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EXTERNALLY COMPATIBLE ABELIAN
GROUPS OF THE TYPE (2,1, 0)

Abstract. In [4] the lattice of all subvarieties of the variety G%, defined by
so called externally compatible identities of Abelian groups together with
the identity z™ =~ y", for any n € N and n > 1 was described. In that
paper classes of models of the type (2,1) where considered. It appears that
diagrams of lattices of subvariaties defined by externally compatible iden-
tities satisfied in a given equational theory depend on the language of the
considered class of algebras.

A question was asked to what extent the diagram of the lattice of sub-
varieties of the variety defined by externally compatible identities of a given
variety will depend on changing the type of algebras. In general case, the
answer to this question seems to be very complicated. In this paper we de-
scribe the variety of Abelian groups of exponent p-q, where p, ¢ are different
primes of type (2, 1,0).
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1. Preliminaries

We consider a given type of algebras 7: F — A/, where F is a set of funda-
mental operation symbols and A is a set of non-negative integers. Let P be
a partition of F. An identity ¢ =~ 1 is called P-compatible (see [9]) iff it is of
the form z ~ x or of the form f(¢o, ..., ¥r(5)-1) = 9(Y0, - - -, ¥r(g)—1), Where
f and g belong to the same block [f]p of P and ¢y, ..., Crf)-1> Yo, -,
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Yr(g)—1 are terms of type 7. An identity ¢ ~ 1 is externally compatible
(see [2]) iff it is P-compatible, where P contains singletons only. An identity
@ ~ 1) is normal (see [8] and [5]) iff it is of the form = ~ x or neither ¢ nor
1 is a variable.

We denote the set of all P-compatible identities of type 7 by P(7) and
the set of all identities of type 7 by Id(7). We will also denote by Exz(7) the
set of all externally compatible identities of type 7 and by N(7) the set of
all normal identities of type 7. If V' is a variety then P(V') denotes the set
of all P-compatible identities of type 7 which are satisfied in V. We have
P(V) = P(t)N1d(V), where Id(V) denotes the set of all identities satisfied
inV.

Obviously, Ex(V) C P(V) C N(V) C Id(V) for any partition P.

If 3 is a set of the identities of type 7 then Cn(X) denotes the deductive
closure of ¥, i.e. On(X) is closed under the rules of the interference ([1] and
[10]). If ¥ = Cn(X) then ¥ is called equational theory. It is easy to see that
P(7) and P(V) are equational theories.

By Mod(¥) we denote the class of all models of 3, that is the class of
all algebras of type 7 satisfying the identities from X. So, if ¥ = P(V') then
Mod(X) = Vp. A variety V such that Id(V) = P(V) is called P-compatible.
Let £(V') be the lattice of all subvarieties of V.

Let ¥ be an equational theory. It is well known that the lattice £(3)
of all equational theories extending ¥ is dually isomorphic to the lattice
L(Mod(X)) of all subvarieties of the variety Mod(X) determined by the the-
ory X.

2. The variety G%7 of type 7

Let us fix the type 79, where 79: {-,7*} = N, 7o(-) = 2,70(7!) = 1. Let
20 and 2" denote x - ™! and 2" ! - x, respectively i.e. let 20 = x - 271,
" =2""1.zforneN.

Of course, in the case of the set {-,”!} we have only two partitions: Ezr =
{h{h v={{""}

Let G™ denotes the variety of all Abelian groups of type 7y satisfying
identity 2" ~ y°, where n € A/ and let G, denotes the variety defined by all
externally compatible identities of Abelian groups of exponent n of type 7.
An identity (z-y)~'~x~!.y~! belongs to Id(G"), but it is not externally
compatible. It means that the variety G%, is larger then G and it may be
interesting to characterise the lattice of all subvarieties of G7, .
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We will use the following notations:
Pkt = Mod(Ex(G™) U U{x aki) =171},

where k; € {0,1,...,n—1} fori=1,...,s, and
C™ = Mod(Ez(G™) U {z° ~ ((z*)~1)~}).

Let IC,, be the set of all natural divisors of n. In [4] it was proved the
following theorem:

THEOREM 2.1. Let n be a natural number such that n > 0. IfV is a
subvariety of G, of type 19 then V' is one of the following classes: G", Gy,

ikl""’kS}, C", Gy, wherer € Ky, and ki, ..., ks € K.
Using the above theorem we obtain the next corollary:

COROLLARY 2.1. IfV is a subvariety of the variety Ghd, where p, q are prime
numbers, then V is a one of the following classes: G", Gy, {kl’ wks} , CT,

G, wherer € {1,p,q,p-q} and ky, ... ks € K,.

3. The variety G%7 of type 7,

Let us fix the type 7 : {,7, e} — N, where 71 (-) = 2,71 (7%) = 1, 71(e) = 0.

The variety of Abelian groups of type 7 is denoted by G and the variety
of Abelian groups of type 7| satisfying identity 2" ~ x - ™1, for n € N is
denoted by G™.

In the current section we will describe the lattice of all subvarieties of
the variety G%, defined by externally compatible identities Abelian groups
of exponent n of type 7 in the case n = p- ¢, where p, g are prime numbers.

In [7] it was proved that:

THEOREM 3.1. The following identities of the type T1:
B (-y)-zrz-(y- 2),
(32) z-ymy-uz,
(33) z-y-exz-y,

(3.4) (v-e)lmazt
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(35) z-zl=me-e

form an equational base of the class determined by all externally compatible
identities of Abelian groups.

From that we deduce that the identities (3.1)—(3.5) together with the
identity 2™ ~ - 2! form an equational base of the variety G% .

It is known that to find all subvarieties of the variety Gj , all of the classes
Mod(Cn(Ez(G")UE)), where E C Id(7;), must be taken into consideration.

In the next lemma we will give the canonical form of terms from the class
G%,- This lemma below is obvious so we skip its proof.

LEmMMA 3.1. Every term ¢ of type 71 on variables x1,...,xs is equivalent
in G, to a term ¢* being one of the following form: e, 9 - ot ks

((:clfl e xk )™ 2 whered € {1,..., s}, k1,... ks €{0,1,...,n —1}.

S

It follows that any identity of the type 71 is equivalent, on the basis of
the theory Ez(G™), to one of the following identities:

(36) Ty = Ty,
(3.7) em~al-ah. L ahs

(3.8) er ((xh ... xh)~1)"1,

(3.9) a2k gk x xj,
(3.10)  ((29 -2k ak)y Tt =gy,
(3.11) 2¥-a2h . ake x g9 gl
(312) (@328 b)) (a2l )
(313)  a%-2b o oabo ()2 k)T

where j,i € {1,....s}, k1,0, ks, U1,y oy ls € {0,1,...,n — 1},
For ki, ..., ks € N, where k3+...+k2 > 0, let (ki,...,ks) be the greatest
common divisor of kq,...,ks.

THEOREM 3.2. For any identity ¢ ~ ¢ of the type 71, there is a finite set F1 of
identities of one variable such that Cn(Ez(G)U{¢ =~ ¢}) = Cn(Ex(G) U E}).
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PROOF. Let us consider the following identities of the type 7y:
(3.14) x =202k,
(3.15) @ ((=z")~H)7,
(3816) (@)1~ (@)L,
(3.17) 202k =20 2l
(3818) %2k ~ (@) )Y,

where k,1 € {0,1,...,n—1}

In [3] it was shown that for any finite subset E of the set Id(7p) there is
a set E of identities of the form (3.14)—(3.18), such that Cn(Ex(G")UE) =
Cn(Ez(G™) U Ey).

It follows that if to the set E belong only identities (3.6), (3.9)—(3.13),
there is a set E; of identities of one variable such that Cn(Ez(G") U E) =
Cn(Ex(G") U E1). Thus, we have to consider the following theories:
Cn(Ex(G)U{(3.7)}) and Cn(Ez(G)U{(3.8)}).

We will show that if k1 = ky = ... ks_1 = ks = 0, then Cn(Ez(G) U
{(3.1)}) = Cn(Ex(G) U {e ~ 2{}) and for k? + k3 + ... + k2 > 0, we have
On(Bz(G) U {(3.7)}) = Cn(Ex(G) U {2 - 2¢ ~ e}), where d = (ky, ..., k).

Indeed, to prove that Cn(Ex(G) U {(e = ¥ -2y - --29)}) = Cn(Ez(G) U
{e ~ 2{}) it is enough to notice that the identity 2§ ~ 20 ---- . 2% belongs

to the set Ez(G). Now, we consider the theory Cn(FEz(G) U {(3.7)}) for

k? + k3 + ...+ k%2 > 0. By the fact that d = (ky,...,ks), we see that there

are integers pi, ..., ps, such that d = k1 - p; + ... + ks - ps. By the substitution

in the identity (3.7) of the term 27" for variable x; for every i =1,...,s, we

conclude z9 - 2¢ ~ e € Cn(Ex(G) U {(3.7)}). For the proof of the reverse
k

1 ks

inclusion it is enough to substitute the term a:F -...-xs for the variable x;
in the identity 29 - ¢ ~ e. Similarly we prove that if ky = ko = ... = ky_1 =

ks = 0, then On(Ez(G) U {(3.8)}) = Cn(Ez(G) U {e = (z¥)~1)~1}), and if
k2 + k3 +...+k2 > 0, then Cn(Ez(G)U{(3.8)}) = Cn(Bz(G)U{((z{)") ! ~
e}), for d = (kq, ..., ks). O

We introduce the following notation:

(3.19)  L(n) ={V € L(G},);G" CV)}, forn e N.
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LEMMA 3.2. Let k,n € N.

1. (L(n); C) is a sublattice of the lattice L(G},)-
2. If k # n, then L(k)N L(n) = @.

PRrROOF. 1. The proof follows directly from (3.19).

2. Assume for contradiction that k # n and L(k) N L(n) # @. Without
a loss of generality we can assume that k£ < n. Since L(k) N L(n) # &, then
there is a variety Vi, which belongs to L(k) N L(n). By (3.19) it follows
that V7 € £(g§z), GF CVyand W € L(Gg,), G" C Vi. By the fact that
Vi e [,(ggx) and by condition G™ C Vi we have that the class of algebras G"
belongs to £(g’sz). Thus, G" C g’fm. But the last statement is equivalent to
the following one Ez(G*) C Id(G™). It is obvious that the identity z° ~ z9-z*
belongs to the set Ex(G*). Therefore 2° ~ 2°-2¥ € 1d(G™). Also the identity
20 ~ 2V . 2" is fulfilled in the variety G, by the well known fact that if a
and b are integers not equal 0, then there is an integer being a solution of
the identity a -z + b -y = (a,b). By the last two identities we have that
20 ~ 20-2("*) ¢ Id(G™). Since (k,n) < n, therefore 2° ~ 20.2("F) ¢ 1d(G"),
which is a contradiction. O

THEOREM 3.3. If V is a subvariety of the variety G}, , then there is a unique
natural number d € KC,, such that V € L(d).

PROOF. By the theorem (3.2) we have that every subvariety of the variety
G, is generated by an identity of one variable. So, if V' € L(G},), then
there is a subset E of the set of the form (3.14)—(3.18), e ~ 21, e ~ 29 - 2*
or e = ((x%)71)~! such that V = Mod(Ez(G") U E). Now we introduce the
following conventions: a number k will be called an exponent of the term
20 - 2% and of the term ((2*)~!)~!, 1 will be treated as the exponent of the
term z, and finally let 0 be an exponent of the term e. To any identity
¢ =~ p € F we assign the absolute value of difference of exponents of ¢ and
. Let d be the greatest common divisor of the number n and of all absolute
values of differences of exponents of ¢ and @, for any ¢ ~ p € E. We will
show that V € L(d). One can see that the identity 2° ~ 29 - 2% is fulfilled
in the class of algebras V. Since every externally compatible identity of
Abelian groups is fulfilled in the variety V', thus, we obtain that V C g%x.
To prove that G¢ C V, it is enough to show that every identity of the set F
and every base identity of the equational theory Ez(G™) belong to the set
Id(G?%). Tt is obvious that every externally compatible identity of Abelian
groups is fulfilled in the variety G¢. Since d is a divisor of n, so the identity
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20 ~ 20 - 2" belongs to the set Id(G?). If ¢ ~ ¢ € E, then d divides the
absolute value of difference of exponents of terms ¢ and ¢, therefore we have
that ¢ ~ ¢ belongs to Id(G%). We have proved that G C V. From that and
by the fact that V C G4, by (3.19) it follows that V € L(d). By the choice
of d, we see that d € IC,,. Uniqueness of d follows from the lemma (3.2). O

Now we will describe sublattices L(n) for any natural number of the form
n = p-q, where p and q are prime.

Since 1, p, q, p - g are the only natural divisors of the number p - ¢, to
find all subvarieties of the variety G,7 it is enough to describe lattices: L(1),

L(p), L=(p-q)
There are the following partitions of the set {-,7! e}:
Py = {{}> {71}7 {6}}7
b = {{'771 }? {e}}?
Py = {{v e}? {71}}7
Py = {{_17 6}7 {}}7
Py = {{'7_1 76}}'
The partition Py we will traditionally denote by Fz, and the partition

P, by N.
Let us put:

(3.20) O™ = Mod(Cn(Ez(G") U {e-e~e 1})),
(3.21) C% = Mod(Cn(Ez(G") U{e~e-e,e~e1})).
In [6] was prove the following theorem:

THEOREM 3.4. The lattice of subvarieties of the variety G%,, where n is
prime, looks like the diagram in Figure 1.

From this follows:
COROLLARY 3.1. The lattice L(1) looks like the diagram in Figure 2.
COROLLARY 3.2. If n is prime number then the lattice L(n) looks like the
diagram in Figure 3.

Let us put:

(3.22) Pl = Mod(Cn(Ba(Gr o) U UL {2° - okt = ((a%)1)71})),
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Figure 1. The lattice £(Gp,), where n is a prime number

1
gEm

Gh, <> G,
ah

gl
Figure 2. The lattice L(1)

G

o /Y%, g,
3
Cx
N

g

gn

Figure 3. The lattice L(n), where n is prime

(3.23) P;Zf}i,’"k‘g} = Mod(Cn(Ez(GP ) U{e~e-e,e~e Ly Ui {2

b ()7 7)),

where k1,...,ks € {0,1,...,p-q}.
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We have the following lemma:

LEMMA 3.3. For any no-empty set {ki,... ,...,D - q} there is
a set {ly,...,ls} C Kp.q, such that P;Zl’"" - P;.lé olsh and P{Z{}Q}"ks]’:

{l1,0ds) g
1y--5ls
qu,N :

PRrROOF. It is enough to take (p-q,k;) as l; € {l1,...,ls}. O

From now on the classes (3.22) and (3.22) we will be indexed with subsets
of the set Cp.q.

LEMMA 3.4. If1 € {ki,... K}, then Py} = ght,

PROOF. In [7] it was proved that the identities: (3.1), (3.2), (3.3), (3.5) and

(324) zl.ema!

form an equational base of the variety defined by all Pj-compatible identities
of Abelian groups. To show that P;Zl""’kS} C G/, it is enough to observe
that the identity (3.24) belongs to the set On(Ez(GP9) Ui {2 - 2% ~
((z%)~1)~1}). By substitution of the term (x~!)~! in (3.24) for variable
and by the fact that identities 27! ~ (z71)"!)"! and e-2~! ~ 2°-27! belong
to the set Fz(GP?) we get that P;Zl"“’k‘g} - gf;f. The reverse inclusion is
obvious. O

One can see that the following lemma is easy to prove:
— — — {klv"'yks} _ p-q
LEMMA 3.5. Ifky =--- = ks =p-q, then Ppq = CP1.

THEOREM 3.5. The lattice L(p - q) has the following diagram:



248 KRYSTYNA MRUCZEK-NASIENIEWSKA

p-q
Ex

gp-q

Figure 4. The Lattice L(p - q).

Proor. By the definition of varieties from the above theorem it follows
that every such variety belongs to L(p - ¢). Similarly as in the theorem

(3.4), we prove the correctness of mutual placement of varieties: GP'¢, G4,
Ghd, G, GBI, Ghd, 0P, CI. From the definition of each of classes i),
Pl plhat pt plit pleal it follows that P € pE) € 07 and
77;,1;’?]\}, - P;Z}:N C CR. We will prove that indicated classes are the only
elements of L(p - ¢q). By theorems (3.2) and (3.3) it follows that to describe

the lattice L(p - ¢) one have to consider all classes of models defined by
theories Cn(Ez(GP'?) U E), where E is a subset of the set of identities of the
form:

(3.25) e~ a2 20,
(3.26) e~ ((=°)"H)7,
(3.27) 20 2F =~ ((2F)"H) 7L,

(3.28) =z ~2¥-x,
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(3.29) w~(z71)7h,

where k € {0,1,...,p-¢—1}. If to E belongs an identity of the form: (3.28)
or (3.29), then Cn(Exz(GP?) U E) = Id(GP9).

From lemmas (3.3), (3.4) and (3.5) it follows that essential ones are only
those subsets of the set of identities (3.25)—(3.29), to which belong only iden-
tities of the form: (3.25), (3.26), 2°-2P ~ ((zP)~ 1)~ or 2 27 ~ ((x9)~ 1)L
However, it appears that while considering all non-empty subsets of the
set whose elements are identities (3.25), (3.26), 2% - 2P ~ ((2P)~!)~! or

2029 ~ ((29)~1)~! we obtain the class of models being one of the following
varieties: P9, O, Py, Pi%, pibat, plivt plarpled),

By constructing the appropriate one-element free algebras in each of
classes of the lattice L(p - ¢) one can show that these classes are mutually

different. O
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