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Abstract
The present research work pursues GMDH for predicting thermal and energy transport of
2-D radiative magnetohydrodynamic (MHD) flow of hybrid Sutterby nanofluid across a
moving wedge with activation energy. An exclusive class of nanoparticles SWCNT–Fe3O4

and MWCNT–Fe3O4 are dispersed into the ethylene glycol as regular fluid. The hybrid
nanofluid mathematical model has been written as a system of partial differential equa-
tions (PDEs), which are then converted into ordinary differential equations (ODEs) through
similarity replacements. Numerical solutions are attained Runge–Kutta–Fehlberg’s fourth
fifth-order (RKF-45) scheme by adopting the shooting technique. The ranges of diverse
sundry parameters used in our study are Hartree parameter 0.1 ≤ m ≤ 0.5, magnetic
parameter 0.3 ≤ M ≤ 1, Deborah number 0.1 ≤ De ≤ 1, moving wedge parameter
0.3 ≤ γ ≤ 0.9, Reynolds number 0 ≤ Re ≤ 2.5, solid volume fraction of Fe3O4 and
CNTs0.005 ≤ ϕ1 ≤ 0.1,0.005 ≤ ϕ2 ≤ 0.06, Browanian motion 0.1 ≤ Nb ≤ 0.4, ther-
mophoresis parameter 0.1 ≤ Nt ≤ 0.25, Eckeret number 0.05 ≤ Ec ≤ 1, radiation parameter
1 ≤ Rd ≤ 2.5, Lewis number 0.5 ≤ Le ≤ 1.5, chemical reaction rate 0.1 ≤ σ ≤ 0.7, heat
source parameter, 0 ≤ δ ≤ 1.5 and activation energy 1 ≤ E ≤ 4 which shows up during the
speed, thermal, and focus for Fe3O4/C2H6O2 nanofluid and CNTs−Fe3O4/C2H6O2 hybrid

nanofluid. Additionally, the friction coefficient (
�

C f x ), rate of heat transport (
�

Htx ), and rate

of nanoparticle transport (
�

Ntx are calculated using GMDH. The numerical results for the
current analysis are illustrated via tables, graphs, and contour plots. The efficiency of the
proposed GMDH models is assessed using statistical measures such as MSE, MAE, RMSE,
R, Error mean and Error StD. The predicted values are very close to the numerical results,
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and the coefficient of determination R2 of
�

C f x ,
�

Ntx , and
�

Htx are 1, 0.97836 and 0.9960,
respectively, which shows the best settlement.

Keywords Hybrid Sutterby nanofluid · Activation energy · Fe3O4/C2H6O2 ·
CNTs–Fe3O4/C2H6O2 · GMDH

Mathematics Subject Classification 34A38 · 35B38 · 81T17

List of symbols

−→q Velocity vector, (m/s)
P Pressure, (N/m2)
S Sutterby nanofluid−→
J Current density−→
B External magnetic field
DB, DT Brownian and thermophoresis diffusion coefficient, (m2/s)
�
q r Radiative heat flux, (W/m2)
�

Tw,
�

T∞ Temperature near and far away from the wedge surface, (K)
�

T Temperature of the hybrid nanofluid, (K)
�

C Concentration of the hybrid nanofluid, (moles/kg)
kr2 Rate of chemical reaction, (1/s)
�

Cw,
�

C∞ Concentration near and far away from the wedge surface, (moles/m3)
�

N 0 Fitted rate constant
Ea Modified Arrhenius function, (J)
n Materials constant
Á1 First tensor of Rivlin–Erickson
�́ Second invariant strain tensor
�
u ,

�
v Velocity components of

�
x and

�
y directions, (m/s)

�
x Distance along the surface, (m)
�
y Distance normal to the surface, (m)
k0 Physical constant
f Dimensionless velocity
�

C f x Friction coefficient, (pascal)
�

Htx Rate of heat transport
�

N tx Rate of nanoparticle transport
Re Reynolds number
M Magnetic parameter
m Hartree pressure gradient
De Deborah number
�
uw,

�

U∞ Velocities near and far away from the surface, (m/s)
Pr Prandtl number
De Deborah number
Rd Radiation parameter
Nb Brownian motion parameter
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Nt Thermophoresis parameter
Ec Eckert number
Le Lewis number
E Activation energy, (J)
B0 Magnetic induction parameter, (T)

Greek symbols

ξ Similarity variable
τ Cauchy stress tensor
ψ Stream function
σbf Electrical conductivity of the base fluid, (S/m)
σ ∗ Stefan–Boltzmann constant, (W/m2 K4)
k∗ Mean absorption coefficient, (1/m)
� Viscous dissipation
μ́0 Viscosity at the low sheer rates
ω̇ Sheer stress
̂β1 Materials constant
θ Dimensionless temperature
φ Dimensionless concentration
γ Wedge moving parameter
ϕ1, ϕ2 Solid volume fraction of Fe3O4 and CNTs
σ Chemical reaction rate
δ Heat source parameter
�

� ∗ Total wedge angle
λ Wedge angle parameter
ϑbf Kinematic viscosity of the base fluid, (m2/s)
μbf Dynamic viscosity of the base fluid, (kg/m s)
ρbf Density of the base fluid, (kg/m3)
kbf Thermal conductivity of the base fluid, (W/m K)
(

ρcp
)

bf
Effective heat capacity of the base fluid, (kg/m3K)

ρnf Density of the nanofluid, (kg/m3)
(

ρcp
)

nf
Heat capacity of the nanofluid, (kg/m3 K)

knf Thermal conductivity of the nanofluid, (W/m K)
ϑnf Kinematic viscosity of the nanofluid, (m2/s)
μnf Dynamic viscosity of the nanofluid, (kg/m s)
ρhnf Effective dynamic density of the hybrid nanofluid, (kg/m3)
(

ρcp
)

hnf
Volumetric heat capacity of the hybrid nanofluid, (kg/m3 K)

μhnf Dynamic viscosity of the hybrid nanofluid, (kg/m s)
khnf Thermal conductivity of the ternary hybrid nanofluid, (W/m K)
ϑhnf Kinematic viscosity of the hybrid nanofluid, (m2/s)

Subscripts

bf Base fluid
nf Nanofluid
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hnf Hybrid nanofluid
w Quantities at wall
∞ Quantities at free stream

1 Introduction

The diverse rheological nature and assorted physiological and industrial applications of
non-Newtonian fluid motivated researchers to urge diverse rheological models. Each model
confiscation some precise rheological features. Among those, the Sutterby rheological model
(Sutterby 1966) is non-Newtonian rheological models that exhibit high polymer aqueous
solutions. This rheological model mirrors the viscosity measurements of a broad range of
polymer melts and solutions. The feature of the non-Newtonian rheological model is rep-
resented by this viscous model, which is an intriguing feature. Hayat et al. (2017) have
described the properties of Sutterby fluid using Darcy’s relation. Khan et al. (2019) have
discussed heat transfer of Sutterby fluid flow by rotating disk with chemical phenomena
through Cattaneo–Christov model. Fayyadh et al. (2020) have studied Sutterby nanoliquid
radiative MHD flow through the permeable moving sheet with established surface convec-
tive heat flux utilizing bvp4c. Besthapu et al. (2019) examined the repercussion of warmth
radiation and velocity slip from the MHD stream of non-Newtonian fluid configured by a
nonlinearly stretching sheet. Sabir et al. (2021) studied the effects of thermal radiation and
inclined magnetic field on the Sutterby fluid by utilizing the Cattaneo–Christov heat flux
system. Sajid et al. (2022) have revealed the impact of gold blood nanoparticles along with
Maxwell velocity and smoluchowski temperature slip boundary conditions on the Sutterby
fluid model. A sweeping review of Sutterby nanofluid flow and heat transfer applications
have been suggested in Mir et al. (2020), Khan et al. (2021a) and Ramesh et al. (2021).

Nanofluid is a revolutionary heat transfer fluid that is created by dissipating nonmetallic
or metallic nanoadditives with a normal size of less than 100 nm nanometers in a regular
fluid. Coolants including motor oil, propane, water, and other coolants such as metals, non-
metals, and carbon nanotubes have too little warm conductivity. The thermic transmit rate
addresses the coolant’s thermodynamic highlights. This can be upgraded by incorporating
nanoscale particles into refrigerants. These nanofluids are applied in technical usances such
as transportation, microelectronics, solar thermal, computer processors, and mobile phones.
Choi and Eastman (1995) were the first to claim that nanoliquids had a greater heat transfer
rate than pure fluids. Nanoparticles silver (Ag)with base fluids likewater and kerosene past an
exponentially shrinking permeable sheet under the impact of momentum slip andwarmth slip
was examinedbyGhosh andMukhopadhyay (2020).Hayat et al. (2019a) have investigated the
3-D MHD stream of viscoelastic nanomaterials around an impermeable stretching surface.
Many researchers have addressed the various types of nanoparticles with sundry physical
aspects such as heat radiation, heat generation, and viscous dissipation (Shanmugapriya
2018; Ferdows et al. 2021; Jusoh et al. 2019; Elayarani et al. 2019; Amer Qureshi 2021).

Hybrid nanofluids are a unique and advanced variety of nanofluids. It is a balanced blend
of two different solid nanoadditives dispersed in a regular fluid. The primary idea behind
hybrid nanoliquids is to produce remarkable heat transfer efficiency and extremely useful
thermal conductivity in analogy to regular heat transfer fluids and nanofluids. Consequently,
hybrid nanoliquids have been used in a vast of heat transmission applications, including heat
exchangers, mini-channel heat sink, micro-channel, air conditioning systems, and heat pipes,
(Shanmugapriya et al. 2021; Waini et al. 2022; Zainal et al. 2021). Turcu et al. (2006) first
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created a hybrid nanofluid with the inclusion of Fe3O4 nanoparticles on MWCNTs utilizing
polypyrrole polymerization. Furthermore, Jana et al. (2007 discovered the upgrade of liquid
thermic conductivity by the incorporation of individual and hybrid nanoadditives. Suresh
et al. (2011) investigated the manufacture of hybrid Al2O3--Cu/H2O nanoliquids using a
second-step technique. Nawaz (2020) utilizing the finite element method, has scrutinized the
vigor of hybrid nano materials (MoS2 and SiO2) for varying the thermal ability of Sutterby
fluid taking ethylene glycol as a conventional liquid. The effect of the magnetic parameter,
suction, and non-linear thermal radiation on Cu--Al2O3/H2O--C2H6O2 hybrid nanofluids
along a stretched surface were addressed by Khan et al. (2019). Ayub et al. (2021) have
investigated the heat and mass transfer of magnetized chemically radiative hybrid nanofluid
(Ag--Al2O3/H2O) along rotating sheet. Besides, Wahid et al. (2021) and Waini et al. (2022)
studied the heat transmission analysis of Cu--Al2O3/water-based hybrid nanoliquid in dif-
ferent geometries.

Carbon nanotubes (CNTs) are molecules settled in a cylindrical way which consists of
sheets that are surrounded by graphene. Owing to the graphene sheet, CNTs are subdivided
into MWCNTs (cylindrical carbon materials surrounded by more than one graphene layer)
and SWCNTs (cylindrical carbon material fenced by one graphene layer). CNTs are vastly
adept nanotubes as they have 6 times greater mechanical, physicochemical highest thermal
conductivity, lightweight density than other nanostructure materials. CNTs performance an
essential role in the area of engineering, chemical manufacturing, optics, microelectronic
cooling and material science. The concept of CNTs was originally invented in 1991 by
Lijima (1991). Ameen et al. (2019) have explored the consequence of hall current and iron-
slip on 3-D stream on kerosine-based CNTs past a permeable stretching surface. Hayat et al.
(2019b) have discovered the analytical solutions of Darcy–Forchheimer flow of water-based
CNTs induced by a rotating disc convectively heated using OHAM. The ethylene glycol-
based nanofluid flow containing CNTs of both categories under the effect of MHD, thermal
slip, and modified heat flux amid rotating stretchable disc was examined by Tulu and Ibrahim
(2020). Sajid et al. (2021) examined the effects of Maxwell velocity slip and Smoluchowski
temperature slip on CNTs of Reiner–Philippoff model using modified Fourier theory. Recent
studies involving carbon nanotubes and magnetite amalgamated fluid flow can be found in
Sajid et al. (2021), Tassaddiq et al. (2020), Saba et al. (2019), Bilal et al. (2021), Tulu and
Ibrahim (2021) and Saeed et al. (2021) and many others.

In 1889, SvanteArrhenius proposed the phrase “activation energy”. It is the least obligatory
energy required by a chemical process containing potential reagents to produce a chemical
reaction. This phenomenon has a broad range of applications in the fields of chemical engi-
neering, oil emulsion, food processing, geothermal engineering, oil reservoirs etc. Initially,
the free convection flow of binary blend in a permeable space with activation energy was
suggested by Bestman (1990). Sajid et al. (2020) have scrutinized the dynamic behavior of
Maxwell–Sutterby nano liquid under the influence of activation energy and thermal source-
sink which can transmit heat. Umar et al. (2019) have discussed the effect of velocity slip and
activation energy of three-dimensional Eyring–Powell fluid flow over a stretching surface.
Further, the consequence of activation energy in the binary chemically reactive flow of hybrid
nanoliquids with numerous features has been reviewed by some authors (Prashar and Ojjela
2022; Ramesh and Madhukesh 2021; Swain et al. 2022).

Group Method of Data Handling (GMDH) algorithm is a self-organizing approach for
solving a variety of complex or nonlinear problems. It is used to find the data modeling for
complex problems and provides optimal solutions. In recent days, GMDH has grown very
fast because of this model highly efficient model to provide solutions for complex prob-
lems. It is applied in many areas for discovering knowledge, data mining, optimization, and
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complex pattern recognition. It used many applications such as image processing, resource
management, software, chemical, and health. Initially, the GMDH model was developed by
Ivakhnenko (1971). Li et al. (2020) have investigated the development of artificial intelli-
gence based on various techniques to predict the iron ore price. Their outcomes showed
that the GMDH method is highly efficient than the other techniques. Atashrouz and Rah-
mani (2020) have examined the accuracy of the GMDH technique to predict the hydrogen
storage capacity of metal–organic frameworks. Mathew Nkurlu et al. (2020) have estimated
the permeability of well log data using the GMDH neural network. Fathi et al. (2020) have
employed the GMDHnetwork for experimental data of the heat transfer between curve-linear
contact geometries using the inverse technique. The application of the GMDH network can
be helpful for finding the solution to nonlinear systems of the hybrid nanofluid flow of the
Sutterby model in the presence of thermal radiation and activation energy.

To the best of the author’s knowledge from the above-mentioned literature survey, thermal
and energy transport ofMHDSutterby hybrid nanofluid flowwith activation energy using the
GMDH network is not reported yet. These hybrid nanofluid flows of the Sutterby model have
been applied in the energy sectors such as electrolytes, steam generators, concrete heating,
laminating, catalysis and oil emulsion. As a result, the present work focuses on this topic.
A novel architecture of data handling method, GMDH is incorporated for predicting friction

coefficient (
�

C f x ), rate of heat transport
(�

Htx

)

, and rate of nanoparticle transport (
�

Ntx ) of

MHD Sutterby hybrid nanofluid. With adequate thermal radiation and activation energy with
binary chemical reaction, the dynamicmodel is transformed into a system ofODEs. To obtain
the numerical results, the RKF-45 assimilation scheme together with the shooting method is
used. The efficiency and performance of GMDH network model is verified by comparing the
results with the numerical solution of the MHD Sutterby hybrid nanofluid through analyzes
of error, graphical outcomes of statistical validation errors and R2. It converges expeditiously
with the numerical results, and the efficiency of the results is quite sound.

2 Mathematical formulation

2.1 Physical configuration

Thermal and energy transportation for the steady 2-D incompressible radiative magnetohy-
drodynamic flow of hybrid nanoparticles (CNTs−Fe3O4/C2H6O2) in Sutterby nanofluid
across a moving wedge with activation energy has been considered. The expressions
�
u e

(

�
x
)

� �

U ∞
�
x m and

�
uw

(

�
x
)

� �

Uw
�
x m depicts the free stream and stretching veloc-

ity. Here λ � 2m
m+1 , where m and Î» are the power law index and the angle parameter

of wedge respectively, while the total angle of the wedge is defined by λπ � �

� ∗. The
temperature and nanoparticle concentration of the wedge surface are

�

Tw and
�

Cw while the
ambient temperature and nanoparticle concentration of the hybrid Sutterby nanofluid are
�

T∞
(

<
�

Tw

)

and
�

C∞
(

<
�

Cw

)

, respectively. The magnetic field intensify
�

b
(

�
x
)

� B0
�
x

m−1
2

is carried out perpendicularly to the surface of a wedge as shown in Fig. 1. The vector form
of the governing equations of the present physical flow problem can be expressed as follows
(Ramesh et al. 2021; Haider et al. 2021):

∇ · −→q � 0, (1)
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Fig. 1 Systematic diagram for the flow field

ρhnf
[(−→q · ∇)−→q ] � −∇P + ∇ · S +

−→
J × −→

B , (2)

(3)

(

ρcp
)

hnf

[

(�q · ∇) �

T
]

� ∇ ·
(

khnf∇
�

T
)

− ∇ · �
qr

+ τ

[

DB∇ �

C · ∇ �

T +
DT
�

T∞

(

∇ �

T · ∇ �

T
)

]

+ μhnf�,

(−→q · ∇)�b �C� DB∇2�

C +
DT
�

T∞
∇2 − kr

2
(�

C − �

C∞
)

( �

T
�

T∞

)

�

N0

exp

(

−Ea

kbf
�
T ∞

)

. (4)

here, −→q �
[

�
u
(

�
x ,

�
y
)

,
�
v
(

�
x ,

�
y
)]

,
�

T � �

T
(

�
x ,

�
y
)

,
�

C � �

C
(

�
x ,

�
y
)

and
−→
J ×

−→
B � −σb f

�

b−→q denote the velocity, temperature, concentration vectors and the

Lorentz force, respectively. Moreover,
�
qr is the radiative heat flux and � � 1 −

̂β2
1
6

[

4
(

∂
�
u

∂
�
x

)2
+

(

∂
�
u

∂
�
y
+ ∂

�
v

∂
�
x

)2
]n

is the viscous dissipation function.

2.2 Flow description

The rheological model of stress tensor and incompressible flow of a Sutterby nanofluid can
be followed as in Haider et al. (2021)

S � μ́0

(

sin h−1
(

̂β1ω̇
)

̂β1ω̇

)n

Á1, (5)
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with

Á1 � (∇−→q ) + (∇−→q )T, (6)

ω̇ �
√

∑

i

∑

j

ω̇1i ω̇ j1 �
√

�́

2
, (7)

�́ � trace
(

Á1

)2
, (8)

In the above expressions ̂β1 and n are the materials constant, whereas μ́0, ω̇, Á1 and �́

denote the viscosity at the low sheer rates, the sheer stress, the first tensor of Rivlin–Erickson
and the second invariant strain tensor, respectively. Using the expansion of sin h−1 byTaylor’s
series approximation, and as ̂β1ω̇ << 1, we have the viscosity of Sutterby nanofluid is

μ � μ́0

(

sinh−1
(

̂β1ω̇
)

̂β1ω̇

)n

∼� μ́0

(

1 −
(

̂β1ω̇
)2

6

)n

. (9)

In view of the foregoing assumptions, the boundary layer equations of hybrid Sutterby
nanofluid are expressed as (Shanmugapriya et al. 2021; Khan et al. 2020; Gopi Krishna and
Shanmugapriya 2021),

∂
�
u

∂
�
x
+

∂
�
v

∂
�
y

� 0, (10)

(

�
u

∂
�
u

∂
�
x
+ �

v
∂

�
u

∂
�
y

)

� �
ue

d
�
ue

d
�
x

+ ϑhnf
∂2

�
u

∂
�
y
2

⎛

⎝1 − β̂2
1

6

(

∂
�
u

∂
�
y

)2
⎞

⎠

n

− ϑhnf
∂2

�
u

∂
�
y
2

nβ̂2
1

3

(

∂
�
u

∂
�
y

)2
⎛

⎝1 − β̂2
1

6

(

∂
�
u

∂
�
y

)2
⎞

⎠

n−1

+
σbf B̃2 (x)

ρhnf

(

�
ue − �

u
)

(11)

(12)

⎛

⎝

�
u

∂
�

T

∂
�
x
+ �

v
∂

�

T

∂
�
y

⎞

⎠ � khnf
(

ρcp
)

hnf

∂2
�

T

∂
�
y
2 +

μhnf
(

ρcp
)

hnf

⎛

⎝1 − β̂2
1

6

(

∂
�
u

∂
�
y

)2
⎞

⎠

n (
∂

�
u

∂
�
y

)2

+ τ

⎛

⎜

⎝DB
∂

�

T

∂
�
y

⎛

⎝

∂
�

C

∂
�
y

⎞

⎠ +
DT
�

T∞

⎛

⎝

∂
�

T

∂
�
y

⎞

⎠

2
⎞

⎟

⎠− 1
(

ρcp
)

hnf

× ∂
�
qr

∂
�
y

,

⎛

⎝

�
u

∂
�

C

∂
�
x
+ �

v
∂

�

C

∂
�
y

⎞

⎠ � DB
∂2

�

C

∂
�
y
2 +

DT
�

T∞

∂2
�

T

∂
�
y
2 − k2r

(

�

C − �

C∞
)

⎛

⎝

�

T
�

T∞

⎞

⎠

ñ0

exp

⎛

⎝

−Ea

kb f
�
T ∞

⎞

⎠

.

(13)

Related boundary constraints are

�
u (

�
x , 0) � �

uw

(

�
x
)

,
�
v (

�
x , 0) � 0,

�

T � �

TW,
�

C � �

CW, at
�
y � 0, (14)

�
u
(

�
x ,∞

)

→ �
u e,

�

T → �

T∞,
�

C → �

C∞, at
�
y � ∞. (15)
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where
(

�
u ,

�
v
)

represents the velocity ingredients of nanofluid in
�
x and

�
y , respectively.

ϑhnf , ρhnf , khnf , μhnfand
(

ρcp
)

hnf
are the kinematic viscosity, density, thermal conductivity,

dynamic viscosity and heat capacity of the hybrid nanofluid, σbf is the electrical conductivity
of the base fluid, τ is the ratio of heat capacity of the nanoparticle, DBandDT are theBrownian
and thermophoresis diffusion coefficient, respectively. Furthermore, in Eq. (13), Ea is the

modified Arrhenius function, kr is the rate of chemical reaction in which kr2 � k0
�
x m−1, k0

is the physical constant.
The radiative heat flux qr is described by the Rosseland approximation as follows:

qr � −4σ ∗

3k∗
∂

�

T4

∂
�
y

, (16)

where σ ∗ and k∗ represent the Stefan–Boltzmann constant and mean absorption coefficient,
respectively. It is noted that the Rosseland approximation limits the current analysis to fluids

that are optimally thick. Because
�

T 4 can be expressed as a linear function of temperature,
we assume that the temperature difference on the flow is very small.

Consequently, neglecting higher-order terms while expanding
�

T4 in a Taylor series about
�

T∞, we get

�

T 4 ≡ 4
�

T
3

∞
�

T − 3
�

T
4

∞, (17)

Utilizing (16) in (17), we obtain

∂
�
q r

∂
�
y

� −16σ ∗T∞3

3k∗
∂2

�

T

∂
�
y 2

, (18)

Using Eq. (18), the Eq. (12) was reduced to

(19)

⎛

⎝

�
u

∂
�

T

∂
�
x
+ �

v
∂

�

T

∂
�
y

⎞

⎠ � khnf
(

ρcp
)

hnf

∂2
�

T

∂
�
y
2 +

μhnf
(

ρcp
)

hnf

⎛

⎝1 − β̂2
1

6

(

∂
�
u

∂
�
y

)2
⎞

⎠

n (
∂

�
u

∂
�
y

)2

+ τ

⎛

⎜

⎝DB
∂

�

T

∂
�
y

⎛

⎝

∂
�

C

∂
�
y

⎞

⎠ +
DT
�

T∞

⎛

⎝

∂
�

T

∂
�
y

⎞

⎠

2
⎞

⎟

⎠ +
16σ ∗T 3∞

3k∗ (ρcp
)

hnf

× ∂2
�

T

∂
�
y
2 .

2.3 Thermo-physical attributes of CNTs hybrid nanofluid

The hybrid nanofluid includes the nanoparticles CNTs and Fe3O4 suspended in regular fluid
ethylene glycol (C2H6O2). Table 1 exhibits the mathematical relation for the thermo physical
attributes of nanofluid as well as hybrid nanofluid. Here, ϕ1 and ϕ2 are the solid volume
fractions of Fe3O4 and CNTs. The variables ρs1, ρs2,

(

ρcp
)

s1
,
(

ρcp
)

s2
, ks1andks2 represent

the densities, heat capacity and thermal conductivity of Fe3O4 and CNTs nanocomposites,
respectively. The thermophysical characteristic of base solvent and nano materials are listed
in Table 2 (Gul et al. 2020; Ghadikolaei et al. 2018).
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Table 1 Thermo-physical characteristics of the nanofluid and hybrid nanofluid (Waini et al. 2020b; Ali et al.
2021)

Property Nanofluid Hybrid nanofluid

Dynamic viscosity (μ) μnf � μbf
(1−ϕ1)

2.5 μhnf � μbf
(1−ϕ1)

2.5(1−ϕ2)
2.5

Density (ρ) ρnf � (1 − ϕ1)ρbf + ϕ1ρs1 ρhnf �
(1 − ϕ2)((1 − ϕ1)ρbf + ϕ1ρs1) + ϕ2ρs2

Heat capacity (ρcp)
(

ρcp
)

nf �
(1 − ϕ1)

(

ρcp
)

bf + ϕ1
(

ρcp
)

s1

(

ρcp
)

hnf �
(1 − ϕ2)

(

(1 − ϕ1)
(

ρcp
)

bf + ϕ1
(

ρcp
)

s1

)

+

ϕ2
(

ρcp
)

s2

Thermal conductivity
(k)

knf
kbf

� ks1+2kbf−2ϕ1(kbf−ks1)
ks1+2kbf +ϕ1(kbf−ks1)

khnf
knf

� ks2+2knf−2ϕ2(knf−ks2)
ks2+2knf +ϕ2(knf−ks2)

where knf � kbf
(

ks1+2kbf−2ϕ1(kbf−ks2)
ks1+2kbf +ϕ1(kbf−ks2)

)

Table 2 Thermo-physical attributes of nano additives and ethylene glycol

Properties Regular fluid Nanoparticles

C2H6O2 SWCNT MWCNT Fe3O4

? (kg m3) 1115 2600 1600 5200

cp (J/kg/K) 2430 425 796 670

k (W/m/K) 0.253 6600 3000 6

2.4 Similarity conversion

The following similarity transformations are used to get the non-dimensionalisation of Eqs.
(11), (13) and (19).

ψ �
√

2ϑbf
�
x

�
ue

m + 1
f (ξ), ξ �

√

√

√

√

(m + 1)
�
ue

2ϑbf
�
x

�
y, θ(ξ) �

�

T − �

T∞
�

Tw − �

T∞
, φ(ξ) �

�

C − �

C∞
�

Cw − �

C∞
,

(20)

here, ψ is the stream function that satisfies Eq. (10) with the velocities
�
u and

�
v as

(21)

�
u � ∂ψ

∂
�
y

� �

U∞
�
x
m
f ′ (ξ ) , �

v � −∂ψ

∂
�
x

� −
⎡

⎢

⎣

√

ϑb f
�

U∞ (m + 1)

2
�
x

(

m−1
2

)

(

f (ξ ) + ξ

(

m − 1

m + 1

)

f ′ (ξ )
)

⎤

⎥

⎦ ,
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by employing Eqs. (20) and (21), the Eqs. (11), (13), (14), (15) and (19) can be transmuted
as

(22)

f ′′′
[

1 − ReDe

6

(

m + 1

2

)

(

f ′′)2
]n

− n

3
ReDe

(

m + 1

2

)

(

f ′′)2 f ′′′
[

1 − ReDe

6

(

m + 1

2

)

(

f ′′)2
]n−1

+
ε2

ε1

(

2m

m + 1

)

(

1 − f
′2)

+
ε2

ε1
f f ′′ + ε1

(

2

m + 1

)

M
(

1 − f
′) � 0,

(23)

(

1 +
Rd

ε4

)

θ ′′ + Pr
ε3

ε4

(

f θ
′
+ Nbθ

′
φ

′
+ Nt

(

θ
′)2
)

+ Pr
ε1

ε4
Ec
(

f ′′)2
[

1 − ReDe

6

(

m + 1

2

)

(

f ′′)2
]n

� 0,

φ′′ + Le f φ
′
+

Nt

Nb
θ ′′ − Le

(

2σ

m + 1

)

(1 + δθ)
�
N0exp

( −E

1 + δθ

)

φ � 0. (24)

where ε1 � 1
(1−ϕ1)

2.5(1−ϕ2)
2.5 , ε2 � (1 − ϕ2)

[

(1 − ϕ1) + ϕ1

(

ρs1
ρbf

)]

+ϕ2

(

ρs2
ρbf

)

, ε3 �
(1 − ϕ2)

[

(1 − ϕ1) + ϕ1

(

(ρcp)s1
(ρcp)bf

)]

+ϕ2

(

(ρcp)s2
(ρcp)bf

)

, ε4 � khnf
kbf

.

The transmuted boundary conditions are

f � 0, f
′ � γ , θ � 1, φ � 1atξ � 0, (25)

f
′ � 1, θ � 0, φ � 0atξ → ∞. (26)

whereas the physical parameters associated Eqs. (22)–(24) and (25) are:

M � σbf B02

ρbf
�
U∞

(Magnetic parameter), γ �
�

Uw
�
U∞

(moving wedge parameter), Re �
�

U∞
�
x m+1

ϑbf

(Reynolds number), De � �

U
2

∞̂β2
1

�
x2m (Deborah number), Pr � ϑbf

αbf
(Prandtl number),

Nb � DBτ
(�
Cw−�

C∞
)

ϑbf
(Brownian motion parameter), Nt � DTτ

(�
Tw−�

T∞
)

ϑbf
�
T∞

(thermophoresis

parameter), Rd � 16σ ∗ �

T∞
3

3kbf k∗ (radiation parameter), Ec �
�

U
2

∞
�
x 2m

(cp)b f
(�
Tw−�

T∞
) (Eckeret number),

Le � ϑbf
DB

(Lewis number), δ �
(�
Tw−�

T∞
)

�
T∞

(heat source parameter), σ � k20
�
U∞

(rate of a

chemical reaction), E � Ea

κ
�

T∞
(activation energy).

2.5 Physical quantities

The three key important physical quantities of this present analysis are as follows:

�

C fx �
μhnf

[(

1 − β̂2
1
6

(

∂
�
u

∂
�
y

)2
)n(

∂
�
u

∂
�
y

)

]∣

∣

∣

∣

∣�
y�0

ρu2w
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� 1

(1 − ϕ1)
2.5(1 − ϕ2)

2.5

√

m + 1

2
f ′′(0)

√

1

Re

[

1 − ReDe

6

(

m + 1

2

)

(

f ′′(0)
)2
]n

,

�

H tx �
�
x

[

−khnf
∂

�
T

∂
�
y

∣

∣

∣

∣�
y�0

− 16σ ∗
3k∗

(

�

T
3

∞ ∂
�
T

∂
�
y

)∣

∣

∣

∣�
y�0

]

kbf

(

�

Tw − �

T∞
) � − khnf

kbf

√
Re

√

m + 1

2
[1 + Rd]θ

′(0) ,

�

Ntx �
−�
xDB

∂C̃

∂
�
y

∣

∣

∣

∣�
y�0

DB

(

�

Cw − �

C∞
) � − √

Re

√

m + 1

2
ϕ′(0). (27)

where Re �
�
u e

�
x

ϑbf
exemplifies the local Reynolds number.

3 Methodology

3.1 Numerical simulation

The coupled nonlinear ODEs (22)–(24) with transmuted boundary conditions (25) and (26)
are lessened to thefirst order systembyusing the following approach,which is further resolved
through the shooting technique combined with RKF-45 integration scheme (Elayarani et al.
2021).

f � p1, f
′ � p2, f ′′ � p3, θ � q1, θ

′ � q2, φ � r1, φ
′ � r2,

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

f ′′′ � p
′
3 � − ε2

ε1

(

2m
m+1

)

(

1− p22
)− ε2

ε1
p1 p3−ε1

(

2
m+1

)

M(1−p2)
(

1−ReDe
6

(

m+1
2

)

p23

)n− n
3ReDe

(

m+1
2

)

p23

(

1−ReDe
6

(

m+1
2

)

p23

)n−1 ,

θ ′′ � q
′
2 � − Pr ε3

ε4

(

p1q2+Nbq2r2+Ntq22
)−Pr ε1

ε4
Ecp23

(

1−ReDe
6

(

m+1
2

)

p23

)n

(

1+
Rd
ε4

) ,

φ′′ � r
′
2 � − Lep1r2 − Nt

Nbq
′
2 + Le

( 2σ
m+1

)

(1 + δq1)ñ0exp
( −E
1+δq1

)

r1 ,

(28)

with the corresponding initial conditions

p1 � 0, p2 � γ , p3 � α1, q1 � 1, q2 � α2, r1 � 1, r2 � α3 at ξ � 0,
p2 → 1, q1 → 0, r1 → 0 as ξ → ∞.

}

. (29)

To solve (28) and (29), initial guesses are formed for the unknown initial values α1, α2,
and α3, and numerical integration is accomplished using the Runge–Kutta–Fehlberg (RKF)
fourth-fifth order integration scheme. When the computed values of f

′
(ξ), θ(ξ) and φ(ξ) as

ξ → ∞ are compared with the specified boundary conditions f
′
(∞) � 1, θ(∞) � 0 and

φ(∞) � 0, the values of α1, α2, and α3 are adjusted to obtain a better approximation, and the
procedure is repeated until convergence with an error of < 10−5 is obtained. The framework
of the present flow model is presented in Fig. 2.

A comparison is made between the present results and previously published literature to
verify the accuracy of our numerical scheme.Validation of numerical computations (RKF-45)

of the friction coefficient ((
�

C f x ) for various values of m is accomplished by comparing the
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Fig. 2 Work flow diagram for the Sutterby hybrid nanofluid

results of the current investigations with those of Yacob et al. (2011) (Keller-box method),
Gopi Krishna and Shanmugapriya (2021) (HPM method), and Tulu and Ibrahim (2019)
(SQLM method) as shown in Tables 3. The calculated results of the friction factor are in
good accord with the published results.

3.2 Groupmethod of data handling

GMDH concept is related to the ANN model as a shape of the complicated human brain
network represented by non-linear functions of a parallel acting approach. This network
structure is a self-organizing method in which the behavior system is identified by evaluating
its performance over a set of multi-input with respect to single-output data sets. This model
constructs an analytical function of a feed-forward network based on the quadratic node
transmission feature, whose coefficients are determined by a regression model. Using the
GMDH algorithm, a model is visualized as a set of neurons over different sets thereby every
layer is normally interconnected via a second-degree polynomial treated as neurons of the
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Table 3 Comparison of f ′′ (0) when M � γ � Re � De � ϕ1 � ϕ2 � n � 0

m Yacob et al. (2011)
(Keller-box)

Gopi Krishna and
Shanmugapriya (2021)
(HPM)

Tulu and Ibrahim
(2019) (SQLM)

Present results
(RKF-45)

0 0.4696 0.4932 0.46960 0.4696

1/11 0.6550 0.6875 0.65498 0.6550

1/5 0.8021 0.8467 0.80213 0.8021

1/3 0.9277 0.9708 0.92768 0.9277

1/2 1.0389 1.0598 1.03907 1.0389

1 1.2326 1.1324 1.23258 1.2326

adjacent layer. These sorts of illustrations hired to map inputs area to outputs area. The
general structure of the GMDH neural network is shown in Fig. 3. The functional prediction
(

̂F
)

have to be done such that it could be utilized in preference to the actual (F) function.
For a given input vector SI � (s1, s2, s3, . . . sN ) the predicted parameter

(

̂O
)

value ought
to be near the actual value of (O) (Harandizadeh et al. 2021). For that purpose, supplied L
observations regarding multivariable input– single variable output data set:

Oi � F(si1, si2, si3, . . . si N ), (i � 1, 2, 3, . . . , L). (30)

The GMDH network is trained to categorise every input variable represented by

Fig. 3 General structure of GMDH model

123



Prediction of thermal and energy transport of MHD Sutterby hybrid … Page 15 of 39 312

Fig. 4 Upshots of m on f
′
(ξ)

Fig. 5 Upshots of M on f
′
(ξ)

̂Oi � ̂F(si1, si2, si3, . . . si N ), (i � 1, 2, 3, . . . , L). (31)

The fundamental idea of this model ensures the minimum value that can be obtained from
the difference between the predicted and actual values as given in the following

L
∑

i�1

[

̂F(si1, si2, si3, . . . si N ) − Oi
]2 → Min (32)

The above expression is of the form Volterra–Kolmogorov–Gabor polynomial through
GMDH model given by

O � b0 +
N
∑

i�1

bi si +
N
∑

i�1

N
∑

j�1

bi j si s j +
N
∑

i�1

N
∑

j�1

N
∑

k�1

bi jksi s j sk + . . . . (33)
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Fig. 6 Upshots of Î3 on f
′
(ξ)

Fig. 7 Upshots of De on f
′
(ξ)

The shape of the mapping in every neuron is simplified using the output calculated from
the pair of polynomials corresponding to the given data sets as

̂O � G
(

si , s j
) � b0 + b1si + b2s j + b3si s j + b4si

2 + b5s j
2 (34)

where bi ís are calculated from the pair of regression equations. The difference between the
actual output O and predicted output ̂O for each si and s j is minimized.

Er � 1

L

L
∑

i�1

(

Oi − G
(

si , s j
))2 → Min. (35)

In GMDH method, to determine the coefficient for all above second order polynomials
using a method of least square. Hence, the total of

( N
2

) � N (N−1)
2 neurons are made in the

123



Prediction of thermal and energy transport of MHD Sutterby hybrid … Page 17 of 39 312

Fig. 8 Upshots of Re on f
′
(ζ )

Fig. 9 Upshots of ϕ1 on θ(ζ )

second layer of the network which could be expressed as below.

{(Oi , siz, sit )/(i � 1, 2, 3, . . . L)&(z, t ∈ 1, 2, 3, . . . , N )}. (36)

For a set of data points, the above Eq. (34) can be rewritten in matrix form

Ab � Y , (37)

b � {b0, b1, b2, b3, b4, b5}, (38)

Y � {o1, o2, o3, . . . , oL }T, (39)
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Fig. 10 Upshots of ϕ2 on θ(ξ)

Fig. 11 Upshots of ϕ1 on φ(ξ)

A �

⎡

⎢

⎢

⎣

1 s1z s1t s1zs1t s1z2 s1t 2

1 s2z s2t s2zs2t s2z2 s2t 2

. . . . . . . . . . . . . . . . . .

1 sLz sLt sLzsLt sLz2 sLt 2

⎤

⎥

⎥

⎦

. (40)

Using the multivariate least square model, the co-efficients are determined as follows

b � (

ATA
)−1

ATY . (41)

This process is continued for each hidden neuron layer consisting of the GMDH network
topology.
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Fig. 12 Upshots of ϕ2 on φ(ξ)

Fig. 13 Upshots of Nb on θ(ξ)

In this work, the GMDH models were constructed for predicting the skin friction (
�

C f x ),

heat transfer rate
(�

Htx

)

, and nanoparticle transfer rate ((
�

N tx ) numbers. The numerical sim-

ulated input–output pairs (156 pairs) of data points with respect to the parameters such
as m,Re,De, M, ϕ1, ϕ2, γ ,Nb,Nt, Rd,Ec,Pr,Le, E, δ, σ and the corresponding output

parameters
�

C f x ,
�

Htx and
�

N tx were employed for training the GMDH model. The data
pairs were partitioned into two subsets, training (70%) and testing (30%) of the network.
To estimate the performance of this model, the following standard statistical measures were
used namely: mean square error (MSE), mean absolute error (MAE), root mean square error
(RMSE) and coefficient of determination R2 (Gopi Krishna et al. 2022).

MSE � 1

Nds

Nds
∑

i�1

(

Ti − ̂Pi
)2

. (42)
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Fig. 14 Upshots of Nb on φ(ξ)

Fig. 15 Upshots of Nt on θ(ξ)

MAE � 1

Nds

Nds
∑

i�1

|Ti − ̂Pi |. (43)

RMSE �
√

√

√

√

1

Nds

Nds
∑

i�1

(

Ti − ̂Pi
)2

. (44)

R2 � 1 −
∑Nds

i�1

(

Ti − ̂Pi
)2

∑Nds
i�1

(

Ti − T
)2 . (45)

Errormean � 1

Nds

Nds
∑

i�1

(

Ti − ̂Pi
)

. (46)
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Fig. 16 Upshots of Nt on φ(ξ)

Fig. 17 Upshots of Ec on θ(ξ)

Errorstd �
√

√

√

√

1

Nds − 1

Nds
∑

i�1

(

Ei − E
)

. (47)

here, Nds, Ti , ̂Pi ,
−
T , Ei and E denotes the number of data set, specified target value, predicted

value, average measure, actual measured value and the model outputs, respectively.
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Fig. 18 Upshots of Rd on θ(ξ)

Fig. 19 Upshots of Le on φ(ξ)

4 Results and discussion

4.1 Hydrodynamic and thermal boundary layers

In this portion, we have confined the graphical analysis of the sundry parameters ver-

sus involved profiles such as speed
(

f
′
(ξ)
)

, thermal (θ(ξ)), and focus (φ(ξ)) for hybrid

Sutterby nanofluid. Their outcomes are interpreted by Figs. 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 18, 19, 20, 21 and 22. It is illustrated the graphs on each
parameter differ over some domain, and the remaining parameters have fixed the quan-
tities m � De � Nt � 0.1, ϕ1 � ϕ2 � 0.02, M � γ � Re � Ec � δ �
σ � 0.5,Nb � 0.2, Rd � 1, E � 1,Le � 1.2,Pr � 6.2, n � 0.5and

�

N 0 �
0.5 for computational purpose. Comparative analysis of (Fe3O4−C2H6O2) nanofluid,
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Fig. 20 Upshots of σ on φ(ξ)

Fig. 21 Upshots of δ on φ(ξ)

(SWCNT−Fe3O4/C2H6O2) and (MWCNT−Fe3O4/C2H6O2) hybrid nanofluids are noticed
and the effects ofm, M, γ ,DeandRe on f

′
(ξ) are depicted in Figs. 4, 5, 6, 7 and 8. The after-

math ofm (Hartree parameter) on the velocity field is illustrated in Fig. 4. Growing values of
m escalates f

′
(ξ). In general, increasing Hartree parameter m values exert more pressure on

the flow, which tends to enhance the velocity field f
′
(ξ). Figure 5 visualizes the influence

of M(magnetic parameter) on f
′
(ξ). It is discerned that rising values of M increases the

velocity distributions of (SWCNT−Fe3O4/C2H6O2), (MWCNT−Fe3O4/C2H6O2) hybrid
nanofluids and (Fe3O4−C2H6O2) nanofluid. Physically, this occurs because of the reality
that with amplifying the values of M , the Lorentz force raises, which elevates the retarding
force to the movement of hybrid nanofluid CNTs and nanofluid Fe3O4. Variation of f

′
(ξ)

with γ (moving wedge parameter) is captured in Fig. 6. It is depicted that f
′
(ξ) is enhanced

for higher estimation of γ . As is well known, high values of γ causes more pressure to flow
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Fig. 22 Upshots of E on φ(ξ)

Fig. 23 Upshots of M and m on
f ′′(0) for
SWCNT−Fe3O4/C2H6O2

of velocity field. The consequence of De (Deborach number) on f
′
(ξ) is sketched in Fig. 7.

It is perceived that, exaggerate of De lead to strengths of the velocity distribution f
′
(ξ). Sci-

entifically, the Deborah number, which characterize the viscoelastic feature of the material
is calculated as the proportion of the distinctive time to the time scale of deformation. The
solidity of the material is greater with a higher Deborah number and for smaller values of
Deborah number the fluidity increases. Hence, this validates that the augmentation in the
Deborah number accelerates the fluid movement of the material. Figure 8 illuminates the
influence of Re (Reynolds number) on f

′
(ξ). As Re elevates, the velocity distribution f

′
(ξ)

upturns because the viscous force dominates the inertial force which cause a raises of fluid
flow.

The effects of solid volume fraction ϕ1ofFe3O4andϕ2ofCNTs on the thermal situation
θ(ξ) and concentration φ(ξ) of (Fe3O4−C2H6O2) nanofluid, (SWCNT−Fe3O4/C2H6O2)

123



Prediction of thermal and energy transport of MHD Sutterby hybrid … Page 25 of 39 312

Fig. 24 Upshots of ϕ1 and γ on
f ′′(0) for
SWCNT−Fe3O4/C2H6O2

Fig. 25 Upshots of Re and De on
f ′′(0) for
SWCNT−Fe3O4/C2H6O2

and (MWCNT−Fe3O4/C2H6O2) hybrid nanofluids are demonstrated in Figs. 9, 10, 11 and
12. By upsurge of ϕ1andϕ2 in C2H6O2, increase the temperature and decrease the con-
centration boundary layer thicknesses and hence θ(ξ) rises and φ(ξ) play down. The hybrid
nanofluids (CNTs−Fe3O4/C2H6O2) concentration leans to have smaller values as correlated
to the ferrofluids, while hybrid nanoliquid (CNTs−Fe3O4/C2H6O2) temperature distribution
θ(ξ) is higher prominent. Figures 13, 14, 15 and 16 captured the significance of Nb and Nt
(Browanian and thermophoresis parameter) on θ(ξ) and φ(ξ). From Figs. 13 and 14, high-
lights an augmented θ(ξ) for the growing strength of Nb, whereas decrementing behavior
of φ(ξ) for raising Nb is noted. This by virtue of the zigzag movement and the colliding of
macroscopic particles in fluid impairments with enhancing values of Nb. It is viewed from
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Fig. 26 Upshots of Nt and Nb on
θ ′(0) for
SWCNT−Fe3O4/C2H6O2

Fig. 27 Upshots of Ec and Rd on
θ ′(0) for
SWCNT−Fe3O4/C2H6O2

Figs. 15 and 16 that by enlarging the value of Nt there is raising in θ(ξ) and φ(ξ).This defines
that the concentration profile and temperature get boosted through the departing of nano par-
ticles from a hot surface to a cold surface. Figure 17 renders the repercussion of Ec (Eckert
number) on θ(ξ) of the CNTs and Fe3O4. With the augmentations of Ec, the temperature
profile is θ(ξ) increases in the case of nanofluid Fe3O4 and hybrid nanofluid CNTs. Conse-
quently, the production in Ec reinforces the kinetic energy due to which warmth boundary
layer of nanoparticles intensifies. The impact of θ(ξ) of the nanofluid (Fe3O4) and hybrid
nanofluid (CNTs) versus on Rd (Radiation parameter) is exhibited in Fig. 18. As raises in Rd

indicates enhancement in the thermal field of nanoparticles Fe3O4 and hybrid nanoparticles
CNTs. Therefore, the hybrid motion of the transportation power of solid nanomaterials of
heat radiation is enhanced.

Figure 19 interprets the consequence of Le (Lewis number) on φ(ξ). As Le is height-
ended, the concentration distribution φ(ξ) is weakened because of the diffusivity of the mass
degradation. Figure 20 inspects that the concentration distribution φ(ξ) tends to dwindling

123



Prediction of thermal and energy transport of MHD Sutterby hybrid … Page 27 of 39 312

Fig. 28 Upshots of ϕ2 and Pr on
θ ′(0) for
SWCNT−Fe3O4/C2H6O2

Fig. 29 Upshots of E and Le on
φ′(0) for Fe3O4/C2H6O2

on upsurging σ (dimensionless reaction rate). Substantially, improving values of σ leads to
an enhance in the term.

σ(1 + δθ)
�
N
0 exp

( −E
1+δθ

)

which contributes to catastrophic kr (Chemical reaction rate) that
reduces φ(ξ). The explanation for this behaviour is that the mass transfer rate is improved
by the destructive chemical rate, which lowers the concentration of nanoparticles. These
factors have an impact on the dampness and temperature destruction fields, resulting in
the destruction of yields due to freezing, and causing vitality to typically move to the
rainy cooling tower. Figure 21 shows that on account of amplifying δ, hybrid nanoparticles
(CNTs−Fe3O4/C2H6O2) and nanoparticles (Fe3O4/C2H6O2) concentration φ(ξ) is abates.
The impression of E (activation energy) in distribution of φ(ξ) is destroyed in Fig. 22.
It is reveals that growing values of E leads to attained greatest level of φ(ξ). As a result
the generative chemical reaction fall down. Therefore, as E augments, the concentration
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Fig. 30 Upshots of σ and δ on
φ′(0) for Fe3O4/C2H6O2

distribution φ(ξ) of the hybrid nanoparticles (CNTs−Fe3O4/C2H6O2) and nanoparticles
(Fe3O4/C2H6O2) booms.

4.2 Surface contour plot analysis for physical interest

The 3D surface contour plots of three key important physical quantities such as friction factor
f ′′(0), rate of heat transport θ ′(0) and rate of nonoparticle transport φ′(0) are explored in
Figs. 23, 24, 25, 26, 27, 28, 29 and 30, respectively. Figure 23 depicts the consequence of
mandM on f ′′(0) for (SWCNT−Fe3O4/C2H6O2) hybrid nanofluid. The surface and contour
plot inform that the growing values of m and M boosts the friction factor f ′′(0) of hybrid
nanofluid (SWCNT−Fe3O4/C2H6O2). Figure 24 demenstrates the upshots of ϕ1 and γ on
f ′′(0). The friction factor f ′′(0) augments asϕ1 heightens, whereas the reverse upshot is seen
on mounting γ . Figure 25 indicates the performance of Re and De on f ′′(0). An enhance
in Re and De strengthens the friction factor f ′′(0). Figures 26, 27 and 28 elucidates the
variations of heat transfer rate θ ′(0) due to Nt, Nb, Rd,Ec,Pr and ϕ2 via contour plots. It
is perceived that on escalating Nt, Nb, Rd,Ec and ϕ2 augments heat transfer rate, whereas,
θ ′(0) diminishes for growing Pr. The impression of mounting values of E , Le, σ and δ are
deliberated in Figs. 29 and 30. An amplifying nature is exhibited by nonoparticle transfer
rate φ′(0) on magnifying E , Le, σ and δ, however, φ′(0) reduces with growing values of σ

and δ. As analysis of results, the friction factor and rate of heat transfer values are greater of
hybrid nanoparticles (SWCNT−Fe3O4/C2H6O2) than that of (MWCNT−Fe3O4/C2H6O2)
and (Fe3O4/C2H6O2) nanofluid, while the nanoparticle transfer rate values are greater for
nanofluid (Fe3O4/C2H6O2) than that of (CNTs−Fe3O4/C2H6O2) hybrid nanofluids.

Table 4 displays that the computational results of friction factor, rate of heat transport and
rate of nanoparticle transport against various physical factors for (SWCNT−Fe3O4/C2H6O2)

hybrid Sutterby nanofluid. It is observed that the
�

C f x R0.5
e and

�

H
tx

R−0.5
e enhances the increas-

ing values of ϕ1, ϕ2, m and M , also the
�

N tx R−0.5
e are reduced as an augmentation of M , σ ,

δ, Nb and Le for (SWCNT−Fe3O4/C2H6O2) hybrid nanofluid. The recogition that
�

C f x R0.5
e

123



Prediction of thermal and energy transport of MHD Sutterby hybrid … Page 29 of 39 312

Ta
bl
e
4
O
ut
co
m
es

of
� C

fx
R
0.
5

e
,

� H
tx
R

−0
.5

e
an
d

� N
t x
R

−0
.5

e
ve
rs
us

flo
w
pa
ra
m
et
er
s

ϕ
1

ϕ
2

D
e

R
e

m
M

γ
N
b

N
t

R
d

σ
δ

E
L
e

� C
fx

R
0.
5

e
� H
tx
R

−0
.5

e
� N
t x
R

−0
.5

e

0.
00

5
0.
63

53
−

0.
53
94

−
1.
00

21

0.
01

0.
63

81
−

0.
53
72

−
1.
00

3

0.
05

0.
65

98
−

0.
51
94

−
1.
01

03

0.
1

0.
68

63
−

0.
49
64

−
1.
01

95

0.
00
5

0.
64

23
−

0.
53
64

−
1.
00

43

0.
02

0.
64

36
−

0.
53
28

−
1.
00

49

0.
04

0.
64

64
−

0.
52
76

−
1.
00

59

0.
06

0.
65

05
−

0.
52
2

−
1.
00

72

0.
1

0.
64

36
−

0.
53
28

−
1.
00

49

0.
5

0.
64

54
−

0.
53
29

−
1.
00

5

0.
7

0.
64

63
−

0.
53
3

−
1.
00

51

1
0.
64

77
−

0.
53
31

−
1.
00

52

0
0.
64

32
−

0.
53
27

−
1.
00

48

0.
5

0.
64

36
−

0.
53
28

−
1.
00

49

1.
5

0.
64

45
−

0.
53
3

−
1.
00

5

2.
5

0.
64

54
−

0.
53
31

−
1.
00

51

0.
1

0.
64

36
−

0.
53
28

−
1.
00

49

0.
3

0.
71

15
−

0.
52
99

−
0.
96

43

0.
4

0.
73

65
−

0.
52
87

−
0.
94

79

0.
5

0.
75

77
−

0.
52
76

−
0.
93

34

0.
3

0.
57

06
−

0.
53
62

−
0.
99

8

123



312 Page 30 of 39 S. G. Krishna et al.

Ta
bl
e
4
(c
on

tin
ue
d)

ϕ
1

ϕ
2

D
e

R
e

m
M

γ
N
b

N
t

R
d

σ
δ

E
L
e

� C
fx

R
0.
5

e
� H
tx
R

−0
.5

e
� N
t x
R

−0
.5

e

0.
5

0.
64

36
−

0.
53
28

−
1.
00

49

0.
8

0.
74

07
−

0.
52
72

−
1.
01

39

1
0.
79

92
−

0.
52
33

−
1.
01

93

0.
3

0.
87

13
−

0.
41
77

−
1.
00

94

0.
5

0.
64

36
−

0.
53
28

−
1.
00

49

0.
7

0.
39

86
−

0.
62
56

−
1.
00

86

0.
9

0.
13

69
−

0.
69
32

−
1.
02

21

0.
1

0.
64
36

−
0.
57
32

−
0.
92

38

0.
2

0.
64
36

−
0.
53
28

−
1.
00

49

0.
3

0.
64
36

−
0.
49
45

−
1.
03

19

0.
4

0.
64
36

−
0.
45
81

−
1.
04

54

0.
1

0.
64

36
−

0.
53
28

−
1.
00

49

0.
15

0.
64

36
−

0.
51
99

−
0.
98

83

0.
2

0.
64

36
−

0.
50
72

−
0.
97

61

0.
25

0.
64

36
−

0.
49
49

−
0.
96

81

1
0.
64

36
−

0.
53
28

−
1.
00

49

1.
5

0.
64

36
−

0.
52
14

−
1.
00

72

2
0.
64

36
−

0.
51
06

−
1.
00

94

2.
5

0.
64

36
−

0.
50
04

−
1.
01

15

0.
1

0.
64

36
−

0.
53
96

−
0.
73

85

0.
3

0.
64

36
−

0.
53
59

−
0.
87

79

123



Prediction of thermal and energy transport of MHD Sutterby hybrid … Page 31 of 39 312

Ta
bl
e
4
(c
on

tin
ue
d)

ϕ
1

ϕ
2

D
e

R
e

m
M

γ
N
b

N
t

R
d

σ
δ

E
L
e

� C
fx

R
0.
5

e
� H
tx
R

−0
.5

e
� N
t x
R

−0
.5

e

0.
5

0.
64

36
−

0.
53
28

−
1.
00

49

0.
7

0.
64

36
−

0.
53
01

−
1.
12

18

0
0.
64

36
−

0.
53
48

−
0.
89

85

0.
5

0.
64

36
−

0.
53
28

−
1.
00

49

1
0.
64

36
−

0.
53
11

−
1.
09

62

1.
5

0.
64

36
−

0.
52
97

−
1.
17

52

1
0.
64

36
−

0.
53
28

−
1.
00

49

2
0.
64

36
−

0.
53
72

−
0.
83

7

3
0.
64

36
−

0.
53
96

−
0.
74

9

4
0.
64

36
−

0.
54
07

−
0.
70

5

0.
5

0.
64

36
−

0.
55
48

−
0.
58

8

0.
8

0.
64

36
−

0.
54
27

−
0.
79

29

1
0.
64

36
−

0.
53
71

−
0.
90

51

1.
5

0.
64

36
−

0.
52
77

−
1.
13

79

123



312 Page 32 of 39 S. G. Krishna et al.

Fig. 31 Structure of evolved for
GMDH model in f ′′(0)

improves the amplitude of Re and De, and boosting
�

Htx R−0.5
e with the rises of Nt, Nb, and

Rd. Further, the rate of nanoparticle transport
�

N tx R−0.5
e enhances with growing values of E

and Nt for (SWCNT−Fe3O4/C2H6O2) hybrid nanofluid.

4.3 Prediction GMDHmodel evaluation

The GMDH model is designed using the effective parameters, namely the number of layers,
the number of neurons, and the selection pressure. The selection pressure factor enables the
system to select the best fit for each stage and move it to the next layer. This process is
repeated until it’s reached the minimum error. A GMDH model of ten layers with twenty
neurons, and 60% selection pressure has been developed and tested to determine its best
performance. The evolved structure of GMDH models on f ′′(0), θ ′(0) and φ′(0) as shown
in Figs. 31, 32 and 33. It can be observed that the first two outputs of f ′′(0) and θ ′(0) contain
9 hidden layers, while the third output φ′(0) contains 10 hidden layers.

The outcomes of the efficiency analysis of GMDH prognosis outputs for training and
testing sets are epitomized in Table 5. The lower MAE error values and bigger R values of
training and testing sets disport the conduct of the GMDH models. The curves between the
numerical and predicted outputs for training and testing phases with statistical performance
including RMSE, MSE, Error mean, and Error StD on f ′′(0), θ ′(0) and φ′(0) are illustrated
in Figs. 34, 35 and 36. As shows that the errors RMSE, MSE, Error mean and Error StD
attain the smallest values of the f ′′(0), θ ′(0) and φ′(0) outputs.

Figures 37, 38 and 39 exhibit the simulated versus predicted values of f ′′(0),θ ′(0) and
φ′(0) for training and testing data sets. In this figure, the symmetrical straight lines are
numerical values and the predicted values are represented near and far away from the straight
lines. The numerical and the predicted values of the GMDH models are in good correlated
with an error less than 3%.
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Fig. 32 Structure of evolved for
GMDH model in θ ′(0)

Fig. 33 Structure of evolved for
GMDH model in φ′(0)

Table 5 Efficiency appraises of the established GMDH models for training and testing data sets

Data sets Friction factor
(�
C f x

)

Rate of heat transfer
(�
Htx

)

Nanoparticle transfer

rate
(�
N tx

)

MAE R MAE R MAE R

Training 0.000198 1 0.004172 0.98363 0.004026 0.9959

Testing 4.68Eâˆ’12 1 0.00155 0.99191 0.004513 0.99847
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Fig. 34 The statistical validation errors with numerical versus predicted values of f ′′(0) (a) training stage
(b) testing stage

Fig. 35 The statistical validation errors with numerical versus predicted values of θ ′(0) (a) training stage
(b) testing stage

5 Concluding remarks

In this article, a radiative magnetohydrodynamic flow of hybrid Sutterby nanofluid past
a moving wedge with activation energy has been investigated. The GMDH models were

developed to predict the friction coefficient ((
�

C f x ), heat transfer rate
(�

Htx

)

, and nanoparticle

transfer rate ((
�

N tx ). The core allegations of this analysis are pointed out as follows:

• θ(ξ) escalates and φ(ξ) degrades by enhance ϕ1 and ϕ2 for both Fe3O4 and CNTs. Fur-
thermore, the concentration distribution is greater in (Fe3O4/C2H6O2) nanofluids than the
(CNTs−Fe3O4/C2H6O2) hybrid nanofluids, whereas SWCNTs emerge to have a greater
impact of temperature distribution θ(ξ) than MWCNTs.

• f ′(ξ) upgrades via m, M, γ ,De and Re.
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Fig. 36 The statistical validation errors with numerical versus predicted values of φ′(0) (a) training stage
(b) testing stage

Fig. 37 Simulated versus predicted f ′′(0) a training stage, b testing stage

• Growing of Rd and Ec intensifies θ(ξ).
• φ(ξ) proliferates by higher Nt and it diminish Nb.
• Improvement of E leads to upswing φ(ξ) and enlargement of Le, σ and δ decay φ(ξ).

• The friction factor ((
�

C f x ) enhances with higher values of ϕ1, Re and De for
(SWCNT−Fe3O4/C2H6O2) hybrid nanofluid.

• The rate of heat transfer (
�

Htx ) magnifies by fluctuating ϕ2 and Rd for

(SWCNT−Fe3O4/C2H6O2) hybrid nanofluid, while the mass transfer rate (
�

Ntx ) abate-
ments due to Le, σ and δ.

• Hybrid nanofluids (CNTs − Fe3O4/C2H6O2) are the fatest agents for the analysis of
thermal transport compared to regular fluids, and this nanoparticle recommented for the
cooling equipment in the engineering applications.
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Fig. 38 Simulated versus predicted θ ′(0) a training stage, b testing stage

Fig. 39 Simulated versus predicted φ′(0) a training stage, b testing stage

• The coefficient of determination R2, RMSE, MSE, Error mean and Error std diagrams
and MRE values display the outcomes achieved from the GMDH models are in excellent
concord with the numerical technique having an errors less than 3%.

• The GMDH models technique is accurate preditable with high efficiency for the thermal
and energy transportation flow of a hybrid Sutterby nanofluid.
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