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Abstract. The paper aims at presentation of a methodology where the classical
linear regression model is modified to guarantee more realistic estimations and
lower parameter oscillations for a specific urban system. That can be achieved by
means of the weighted regression model which is based on weights ascribed to
individual cities. The major shortcoming of the methods used so far - especially
the classical simple linear regression — is the treatment of individual cities as
points carrying the same weight, in consequence of which the linear regression
poorly matches the empirical distribution of cities. The aim is reached in a several-
stage process: demonstration of the drawbacks of the linear parameter estimation
methods traditionally used for the purposes of urban system analyses; introduction
of the weighted regression which to a large extent diminishes specific drawbacks;
and empirical verification of the method with the use of the input data for the
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1. Introduction

Zipt’s Law describes the relation between the
frequency of a set of items or events and their
size, and it is often considered as an example of
Power Law (Newman, 2005; Clauset, Shalizi &
Newman, 2009; Cristelli, Batty & Pietronero, 2012).
With regard to the urban distribution by size, it is
commonly known as the rank-size rule (e.g. Berry
& Garrison, 1958; Dziewonski, 1972; Gabaix, 1999)
or even as Zipf’s rank-size rule (Sokolowski, 2001;
Berry & Okulicz-Kozaryn, 2012; Jazdzewska, 2006,
2017).

Zipf’s Law is an empirical method, where
the real size patterns are described by means of
statistical and mathematical ones. It can be well
applied to some highly-asymmetrical distributions
which are often subject of studies in natural, social
and exact sciences. Being a linguist, Zipf used the
rank-size rule mostly in the empirical studies in his
field (Zipf, 1949), but he also suggested it could be
applied to socio-economic patterns (Zipf, 1941).

Zipf’s Law comes as a very popular instrument
in studies of human settlement systems where
it facilitates the description and analysis of
distributions of population in cities (e.g. Stewart,
1947; Berry, 1964; Rosen & Resnick, 1980; Knudsen,
2001; Ioannides & Overman, 2003; Soo, 2005; Batty,
2008; Berry & Okulicz-Kozaryn, 2012; Jazdzewska,
2017). Comparison was made for: urban settlement
systems of the USA, Australia, Sweden (Garner,
1967) or USA, Spain and Italy (Gonzélez-Val et al.,
2015), regions (Xu & Harriss, 2010), (Pumain et al.,
2015), OECD countries (Veneri, 2016), individual
countries, e.g. France (Pumain, 1989), USA (Fujita,
Krugman & Venables, 1999), Denmark (Knudsen,
2001), China (Song & Zhang, 2002; Anderson & Ge,
2005; Chen & Zhou, 2008), Malaysia (Soo, 2005),
Poland (Sokotowski, 2001; Jazdzewska, 2006, 2017)
and in a global setting (Jiang, Yin & Liu, 2015).

For a few past years the theoretical underpinnings
of Zipt’s Law have been broadly discussed (for
instance: Robson, 2012; Gabaix, 1999; Chen &
Zhou, 2008; Gabaix & Ioannides, 2004; Rossi-
Hansberg & Wright, 2007; Chen, 2016). They have
been under examination, for instance, for the sake
of the best explanation of urban growth in the
light of Gibrat’s or Pareto Law (Eeckhout, 2004;

Garmestani, Allen & Gallagher, 2008; Coérdoba,

2008; Giesen, Zimmermann & Suedekum, 2010;

Cuberes, 2011). The calculation of the contrast

ratio and its juxtaposition with the ‘ideal; following

the rank-size rule, was one of the elements of the
empirical analysis of the settlement system (Garner,

1967; Sokotowski, 2001) as well as the cartographic

visualization of the changes in city ranks in the

settlement system (Jazdzewska, 2017).

First and foremost, this paper concerns empirical
issues, in particular the problem of adjusting the
approximating line of the urban distribution by size.
The classical estimation methods of line parameters
often fail, because points deviate too much from the
approximation line. It can result from:

o ‘outliers’ representing the population of the
most populated ‘primate cities,

 large amount of small towns,

« data availability, which - in the case of many
settlement systems — becomes smaller together
with the decreasing population.

In comparative analyses other issues emerge:
definition of the city in different countries
(Sokolowski, 2014; Szymanska, 2007); method of
statistical data collection in statistical units (e.g. for
the city or urban area, urban cluster). Whereas in
dynamic analyses there is a problem of changing
population numbers in the studied set of cities.

The methodology proposed below renders it
possible to minimize these shortcomings. Owing
to that the regression line better matches the layout
of points and facilitates a more accurate estimation
of a. parameter and the theoretical number of city
inhabitants.

The method will be introduced on the example
of the urban settlement systems of Poland and the
USA. Those are two different settlement systems.
The former applies to a European country with less
than 40 mln inhabitants and approx. 1,000 towns
and cities; the second is found in the country
with the population of over 300 mln and over 3.5
thousand Urbanized Areas and Urban Clusters. If
the conclusions are valid for both of the systems,
the method will be recommendable to studies of
other settlement systems. In the case of Poland,
the Central Statistical Office [GUS] was the source
of data; in the case of the USA, the resources of
the US Census Bureau were consulted (following:
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Thomas Brinkhoft, https://www.citypopulation.de/
USA html).

2. City rank and size in human settlement
systems

At the beginning of the 20™ century (Auerbach,
1913) pointed to the relation of the city size to
the city rank in the human settlement system and
suggested that the approximation of city distribution
by size be supported with the Pareto distribution.
This regularity can be presented in form of the
following equation:

L; X j = const. (1)

where: L, - city size expressed by population, j - city
position (rank) in the descending city order.

The above formula was upgraded by the addition
of the rank exponent (Lotka 1925), which made it
more congruent with the empirical data. Thus, it is
possible to determine the theoretical size of the j*
city in the system basing on the following formula:

Li=Lyxj™¢ 2)

where: L1 - population of the largest city, a -
contrast exponent of the studied human settlement
system. The exponent value may be different for
every system and it changes in the course of time
reflecting the evolution of the system.

George K. Zipf (1941, 1949) popularized the
method and, thus, lent his name to it. The first
method had one parameter; the second, revised
method had two parameters. The two-parameter
method was in the past the most common method
used in the studies of settlement systems. The article
presents the two-parameter method for which the
best method of point approximation was to be found.
The two-parameter formula (formula 2) allows for
the definition of the theoretical size of j city in the
system. For this calculation two parameters: L, and
a are necessary.

According to Zipf (1941), the contrast exponent
is the resultant of the impact of two kinds of forces
shaping the human settlement system: concentrating
force and diffusing force. The ‘principle of least
effort’ posits that the economic system should be

in the state of balance if the costs of transportation
are to be minimized (at present the cost of
transportation plays a lesser role, but it is beyond
the scope of interest of this discussion). Depending
which force - differentiating or concentrating — is
stronger, a human settlement system may feature a
significant number of smaller towns or just a few
very big cities. In polycentric systems |a|<1, and
in the case of population being concentrated in the
largest units |a|>1.

When a system is in the state of balance, the
contrast exponent |a|=1. Then, the size of every
city is conditioned by the size of the largest city,
according to the ‘law of the primate city’ (Jefferson,
1939; Zipf, 1941) and has the following values (cf.
formula 2):

L = i L = i L = i

2 2773 3" o

What is questionable in such an interpretation of
Zipf’s Law is the fact that the size of the cities in the
system is dependent on the largest city.

The rank-size rule based on the arithmetic scale
does not present itself well graphically, as the points
are arranged approximately along an isosceles
hyperbola. If a logarithm (log-log plot) is used, the
curve turns into a straight line (Figure 1) and the
arrangement of points is then approximated by the
line described as below:

10ng=b+a10gj. (3)

The length of the line on the graph depends on the
number of cities taken for research, only for Poland
they were all towns and cities.

The use of linear approximation increases
the clarity of the graph and enables its better
interpretation, which applies, among other things,
to the position of particular points in relation to the
approximating line. The contrast exponent a equates
with the gradient angle between the line and x-axis
(a|=tg a, thus for |a|=1: a=45° or a=180°-45°).
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3. Methods of trend line approximation
applied to rank-size rule

The layout of points in Zipf’s graph in the logarithmic

scale is approximated by the line which enables:

1. characterization of a human settlement system
(gradient of the line as a resultant of the impact
of various forces and processes);

2. identification of the position of individual
points (cities) relative to the line and analysis
of their deviations;

3. calculation of the theoretical population of
cities.

Practically, it is possible to juxtapose different

human settlement systems and examine changes in

a particular system occurring over a period of time;

also, upon the analysis of the deviation of points

from the line, it is feasible to study the differences
between the real and the theoretical number of city
inhabitants.

In literature one can encounter various methods
of defining line parameters. One of the method
of approximation is represented by the popular
method of the simple linear regression. Parameters

+ USAUrbanized Areas and Urban Clusters

= Polish towns and cities

..".R \
3 I 8

size (log b))

0 1 2 3 4
rank (log j)

Fig. 1. Rank-size graph regarding Urban Areas in USA
(2010) vs Polish towns and cities (2017)

Source: own calculations

a and b can be estimated upon solving the system of
two linear equations presented in general form as:

Zyj =bN+aij, (4)
=b>x + 2, 0
ijyj ij aij

or upon using the following formulas:

N -
CNZxy —2x 2y,

0= TENEY g
NEx?o(zx)
o 2V T )
N

With logarithm variables the system of equations
will look as below:

Zlong =bN +aXlogj, (8)
> log jlog Lj =b>log j+a¥ (log j)*, 9

and the respective formulas will take the following
form:
NYlog jlogL —Ylogj>logL
a= .12 2 ’ ’ (10)
NY.(log j)" = (Xlog /)
Zlong —aylogj
b= (11)

After substituting the parameter values into the

formula (3) the gradient angle between the line

and the axis can be defined, where the line reflects

the structure of the human settlement system as a

whole and enables the estimation of the theoretical

size of any city (L).

Using the classical regression method for the
analysis of urban size patterns causes at least two
problems:

1. in general, a significant departure of the
regression line from the line defined by the
set of large cities, which leads to an incorrect
estimation of contrast exponent a and to
a significant overestimation of theoretical city
sizes (calculated on the basis of regression);

2. large discrepancies in line parameter estimations
based on the number of units included in the
analysis.

The former is well depicted in Figure 2, where the

classical linear regression deflects strongly upwards,

at the same time ‘losing touch’ with the largest
cities. The line approximating the points is not well
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matched as it causes substantial overestimation

of the theoretical population of cities. For Polish

towns and cities the theoretical sum of inhabitants
is higher than the real sum by 71%, for American
cities it is higher by as much as 176.8%. Noteworthy,
the value of |a| ratio exceeds 1 for Poland and USA.

These imperfections of the regression
method used for the rank-size rule are especially
conspicuous in the comparative analysis of human
settlement systems in different countries (or
regions), or possibly in the same country (region)
in different time frames, if every time another
number of settlement units is taken into account.

The cardinality of the studied set depends on the

pre-defined minimum size limit. In practice, if

the classical regression method is used for a large
number of units (for example all polish towns and
cities):

1. the size of the major city and sizes of other
large cities are estimated unrealistically;

2. the regression gradient oscillates widely in
comparative analyses;

3. the parameters are highly unstable and different
spatial units have poor comparability (e.g. in
comparative studies of different countries).

Weighted regression as solution to the problem

4. Weighted regression as solution to the
problem

The simple linear regression is most often not useful
for the estimation of the theoretical population of the
largest cities, because it yields too high theoretical
values. A numerous group of small units has a
strong impact on the gradient of the line, despite the
fact that their total mass (population) may be lower
than the mass of a single large city. In the equations
(4-11) used for the calculations of a and b, N is
one of the most important parameters defining the
number of studied cities rather than the number
of inhabitants in those cities. It is ungrounded to
acknowledge that, for instance, the importance of
a city with several million inhabitants does not
differ from that of a unit which is a thousand times
smaller. That is the point of dissimilarity between the
empirical situation - typical of urban distributions

¢ USAUrbanized Areas and Urban Clusters
——regression log Lj=8.354-1.383log |
— =weighted regression log Lj=7.540-1.029 log j

[N

| ”\.{\
N
N

size (log Lj)
(]

0 1 2 3 4
rank (log j)
7
= Polishtowns and cities (2017)
—regression log Lj=6.925-1.163log
6
L
-k
= -
E B\
=
2 \
N
0
4
3
0 3
rank (log j)

Fig. 2. Rank-size graph regarding Urban Areas in: USA
(2010), towns and cities in Poland (2017) and approximating

models of simple line regression
Source: own calculations

by size — and cases studied within the scope of exact
sciences or linguistics where no distinction is made
between weights of individual points.
Minimization of the said drawbacks is the
principal aim of this paper. It can be achieved through
an original modification of the method of least
squares, which entails accounting for appropriate
weight indexes when regression parameters are
estimated. Weights should be proportional to the
mass (size) of particular settlement units, thus they
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will not have the same impact on the line. It will
restore the right proportions between settlement
units in the rank-size model. The essence of the
modification suggested here is best described as
the weighted regression. Its use does not directly
refer to the uncertain value of one variable (Strutz,
2011), but it relates to the problem of choosing
for the weight the number of inhabitants (wj) and
their sum (Xw) instead of N parameter defining the
number of studied cities.

The parameters of the line equation in the
weighted regression model can be found upon
solving a system of equations, where numerical
values y. and x. are substituted respectively by the
product of these values and weight coeflicients (wj),
and the number of units (N) is replaced with the
sum of their weights (Jw). In general, the system
of equations is as follows:

(12)
(13)

and the direct calculation of constants a and b is
possible with these formulas:

=b + ,
Zijj ZWJ aijwj

2
xyw =bYxw +adx “w,,
Zjyjj Zjj ij

_ LWLX YW, LW YW

2 _ 2
ZWijj Wj (ijwj)

a

(14)

2Y W o —ayx w.
) J J

2w,

J

(15)

where: w, is the point weight of the object with
j rank; in the case of the city, as a rule, it will be
the value expressed by the number of inhabitants.
With logarithm variables entered into the above-
presented system of equations and formulas, the
results will look as follows:

log L = log 7 16
Y log hg waj+aZog]wj (16)

Zlogjlongwj :bzlogjwj +aY (log j)zwj ,(17)
and:
log jloe L w —Ylog j log L
a:ijZogjog s Zogjwjzog jwj(lS)
Sw L(ogj)'w ~(Slog jw )’
. Zlongwj —ay log jwj |
ZW].

(19)

5. Results and discussion

The comparison of the two methods of regression
parameter estimation was based on the data on
Urban Areas (Urbanized Areas and Urban Clusters)
in the USA for 2010 and all town and cities for
Poland (2017).

The analysis concerned: deviation of the
theoretical sizes of particular units from their real
sizes (Figure 3); sums of the rests of regression show
sum of deviations (regression residual) as an index
towns of showing how well the regression matches
the pattern in reality (Table 1) and interpretation
of a value.

What can be concluded from the graph (Figure
3) is that the classical regression highly overesti-
mates the size of large units, while the weighted re-
gression overestimates the size of the smallest units.

In order to measure how well-matched regression
is, it was necessary to establish the deviations of the
estimated sizes from the real sizes, i.e. the regression
residual (Table 1). As a result of an inaccurate
regression estimation, mistakes cumulate in the total
population in the country. In the case of American
cities the overestimation for the classical regression
is 176.8%, for the weighted regression it is 8 % and
for Polish towns and cities 79,8% versus 3%.

As mentioned before, regression lines lead to
incongruences in the estimation of the theoretical
population of cities. The three largest cities or
urbanized areas in Poland and the USA are the
case in point (Table 2). The theoretical number
of inhabitants calculated by means of the classical
regression for NY is more than ten times higher
than the real number, 5 times higher in the case
of Warsaw. As far as the weighted regression is
concerned, the results are different, although
much closer to the real values (Table 2). For NY
they are almost twice as high as the real number
of population and for Warsaw they are 1.2 times
higher. The second and the third largest cities have
even better match of theoretical and real values.

This method can be recommended for
calculations of theoretical population; however, it is
still far from perfect. Noteworthy, in the weighted
regression the value of a is lower than in the classical
regression. For Polish towns and cities it is below 1
in the weighted regression (0.84) and exceeds 1 in
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Table 1. Adjusting of regression to empirical population of Urbanized Areas and Urban Clusters in USA vs Poland (towns

and cities) — sums of the rests of regression

Sums of the rests of regression (thousands inhabitants)

Country
classic regression weighted regression
USA 446,794 (176.8%) 20,284 (8.0%)
Poland 18,626 (79,8%) 0,720 (3.0%)

Source: own calculations

9

s

N

* USAUrbanized Areas and Urban Clusters
regression log Lj=8.354-1.383log

— =weighted regression log Lj=7.540-1.029 log j

N
[N

; .\.{\
N
N

size (log Lj)
(]

0 1 2 3 4
rank (log j)

= Polishtowns and cities (2017)
——regression log Lj=6.925-1.163log j

— —weighted regression log Lj=6.252-0 84log |

size (log Lj)

rank (log j)

Fig. 3. Rank-size graph regarding Urban Areas in USA (2010)
vs towns and cities in Poland (2011) and approximating

models of simple line regression and weighted regression
Source: own calculations

the classical regression (1.163). As mentioned above,
the value of |a| <1 is characteristic of the systems
where smaller towns dominate - in other words:
the urban settlement system in Poland in 2017. For
American cities a value was above 1, which means
that population is concentrated in the largest cities,
but in the weighted regression it approximates
1 (1.029) - thus, the system is balanced in terms of
the number of cities and population. As illustrated
by the above examples, the differences between a are
considerable and necessitate various interpretations
of the ratio according to Zipt’s Law.

This conclusion requires further, more extensive
discussion and comparative studies.

6. Conclusion

Among the practical problems connected to
the application of the rank-size rule to human
settlement systems one can mention such
estimation of approximating line parameters which
would optimally correspond to the empirical
urban distribution by size. The paper presents
the originally modified regression model which
significantly reduces the inconveniences related to
the use of the classical regression. The merits of the
suggested method were demonstrated on the basis
of the USA and Poland.

The weighted regression yields the approximating
line better matched to the empirical values (see
Figure 3), which translates into more realistic
estimations of size of individual cities (Table
2) and a lower sums of the rests of regression
residuals (Table 1), as well as a higher stability
of regression parameters (Table 2). Therefore, the
weighted regression facilitates comparative analyses
of different human settlement systems and reduces
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Table 2. The theoretical population (determined on the basis of regression) and regression parameters of the three largest

USA units (2010) vs Polish towns and cities (2017)

Theoretical size of the main units

Difference between real and

Real
(thousands of inhabitants) : theoretical values population
. " " population . .
Country Units determined on the basis of: determined on the basis of:
(thousands of
classic weighted . : classic weighted
inhabitants)
regression regression regression regression
NY 225,722 34,669 18,351 1130% 89%
USA LA 86,517 16,993 12,151 405% 26%
Ch 49,372 11,198 8,608 222% 14%
w 8,410 1,787 1,765 377% 1%
Poland C 3,756 999 767 169% 13%
L 2,344 710 690 94% 1%

* Urbanized Areas: NY — New York-Newark, NY-NJ-CT; LA - Los Angeles-Long Beach—Anaheim, CA, Ch - Chicago, IL-IN, Poland W - Warsaw,

C - Cracow, L - Lodz
Source: own calculations

the sensitivity of the model to the cardinality of

a studied set. The method presented may be treated

as an alternative, or a complementary method, to

the classical regression. It should be tested on other
sets of cities.

Discussions which have been held for many years
on the theoretical and empirical use of Zipf’s rank-
size theory prove that the search for the best point
approximation methods is going to be continued
(Richardson, 1973), because the variability and
complexity of the world, including settlement
systems, is immense. The proposed methods may
contribute to progress in:

o comparative studies (settlement systems of
several regions, countries),

o dynamic studies (one or several settlement
systems),

o studies on the best match of the approximating
line to define the theoretical number of
population in cities,

o studies on a parameter for the best description
of settlement systems.
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