
PRX QUANTUM 4, 030319 (2023)

Making Trotterization Adaptive and Energy-Self-Correcting for NISQ Devices
and Beyond

Hongzheng Zhao ,1,* Marin Bukov ,1,2 Markus Heyl,1,3 and Roderich Moessner1

1
Max Planck Institute for the Physics of Complex Systems, Nöthnitzer Strasse 38, Dresden 01187, Germany

2
Department of Physics, St. Kliment Ohridski University of Sofia, 5 James Bourchier Boulevard, Sofia 1164,

Bulgaria
3
Theoretical Physics III, Center for Electronic Correlations and Magnetism, Institute of Physics, University of

Augsburg, Augsburg 86135, Germany

 (Received 26 January 2023; accepted 3 July 2023; published 9 August 2023)

Simulation of continuous-time evolution requires time discretization on both classical and quantum
computers. A finer time step improves simulation precision but it inevitably leads to increased computa-
tional efforts. This is particularly costly for today’s noisy intermediate-scale quantum computers, where
notable gate imperfections limit the circuit depth that can be executed at a given accuracy. Classical adap-
tive solvers are well developed to save numerical computation times. However, it remains an outstanding
challenge to make optimal usage of the available quantum resources by means of adaptive time steps.
Here, we introduce a quantum algorithm to solve this problem, providing a controlled solution of the
quantum many-body dynamics of local observables. The key conceptual element of our algorithm is a
feedback loop that self-corrects the simulation errors by adapting time steps, thereby significantly out-
performing conventional Trotter schemes on a fundamental level and reducing the circuit depth. It even
allows for a controlled asymptotic long-time error, where the usual Trotterized dynamics faces difficulties.
Another key advantage of our quantum algorithm is that any desired conservation law can be included in
the self-correcting feedback loop, which has a potentially wide range of applicability. We demonstrate the
capabilities by enforcing gauge invariance, which is crucial for a faithful and long-sought-after quantum
simulation of lattice gauge theories. Our algorithm can potentially be useful on a more general level when-
ever time discretization is involved also concerning, e.g., numerical approaches based on time-evolving
block-decimation methods.
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I. INTRODUCTION

Quantum computers hold the promise to outperform
their classical counterparts in certain computational tasks.
Among others, the emulation of quantum many-body sys-
tems in and out of equilibrium attracts considerable atten-
tion [1,2]. State-of-the-art quantum devices for digital
quantum simulation (DQS), such as trapped ions [3–5],
superconducting circuits [6–8], and Rydberg platforms
[9–11], have recently realized condensed-matter models
[12–22], simulation of molecular energies [23,24], and lat-
tice gauge theories (LGTs) with the potential to answer
long-standing questions in high-energy physics [25–32].

*hzhao@pks.mpg.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

In this spirit, we consider a general quantum many-body
system described by a Hamiltonian H = ∑N

j =1 Hj with
N terms, the dynamics of which we would like to simu-
late. In DQS, we assert that the time evolution generated
by each individual term Hj can be implemented on the
simulator but not the total Hamiltonian H . The difficulty
in DQS arises from the noncommutativity [Hi, Hj ] �= 0
(i �= j ), which is a defining feature of quantum mechan-
ics. The basic idea behind DQS is to decompose the target
time-evolution operator U = exp(−itH) into a series of
elementary few-body quantum gates. Over a short time
step δt, we can approximate U by the digitized UT(δt) =∏N

j =1 exp(−iδtHj ), a procedure known as Trotterization
[33–47]. The noncommutativity of Hj gives rise to a Trot-
ter error that increases in δt [37]; the longer the simulation
time, the larger is the error. Higher-order corrections can be
systematically suppressed by using a smaller step size δt.
However, these come at the price of an increased depth of
the gate sequence. Minimization of the circuit depth is key
for present-day noisy intermediate-scale quantum (NISQ)
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FIG. 1. (a) A schematic of the ADA Trotter protocol. Given a quantum state at time tm and a Trotter expansion that approximates a
target Hamiltonian, one tries to use the largest possible Trotter step size as long as errors in conservation laws are bounded. (b) ADA
Trotter generally outperforms conventional Trotter: states propagated via ADA Trotter (orange) are constrained in a energy shell where
energy and its variance are approximately conserved. In contrast, a fixed step size is chosen for conventional Trotter (blue) and larger
errors may occur. (c) An illustration of the local dynamics obtained by ADA Trotter, which approximates the exact dynamics (black)
closely at both short and long times. The inset shows the selected adaptive step size, which fluctuates in time. Smaller step sizes are
chosen at early times to capture the rapid local oscillations, whereas an overall growing trend can be observed at longer times. We use
Jz = −1, hx = −2, hz = 0.2, L = 24, and an initial state polarized in the negative y direction for our numerical simulations.

devices [2], which experience notable gate imperfections,
with efficient quantum error correction still far out of reach
[48–50]. By contrast, unlike in the case of classical com-
puters, the physical (wall-clock) run time is at present not
a similarly significant constraint. It is therefore a natural
strategy to focus on minimizing the circuit depth, at fixed
computation accuracy.

One way to do this is to introduce an adaptive Trotteri-
zation step size by exploiting the properties of the evolved
state: e.g., at a fixed evolution time, a larger δt can give
rise to a shorter gate sequence in time windows when
the state changes slowly, without incurring a higher error.
While this idea underlies adaptive solvers for differen-
tial equations and function-approximation techniques [51],
promoting it to DQS requires addressing two formidable
challenges. (i) Quantum states are not fully measurable;
thus, it is a priori unclear which physical quantity should
be used to produce a stable criterion that adapts the step
size. (ii) By replacing continuous- with discrete-time evo-
lution, Trotterization generally violates energy conserva-
tion. A variable step size removes even the remaining
discrete-time translation invariance and hence opens fur-
ther energy-absorption channels, manifest in increased
approximation errors [52–55].

In this work, we propose an adaptive-step Trotteriza-
tion scheme (ADA Trotter) for the DQS of many-body
dynamics. We focus on time-independent Hamiltonians
with arbitrary initial states, i.e., a setting corresponding to
a generic quantum quench. We demonstrate that it outper-
forms conventional Trotterization while retaining a con-
trollable error in local observables at all simulation times
[56]. An essential element of our algorithm is a feedback
loop that self-corrects the simulation errors in the conser-
vation of the target Hamiltonian H , through adapting time
steps, as summarized in Fig. 1. We derive a quantitative

estimate of the long-time error for local observables and
correlation functions. As a key result, we show that this
error is independent of the simulation time and the number
of qubits. While the feedback loop introduces an over-
head for each performed time step, the additional resources
required depend only polynomially, or logarithmically by
using random measurements, on the system size. At the
cost of a moderately increased run time on the quan-
tum processor, ADA Trotter opens up the possibility of
experimentally implementing accurate DQS beyond what
is achievable with conventional Trotterization.

II. RESULTS

A. Adaptive Trotterization algorithm

Let us outline the ADA Trotter algorithm in detail
[Fig. 1(a)]. The key idea behind it is to maximize a variable
step size δtm at each time tm, while preserving the expec-
tation value and the variance of the target Hamiltonian H ,
within some predefined fixed tolerances. Below, we show
that other constraints, such as the preservation of symme-
tries, can also be imposed. We illustrate this by preserving
gauge invariance, which can critically impact the accuracy
of DQS for LGTs.

For a given quantum state |ψ(tm)〉, we aim to find
the largest possible time step δtm such that, in the
time-evolved state |ψ(tm + δtm)〉 = UT(δtm)|ψ(tm)〉, the
energy density Em+1 = L−1〈ψ(tm + δtm)|H |ψ(tm + δtm)〉
and the energy variance density δE2

m+1 = L−1〈ψ(tm +
δtm)|H 2|ψ(tm + δtm)〉−LE2

m+1 with the system size L both
remain bounded:

|Em+1 − E | < dE , |δE2
m+1 − δE2| < dδE2 , (1)
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where E and δE2 are the energy and variance density
for the initial state. These conditions ensure the conser-
vation of the average density and its fluctuations, up to
the maximally allowed errors dE and dδE2 . Crucially, as
we always compare conserved quantities with their initial
values, these errors will not accumulate in time. Remark-
ably, although we only constrain deviations in the lowest
two moments of H explicitly, our numerical results sug-
gest that it is sufficient to constrain the higher moments of
H . Hence, the target Hamiltonian H emerges as an approx-
imate constant of motion, despite Trotterization explicitly
violating its conservation. While in conventional Trotteri-
zation the error is set by the step size, in ADA Trotter the
error is controlled solely by the tolerances dE and dδE2 .

The major challenge for ADA Trotter resides in cap-
turing corrections to the dynamics beyond conventional
Trotterization, which we control via a feedback loop that
operates as follows [Fig. 1(a)]. First, a large time step δtm
is chosen. We implement the time evolution UT(δtm) on
the quantum processor, yielding a candidate state |ψ̃(tm +
δtm)〉 = UT(δtm)|ψ(tm)〉. For this candidate state, we mea-
sure the energy density Ẽm+1 and its fluctuations δẼ2

m+1,
which can be accessed straightforwardly on quantum com-
puters [57–59]. In the event that the measurement outcome
violates the conditions of Eq. (1), a new smaller step size
δtm is proposed and this procedure starts over again.

Note that the state |ψ(tm)〉 collapses after projective
measurements and hence it needs to be regenerated. How-
ever, once the sequence of the step size before tm has been
determined, the actual run time for regeneration of the
state is fast on most NISQ devices and determining the
energy and its variance requires only polynomially many
local measurements. By using classical shadows with ran-
dom measurements [60–62], the measurement cost can be
further improved to logarithmic dependence on the system
sizes (see Sec. SM 2.5 in the Supplemental Material [63]).

An efficient way of finding a new suitable δtm is the
bisection method, although other search algorithms can
also be employed (cf. the discussion regarding the search
algorithm in Sec. SM 2.1 of the Supplemental Material
[63]). Once a suitable δtm has been found, we obtain the
quantum state |ψ(tm + δtm)〉 at the next time step and
repeat the procedure.

B. Classical emulation

Let us illustrate the ADA Trotter algorithm in a classical
simulation. Although our algorithm is independent of the
underlying model, for concreteness, we consider a noninte-
grable quantum Ising model, H = H+ + H−, as our target
Hamiltonian:

H−=Jz

∑

j

σ z
j σ

z
j +1 + hz

∑

j

σ z
j , H+=hx

∑

j

σ x
j , (2)

for a chain of L lattice sites. We consider a uniform nearest-
neighbor Ising coupling Jz and transverse and longitudinal
fields hx and hz, respectively. Periodic boundary condi-
tions are used unless otherwise specified. Without loss
of generality, we employ a second-order Trotter-Suzuki
decomposition, UT(δt) = e−iδtH−/2e−iδtH+e−iδtH−/2, to rep-
resent the target time-evolution operator as a sequence of
elementary gates.

As an example, in Fig. 1(c) we show the time evolution
of the magnetization Mx(tm) = L−1 ∑

j 〈σ x
j 〉m for an initial

state polarized in the negative y direction; 〈· · · 〉m denotes
the expectation in the state |ψ(tm)〉. ADA Trotter (orange
circles) closely approximates the exact solution (black). It
not only correctly captures the early-time oscillations but
also the relaxation of local observables at longer times.
Details of the full time evolution and the performance gain
compared with conventional Trotterization are discussed
in Sec. SM 2.6 of the Supplemental Material [63]. The
inset shows the adaptive step sizes, which can fluctuate by
one order of magnitude, δtm ∈ [0.01, 0.46], demonstrating
the flexibility and the advantage of the adaptive procedure.
The bisection search method makes ten attempts on aver-
age before it can identify the optimal step size. Crucially,
the attempt number does not scale up for larger system
sizes, suggesting that the search algorithm can also be effi-
ciently implemented on quantum processors with a large
number of qubits (see discussions in Sec. SM 2.3 of the
Supplemental Material [63]).

We now restrict the simulation to a maximum number of
N = 15 Trotter steps; this is equivalent to limiting the cir-
cuit depth and it reflects constraints on present-day NISQ
devices. Consider the initial state exp(−iπ

∑
j σ

y
j /8)| ↓

. . . ↓〉. The dynamics of the magnetization in the x and z
directions are shown in Figs. 2(a) and 2(b), respectively. At
early times, the exact dynamics (black) exhibit rapid oscil-
lations in both observables, which damp out with time. For
ADA Trotter with tight constraints in energy and variance,
dE = 0.03, dδE2 = 1 (orange circles), the exact dynam-
ics are reproduced with high accuracy. We include here
both cases of a constrained energy variance with dδE2 = 1
and of an unconstrained variance dδE2 = ∞ (dashed red),
to demonstrate the importance of preserving the second
moment of energy.

ADA Trotter can outperform Trotterization with a fixed
step size. To reach the same maximal physical simulation
time (t≈5.5), we apply Trotterization with a fixed step size
δt = 0.36 (green triangles), for which notable deviations in
Mx already appear at very early times (t≈1); a smaller step
size δt = 0.16 (blue diamonds) can be chosen to suppress
local errors such that they are comparable to ADA Trotter.
However, this comes at a cost of a reduced total simulated
time (t≈2.5), which drops by a factor of 2 compared to
ADA Trotter.

The reason behind the efficiency of ADA Trotter with
tight constraints lies in the self-correction of errors in the
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FIG. 2. A comparison between ADA Trotter and fixed-step Trotterization. (a) and (b) depict the time evolution of the magnetization
in the x and z directions, respectively. The variance constraint is crucial for ADA Trotter: with variance constraint dδE2 = 1 (orange
circle), ADA Trotter reproduces the exact dynamics, whereas notable deviation appears for dδE2 = ∞ (dashed red) without variance
control. ADA Trotter outperforms fixed-step Trotter: for a large fixed Trotter step (δt = 0.36, green triangle), notable local errors
appear at early times; a smaller δt can be employed (blue diamond) to suppress errors but the total simulation time is limited. (c)
and (d) depict the expectation value of target Hamiltonian H and its variance, deviations of which are constrained by dE and dδE2 for
ADA Trotter. Fixed-step Trotter can lead to a sufficiently large error in the energy at early times. (e) Higher moments of the target
Hamiltonian are better preserved with the variance constraint. We use Jz = −1, hx = −1.7, hz = 0.5, dE = 0.03, and L = 24 for our
numerical simulations.

conservation law of the target Hamiltonian, a feature that
is crucial for a faithful digital simulation but absent in the
conventional Trotter scheme. As illustrated in Fig. 2(c),
rather than being a conserved quantity (black), the energy
density Em now becomes time dependent for ADA Trotter
(orange dots). Remarkably, it fluctuates around the cor-
rect value within a controlled error dE (gray), signifying
that our algorithm is self-correcting the energy errors by
adapting the time steps. Similar behavior also occurs in the
simulation shown in Fig. 1(c) (see details in Sec. SM 2.6
of the Supplemental Material [63]). In contrast, conven-
tional Trotter (green) leads to notable deviations in energy,
which saturate quickly at a value far from the black line
and cannot be corrected.

At later times, the energy for ADA Trotter saturates in
a preferred direction toward the center of the many-body
spectrum (Tr[H ]/L = 0) that corresponds to infinite tem-
perature. This behavior is reminiscent of heating, which
commonly occurs in time-dependent quantum chaotic sys-
tems where all initial states eventually reach infinite tem-
perature due to energy absorption from the time-dependent
drive [64–66]. However, the explicit constraints imposed
in ADA Trotter [Eq. (1)] strictly forbid such a heat death.

Similarly, the energy variance also changes in time and
notable deviation from the initial value (black line) can
occur if there is no constraint in variance [dδE2 = ∞,
dashed red line in Fig. 2(d)]. Such a deviation can be
controlled by setting dδE2 = 1 (orange circles) [67]. In
Fig. 2(e), we show a higher moment of the target Hamil-
tonian n

√〈H n〉m/L for n = 10: remarkably, the errors in
this quantity are also constrained at dδE2 = 1 and grow
with dδE2 . From this analysis, we conclude that enforcing
only energy conservation is insufficient, while in addition

constraining its variance is necessary to preserve the con-
servation of the target Hamiltonian. Similar behavior also
occurs at the integrable point (hz = 0) (see Sec. SM 2.8
of the Supplemental Material [63]). It happens possibly
because, by the central-limit theorem, the correct charac-
terization of the energy distribution requires only the first
two moments [68]. In particular, consider a Hamiltonian
with nearest-neighboring interactions and a product state
|ψ(0)〉 that are accessible on most current digital devices.
Suppose that this state has mean energy E0 and energy
variance δE2

0 , such that the variance is lower bounded by
the number of qubits δE2 ≥ aL with a > 0: the energy
distribution has been shown to converge to a Gaussian
ρ(E) ∼ e−(E−E0)

2/2δE2
in the thermodynamic limit [68].

The condition can be easily verified as shown in Sec. SM
2.7 of the Supplemental Material [63]. In Sec. SM 2.8 of
[63] we also fine tune the initial state such that it is far
from a Gaussian distribution; hence, ADA Trotter may not
perform well. However, we expect that the central-limit
theorem should hold true for most generic realistic systems
and states.

It is worth noting that the instantaneous long-time errors
for ADA Trotter can be orders of magnitude smaller com-
pared to the error at short times. For instance, in Fig. 2(a)
with variance control (orange circles) at t = 1.2, the error
in Mx is close to 0.1, which drops to 0.004 at t = 5.5;
the same behavior occurs even without variance control
(red dashed line). This is counterintuitive, since Trotter
errors in the global wave function are expected to accumu-
late in time [46]. In the following, we will rationalize this
observation with the help of the eigenstate-thermalization
hypothesis (ETH) and derive a quantitative estimate for the
ADA Trotter errors in local observables.
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C. Control of asymptotic errors

In a standard quench setup, according to ETH, the long-
time-averaged expectation value of a local observable O
can be well captured by the diagonal-ensemble prediction
[69]:

Odiag(E) ≈ O(E)+ δE2

2L
O′′(E). (3)

Here, O(E) = 〈E |O|E〉 is the microcanonical value for
eigenstate |E〉 at energy density E . According to ETH,
O(E) is a smooth function of the energy density and O′′(E)
denotes the second derivative with respect to E . Usu-
ally, for locally interacting systems, the variance density
δE2 does not scale with the system size; hence, the sec-
ond contribution on the right-hand side vanishes in the
thermodynamic limit (L → ∞) [69].

For ADA Trotter, at long times, we assume that the sys-
tem also reaches a diagonal ensemble at the shifted energy
density E + dE and variance density δE2 + dδE2 . Then, one
can perturbatively expand O(E) in Eq. (3) in terms of dE
to estimate the local error for L → ∞ as

Oada − Odiag(E) = dEO′(E)+ d2
E
2

O′′(E)+ O(d3
E), (4)

where Oada = Odiag(E + dE) denotes the diagonal-
ensemble prediction for ADA Trotter. The explicit deriva-
tion is given in Appendix B. Equation (4) suggests a linear
dependence on dE either when dE is small or when O′′(E)
vanishes (see Fig. S18 in the Supplemental Material [63]).
In Fig. 3(a), we show this error extracted from the long-
time average of Mz as a function of dE for different system
sizes. The error bars correspond to the standard deviation
of Mz in the large time window used to perform the time
average (see details in Sec. SM 2.10 of [63]). Clearly,
for a smaller dE , the local error decreases and vanishes
in the limit dE → 0 for large systems (L ≥ 18). We also
compute the deviation O(E + dE)−O(E) via exact diag-
onalization of the target Hamiltonian for L = 20, which
matches well with the error in the time evolution in a large
range of dE .

Our results imply that, for DQS of a quenched system
in the thermodynamic limit, although variance deviations
may introduce errors in ADA Trotter at early times (as
shown in Fig. 2), they are suppressed by quantum ther-
malization at long times. A tight constraint in energy
conservation suffices to bound errors in local observables
asymptotically. This also holds true for correlation func-
tions as long as ETH remains valid. By contrast, con-
ventional Trotterization enters challenging regimes at long
times and exhibits uncontrollable heating.

For any finite system size, however, errors in energy
variance contribute to local observables. Understanding
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FIG. 3. The deviation in the expectation value for the z mag-
netization between the ADA Trotter and exact quench results in
the long-time limit, as a function of (a) the energy-density devi-
ation dE and (b) the variance deviation dδE2 . (a) The local error
decreases for a smaller energy deviation and can be captured by
the microcanonical prediction (gray). (b) The variance deviation
leads to local errors as finite-size effects, which vanish linearly
in dδE2/L. Parameters Jz = 1, hx = 1, and hz = 0.3 and ini-
tial states exp(−iθy

∑
j σ

y
j )| ↓ . . . ↓〉 are used for our numerical

simulations.

them is important, since many present-day DQS plat-
forms are intermediate scale. These errors become par-
ticularly notable for dE � dδE2/L, where the error is
mostly generated by the variance deviation and one obtains
Oada−Odiag≈dδE2O′′(E)/2L (see more general discussions
in Appendix B). In Fig. 3(b), we verify this linear depen-
dence on dδE2/L in the asymptotic error on Mz for different
dδE2 and system sizes. Since it tends to cross the origin,
this error becomes negligible for sufficiently large system
sizes. We would also like to mention that, before reach-
ing the tolerance in energy, a tight variance bound induces
nontrivial transient dynamics with a constrained heating
rate (see Sec. SM 2.9 of [63]).

D. Protection of gauge symmetry

One crucial generalization of ADA Trotter is to explic-
itly impose extra constraints in the feedback loop in
addition to Eq. (1), such that other desired constants of
motion can be preserved. This is impossible within the con-
ventional Trotter scheme and independent of underlying
models, highlighting the potential of ADA Trotter in DQS
where symmetry is playing an important role. To illustrate
this feature, we focus on protecting the local Gauss’s law,
which is crucial for LGTs and yet can easily be lost in real
quantum simulators [25,27].

Consider the paradigmatic spin-S U(1) quantum link
model in (1 + 1) dimensions, which is commonly used
as a lattice version of quantum electrodynamics [30]. The
model has two species of particles and can be described by
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the Hamiltonian H = Hkin + Hfree, with

Hkin =
∑

j

J
2
√

S(S + 1)

(
σ+

j s+
j ,j +1σ

−
j +1 + h.c.

)
,

Hfree =
∑

j

μ(−1)j σ z
j + k

(
sz

j ,j +1

)2
. (5)

Here, the spin-1/2 Pauli operator σ±
j creates or annihilates

the matter field at site j ; the sj ,j +1 operator represents the
spin-S degree of freedom (DOF) positioned at the links
between sites j and j + 1; J is the kinetic energy term that
couples the matter and gauge fields; μ denotes the bare-
matter mass and k is the electric field coupling strength. We
consider L matter sites and periodic boundary conditions.
Gauss’s law implies a U(1) gauge symmetry generated
by the operator Gj =

[
σ z

j + sz
j −1,j − sz

j ,j +1 + (−1)j
]
/2,

which commutes with the Hamiltonian H for any j . There-
fore, the Hilbert space separates into exponentially many
disconnected symmetry sectors. In the following, we focus
on the sector satisfying Gauss’s law, Gj |ψ(0)〉 = 0, for any
j , and use spin-1 gauge fields. Our method also applies for
general spin-S DOF and other symmetry sectors, as dis-
cussed in Sec. SM 1.5 of the Supplemental Material [63].

We consider the initial state |ψ(0)〉 = | ↑↓ . . . ↑↓〉σ ⊗
|0 . . . 0〉s, fulfilling Gauss’s law. To simulate the Trot-
terized time evolution, we consider for concreteness the
decomposition H+ = Hkin + λV, H− = Hfree − λV with
a gauge-breaking perturbation V. The average of H+ and
H− reproduces the target Hamiltonian H . For zero per-
turbation strength λ, Gauss’s law is ensured for all sim-
ulation times; for nonzero λ, the expectation value of the
gauge generator Gm(j ) = 〈Gj 〉m at site j , and its variance
δG2

m(j ) = 〈G2
j 〉m − G2

m(j ) for the state |ψ(tm)〉 obtained
by ADA Trotter at time tm, become time dependent and
nonzero. To preserve the gauge symmetry, in addition
to Eq. (1), we impose the conditions

∑
j |Gm(j )|/L <

dG ,
∑

j |δG2
m(j )|/L < dδG2 , in the feedback loop to bound

the density of the gauge violation.
In Figs. 4(a) and 4(b), respectively, we plot the errors in

the expectation value of the gauge generator and its vari-
ance on a log scale. As the system involves both the matter
and gauge d.o.f., the numerical simulation is limited to
a small system size L = 6. Without constraints in gauge
symmetry (blue line, dG = ∞, dδG2 = ∞), the errors in
both panels increase quickly at short times and saturate
around 0.1, indicating a severe violation of Gauss’s law.
By contrast, the additional constraint dG = 0.001, dδG2 =
0.003 (red line) significantly bounds the errors by 2 orders
of magnitude and hence the gauge symmetry is control-
lably preserved.

The quick saturation of the errors measuring the viola-
tion of Gauss’s law to a predefined tolerance (gray line)
can cause ADA Trotter to “freeze” (i.e., the algorithm
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FIG. 4. The dynamics of the expectation values of the gauge
symmetry generator in (a) and its variance in (b). Additional con-
straints on gauge violation preserve the gauge symmetry (red);
otherwise errors grow quickly in a short time (blue). A soft
constraint is used to prevent ADA Trotter from freezing. We
use J = 0.5, μ = 0.5, k = 0.5, dE = 0.1, dδE2 = 0.2, λ = 0.3,
L = 6, and V = ∑

j

[
s+

j ,j +1/
√

S(S + 1)+ σ+
j σ

−
j +1 + h.c.

]
for our

numerical simulations.

tends to always choose the smallest possible step size).
Consequently, the quantum state barely propagates, despite
the large number of quantum gates consumed. Freezing
also occurs in quantum Ising models if the energy con-
straints are too tight. To resolve this issue, rather than using
fixed tolerances, here we employ a soft constraint such
that tolerances can increase by 30% of their original val-
ues whenever the smallest step size is chosen (for more
details, see the Supplemental Material [63]).

III. DISCUSSION

The ADA Trotter algorithm that we propose is capable
of simulating the local time evolution for DQS of time-
independent systems, with controllable errors at all times.
This adaptive and self-correcting scheme can be particu-
larly useful when there are different time scales through-
out the evolution, which typically happens as a result of
quantum thermalization separating the early-time coher-
ent oscillations and long-time relaxation. Furthermore, we
find that quantum thermalization suppresses errors in local
observables and ensures the long-time stability of ADA
Trotter, which is absent in conventional Trotter, where
systems normally exhibit uncontrollable heating to infi-
nite temperature. It would be worth benchmarking ADA
Trotter when thermalization is absent, e.g., when systems
are integrable [70], long-range interacting [71], many-
body localized [72], or host quantum many-body scars
[73]. Those nonthermalizing systems normally have an
extensive number of conserved quantities, for which extra
constraints in the feedback loop may be required.

ADA Trotter remains robust and can still self-correct
errors in energy even in the presence of dissipation, as long
as the noise strength is weak (for more details, see Sec. SM
1.2 of [63]). It would also be interesting to use error mit-
igation to further improve the accuracy of this algorithm
[74–78].
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We generalize ADA Trotter to protect symmetries in
addition to the energy constraints and we demonstrate this
by controlling the violation of Gauss’s law in U(1) LGTs.
By preserving the time evolution in a given symmetry sec-
tor, ETH still applies and ADA Trotter remains stable at
long times. Such symmetry protection is independent of
the microscopic details of the target systems; hence, we
expect it to have potentially a wide range of applicability.
Note that such symmetry protection preserves the unitarity
of the time evolution; hence, it is fundamentally different
from postselection, which may introduce additional errors
in DQS [28,31].

In practice, more sophisticated classical optimization
routines may further improve the efficiency of ADA Trot-
ter. For instance, Bayesian optimization can minimize the
experimental efforts in measurement [79] and reinforce-
ment learning may be useful in determining optimal step
sizes and avoiding freezing [40,80–82].

Beyond DQS of quenched problems, Trotterization has
been employed in other contexts, e.g., quantum imaginary
time evolution [83], time-dependent Hamiltonian simula-
tion [84–86], and classical numerical algorithms such as
the time-evolving block-decimation method [87]. Our con-
trol scheme paves pathways to making these algorithms
adaptive in time and improving their performance.

All data needed to evaluate the conclusions in the paper
are present in the paper and/or the Supplemental Material
[63]. Additional data and code are available on GitHub
[88] or from the first author upon request.
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APPENDIX A: NUMERICAL METHODS

We use the open-source PYTHON package QuSpin to per-
form exact diagonalization and quantum dynamics [89].
We employ a second-order Trotter-Suzuki decomposition,

UT(δt) = e−iδtH−/2e−iδtH+e−iδtH−/2, to realize the Trotter-
ized time evolution. Numerically, the EXP_OP class in
QuSpin is used, which does not calculate the actual
matrix exponential of UT but, instead, computes the action
of the matrix exponential through its Taylor series. For
translation-invariant systems, we restrict the basis in the
zero-momentum block to enable the simulation of larger
system sizes. If the system is parity symmetric with respect
to the middle of the chain, we only use basis in the
positive-parity sector. For the microcanonical prediction
of local observables as shown in Fig. 3, we also per-
form exact diagonalization of the target Hamiltonian in the
zero-momentum and positive-parity symmetry sector.

To determine the optimal Trotter step size δt for ADA
Trotter, different search algorithms (bisection and sequen-
tial search) are used (for more details, see Sec. SM 2.1 of
the Supplemental Material [63]). Bisection search is used
to generate the results in Figs. 1 and 2 and sequential search
is used for the other figures in the main text.

APPENDIX B: LONG-TIME STABILITY OF ADA
TROTTER

Based on the ETH, we are able to estimate the long-time
deviation in the expectation values of local observables, for
two diagonal ensembles with different energy and energy
variance. Both the energy and its variance are controllable
with ADA Trotter. Consider a generic quantum many-body
system satisfying ETH, given an initial state with mean and
variance of energy

E = 〈H 〉0, δE2 = 〈H 2〉0 − 〈H 〉2
0. (B1)

As the Hamiltonian is time independent, both quantities
will be conserved. For a normal short-ranged-interacting
system, we have the following scaling [69]:

E ∼ L, δE2 ∼ L, (B2)

where L represents the system size in one dimension.
The following results can also be generalized to higher
dimensions. For a local observable Ô, we define Ō as the
long-time average

Ō = 1
τ

∫ τ

0
dt〈Ô〉t, (B3)

where 〈· · · 〉t denotes the expectation in the state |ψ(t)〉.
Ō can be captured by the diagonal-ensemble prediction as
Ō = Odiag = ∑

m |cm|2Omm, where the diagonal elements
of the operator read as Omm = 〈m|O|m〉, cm = 〈ψ(0)|m〉
for initial state |ψ(0)〉. By assuming that Omm is a con-
tinuous function that can be approximated by its thermal
prediction O(E), one can perform a perturbative expan-
sion around the microcanonical prediction for the diagonal

030319-7



ZHAO, BUKOV, HEYL, and MOESSNER PRX QUANTUM 4, 030319 (2023)

ensemble as [69]

Odiag =
∑

m

|cm|2
[
O(E)+ (Em − E)O′(E)

+ 1
2
(Em − E)2O′′(E)+ . . .

]

= O(E)+ 1
2
(δE)2O′′(E)+ . . . , (B4)

where the dependence on O′(E) vanishes. Since energy is
an extensive quantity, we can use the density of the energy
E = E/L, so the above equation becomes

Odiag = O(E)+ 1
2
δE2

L2 O′′(E)+ . . . . (B5)

In the main text, we define the density of the energy vari-
ance as δE2 = δE2/L; hence we obtain Odiag = O(E)+
δE2O′′(E)/2L + . . . , which leads to Eq. (3). For Eq. (B5),
as long as

1
2
δE2

L2 O′′(E) � O(E), (B6)

one can approximate Odiag solely by O(E). This is nor-
mally the case, since δE2 scales linearly in system size
L by making the assumption that there are no long-range
connected correlations in the system [69]. Thus, δE2/L2 ∼
1/L, which vanishes in the thermodynamic limit, and the
diagonal-ensemble prediction matches with the canonical
prediction as Odiag(E) = O(E).

For ADA Trotter, suppose that the total energy reaches
a tolerance bound

Ẽ = E +
E , δẼ2 = δE2 +
δE2 . (B7)

For the long-time relaxation, one can make a similar calcu-
lation of Oada as the diagonal ensemble obtained by ADA
Trotter at shifted energy and variance:

Oada = O(Ẽ)+ 1
2
(δẼ)2O′′(Ẽ)+ . . . . (B8)

We can now Taylor expand Eq. (B8) via Eq. (B7):

Oada = O(E)+
EO′(E)+ 
2
E

2
O′′(E)+ 1

2
[
δE2 +
δE2

]

× [
O′′(E)+
EO′′′(E)

] + . . .

=
(

O(E)+ 1
2
δE2O′′(E)

)

+
EO′(E)

+ 
2
E +
δE2

2
O′′(E)+ δE2 +
δE2

2

EO′′′(E)

+ . . . (B9)

and the first two terms match with Odiag in Eq. (B4).
One can now express the above equation using the energy

density:

Oada = Odiag(E)+ 
E

L
O′(E)+ 
2

E +
δE2

2L2 O′′(E)

+ δE2 +
δE2

2L3 
EO′′′(E)+ . . . . (B10)

The tolerances, 
E,δE2 , in ADA Trotter are tunable param-
eters. Therefore, as long as these prefactors in the above
higher-order corrections drop to zero for L → ∞, one
can guarantee that the long-time relaxed local observable
matches with the exact result Odiag(E). For instance,
E,δE2

can be chosen to be a small constant value that does not
scale with the system size. However, for large system sizes,
the ADA Trotter algorithm may freeze and the system
barely propagates, which is inefficient, as many quantum
gates are wasted. Instead, in our numerical simulations, we
consider the density constraints 
E/L = dE , 
δE2/L =
dδE2 with constants dE ,δE2 . Equation (B10) thus reduces to

Oada = Odiag(E)+ dEO′(E)+ d2
EL2 + dδE2L

2L2 O′′(E)

+ δE2 + dδE2L
2L2 dEO′′′(E)+ . . . . (B11)

In the thermodynamic limit in one dimension, one obtains

lim
L→∞

Oada = Odiag(E)+ dEO′(E)+ d2
E
2

O′′(E)+ O(d3
E),

(B12)

leading to Eq. (4). This suggests that the long-time error in
local observables in ADA Trotter is dominated by energy
deviation. The variance deviation can be ignored in the
thermodynamic limit if ETH holds true. Of course, it is still
important to discuss its effects on finite-size systems. Sup-
pose that we have a small deviation in energy satisfying
dE � dδE2/L. Then, Eq. (B11) reduces to

Oada = Odiag(E)+ dδE2

2L
O′′(E), (B13)

indicating a linear dependence on dδE2/L in the local error,
which is verified in Fig. 3.
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