom of restriction below.

It seems that Suszko achieved much more in the paper in question.
First of all, he explicitly showed how to effectively and consistently ap-
ply Tarski’s metalogical ideas to investigations into set theory. He also
proposed an original notion of constructibility, along the lines used only
a few years earlier by Gödel, and successfully applied his theory of defi-
nitions presented three years earlier in his doctoral dissertation. Finally,
he formulated a couple of important open problems concerning canonic
models that deserve further attention.

1.2. Skolem’s paradox

Already a hundred years ago Thoralf Skolem observed that the theorem
now called the Löwenheim-Skolem theorem bore a touch of paradox,
which was then named Skolem’s paradox. However, it is not a paradox
in the proper sense of the term, and should rather be called Skolem’s
effect, as it is merely a feature of theories formulated in the language of
first-order logic. The situation is laid out in brief below.

We accept in set theory (say, first-order Zermelo-Fraenkel set theory)
the axiom of infinity, requiring the existence of at least one infinite set.
The celebrated Cantor’s theorem says that no set is equinumerous with
its own powerset. As a consequence, the powerset of a countably infinite
set must be uncountable and hence one can prove in set theory that
uncountable sets exist. The Löwenheim-Skolem theorem, in turn, says
(in its modern formulation) that if a theory in a first-order language has
an infinite model, then it also has a countable model. Now, if set theory is
consistent, then it has a model and because of the axiom of infinity such
a model must be infinite. According to the Löwenheim-Skolem theorem,
set theory must also have a countable model. Of course, this countable
model satisfies the sentence expressing the existence of uncountable sets.
This is an allegedly paradoxical situation. However, the explication is
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very simple, and Skolem himself was already aware of it. A set X is
uncountable in a model M if X is infinite in M and there exists no
bijection in M between X and the set of natural numbers in M. If there
are not enough bijections in a model M, then M, though countable (from
the external point of view), can contain sets that are uncountable (from
the point of view of the model M itself). This fact is widely recognized
in literature. In modern terms, one says that the notion of countability
(and uncountability as well) is not an absolute notion. Another example
of a notion that is not absolute is that of the full powerset operation.
Examples of absolute notions, in turn, include the empty set and finite
ordinal number.

But Skolem’s paradox also has a different aspect, to which Suszko
refers in his paper, citing a corresponding passage from [Carnap, 1937],
where Carnap recalls Fraenkel’s axiom of restriction (Carnap uses a syn-
onymous term, “axiom of limitation”). Roughly summarizing Carnap’s
argumentation, this axiom says that only those sets exist in the universe
of all sets whose existence is required by the remaining axioms. This is
the case of the empty set and at least one countably infinite set. As we
have only a finite number of constructional steps of further sets (forming
pairs, sums, powersets, subsets on the basis of the comprehension axiom,
sets obtained by a replacement schema, and sets obtained by the axiom
of choice), only countably many sets can be formed in this way, claims
Carnap. In conclusion he says that there can exist only countably many
sets in the set-theoretical universe. Suszko observes that this type of
argumentation has not yet been formally analyzed, and promises to do
so later in the paper.

One of the referees of this paper demanded that the Carnap’s ar-
gumentation mentioned above should be cited here, so I include the
corresponding fragment:

Let us take as object-language S the system of axioms used in Fraenkel’s
Theory of Aggregates supplemented by a sentential and functional cal-
culus (in the word-language). The theorem that more than one transfi-
nite cardinal exists depends upon the theorem that the aggregate U(M)
of the sub-aggregates of an aggregate M has a higher cardinal number
than has M ; this theorem is based upon what is known as Cantor’s
theorem, which maintains that M and U(M) cannot have the same
cardinal number. Fraenkel has given a proof of this theorem which
remains valid for his system S even though it contains the so-called
Axiom of Limitation. On the other hand, however, we arrive at the con-
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trary result as a consequence of the following argument. The Axiom of
Limitation means that in the aggregate-domain which is treated in S 
let us call it B  only those aggregates occur of which the existence is
required by the other axioms. Therefore, only the following aggregates
are existent in B: in the first place, two initial aggregates, namely, the
null-aggregate and the denumerably infinite aggregate, Z, required by
Axiom VII; and secondly, those aggregates which can be constructed on
the basis of these initial aggregates by applying an arbitrary but finite
number of times certain constructional procedures. There are only six
kinds of these constructional steps (namely, the formation of the pair-
aggregate, of the sum-aggregate, of the aggregate of sub-aggregates, of
the aggregate of Aussonderung, of the aggregate of selection, and of
the aggregate of replacement). Since only a denumerable multiplicity
of aggregates can be constructed in this way, there is in B, according to
the Axiom of Limitation, only a denumerable multiplicity of aggregates,
and consequently, at the most, only a denumerable multiplicity of sub-
aggregates of Z. Therefore U(Z) cannot have a higher cardinal number
than Z. [Carnap, 1937, 267–268]; citing [Suszko, 1951, 302–303]
.

1.3. Fraenkel’s axiom of restriction

Before presenting Suszko’s solution, let me say a few more words about
Fraenkel’s axiom of restriction, its motivation, and its place among other
extremal axioms. As far as I know, Suszko’s contribution has not been
yet analyzed as related to extremal axioms.

The first formulation of Fraenkel’s axiom can be found in the arti-
cle “Zu den Grundlagen der Cantor-Zermeloschen Mengenlehre” (“On
the foundations of Cantor-Zermelo set theory” [Fraenkel, 1922]). In it,
Frankel points out that the Zermelo system of set theory from 1908 does
not exclude certain types of set, which  in his words  are irrelevant for
mathematical purposes: sets consisting of physical elements and non-
well-founded sets. Fraenkel also claims that this is responsible for the
non-categorical character of the set theory in question. This was what
led him to propose his axiom of restriction, expressing the idea that there
are no more sets than those whose existence follows from the axioms of
set theory.

Obviously, such a statement does not belong to the object language
of set theory and Fraenkel was very well aware of that. He returned
to the idea of restriction of the set-theoretical universe several times
in his later works [see, e..g., Fraenkel, 1928; Fraenkel and Bar-Hillel,
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1958]. Carnap also tried to formalize Fraenkel’s idea, first in the paper
[Carnap and Bachmann, 1936] (where the term “extremal axiom” was
introduced) and then in the monograph [Carnap, 1954, p. 154]. A very
detailed analysis of Fraenkel’s and Carnap’s ideas is presented in the
recent papers [Schiemer, 2010a,b].

Fraenkel’s informal axiom expresses the idea that the set-theoretical
universe should be as narrow as possible. Such minimality conditions
were considered earlier by Dedekind [1888] and Peano [1889] with respect
to the universe of natural numbers. In this case it was the principle of
mathematical induction which was supposed to express the minimality
of the universe in question.

Contrastingly, Hilbert in Grundlagen der Geometrie [1899] proposed
an axiom of maximality of the geometric universe, namely the famous
axiom of completeness, which stated that: To a system of points, straight

lines, and planes, it is impossible to add other elements in such a manner

that the system thus generalized shall form a new geometry obeying all

of the five groups of axioms. Again, this is not a statement in the ob-
ject language of the system, as it concerns rather models of the system
of Hilbert’s geometry. The axiom of completeness was later replaced
by the continuity axiom, known from the theory of real numbers. Let
me add in the margins that a generalization of the continuity axiom in
Dedekind’s formulation presented in [Ehrlich, 2012] is another example
of a maximality axiom.

Certain minimal and maximal axioms mentioned above were inves-
tigated in full generality in [Carnap and Bachmann, 1936], where the
authors tried to formalize the idea of an extremal axiom using the ap-
paratus of type theory. The paper remained almost unnoticed for a long
time, but has recently been receiving more and more attention [see, e.g.,
Awodey and Reck, 2002; Hintikka, 1986; Pogonowski, 2019; Schiemer,
2012]. Suszko does not cite that paper, but cites [Fraenkel, 1928] as well
as [Gödel, 1940]; note that Gödel’s axiom of constructibility is another
example of an axiom of restriction in set theory. However, all axioms
of restriction were sharply criticized in [Fraenkel, Bar-Hillel and Levy,
1973]. Gödel had already suggested that set theory should look rather
for new maximality axioms (in analogy with Hilbert’s completeness ax-
iom in geometry). There has recently been investigation into several
axioms of the existence of large cardinal numbers that are often thought
to maximize the universe of set theory and, in a sense, demand that
this universe should be as rich as possible [see, e.g., Kanamori, 1994].
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Weakly inaccessible cardinals were introduced already by Felix Hausdorff
in [1908], strongly inaccessible cardinals were described by Wacław Sier-
piński and Alfred Tarski in [1930]. Ernst Zermelo argued that the spirit
of set theory requires consideration of a transfinite hierarchy of strongly
inaccessible cardinals [Zermelo, 1930]. Recently inaccessible cardinals
are only a beginning of a really huge transfinite scale of large cardinals.

Extremal axioms (both minimal and maximal) are also related to
the problem of a unique characterization of intended models of math-
ematical theories. We know now what the possibilities and limitations
of such characterization are in particular systems of logic. But in the
nineteen-twenties, when Fraenkel formulated his axiom, the situation
was quite different. It was a time when certain metalogical concepts
began to acquire a more or less precise formulation. The concept of
categoricity of a theory (that is, the existence of only one model of the
theory, up to isomorphism) was introduced by Huntington and Veblen,
but in a sense had already been present in Dedekind’s work on natural
numbers. The concept of semantic completeness, in turn, was still in
statu nascendi, so to speak. Semantical completeness was initially un-
derstood as exhaustiveness of description of mathematical domains, and
sometimes it was identified with categoricity. In modern terms, a theory
is semantically complete if all its models are elementarily equivalent,
that is they are indistinguishable semantically. The paper [Awodey and
Reck, 2002] constitutes a detailed exposition of these issues, in a histor-
ical perspective. Fraenkel was investigating the notions of categoricity
and semantic completeness for set theory in [Fraenkel, 1928], and he
expressed there the view that his restriction axiom could be a proper
step towards achieving these properties in set theory [see also Fraenkel,
1927, p. 102]. Of course, the famous limitative theorems obtained by
Gödel and others in the nineteen-thirties excluded such a possibility.

2. Suszko’s preliminary remarks on constructibility

Suszko’s doctoral dissertation [1949] consisted of two separate parts: the
first concerned logic without axioms (with the rules of inference only),
while the second developed a general theory of definitions with special
emphasis on inductive definitions. Certain notions and constructions in
the dissertation find essential use in Suszko’s paper on canonic axiomatic
systems and we shall present a brief review of them here.
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2.1. Categorematic names and categorematic designation

Suszko considers mathematical theories at a certain definite stage of
their development. The languages of such theories are supposed to have
a precisely described syntax and semantics, including the standard no-
tion of designation. The terminology used by Suszko in [1949; 1951, in
particular footnote 8 on p. 304], though precise and consequent, may
confuse these readers who are accustomed with modern terminology.
Therefore I am going to simplify the matter and use modern terminol-
ogy, hopefully without distortion of the original Suszko’s ideas. What
Suszko calls a constant name is to be understood as a closed term, that is
a term without free variables. These include individual constants (called
by Suszko atomic names), complex terms built from function symbols
and individual constants and terms obtained by the use of a description
operator, that is an expression of the form the only x such that ϕ(x)
with the standard semantic interpretation. Constant names that do
not contain a description operator are called by Suszko categorematic

names (in brief: k-names). Further, designation by a k-name is called
categorematic designation (in brief: k-designation). Note that k-names
are those and only those constant names (closed terms) that are built
from atomic names (individual constants) and from those name-creating
functors that have nominal arguments.

2.2. Constructible objects

Suszko characterizes constructible objects of a mathematical system at
first informally [see 1951, pp. 304–305]. Objects belonging to the universe
of a system are divided into two kinds: named and unnamed in the
system. An object is named in the system if it belongs to the universe
of this system and is designated by a constant name.

By a constructible object in a given mathematical system Suszko un-
derstands any object from the universe of this system that is k-designated
by a k-name. A system whose universe consists of all objects con-
structible in the system and only such objects is called a canonic system.
It follows from the properties of k-names and k-designation that in the
universe of a canonic system there is at most a denumerable multiplicity
of elements. This is an obvious consequence of the fact that expres-
sions are finite sequences of symbols from a finite (or at most countable)
alphabet.
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Suszko concludes this informal discussion on constructible objects
with the following remark:

The notions introduced above suggest the question, what mathematical
theories can be formulated in canonic systems. The aim of this paper
is to show that, in principle, every mathematical theory at any stage of
its development can be given the form of an axiomatic canonic system.
Once we have shown this, we shall arrive indirectly at the Löwenheim-
Skolem paradox. For this paradox reduces in our formulation to stating
that there exists a canonic system of set theory in which it is possible
to prove the existence of nondenumerably many objects.

[Suszko, 1951, p. 305]

The term “denumerable” occurring here (as well as later in the text)
is synonymous with the recently more popular term “countable”.

2.3. Inductive definitions

I need one more technical notion from [Suszko, 1949] before I present
the main part of Suszko’s paper on canonic systems. It is related to the
theory of definitions proposed in [Suszko, 1949].

Suszko observes that in order to obtain uniqueness of notions in-
troduced by certain inductive definitions we must enrich the system in
question with new rules of inference. Let me recall one of his examples
illustrating this situation. Suppose that we expand our system by a new
axiom UH , in which H is the only new descriptive term not occurring
in the system. The axiom UH alone does not suffice to characterize the
term H in a unique way, because if we introduce another term K with
the corresponding axiom UK (in the same way as in the case of H), then
we are still unable to prove in the extended system that: H(~x) ≡ K(~x),
where ~x is an appropriate sequence of arguments. But the equivalence in
question will be provable in the system if we add a new rule of inference
in the following form:

UG

H(~x) → G(~x)
.

Suszko calls such rules the rules of complete induction and shows that
their acceptance results in certain decomposition theorems.

For example, if 0 (zero) and s(x) (successor of x) are characterized
by the axioms ¬(s(x) = 0) and s(x) = s(y) → x = y and we expand
the system by introducing a new term N (we read N(x): x is a natural
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number) and axioms characterizing it, that is N(0) and N(x) → N(s(x)),
then in the expanded system with a new inference rule

G(0) G(x) → G(s(x))

N(y) → G(y)

we can prove the theorem:

N(x) ≡ [x = 0 ∨ ∃z (N(z) ∧ x = s(z))].

Inference rules of the kind described above, that is rules of complete
induction, play an essential role in his canonic system of set theory.
As explained above, they are necessary for the understanding of newly
introduced terms in a unique way.

3. Suszko’s system of set theory

The starting point for the construction of Suszko’s system M of set
theory was a system proposed earlier by Paul Bernays in a series of
articles [1937; 1941; 1942a; 1942b; 1943; 1948], together with the system
proposed in [Gödel, 1940], with a slight modification inspired by the
papers [Quine, 1941, 1946]. I am not going to present Suszko’s system in
full, limiting myself to the notions necessary for an understanding of the
main ideas in his paper. I shall also replace Suszko’s original notation
with that recently widely adopted. I believe that these simplifications
do not distort the content of the discussed issues.

The vocabulary of the system M includes: the predicates ∈ (binary)
and El (unary); atomic names ι0 (naming identity) and ε0 (naming
elementhood); four name-creating functors of one nominal argument,
namely τ (needed in the axiom of foundation), dom (domain), cnv (con-
verse), and cpr (a certain operation on ordered triples, called coupling
to the right: a ∈ cpr(b) if and only if El(a) and there exist u, v, w such
that El(u), El(v), El(w) and a = (u, (v, w)) while b = ((u, v), w)); three
name-creating functors of two arguments, namely ∪ (set union), − (set
difference), and × (Cartesian product); and several terms defined in the
standard manner (among others: union of a family of sets, powerset of
a given set, binary relation, function, and so on). The expression a ∈ b
reads: a is an element of b. In turn, El(a) reads: a is an element (in
general). The only rules of inference of the system M are logical rules.
Suszko also uses quantifiers relativized to the class of all elements. In
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modern usage, sets that are not elements are called classes, while those
that are elements are called sets.

3.1. Axioms and main definitions

Axioms of the system M are divided into three groups and are presented
together with the definitions of some terms occurring in the axioms.
The first group consists of the axioms of extensionality, the axiom of
foundation and a condition saying that predecessors of ∈ are elements.
The second group features certain set-theoretical constructs: union, dif-
ference, Cartesian product, domain (of a binary relation), converse (of
a binary relation), and the operation of coupling to the right. Conditions
concerning ι0 (the class of all ordered pairs such that the first element is
identical with the second one) and ε0 (the class of all ordered pairs such
that the first element is an element of the second one) also belong to this
group. The third group comprises the axioms of pair, sum, powerset,
replacement, and the axiom El(ω0), where ω0 is defined as the set of
all finite ordinal numbers, understood in the sense of the von Neumann
definition. At this moment, Suszko does not yet include the axiom of
choice in the body of axioms, but discusses it later in his work.

Definitions of certain concepts will be used later, so let me present
them here in brief. V denotes the class of all sets and Λ the empty class.
In Suszko’s notation, the domain of a relation consists of all successors of
ordered pairs belonging to the relation, while counterdomain consists of
all predecessors of these pairs (conversely to the widely accepted recent
convention). The symbol b > c refers to all a such that El(a), El(c) and
the ordered pair 〈a, c〉 belongs to b. The symbol ϕ(b, c) refers to all a
such that El(a), a ∈ b and a does not belong to c > a. These notions will
be used in the proof of a generalization of Cantor’s theorem. Intuitively
speaking, b > c is the b-image of c, while ϕ(b, c) consists of all a from b
which do not belong to the c-image of a.

3.2. A generalization of Cantor’s theorem

Suszko constructs formulas expressing the notions of denumerability and
non-denumerability in the system M . He introduces the expression
Φx(a, b, G(x)) understood as the conjunction of the following expressions:

A a formula expressing the fact that a is a relation with the domain
contained in ω0 and counterdomain equal b;
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B a formula expressing the fact that for each element y in the domain
of a the set a < y has the property G, i.e. G(a < y);

C a formula expressing the fact that a-images of distinct elements from
the domain of a are distinct;

D a formula expressing the fact that every non-empty subset of b which
has the property G is an a-image of some element x from the domain
of a.

As Suszko writes on page 308, an expression of the form Φx(a, b, G(x))
can thus be read: the relation a establishes a biunique correspondence
between the set of all those non-empty subsets x of the set b that fulfill
the condition G(x) and a subset of the set of finite ordinal numbers.
This could also be paraphrased in short as: the relation a shows the (at
most) denumerability of the set of all those non-empty subsets x of the
set b that fulfill the condition G(x).

Therefore an expression of the form ¬∃yΦx(y, b, G(x)) can be read
as: there does not exist a relation showing the (at most) denumerability
of the set of all those non-empty subsets x of the set b that fulfill the con-
dition G(x), or in an equivalent shorter form: the set of those non-empty
subsets x of the set b that fulfill the condition G(x) is nondenumerable.

It is worth noting that the above formulas are very general, partly
because the arbitrary formula G from the underlying language is involved
in their construction. Two special cases are the following:

1. ¬∃yΦt(y, ω0, t = t). This formula expresses the fact that the class of
all non-empty sets of finite ordinal numbers is nondenumerable.

2. ¬∃yΦt(y, V, t = t). This formula expresses the fact that the class of
all non-empty sets is nondenumerable.

Let me present a proof of the first of these formulas, expanding the very
sketchy proof originally given by Suszko [see Pogonowski, 2019, pp. 207–
209]. The proof proceeds by contradiction. Suppose that ∃y Φt(y, ω0, t =
t) is a theorem of M . Let us consider a relation a such that Φt(a, ω0, t =
t). I shall show that the first and fourth conditions in the definition of
the formula Φt(a, ω0, t = t) already lead to a contradiction. The two
conditions written in symbolic form look as follows:
A dom(a) ⊂ ω0

D ∀z (z ⊂ ω0 ∧ z 6= ∅) → ∃w (w ∈ dom(a) ∧ a > w = z),
where the existential quantifier is relativized to sets (in Suszko’s ter-
minology: to elements). The relation a satisfies the conditions in the
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definition of the sentence Φt[a, ω0, t = t] which means that a is a one-one
relation with the domain contained in ω0 and the counterdomain equal
to the set of all sets of finite ordinal numbers. This, together with the
condition D, implies that the set dom(a) contains at least two distinct
elements, say x1 and x2.

Let us now consider three sets: {x1}, {x2} and {x1, x2}. Because
a is a one-one relation and its range includes the set of all non-empty
subsets of the set ω0, there exist three different elements y1, y2, y3 ∈ ω0

such that (remember that the domain of binary relation is related to the
successors of ordered pairs):

1. 〈{x1}, y1〉 ∈ a
2. 〈{x2}, y2〉 ∈ a
3. 〈{x1, x2}, y3〉 ∈ a.

It is easy to see that the following cases are mutually exclusive:

1. {x1, x2} ∩ {y1, y2, y3} = Λ
2. {x1, x2} ∩ {y1, y2, y3} 6= Λ.

Therefore there exists at least one element t ∈ dom(a) such that t /∈ a >
t. This means that t does not belong to the a-image of t. In the first of the
above two cases we take for t any element of the set {y1, y2, y3}. In the
second case we take for t any element belonging to {y1, y2, y3}−{x1, x2}.
This choice is essential for the non-emptiness of the diagonal set to be
defined in a moment.

Due to the condition A we have t ∈ ω0. We now construct the
diagonal set:

ϕ(ω0, a) = {x : El(x) ∧ x ∈ ω0 ∧ x /∈ a > x}.

This set is non-empty and due to its definition it is a subset of ω0. One
can apply the condition D to it: there exists an element w such that
w ∈ dom(a) and

ϕ(ω0, a) = a > w = {z : El(z) ∧ 〈z, w〉 ∈ a}. (∗)

But due to the definition of the diagonal set we have for each z:

z ∈ ϕ(ω0, a) if and only if z /∈ a > z. (∗∗)

We have already shown that the diagonal set is non-empty. Let us ask
whether w ∈ ϕ(ω0, a):
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1. Due to (∗), w ∈ ϕ(ω0, a) if and only if 〈w, w〉 ∈ a.
2. Due to (∗∗), w ∈ ϕ(ω0, a), if and only if 〈w, w〉 /∈ a.

We thus get a contradiction and hence the supposition of the existence
of a relation a with the properties given above should be rejected. This
means, in turn, that ¬∃x Φt[x, ω0, t = t] is a theorem in the system.

4. Metatheoretical constructions

4.1. The system µM

Suszko begins his metatheoretical considerations with a synopsis of the
procedure of including morphology of the object language in the cor-
responding metalanguage. The procedure itself is known from [Tarski,
1935], and Suszko also refers to [Tarski, 1933] and [Quine, 1946]. Several
modern logical textbooks contain information about the procedure [see,
e.g., Batóg, 1994, pp. 233–237]. Following the advice of the referees of
this paper, let me in brief explain its main ideas for these readers who
are not familiar with the procedure in question.

Tarski proposed an axiomatic approach to metatheoretical consider-
ations. Given a formal theory in an object language, one can built its
metatheory in the corresponding metalanguage which itself is a formal
theory. The metalanguage should include logical constants and variables
representing objects about which we talk in the metatheory. Actually,
one needs several sorts of variables: one referring to the expressions of
the object language, another one referring to the objects being discussed
in the initial formal theory, and possibly also some auxiliary objects (for
instance, set-theoretical constructs). The set of all names (structural
descriptions) of expressions of the object language is then characterized
axiomatically, with the use of the concatenation operation and a suitable
closure condition, which has the form of a rule of complete induction.
Metatheory contains also definitions of such syntactic notions as being
a thesis of the underlying theory and semantic notions such as designa-
tion, among others. For more details the reader may consult the original
Tarski’s works cited above.

The metasystem µM for M proposed by Suszko has two sorts of
expressions, referring to the objects of M and to the expressions of M ,
respectively. The metasystem µM also contains certain syntactic and
semantic notions related to the object system M . Suszko defines the
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notions of a k-name in M and k-designation in M . Both definitions
are ancestral, and are supplied with the corresponding rules of complete
induction (see section 2.3 above). The expression k-NomM (a) reads: a
is a k-name in M , and the expression k-DesM (a, b) reads: a k-designates
b in M . On the basis of these definitions and rules of inference, one can
prove theorems in M expressing the adequacy of the introduced notions,
in particular:

∀x (k-NomM (x) ≡ ∃y k-DesM (x, y))

∀x∀u∀v (k-DesM(x, u) ∧ k-DesM(x, v) → u = v).

At this stage Suszko introduces the notions of an object in M and a con-
structible object in M . If a is any name in M , then Suszko proposes
reading the sentence a = a as asserting that a is an object from the
universe of the system M . The sentence ∃x k-DesM(x, a), in turn, is
to be read: a is a constructible object in M . If it is the case that the
sentence ∀t∃x k-DesM (x, t) holds in µM , then Suszko proposes calling
the system M a canonic system.

Suszko stresses the universality of the construction of metasystems of
this sort. In a footnote on page 315 he mentions the fact that morphology
of the object system built in the corresponding metasystem can be shown
to contain the syntax of the object system, as explained in the works
[Quine, 1941, 1946].

4.2. An extension of the system M

Suszko considers further systems related to the system M , beginning
with M∗ which is obtained from M by adding to M a new unary pred-
icate M∗n, an axiom characterizing it (in the form of an ancestral def-
inition), and a new rule of inference being the corresponding rule of
complete induction necessary for uniqueness of the introduced predicate.
An expression of the form M∗n(a) is to be read: a is a k-set; and an
expression of the form El(a) ∧ M∗n(a) is to be read: a is a k-element.

In order to show that the notion of a k-set is an “objective” coun-
terpart of the semantic notion of an object constructible in M , Suszko
builds a common metasystem for the systems M and M∗ in the same
way as the system µM was built for M . In this metasystem one can
prove that the notion of a k-set is equivalent to the notion of an object
constructible in M (and in M∗ as well).
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All theorems of M can be obtained in M∗. Furthermore, in M∗ one
can prove the following theorems:

¬∃x(M∗n(x) ∧ Φt(x, ω0, M∗n(t))). It says that: there does not exist
a relation being a k-set that establishes (at most) denumerability of
the totality of all non-empty subsets of ω0 that are k-sets.

¬∃x(M∗n(x) ∧ Φt(x, V, M∗n(t))). It says that: there does not exist a
relation being a k-set that establishes (at most) denumerability of
the totality of all non-empty k-sets.

¬∃x(M∗n(x) ∧ Φt(x, V, M∗n(x) ∧ ∀z(z ∈ t → M∗n(z)))). It says that:
there does not exist a relation being a k-set that establishes (at most)
denumerability of the totality of all non-empty k-sets whose elements
are k-elements only.

Suszko then goes on to prove that the system of k-sets is a model for
M∗, using the technique of relativization of quantifiers to k-sets. This
implies that every theorem of M∗ relativized to k-sets is again a theorem
of M∗. The general procedure used in this part of the paper (that is,
the method of syntactic interpretation) is described in detail in several
modern logical textbooks [see, e.g. Batóg, 1994, pp. 193–215]. Suszko
shows, step by step, that relativizations to k-sets of all axioms of M∗ are
theorems of M∗. In the case of the axiom of extensionality this fact has
a consequence that two different sets such that every k-set which is an
element of one of them is also an element of the other one are not both
k-sets.

4.3. The axiom of canonicity

The model built of k-sets constitutes an interpretation of the system M∗

inside M∗. Adding the sentence ∀tM∗n(t) to the system M∗ as a new
axiom, Suszko obtains a system M∗. If the system M∗ is consistent, then
the system M∗ is consistent as well. Suszko calls the sentence ∀tM∗n(t)
the axiom of canonicity. He then claims that the axiom of canonicity, to-
gether with the characterization of the predicate M∗n mentioned above,
constitutes a precise formulation of Fraenkel’s axiom of restriction. How-
ever, this claim is not supported by the author by any argumentation
and therefore it is difficult to comment on it. In my opinion it is secure
to say that Suszko’s axiom of canonicity is an example of an extremal
axiom, an axiom of minimality, in a sense similar to Gödel’s axiom of
constructibility.
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The system M∗ is a canonic system, which can be shown by building
a metasystem µM∗ in the way mentioned in section 4.1 and proving in
it that every k-set is a constructible object in M∗ and conversely, every
constructible object in M∗ is a k-set.

Suszko points to the possibility of forming a common metasystem
µM, M∗, M∗ in the way mentioned above, and concludes that the no-
tions of a constructible object in M and M∗ coincide and, moreover, are
equivalent to the notion of a k-set. And because the axiom of canonicity
holds in this metasystem, the systems M , M∗ and M∗ are all canonic
systems.

On the basis of all hitherto results, Suszko is now able to conclude
that he has achieved the goal declared at the beginning of the paper,
that is a formal explication of Skolem’s paradox. Canonic systems of
set theory considered in the paper are countable (from the point of view
of metalanguage), and one can prove in them the theorem stating the
existence of uncountable sets.

Suszko describes next a general method of constructing canonic sys-
tems being extensions of systems satisfying certain natural conditions.
The first steps in the construction consist of eliminating the description
operator and transforming the axioms of a system X into prenex normal
forms. The existential quantifiers are then eliminated by the well-known
procedure of Skolemization, which introduces new individual constants
and function symbols. The system Y obtained from X in this way is
a conservative extension of X . Finally, system Z is obtained from X by
introducing the definition of a k-object and addition of the appropriate
form of the axiom of canonicity. The system Z is then a canonic system
(which can be proved by forming the corresponding metasystem µZ) and
an extension of the initial system X . Suszko summarizes this as follows:

In the general case, in which, building the canonic system Z of which
the system X is a fragment (simply), a certain artificiality cannot be
avoided, the methodological situation is very simple. It is namely easy
to show that by joining the axiom of canonicity we are not introducing
any contradictions. For it may be proved in the system not containing
this axiom that the k-objects are constituting a model of the system in
which the axiom of canonicity is assumed. This is due to the fact that
no bound variables are occurring in the axioms hence the relativization
of variables to k-sets leads always from theorems to theorems. It is
also obvious that the axiom of canonicity is satisfied by the model of
k-objects. [Suszko, 1951, p. 324]
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Suszko also considers an expansion of the initial system M by the
addition of the axiom of choice which, in his formulation, takes the form
of a set-theoretical definition characterizing a new atomic name τ0 (here
existential quantifiers are relativized to elements):

a ∈ τ0 ≡ El(a) ∧ ∃u∃v (a = 〈u, v〉 ∧ u = τ(v)).

I skip a discussion of Suszko’s further comments concerning the notion
of a constructible object in this expanded system and a few other expan-
sions presented by him.

4.4. Suszko’s conclusions

In the last part of the paper Suszko formulates certain general problems
related to previously obtained results. He writes that it could be inter-
esting to investigate relationships between his notion of constructibility
and the effectiveness of existence and constructibility as understood in
intuitionistic logic. Furthermore, he poses the problem of developing his
system in order to include the theory of ordinal numbers and comparing
his notion of constructibility with that proposed by Gödel.

Suszko makes it explicit that although in theory one could conduct
mathematical research on the basis of canonic systems only, such a possi-
bility is only virtual, because the development of mathematical theories
is dynamic, and the investigated universes are changing and expanding:

The universe of a canonic system is limited and unchanging, and so is
the range of every notion occurring in such a system. Should we limit
ourselves to canonic systems, every change of such a system would
necessitate the introducing of a new definition of a constructible object
and of a new axiom of canonicity. As regards non-canonic systems, their
universes and also the ranges of their notions, which strictly speaking
are not notions but schemata of notions, are not limited.

[Suszko, 1951, p. 328]

Finally, Suszko discusses in a draft form the possibility of obtaining
essentially the same results as those in his paper by arithmetization of
metatheoretical constructs. It should perhaps be added that John Myhill
proposed a similar approach in the short note [Myhill, 1952], though
without reference to Suszko’s earlier paper (both results may thus be
acknowledged as obtained independently of each other).
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5. The significance of Suszko’s contribution

Suszko never did return to the study of his canonic systems. One can only
speculate as to why. Note that at that time models of set theory had not
yet been discussed in detail. Gödel’s ideas concerning the constructible
universe were still fresh, while Cohen’s independence results were only to
appear fifteen years later [see 1966]. Classical model theory, promoted at
first by Tarski, Vaught, and others, only began a few years after Suszko’s
article. Shepherdson demonstrated the limitations of the method of inner
models in a series of papers [1951; 1952; 1953]. Carnap persevered in
his attempts to formalize Fraenkel’s axiom of restriction, developing his
earlier proposals contained in [Carnap and Bachmann, 1936], for instance
in [Carnap, 1954]. Axioms of restriction in set theory were criticized in
[Fraenkel, Bar-Hillel and Levy, 1973]. A revival of interest in Carnap’s
ideas was observed quite recently, but this is not related to the content
of Suszko’s paper.

It might be the case that Suszko decided that he had reached the
goal of his research concerning the explication of Skolem’s paradox, and
lost interest in the continuation of the research. However, I think the
main reason for him not continuing the work was the fact that in the
nineteen-fifties, after his move to Warsaw, Suszko became mostly in-
terested in algebraic logic, which he focused on in his work. In his
“Warsaw period”, Suszko published numerous works on consequence re-
lations, model theory, and the logical analysis of natural language, among
others. Afterwards, for more than a decade, he was working intensively
on non-Fregean logic, a system he created in the late nineteen-sixties
and developed until his premature death in 1979. Following the advice
of one of the referees of this paper let me say a few words about this
matter. Non-Fregean logic is a two-valued, fully extensional system and
it makes the weakest possible ontological assumptions. According to
Suszko, sentences have not only logical values but also denotations: they
describe situations and, in particular, facts. Suszko expanded the lan-
guage of propositional calculus with the identity connective, which was
supposed to be the linguistic counterpart of the identity of situations
described by sentences. Suszko used his system of non-Fregean logic to
formalize the ontology of Wittgenstein’s Tractatus. Readers interested in
Suszko’s achievements in this domain may consult, for instance, [Bloom
and Suszko, 1972; Omyła, 1986; Suszko, 1968b, 1975].
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In [1967] Suszko published a review, entitled “Expedition against
Skolemites” of Michael Resnik’s paper “On Skolem’s paradox” [1966].
Roughly speaking, by a Skolemite one means a person who claims that
only countable infinities exist, and from an absolute point of view un-
countable sets do not exist. For a detailed exposition and critique of the
Skolemite’s position see, for instance, [Bays, 2014] or [Bellotti, 2008]:

The Skolemite position is not easy even to state. Let us start with
the following formulation (Resnik 1966, p. 425). According to the
Skolemite, Skolem’s ‘paradox’ would show that axiomatic set theories
prove the existence of sets which are uncountable only relative to these

set theories but countable from an absolute point of view. We can dis-
tinguish between a strong and a weak Skolemite thesis. According to
the first, no set theory can produce genuinely uncountable sets; accord-
ing to the second, either set-theoretic concepts elude any axiomatic
characterization, or uncountability can only be relative and all sets are
denumerable from an absolute point of view. [Bellotti, 2008, p. 187]

Numerous papers on Skolem’s paradox and the Skolemite thesis ap-
peared much later than the work [Suszko, 1951], so he cannot be counted
as a participant in the later dispute. But still, his considerations are
among the pioneering ones. The last sentence of [Suszko, 1951] is:

In the light of this, as well as of the whole trend of our considerations,
it becomes evident that the set-theoretical notion of denumerability
should be reconsidered anew. [Suszko, 1951, p. 328]

It is worth adding that in 1992 a Polish version [Suszko, 1950] of
Suszko’s dissertation [1951] was found and then published in 2002 in an
archive-material volume of Kwartalnik Filozoficzny. The English text is
a faithful translation of the Polish original.

5.1. Reception of the paper

Suszko’s article was reviewed by Jan Kalicki in The Journal of Symbolic

Logic 17: 211–212. Several authors discussed his dissertation shortly
after its publication [Fraenkel and Bernays, 1958, p. 23], [Fraenkel and
Bar-Hillel, 1958, p. 116], [Fraenkel, Bar-Hillel and Levy, 1973, p. 116],
[Mostowski, 1955, pp. 38–39], [Wang, 1955, pp. 64–65], displaying an
appreciation for the originality of Suszko’s contribution.

However, Suszko’s paper is not cited in numerous later papers on
Skolem’s paradox or Fraenkel’s axiom of restriction. This is quite surpris-
ing, because Studia Philosophica was among the most important journals
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dealing with mathematical logic and the foundations of mathematics,
and was widely recognized in the academic community. Suffice to say
that the first volume of the journal contained Tarski’s celebrated work
[1935]. An extensive bibliography of papers devoted to Skolem’s para-
dox can be found for instance in [Bays, 2014], while many bibliographical
items concerning Fraenkel’s axiom of restriction are given, for example,
in [Schiemer, 2010a].

Quite recently Krystian Jobczyk [2015] tried to apply the ideas con-
tained in Suszko’s dissertation to the defence of Hilary Putnam’s model-
theoretic argument presented in [Putnam, 1980]. Critical remarks con-
cerning this proposal are contained in [Woleński, 2015].

Chapter 7 of [Pogonowski, 2019] contains a presentation of Suszko’s
canonic axiomatic systems, discussed in comparison with other proposals
of extremal axioms in set theory, including Fraenkel’s axiom of restric-
tion, Gödel’s axiom of constructibility, von Neumann’s axiom of limita-
tion of size, and axioms of the existence of large cardinal numbers.

5.2. Possible further developments of Suszko’s ideas

One might ask whether the ideas and constructs related to canonic
axiomatic systems could possibly still be relevant in the foundational
research, taking into account the development of this research after
Suszko’s publication. Suszko himself was overtly cautious about such
a possibility:

The study of canonic systems may induce to postulating that solely
canonic systems should be used in mathematics. From the theorem
of canonicity it follows that this could be done without impoverishing
the scope of mathematics. Since, however, mathematical theories are
being incessantly enlarged with respect to their problems as well as the
scope of investigated objects, the above postulate can not be considered
as a practical demand, but solely as the expression of a theoretical
possibility. [Suszko, 1951, p. 327–328]

It follows from the above passage that Suszko considers the construc-
tion of a given canonic axiomatic system a formal representation of a
mathematical theory viewed synchronically, at a fixed point of its devel-
opment. A few years later Suszko also proposed a diachronic perspective
concerning formal logic and epistemology [see 1957a; 1957b; 1968a].

One could raise the problem of comparing Suszko’s early ideas with
the further development of mathematical aspects of set theory, such as
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findings on the constructible hierarchy, the method of forcing, reflection
principles, findings concerning the existence of large cardinal numbers,
and so on. One may also ask whether specific notions from classical and
modern model theory are applicable to canonic axiomatic systems, and
what mathematical results could emerge from these applications. Suszko
himself did some research in model theory and published (in collabora-
tion with Łoś and Słomiński) a series of papers concerning extensions
of models, but there is no explicit connection between those works and
the dissertation from 1951. As already mentioned, Suszko posited the
problem of developing the theory of ordinal numbers in terms of canonic
axiomatic systems, which could be the first step towards comparing his
notion of constructibility with that proposed by Gödel. As far as I know,
nobody has undertaken this task yet. Another challenge is to consider
canonic axiomatic systems from the intuitionistic point of view. Suszko
has shown the consistency of the axiom of canonicity with other axioms of
the system M . He did not consider the problem of its independence from
these axioms. Gödel’s axiom of constructibility is known to be indepen-
dent of the other axioms of Gödel’s system [see, e.g., Shoenfield, 1959],
and one might try to solve this problem in the case of Suszko’s system.

Harvey Friedman sees the source of incompleteness of rich mathe-
matical theories (including set theories) in the fact that these theories
allow the consideration of completely arbitrary objects [1992]. Friedman
introduces the notion of points of view in mathematics. He discusses
Borel, constructive, and predicative points of view, and shows that cer-
tain statements undecidable in set theory become decidable, when re-
stricted to sets of a prescribed form. One may of course raise the issue
of the naturalness of such restrictions, but they can be claimed to play
a regulative role in mathematical research. I think that Suszko’s ap-
proach can be viewed as a special point of view in set theory, being
a kind of a constructive point of view.

In a recent publication [Hamkins, Linetzky and Reitz, 2013] the au-
thors address what they call “the math-tea argument”: that there must
be real numbers that we cannot describe or define, because there are
only countably many definitions, but uncountably many reals. They
then answer in the affirmative the following question: Is it consistent
with the axioms of set theory that every real is definable in the language
of set theory without parameters? We say that a first-order structure
M is pointwise definable if every element of M is definable in M without
parameters. The authors prove several theorems about the existence of
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pointwise definable models of set theory, including the following:

1. If ZFC is consistent, then there are continuum many nonisomorphic
pointwise definable models of ZFC.

2. Every countable model of GBC has a pointwise definable extension, in
which every set and class is first-order definable without parameters.

I believe these results are relevant to Suszko’s ideas. The authors
credit John Myhill with the observation that if ZFC is consistent, then
there is a pointwise definable model of GBC + V=L [see Myhill, 1952],
and cite the last sentences of his short note:

One often hears it said that since there are indenumerably many sets
and only denumerably many names, therefore there must be nameless
sets. The above shows this argument to be fallacious.

[Myhill, 1952, p. 979]

As already said, Myhill’s result was obtained independently of Susz-
ko’s publication [1951], but Suszko announced the possibility of a solu-
tion in Myhill’s style, using arithmetization of syntax and Skolem func-
tions [see Suszko, 1951, p. 328]. This fact should really, out of fairness,
be acknowledged by the above authors. Anyway, it could be interesting
to look at canonic axiomatic systems from the point of view presented
by the two of them.

In turn, let me suggest another possibility of further investigations
along the lines proposed by Suszko. This is the possibility of constructing
canonic axiomatic systems not for set theory but for other mathematical
theories, for instance the arithmetic of natural numbers, systems of ge-
ometry (absolute, Euclidean, projective, and so on), or selected algebraic
theories (for instance the theory of real numbers). Applying Suszko’s
approach to each of these domains might result in some light being shed
on the problems of accessibility to the mathematical objects described
by the corresponding theories. Still another possibility is to consider
relationships between canonic axiomatic systems associated with the dif-
ferent stages of development of mathematical theories.

Could we say that Suszko’s canonic system of set theory is (in a
sense to be specified) an intended model, or a standard model of set
theory? An answer to this question presupposes a characterization of
what is meant both by an intended model and by a standard model.
The terms “intended model” and “standard model” are sometimes used
interchangeably in literature, but I prefer to distinguish them in the
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following manner [see Pogonowski, 2019, 2020]. An intended model is a
structure investigated for its own sake, usually over a long period of time,
so that we accumulated a sizeable amount of information about it. This
in turn is responsible for “domestication” of the structure in question,
meaning in particular that we have gathered stable intuitions about the
investigated objects. Intended models precede the formal theories devel-
oped to characterize them. Examples of intended models in this sense
include natural number series, integers, rational and real numbers, the
geometric universe depicted in Euclid’s Elements, and possibly also the
universe of Cantorian set theory understood in the sense of “naive set
theory”, that is before its axiomatization proposed by Zermelo. Stan-
dard models, in turn, are models distinguished in the class of all models
of a (consistent) mathematical theory partly on the basis of pragmatic
criteria. Let us call a model of such a theory (which is ultimately an
axiomatic theory) its standard model, if it is most closely similar to the
intended structure investigated in advance. Examples of standard mod-
els in this sense are the standard model of first-order Peano arithmetic,
and the completely ordered field of real numbers. The situation in set
theory is a little bit more complicated. Set theoreticians call a model
of set theory standard if the denotation of the membership predicate is
the real membership relation. If set theory (say, the first-order Zermelo-
Fraenkel set theory with the axiom of choice) is consistent, then it has
many models. Which of them have a privileged status? It seems (to
me at least) that “normal” mathematicians (that is these not working
on the foundations of set theory) either believe in the existence of the

universe V of all sets or are fully satisfied with a smaller universe, like
the class L of all constructible sets. Compare the following opinion on
this matter:

The set theorist is looking for deep theoretic phenomena, and so V = L
is anathema since it restricts the set theoretic universe so drastically
that all sorts of phenomena are demonstrably not present. Furthermore,
for the set theorist, any advantage that V = L has in terms of power
can be obtained with more powerful axioms of the same rough type
that accommodate measurable cardinals and the like  e.g., V = L(µ),
or the universe is a canonical inner model of a large cardinal.
However, for the normal mathematician, since set theory is merely a ve-
hicle for interpreting mathematics as to establish rigor, and not math-
ematically interesting in its own right, the less set theoretic difficulties
and phenomena the better.
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I.e., less is more and more is less. So if mathematicians were concerned
with the set theoretic independence results  and they generally are
not  then V = L is by far the most attractive solution for them.
This is because it appears to solve all set theoretic problems (except for
those asserting the existence of sets of unrestricted cardinality), and is
also demonstrably relatively consistent.
Set theorists also say that V = L has implausible consequences  e.g.,
there is a PCA well ordering of the reals, or there are non-measurable
PCA sets.
The set theorists claim to have a direct intuition which allows them
to view these as so implausible that this provides “evidence” against
V = L.
However, mathematicians disclaim such direct intuition about compli-
cated sets of reals. Some say they have no direct intuition about all
multivariate functions from N into N!

[Feferman, Friedman, Maddy and Steel, 2000, pp. 436–437]

The above characterization of these two notions is to a great extent
intuitive. Intended structures emerge in mathematical research practice,
and they give rise to the formulation of formal theories. To call a model
standard is based on our decision, dictated by its observed resemblance
to the intended structure given a priori. It may well happen that the de-
velopment of a given mathematical discipline forces us to extend the col-
lection of standard models. If, for instance, analysis based on hyperreal
numbers brings new deep results with a wide scope of applications, then
hyperreal numbers may become a new standard, corresponding to the
intended structure (the continuum) investigated for so many centuries
and recently having an associated standard or “usual” real numbers.

I think that Suszko’s canonic axiomatic systems should be seen in
this perspective as standard models of set theory of a very special kind.
The universe of a canonic system, as consisting of objects which are
k-designated by k-names, embraces all objects that are linguistically ac-
cessible from the point of view of the underlying axiomatic system M
of set theory, and only those objects. The metatheoretical constructions
associated with the system M provide further control over the investi-
gated objects and their theory. This applies not only to set theory but
also to any mathematical theory represented in the form of a canonic
axiomatic system.

I must sincerely admit that the present section contains only loose
suggestions without any substantiation in the form of original results.
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They can be treated as an invitation addressed to younger scientists
to develop the ideas in question further, if these ideas would deserve
their attention. My primary goal was to recall Suszko’s metatheoretical
approach to foundational matters. As far as I know from private commu-
nications, Suszko’s approach to set theory visible in his later works was
instrumental  he used to say that he simply uses set theory, similarly to
these “normal” mathematicians who are not set-theoretical specialists.
He wrote in his textbook on logic and set theory (mine translation from
the Polish original text):

Fundamental principles of logic contain certain knowledge about formal
properties and structural relationships present in the world. We accept
thus set theory in logic as a certain general and schematic knowledge
about reality which decides  on the basis of semantic relations between
expressions and their subjects  about logical properties and dependen-
cies of the expressions themselves. Set theory, and the calculus of sets
and relations in particular (Leiniz’s mathesis universalis), plays thus a
role of ontological assumptions of formal logic. [Suszko, 1965, p. 52]

Readers interested in Suszko’s philosophical ideas may consult [1968a;
1975].
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