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Abstract

In this thesis, we develop the program of supersymmetric localization for the compu-
tation of the functional integral of string theory on AdSs;xS2. We are placed in the
framework of off-shell 5d N' = 2 supergravity coupled to vector multiplets. We first
present how to set up a consistent Euclidean version of this theory. We then show
how the condition of supersymmetry in the Euclidean H?/Z x S* geometry naturally
leads to a twist of the S? around the time direction of AdSs;. The twist gives us
a five-dimensional Euclidean supergravity background which is dual to the elliptic
genus of (0,4) SCFT, at the semiclassical level. On this background we set up the
off-shell BPS equations for one of the Killing spinors, such that the functional inte-
gral of five-dimensional Euclidean supergravity on H?/Zx S? localizes to its space of
solutions. We obtain a class of solutions to these equations by lifting known off-shell
BPS solutions of four-dimensional Euclidean supergravity on AdS, x S?. In order to
do this consistently, we construct and use a Euclidean version of the off-shell 4d/5d
lift of arxiv:1112.5371, which could be of independent interest. We then assess
the consistency of these localization solutions with the standard AdSs;xS? bound-
ary conditions on which the functional integral is defined. We find that the off-shell
gauge fields respect their usual conditions, but that the off-shell metric in the AdS;
directions is not compatible with the Brown-Henneaux conditions. We show instead
that the metric fluctuations are consistent with a set of chiral boundary conditions
recently constructed by Compere, Strominger and Song (CSS) in arxiv:1303.2662.
We subsequently use this observation to propose a partial set of boundary terms for
the 5d supergravity derived from these boundary conditions. We evaluate the bulk ac-
tion and these boundary terms on the localization solutions, which yields a finite and
tractable expression. Lastly, we perform a numerical search for additional localization
solutions in the space of asymptotic metrics obeying CSS or Brown-Henneaux bound-
ary conditions, using recursive methods analogous to those employed in holographic

renormalization.
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Chapter 1

Introduction

A curious notion that emerges in certain natural phenomena is that physical infor-
mation contained in a d 4+ 1- dimensional “volume” can be viewed as encoded into an
associated d- dimensional “surface”. For such systems, one might picture the dynam-
ics playing out in the volume as a type of hologram that is being projected from said
surface. The broad terminology used to describe this physical interplay is Holography.

Since the latter half of the 20" century, holographic frameworks have played an
increasingly important role in the description of gravitational physics beyond the
classical models. In today’s landscape, a powerful realization of this principle, the
AdS/CFT correspondence [1], constitutes a concrete theoretical laboratory in which

to describe and test the high-energy effects of many gravititational theories of interest.

Black Holes: the holographic stars

Black holes in Einstein’s theory of General Relativity set the stage for an early
holographic description of gravitational effects beyond the purely classical regime.
In general relativity, gravity is an entirely geometric concept. More precisely, the
spacetime-continuum is modeled as a manifold, whose geometric properties are en-
coded in a metric g,,, and which is itself the dynamical field in the theory. This
geometry is then able to acquire curvature through various classical physical pro-
cesses that are either intrinsic or extrinsic to the spacetime. It is precisely the effect
of this curvature, as felt by objects interacting with the spacetime, that is interpreted
as the gravitational force.

Black holes represent a very special class of strongly curved Einstein geometries.
They feature an “interior” subregion which is separated from the “exterior” by a

causal surface known as the event horizon. The location of this horizon relative to
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the centre of the spacetime is entirely determined by the macroscopical properties
of the black hole. In the simplest case, this is just the mass. In more complicated
examples, there may also be electromagnetic charges and angular momentum. Now,
at this classical (i.e. geometric) level, no physical process can cross the event horizon
from the inside to the outside. In a thermodynamic sense, black holes in general
relativity are therefore black bodies with zero temperature.

A paradigm shift towards a more modern understanding of black holes occurred
in the 1970s. The underlying ideas revolved around dressing classical black holes with
semi-classical processes involving matter particles that interact with the geometry.
This program culminated in a set of elegant equations involving the macroscopic
parameters of the black hole which turned out to be in striking analogy with the well-
known laws of thermodynamics [2, 3, 4]. Most remarkably, Bekenstein and Hawking
described an identification of the area of the event horizon with the usual notion
of entropy in thermal systems [5, 6]. Their eponymous Bekenstein-Hawking entropy

formula is given as !
]-CB 03 A
G h4’

where A denotes the area of the event horizon, c is the speed of light, kg is the Boltz-

Sp = (1.1)

mann constant, G is Newton’s constant. We note the following remarks. Firstly, (1.1)
has a distinctly holographic flavour. Indeed, it suggests that the some type of gravita-
tional information Sy associated with the black hole is captured onto its “surface”.
Secondly, the presence of h and G together signals that this entropy stems from a
interplay of quantum and gravitational effects. Perhaps then, one should expect a
notion of further quantum corrections which could only be seen beyond the semi-
classical analysis. Finally, if the quantity Sy on the left-hand-side of (1.1) is truly
to be understood as a thermodynamic entropy of the black hole, one should seek an
analogous statistical-mechanical description, ¢ la Boltzmann, in terms of a counting
of microstates of the system. The second and third remarks may be summarized in

the following equation:

?

Sgu + corrections = kplog <#microstrates> . (1.2)

While (1.2) is only schematic, it is a good representative of the challenges faced in

probing gravity beyond the semi-classical regime. Indeed, on the right-hand-side, an

n (1.1), we include all fundamental constants for full transparency. In the rest of this thesis, we
take c =h=1.
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obvious point of contention is how to even characterize a “microstate” in a gravita-
tional system. On the left-hand-side, computing corrections to the thermodynamic
entropy might require control over various high-energy regimes of the macroscopic
theory. One such regime could correspond to allowing for stronger curvature of the
spacetime, which at the level of the Einstein theory would be incorportated by higher-
derivative terms in the action. Another high-energy regime could correspond to the
inclusion of quantum-gravitational effects in perturbation theory, i.e. graviton loops.
However, since general relativity is not a renormalizable theory, a direct approach
with the usual methods of quantum field theory will fall short.

One framework in which both sides of (1.2) have successfully been explored is
string theory. In the architecture of this theory, black holes have a well-understood
description in terms of certain D-brane [7] configurations. It is in such a set-up
that Strominger and Vafa [8] showed an explicit agreement between the Bekenstein-
Hawking entropy, computed from the area of the horizon associated to these ob-
jects, and a counting of the supersymmetric states (“microstates”) on their world-
volume theory. In fact, the microstate computation also included corrections to the
Bekenstein-Hawking side. While we do not delve into a more detailed account of the
calculation, we wish conclude with the following remark: The near-horizon geometry
of the D-brane configuration that was considered in [8] is AdS3xS? (times an inter-
nal compact manifold). Meanwhile, the worldvolume theory of the branes is, in an
appropriate limit, a supersymmetric gauge theory.

It was three years after Strominger and Vafa’s result that, beyond the specific
context of black hole entropy, a profound holographic duality between gravity on

Anti-de-Sitter spaces and certain supersymmetric gauge theories was proposed.

The AdS/CFT correspondence

The AdS/CFT correspondence [1, 9, 10] is the duality between theories of quantum
gravity in d + 1 dimensions with asymptotically Anti-de-Sitter (AdSs,1) boundary
conditions and a d-dimensional conformal field theory (CFTy) living on the conformal
boundary of the bulk. Crucially, the conformal field theory is not a gravitational
theory. In its strongest form, the duality can be taken as the very definition of a
quantum theory of gravity (on asymptotically AdS spaces) as a quantum field theory
with no gravity in one dimension less.

One important feature of the correspondence, among others, is the inverse relation
between coupling strength on either side. In particular, the weak-coupling regime in

the CFT is dual to the strong-coupling sector of the gravitational side, over which
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there is little control. Vice-versa, the strong-coupling regime of the CF'T is in cor-
respondence with the low-energy effective sector of the gravitational theory, which
is typically tractable, and which in the case of string theory is described by two-
derivative supergravity. The earliest concrete example of the AdS;,1/CFTy duality
was realized in the low-energy sector of string theory in d = 4. Here, we have the
equivalence between type IIB string theory on an AdS;xS® background and the max-
imally supersymmetric N' = 4 Super-Yang-Mills theory in four dimensions. Another
canonical example is with d = 2, where we have a duality between type IIB super-
gravity on an AdS3xS? background compactified on T or K3 and a ' = (4,4) 2d
conformal theory describing a system of D1-D5 branes [8, 11]. For an in-depth review

of both the above examples, we refer to [12].

A hard problem in AdS/CFT: quantum corrections

A hard problem on both sides of the AdS/CFT correspondence is the computation
of quantum corrections to dual quantities. In the language of the correspondence,
these correspond to finite 1/N corrections on the CFT side and finite gy, corrections
on the string theory side. The presence of supersymmetry, however, makes this
problem more approachable. Firstly, we can focus on observables which are protected
by the supersymmetry, and therefore do not change under a continuous deformation
of the weak/strong-coupling constant. Secondly, there exist powerful computational
tools to capture quantum corrections which are available precisely thanks to this
additional fermionic symmetry.

The quantum computation of protected observables in this context has primarily
been approached from the CFT side of the duality. In contrast, it has not been ex-
plored as much on the gravitational side. One successful example in AdS/CFT where
a protected observable was successfully matched at the exact level (by which we mean
including all quantum corrections) is the recent program of black hole entropy in
AdS,/CFT;. In the gravitational interpretation, the protected observable computes
the quantum entropy of supersymmetric black holes with AdS,xS? near-horizon ge-
ometry, and has a formal path-integral formulation given by the so-called quantum
entropy function [13]. The exact calculation of this string- functional integral was
performed in [14] using an adaptation of supersymmetric localization to the string
fields (further analysis followed in [15, 16]). In fact, instead of a localizing onto a full
action of string theory, the authors conducted the calculation on a classical off-shell
action for supergravity [17, 18, 19] with a certain renormalization. The remarkable

fact that, under localization, the classical action could capture quantum corrections
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without recourse to perturbation theory (see [14, 20] for details on this phenomenon)
has motivated further research on the application of this technique to other super-
gravity theories. More recently, this has produced similarly accurate results for the
quantum entropy of the higher-dimensional AdS,xS? black hole [21, 22].

As alluded to above, the overarching motivation of this thesis follows in the pro-
gramme of computing exact protected observable in gravitational side of the duality
using localization. In particular, we wish to find out whether this strategy can be
applied to higher-dimensional examples in AdS;;;. A humble but sensible start-
ing point is simply one dimension higher. We are therefore placed in the setting
of AdS;/CFT,, where the supersymmetric observable is known in the CFT side as
the elliptic genus [23]. Before introducing this object in more detail, we make a
small aside about general partition functions and thermality in AdS;/CFTy. Written

schematically, the correspondence postulates that
ZCFT2 (7—7 ?) - ZAng(T7 ?) ) (13)

where Z should be thought as a dual observable which, for now, is not supersymmetric.
The parameter 7 (7) is part of the moduli of the theory that couple to the conserved
charges (we will say more on these later). Focusing on the left-hand-side of the duality,
the observable can usually be expressed in terms of a trace over the Hilbert space H of
the quantum field theory. In the simplest case, we have a thermal partition function
given as

Zopr, (1, T) = Try [e’ﬁHeep] : (1.4)

where f3 is the inverse temperature 1/7. The Hamiltonian H and angular momen-
tum P of the theory are given in terms of the zero-modes Ly, Ly of the 2d conformal
algebra as

H = Lo+ Ly, P = Ly— Ly, (1.5)

and (3, ¢ are given in terms of the moduli 7, 7 as
g == = —ir(r—7), (= in(t+7). (1.6)

The Hamiltonian in (1.5) naturally splits into Hamiltonians for the left- and right-
moving part as H = H; + Hg, with Hy, = Ly, Hg = Ly (similarly for the angular
momentum). The temperature 7" may also be split as 1/T° = 1/T;, + 1/Tg with
Ty, = —i/(n7), Tp = i/(nT). Then, the trace (1.4) separates into an independent left-

and right- moving sector, with temperatures given by T, and Tx respectively. Now
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suppose taking T — 0, which should be thought of as imposing supersymmetry on
the right-moving sector. With this value of T}, it is clear from the relation between T,
T;, and Ty, that despite T}, still being non-trivial, 7" will nevertheless vanish. The
message we wish to highlight is this: the computation of a right-moving supersym-
metric version of the finite-temperature partition function (1.4) is a computation at
zero temperature. Yet, on the left-movers, one still has a notion of thermality (and

therefore states that are thermal-like excitations).

From here on, we turn to setting our problem up in a more technical manner. The
approach to compute a supersymmetric protected observable in AdS3;/CFTy from the
bulk using localization should naturally begin with the following steps. In Section 1.1
we introduce the elliptic genus as the protected observable of certain supersymmetric
conformal field theories in two dimensions. We also discuss expectations on the form
of the dual gravitational theory and its low-energy effective theory. In Section 1.2
we review the methodology of supersymmetric localization which, applied to the
low-energy effective gravitational action, we hope can yield an exact result for the
functional integral in the bulk. The chapter is concluded with Section 1.3, where we

give an overview of the various upcoming steps taken in this thesis.

1.1 Elliptic genera in (0,4) SCFT; and the dual

set-up

In this thesis we work in AdS;/CFT,. We take the boundary theory to be a
Lorentzian (1+1)-d superconformal field theory (SCFTy) with A/ = (0,4) supersym-
metry, living on S' x R (i.e. an infinite cylinder). The protected observable is the
elliptic genus, which is a supersymmetric index of the theory. It is defined as the
following trace over the Hilbert space of the theory (we suppress the subscript H for
the Hilbert space):

X(1, ) = Trg (—1)FqLO_§ Gzo_i etk , (1.7)

where ¢ = ™7, g = e 27 ¢ and ¢ are the central charges for the left- and right-
moving Virasoro algebras respectively, and where we have a collection of left-moving U(1)

charges, denoted as ¢, coupled to their corresponding chemical potentials /. The
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operator (—1)F = (=1)2% is the fermion number operator, where J3 is the SU(2) R-
current of the N' = 4 superconformal algebra of the right-moving sector. The R sub-
script on the trace is related to fact that the supersymmetric theory has fermions, and
so their periodicity around the S! need to be specified. The letter stands for the Ra-
mond sector, which indicates that we choose periodic conditions. Alternatively, one
could choose anti-periodic fermions, which corresponds to the Neveu-Schwarz (NS)
sector. The two sectors are related by an automorphism of the N' = 4 superconfor-
mal algebra known as the spectral flow 2. The counting of states that the elliptic
genus performs is as follows: In the right-moving sector, where we have supersymme-
try, (1.7) is a Witten index with Hamiltonian Hr = Lo — ¢/24. Therefore, the only
right-moving states that contribute are the ground states Ly = ¢/24. Note that this
is why x(7, ) is independent of 7. Meanwhile, all left-moving states can contribute.

Now, by the usual rules of statistical field theory, the trace (1.7) is equivalent to
a Euclidean path integral. More precisely, we have a Wick-rotated (i.e. Euclidean)
time direction which has been compactified as tgp ~ tg + 5, where = 27lm(7)
as in (1.6). In this formalism, the SCFT, now lives on a S'xS!, i.e. a torus. We
must then recall the periodicities of the fields when integrating along the new (time-)
circle: generically, bosonic fields are periodic while fermions are anti-periodic. For the
fermions, however, the (—1)% in the trace (1.7) translates to an additional subtlety.
Indeed, this operator insertion flips the sign of the fermions as they are taken around
the time circle. Spinors in the Euclidean path-integral for the elliptic genus (1.7)

therefore have periodic boundary conditions around time.

What can we say about the gravitational dual?

Under the AdS3/CFTy correspondence, the functional integral for the elliptic
genus (1.7) is dual to the functional integral of a quantum-gravitational theory with
eight supercharges and AdS3; boundary conditions. By AdS3; boundary conditions, we
mean that the conformal boundary should be fixed to a T? with complex structure 7.
Furthermore, it is known that the (0,4) SCFT5 necessarily has an SU(2) R-symmetry,
and this should therefore be reflected in the bulk. The most natural implementation
of this comes in the form of an additional S? factor, which the SU(2) rotates. Our
expectation for the asymptotic geometry in the bulk is therefore AdS3;xS?. Finally,
the coupling in (1.7) to U(1) charges implies that the gravitational theory should also
contain U(1) gauge fields W/, where their values at the asymptotic boundary of the
bulk will source the chemical potentials p! in the SFCTs.

2A presentation of the ' = 4 superconformal algebra, along with a discussion on spectral flow,
is given in Appendix B.
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It turns out that there are known examples in the full string theory, for which these
considerations manifest themselves. A well-established family comes from a class of
embeddings due to Maldacena, Strominger and Witten (MSW) [24]. One starts from
M-theory compactified on R'*xCY and wraps a fivebrane (M5) around four-cycles of
the Calabi-Yau. This gives a (1+1)-dimensional string in five dimensions. The string
has a horizon (it is referred to as a black string). In the near-horizon limit, it exhibits
an AdS;xS? geometry. Moreover, at low energies, the theory on the worldsheet of
the string flows to a SCFTy with N' = (0,4). This set up suggests that the suitable
low-energy gravitational dual to the N = (0,4) theory is the 5d N/ = 2 supergravity
(i.e. 8 supercharges) coupled to vector-multiplets that governs the dynamics of the

black string.

Setting up the dual functional integral
These considerations suggest that the dual of the elliptic genus (1.7) can be derived

exactly by solving the localization problem for the following functional integral:

27 ) o= [ (D0 exp (Sual0]) (18)

where S, denotes the action for the 5d supergravity theory described above, renor-
malized by potential boundary terms. Recall that 7 and p enter through the boundary
conditions on the metric and the U(1) gauge fields respectively. Note that while we
have suppressed the notation associated to sphere factor, readers should keep in mind
that the topology of the conformal boundary is 7?xS? and not just 7T72.

Two important immediate comments on the computation of (1.8) are in order.
Firstly, as we will describe in upcoming review of localization in Section 1.2, the
supergravity action entering S, should not be the Poincaré theory but rather its off-
shell adaptation. Secondly, gravitational path integrals on AdS; such as (1.8) have
been shown by Strominger and Maldacena [25] to admit a special structure, which
we simply quote here (but also briefly review in Chapter 3). The statement is that
the functional integral with 72 boundary conditions splits into a discrete sum, where
each term in the sum is itself a functional integral with 72 boundary conditions and
fized contractible cycle in the bulk. There are infinitely many ways of fixing this cycle
(and therefore infinitely many terms in the sum), and the choices are labelled by a

distinct pair of relatively prime integers (¢, d) with ¢ > 0. More formally, this allow
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us to write

ZP1(7, 1) Z/@ [D®] exp (Sren[q)]> ;
M,.q

(e,d)

=D %

(e,d)

(1.9)

Here M. 4 denotes the solid torus with contractible cycle as (¢, d) = (¢, d). The sim-
plest representative of the M., geometries is My geometry, which corresponds to
the torus with contractible circle along the spatial direction of AdS;. A further sim-
plification of (1.9), which reduces the computation of the infinitely many functional
integrals to the computation of one, comes from the fact that the M, 4 geometries can
obtained by action with the elements of PSL(2,Z)/Z on the boundary T? of M (or
of any representative). In this way, (1.9) is in fact a sum over PSL(2,7Z)/Z images,
and it becomes sufficient to compute the functional integral on the one representative

My,1. From here on, our working expression for the functional is therefore
25 = [ (Dtlexp (Sufa]). (1.10)
7 OMo 1

We close with a remark on the periodicities of the fermions in the computation of this
contribution (1.10). Because the spatial cycle in My is contractible in the bulk, the
fermions are forced to be anti-periodic around that circle. Therefore, we expect that
the calculation of Z(f I'is in the NS-sector of the elliptic genus. This is made explicit
in Chapter 5.

1.2 Exact functional integrals with supersymmet-

ric localization

In supersymmetric theories, the principle of (supersymmetric) localization lever-
ages the presence of fermionic symmetries to reduce an a-priori infinite-dimensional
functional integral to a finite number of ordinary integrals. This strategy was initially
approached in the context of physics by Witten in [26]. Much later, concrete results in
certain supersymmetric quantum field theories were derived by Pestun in [27]. In this
section, we review the key features of the methodology, and discuss the particularities

and challenges relevant to its application to supergravity theories.
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We consider functional integrals of the form

W o= /[DCI)]eXp (S[cb]), (1.11)

where S is the action functional for the system and ® collectively denotes set of quan-
tum fields of the theory. The basic assumption to begin the algorithm of localization
is that the theory admits a fermionic charge Q under which the action is Q-exact,
i.e. @S = 0, and such that Q> = H where H is a compact bosonic generator on
the isometry space of the background spacetime. Now, let V' be a fermionic function
satisfying @*V = 0. One makes the following deformation in the exponent of the
path integral:

W) = /[ch]exp (S[(b]+/\QV>. (1.12)

Assuming the integration measure is also Q-invariant, it can be shown [26] that

daw(n)
—n =0 (1.13)

and so the functional invariant is invariant under the choice of A. In particular, we
have that

WA=0) =W = W — o0). (1.14)

In the expression on the right-hand-side, the A-dependent term will dominate the ex-

ponent and so the functional integral localizes onto the saddle points of the functional
QV = 0. (1.15)

Finally, one chooses

Vo= 3 (Quas ). (1.16)

where 1), denotes the fermionic fields of the theory and (-,-) is an appropriate inner
product for the fermions. Restricting to a bosonic background (i.e. 1, = 0), the

localizing equation (1.15) reduces to
In the language of supersymmetric theories (including supergravity), note that the

10



Chapter 1. Introduction

equation on the right is simply the set of BPS equations of the theory. Practically
speaking, these are the equations given by setting the supersymmetry variation (with
respect to the SUSY-parameter € of Q) of the fermions to zero, i.e. d:¢, = 0. The
field configurations that solve the BPS equations are typically referred to as the
BPS solutions. In the context of the localization problem, we also commonly use
the term localization solutions. The set of all localization solutions for Q is called
the localization manifold, and is denoted as Mg. With (1.17), we therefore have
that the infinite-dimensional path integral (1.12) simplifies to an integration over the

submanifold Mg of the full configuration space:
W = WA — o) = / (doo) €590 TV, 10y, (1.18)
Mg

where ¢g denotes coordinates on Mg, S[pg] is the action evaluated on an arbitrary
point on Mg, and Wieep is a one-loop functional determinant factor due to the
fluctuations in the non-BPS directions around My,.

A key point to highlight is that this technology requires an off-shell formulation of
the supersymmetric theory at hand. Indeed, since the functional integral is computed
over off-shell fluctuations, the superalgebra involving the localization supercharge Q
must be realized off-shell (i.e. must close without imposing equations of motion). Now,
compared to the case of supersymmetric QFTs, it turns out that for supergravities
such off-shell formulations are notoriously involved. This constitutes a large part
of the technical challenge when working with localization in these bulk theories. In
our case, recall from Section 1.1 that the relevant low-energy holographic dual to a
(0,4) SCET5 with left-moving U(1) charges is minimal supergravity in five dimensions
coupled to U(1) gauge fields (with certain AdS3xS? boundary conditions). The off-
shell realization of this theory exists and was constructed as part of the conformal
supergravity program in [28, 29, 30] and [31, 32]. Its Euclidean version, whose relation
the original Lorentzian theory we clarify in Section 5.1, is the supersymmetric bulk

theory that we will work with throughout this thesis.

1.3 Strategy and outline of this thesis

In this thesis, we work towards the exact calculation of the functional inte-

gral (1.10) for the theory on My, (times S?) using localization in the dual Euclidean

11



Chapter 1. Introduction

5d N = 2 supergravity with U(1) vector multiplets. Here, we present our strategy in

more detail, before giving an overview of each of the following chapters.

Breakdown of strategy

As discussed in Section 1.1, the My ; geometry is the solid torus with contractible
cycle in the spatial direction of AdS3. We therefore work with the five-dimensional off-
shell theory defined on global AdS3xSs with a periodic Euclidean time coordinate,
i.e. the manifold H3/ZxS?. Following the methodology presented in Section 1.2,
the problem then begins with finding all bosonic gravitational configurations that
admit a Killing spinor whose asymptotic limit is one of the supercharges of the clas-
sical H?/ZxS? vacuum. Secondly, one finds all matter configurations invariant under
this supercharge. Thirdly, one constructs a suitable set of boundary terms for the
bulk supergravity and evaluates the resulting renormalized action at a generic point
in the resulting localization manifold. Finally one calculates the one-loop determinant
of the non-BPS fluctuations around said manifold. In this thesis, we reach the third

point.

To reach the first rung of the procedure, we require a consistent set of super-
symmetry transformations in the off-shell five-dimensional Euclidean supergravity
theory. Starting from the Lorentzian 5d N = 2 conformal supergravity coupled to
vector- and hyper-multiplets, which we review in Chapter 4, we explain how to ob-
tain such transformations in Section 5.1. We soon run into another subtlety, also
due to the Euclidean signature of the problem, which regards the set-up of the su-
persymmetric H?/ZxS? vacuum configuration of the theory. Indeed, with the naive
identifications of the coordinates on H?/ZxS?, the Killing spinors are not well-defined
with respect to the periodicities of fermions around the non-contractible circle of the
torus. We resolve this problem in Section 5.2 by turning on a twist of the S? around
this circle, which allows for spinors which are now constant in time and therefore well-
defined.?® In this same section, we also show that this twist reduces the asymptotic
algebra to be a sub-algebra of the Brown-Henneaux-Coussaert [35, 36] (0,4) algebra
on AdSs. Finally, because the Killing spinors on H?/ZxS? are anti-periodic along the
spatial circle (which is expected due to its contractibility) we relate in Section 5.3 the
bulk calculation of the functional integral to the NS-sector calculation of the elliptic
genus (1.7). We also evaluate the 5d action on the H?/ZxS? configuration and com-

pare with the result of the effective 3d Einstein-Hilbert-Maxwell action evaluated on
thermal AdSs;.

3A related supersymmetric set-up has been discussed in the literature in the context of super-
symmetric black holes in AdS space [33] and, in particular, for BTZ black holes in [34].
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Chapter 1. Introduction

With this non-trivial groundwork in place, we then approach the first and second
steps of the localization procedure, namely the computation of localization solutions
in the gravitational and matter-coupling sectors of the off-shell supergravity theory
on H?/ZxS% Our idea is to use the 4d/5d lift [37], which relates solutions of off-
shell 4d supergravity to those of off-shell 5d supergravity compactified on a circle.*
The localization manifold in 4d A/ = 2 supergravity on asymptotically AdS,x S? has
been completely determined [39], and we can lift those solutions to obtain localization
solutions to AdS;xS?. Although this is not guaranteed to produce all BPS solutions,
it should give all solutions that are independent of the circle of compactification.
Similar ideas have been used successfully to make progress in the localization problems
on AdSyx S? theories in [40], [21, 22].

It transpires that implementing this idea is not straightforward. Firstly, the 4d/5d
map in [37] is given for Lorentzian backgrounds while we need it for Euclidean back-
grounds. To this end, we modify the map to reflect the Euclidean supersymmetry
transformations in both the four- and five-dimensional theory. In four dimensions
we use the Euclidean supergravity discussed in [41, 42, 43, 44], [45], while in five
dimensions we employ the Fuclidean transformations discussed in Section 5.1. Here
there is an additional problem compared the Lorentzian setting, namely that the 4d
Euclidean theory carries a redundancy of allowed reality conditions which has no coun-
terpart in the 5d Euclidean theory. We show that this redundancy can be absorbed
in a parameter whose role is to implement the symmetry breaking SO(1,1)z — L.
The second problem has to do with the global identifications of the background that
we are interested in, i.e. H?/Z x S? which is not a Kaluza-Klein lift of Euclidean
AdSyx S?. The Kaluza-Klein condition was used in [37] for the off-shell 4d/5d lift
and, indeed, general off-shell configurations do not consistently lift from Euclidean
AdS; x S? to H?/Z x S*. Nevertheless, the class of off-shell solutions relevant for the
4d black hole problem can be lifted to the supersymmetric Hz/ZxS?, due to their
enhanced rotational symmetry. Taking all these considerations into account, we ob-
tain an adaptation of the 4d/5d lift relevant for the Euclidean AdS3;/CFT; problem,
whose details we work out in Chapter 6. In Chapter 7, we apply this lift to find a
highly non-trivial class of off-shell solutions in the theory on Hs/ZxS?.

However, we promptly show in Chapter 8 that while the off-shell gauge fields in
these solutions are consistent with the boundary conditions for the functional inte-

gral, the same is not true for the off-shell metric. Indeed, we find that the metric

4This is different from the 4d/5d lift of [38] which involves a lift on a Taub-NUT space.
>This parameter is the Euclidean analog of the parameter that enforces SO(2)g — I in [37].
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fluctuations in the AdSs directions explicitly violate the Brown-Henneaux boundary
conditions. We nevertheless persevere with an analysis of the solutions and find that
the gravitational modes in fact obey a recent, more exotic construction of asymp-
totically AdS3; boundary conditions developed by Compere, Strominger and Song
(CSS) [46]. In Section 8.2, this finding encourages us to explore a renormalization
scheme of the supergravity action with respect to these boundary conditions for the
metric, following a set of boundary terms prescribed in the context of the pure three-
dimensional theory in [46]. The gauge-field sector is also renormalized with respect
to their standard boundary conditions. We then evaluate the localization solutions
on this renormalized action and discuss its structure. In Section 8.3, we initialize a
parallel study on the existence of additional BPS solutions, and in particular met-
ric solutions that obey the Compere-Strominger-Song boundary conditions in the
AdS; directions. Our idea is to explore the space of solutions to the off-shell Killing
spinor equation in the asymptotic regime using Fefferman-Graham-like ansatze for
the bosonic fields. We then recursively solve for the coefficients order-by-order in the
Killing spinor equation. We find evidence for additional BPS modes obeying the CSS
boundary conditions, as well as modes living in the left-moving Brown-Henneaux sec-

tor. We conclude with a short analysis of these Brown-Henneaux modes under the
off-shell 4d/5d reduction to the theory on AdSyxS?.

Outline of this thesis

Review chapters: The first three chapters that follow this introduction contain im-
portant background material in the set up of the localization problem. In Chapter 2,
we review the classical theory of pure Einstein gravity in (2+1) dimensions with neg-
ative cosmological constant. We gain an understanding of the geometrical properties
of AdSs solutions, their asymptotic structure, and boundary conditions. In Chap-
ter 3, we move to a Euclidean setting of the same classical (2+1)-dimensional theory
with suitable boundary conditions. In this setting, we briefly review the computation
of the gravitational partition function on AdSs, which is the dual of (1.4), as a sum
over a Maldacena-Strominger family of geometries [25]. We then move towards the
gravitational dual of the elliptic genus (1.7) by introducing into the Einstein action
a coupling to U(1) matter gauge fields. In Chapter 4, the five-dimensional theory
with eight supercharges (N = 2) and matter couplings is introduced. As required
by the localization procedure, we focus on the off-shell superconformal formalism of
this theory. In this framework, we review the classical Lorentzian AdS3xSs solution,
focusing on the derivation of its Killing spinors and superalgebra. This has been

studied in a series of insightful papers [47, 48].
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Chapters containing new results: Upon conclusion of these review chapters, we
move on to the novel elements that we have developed towards the localization com-
putation, and which we described in the“Breakdown of strategy” discussion above.
In Chapter 5 we first set up the Euclidean counterpart of the five-dimensional off-
shell N' = 2 supergravity reviewed in Chapter 4. We then construct the twisted
supersymmetric H?/Z background, and derive its Killing spinors and superalgebra.
Finally, we present the relation of the path integral to the trace definition of the
elliptic genus. In Chapter 6, we present the off-shell 4d/5d map modified to the
Euclidean signature and present the lift from the Euclidean AdS;xS? background
of the 4d V' = 2 off-shell supergravity to the H?/Z x S* background constructed in
the prior chapter. In Chapter 7 we apply our formalism to lift localization solutions
around AdS,xS? to localization solutions on H?/ZxS?. In Chapter 8, we analyze the
asymptotics of the new localization solutions and propose a boundary term structure
for the bulk action. Lastly, we perform a numerical search in the asymptotic regime

for additional localization solutions in the Weyl multiplet.
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Chapter 2
AdS; gravity

In this chapter, we review the classical theory of general relativity with a cosmological
constant, in Lorentzian signature, focusing on the (2+1)-dimensional setting. After
emphasizing the unique subtleties of the theory in this dimensionality, we restrict to
the sign of the cosmological constant compatible with locally Anti-de-Sitter (AdS)
spacetimes, and highlight a selection of relevant solutions. Finally, we review aspects
of the near-boundary regime of the theory, in particular the notions of asymptotically
AdSj; spaces and boundary conditions. This latter discussion includes a brief review of
the Brown-Henneaux boundary conditions [35], which are the standard AdS; bound-
ary conditions on which the gravitational functional integral is defined, as well as an
alternative set of boundary conditions recently constructed by Compere, Strominger
and Song [46].

2.1 3d Einstein-Hilbert theory

In this section we review the key features of classical Einstein-Hilbert gravity in

(241) dimensions coupled to an arbitrary cosmological constant.

Action and conventions
The Einstein-Hilbert action for a three-dimensional Lorentzian spacetime (M, g),

coupled to a cosmological constant A € R, is

1
167TG3

S = / d*z/—g(R — 2A), (2.1)
M

where (G5 is the three-dimensional Newton’s and R is the Ricci scalar, or scalar

curvature. The metric determinant is denoted throughout this work as g = Det(g,,,).

16



Chapter 2. AdS;3 gravity

The field equations derived from (2.1) strongly constrain the geometry of solutions, as
we will shortly see. For instance, we will show that all solutions to the field equations
have constant scalar curvature proportional to the cosmological constant A. The
solution space is then further partitioned according to the sign of A. Before describing
this partition, we note the following remark about our curvature conventions (which
are summarized in Appendix A): our expression for the Riemann tensor (A.6) in
terms of g,, has an overall opposite sign compared to the standard GR literature
(e.g. see [49]), and so our Ricci scalar R is also related to that in standard conventions
by an overall sign. For convenience !, we then also flip the sign of the cosmological
constant A. These differences result in our Lorentzian Einstein-Hilbert action (2.1)
appearing with an overall opposite sign compared to the standard literature (which
is minus).

Now, in our conventions, the choice A > 0 in (2.1) leads to solutions correspond-
ing to locally Anti-de-Sitter (AdS) spacetimes, which have constant positive scalar
curvature. The theory (2.1) with this sign of A is correspondingly referred to as AdS
gravity. The A < 0 sector yields locally de-Sitter (dS) spacetimes, which have con-
stant negative scalar curvature. Finally, setting A = 0 leads to solutions with zero
curvature, i.e. locally Minkowski spacetimes. In this thesis, the focus is exclusively
on the AdS sector.

Einstein’s equations
To obtain the field equations for the metric tensor field g,,, consider the first

variation of (2.1) with respect to the inverse metric g":

|
(167G3)dS = / d3x\/_—g(RW — Sk + Agw,> g™
M (2.2)

—/ dx\/ =gV, <g”“5FZV - g“”éf’,j» .
M

In this section only, we assume that the variational principle has been made well-
defined, i.e. that fall-off conditions have been imposed on g, such that the total
derivative term in the second line vanishes (either identically or with the addition of
suitable boundary terms). Then, setting the surviving bulk integrand in (2.2) to zero,

one reads off the Einstein’s equations:

1
R, — §gw,R = —Agu - (2.3)

'More precisely: it is convenient to have that solutions obtained from A > 0, A < 0, have scalar
curvature R > 0, R < 0, respectively.
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Chapter 2. AdS;3 gravity

Note that equation (2.3) with u, v = 2% ---2% ! is, in fact, the field equation

for the generic d-dimensional? Einstein-Hilbert theory. This allows us to perform the
following manipulations in this more general setting. Acting on (2.3) with g and
using g, 9" = d gives

R = 2—dA. (2.4)

d—2

This relation indicates that Einstein metrics have constant scalar curvature propor-
tional to the cosmological constant A. In particular, solutions in the AdS-gravity
sector (A > 0) have constant positive curvature. Substituting (2.4) into (2.3), the

Einstein equation reduces to:

2A

R,u,y = d_ 29;1,1/ . (25)

Now, we return to the case of d = 3. A special feature of this dimensionality is
that the Weyl tensor vanishes identically. This additional geometric constraint, which
is not present in Einstein theory with d > 3, further restricts the solution space. A
vanishing Weyl tensor indeed implies that the Riemann tensor is entirely determined

by the Ricci tensor as

R,ul/o)\ - 2<gu[oR)\]V - gu[aR/\]u> - gu[ag)\]uR . (26)

Substituting (2.4) and (2.5) into the above, we then have that

Rm/ak = A(g;w’gl/)\ - g,u)\glla) . (27)

The implications of (2.7) are major: we have that all three-dimensional Einstein
metrics of (2.1) are locally diffeomorphic to one another. In particular, they are
locally diffeomorphic to the vacuum solution of the theory, which in the case of A > 0
is pure AdSs.

The following equivalent statement is typically made: there are no propagating lo-
cal degrees of freedom in three-dimensional Einstein gravity. This is can be illustrated
by counting the physical degrees of freedom of a 3d Einstein-metric tensor: the metric
in three dimensions has six independent components, but only three are dynamical
(in the sense that only three appear with a timelike derivative in the Lagrangian).

Taking the 3d diffeomorphisms into account, we are then left with zero physical de-

2Note that we now use d to denote the dimensionality of the bulk spacetime, and not the dimen-
sionality of the boundary theory.
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grees of freedom. In other words, the theory does not admit local excitations on the
vacuum solution.

While these considerations seem to render 3d gravity trivial, a closer inspection
reveals a more subtle story. Firstly, different global properties can be imposed on
the boundary manifold which leads to physically distinct solutions, as we will see. It
so turns out, in particular, that these “global degrees of freedom” can account for
many features of gravity in higher dimensions, notably black hole solutions [50] in
the case of A > 0. Secondly, studying the theory under certain choices of boundary
conditions for g,, reveals the emergence of rich boundary dynamics, such as the so-
called boundary gravitons discovered by Brown and Henneaux [35].

From here onwards, we fix the cosmological constant as
A= — (2.8)

thus restricting to the AdS-gravity sector. By (2.4), all Einstein metrics have scalar
curvature 3
R = —. 2.9
20? (29)
Here, ¢ € R is a scale that will appear as an overall prefactor in the Einstein metrics.

We now turn to describing solutions to the theory with (2.8).

2.2 AdS; solutions

The spectrum of solutions to (2.1) with (2.8) consists of locally diffeormophic geome-
tries with constant positive curvature, which are known as Anti-de-Sitter spaces. In
this section, we briefly review the description of locally AdS; metrics through the
so-called embedding formalism, before restricting our attention to two particular so-
lutions of interest. These are, firstly, the global patch of the AdS3 vacuum itself, or
pure AdSs, and secondly, the three-dimensional black hole solution. The distinction

in the global properties of these solutions will be highlighted.

Embedding formalism

A powerful formalism for describing locally AdS3 metrics (more generally AdS,
metrics) is the embedding formalism.

Consider the space R?? covered by coordinates 7T}, 75 in the timelike directions

and Xj, X5 in the spacelike directions. With signature conventions (—, —, +,+), the
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metric is

ds® = —(dTy)* — (dT)? + (dX1)? + (dX3)?. (2.10)

AdS3 is then defined as the hyperboloid in R?? given through the following embedding
equation:
—(T)' = (1)’ + (X1)* + (Xp)® = —L?, (2.11)

where in our context we take L = 2¢. The hyperboloid defined by (2.11) mani-
festly inherits boosts- and rotation-invariance from the R*? metric (2.10) (but breaks
translations). The isometry group of locally AdS; spaces is therefore SO(2,2).

A set z# of coordinates on the hyperboloid are obtained by choosing a parametriza-
tion for T} o(z), X 2(z) in terms of z#, such that (2.11) is satisfied. The correspond-
ing AdS; metric is then the induced metric on the hyperboloid, obtained by substi-
tuting the chosen parametrization into (2.10). For instance, denoting z* = (p, ¥, t),

one such parametrization is:

Ty = Lcoshp cost, T, = Lcoshpsint,
(2.12)
Xy = Lsinhpsinvy, Xy = Lsinhp cos.

with p € [0, 00), ¢ € [0,27), t € [0,27). The AdS3 metric with the choice (2.12) is

special, as we now discuss.

Global AdS;

The vacuum solution to the Einstein’s equations (2.5) with A > 0 is pure AdSs.
We analyze this space in the so-called global patch, or global coordinates.

A line element for pure AdS; in global coordinates is obtained as the induced met-

ric on the hyperboloid (2.11) with embedding-space parametrization given in (2.12):
ds® = (26)2< — cosh? pdt? + dp* + sinh? pd@ZJQ) : (2.13)

where ¢ is the time coordinate with range (—oo,00) 3, p is the radial coordinate
with range [0,00), and ¢ is the compact angular direction with range [0,27). The
constant ¢ € R, which appears through the choice of cosmological constant in (2.8),
is referred to as the radius, or scale of AdSs *. These coordinates give a universal

covering of the hyperboloid (hence global coordinates), and we note that the boundary

3Note that, compared to (2.12), we have unwrappped the range of t from t € S! to t € R. This
is required to avoid closed timelike curves.

4The choice (2¢) for the radius in (2.13) is chosen for later convenience. The more conventional
radius £ is obtained by choosing, instead of (2.8), the value A = /=2
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topology of the space is RxS!, i.e. an infinite cylinder located at p — 0o and extending
in the timelike direction.

From the embedding formalism, the symmetries AdS3 are known. It is nevertheless
useful to decouple from this construction and analyze them directly from (2.13). One
finds that the metric (2.13) is maximally symmetric with the following six Killing

vector fields:

(— = 1ltanhpe =¥, — cothpe =9, +ie =¥,
go - —%(& - 81/,)
(. = —1[tanhpe =9, — coth pel=¥)9, —ie'=¥)g,]
(2.14)
(— = 1[tanhpe T, 4 coth pe V)9, + i T¥) ]
lo = —1(0,+0y)
(. = —1[tanhpe T, 4 coth pel*¥)9, — ie+¥)9,]

It is important to highlight that these Killing vectors are all well-defined with respect
to the identifications of (2.13). Under the Lie bracket, they form the following non-

trivial commutation relations:

o bulpn = 0o, [r, ] = —200,
v B " (2.15)

[EO 7Z:|:] Lie :l:E:I: ) |:£+ ’g_j|Lie = _250 )

corresponding to two commuting copies of SL(2,R). We therefore have that the
isometry group of pure AdS; is, as expected, SL(2,R);, xSL(2,R)g = SO(2,2). Here,
the L- and R- subscripts is notation referring to the sets of left-moving (unbarred)

and right-moving (barred) algebras respectively.

The BTZ black hole
Another solution to (2.3) of major interest is the 3d black hole, nowadays com-

monly referred to as the Banados-Teitelboim-Zanelli (BTZ) black hole [50].

The line element for the BTZ black hole is conveniently written as °

2
ds? = —N2dr? + N-2dr? + 12 (dgp + N¢d7> , (2.16)

5Note that the 7 symbol employed in this section is not to be confused with the modular parameter
used in all other chapters.
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where

r2 16G2.J? 4G J
N, = | —-8GM N, = — M R. 2.1

Here, the coordinates have ranges 7 € (—o0, 00), r € (0, 00) and ¢ € [0, 27). The
parameters M and J are the mass and angular momentum of the black hole, respec-

tively. The radial values for which N, = 0 are two coordinate singularities

20014GM (1 £4/1 T\ 2.18
e = 2elaoM (121 (g7) )] (2.18)
which correspond to an inner Cauchy surface (r_) and an outer event horizon (r4).
Note that (2.18) is a constraint on the spectrum of allowed black holes, in that
both |J| < 2M¢ and M > 0 are required. The limiting case is |J| = 2M¢ for which
the surfaces r,, r_ coincide, giving rise to the extremal BTZ black hole. We can also
invert (2.18), so as to express the charges in terms of r:
ri 4 r? rLT_

M = EeNCTIER J = .00 (2.19)

Finally, we note that the black hole admits the semiclassical thermodynamic prop-
erties discussed in the introduction to this thesis. In particular, its Hawking en-
tropy (1.1) (in units c=h=kp =1) is

27T7"+

= . 2.2
Sprz 1G5 (2.20)

We now wish to highlight that the metric (2.16) of the black hole is locally pure
AdS; at every point, but differs at the level of global identifications. To see this
explicitly, we first substitute the expressions for the charges (2.19) back into the
metric (2.16). Then, this BTZ metric is mapped into the form of the global AdS;
metric (2.13), with coordinates that we denote (o', ¥, t'), by the following diffeomor-

phism: ¢
r2 —r? i/r i/r
inhp = ,/——+ ’:_<_+_7> t':——(—— )
i s S ACTAR I TACTAN

(2.21)

6Note that while the transformations (2.21), which directly relate (2.13) and (2.16), are complex,
the two sets of transformations that respectively map from the embedding metric (2.10) to (2.13)
and (2.16) are real (see (2.12) for the map to (2.13), while for the map to (2.16) we refer to [51]).
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Given the periodicities of the black hole coordinates (¢, 7), it is clear that the pe-
riodicities of (¢', ¢') in (2.21) are different to those of the true global AdS; coor-
dinates (v, t). The BTZ black hole therefore differs from global AdS3; by global
identifications.

We conclude this discussion with a remark on the symmetries. Because the black
hole is locally diffeomorphic to global AdSs via (2.21), the Killing vectors (2.14) of
global AdS; are also locally Killing vectors of the black hole. However, only two of
them (0y and 0y) are compatible with the periodicities of (¢/', t'). We therefore have
that the SL(2,R) x SL(2,R)g isometry group of pure AdS; is broken to the RxSO(2)
subgroup. This exhibits the general fact that the set of global symmetries of an
AdS; space with non-trivial identifications is typically smaller than its set of local

symmetries.

2.3 Asymptotic structure of AdS; gravity

In addition to the interior solutions of the theory e.g. pure AdS; or the BTZ black hole,
we are interested in an asymptotic (i.e. near-boundary) treatment of AdS; gravity.
Our aim with this section is to explore this rich asymptotic structure. In particu-
lar, we discuss the notion of locally ”asymptoticlly AdS3 spaces” which, as we see
in a later section, is crucial to the set-up of the gravitational path integral. More
generally, we review how, even in the classical theory, AdS3 gravity near the bound-
ary already exhibits certain striking features suggestive of a quantum duality with a
two-dimensional conformal field theory.

Two related principles enter this analysis. First, the asymptotic structure of the
gravitational theory is constrained by Einstein’s equations near the boundary. We
explore this in detail in Section 2.3.1. Secondly, one requires a notion of consistent
boundary conditions which must be imposed by hand. At the classical level, such
conditions are required to fix degrees of freedom of the fields near the boundary and
allow for a well-defined variational principle. We approach the topic of boundary
conditions by describing two known examples, which both play an important role in
this thesis. The first are the celebrated Brown-Henneaux boundary conditions [35],
which we discuss in Section 2.3.2. The second, which we review in 2.3.3, are the

(much more modern) Compere-Song-Strominger (CSS) boundary conditions [46].
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2.3.1 Asymptotic Einstein’s equations

We begin this analysis with a treatment of Einstein’s equations near the boundary
and how they constrain the asymptotic structure of their solutions. The starting point
is the following theorem by Fefferman and Graham [52]. Let g,, denote a 3d metric
that satisfies Einstein’s equations with a positive cosmological constant A = 1/(2()?
and potential matter couplings. Then, there exists a distinguished coordinate sys-

tem y* = (p, ) such that the metric takes the form *

guw = (20)%dp* + yap(p, ) da®da” (2.22)

where p is an outgoing radial coordinate, and where the induced metric on a constant p

slice o5 admits the following expansion in p > 1:
_ 2p (O) (2) O —2p 2 23
Yas(p,2) = € Yp(x) +705(x) + Oe™). (2.23)

The above expansion is known as the Fefferman-Graham expansion, and will be used
extensively throughout this thesis. Note that no assumptions are made on boundary
manifold. Note also that, while the leading- and first subleading term in (2.23)
are universal irrespective of matter couplings, the further subleading terms are not.
(It is worth pointing out that for the pure 3d Einstein theory (2.1), the expansion
terminates after the second subleading term 6_2"752 (x) [53], though this is not an
important feature of the analysis.)

A corresponding expansion for the inverse induced-metric 4% is determined by

requiring that v*#yg, = §5. One obtains

8 (p, ) = e 208 (g) — =ty @A OB () 1 O(e70) | (2.24)

where 708 is the inverse of 76(33), defined as 7(0)0‘57& = 0%. It is useful to introduce

the notation that indices on v are raised /lowered using 7%, i.e. we write:

(2008 — ~(0)ar,(0)55,(2) (2.25)

v v v s >

"Note: Fefferman and Graham show that (2.22) is always available for generic AdSy spaces, not
just AdSs. This is highly non-trivial in d > 3. In d = 3 however, one can simply appreciate (2.22)
from the fact that all solutions are locally diffeomorphic to pure AdS; (2.13), which is already in
the form (2.22).

24



Chapter 2. AdS;3 gravity

such that the Fefferman-Graham expansions (2.24) with (2.25) becomes
VB (p,x) = ey DB (g) — ey Dl L O(em0) (2.26)

An immediate exercise is to substitute the metric (2.22) with (2.23) back into the
Einstein’s equations. This yields constraints between the various coefficients 7™ of
the expansion. We demonstrate this explicitly, focusing on the pure theory (2.1) with
Einstein’s equations given (2.3). The first step is the substitution of the Fefferman-
Graham gauge (2.22) into (2.5), which gives Einstein’s equations in terms of the

induced metric v,4 as

1
Q—EapK + KoK =20 = 0, (2.27)
VA(Kup —7asK) = 0, (2.28)
1 -
2Kz K5 — KopK — 27‘9'”[(‘“5 —Rop+2MAves = 0, (2.29)

where, recalling from Section 2.1, we have A = 1/(4¢%). The extrinsic curvature K,z

for Fefferman-Graham metrics (2.22) is

1

K@= —
Ozﬁ 2(26) ap’Va,B bl

(2.30)

and K =v*K,3. Allindices in (2.27 - 2.29) are raised/lowered using y,5. In (2.28), V,

is the covariant derivative with respect to y,z:
VoV = 0,V — T2,V fAles(a + 98Yas — O5Yas) (2.31)
aVp — UaVp af VA aff — 2")/ VB8 BV as 5Yap) - :
In (2.29), we have introduced Rqg, the Ricci tensor of v

Ras = —2(6[AI~“§]5 + fi[éfgm) . (2.32)

The second step is to substitute the Fefferman-Graham expansion (2.23) for the in-

duced metric into the decomposed Einstein equations (2.27 - 2.29). A useful set of
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intermediate quantities 18:
1 0 — 4 —
Kaﬂ ( 2p,y(18) e 2p,y(/32) O( 4p) ’

KB — 2_6(6—2/17(0)0& _ 26_4"7(2)“5) + O(e_ﬁp)

(2.33)
1
K = ﬂ(2 — ef2pry(2)a6 )_|_ O( *6p)7
Ras = R()+0(e™),
where Rﬁfg is the Ricci tensor for 'yg)ﬁ), ie.
: A o 1
B = =D+ TSI . T = 590%0u0 +08) - 0n ) - (234)

With these substitutions one finds the following three relations. The trace with

respect to 79 of the leading order equation of (2.29) gives
Troy[y?] = 22RO, (2.35)

where RO = y(o)aﬁﬁgg and Tr[y™] = 7(0)0‘57(%). Subleadings orders of (2.29)

and (2.27) give relations that determine further subleading coefficients 7((1%) in the
Fefferman-Graham expansion. For instance, for the pure theory, we have:
4 1 @ 2
Yos = 707 55). (2.36)

Finally, one finds that (2.28) is identically satisfied at leading order, but yields the

following differential constraint at the first subleading order:

Vs (%E) Tf(om(z)hig)) =0, (2.37)

where V) is the covariant derivative constructed from 'yéoﬁ) and its index is raised

with (a8,

The relations (2.35) and (2.37) imply that for a given 4, the tensor 4 is only
determined up to its trace and a constraint on its divergence. It is useful for a
later discussion to introduce an equivalent representation of this fact, by making the

following definition:

2 0 2 A 0
Tos = 759 — ey = 753 — 20RO (2:38)
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where we used the trace relation (2.35) to substitute for RO, Re-arranging for 4,
one has
23 = Tup + 2RO . (2.39)

and the constraints (2.35), (2.37) are, respectively,

Try(T] = —20°R©, (2.40)
vOfT,, = 0. (2.41)

In this picture, the ambiguity in 7526) is recast in the form of a symmetric tensor Tyg,

which is determined by v(*) only up to its trace and divergence as in (2.40), (2.41).
One concludes that the asymptotic form of Einstein metrics is entirely character-
ized by six functions of the boundary coordinates x¢, of which only five are indepen-
dent. The six functions correspond to the components of the symmetric tensors 7((105)
and 7&25) They are subjected to the algebraic trace condition (2.35), and are further
constrained by the two differential equations (2.37). (Equivalently, in the language
of (2.39), the inputs for 7;26) are traded for the two components of T;5 subjected to

the trace condition (2.40) and the differential constraints (2.41).)

We now turn to the subject of boundary conditions. Boundary conditions corre-
spond to fixing a certain amount of the input data summarized above to a specified
reference value. In the classical theory, this reduces the overall ambiguity in the
asymptotic metric (in fact, the metric becomes almost entirely determined by the
equations of motion). In the quantum level, all degrees-of-freedom that are not fixed
by the boundary conditions are allowed to fluctuate.

We study two particular sets of boundary conditions. The first is Brown-Henneaux,
where the input data that is fixed are all the components of ¥, and the only re-
maining degrees of freedom in the asymptotic solution appear as an arbitrary choice
of one left-moving and one right-moving function for the two unfixed components
of ¥®). The second set are the CSS conditions, where the input data that is fixed are
two components of 79 and one component of 42, The third component of ¥ is
also partially fixed to be an arbitrary right-moving function. The remaining degrees
of freedom in the asymptotic solution are then this very right-moving function and
another independent arbitrary right-moving function for the unfixed 7(? component.

For both choices of boundary conditions, the following two key criteria [54] are sat-
isfied: the interior solutions of interest (e.g. global AdS; and the BTZ black hole) are
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allowed. Furthermore, a consistent variational principle is reached upon the addition

of suitable boundary terms.

2.3.2 Boundary conditions I: Brown-Henneaux

The seminal works by Brown and Henneaux [35] on Einstein theory in asymptotically-
AdS; spaces constitutes a pioneering step towards a holographic description of (semi-)

quantum gravity.

Boundary conditions
Their treatment relies on the introduction of the now-called Brown-Henneaux

boundary condition:
A0 = . (2.42)

In other words, the conformal boundary metric is fixed to be locally Minkowski, while
the subleading terms in (2.23) are left unconstrained. To proceed, it is useful to make
an explicit choice of coordinates. The most convenient choice for our analysis is to
take the global AdS; metric (2.13) as a reference, i.e. we identify its p coordinate
with the p coordinate appearing in the Fefferman-Graham gauge (2.22). Then, by

performing the asymptotic expansion in e” of (2.13) and comparing to (2.23), we fix
ds%o) = ’yg)ﬂ) dedx’ = (2(—dt* + dip)* = CPdrtda, (2.43)

where we have introduced light-cone-type coordinates defined as 2+ =1 F¢. 8

Asymptotic form of Brown-Henneaux metrics
With () fixed, the remaining degrees-of-freedom in the asymptotic metric ex-
pansion (2.23) are the components of 7 subjected to the Einstein-equation con-
straints (2.35), (2.37). The trace constraint is algebraic and entirely fixes one of the
components:
W2 o, (2.44)
2

Meanwhile, the two dynamical constraints imply that the remaining two modes, v,

and 7(_21, are purely left-moving and right-moving functions respectively:

04 =0,4% =0 = @) =2eet),  P@) = L), (245)

8Note that z* are not the usual light-cone coordinates X* = ¢t + 1) = +zF, for which the
flat metric is ds? = —dXTdX~. Our choice is made such that under Wick rotation t = —itg, the
coordinates = map directly to the standard complex coordinates as (z+,27) + (2, 2), where (z, 2) =
(Y +itg, ¥ —itg).
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where the factor of 2 is chosen for convenience. Note that, beyond their left/right-
moving profile, these functions are entirely arbitrary. They are commonly referred
to as the Brown-Henneaux modes, or the boundary gravitons of AdSs. The direct
substitution of (2.42), (2.44), (2.45), into (2.23) now gives the most general asymptotic
form (up to trivial diffeomorphisms) of solutions to the vacuum AdS; theory (2.1)
with A = 1/(2¢)? and with Brown-Henneaux boundary condition (2.43):

ds® = (20%dp* + 2 (*datde” + L(z ") (det)? + L(a”)(da")? + Oe ™)) . (2.46)

One may check that the bulk solutions discussed in Section 2.2 take the asymptotic
form (2.46) upon suitable choices for £, £. For instance, global AdS; (2.13) is reached
with the choice

L=L=—-1. (2.47)

Variational principle

We turn to the variational principle of the theory with these boundary conditions.
Since the Brown-Henneaux boundary conditions are Dirichlet conditions, one fol-
lows the usual treatment for Dirichlet problems in general relativity on non-compact
spaces. Recall that this corresponds to the addition of the so-called Gibbons-Hawking-
York boundary term and a cosmological counterterm. For metrics in the Fefferman-

Graham gauge (2.22), these terms are respectively given as

1
= — dx /7K 2.4
SGH 87TG3 /8_/\/( X Y 9 ( 8)
S, ! / d? (2.49)
= —0 T — .
ce 87TG3(2€) OM 7

where v = Det(7,5). For a stationary solution, the variation of (2.1) together with
its boundary terms (2.48), (2.49), gives, upon substituting the Fefferman-Graham
expansion (2.23):

5(5 + Sem + Scc> = 1g ! /d2x\/ —~(0) (V(O)O‘BTr[fy(Z)] — 7(2)“5)67&%) , (2.50)
TlG3

which indeed vanishes once the Brown-Henneaux conditions are imposed, i.e. that (%

is fixed (5752 = 0). The variational principle is therefore well-defined. Note the

emergence of T,4, as introduced in (2.38), which now acquires the interpretation of a

holographic stress tensor [55] (we have Tr[T] = 0 by (2.40)).
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Asymptotic symmetries

The symmetry group under which an asymptotically AdS3; metric obeying Brown-
Henneaux boundary conditions is mapped to another asymptotically AdS; metric
obeying the same boundary conditions is much larger than the SO(2,2) isometry
group of the bulk AdS; solutions. Most remarkably, the group in question turns out
to be the 2d conformal group. Here, we review the first and main step in deriving
this result, namely to compute the asymptotic Brown-Henneaux Killing vector fields
that generate this asymptotic algebra.

Consider an arbitrary diffeomorphism £,(p, z®) on (2.22) where, recall, (p, %)
are Fefferman-Graham coordinates. We say that ¢ is an asymptotic Brown-Henneaux
Killing vector if (a) it preserves the Fefferman-Graham gauge (2.22) ? and (b) it leaves

7 in (2.43) invariant under the Lie derivative %, but not necessarily the subleading

metrics 7, - of y,5. The condition (a) is equivalent to the constraints
Legop = 0, (2.51)
ZeGpa = 0. (2.52)

Meanwhile, (b) corresponds to
Liges = O(1). (2.53)
We now solve these constraints for £. The first, (2.51), immediately gives
0, =0 = &(px)=C(x). (2.54)

Using this, the second constraint (2.52) gives
Yap 0,67 + (20)20,C(x) = 0 = P(p,x) = D°(2) — / dpy*P0,C(z) (2.55)

where we have introduced the arbitrary p-independent mode as D*(x). Note that
while this mode is O(1), the integral term is subleading because y*# = e 2PyOaB ...
as in (2.26). For the third constraint (2.53), we have

2%()23) C(x) + DA(I)awioﬁ) +291%,005 D (z) = 0, (2.56)

9Note that this aspect can be relaxed. Indeed, Brown and Henneaux derive the asymptotic
symmetry algebra while also allowing for subleading fluctuations in the g,, and g,, components,
which clearly violates the Fefferman-Graham gauge (2.22).

30



Chapter 2. AdS;3 gravity

which is the result of the leading order O(e?) of the equation with (2.54), (2.55), and
with the fact that the Brown-Henneaux boundary conditions set axyc(?ﬂ) = 0. Finally,
taking the trace of (2.56) with 7% we have

1
C(x) = —58,\D)‘(x) , (2.57)
which we substitute back into (2.56) to give the equation
— ~0 A
20 Dp)(z) = 7o500D" () . (2.58)

Notice that this equation is nothing but the conformal Killing vector equation for 2d
Minkowski space (recall 4(*) = 7). The components of the leading order D*(x) of the
diffeomorphism £*(p, x) along the boundary directions are therefore the infinitesimal
generators of the 2d conformal group. Explicitly, we have the usual infinite set of

left /right-moving functions
D* = D*(x*), D~ = D (z7). (2.59)

The subleading orders of £* are then determined by (2.55), and we have

€ p.) = DHat) g [dpe Py ® 0.0 D (a7) 4 O ),
(2.60)

& (px) = D (x7) + % / dpe 79,0, DF (aF) + O(e™™),

where we used (2.57) to substitute for C'(x) in the integral terms. Finally, £ is
expressed from (2.54) with (2.57) as

& (p7) — —%(a+D+<x+)+a_D—<x—)). (2.61)

With (2.60) and (2.61), we have finally obtained the (infinite number of) asymptotic

Brown-Henneaux Killing vector fields:
1
¢ =D"(x") 0y + D (7). — §(a+D+(x+) + 8_D_(x_)>8p
L 207 O=+9_0_D(z7) )0
—|—§( dpe "~y _0_D™(x )) + (2.62)

5 ([doeO0,0.00wh)o- + 0 ).
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which split into the left /right-moving parts

¢4 = DF(at)a, — %(9+D+(ac+)3p+ %( / dp6_2p7(0)+_3+(9+D+(x+))3_,
) — D (- Lo D (2 1 20 (0)—+ (-
€9 = D (@7)0-—50-D (@ >ap+§( dpe=24O~+9_9_D(x ))a+,

(2.63)

where we suppressed the O(e™*).

The remaining step, which we simply state here, consists of computing the algebra
associated to these asymptotic symmetries. A subtlety here is that directly computing
the Lie bracket algebra of the vector fields (2.63) that generate these symmetries gives
only the classical part of the 2d conformal algebra, namely two commuting copies
of the centerless Virasoro algebra (a.k.a. the Witt algebra). This incompleteness
stems from the fact that the canonical generator associated with a given vector field
is not unique: it is only determined up to the addition of a constant (i.e. a ”central
extension” ), which commutes with everything, and which the naive computation of
the Lie bracket does not capture. To observe the quantum 2d conformal group, the
algebra must be instead be computed from the Poisson brackets of the conserved
charges Q*) associated to these vector fields (recall that these charges are non-trivial
because £*) are not exact diffeomorphisms in the bulk). This approach correctly
gives rise to the central extension of the Witt algebra, and comes from the O(e™2*)
piece of &(Li). Upon introducing Fourier modes Qq(li) for the generators, the resulting
algebra is finally matched to viry, & virg with central charge identified in terms of the
gravitational constants as

= 32(—2? (2.64)

This is the Brown-Henneaux central charge of AdS3 gravity.

2.3.3 Boundary conditions II: Compere-Song-Strominger

We now present an alternative, more recent set of boundary conditions, the Compere-
Song-Strominger (CSS) boundary conditions [46]. The construction of these condi-
tions was at the time strongly motivated by the emergence of the so-called Kerr/CFT
correspondence [56], but we underline that this is not the relevant context for our
problem. Instead, we will later find these boundary conditions are compatible with a

set of localization solutions around AdSs.
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The boundary conditions

The CSS boundary conditions are:

_ 2
YO = 2o Pam), 49 = 5 A =0, AP = 4GAL, (2.65)

where O_P(z~) is an arbitrary fluctuating function of the right-movers and A is a
fixed constant that is related to the charges of specific BTZ-type solutions. Note that,
as with Brown-Henneaux, the boundary conditions fix the conformal boundary metric
to be Ricci-flat: R© = 0. However, unlike with Brown-Henneaux, the CSS conditions
are chiral, in the sense that they do not treat the left- and right- moving sectors on
the same footing. They also allow for fluctuations in the conformal boundary metric,

at the expense of fixing one component of the subleading order metric (2.

Asymptotic form of CSS metrics
We substitute the boundary conditions (2.65) into the asymptotic Einstein’s equa-
tions (2.35), (2.37). The trace constraint (2.35) gives

Y2 = 4G;A0_P(x7) . (2.66)

To solve the dynamical equations (2.37), note that the only non-trivial component
of 1® with the CSS conditions (2.65) and (2.66) is T+ __ = §_9_P. The choice z* =
in (2.37) then gives

0,0_P =0, (2.67)

which is trivially satisfied, and the choice @ = z~ in (2.37) gives, using (2.66), that
0.4% =0 = 2 =4GUL(z) + AO_P)?). (2.68)

Here, we have introduced an arbitrary right-moving function L, and have split off
a (0_P(x7))? for convenience. The most general asymptotic metric obeying the

Einstein’s equations with the CSS conditions is therefore

ds® = (20)%dp® + (*e* (dx+ + 3_P(:E_)dx_>dx_

(2.69)
ATeN (E(x_)dx_Q + A(dz* + 8_P(w_)dx_)2> +O(e ).
Global AdS; (2.13) is reached with the choice:
O_P(x™) =0, L =A = —1/(4G5). (2.70)
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More generally, note that setting O_P to zero and keeping L arbitrary reduces the
metric (2.69) to that of the right-moving sector of Brown-Henneaux, where L plays
the role of the Brown-Henneaux mode £ in (2.46). In this picture, the left-moving

Brown-Henneaux sector is to be seen as fixed to £ ~ A.

Variational principle

The variational principle with these boundary conditions requires an additional
boundary term on top of the Gibbons-Hawking term (2.48) and cosmological coun-
terterm (2.49) of the Brown-Henneaux story. This is due to the fact that, unlike with
Brown-Henneaux, we do not have 575406) = 0 for any «, 3, and so the surface term (2.50)
does not vanish. Explicitly, (2.50) with the CSS boundary conditions (2.65) gives:

1
5(5 + Sanu + Scc) lcss = ~1670Cs /d2xv —7<°>7<2)°‘557§2 :

A
=~ VARSI

(2.71)

where used that 7(0)“557223) = 0 and vY®?* = 16AG3/f° by the boundary condi-
tions (2.65). The extra boundary term that is added to cancel (2.71) is given in [46]

as

. A
Ses = i [ PV (272

with which one can check that

5(5 + San + Sco + SgggY) less = 0. (2.73)

Asymptotic symmetries
The derivation of the asymptotic symmetries preserving the CSS boundary con-
ditions follows a strategy analogous to the derivation for Brown-Henneaux case. We
refer to [46] for the details. Here, it suffices to state that the asymptotic symme-
try algebra corresponds to a chiral (right-moving) Kac-Moody-Virasoro with central
3(20)

extension. The central charge of the Virasoro is cp = T
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Aspects of AdS3 partition functions

In Chapter 2, we reviewed the classical AdSs theory in Lorentzian signature, its
solution space, and the topic of asymptotically AdS; boundary conditions. At this
stage, we are in a good position to introduce basic aspects of partition functions
in this classical and non-supersymmetric setting, in preparation for moving to the
supergravity formalism of Chapter 4 and beyond.

The analysis in this chapter begins with a Wick rotation of the Einstein theory to
Euclidean signature. This gives the semiclassical framework in which we then discuss
the partition function dual to the generic CF Ty trace given in (1.4). In this setting, we
review the rewriting of the gravitational partition function as a sum over PSL(2,Z)/Z
geometries [25]. The simplest such geometry, M1, or thermal AdSs, is presented.

In the spirit of moving one step closer towards the gravitational dual of the elliptic
genus (1.7), we introduce into the Einstein action a coupling to an arbitrary number
of right-moving U(1) matter gauge fields. The long-distance dynamics of these fields
are governed by a Chern-Simons action, and their boundary conditions require the
addition of a boundary term. In this Einstein-Maxwell-Chern-Simons theory, we

evaluate the action on the thermal AdSs configuration.

3.1 Semiclassical limit and sum over geometries

As the simplest example, we study the semi-classical limit of the gravitational path
integral dual to the thermal CFTy partition function (1.4). In this limit, the path-
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integral is dominated by the (Euclidean) AdS;3 saddles of the Einstein theory:

Z(r) = Y exp (Splge) +-- ). (3.1

re

where S is the Euclidean action for the Einstein theory (with suitable renormaliza-
tion), g. denotes its saddles, and the (4 ---) represents suppressed quantum (loop)
corrections to Sg(g.) in perturbation theory. Note that we suppress the 7 argument
which should also enter in Z(). To proceed, two aspects need to be clarified. First,
we need the Euclidean version of the Einstein action (2.1). Secondly, we need to
take into consideration the boundary conditions that enter the definition of the path-
integral, and that therefore restrict the types of saddles which appear in (3.1). For

this discussion, our groundwork on Brown-Henneaux in Section 2.3.2 will help.

Euclidean Einstein-Hilbert action and conventions
First, we require the Euclidean version of the action for AdS3 gravity given in (2.1).
This is obtained through the Wick rotation:

t = —itp, (3.2)

where tg is the Euclidean time coordinate. Note that light-cone coordinates (x*, 27)
introduced in Section 2.3.2 are respectively mapped to the complex coordinates (z,Z),
given as:

z = Y+ilg, zZ =1Y—itg. (3.3)

Here, let £ and S = [ dt d*z L generically denote the Lagrangian density and action
functional of a Lorentzian theory, respectively. The Wick rotation (3.2) gives the
Euclidean counterpart Lg of £ as £L = Lr. We then define the Euclidean action Sg

in terms of Lg as

With this definition, Sg is related to the Lorentzian action as
iS = Sg. (3.5)

Note that our definition (3.4), through (3.5), implies that Euclidean path integrals
are of the form [ D[®]exp(Sg) (which is indeed the form we have been employing
throughout this thesis). In these conventions, the path integral is perturbatively

well-defined if Sg is negative-definite. Now, according to (3.4), the action for the
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Euclidean Einstein-Hilbert action with cosmological constant (2.8) is

1 ) |
S5 = oo /thd wg(R - @) . (3.6)

The space of solutions to the field equations of (3.6) is also mapped by the Wick
rotation (3.2) from the Lorentzian solutions. In particular, recalling from Chapter 2
that all Lorentztian solutions are locally diffeomorphic to AdS3, we have that all
Euclidean solutions metrics are locally diffeomorphic to the 3d hyperbolic space HS3.
The isometry group of H? is SL(2, C).

Maldacena and Strominger’s sum of geometries

We turn to the boundary conditions for the path integral. As stated in Section 1.1,
the metric configurations that contribute to the gravitational functional integral are
those with asymptotic geometry corresponding to a 72 with complex structure 7.
More precisely, these are all configurations that obey the (Wick-rotated) Brown-

Henneaux boundary conditions
Yop drdz’ = (*e*dzdz + O(1), (3.7)

where (z,%Z) must be coordinates on a T?, i.e. z ~ 27 ~ 277. In the semiclassical
limit, where the path-integral takes the discrete form (3.1), the contributions are
just saddles of the theory, which as described above are locally H?. By this virtue,
they automatically have asymptotic form (3.7). The non-trivial question that remains
is therefore how to classify all H? spaces with a 72 boundary. We review this in the
following paragraphs.

Starting with H?, one takes the quotient H?/Z of the hyperbolic space with the
discrete subgroup Z of its isometry group SL(2,C). This defines the solid torus man-
ifold, which is unique at the level of hyperbolic geometry. The conformal boundary
of this torus is equipped with the modular parameter 7, which is defined only up to
actions by the elements of the modular group PSL(2,Z) =SL(2,7Z)/Z,:

ar +b
cr+d’

a,b,c,d € R, ad —bc = 1. (3.8)

(The action of Zy in the quotient is the simultaneous sign flip of (a, b, ¢, d).)
Although at the level of the geometry the modular group is a symmetry, its action
does nevertheless change which cycle of the T? is contractible in the bulk. Explicitly,

consider the two coordinates (1,tx) on the T2, which are related to (z,%) of (3.7)
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as in (3.3). The geometry in which the v-circle is contractible is called the My

geometry, or the thermal geometry. The action on M ; with an element
v o= € PSL(2,7) (3.9)

produces a new configuration with modular parameter given in (3.8) and with a
contractible cycle along the
ctp+dy (3.10)

direction (note that by Euclid’s algorithm, the condition ac—bd = 1 implies that (¢, d)
are relative primes). While it therefore seems that the g. geometries that should be
summed in (3.1) are all the PSL(2,Z) images of the thermal geometry, this turns out
to be too broad. Indeed, we note that after specifying (¢, d) there is one further equiv-
alence relation as (a,b) — (a,b) +t(c,d), t € Z. Therefore, the independent sum is
only over distinct pairs (¢, d). The associated geometries are the images of My un-
der PSL(2,Z)/Z, which we denote as M, 4. The gravitational partition function (3.1)

becomes

Z(r) = > Zealr). (3.11)

(c,d)

where the summation is over all relatively prime ¢ and d with ¢ > 0, and where
Zoy = exp <SE(MC,d) +- ) . (3.12)

This family of M. 4 geometries is the interpretation of what Maldacena and Strominger
termed an “SL(2,Z) family of black holes” [25]. Note that, because the M, 4 are the
PSL(2,7Z)/Z images of M, we may also express (3.11) as

Z(r) = > Zoaly 7). (3.13)

v*€PSL(2,Z)/Z

Written in this way, it is clear that all contributions to the partition function are
known once the contribution Zj; of thermal AdS; is known. The exercise of comput-
ing the partition function therefore reduces to the calculation of Zy ;. In particular, if
the quantum (+---) corrections in (3.12) with (¢, d) = (0, 1) can be computed, then
the partition function is known exactly. Recall that theses are the considerations that

were invoked in Section 1.1 when motivating the exact computation of Zy; (1.10) in
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the supersymmetric theory.

The M,, geometry: thermal AdS;

As described above, the simplest classical configuration with boundary 72 is ther-
mal AdSs, corresponding to the solid torus with contractible cycle along the spatial v
direction. We will require an explicit form for this geometry. We realize it, as is
usual, as the Wick rotation (3.2) of the global AdS; metric (2.13). This gives the line
element

ds® = 40° (Cosh2 pdtg® 4 dp? + sinh? pdwz) : (3.14)

We then impose the required thermal periodicities as
(te,¥) ~ (ts + 2175, 4 27m) ~ (b5, 1) + 2m) . (3.15)
Note that we introduced notation for the real and imaginary part of 7 as

T =7 +in. (3.16)

3.2 Introducing U(1) gauge fields

In this section, we insert into the low-energy gravitational theory the relevant dual
structure for constant chemical potentials ! coupled to a number of conserved U(1)
charges q; = f Jr in the boundary CFTy. Here, J; are the corresponding conserved
currents in the CFT, which we will take to be right-moving. We then compute the
action on thermal AdS; with these U(1) couplings. Once exponentiated, this action

value corresponds to the leading order contribution to the function integral for Z ;.

In the presence of the U(1) charges g; with chemical potentials u!, the thermal
partition function (1.4) of the generic CFTy is modified as

Zowr, (7, ) = Ty e 2P oulur] (3.17)

where as before, H and P are the Hamiltonian and angular momentum operator
coupled to their chemical potentials 3, £ given as in (1.5), (1.6), respectively.! In the
dual gravitational theory (3.6), this additional matter structure should be reflected

by including the same number of U(1) gauge fields W. The most relevant term

! Again, we highlight that ¢ appearing in (1.4) and now (3.17) is not the AdS3 radius appearing
in expressions like (2.13).
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governing their dynamics at low energies is given by the Chern-Simons (CS) action
i i
——k 1 d J ——k d3 LU 1 , J ] 1
S [J/W A dW S [J/ xTe WNaW)\ (3 8)

Gauge fields on asymptotically AdSs spaces admit a large p expansion analogous to

the Fefferman-Graham expansion (2.23) as:
Whip,x) = WIO(z) +e 22 W @ (z) 4. (3.19)

The asymptotic equations of motion further imply that WL is fat (i.e. independent
of p). We choose the U(1) gauge W/ = 0.

As is well-known, the CS term has a first order kinetic term so that the two
legs W/, form canonical pairs in the Hamiltonian theory [57]. One should therefore

impose Dirichlet boundary conditions on only one of the legs:
SWli® = o, W@ not fixed. (3.20)

Now, in accord with the bulk /boundary correspondence, the boundary source u! must
be identified with the asymptotic value of the gauge field wio, Focusing on the
thermal AdS; geometry, where the 1-cycle is contractible, any smooth configuration
must have Wé = 0 at the origin. The saddle-point configurations have flat gauge
fields due to the equations of motion, and therefore obey
w! = -wl = —iu". (3.21)
The semiclassical thermal AdS; contribution
We turn to computing the semiclassical contribution of this U(1)-matter-coupled

thermal AdS; configuration to the gravitational dual of the trace (3.17). As discussed

in Section 3.1, this just involves computing the exponential of the renormalized action
Sren = Sbulk + dery (322)

on the field configuration. Here, Spuy is the bulk Euclidean action of the Einstein-
Hilbert-Chern-Simons theory given by the sum of (3.6) and (3.18). Note that a
Maxwell term for W' is of course also present in the theory, but it vanishes on
the constant gauge fields (3.21). Meanwhile, the action Spayy is the boundary action

required to make the total action finite and well-defined under our choice of boundary
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conditions. This corresponds to the Gibbons-Hawking boundary term (2.48) and

counter term (2.49), and a Chern-Simons boundary term given by

LY / dzdz [W; W;} . (3.23)
8w bdry
This last term is required to ensure the consistency of the variational principle of the
gauge fields with the boundary conditions (3.20).
We may now evaluate Sie, on the field configuration (3.14), (3.21), with identifi-
cations (3.15). The result is

Sren(Ta N) = —mok —mTo kg NIMJ ) (3.24)

where 6k = %2? is the Brown-Henneaux central charge of the gravitational theory
for the AdS; space (3.14), and ky; is the level of the Chern-Simons term (3.18). We
remind the reader that the boundary U(1) current obtained from (3.18), (3.23) is
right-moving. The opposite chirality is described upon imposing opposite boundary
conditions to (3.20), i.e. fixing WE(O) instead of WZ(O), which requires an opposite
relative sign between (3.18) and (3.23) (for the variational principle to remain well-

defined).
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5d conformal supergravity and
AdS;xS?

In this section, we turn from the 3d Einstein-Hilbert setting studied in Chapters 2
and 3 to 5d Lorentzian supergravity on AdS3xS?, with A/ = 2 (minimal) supersym-
metry (i.e. 8 real supercharges) and coupled to U(1) vector multiplets. In the context
of the localization formalism, we are particularly interested in the off-shell formula-
tion of this theory, whose key features we review in Section 4.1. In Section 4.2, we
move on to describe the classical global AdS;xS? solution of this theory. We present

the Killing spinors preserved by this configuration and the consequent superalgebra.

4.1 Off-shell 5d supergravity

Off-shell supergravity in the superconformal formalism in Lorentzian signature in var-
ious dimensions has been known for many decades (see the book [58]). The idea of
this framework relies on the well-known fact that Poincaré gravity theories can con-
sistently be described as conformal gravity theories coupled to compensating matter.
It then turns out that this conformal description for supergravity theories allows to
have off-shell representations for supersymmetry, albeit in the presence of additional
auxiliary fields.

In this thesis, we are interested in the matter-coupled N/ = 2 theory in five
spacetime dimensions, which was constructed in [28, 29, 30], and in [32, 31, 59]. Tt is

reviewed in the more recent [60, 37] whose conventions we follow.
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Chapter 4. 5d conformal supergravity and AdSsxS?

Weyl Ex™, Wiy, by, Vi, Tun, D, X
Vector o, Wi, Qv
Hyper A,

SUSY parameters e,

Table 4.1: Independent fields of the supersymmetric multiplets and @, S-
supersymmetry parameters in five-dimensional A/ = 1 conformal supergravity.

Supermultiplets

For the N/ = 2 5d conformal supergravity theory, we follow the conventions of [60].
We consider the Weyl multiplet, which couples to N, number of U(1) vector multiplets
as well as a single hyper multiplet. One of the NV, vector multiplets and the single
hypermultiplet constitute the two compensators to be added to the Weyl multiplet in
order for the off-shell theory to correctly describe the N' = 2 Poincaré supergravity.
The reduction from the off-shell theory to the Poincaré theory is discussed at the end
of this Section. We now review the field content each multiplet. For a summary, see
Table 4.1.

The Weyl multiplet consists of the gauge fields corresponding to all the symmetry
generators of the NV = 2 superconformal algebra {PA,MAB,D,KA,Qi,Si,V}i},
where D and K are the dilatation and special conformal transformation respectively.
Among all the gauge fields, the gauge fields associated with {M4P K4 Si} are
composite, i.e. they are expressed in terms of other gauge fields. The independent
gauge fields in Weyl multiplet are the vielbein Fy;4, dilatation gauge field by, gaugino
¥, and the SU(2)g gauge field Vj;".! For the Weyl multiplet to be realized as an
off-shell supermultiplet, it includes an auxiliary two-form tensor T4p, an auxiliary
fermion Y¢, and an auxiliary scalar D. Hence the independent fields of the Weyl

multiplet are summarized as
Weyl: {Ex™, Wy, bar, Vi, s Tun . X', D} (4.1)

Here, the indices {A, B, ---}, {M,N,---}, {i,j,---} are five-dimensional flat tan-
gent space, curved spacetime, and SU(2) fundamental indices, respectively, which are

summarized in Appendix A. We use the special conformal symmetry (that acts only

!Note that the SU(2) g of the supergravity is not the same as the SU(2) coming from the rotation
of the S? geometry (which, recall, is dual of the R-symmetry of the (0,4) boundary theory.
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on by) to gauge-fix byy = 0, so that from here on this field will not appear. We

consider N, vector multiplets labeled by I, each of which consists of
Vector:  {o’, Wy, Q" Vi}, I=1,2,---,N,. (4.2)

They corresponds to a scalar, a U(1) gauge field, gaugini, and an auxiliary symmet-
ric SU(2) triplet. The 4, j indices are raised and lowered using the SU(2) symplectic
metric €, where, explicitely, ;5 = ¢'> = 1. In particular, we have Y;; = e ej0 Y*

We finally consider a single hypermultiplet, which consists of

Hyper: {A;*, ¢“}, (4.3)

corresponding to the hyper scalar, and the hyper fermion, where @ = 1,2. Note
that this is an on-shell hypermultiplet. There is in fact no known off-shell Lorentz-
covariant hypermultiplet with finite number of fields. While this limitation plays no
role in the contents of this thesis, it is interesting to note that the construction of
off-shell hypermultiplets for one supercharge in the context of localization has been
studied [61, 20].

Supersymmetry algebra
The infinitesimal supersymmetry transformations of the various spinor fields under
the Q and S supersymmetry are parametrized by the Q- and S- Killing spinors €, 7',

respectively. Up to higher order in fermions, we have:

5V, = 2Dwe + =Tup(37* Py — vy B)e — iy’

2
. . 1 . 31 .
OX' = €D+ R (Ve + = (397797 +99947) e DoTag
3 .3 .
— —TapTopy"Pe + —Tapy""n’, (4.4)
16 16
. 1 . . . )
oY = _§<FAB — 40T ap)y*Be — iyt Dac — 2e Y9 + onf
«a A a 3 a, 1
0CY = =iy e'DyA; —|—§AZ~ n'.

where the curvature Ryn;’ (V) is given by:
Runi (V) = 20V, — 2‘/[Mika]kj~ (4.5)
The relevant covariant derivatives acting on each field are covariant with respect to
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all bosonic gauge symmetries except conformal boosts:

. 1 1 . 1 o
Dyt = (31\4 - ZWMAB YaB + §bM) €+ §VMjZ e,
DyTap = (On — bar)Tap — wia“Top — wns“Tac (16)
.6
DMO'[ = (8M — bM) UI,

1 .

Two @Q-supersymmetry transformations, parametrized by spinors €; and €5 respec-

tively, close into the bosonic symmetries of the theory as

[0g(€1),0q(€2)] = Oeget(§") + Onr(A) + ds(n) + 0r (Ax) (4.7)

where dcg¢ are the covariant general coordinate transformations, d,; is a local Lorentz
transformation, dg is a conformal supersymmetry transformation, and Jx is special

conformal transformation. Explicitly, the relevant parameters to this thesis are

_ — 7
SM - 2621'7#617

) (4.8)
B — —§“quB + %TCDE%(M[AVCDVB] — v Byop — yopy*P)el .
The action
The bosonic Lagrangian at two-derivative level is
Lopwx = E (Ly + Lyw + Ly + Law + Les) (4.9)

where £ = det(EMA), Ly contains purely vector multiplet terms, Lyy contains

mixing between vector and Weyl, Ly is the kinetic hyper scalar piece, Lyy contains
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coupling of hyper to Weyl, and L¢g is the five-dimensional Chern-Simons action:

1 1 1 -
Ly = §c,JKaf (5 1>Ma"DMaK+Z AQNFMNK—3UJFA§NTMN—1QjYKZJ) :
1 39
ﬁvw = —C(O) —R—4D——T2 s
8 2
1 .
LH = —éQaﬁﬁmDMAia DMAjﬁ,
3 3
= — 2D + = T?
EHW X <16R+ + 4 ) y
1
ECS = ——48E€MNOPQC]JKW]{4F]‘\]70F§Q.

(4.10)

In the Chern-Simons Lagrangian Lcg, the object eMNOPQ ig g fully antisymmetric

tensor density taking values 1. The scalar norms appearing in Ly and Ly are:

1
C(o) = G CIK olo’ ok, (4.11)
_1 ij g q B
X ‘= 5 Qaﬂé Az Aj . (412)
The action of the theory is
S ! d°z L (4.13)
u = — €T ulk 5 .
bulk 57 /., bulk

for coordinates ™ on the 5d manifold M.

Relation to Poincaré theory

In this thesis, while we work almost exclusively in the above off-shell formulation
of the supergravity, we nevertheless require an understanding of its connection to the
Poincaré frame. Here, we present this connection.

For our purposes, it is sufficient to describe the transition of only the bosonic sector
of the off-shell theory, as given in (4.10), to the bosonic sector of the corresponding
Poincaré frame.> We focus on the pure case, i.e. where the Poincaré theory has only
a gravity multiplet. Recall that this multiplet should contain in the bosonic sector

only the vielbein Ej4 and the graviphoton W},. To reach this frame from the off-

2The transition of the fermionic sector follows an analogous mechanism. See [30] for the complete
treatment.
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shell theory, one starts with the Weyl multiplet and the compensating multiplets. In
the following steps, we therefore take N, = 1 such that [ = 1 denotes the vector-
compensator.

Since we have already gauge-fixed the special conformal symmetry with by, = 0,
the only extra bosonic symmetry that is present in the off-shell theory (4.10) is the
dilatational symmetry. We gauge-fix this symmetry by setting the scalar norm y
of the compensating hypermultiplet to a dimensionful constant (the “D-gauge”)?.
Note that in the Lagrangian (4.10), the auxiliary scalar D appears as the Lagrange

multiplier of C'(o) and . Its equation of motion gives the algebraic constraint:
Clo) = - X (4.14)

and so applying the D-gauge and imposing the field equations will also fix C(o),
which removes the scalar degree of freedom of the compensating vector multiplet. In
this vector multiplet, the surviving bosonic degrees of freedom are now Yé and the
gauge field WJ,. The former is an auxiliary field and is removed through its algebraic
field equation:

Y = 0. (4.15)

The gauge field W}, = WY, joins, as the graviphoton, the supergravity multiplet of
the Poincaré frame. At this stage we have therefore eliminated the compensating
vector multiplet and gained a graviphoton in exchange. The remaining extra fields
of the off-shell multiplets are now the auxiliary Ty;x and Vis? in the Weyl multiplet
(note that D is absent from the action upon substituting (4.14)), and three hyper-
scalar components of A;* in the compensating hypermultiplet. The two Weyl fields
are eliminated by their equations motion, which are

Tup = %ff, Qape Dy A - AP = 0. (4.16)
Finally, the three A;* components are fixed to constants using the SU(2)g (the
“SU(2)-gauge”). Putting all the above steps together, we are left with the bosonic

3The role of the compensating vector multiplet is to ensure consistent field equation for D in
the presence of the compensating hypermultiplet: if the compensating vector multiplet were absent,
then the D field would only appear in the Lagrangian as x D, and so the field equations for D would
force x = 0.
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action for pure 5d N = 2 Poincaré supergravity:

1 C(o) c1110t
PC 5 1 MN1
— — [ &z E [_ R Fl R
Shulk 372 / Z 9 16 MN

_ (4.17)
— e NOPAW Y FoFhg|

Recall that, according to the D-gauge followed by the D-field equation (4.14), the
quantity C'(o) (and therefore o) should be seen as a dimensionful constant. In par-
ticular, to reach the conventional (167G5)~! prefactor for the Ricci scalar in the

action (4.17), one chooses

2w T

4.2 Global Lorentzian AdS;x S?

We consider the fully supersymmetric AdSsx S? solution of the Lorentzian off-shell
supergravity described in Section 4.1, corresponding to the near-horizon geometry of
the half-BPS magnetic black string [62]. To present the most general configuration,

we reinstate an arbitrary number N, of off-shell vector multiplets I =1,--- | N,.

Field configuration

The metric in Lorentzian signature is
ds® = 4% (—cosh® pdt® + dp? + sinh® p dip?) + (2 (d6? + sin® 0dp?) (4.19)

where the coordinates of the AdS3 have the ranges p € [0, 00), ¥ € [0, 27), t €
(—00, 00) and the angles on the S? have ranges 6 € [0, 7)), ¢ € [0, 27). The radii
of the AdS3 and the S? are (2¢) and ¢ respectively, where this relative factor of 2
is determined by supersymmetry. Note that in the off-shell theory, ¢ is free and
parametrizes the dilatations of the theory, while in the on-shell theory (where dilata-
tions are broken) it is determined by the magnetic charges of the solution via the
D-gauge condition. These magnetic charges p’ enter the solution through the vector

multiplet. The non-trivial fields of the vector multiplet are:
ol = —— F91¢ = p’ sinf. (4.20)

Note that the solution does not have electric flux, which allows us to turn on flat
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gauge connections on the AdSs. This aspect will become relevant in the following.
In the off-shell formalism of Section 4.1, one requires additional auxiliary fields.

In the Weyl multiplet, the non-trivial fields are:
Tpy = —g sinf . (4.21)
In the compensating hypermultiplet, the BPS equation is solved by
40 = oo (1.22)

where the constants ¢;* are determined in terms of the charge p’ by the field equation
for the auxiliary field D to be

Qagawcf‘cjﬂ = @CUKplp‘]pK. (4.23)

In this thesis, we fix an explicit choice for the ¢;* as

012 = 021 = 0, Cll = 022 = E . (424)
303
Relation to AdS;
It useful to note the relation between the Brown-Henneaux central charge (6k) = %2?

and the magnectic charges p’ of the black string. This involves the D-gauge proce-
dure, described at the end of Section 4.1, whereby the vector-scalar norm C(o) is
fixed in terms of the five-dimensional Newton’s constant as in (4.18). Substituting
into (4.18) the field configuration (4.20) for the background, we have

5 _ 3(20) - 2702

C(o) = —nGst = 2p a )
5

(4.25)
where p? = ¢ xp'pp®. A relation between G5 and the three-dimensional Newton’s
constant (G5 can be identified by performing the on-shell reduction of the geometry
onto the S? factor and comparing the resulting action with the 3d effective action (3.6).
After substituting for the D-gauge (4.25), the Ricci-coupled part of the 5d action is

1
167TG5

Sbulk =

/ P /g d0dpsin O(R® + RP) + ... | (4.26)

where we used that on AdS3;xS? (4.19), the 5d Ricci scalar is simply the sum of

the Ricci scalar of each factor. We also split the 5d metric determinant into the
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AdS; and S? part. Note that the R factor contributes an additive constant that
can be omitted for the sake of this argument. Performing the integration of the S2

coordinates now gives for the right-hand-side of (4.26):

Aml?
167TG5

AR /9(3) R® ... (4.27)

The comparison of (4.27) with the effective theory (3.6) in three dimensions then sets
the relation between Newton’s constants: G5 = Areag: x Gy = 4m(?G3. Combining

with (4.25), one reaches the relation for the central charge:
2p° = 6k. (4.28)

This result has also been elegantly derived in [48] using the principle of c-extremization.
We will also require a relation between the level kr; of the U(1) current algebra
and the p’. This can be derived by on-shell reduction of the 5d Chern-Simons action
on the S%2. We have
L (e By = Wt / P 6 g sin 9 K cwoto yy1
82 48

872 p-ve

(4.29)

247 pover

where L¢g is given in (4.10). Comparing with the Chern-Simons action (3.18) of the

three-dimensional effective theory, we identify:

2

gCIJKpK = ]{?[J. (430)

4.3 Supersymmetry algebra in Lorentzian AdS;3x
SZ

Killing spinors
The Q- and S- supersymmetry parameters, € and 7' respectively, that are pre-
served by the bosonic fields of the global AdS; x S? background are determined by

setting the variation of the gravitino and the variation of the auxiliary fermion in (4.4)

20



Chapter 4. 5d conformal supergravity and AdSsxS?

to zero. These two equations are, respectively,

i o
0 = 2Dye" + §TA3(37A37M - ’}/M’}/AB)EZ —iyun'. (4.31)
1 . 1 . . 3 )
0 = ;€D+ 6—4RMNJ-’(V)7MN6] + 6—41(3%% + DB Tape’  (4.32)
- 3TABT py*PePe + ETABVABUi
16~ 47°¢ 16 '

On our bosonic background, the second equation (4.32) immediately determines the
S-supersymmetry spinor as 1 = 0. The first equation is referred to as the Killing
spinor equation. We analyze its solutions in Appendix C and summarize the results
below.

The complex basis of the Killing spinor on AdS3x S? is given by the the following

four Killing spinors,

+_ e+ 1 - _ Je .+ -
€y = \/;EAd83®€s2’ €& = \/;EAdS3®€s2’

(4.33)
+_ Je - + - e - -
€ = \/;EAdS3 ®€g € = \/;EAdS3 ® €qz 5
with
A cosh 2 A —gsinh 2
+ L(t+v) 2 TR () :
€AdS; ez ) €AdS, e 2 )
—sinh § cosh £
(4.34)
cos & —gin ?
€, = e2? 2 € = ¢ 29 ?
S2 - 9 SZ -
.0 0
sin 5 cos 3

These four Killing spinors organize themselves into the eight pairs of symplectic Ma-

jorana spinors

e(il) = (—ie,e), e(iz) = (e,f, —ie7), 6(7;3) = —(e_,1e), €(i4) = —(ie_,e),
g(ll) = <€+_7 i€—+) ) 6(12) = (i€+_7 €—+) ) 6(13) = (—iEJ_ 7€+_) ) €(24) = (Ej_ ) _i€+_) )
(4.35)

to form the 8 real basis of the Killing spinor on AdS3xS?. Each pair satisfies
the symplectic-Majorana condition (A.11) appropriate to the 5d Lorentzian theory,
i.e. (€)1 = &;;(¢/)TC in the conventions of Appendix C.
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Superconformal algebra: Let us denote

Qu = 0(e(a)) Qo = 0(&y), a=1,2,34, (4.36)

with the Grassmann even Killing spinors €', €. Then,

{@a 7§b} - _215ab(zo - 73) ) {5& 751)} - _215ab(zo + 73) )

—9i ] 21 —(Ly—L.) i(Ly+L)
- —2iJ" —9i]° —i(L,+L.) —(L,—L.)| (437
{Qa ) Qb} = ~ ~ ~ ~ _2 . y
Li—L. i(L,+L.)  —2iJ —92i]
~i(L,+L.) L,-L_ 217" —9i ]’

where the SL(2, R) generators Lo, L+ and SO(3) generators J% a=1,2,3, satisfy
L., L] = —2Ly, [Lo,Ls] = £L., [T 77 = ie®<J°.  (4.38)

Their representation as differential operators on the AdS3xS? is given in Appendix D.
Note from (D.1) that the L_;; generators act in the (¢ + 1)- sector, which in our
conventions is the right-moving sector (hence the bar on the generators). The super-
charges Q,, 5(1 also manifestly act in the right-moving sector.

Let us define the supercharges Gi‘”‘

A4 1@1 _I_@Q - _§3 +IQ4
G = 5 G = —

9 +iQ . 03 — Q
G- =2 i 2 G+ = 32 4’

T _ (4.39)

O ) = 05+ Q4

T = st
G~ = 5 , GIT = 5 ,

R (O ) A O5+1iQy
G- = 2 Gy = o2

where 7 is the sign of the L eigenvalue, i is the outer automorphism from the SU(2)

R-symmetry of the supergravity, and « is the SU(2) R-symmetry index corresponding
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to isometries of the S2. Then, we obtain the non-trivial commutation relations:

{G1*, G0} = Lo+ (ema)™ T, {Gi*,GY°} = Fie* L., (4.40)
where 7, are the Pauli sigma matrices, and €*? has et~ = —e~+ = 1. We also have:
Lo.Ge] = +1Ge,  [L..G¥] = —iGie,
[ i] 2 '+ [ ?] + (4‘41)
(.G = 46 [5G = GF,

where J* = J' £iJ°. The algebra (4.38), (4.40), (4.41) is su(1,1]2) and corresponds
to the global part of the NS-sector chiral N' = 4 superconformal algebra. Denoting
the super Virasoro charges as L£,, n € Z and C;ZJ, r € 7+ %, A= (+,—), the
embedding into the A = 4 superconformal algebra as presented e.g. in [63] is given
by Ly = Filsy, Lo = Lo, GT* = ig_;g;m, GI* = ig‘g;m, and the su(2) zero-

modes are unchanged. The algebra in this form is also summarized in Appendix B.
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Chapter 5

Supersymmetric H’/ZxS? and

twisting

In this section we finally develop the supergravity theory on H?/ZxS? relevant to
the localization computation of (1.10). First, in Section 5.1, we discuss the Eu-
clidean counterpart to the 5d off-shell matter-coupled conformal supergravity that
we reviewed in Chapter 4. We explain that this FEuclidean theory is obtained by
redefinitions of fields of the Lorentzian theory that follow simply from the Wick rota-
tion. In Section 5.2, we then construct the H?/Z xS vacuum solution of this theory
from the Lorentzian AdSs x S? configuration presented in Section 4.2. This is the
supersymmetric version of thermal AdS; (the My, torus) discussed in Chapter 3.
As described in Section 1.3, a non-trivial twist of the S? around the Euclidean time
circle is required to define consistent Killing spinors on the torus. We compute the
superalgebra generated by these Killing spinors. In Section 5.3, we identify a suitable
localization supercharge Q. We then discuss the Hamiltonian trace interpretation of
the functional integral on this twisted configuration, and discuss how this is related
to the elliptic genus in the semi-classical limit. We conclude with an evaluation of

the 5d supergravity action and boundary terms on the H?/Zx S? background.

5.1 A 5d Euclidean off-shell supergravity

Constructions of Euclidean supergravities are scarcely studied compared to their
Lorentzian counterparts, and few references exist (e.g. [41, 42, 43, 44]). In these
references the method of time-like reduction from a five-dimensional Lorentzian theory

is used to systematically construct the Euclidean-signature theory in four dimensions.
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Chapter 5. Supersymmetric H?/Z x S* and twisting

One potential systematic approach to construct our five-dimensional Euclidean theory
would be to perform a timelike reduction on a 6d theory. However, we use a less
formal approach here: we start from a Wick rotation and make an appropriate set of
transformations on all the fields of the Lorentzian theory so that we obtain a consistent
5d Euclidean theory. This approach was successfully employed for the N = 2 off-shell
supergravity in four dimensions and the result agrees with the timelike reduction [45].

The starting point is the off-shell Lorentzian supergravity in Section 4.1. We
consider a Wick rotation as t = —itg, which relates the Lorentzian and Euclidean
time coordinates. This is followed by the corresponding transformations of all tensors
for this coordinate change (including the time-directional gamma matrices, which is
related as v, = iy:,). Here, there can be subtleties involving the fermionic fields
of the theory: indeed changing the signature of spacetime by this Wick rotation, in
general, demands changing the nature of irreducible spinors. For instance, in 4d,
while the Majorana representation of irreducible spinors is allowed in the Lorentzian
theory, the same is not true in the Euclidean theory. In this dimensionality, an
appropriate field redefinition of spinors is therefore needed. This can be achieved in
by going to the symplectic-Majorana basis, which exists in both the Lorentzian and
Euclidean theory, and in which the charge conjugation matrix is the same in both the
theories (we refer to [45] for the full presentation of this 4d procedure). In our present
five-dimensional case, the situation is simpler: 5d fermions are necessarily symplectic-
Majorana in both Lorentzian and Euclidean signatures, and so the above spinorial
subtleties are not present. We therefore carry on with the usual implementation of
the Wick rotation.

The transformation of the Lagrangian and action functional of the Lorentzian the-
ory under the Wick rotation follows as for the Einstein-Hilbert discussion around (3.4)
and (3.5): the Lagrangian density is invariant under coordinate transformations, and
so we obtain a Euclidean Lagrangian density L that is unchanged from its Lorentzian
counterpart £ given in (4.10). The Lorentzian action S = [ dt d*zL then maps to
iS = [dtpd*zLp, and we can identify the right-hand-side as the Euclidean action,
ie. Sp = [dtpd*zLp." With this identification, note that the Euclidean action is
formally identical to the Lorentzian action. Now consider the infinitesimal super-
symmetry transformations (4.4) of the Lorentzian theory. Note that they are also
manifestly invariant under coordinate transformations. Under the Wick-rotation,

they therefore map to identical transformations in the Euclidean theory.

'Recall that our identification Sg = [ dtg d*zL g implies that exp(iS) = exp(Sg). Therefore, for
path integrals to be perturbatively well-defined, Sk should be negative-definite.
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In short, we have set up a Euclidean theory which, at the level of the action and
supersymmetry transformations, is formally identical to the Lorentzian theory. Going
forward, we may therefore refer with (4.10), (4.13) and (4.4) to the Lagrangian, the
action, and the supersymmetry transformations of the off-shell 5d N' = 2 supergravity
in both Lorentzian and Fuclidean signature.

We conclude with a brief remark on the reality conditions of the fields. Generically,
the reality conditions for the fields in Lorentzian and Euclidean theories are different.
For instance, in the five-dimensional case, an SU(2)z spinor doublet 1 with i = 1,2

in Lorentzian signature follows the symplectic-Majorana condition
W) = ey(w))C, (5.1)

where C is the unique choice of the charge conjugation matrix in five dimensions
(this is more generally true in odd dimensions). Imposing (5.1) on the infinitesimal
supersymmetry transformations of the fermions leads to a set of reality conditions for
the bosons, e.g. the gauge fields and the metric are found to be real. In Euclidean

signature, where the reality condition for 5d spinors is
W) = e5(@7)'C, (5.2)

repeating this procedure of imposing supersymmetry leads to bosonic reality condi-
tions which do not in fact guarantee a negative-definite sign for the kinetic terms in
the Euclidean Lagrangian. These types of subtleties surrounding FEuclidean reality
conditions in localization are, in fact, already well known from the four-dimensional
localization problem around AdSsxS? [14, 39, 64]. The resolution is understood to
be as follows: one abandons the Euclidean fermion- reality condition, which in our 5d
case would be (5.2), and treat 1! and 1? as two independent Dirac spinors instead.
The bosonic reality conditions consistent with the desired sign of the Euclidean ac-
tion can then consistently be imposed, at the cost of having formally doubled the
fermionic degrees of freedom. At the level of the functional integral, this doubling
has to be compensated by choosing a half-dimensional contour of integration for the

fermions.? In this thesis, since we do not reach the computation of the quantum func-

2By half-dimensional contour of integration, we are referring to the following concept: consider
a Lorentzian theory with one real scalar degree of freedom (d.o.f.) X = X*. Now suppose there
is a corresponding Euclidean theory where X and X* are independent, i.e. with two real d.o.f. In
this Euclidean setting, path integrals are in the complex plane spanned by (X, X*). To describe the
original number of d.o.f., we choose any straight-line contour in that plane, e.g. X* = X or X* = —X.
In short, we integrate the two d.o.f. along a one-dimensional (thus half-dimensional) contour.
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tional integral, we postpone a study of these aspects in the five-dimensional theory

to future work.

5.2 Twisted background and superalgebra

We now construct the supersymmetric vacuum solution of the 5d Euclidean theory.
Under the Wick rotation ¢ = —itg, the global AdS3xS? metric (4.19) rotates to that
of Euclidean H? x S2. The non-trivial fields in the Weyl multiplet are:

ds* = 407 (cosh? pdt + dp® + sinh? p dip?) + €% (d6* + sin? 0 d¢?),  (5.3)
T9¢ = —;1 sin @ . (54)

If the Euclidean time coordinate ¢tz runs from (—oo, 0o), the topology is that of a
solid cylinder times a sphere, which we call the Euclidean cylinder frame. Although
the Killing spinor equations (4.31) and (4.32) are formally solved by the same set
of eight spinors (4.35) in this background, these spinors are no longer well-defined
because they diverge at the ends of the Euclidean cylinder. The solution to this
problem involves compactifying the Euclidean time on a circle and simultaneously
rotating the S? as we go around the time circle. This twisted quotient makes for a
well-defined background, as we now describe.

We start from the configuration (5.3) describing an infinite solid cylinder (times

a sphere), and make the following identifications,
(tg,0,0) ~ (tp, Y +2m,0) ~ (tp + 27Ty, 0 + 2771, P + 127712) . (5.5)
Equivalently, we can define a new set of “twisted” coordinates,
ty = tg, ¢ = ¢o—iOtg, (5.6)
which have the identification
(ty 0,9 ~ (tg, v +21,¢) ~ (th+217m0,¢ + 277, ¢). (5.7)

We denote the corresponding complex coordinates as 2’ = ¢ +ithy, 2 = ¢ — ity

which have the usual identifications on a T? as (2/,2') ~ (2 + 27,7 + 277).
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In these twisted coordinates, the on-shell background configuration is

ds® = A% (cosh’p dty + dp® + sinh’p dyp®) + (2 <d62 + sin® 0(d¢’ + ith’E)2> ,

l 14
Toy = 1 sin@, Ty, = _iZQ sin@ ,
o
ol = 7 Wé, = 2ul —iQp’cosb, Wé, = —plcosh,

3
A = 42 =2
1 2 303

The S? in (5.8) is fibered over the time circle of AdSs, and we refer to this configuration

(5.8)

as the twisted torus background. We also note that in the expression for WtIE , We
have introduced an arbitrary constant g/ which is allowed by the supersymmetry and
equations of motion, and which we will interpret as the source of a U(1) current in the
boundary CFT. In fact, the BPS equations also allow Wé to take a constant value,
but this constant is forced to be zero due to the contractibility of the i-cycle.

To see that the twisted torus background (5.8) has well-defined supersymmetry,
we solve the Killing spinor equation from the variation of gravitino (4.4), which is
rewritten now as

0 = 2Dye" = (39" =y €', (5.9)

where £’ is the Killing spinors on this background. Here we use the following gamma

matrices in the Euclidean theory, which follow from the Wick rotation,
Vip = 03QT3, Yp=0180T3, 7, =0:280T3, 7= I®T, V6= [®T,, (5.10)

where o3 is related to the Lorentzian gamma matrix o in (C.4) by o3 = —ioy.
We will take the representation (o3,01,02) = (—73,7T1,72) with the Pauli sigma
matrix 7,. Note that unlike the case of global AdSsx S? in the Section 4.3, the
Killing spinor equation (5.9) does not split into the equations of AdS3 and S?. This
is because we have the following spin connections

—sinh p, W =0 cosf, wlez’ =coshp, wfffg = cos¥f, (5.11)

igp _
— /
135

wt/E

where there is mixing between AdS; and S? directions through the non-zero twisting

parameter ).

o8



Chapter 5. Supersymmetric H?/Z x S* and twisting

The solution of Killing spinors can be easily found by following the twisting con-
struction. It is clear that the Euclidean continuation of the set of 8 Lorentzian Killing
spinors (4.33), (4.35), followed by the coordinate transformation (5.6) obeys the new

Killing spinor equation. Upon setting the parameter

Q= 1+it, (5.12)
T2

the following® four of the original eight Killing spinors

g(il) = (_i€++ 75—_) ) E(1'2) = ( ++ ) —i€__) 5

. | (5.13)
5(13) = —(6__ ’i€++) , 6(24) — _(i&‘__ 7€++) ,
where
. he 0
B e Lar 2l I Y A
2 inh 2 0
—sinh £ sin 5
(5.14)
€. = \/2(3_;(1_9)%—5(1%#) . 2 S 3
_ 5 9 ’
cosh £ CoS 3

respect the periodicity (5.7) (they are periodic around the non-contractible circle and
anti-periodic around the contractible circle).

One could also directly solve the Killing spinor equations (5.9) in the twisted
coordinates (p,1,6,¢',t%;). The only differences compared to solving them in the
cylinder coordinates (p, 1,0, ¢,tg) arise in the equation for the ¢ direction, which

corresponds to:

ipp 2 +
0 = (2815/1? - wtgp’ytAEﬁ - wtﬁ')/éqg) E4
1

i N .
__Etth79<£7£E 8:|::|: — ZEtlEd)(’}/éq;ﬁ/qg) €:|:i . (515)

20
The difference with the equation for ¢z in the cylinder frame is that in (5.15) above,
20y, acting on the Killing spinors (5.14) brings down £(1 — €2) instead of +1. Also,
the third and the last terms are new. By the projection property along S? direction
of the Killing spinor (1 ® e™™%73)e.® = fe.*, one can check that the effect of the

3The choice Q = —1 — i% also gives rise to a different set of four Killing spinors.
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third and the last term indeed cancels the contribution of €2 from the time-derivative

acting on the Killing spinor.

Supersymmetry algebra
The supercharges Q, = & (eéa)), with the Killing spinors 52[1)7 a=1,2,3,4 defined
n (5.13), obey

{Q., D} = —2i6u (Lo — 73) ; [Lo — T ,Q4) = 0. (5.16)

Consider the following four supercharges C_lio‘,

é++ — 1@1 + @2 Gif Ql + 1Q2

T 2 | 2 7 (5 17)
= —Q3 +iQ, = 1Q3 9 '

+- — + =
G, = 92 ) G+ = 2 ’

where ~ is the sign of the L, eigenvalue, i is the doublet index under the outer
automorphism coming from the SU(2) R-symmetry of the supergravity, and « is the
doublet index under the SU(2) R-symmetry arising from the isometry of the S?. They
are charged under the bosonic generators of the right-moving generators L, and 7

as
To.GH] = #3676 = #6, (5.18)
so that
[Lo—7°,G%] = o0, (5.19)

and they obey the anticommutation relations
{GIF,GZF) = + <fo - 73) . {GE G = 0. (5.20)

The above algebra (5.19), (5.20) forms a subalgebra of the global part of the
N = 4 superconformal algebra in the NS sector given in Section 4.3. Note that the
subalgebra can also be thought of as the spectral flow?, with parameter n = 1, to the
following Ramond sector zero-modes as

Lo— T +c/24 > L GiT — ¥G7

Too  GiteEGry. (5.21)

4The spectral flow is taken on the Charges w1th N = 4 algebra as presented in Appendix B, which

-3 7+ 54 A4
goes as as L, — L, —|—77J +n? 570n.00 I, |—>J —|—7]125n0,J |—>Jmin,g HQA7in/2
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5.3 The trace interpretation and the semiclassical
limit

In this section, we discuss the boundary dual of the gravitational functional inte-
gral ZPT corresponding to the partition function on the twisted torus (5.7), (5.8). We
then evaluate the supergravity action (with a set of boundary terms) on this torus

and compare with the result for thermal AdSs3 in the untwisted theory in Section 3.2.

The trace interpretation of the functional integral
The bosonic generators corresponding to the translations (L, Ly) around the
torus and to the rotations of the sphere (73) have the following representation in the

twisted coordinates of (5.8):
1 + 1 -3 .
LO = 15(1(9% —8¢+Qa¢/) s L() = 15(1375/15 —|—3¢+Q 8¢/> s J = 13¢/ s (522)

with Q = 1+ iry /7. The Hamiltonian H = —67153E and angular momentum P = —i0,

on twisted torus are therefore
H = Li+Ly-QJ, P =Ly—1IL. (5.23)

Recall that the potentials § and ¢ that respectively couple to H and P are given in
terms of the modular parameter 7 = 7 + im on the torus as § = 271 and ¢ = 2inTy.
In addition, we have the chemical potentials u! coupling to U(1) current(s) q;. Now
consider the periodicities of the fermions. We have seen in Section 5.2 that they
are anti-periodic around the contractible v circle and are periodic around the t/;-
circle. Respectively, these statements dictate that the partition function computes a
Hamiltonian trace that is in the NS-sector and that has a (—1) insertion (recall the
concepts discussed in Section 1.1). Assembling these various statements, we therefore

have:

Ot ZPI(r ) = Trns (—1)F exp(2m72 9y, + 2771 0y + ' aqr)
= Trys (—1F exp(—27r7'2 (Lo + Lo — ng) + 27Ty (Lo — Lo) + ,UIQI) ,

— Tryg (_1)F qLo 630—73 el ar ’ (5.24)

2miT —27iT

with ¢ = e qg=c¢e , and 7 = 7 + iTe. We immediately recognize the right-

hand side of (5.24) as the elliptic genus in the NS sector, given by the spectral flow
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of (1.7).5 Notice the presence of the extra term C(7, 1) on the left-hand-side, which
we write for the first time in this thesis. It corresponds to a Casimir-energy-type term
which is needed to relate the functional integral form to the Hamiltonian trace form
for generic partition functions in AdS3;/CFTy [65]. We will not discuss it further in
this work.

From the anticommutator (5.20) we see that the above trace can additionally be

written as
=2
eCrr) Z" () = Trns (—1)7 g™ 7% o1 ) (5.25)

where we have chosen a localization supercharge

— 1 — 1 - _
Q=-—0 =—(G —iGi"). 5.26
5 1 \/5( + ) ( )
The pairing of all non-BPS modes with respect to the supercharge Q enforces that

the elliptic genus is an anti-holomorphic function of 7.

On-shell action on the twisted torus background

Now that we have set up the twisted torus background, a natural step is to evaluate
its semiclassical contribution to the functional integral, as we did for thermal AdS3
in the 3d untwisted theory in Section 3.1. This follows the same steps: we evaluate
the bulk action of the theory (in this case the 5d supergravity (4.13)) and a set
of boundary terms corresponding to a Chern-Simons boundary term, a Gibbons-
Hawking boundary term, and a gravitational counter term.

The bulk supergravity action (4.13) evaluated on the twisted torus (5.8) is

1 £0 27 T 2T 27T
Stk (T2, P, ) = @/ dp/ dlb/ d@/ d¢// dt'y L ,
0 0 0 0 0 (5‘27)

- __Z ‘l'— 6007
3P TP

where we explicitly present the various integration ranges for clarity. The second
term on the right-hand side denotes terms in the bulk action that diverge when the
radial cutoff py — oo, and is absorbed by standard boundary terms that we shortly
present.

The boundary terms in the action of the gauge fields behave essentially in the same

way as in the untwisted theory, but with slightly different details. In the coordinates

5The spectral flow acts on the right-moving generators. To match the left-moving generators
of (1.7) to that of (5.24), one additionally requires a simple redefinition of Ly by a constant shift
as Lo — Lo + ¢/24.
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of the cylinder frame (5.3), the gauge fields W, ; on the AdS; factor have the boundary
conditions (3.20), while the components Wy 4 on the S? are fixed at the boundary.
Twisting these boundary conditions using (5.6) gives the boundary conditions for the

gauge fields on the twisted torus:

oW, =0, 2@ not fixed, oW, Y = 0, (5.28)

z

where the (0) indicates the boundary values in the large-p expansion as in (3.19).

The Chern-Simons boundary action consistent with these boundary conditions is:

T
bdry 1p — . ;g 1 J K
SCS Y — _C[‘]K@ /8/\/[ dZ/dZ/d9d¢/ Slne (Wz/ - §QW¢/>W2/ bdry . (529)
which on the twisted torus (5.8) evaluates to®
. 2T
Ses” = — 3 Zerom p' i’ p" (5.30)

The boundary terms in the gravitational sector also follow analogously from the
three-dimensional theory. In particular, we recall the renormalization scheme with
respect to the Brown-Henneaux conditions that was discussed in Section 2.3.2. This
scheme dictates the addition of the Gibbons-Hawking boundary term (2.48) and a
local counterterm on the boundary to cancel the divergences arising from the bulk
action as in (5.27) as well as from the Gibbons-Hawking term. In the five-dimensional
theory, these boundary terms are modified in the expected manner to include the
volume form over the S?, as well as a coupling to the dilaton fields of the off-shell 5d
Lagrangian (4.10). We have *

1
Sen = —— | daVhOK, (5.31)
47T2 OM
1
S = — d*avVh. 5.32
ce 8671'2 OM l‘\/_ ( )
where C( ) 5
g X
=142 .
3 + 16 (5 33)

SEvaluating actions of this type is more conviently done by transforming back from the (2, z’)
to the (¢, t%z) coordinates where the integration ranges are as in (5.27).

"In fact, to demonstrate that Spuk + Saa + Scc is well-defined under the variational principle of
the 5d metric, the boundary conditions for the S? directions of the metric as well as for the dilaton ®
need to be specified. These considerations are discussed in Section 8.2.
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is the dilaton that appears in the off-shell action action (4.13) as
Spulk = ! /d5 E<<I>R+ ) (5.34)
ak = — x ) .
pulk 82

and h = det(hy;), 2* = (¢,0,¢,t), is the determinant of the induced metric h;;
of AdS3xS?, i.e. which appears through ds* = (2¢)%dp® + h;; dz*dx?. The boundary
terms (5.31) and (5.32) evaluate on the twisted torus to

UKEPSS (5.35)

In anticipation of Chapter 8, we note that the off-shell localization solutions com-
puted in Chapter 7 will lead us to consider a different set of boundary conditions to
Brown-Henneaux for the AdS; directions of the 5d metric. Correspondingly, we will
propose a slightly different structure of gravitational boundary terms to (5.31), (5.32).
However, these differences are only relevant when the metric goes off-shell, and do
not change the on-shell background that we have discussed so far. Thus the value of

the renormalized action on the twisted background (5.8) is
Sren = Sbulk + nggy + San + Scc = —wkry — wrp kgt (5.36)

which matches the result (3.24) of the thermal AdS; computation. To express (5.36)
in terms of k£ and kj;, note that we have used the relations (4.28), (4.30), which
continue to be valid in the twisted theory. Indeed, the twisting procedure only affects
global properties and does not change the Newton’s constant. Therefore the central
charge continues to be ¢ = 6k = 2p3 as in (4.28). Similarly, the level kr; of the
boundary current algebra also does not change. To see this, note that the relation

between the twisted and cylinder-frame fields is:

1 1
W, = WZ+§QWQ{(9), Wy = WE—QQW(;’(G), Wy =Wy(0), (5.37)

where W, ; are functions of the AdSs coordinates (p, 2, 2) = (p, 2/, Z’) while W(;{ = —plcosd.
Substituting (5.37) into (5.29) gives:

sl

Sgcslry == —C](]Ki dZ,dzl [WZ‘,]W;{}

5.38
127 OM ( )

bdry ’

which is the same as the 3d Chern-Simons boundary term (3.23), since the integration

ranges of (2/, ') are the same as for (z,2). This shows that k;; = Z2cixp® as
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in (4.30).
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Chapter 6

The Euclidean 4d/5d lift

In this section we present a formalism to obtain off-shell localization solutions in
5d supergravity by lifting the localization manifold around Euclidean AdS, x S%. In
particular, this allows us to obtain localization solutions around the supersymmetric
twisted torus H®/Z x S* background presented in (5.8).

We briefly recall the first step of the localization problem that the formalism
addresses. We define the localization supercharge Q = %@1 = \%5 (€{1)) where the
Killing spinor 521) is given in (5.13). (Equivalently, Q = \%(C_v’:_ —iGTT) in terms of
the super-Virasoro generators.) It acts only in the right-moving sector of the theory,

where it obeys the algebra

—2 3 — =3 —=

Q" = —i(Ly—J), [Lo—J ,Q] = 0. (6.1)

We would like to study the space of solutions to the BPS equations given by setting
the supersymmetry variations generated by Q of all the fermions (4.4) to zero.

The BPS equations form a system of matrix-valued partial differential equations
in terms of the bosonic fields of the theory. One systematic approach to solve them,
assuming no fermionic backgrounds, begins by forming various Killing spinor bilin-
ears [66, 67]. The BPS equations may then be expressed as a set of coupled first-order
equations for these tensor fields, which describe the bosonic background of the solu-
tion. This approach was used in [39, 21] to solve the off-shell problem in the AdS, x S?
(and S3) background. The general solutions to the resulting equations are, however,
typically difficult to obtain, and we do not solve this problem of general classification
in this paper. Instead, we leverage what is already known about the localization so-
lutions in 4d supergravity around the Euclidean AdS,xS? background [14, 39, 64], by

lifting them to five dimensions. This involves the Kaluza-Klein (KK) lift of AdS, x S?
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to AdS3x S?, which we describe in Section 6.1. Note, however, that while the 4d
localization manifold has been determined completely, there may be additional solu-
tions in 5d that do depend on the KK direction, and that will therefore not emerge
from the lift. We postpone the discussion of such solutions to future work.

To lift the 4d localization solutions, we use the idea of the 4d/5d off-shell con-
nection of [37]. However, as mentioned in the introduction, implementing this idea is
not straightforward for the following reasons. Firstly, while the formalism in [37] was
developed for Lorentzian supergravities, our 4d/5d connection needs to be adapted to
accommodate the Euclidean supergravities in both four and five dimensions. A sub-
tlety here, as we will shortly see, is that the 4d Euclidean theory has a redundancy
in the choice of reality conditions and correspondingly a redundancy of AdS,;xS?
backgrounds, which has no counterpart in the 5d theory. Secondly, recall that the
4d/5d lift produces a five-dimensional background in the Kaluza-Klein ansatz and
so, in order to reach the five-dimensional theory on the supersymmetric twisted torus
H?/Z x S? from the four-dimensional theory on AdSy;xS?, we require a mapping of
the twisted torus (5.8) into the Kaluza-Klein frame of AdS3xS?. In Section 6.1 we
present the mapping from the Kaluza-Klein frame to the cylinder frame. The twisted
frame can then easily be mapped to the cylinder frame (5.3) by the local coordinate
transformation (5.6). In Section 6.2 we review the 4d Euclidean supergravity and the
AdS,xS? background. In Section 6.3, we present our construction of the Euclidean
4d/5d off-shell lift. Further, we show that the redundancy of the 4d theory men-
tioned above can be absorbed into the mapping parameter. We conclude the section

by presenting the steps of lifting the 4d off-shell solutions to the 5d twisted torus.

6.1 The Kaluza-Klein coordinate frame

In this subsection we map the cylinder frame to the Kaluza-Klein frame. This map-
ping requires the local coordinate transformations as well as local Lorentz transfor-
mations. After presenting the general mechanism, we find the specific coordinate
and Lorentz transformations, and the resulting background configuration and super-
charges for AdS3x S? in the Kaluza-Klein frame.

The general mechanism is as follows. Let {M,N,---} and {A, B, ---} be the
spacetime and tangent indices, respectively, in this Kaluza-Klein frame. The vielbein
in the Euclidean cylinder frame Ej# maps to the vielbein in the KK frame ENA

under a diffeomorphism together with some local rotation L 4 which acts on the
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frame as [68] .
0" . Ay -14

Correspondingly, the spin connection transforms as

Ey ()

0N 4. 5 i -
s = S (LAAwN AP 4 (OnIaM L jB) . (6.3)

Likewise, the remaining non-trivial background fields and the Killing spinors are
mapped into the KK frame using the same diffeomorphism and local rotation L AA,

and a corresponding spinor rotation L, as
Tap = L LpPTis, Fap = La'LsFy,, € = £, (64)
where L44 and £ are related such that the gamma matrix is preserved:
LaP Ly L70 = qa. (6.5)

The diffeomorphism and local rotation in (6.2) should be chosen such that the
vielbein in KK frame ENA has the following reduction ansatz. Decomposing the KK
frame coordinate as 2™ = {z*, z°} and 2 = {2*,5}, the reduction ansatz of the

vielbein is

o e,* B,o! . et —e B
Byt = ( o ) Bt = ( ) (6.6)
0 ¢! 0 ¢

where all the fields in the KK frame are independent of the compactified 2° coordinate.
Note that the KK ansatz (6.6) breaks the 5d diffeomorphisms to 4d diffeomorphisms
and a U(1)gauge, and breaks the 5d local rotation symmetry O(5) to O(4) x Zy. Using
the Z; we can fix the ¢ to have a fixed sign, say, positive. The vielbein (6.6) is

equivalent to the following metric in the KK frame (with 2° ~ 2% + 27), !
Gy dalde™ = g, de'da” + ¢*(da® + B, dat)?. (6.7)

We see from the (6.6) and (6.7) that the five-dimensional vielbein E g4 or metric Gy, 5

are related to the four-dimensional veilbein e,* or metric g, a gauge field B, and a

'From this point onwards in the thesis, g,, denotes the four-dimensional metric tensor rather
than the three-dimensional tensor in chapters 2 and 3.
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scalar ¢. The reduction ansatz leads to the following reduction of the spin connection

abc 1 le B ab
@ = ( ¢ ) 0P = ( ¢ F(B) ) (6.8)
Lo~ F(B)" ~¢71D%

Here we see that the gauge field B, appears through its field strength F'(B), in four

as

dimensions.
Now we find the coordinate transformations and the local rotation in (6.2) that

map the cylinder frame background in (5.3) to fit into the KK frame ansatz (6.6)

and (6.7). The cylinder frame coordinates 2™ and and the KK frame coordinates i

xM = (p,@b,e,gﬁ,tE), :tM - (77:X>97¢,$5)7 (69)
are related as
n x5 b 5 :
(Pﬂ/),tE) - <§7X+1?a?> < (UaX@) = (Qpaqu)_ltE)QtE)v (610)

with the coordinates (6, ¢) remaining the same. Note that the global conditions on
the periodicities are not respected by this map (e.g. 2° is compact whereas tz is not).
The corresponding local rotation matrix L4 is given as a rotation in the 2 — 5 plane

(along ¢ and #p direction) with angle w = —in/2:
Li=L3 =L =1, L2=LS= Coshg, Ly’ = L2 = isinhg. (6.11)

In the exponential form, we have L A= (e%) 424, where the 2 — 5 component of the
matrix in the exponent is ys = —Qsy = —w = in/2. ? By the relation (6.5), the

corresponding spinor rotation is
1 B i cosh? —sinh?
L = exp (ZQABV > = exp <Z77 725> = ®I. (6.12)
—sinh 7 cosh

We note that although the spin connection in the cylinder frame has zero component

for wﬁw}f, as can be seen in (C.2), the corresponding spin connection of KK frame

sinw cosw

2The rotation with angle w is exp (w((l) _01)> = (COSW —Sin“). Here, we take w = —in/2 for

the rotation in 2-5 plane. Note that the angle is imaginary, because the coordinate x° is Euclidean
time.
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mapped by (6.3), wﬁwE (= &;®), is non-zero due to the contribution of the Lorentz
transformation matrix in the second term of (6.3). According to (6.8), this non-zero
component gives the non-zero value of the electric flux along AdSy . This explains
why there is electric flux on AdSs even though the AdS; does not have any electric

flux.

We now summarize the on-shell supersymmetric field configuration in the KK
coordinates. By using the transformations (6.10) (6.11) (6.12) on the background
Weyl multiplet as in (5.3) and matter multiplets as in (4.20) (4.22), we obtain the

following configuration:

dss? = (2 (dn* + sinh® n dx? + db* + sin® 0 d¢?) + ¢* (da® + i(coshn — 1) dx)?,
. 1
T: = —— 6.13
pI . .
o == F;(z) = plsing, Wk = u',

3
At = A2 =2
1 2 363

We note that the background geometry has an S! fibration over the four-dimensional
base, which is Euclidean AdS,xS2. The angular coordinate y of Euclidean AdS, has
periodicity 27. By comparing the metric with the KK ansatz (6.7), we identify the

following values for the KK one-form and scalar:
B = i(coshn—1)dx , ¢ = (1. (6.14)

The background configuration given in (6.13) has well-defined supersymmetry.
To see this, we look for the Killing spinors. By the Euclidean continuation of the
Lorentzian Killing spinors (4.35) followed by the coordinate transformation (6.10)

and the Lorentz transformation (6.12) we obtain

gy = (—iefF,e0), ey = (&5, —ie7),

ey = (e, el = (e, =),

X ' X ’ (6.15)
€~(Zl) - (é+_’ié—+)’ €~(22) = (ié+_»é—+),

ey = (FieT,e0), Eiy = (e, —ie)).
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where the spinors ¢, and £,F are

4 hl ¢
s oL 1 o),
—sinhg sin ¢

(6.16)

cosh§ sin 3
. —sinh 2 —sin ¢
e = \/ge—;mqs)( i >®< " )
coshg cosg

Note that they are well-defined with respect to the global structure of the geome-
try (6.7) because they do not depend on the z® direction (the spinors above are in
fact precisely the four-dimensional Killing spinors on AdS,x S2, as we spell out in
Appendix E). Note also that, as in the twisted torus frame, we cannot impose any
reality conditions on the Euclidean spinors. This is because although they formally
satisfy (¢')1iys = £;;(e7)TC, which is formally the symplectic-Majorana condition of
the Lorentzian theory (A.11), this condition is not compatible with the local Lorentz

rotations of the Euclidean theory.

6.2 4d Euclidean supergravity and AdS;xS? back-

ground

The Kaluza-Klein formalism described in the previous subsection naturally connects
the 5d supergravity on the AdS3;xS? background in KK coordinates given in (6.13)
to the 4d supergravity on an AdS,xS? background. In this subsection, we review the
4d Euclidean conformal supergravity and the AdS,;xS? background in more detail.
In the 4d Euclidean theory, there is a one-parameter redundancy for describing this

background that comes from the possible choice of reality condition for the fermions.
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4d N = 2 supergravity

For the 4d N = 2 Euclidean conformal supergravity, we consider the Weyl mul-
tiplet, coupled to N, 4 1 vector multiplets and one hypermultiplet. One of the vec-
tor multiplets and the single hypermultiplet act as the compensators to consistently
gauge-fix the dilatations of the off-shell theory (similarly to the five-dimensional the-
ory). The fields of the Weyl multiplet are

{e, o, AD VAT VS Ty D, Xa) s (6.17)

corresponding, respectively, to the vielbein, gravitino, dilatations gauge field, SO(1,1)g
gauge field, SU(2)z gauge field 3, auxiliary self-dual /anti-self-dual two-form, auxiliary
scalar, and the auxiliary fermion. As in the five-dimensional case, we fix AE = ( using

the K-gauge. The fields of the N, + 1 vector multiplets are
I L AT \Ti ~Tij _
{ X7, X7, A, N VY Z=20,--,N,, (6.18)

corresponding to the complex scalar and its conjugate, the U(1) gauge field, the
gaugino, and the auxiliary SU(2) triplet. Finally, the hypermultiplet consists of

scalars and fermions,
{A“, Gt (6.19)

The supersymmetry transformations on the spinor fields 1!, A% (¢, are presented
in (E.1), following the conventions of [45].
The 4d N = 2 supergravity is governed by the prepotential F'(X) which is homo-
geneous of degree 2. Here, we choose the prepotential as [37]
1 XIXIXK

F(X) = ——=ClJK

12 x0T (6.20)

(the sum running over I = 1,... N,), such that the vector multiplet sector of the 4d
theory matches that of the 5d theory described in the section 4.1, according to the
4d/5d map that we will present shortly in Section 6.3.

Reality conditions
Note that in the Euclidean theory, the fields X7 and yl—and, more generally,
fields related by complex conjugation in the Lorentzian theory (e.g. T, and T,)—are

independent in the Euclidean theory. In order to preserve the number of degrees of

3The R-symmetry group of the Euclidean theory is SU(2) x SO(1, 1) compared to SU(2) x U(1)
in the Lorentzian case.
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freedom, we should impose reality conditions in the Euclidean theory. This may be
done by imposing an appropriate reality condition on the spinors and using super-
symmetry. Spinors in the four-dimensional Euclidean N = 2 theory can be chosen
to obey the symplectic-Majorana condition. We note that there are actually an infi-
nite number of such consistent conditions which, for any symplectic-Majorana spinor

pair ¢, are parametrized by a real number « as
(¥)le™” = e;;(v))TC,  aeR. (6.21)

This infinite choice stems from the fact that the chiral and anti-chiral spinors are
independent in Euclidean 4d, and the symplectic-Majorana condition for the chiral
and anti-chiral spinors can be imposed with relatively different phases. Two natural

examples are:
a=m/2: @) iy =e,;")C, a=0: @) = e@)C. (6.22)

A spinor satisfying the general reality condition (6.21) (which we denote by ¥%(«)) is
related to spinors satisfying (6.22)

Yi(a) = e Dyi(n/2) = e3¥myi(0). (6.23)

Now, if we impose one such condition on all the spinors of the theory (including the
Killing spinors), then the consistency of the supersymmetry transformations under
this condition fixes specific reality conditions on the bosonic fields. For the two

examples above we have, respectively, the following conditions for the relevant bosonic

fields:
a = 7/2: (T;;)* =T, (XI)* = X%, (X
a=0: (1% =-T;, (X) =-X', (X
(6.24)

However, note that imposing either reality condition in (6.24) does not necessarily
make the kinetic terms of the action negative-definite 4, and therefore does not make

the path integral perturbatively well-defined. In fact, this is the case for all bosonic

4Take the reality conditions (X )* = X, (Y)* = X, for instance. We can parameterize these

real and independent X, X as X = a+b, X = a — b, where a,b are real functions. The kinetic
term for the scalars in the 4d Euclidean action is ~ 8, X" X which gives (9a)? — (9b)? on this
parametrization. The sign of this term is clearly not definite.
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reality conditions implied from supersymmetry by (6.21). As was discussed in Sec-
tion 5.1, the resolution is to impose the standard reality condition on the bosonic
fluctuations, e.g. (6X7%)* = 571, so that path integral is well-defined, and to treat
the fermion fluctuations 1! and v? as being independent. For the background, how-
ever, the effect of the choice for « still remains: there is a one-parameter family
of Killing spinors that satisfy the reality condition (6.21), and the supersymmetric
bosonic background has a corresponding dependence on the choice of o as we will

shortly see below.

4d AdS,xS? background

Here we present the Euclidean AdSs;x S? background, including the complete
Weyl multiplet and matter multiplets. This solution can be obtained by Wick rota-
tion of the Lorentzian AdS;x S? solution, which carries both electric and magnetic

charges (¢z, p%). The non-trivial fields are:

dsy® = g datde” = (% (dn® + sinh® ndy® + df” + sin® 6d¢?) |

T = —iw, TS = —iw, o= iw, T = —iw
AT = —ief(coshn —1)dx — p* cosfdo, (6.25)
XT = YT 1), X o= LT —iph),
8 8
A% = ;% = constant,

By the field equation for the auxiliary scalar D, the a;* are constrained to obey:
Quselaa? = —4i(FX — FrX7). (6.26)

By the attractor equations [69], the electric field e is related to the electric charge

qr as

(__OF(X)  _|OF(X)
—1 1 _
and the two independent complex parameters w and @ (unlike in the Lorentzian
theory, they are not complex conjugate to each other) are related to the length scale

of the metric ¢ as
16

ww’
which indeed scales consistently with Weyl weight (—2) and SO(1, 1) g weight 0. Since

the two complex parameters w and @w carry opposite charges under the SO(1,1)g

7 = (6.28)
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gauge symmetry, we can set their magnitude to be same:
lw| = |[w| = 4/¢. (6.29)

Note that to match our 5d set-up, we uphold the dilatational symmetry, which is
manifested here in the form of an arbitrary value for ¢ (one may break the symmetry
by fixing ¢ to 1 for instance, as in [14]). The relation (6.28), (6.29) indicates that w
and w are now formally conjugate to each other so that we can rewrite them using

the following parametrization:
wla) = -, O(a) = —e, aeR. (6.30)

Unlike in the 4d Lorentzian theory, where the phase « is fixed by the U(1)g gauge
symmetry, in the Euclidean theory it remains as a free parameter. It is, in fact, pre-
cisely the parameter that determines the choice of reality condition for the spinors as
in (6.21), i.e. the background described in (6.25) with generic « as in (6.30) preserves
the supersymmetries generated by Killing spinors obeying the reality condition (6.21).
For the case of & = /2 the 8 pairs of Killing spinors are presented in Appendix (E.22)
and the Killing spinors for a generic « can be read off from (6.23). Note that the
Killing spinors in (E.22) are exactly same Killing spinors as those of the 5d KK frame
given in (6.15).
Now, by comparing the 4d background (6.25) to the 5d KK-frame background (6.13),

it is clear that the AdSyx S? metric in the former is the reduction of the AdS;x S?
metric in the latter, as mentioned in Section 6.1. However, it is not yet clear how
the 4d/5d background values of the other fields are related (beyond just the metric),
and how off-shell fluctuations are connected. In the next subsection, we will elucidate
these points by describing the full off-shell map between the Euclidean 4d and 5d
supergravity. Using this map, we will explicitly present how the 4d/5d backgrounds

are mapped.

6.3 The off-shell Euclidean 4d/5d lift

In this subsection, we describe the off-shell connection between the 4d Euclidean and
5d Euclidean theory. We present how the AdS;x S? on-shell background in (6.25)
maps to the AdSz;x S? on-shell background in KK frame (6.13). This involves a choice
of the relevant parameters of the 4d background, specifically (%, p%) in (6.25), and
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depending on the choice of parameter w and w (6.25), a proper mapping parameter
is determined. We then show how to reach the 5d twisted torus background. We
end the section with the steps to lift off-shell localization solutions to the 5d twisted
torus.

To obtain the Euclidean 4d/5d connection, we use the Lorentzian 4d/5d relations
of [37] and map the two theories to their consistent Euclidean counterparts. Getting
the Euclidean 5d theory by the Wick rotation is straightforward, as explained in Sec-
tion 4.1. We follow the conventions of the 4d Euclidean theory in [45]. Equivalently,
one can start from the relations between the 5d Lorentzian and 4d Euclidean theories
of [44], and Wick rotate the 5d theory. The map obtained in this approach differs
from ours only in the way that the conventions of the 4d Euclidean theory of [44]
differ from those of the 4d Euclidean theory of [45]°.

Under Kaluza-Klein reduction of the 5d conformal supergravity to 4d, the vector
multiplets I = 1,..., N, reduce to the corresponding 4d matter vector multiplets Z =
1,..., Ny, and the Weyl multiplet reduced to the 4d Weyl multiplet and the additional
Kaluza-Klein vector multiplet Z = 0.

One can expect that the Kaluza-Klein scalar ¢ associated with the 5d metric (6.6)
falls into the scalar in the 4d Kaluza-Klein vector multiplet. However, directly per-
forming this reduction only gives one real scalar degree-of-freedom, while there should
be two real degree-of-freedom for the scalars of the vector multiplet. Additionally,
the 4d SO(1, 1) symmetry factor is not realized in any of the multiplets. To recover
the missing scalar d.o.f., an additional field ¢ is introduced [37, 44] to define the two
4d scalars in the KK vector multiplet as

i

X0 = —Ze 0, X' = %e“’gb. (6.31)

The field ¢ transforms locally under SO(1,1)g as
0 = o+ A, (6.32)

where AY is real. One can then consistently couple ¢ to the remaining 4d fields, so
that the SO(1, 1)g of the 4d theory is realized.
We now present the explicit 4d /5d mappings, up to quadratic order in the fermions,

keeping the general ¢ dependence. The 4d Weyl multiplet is related to the 5d Weyl

>The mapping between these conventions is also presented in [45].
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multiplet as:

e, = E,“°, (6.33)
Woo= e (6.34)
AR = 6iT5 + e, 0,0 (6.35)
Vi = Vit (6.36)
TiE = (24T +i¢  egpeaF(B)D*E, (6.37)
D = 4D+ iqzﬁ_le““DN(eaVDygb) + %qb_QF(B)“bF(B)ab (6.38)
o T 4 16 Vi (6.39)

X = 8K g F (Bl — 2 oTuny i (6.40)

L _ - 1 it . e
+;l¢ " P(* VL) — §¢2Vx5j W5 — 11¢Ta57 Uis,

where €49 is the four-dimensional Levi-Civita symbol. The 4d supersymmetry pa-
rameters are given in terms of the 5d supersymmetry parameters and 5d Weyl mul-
tiplet fields as

g, = e 2PwEl (6.41)
; : = -1 r anbi 1 s T ab i
Mg = —ier?” <77 — 2Tp57%7°E" + g® "Y5(F(B)ay — 49T uvs)y bs) (6.42)

Moving on to the vector multiplets, the 4d KK vector multiplet fields in terms of the
5d Weyl multiplet are:

X0 = —%e*%, X = %e%, (6.43)
A = e/'B,, (6.44)
D L A (6.45)
VWi = oVs), (6.46)

and the 4d matter vector multiplet fields in terms of the 5d vector multiplet fields
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are:

X' = el +iW]), X = fef(o! —iWY), (6.47)
Al = Wl (6.48)
AMi = i (Q“—Wg\i/;>, (6.49)
V= 2 (Y W) (6.50)

Finally, the 4d hypermultiplet in terms of the 5d hypermultiplet is
A = ¢ 1 2A~. (6.51)

Using the above maps, the 4d supersymmetry transformation is obtained from the 5d

supersymmetry transformation together with a 5d local rotation,
54d = (55d + 5M<5> y E5q — —Eg5 — gl’)/a\llg s (652)

where the rotation parameter ¢ 45 is chosen to fix the gauge F,s* = Fs* = 0. We

also need the supersymmetry transformation rule of ¢,
5l = Wi (6.53)

For the purpose of lifting the 4d configuration to 5d, we use the inverse map,
namely the 5d fields in terms of the 4d fields. The 5d Weyl multiplet fields are given
in terms of the 4d Weyl multiplet and 4d KK multiplet as:

Eua = euaa EM5 = ¢_1BM7 Ex55 = Cb_l, (654)
\I]Z _ e%s@%¢3’ 11;51' — ¢—16%9"75)\0"', (6.55)
. 1
Tab = ﬂ (6_@T(;Z + €<PTC; - i¢_1€abcd F(B)Cd) ) (656>
. 1
T = 2 (A —e"0,9) | (6.57)

Vot = Vi, Vst = oY, (6.58)
D = 1<D - l¢_1e“"D (ea"Dyop) — i¢5_2F(B)‘ﬂ’F(B)

4 4 u\Ca v 39 ab
3

—TusT® qum%%y) , (6.59)
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where
¢ = 2evX0 = 2 *X", B,=AY. (6.60)

The 5d supersymmetry parameters are:
g = er¥hel (6.61)
X s =Ly, i A P s ab zi
i = 5 (1e 290%774(1 + 2Ta5’)/ g — gqb 1(F(B)ab — 41¢Tab’y5)’}/ bE ) . (662)

The 5d vector multiplet is given in term of the 4d vector multiplet as:

o = X! X!, (6.63)
Wwlo= Al Wl = (e“”XI - 6*807[) , (6.64)
O = e N L W, (6.65)

vi, = Iyl Lywlvg i, (6.66)

The 5d hyper scalar given in terms of the 4d hypermultiplet is

A2 = oPAS. (6.67)

Mapping 4d/5d classical backgrounds

By the above 4d/5d map, the relation between the 4d AdS,xS? backgrounds (6.25)
and 5d AdS;x S? background in (6.13) in KK coordinates becomes more manifest.
One important subtlety is about the choice of ¢ in (6.60). In the case of the Lorentzian
4d/5d connection, ¢ is just a U(1)r gauge parameter that fixes the gauge-redundant
phase of X° and 70, making the ¢ automatically real. However, in the Euclidean
case, the 4d theory has an SO(1, 1)z gauge symmetry instead of U(1)g, whereas the
background values for X° and X" have a relative phase coming from the choice of
the parameter w and @ and value of the charge e and p°. Therefore, unlike in the
Lorentzian case, the value of ¢ is not a ‘gauge fixing’ to kill the phase of X" and 70,
but rather a ‘choice’ to cancel the phase of X° and X . (By the SO(1,1)r gauge
redundancy and by the rule (6.32), we shift the ¢ to set the magnitude of X° and X'
to be same.)

Recalling the background value of X and X as given in (6.25), where the w

and w are parametrized by « as in (6.30), the value of the mapping parameter ¢ is
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determined to be

+ 0 0 . LT po
o (a, e’ p’) = —la+ i - 1arctan<—> : (6.68)

0
by the condition that ¢ be real. There remains an ambiguity of £7/2 that is related
to an overall sign choice for ¢. We now consider specific examples for two distinct

choices of (e, p°), keeping the choice of « to be generic. These are:

1) @) = (@0, pia) = —atinf2 =9 = 55,
(6.69)

@) (@) = 087,  ¢F@) = ~ilatn/)Ein2 6 = Fo.
Here we see that, by the mapping parameter p*, the background value of the lifted
5d field ¢ is indeed real, but there is dependence on the choice +. We note that for
both cases in (6.69) and, more generally, with any choice (6.68), all the lifted 5d fields
are independent of the choice of phase w = exp(ia) in the 4d background (6.25).
The resulting 5d background fields are listed in Table 6.1. The 4d configuration
with (€2, p°, ) = (€%, 0, ¢7) as in (1) lifts to an AdS3xS? background, while the one
with (e, p°, ) = (0, p°, ¥¥) asin (2) lifts to an AdS,xS? background. For the latter
case, the localization solutions were studied in [21]. In both cases, the choice of the
sign in ¢ gives the opposite sign for the background values of ¢, TA 5,0 and hyper
norm x. At the level of the Killing spinor equation (that we review in Appendix C),
choosing either sign gives a set of Killing spinors corresponding, respectively, to the
right- or left-moving supercharges in terms of the 2d chiral AV = 4 super algebra.
Now, for our problem, the full specification of parameters to lift the Fuclidean
AdS,xS? backgrounds (6.25) to the 5d KK frame (6.13) is

(607 p07 QD) = (_17 07 goir)’ (670)

with identification e/ = p! and @] given in (6.69). To relate Euclidean AdSyxS?
to the twisted torus (5.8), this lift is then followed by the following steps: taking
the lifted 5d KK frame background (6.13) with @- Killing spinors (6.15), one ap-
plies the local coordinate transformations (6.10), (5.6), the spinor Lorentz rotation
in (6.4) with (6.12), and finally one imposes the periodicity conditions (5.7) with
given in (5.12). In this procedure, only four of the eight (- Killing spinors mapped

from (6.15) are well-defined on the twisted torus, as expected.
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v =of ¢ =5
ds? = AdS;xS? ds? = AdS,xS?
ol =Fpl/e, ol =xel /L,
(€%, %) = (%, 0) | FI =pl/e FL = —iel /2 | (€% p°) = (0, p")
A1,21’2 =/ i:fTSg A1,21’2 =4/ :F%
Stulie = oo Shulk = %

Table 6.1: The non-trivial 5d fields obtained by lifting the 4d backgrounds (6.25)
with (w, @) as given in (6.30) and with different choices for (¢, p°) and ¢. For the
choice of (€, p°) on the left and right panel, the 4d hyper scalar that is lifted is
determined by the D-field equation constraint (6.26) as a;! = ao? = 1/4/—p3/3e°
and a;' = ay? = 1/0+/e*/3p" respectively. We also include the value for the finite
piece of the bulk action (4.13). The field configurations on the right entry are solutions
corresponding to the near-horizon of the supersymmetric Euclidean 5d black hole.
The field configurations on the left entry are the Euclidean AdS3;xS? solutions.

Mapping 4d localization solution to the 5d twisted torus frame

Having identified the relevant 4d background, together with the correct mapping
parameter (6.70) that relates it to the 5d twisted torus background (5.8), we now want
to map the off-shell localization solution of 4d supergravity on that background to the
5d localization solution around the twisted torus background. The strategy for this
mapping follows the same steps as the mapping of the backgrounds presented above.
Here, we assume that phase factors in the quantum fluctuation of the scalars X°
and X are appropriately cancelled by a fluctuating value of ¢ around its value in
(6.70), such that it makes the quantum fluctuation of the 5d field ¢ real.5 Tt will turn
out that for our off-shell localization solution, we can use the same value of ¢ as was
chosen in (6.70).

Here, we summarize the steps as follows:

1. Start with the 4d localization manifold whose background is the Euclidean
AdS,xS? solution (6.25) with (¢, p°) = (—1,0). Since the result does not
depend on the choice of a in (6.30), without loss of generality we take oo = 7/2

for convenience.

6Since we choose the reality condition for the fluctuation of X° and X to be complex conjugate
to each other, as explained after (6.24), and since this condition is the same as the condition in the
Lorentzian theory, it appears there may be some U(1)g gauge symmetry hidden in the fluctuating
field, and it may justify our assumption.
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2. Apply the 4d/5d lift with the mapping parameter ¢ = ¢ (7/2) = 0 to obtain
5d localization solutions in the KK frame (6.13) of Euclidean AdS3xS?.

3. Transform these localization solutions to the twisted torus frame by applying
the local coordinate maps (6.10), (5.6), the spinor Lorentz rotation in (6.4)
with (6.12), and finally imposing the periodicity conditions (5.5) with Q given
in (5.12).

Note that a consistent lift to the twisted torus requires that the lifted solutions respect
the periodicities (5.5). As an example of an inconsistent lift, consider a scalar field
fluctuation on AdS,;xS? with non-zero momentum on y, which therefore has 27-
periodicity in x. Recalling that y = ¢ — itg, we see that such a mode, lifted to 5d,
does not respect the second periodicity condition in (5.5). As we discuss in the next
section, the fields in the four-dimensional localization manifold depend only the radial

coordinate n = 2p and therefore lift consistently to the 5d twisted torus.
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The lift of localization solutions
on AdSsxS? to H?/Z x S?

In this chapter, we apply the lifting procedure constructed in Chapter 6 to obtain
localization solutions around the supersymmetric H?/Z x S? background. We find a
set of solutions to the BPS equations parametrized by N, + 1 real coordinates CZ,
Z =0,...,N,. These coordinates are inherited from the 4d localization manifold,
where each C? parametrizes the off-shell solution for the Z® vector multiplet. In
the 4d AdS,xS? problem, the boundary conditions fix all the fields to their attractor
values at infinity. The localization solution consists of the scalar fields X7 going off-
shell in the interior, with a radially-decaying shape that is fixed by supersymmetry.
The parameter C7 labels the size of deviation at the origin. In 5d, the C!, I =
1, ---, N, parametrize the size of the off-shell solution in the vector multiplet, and C°
parametrizes a certain excitation of the Weyl multiplet. Here, we have an AdS;xS?
background, where one leg of the gauge field (W,/) is fixed at infinity to its on-shell
value while the other (W) is free to fluctuate, as we described in Section 5.3. The
parameter C'' labels the deviation of both W/ and W7, from their on-shell value at the
origin as well as the boundary fluctuation of W/, The precise solutions are presented
in (7.6-7.9) for the Weyl multiplet, and in (7.12-7.15) for the vector multiplets. The

hypermultiplet also fluctuates, and the solution is given in (7.16).

4d localization solutions

The most general solution in 4d around the AdS,;xS? background is parametrized
by one real parameter in each vector multiplet and one real parameter in the Weyl
multiplet, before fixing the gauge for local scale transformations [39]. The gauge can
be chosen so that there is no off-shell fluctuations in the Weyl multiplet [14]. The
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off-shell solution in the vector multiplets takes the following form:

z i T,:,7 c* ~Z i I_ .. 7 c*
= — X = —= - 1
X 20 <e Tip +cosh77> ’ 20 (e P +coshn (7.1)
A* = —ief(coshn —1)dx — p* cosOdo, (7.2)
g
T1 — v _ : 7.3
Y Mo 2 cosh® (7:3)

where we use (w(7/2), w(r/2)) = (4i/¢, —4i/¢). The C% are arbitrary constants and
parametrize the off-shell fluctuations around the background (6.25).

Lift to the Weyl multiplet
For the lift to the Weyl multiplet, the relevant fields of the 4d localization solution
(7.1) are those of the KK vector multiplet Z = 0. Using (6.60), we first obtain the

off-shell values for the KK scalar and one-form:

o L1 < B, — i(coshy — 1) (7.4)
= 7 coshin ) « = i(coshn : .

It is useful to define the function

o) =1-— CO : (7.5)

cosh z

Now, using the lifting equations (6.54 - 6.59) with (¢, p°) = (=1, 0) and ¢ = 0, we
obtain the full Weyl multiplet configuration in the KK frame. After applying the
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coordinate maps (6.10) and (5.6) to the twisted torus frame, the non-trival fields are:

2 0 0 0 0
sinh p (27%700) 0 0 Qi%coshpsinh2 p
#(2p) #(2p)
Ev® = (o 0 1 0 0 (7.6)
0 0 0 sin 6 0
2i$cosh2 psinh p . . cosh p (27%+CD)
0 gen) 0 iQsinf 4(20)
/sin 1 iQ20 sin 6 1
Tyy = ——|——4 Ty, = —4 7.7
" 12 (925(2/)) ) Lo 12 (¢(2p) ) SR
sinh? p 200 cosh? p
Vl/) _ —QiCO cosh 2;; s, V;t’E _ cosh22p Ts, (78)
¢(2p) ¢(2p)
tanh? 2p <3 _ 2C° >
D - CO cosh 2p sinh 2/2)tanh 2p ' (79)
240%2¢(2p)

Recall from Section 5.2 that 2 = 1+ im /7 in the twisted torus frame.

It remains to apply the lift to the (- and S-Killing spinors. In principle, off-
shell fluctuations in the bosonic fields of the Weyl multiplet may induce off-shell
fluctuations in the 5d Killing spinors such that the BPS equations of the multiplet
remain solved. Note however that the 4d Weyl multiplet in the 4d localization so-
lution does not fluctuate, and so the 4d @- and S- Killing spinors that we lift are
just those of the 4d background, namely the eight spinors &),(7/2), given explic-
itly in (E.22), and n},(7/2) = 0 (recall we have fixed o = 7/2). Further note that
the lifting equation (6.61) for the 5d Q- spinors only involves the 4d Q- spinors
(which are on-shell). We conclude that the lift of the (- spinors is unchanged from
the on-shell case, i.e. we obtain, in the twisted torus frame, the four well-defined
on-shell ) -spinors €y, a = 1,2,3,4, as given in (5.13). In contrast, the lifting equa-
tion (6.62) of the S- spinors 744 involves bosonic 5d fields which do fluctuate. The 5d
S- spinors, which are zero on-shell, therefore acquire a non-zero value off-shell. In the

twisted frame, we obtain four well-defined S- spinors 7)), associated with the four Q-
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spinors €(,). The one associated to the localization supercharge £(;) has value

9

COS 2

P
cosh 5

CO0 (e H(Q-1)Y, .y
17(11) _ cosh(2p) eszrd) . ) —Silg cosh g (710)
3V/206(2p) —cos £ sinh 2

in @ qinh 2
511(12smh2

in 8 qinh 2
81112smh2

OO o @t (1)) 9 Ginh 2
lcosh 3 e 2 E COS B S1n 2
ny = - . (7.11)

3v2L ¢(2p)

_ain @ 4
sin 3 cosh2

_ %) 4
cos 5 cosh 5

Lift of the vector multiplet

The relevant 4d fields are those of (7.1) with Z = I. Using the lifting equa-
tions (6.63 - 6.66) followed by the coordinate transformations (6.10) and (5.6), we
obtain the following non-trivial fields of the vector multiplet configuration in the

twisted torus frame:

I
ol = _p?, qux = —p'cosd, (7.12)
c (NI 0) sinh?(p)
WI _ 21 (C /:u +O) cosh 2p /JJI (713)
¥ ¢(2p)
clyul—co IyI 0
==+ O/t +C% + 2
Wt{E = —ipQcosh + cosh 2 ¢(2;) ' (7.14)

1 CTut+C°
YL = L 7.15
12 2026(2p) cosh?2p ! (7.15)

Lift of the hypermultiplet
Finally, the lift for the hypermultiplet (6.67) gives the following non-trivial com-
ponents for the off-shell hyper scalar:

1 _ 2 _ ¢(2p) 2 p?
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To summarize, the field configuration of the Weyl multiplet (7.6)—(7.9), the vector
multiplet (7.12)—(7.15), and the hypermultiplet (7.16) are the 5d localization solu-
tions. These configurations are off-shell fixed-points of the variations generated by

the supercharge Q given in (6.1), around the supersymmetric H®/ZxS? given in (5.8).
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Chapter 8

Boundary conditions and action

As we have emphasized throughout this thesis, boundary conditions are a neces-
sary and influential ingredient in the formulation of gravitational problems on non-
compact spaces such as Anti-de-Sitter spacetimes. Already at the level of the classical
theory, they are required to formulate meaningful notions of charge, asymptotic sym-
metries, and initial-value-problems. In the quantum theory, they become especially
important since they determine which family of configurations will contribute to the
functional integral. Boundary conditions also enter directly at the level of the action,
where they are intrinsically linked with the construction of boundary terms. These
terms are specifically chosen so as to achieve a well-defined variational principle of the
theory with said boundary conditions (and this arises independently of other condi-
tions one may wish to impose on the theory, e.g. supersymmetry or gauge invariance of
the action). In this chapter, we begin to explore these boundary-condition and action
principles in the context of the new off-shell BPS solutions around supersymmetric
H3/Z x S?, as presented in Chapter 7. In particular, we discuss how these solutions
fit into the quantum functional integral formalism, and we initialize the construction
of the renormalized action according to their obeyed boundary conditions.

In Section 8.1, what we soon find is that these new solutions in fact do not consis-
tently fit into the quantum functional integral problem as we defined it in Chapters 1
and 3. More precisely, we find that while the off-shell gauge fields in these solutions
remain consistent with the usual AdS;xS? boundary conditions (5.28), the metric
fluctuations in the AdS; directions explicitly violate the standard Brown-Henneaux
conditions. This is an uncomfortable fact, and a natural reaction would be to aban-

don these localization solutions entirely. However, in this chapter, we instead choose
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to persist with a further analysis on them. One reason for which this could consti-
tute the right approach is the following: First, it is known at the semi-classical level
that the quantum entropy function [13], which performs the macroscopic counting
of the degeneracies of extremal black holes with near-horizon AdSxS? (or, more
generally, times any compact manifold M), is intrinsically linked with the path inte-
gral on AdS; [70] '. Secondly, it is known that the 4d localization solutions around
AdS,xS?, parameterized by CZ, contribute to this quantum entropy function in the
localization formalism [14, 15]. Therefore, since our H®/Zx S? localization solutions
have been lifted from precisely these AdSs solutions, it is plausible that they should
also contribute to the localization computation of the AdS; path integral.

Now, in deciding to continue forward with our new localization solution, the next
question is whether there exists an alternative set consistent gravitational bound-
ary conditions in which to embed these solutions. Supported by a rich literature on
boundary conditions in AdS; (e.g. see [71, 72, 46]) we indeed find one such set: the
Compere-Strominger-Song boundary conditions, which we reviewed in Section 2.3.3.
In Section 8.2, this leads us to propose a boundary term structure for the 5d super-
gravity action, according to the renormalization scheme prescribed in [46]. While the
resulting set of boundary terms is likely not complete, the value of this action on
the localization solutions already displays certain interesting characteristics, which
we discuss towards the end of the section.

In Section 8.3 we turn to the problem of exploring the existence of additional
localization solutions, distinct from the class found in Chapter 7. Here, instead of
using lifting principles, our approach is to perform a direct analysis of the supersym-
metry equations in the large p regime. This strategy resembles the idea of holographic
renormalization [53], where the field equations are solved recursively order-by-order
for the coefficients of Fefferman-Graham expansions (see Section 2.3.1 for the example
in pure 3d gravity). In our case, the same recursive approach is applied but to the off-
shell BPS equations for our localization supercharge Q. Note that due to the inherent
complexity of the BPS equations (we focus on the variation of the gravitino, which is
especially complicated), we employ numerical strategies to extract and perform the
recursive solving. The results of this procedure is evidence towards the existence of

an a priori infinite class of new localization solutions, only a subclass of which is

'For instance, at the level of the U(1) matter couplings, the AdS; and AdS3 calculations are
equivalent up to a difference in fixing the ensemble. In the AdSs case, the U(1) charges are fixed
at infinity, which places the calculation in the microcanonical ensemble. In the AdSs case, it is the
chemical potentials for these charges (i.e. the u!) that are fixed instead, placing us in the canonical
ensemble.
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consistent with the CSS boundary conditions. The solutions which are not consis-
tent with these boundary conditions are related to the left-moving Brown-Henneaux
modes L,,.

We close this chapter with a somewhat tangential but natural follow-up analysis
on the topic of these BPS Brown-Henneaux modes in the left-sector, namely a study
of their behaviour under the dimensional reduction to the theory on AdS,;xS?. Using
the technology of the off-shell 4d/5d connection, we show that they reduce to non-

normalizable modes in the four-dimensional theory.

Throughout this chapter, it should be noted that we work predominantly in the
5d cylinder-coordinate system z = (p, 2,%,0, ¢), where we recall that the complex

coordinates (z,%) are related to (¢,tg) as:

We remind the reader that the (p,v,0,¢,tg) coordinates are those related to the
coordinates (p, 1,0, ¢', ;) of the H?/ZxS* background, as written in (5.8), by (5.6).
We also take this chance to (re-)introduce additional index notation that will be
relevant to the upcoming sections. We denote as ' = (z,%,0,¢) the transverse
coordinates of the five-dimensional space, which are used on the induced metric h;;.
As we have seen in prior sections x® = (z,%) are the boundary coordinates of the
AdS; factor. Finally, 2™ = (6, ¢) are coordinates on the S? factor.

8.1 Boundary behaviour of the localization solu-

tions

In this section, we analyze the asymptotic structure of the localization solutions
lifted to H® /ZxS? in Chapter 7, focusing on the metric tensor and the gauge fields. In
the interest of self-containement, we copy the relevant field expressions here, opting for
the coordinates of the cylinder frame z = (p, 2,%,6, ¢). The non-trivial components

are as follows:
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Metric tensor

G = (20)7, Gog = 07, Gy = (*sin*0,

a._ _ 2 L % cosh(2p)
T e(2p) T 9202 (8.2)
21 + (C°)2 + cosh(4p) — Co<cosh(2p) + C”cosh(4p) — cosh(6p)>
C= = o2p) cosh(2p)

U(1) gauge fields

qu = —p’ cosb,
. I . I 0 8.3
o W(l + S Cocs’mp)) — 1;/(1 + o+ 00— COS(;(%)) (8.3)
: o(2p) ’ : o(2p)
Recall that we have defined
CO
=1- ) 8.4
¢(x) coshi(7) (8.4)

Asymptotic form of off-shell gauge fields
Consider the off-shell U(1) gauge fields of the localization solution, as given
in (8.3). At large p, the components obey the expansion

Wip.x) = W @) + W (@) + O(e™). (8.5)
In the AdS; directions x® = (z, %), the first two expansion coefficients read
WZ(O)I _ —i,u", WE(O)I _ ml + mfc«o + iC«I,
WO = i/ (CO+ Oty WP = 2l C0(C0 4 ). o

We observe that W/ remains fixed to its classical value at the boundary while W/ has
off-shell fluctuations. In the S? directions ™ = (6, ¢), meanwhile, the gauge fields
are also fixed to their on-shell values at the boundary (in fact, they do not fluctuate

anywhere in the geometry):

wi = w2 =0, W =w" = —plcoso. (8.7)
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This behaviour for W}, is consistent with the standard AdS;xS? boundary condition

for the gauge fields, which we recall from Section 5.3 are given as
sWOL = o, W9 qotfixed, WO = 0. (8.8)

Asymptotic form of off-shell metric
Consider now the BPS solution in the Weyl multiplet, labeled by C°, and given
in (8.2). The metric Gy takes the form

Guy dzMdz™N = (20)%dp? + hy; da'da?
(8.9)
= (20)%dp* + Yos dz®dx® + by, de™dz"™ + 260, dx®dz™

where h;; is the induced metric of the five-dimensional bulk metric, v, is the metric
over the AdSs, b, is the metric over the S? and cu,, is the metric over the mixed

AdS;3/S? directions. At large p, we have an expansion for the AdS; factor 7,5 as

Yas(pyz) = 7O)(@) + 75 (x) + O(e™), (8.10)

where the first few coefficients are

62
Vig) = 07 f}//gg) = 5 ’Yég) = _62007
2 (8.11)
WD = 2, A2 =220, 42 = —rP(1+3(C%)?).
The appearance of the off-shell mode C° in Vég) violates the Brown-Henneaux
boundary conditions in AdS3 which, in the complex coordinates (8.1), are given as

52
7O =2 =0, 49 =3 (8.12)

Instead, the values for yg)ﬁ) and the subleading component vg) in (8.11) together
obey to the (Wick-rotated) Compere-Strominger-Song (CSS) boundary conditions of
Einstein Gravity in three dimensions [46]. In Lorentzian signature, these boundary
conditions were reviewed in Section 2.3.3. In the Wick-rotated setting, they are given

as

7O =0, A =ropz, A2 =3,
(8.13)

72 = 4G5,
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where recall that P(Z) is an arbitrary fluctuating function of z, while the constant A
is an input that, in the classical theory, is related to the charges of the BTZ black
hole. In the quantum theory, all other Fefferman-Graham coefficients are allowed to
fluctuate. Comparing (8.13) with (8.11), we identify

14

@P(Z) - —OO, A == _4_G3

(8.14)
(Note that this means P = —C°z and so P is not periodic.)

Finally, we have metric components on the S? directions and mixed AdSs/S?
directions which do not fluctuate at all. It is nevertheless useful to introduce their

asymptotic expansion as

bn(p,z) = b (z) + e 26 (z) + -+,
(8.15)
Cam(p,x) = O (x) +e 2l (z) + -+

The boundary conditions for these metric components are that bfn,% , c&% are fixed to
their on-shell values, and this is trivially true in our case. Recall that in the (p, z,%, 0, ¢)

coordinates, these on-shell values are:

by = 2, b = Psin®0,
(8.16)
C&OY?,L = 0.

For upcoming analyses concerning the metric, it will in fact also be required to
specify boundary behaviour for the dilaton ® = —C'(0)/8 + 3x/16. The dilaton in

our localization solutions obeys the expansion:
O(x,p) = V(z) +e 20 (z) + .- (8.17)

with ®© fixed to the background value ®© =

conditions.

%. This corresponds to Dirichlet

8.2 Towards a renormalized action

In this section, we consider the boundary conditions that were identified for our

localization solutions in Section 8.1 and use them to explore a corresponding bound-
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ary term structure for the 5d supergravity (4.13). We continue to focus on the metric
sector and gauge-field sector. Since the metric in our localization solutions obeys the
CSS boundary conditions, our approach to construct boundary terms for the gravi-
tational sector is to follow the CSS renormalization scheme of the three-dimensional
theory, as was reviewed in Section 2.3.3. Meanwhile, because the off-shell gauge fields
obey the standard AdS;xS? boundary conditions, the renormalization in their sector
is identical to the construction presented in Section 5.3. Before we begin, we empha-
size that the proposal reached does not constitute a fully renormalized action for the
boundary conditions. For instance, we have not computed boundary terms for the
hypermultiplets, which we expect should contribute to the action on the localization
solutions. We postpone a comprehensive analysis of these aspects to future work.
We nevertheless note that our partial action already displays certain interesting char-
acteristics. In particular, its value on the localization solution exhibits a tractable
structure that is both finite and that can be compared to the analogous action for
the 4d localization problem on AdSyxS? [14], as we briefly discuss towards the end

of the section.

Boundary terms for the gauge fields

We begin with the gauge-field sector, where we have shown in (8.6) that the
boundary conditions obeyed by the off-shell W}, are the usual AdS3xS? boundary
conditions (8.8). Therefore, the boundary term to use here is unchanged from the
five-dimensional Chern-Simons boundary term (5.29) presented in Section 5.3. For

convenience, we copy it here:

1
bd 1p - . 1
S = —cpyk 187 /d y dz'dz'dfd¢’ sin @ (W7 — §QWQ;’,)W§ , (8.18)
Note that for uniformity with Section 5.3, we continue to write this term in the coor-
dinates of the twisted torus as in (5.8). Any other non-covariant boundary term pre-
sented in this section will be written in the cylinder coordinates 2™ = (p, 2,%, 0, ¢, tg),

as mentioned earlier in the chapter.

Boundary terms for the metric

We now turn to the renormalization for the metric field. The regularization scheme
in this sector should naturally follow that which was prescribed in the pure three-
dimensional theory by Compere, Strominger and Song in [46], and which we also
reviewed in Section 2.3.3. Recall that this scheme specifies the addition of a CSS-
specific (chiral) boundary term (2.72) on top of the usual Gibbons-Hawking and

94



Chapter 8. Boundary conditions and action

counter term, given in (2.48) and (2.49) respectively. The five-dimensional equivalent
of this CSS boundary term is

14
bdr, 2z
S$Cs5 = g3 " d'z h(0><<1>(0)7(°) ) (8.19)

where 20 = det(yOb0c®). The five-dimensional Gibbons-Hawking and counter
term were already employed in the on-shell analysis of Section 5.3, and we copy them

here for convenience:

1

Sen = —— | dawVhoK, (8.20)
47T OM
1 4
= D 21
SCC = /aM d x\/ﬁ (8 )

All together: a proposal for the renormalized action
Combining the bulk action (4.13) with the gauge field and metric boundary terms

presented above, we propose a (partially) renormalized action as:

Sen = Spuic + Scu + Sce + Seay 4 gpdy (8.22)

We now turn to the variation of S, (8.22) with respect the gauge fields and the

metric, constrasting to the on-shell construction of Section 5.3.

Variational principle of S;e, With respect to W/

For the gauge fields, the boundary conditions and hence the boundary term Sg(gy
are identical to those imposed in 5.3, and so §.5,e, vanishes as it did there. As far as
regularizing the bulk action with respect to their boundary conditions, we therefore

expect no further boundary terms for W7,

Variational principle of S,., with respect to Gn

For the metric, the situation is different to Section 5.3 for two reasons. Firstly, the
boundary conditions in the AdSs directions are different: we are imposing the CSS
conditions rather than Brown-Henneaux. We accordingly have the extra boundary
term Sg&y (8.19) in analogy with the 3d term (2.72). Secondly, because the dila-
ton @ is no longer constant in the off-shell configuration, there are additional surface
terms in the variation of the bulk, which are of the form §g(V®), that could poten-
tially contribute non-trivially (whereas they vanished identically in the on-shell case
where ®=constant). These considerations justify an explicit analysis of the variational

problem for the metric, to which we now turn.
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The first-order variation of the bulk supergravity action (4.13) with respect to the

metric tensor Gy is

1
OSphuk = FP) d%\/@[@ Gun + (VMVN - GMNVQVQ> o — TMN] sGMN
M
1 M MN
— @ o d4]} th |:(I) <V (5GQM - G VQ(SGMN)
+ GMN§Gy NV — 5GQMVM<1>] ,

(8.23)

where G,y is the Einstein tensor

G
Gun = Run — %R, (8.24)

and where we packaged the remaining matter-couplings in a stress-tensor Ty/y:

G 39 3
TMN = %(ﬁv + ,CH + C(O‘)(4D + ?T2> + X(2D + ZT2)>

- CI%UI(%DMUJ Dyo™ + % 4 Flg = 607 Fau“Tyg) (8.25)

3 1 .
— TMQTNQ (390(0’) + 5}() + éQaﬁngMAia DNAJ'B .
(The expressions for £y, and Ly are given in (4.10).) The variation (8.23) has a bulk
and a boundary piece. The bulk piece corresponds to the Einstein’s equations in the

off-shell theory when set to zero. The boundary piece is the relevant starting point

to analyze the variational principle. We label it as:

1
5Sbulk|bdry = — W d4l’ th |:(I) (VMéGQM — GMNVQ(SGMN)
™ Jom (8.26)
+ GMN§Gy NV — 5GQMVM<I>} ,
The first line of (8.26) can be written as
- ity (@ (K0 0Gyy — KMN0Gyy — GOV gdGi )
87 Jorm (8.27)

- n%GMQ(vM@)] ,
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(where a total derivative term VM (®n§,,x) was discarded), so that

1
5Sbulk|bdry = — @ d4l’\/g|:q) (KnMnN(SGMN — KMN(SGMN — GMNHQVQ5GMN>
oM

+n@ (GMNéGMN(VQd)) - 25GMQ(VM<I>))} .
(8.28)

Now, the variation of the 5d Gibbons-Hawking (5.31) and 5d CC (5.32) terms are,

respectively:

1
6San =~z | deVh|@(KGMN6Guy — Kn*n Gy + g nVadGay)
871'2 OM
+ 2nQaGMQ(qu>)]
1
§Sce = / d*zvVh OCGMN Gy
1671'26 OM

(8.29)

where a total derivative term VM (® n™§),y) was again discarded in 6 Sgy. We there-

fore have that

1 1
5<sbulkybdry ¥ Sey + Scc> = davh [@ (KMN _ KGMN 4 2—£GMN) 5Gun

(8.30)

The first line is the dilaton-coupled Brown-York term with an additional contribution
from the Sgc. The second line is an effect of the dilaton. We can now develop
the (M, N) contractions over the indices («, 3), (m,n) and (a, m) and start imposing
boundary conditions. As an intermediate step, we only substitute the boundary

conditions for the metric components cu,, and b,,,, as given in (8.15), (8.16), as well
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as those for the dilaton ® as in (8.17). This gives for (8.30):

1

5<Sbu1k|bdry + Sen + SCC) = 55

/ A VRO B0 (O Ty D] — (219 5
oM

1
— oy [ VRO @O0 (527225 L5) — 52))
oM
— Lz d*zVhOe 2 nP (7(0)04/35%(125 + b(o)mnébgl) 9,0 .
8 OM

(8.31)

The last line above is the one corresponding to the last line in (8.30), i.e. the dynamical
dilaton term. It is suppressed by e 2” and therefore drops out. The second line
in (8.30) has an interpretation coming from viewing the S? metric components b,
as scalars in the effective AdS3 theory. In this picture, one should add scalar-type
boundary terms for these b,,,, which would be of the form f A’z 7 PO 0 by,
In principle we should then correspondingly include these terms in the 5d theory,
and one expects that their variation would cancel the second line of (8.30). It is
however not necessary to do so for our practical purposes, which is ultimately to
evaluate the renormalized action on the localization solution. Indeed, since b,,, in
these solutions is independent of p, the aforementioned boundary terms would not
contribute. In what follows we therefore suppress the second line in (8.30). It then
only remains the first line, which is immediately recognized as the holographic stress-
tensor of the three-dimensional theory, as given in (2.50), coupled to the dilaton. The
treatment of this expression under our two relevant choices of AdS3 metric boundary
conditions (Brown-Henneaux and CSS) follows in an entirely analogous way to the
three-dimensional considerations of Sections 2.3.2 and 2.3.3: under Brown-Henneaux

boundary conditions (57((1(2 = 0), we trivially have

(S(Sbulk’bdry + Sau + Scc) lgg = 0, (8.32)

while for CSS boundary conditions (8.13), (8.14),

1
5<Sbu1k|bdry + Sau + 500) lcss = 337 / d'eVhO o0, (8.33)
oM

For this latter case, one then readily checks that the variation of Spay (8.19) can-

2Recall that we are also fixing the asymptotic metric to be in Fefferman-Graham gauge, for which
the unit normal vector n® is only non-trivial in the radial direction n”.
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cels (8.33). Indeed:

brd 1 0
05855 = ~ 57 /8 y 4V hO o5, (8.34)

We conclude that Sep, as given in (8.22), is well-defined with respect to the boundary

conditions of the metric field consistent with the localization solutions.

Evaluation of S;en
We now turn to the more concrete exercise of evaluating S, (8.22) on the local-
ization solution. The individual pieces of the renormalized action give the following

values (where the radial integral is performed up to the cut-off py > 1):

Shulk = ﬂ;—;ﬁ (p* = 2crsx0"¢"p"™) + W;Z%’OPS
27;72 crycn' e’ pk + g B2 (8.35)
Sen = WTZCDPS — e %pg’ (8.36)
Scc = %200293 + e %pg’ ; (8.37)
Sesy = 27”;00193 , (8.38)
Ses” = - 27;2 crox p'o’p" — M?gco crok W p™ (8.39)

where we have redefined the localization modes as:

ot = CT 4+ 47, (8.40)

and where, recall, Z = (0, ) and x° = —1. All together, the value for S,., is therefore:

T AT
Sren =50 (0" — 2c17x¢" 7" ) — == e 1 ¢7p<
3¢ 3
117790° g 1lwm 4
8.41
2 Pt (8.41)
27179° 2mT
- 32 ClJK MIMJPK 3 = ClIK ,MIMJPK
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Note that the ¢! terms form a perfect square:

Sten =7TT2P3 <3750 —¢0 ) ( |
8.42

27r72

3

crow pp’p™ CIJK(¢ + %" (97 + @) p™

3qz50
When (8.42) is exponentiated and inserted into the path integral over the localization
modes, the integration over the ¢! will therefore be Gaussian in these variables. This
results in a power of ¢ being brought down in front of the exponential. Let us
assume that this integration has been done, such that the surviving action piece in

the exponential is

> 27Ty

3 cryx 1 p" (8.43)

T 2])3 <3750 —¢0
We close this section with some remarks and speculations on the value (8.41). An
immediate comment is that it is finite and that it correctly reduces to the background
contribution (5.36) under C° = C! = 0. As a result, a reasonable expectation is that
any further boundary terms to Spuyx are likely to make only finite contributions pro-
portional to CZ. A second point, which should receive further analysis in future work,
concerns the relation of (8.41) with the renormalized action for the four-dimensional
problem on AdS,xS? evaluated on the CZ-localization solutions [14]. Here we simply
note some similarities and differences. The common structure among the two is the
presence of a term linear in ¢ and @', a term as 1/¢° and a term with ¢’¢”//¢°.
However, (8.41) contains two additional contributions which are entirely absent from
the 4d result. The first is the constant term proportional to 7 p?, i.e. the second term
on the second line. The second is the constant term proportional to 7 !’ i.e. the
second term on the third line. (Here, by constant, we mean independent of ¢Z.)
Recall that the latter term already arises in the on-shell result (5.36), and is related
to the Casimir-energy-type prefactor C'(7, u) that connects the path integral to the
canonical trace form [65] as denoted in (5.24). The former constant term 7, p* does
not, on the other hand, have an immediate interpretation. One possibility is that it
couples to an additional gravitational localization mode that has no counterpart in
the four-dimensional localization manifold, and which was therefore not detectable
from our lift in Chapter 7. In the following section, this motivates an investigation

in the existence of additional such BPS modes.
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8.3 A numerical search for further localization so-

lutions

We have found in Section 8.1 that the off-shell metric (8.2) in our lifted localization
solution of Chapter 7 is not compatible with the standard Brown-Henneaux boundary
conditions (8.12) of the path-integral, but is instead compatible with the CSS bound-
ary conditions (8.13). This lead to a line of questioning on whether the functional
integral for the localized supergravity action on AdSsxS? should, perhaps, receive
contributions from BPS configurations obeying CSS rather than Brown-Henneaux.
In this light, we initialized in Section 8.2 a study of a renormalization scheme for
the bulk action (4.10) according to the CSS prescription. One obvious question that
can be approached in parallel is to ask about the existence of additional localization
solutions for @ with non-trivial fluctuations in the metric, and how these fluctuations
might fit into the candidate boundary conditions.

In this section we address this question by studying the Killing spinor equation
(KSE) of the off-shell 5d supergravity in the large p regime, with Killing spinor fixed
to our localization spinor 51('1) given in (5.13). This requires firstly introducing an
ansatz for the form of the asymptotic expansions of the fluctuating bosonic fields, as
well as for the fluctuating S- Killing spinor. Our ansatz for the 5d metric restricts
fluctuations to be in the AdS; directions 7,4, and we allow these fluctuations to obey
either CSS or Brown-Henneaux boundary conditions. The approach to solve the
Killing spinor equation for the various expansion coefficients then follows a recursive
order-by-order strategy. This is reminiscent of the procedure for solving the Einstein
field equations for Fefferman-Graham coefficients in asymptotically AdS spacetimes,
as reviewed in the pure AdSs case in Chapter 2. In this present analysis, because the
recursive BPS equations quickly become very involved, we choose to employ the help
of numerical tools instead of solving them by hand.

As we will see, the results of this analysis suggests the existence of an infinitely
large family of localization solutions, with fluctuations parameterized by two arbitrary
radial functions a™*(p), a=(p). In the 7,5 factor of the 5d metric, these fluctuations
appear at most at subleading order O(1). At the level of boundary conditions, we
find that the a™ fluctuations at this order are consistent with the CSS boundary

conditions, but the a~ are not.
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Killing spinor equation recap
Recall that the Killing spinor equation is the supersymmetry variation of the
gravitino 1%, set to zero. It is given in (4.31), but we copy it here for convenience
1

1 | ;
(Onr — ZwMAB’yAB)el + 5 (Va)s'e + ZTAB(3’YAB’YM —mvaple’ = 0. (8.44)

The bosonic fields in this equation belong to the 5d Weyl multiplet. They are the viel-
bein Ey4, the auxiliary two-form T4p, and the auxiliary SU(2) R-symmetry gauge-
field (Vas);*. The spinors €, n' parametrize the Q- and S- supersymmetry. Our
gamma-matrix conventions in the Euclidean theory are given in the tangent frame
in (5.10). As mentioned in the introduction to this section, we continue to fix the Q-

Killing spinor € to the localization (Q) Killing spinor 5%1) given in (5.13).

Asymptotic ansatz for the metric
We require an ansatz for the asymptotic form of the off-shell fields to substitute
into the Killing spinor equation (8.44). We begin by constructing that of the viel-
bein Ej;4. Here, it useful to introduce the following “light-cone” tangent frame for
the boundary AdSs directions, which is defined in terms of the frame (zﬂ, tg) frame
as
E® = g +ipts. (8.45)

Note that the this frame rotation is not a Lorentz rotation. The metric tensor is
computed in this basis as ds? = (2¢)?dp*+ E) E(7) +ds?(S?). Note also that vielbeine

that obey the Brown-Henneaux boundary conditions (8.12) are of the form 3

(+)
EE = e’dz+ O(e™"),
(8.46)
E-)
—~ = e’dz+ O(e™”),

Meanwhile, vielbeine that obey the CSS boundary conditions (8.13) are of the form

EH) _

T = ep(dz + 85P(5)d2) + @(ef’)) s

2O LA (8.47)
—~ = efdz +e” dz + O(e ?)dz + O(e *)dz,

3To compare the Lorentzian metrics of Chapter 2 with the Euclidean metrics presented here,
recall the Wick rotation which maps the spacetime coordinates as(z™,27) — (z,%).
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where the O() structure is specified for each leg of E(7) individually in order to
indicate that . cannot fluctuate at order O(e™") (but ES can).

We now introduce our ansatz for the off-shell vielbein. We choose to turn on
fluctuations only in the AdSs3 directions of the 5d space. To cover a broader space
of solutions, we allow these fluctuations to obey either Brown-Henneaux boundary

conditions as in (8.46) or CSS boundary conditions as in (8.47). The ansatz is:

B = B, E'=E,  E=E, (8.48)
EW = EW 4 €<d+(p)d2 - a+(p)dz> , (8.49)
EC) = EO ¢ ﬁ((_f(p)di +a” (p)dz> : (8.50)

where E, denote the background values on H?/ZxS? (in the cylinder coordinates):

Ef = 2dp, E° = td9, FE° = (sinfdo,
(8.51)
EW = ((ePdz — e PdZ), E) = ((ePdz — e Pdz).

*

The functions a™, a*, a=, a~ are off-shell fluctuations that encode the following ex-

pansions:
at(p) = e’ag +e Pay +---
at(p) = efal +e Pag + -
(8.52)
a(p) = efayz +eay +---
a (p) = efay +ePay —---

We assume that the coefficients af;, ak, @y, ay are numerical constant. On these

coefficients, we impose the following conditions:
+ o= ==
ag = ay = a, = 0. (8.53)

The vielbein ansatz (8.48 - 8.52) with conditions (8.53) can accommodate CSS and
Brown-Henneaux boundary conditions. Indeed, if aj is abitrary and a, = 0, the
resulting metric obeys CSS boundary conditions (8.47). On the other hand, if aj = 0,

the metric obeys Brown-Henneaux boundary conditions (8.46). Note that the ansatz
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naturally encorporates our C? localization solutions as
ag = —-C°, af = =2(C°)?, @i = —4C%°,---

a; = 2C° a; = 4(00)2’...
(8.54)
a, = C°, a; = 2(C%?,---

Asymptotic ansatz for the remaining fields
The fields other than the metric that enter the Killing spinor equation are T4z, Va,.
We also have the S- supersymmetry spinor 1’. The ansatze for these quantities are

chosen so as to reflect the structure of our C°-localization solutions. We let:

Ty = Top+tp), (8.55)
Viie = Vii, Tvin(0), (8.56)
o= s(p)N (8.57)

with all else zero, and where the functions ¢, v, s are given as

tp) = to+e Plat -,
Vain(P) = €P(v0)g, + e (va)g 4, (8.58)
s(p) = so+e sy +e sy tn .

The coefficients t, vy, sy are taken to be numerical constants. As before, the starred
quantities in (8.55 - 8.57) denote the background values on H?/Z x S*;

Go=—1 Vi =m =0 (8.59)
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The spinors A in (8.57) are fixed to

cosh(£) cos(4)
) c3(te+i(+60) | — cosh()sin(%)
U ,
V2L | Gnh(8) cos(?)
sinh(Z) sin(%)
(8.60)
sinh(2) sin(£
\ e~ 3(te+iw+0) | sinh(2)cos(%)
pr— —1—
V2L oan(8) sin(?)

— cosh(£) cos(%)

Substitution of ansatz into the KSE and results

We substitute the complete ansatz (8.49 - 8.60) into the Killing spinor equa-
tion (8.44) with €' = 6%1). Turning to a computer, we extract the first twelve orders of
the equation, which ranges from O(e/?) to O(e~1%/?) in steps of O(e™?). We then
task a program to solve these equations simultaneously for the expansion coefficients
of the off-shell fluctuation functions a™, a=, a*, a~, t, v, s in (8.49 - 8.57). The out-
put of this procedure is a set of algebraic relations between ajy, ay, @}, ay, tn, VN, Sx,
for N reaching down to several subleading orders (we reach at least the N = 8 coef-
ficients for all functions). To disentangle these relations, it is useful to consider extra
assumptions on these coefficients, such as setting some of them to zero by hand. Here,

we consider two such examples of interest.
Case (1):t=v=5=0

This is the assumption that only the vielbein fluctuations are turned on. The fields Ty 5,
Vy and n' are fixed to their respective background values, i.e. we set the func-
tions t, v, s to zero in (8.58). In this case, the asymptotic KSE gives only one

non-trivial relation for the fluctuations of the vielbein:
a, = ag(ay —1). (8.61)

All other fluctuation coefficients not involved in (8.61) are determined to be zero
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by the equations. In principle, we therefore have a two-parameter family of off-
shell asymptotic BPS solutions in the Weyl multiplet, parametrized by the vielbein
fluctuations (ag, ay ). Note that, because the expansions for the vielbein fluctuations
terminate, these would be exact solutions.

However, these solutions are not consistent with the global properties of the space.
Indeed, recall that we have contractibility of the v-circle and so we require 1-forms

to vanish along this direction. In particular, we require:
+
EY)m = 0. (8.62)

The fact that there are no non-trivial values for the fluctuations (ag, a, ) which allow

for (8.62) is most easily seen by noting that Efj) cannot be zero at the origin unless ag

vanishes. If aj vanishes, so does @, by (8.61). Then, EI([) cannot vanish at the origin
unless a, vanishes. We conclude that there are no allowed O-BPS solutions around
the supersymmetric torus for the case where off-shell fluctuations only occur in the

vielbein.
Case (2): Assume aj = —C°, and set C° =0

Here, we study the case of imposing the additional boundary condition
ag = —C" (8.63)

for a*, which corresponds to the structure of our C° solution. We then set C° = 0,
so that
ag = 0. (8.64)

This set-up implies that any allowed BPS solutions emerging from solving the asymp-
totic KSE must exist independently of the C° mode.
The asymptotic KSE with this set-up gives, up to all orders considered, the fol-

lowing constraints on the vielbein fluctuations:

af =a, =0, n=24 -,
(8.65)
at, a; arbitrary .

The fluctuations t(p), v(p), s(p) in the remaining fields of the KSE are given to be
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entirely determined in terms of a* and a~. We note the following first few relations:

t(,O) ty = 0,

+
Qg
ty = -2
2 12 )
2a — a+2
p, = 20 2
12 ’
v(p) (vo)y = (wo)g, = 0,
o o (8.66)
(UQ)qj; = a4y, (UQ)tE = —a4y,
2 _ 2 _
(va)y = i(as” —2a7 —ay),  (va)y, = a3~ —2af +ay,
s(p) so = 0,
sy = ag ,
sy = 2af —al’
4 = 204 — Qg

The asymptotic BPS solutions described by equations (8.65), (8.66) can, upon
suitable choices for a™ and a~, be made to respect contractability along the 1-cycle

of the torus. For instance, consider the following choice for a® and a™:

+ + D°
Gy = —a; = —, apy = 0, n=24,
’ to2 - (8.67)
a, = 0.
The off-shell vielbein is exact, and is given as:
EW = EW 4 e 2D%inhp (dy +idtg), ET) = EO), (8.68)

for which the di directions indeed vanish at p = 0. This choice also makes the SU(2)x
gauge field V,, = E,“Vy contractible, as can be computed from (8.66).

In conclusion, the analysis of Case (2) produces a two-function family of allowed
BPS solutions on the torus, parametrized by (a®, a™). These are solutions that, by
construction of this case, persist independently of the C%solution. We now wish to
comment on their embedding into a set of boundary conditions (i.e. Brown-Henneaux
or CSS). While this can easily be done at the level of the vielbein by comparing

with (8.46) and (8.47), it is visually most direct to convert back to metric formalism.
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In the AdS; boundary directions, we have for generic (a™,a™):

Yop dz®da® = EHES)

(8.69)
= (2 <e2pdzd2 — (1 —ay)dz* — dz* + ag dsz) + O(e™2)
and so we identify the first few Fefferman-Graham coefficients as :
62
W0 =4 =0, 2= 5
P (8.70)
12 = —P1-ay), 2 = -0, 2= 595 -

It is clear by comparison with (8.12) that both the ™ and a~ modes are consistent
with the Brown-Henneaux boundary conditions. By comparison with (8.13), one finds
that the a™ mode is also consistent with the CSS boundary conditions, but the a~
mode is not (due to the fluctuating 722)). We close with a remark: the mode a, can
be identified as a (constant) left-moving Brown-Henneaux mode £(z), as can be seen
from (2.46).* The fact that this Brown-Henneaux mode is Q-BPS is, in fact, expected
on theoretical grounds. Indeed, Q is a supercharge that acts in the right-moving sector
of the asymptotic symmetry algebra and so it trivially commutes with the left-moving
Virasoro generators £, . Now, faced with the existence of this infinite family of BPS
solutions in the left-moving Brown-Henneaux sector, one interesting question is how to
incorporate them in the localized path integral. To this, the functional integral being
defined over CSS boundary conditions would provide a convenient answer, namely
that these modes are simply excluded from the problem due to their violation of the

boundary conditions.

8.4 Brown-Henneaux modes and the 4d/5d lift

We close this chapter by taking a step back from the CSS-centered analysis and
returning instead to the more familiar ground of Brown and Henneaux. One natural
question the reader may have at this late stage of the thesis is the following: what

happens to the Brown-Henneaux modes of Euclidean AdS;xS? in the KK reduction

4We emphasize that we are still working in a generically off-shell setting, so while a; behaves
like a Brown-Henneaux mode at the level of the O(1) metric components, it is not the case that the
further subleading terms a, , ag , - - - are determined in terms of it (as they would be in the on-shell
setting).
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to the theory on Euclidean AdS,;xS?? After all, this should be an approachable ex-
ercise with the Euclidean 4d/5d connection that we developed in Chapter 6. The
question of the 4d/5d connection on the Brown-Henneaux modes is, in fact, also rel-
evant to the findings of Section 8.3 where recall that we have found the existence
of BPS solutions around AdS3;xS? corresponding to fluctuations in the left-moving
Brown-Henneaux sector (parametrized by the a~(p) function). Understanding the
reduction of these fluctuations to the four-dimensional theory may shine a light on
why they did not appear in the systematic analysis of the 4d localization manifold
of [39]. The answer, which we show in this section, is that under the 4d/5d reduc-
tion to AdS,xS?, fluctuations corresponding to left-moving Brown-Henneaux modes
around the AdS3(xS?) background violate the AdS, boundary conditions of the 4d
supergravity. Fluctuations corresponding to right-moving Brown-Henneaux modes,

on the other hand, are allowed with respect to these boundary conditions.

We begin this treatment by first recalling the initial steps of the algorithm, devel-
oped in Chapter 6, for connecting off-shell configurations around Euclidean AdS,xS?
to configurations around the supersymmetric torus H®/Zx S*. Starting from the 5d
perspective, one first writes the torus background (5.8) as a Kaluza-Klein ansatz over
AdS,;xS?. The metric in the KK ansatz takes the form

) o 2
ds® = Gy di'da™ = g, dotde” + ¢ (dx5+Bde“> . (871

M

where recall that the KK coordinates are 2™ = (1, x,0,¢,2%), g, is the metric

tensor on AdSyxS?, and ¢, B, are the KK scalar and KK gauge-field respectively.
The mapping of the H?/Z x S* torus background metric to the form (8.71) is then

achieved by the following local coordinate transformations:

(p,z,2) = <g,x+ix5,x> s (n,x,r°) = <2p,2,—i(z—2)). (8.72)

With these maps, the elements of the KK metric (8.71) are the metric for Euclidean
AdSQ X 822
G dads” = 2 (dn2 +sinh? pdy? + d6? + sin® @ d¢2) (8.73)

and the background KK scalar and gauge-field:
¢ =01 B = i(coshn —1)dy. (8.74)
Under the 4d/5d connection, ¢ and B descend to form a matter vector multiplet
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in the 4d theory. In particular, ¢ forms a complex 4d vector-scalar (X, YO) and B
corresponds to a U(1) vector field A%:

X0 = —2efp, X = -cf,
2 2 (8.75)
A = B,

The value of the lifting parameter ¢ is not relevant to the analysis of this section, so
we set it to zero. For the upcoming discussion, we recall the boundary conditions for
the relevant fields of the quantum theory on AdS, [14]:

dsid52|bdry = ((97777)* + O(€_2n)>d772 + ((gxx)* + O(l)>dX27

X|bdry - X* + O(e_n) ) A?<|bdry = (A())() * +O(1) )

(8.76)

where the starred quantities are the fized background values on AdS,, with (g,,). a
constant, (g, )« proportional to 27, X, a constant, and (Ag)()* proportional to e".
We now turn on Brown-Henneaux-type fluctuations around the AdS; part of the
5d background. We do not impose the fact these fluctuations are BPS. We however
do impose they are constant, so that they are independent of z° and therefore al-
lowed within the framework of the 4d/5d connection. In the language of the vielbein

in (8.49), (8.50), such Brown-Henneaux modes are the a,,, @

n

n=24---, corre-
sponding to the left-movers and right-movers, respectively (recall that the leading
orders ay, G; are not Brown-Henneaux). For this analysis, we therefore write the

vielbein components as °

EH)
— = e’dz + e P(—=1+ay)dz+ -, (8.77)
E&)
—— =edz+e’(—1+4ay)dz+---, (8.78)

with the remaining components E?, E?, E® fixed to their on-shell H3/Z x S val-
ues as in (8.51). We then compute the associated metric tensor to this vielbein
with ds? = (20)%dp? + B E) + ds?(S?), and then map this metric into the form of
the KK metric (8.71) using the coordinate transformations (8.72). We can then read

5In the language of the 3d gravity review in Section 2.3.2, this corresponds to Brown-Henneaux
metrics (2.46) with £=—1+a;, L= —1+aj.
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off the following fluctuating 4d metric and KK fields:
¢ = (1—ay)+0(e),
B, =i 1o
x = g5 00, (8.79)

e2n
4(1 —ay)

Gy = 2 +0(Q1).

(The mode d; appears in the subleading terms.) Given the relations (8.75) to the
4d fields on AdSs, we see that the left-moving Brown-Henneaux fluctuation a; in
the AdSs metric violates all the AdS, boundary conditions given in (8.76). Note
that the right-moving Brown-Henneaux fluctuation a;, on the other hand, is a priori
consistent with these boundary conditions. Returning to the context of Section 8.3,
where recall that a; was found to be BPS with respect to Q, we conclude that this
solution generically violates the AdSs boundary conditions. In fact, this can be seen

as the reason why this mode did not appear in the systematic 4d localization manifold

analysis of [39].
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In this thesis, we developed the program of supersymmetric localization for the func-
tional integral of 5d supergravity with eight supercharges on AdS; x S%. While we did
not reach the actual computation of the localized path integral, our analyses resolved
a number of intermediate problems towards this goal. We review these here.

First, we saw how the set-up of the supersymmetric H?/Z x S? torus background
in the Fuclidean 5d supergravity is itself a subtle task, due to the apparent incom-
patibility of supersymmetry with the periodicities around the time cycle of the torus.
The resolution came in the form of a twist of the S? around the time direction of
Euclidean AdSs. Once this background was established, we derived its superalgebra
and identified a supercharge on which to set up the localization. Next, we directed
our efforts at computing the bosonic BPS configurations for this supercharge. Our
approach was to employ the off-shell 4d/5d connection to lift the known localization
manifold of the four-dimensional N/ = 2 theory on AdS,xS2. To this end, we first
presented a mapping of the twisted H?/Z x S? configuration into a Kaluza-Klein lift
of AdS;xS?. Then, while the 4d/5d connection has been known in the context of
Lorentzian supergravities for some time, we required an adaptation of it for the anal-
ogous Euclidean theories. As it turned out, performing this modification required
careful considerations on the four-dimensional reality conditions, which lead to sub-
tle implications for certain lifting parameters. The Euclidean 4d/5d connection was
eventually presented, and using it we found a class of highly non-trivial localization
solutions around H?/ZxS?. To cement these off-shell configurations as players in the
functional integral, it was important to follow up with a detailed analysis of their
boundary behaviour. We focused in particular on the metric field and the U(1) gauge
fields which under the usual definition of the functional integral should have asymp-
totics fixed by the Brown-Henneaux boundary conditions and the standard chiral
boundary conditions in Chern-Simons theory, respectively. We soon found that while
the gauge fields were consistent with these boundary conditions, the metric field was

not. Indeed, an off-shell mode was found to reach the conformal boundary of the
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AdSs factor, thus explicitly violating Brown-Henneaux. Remarkably, it turned out
that the presence of this mode was entirely consistent with a more recent, chiral
set of AdS3 metric boundary conditions: the Compere-Strominger-Song boundary
conditions. This observation lead us to push onward with these localization solutions
and further investigate these boundary conditions in the context of the localized path-
integral problem. We initiated a study of boundary terms for the bulk 5d supergravity
action with respect to CSS in the metric sector. While a full renormalization scheme
was not reached, the evaluation of this partial action on the localization solutions al-
ready yielded a simple and tractable structure. We then presented a numerical search
for additional localization solutions near the boundary, focusing on the fields of the
Weyl multiplet. The findings of this analysis were positive: we found evidence for BPS
fluctuations in the AdSs factor of the metric, that arise independently of the lifted
modes, and that also obey the CSS boundary conditions. We also found evidence
for BPS modes in the left-moving sector of the theory. These, in fact, correspond to
left-moving Brown-Henneaux-type modes, which we know should indeed be BPS by
virtue of @ acting in the right-moving sector. We closed the thesis with a tangential
analysis on the subject of these Brown-Henneaux modes: we studied their behaviour
under reduction to AdSyxS? using the off-shell 4d/5d connection, and showed that
they explicitly violate the four-dimensional boundary conditions.

The final sections of this thesis contained speculative material, which set the
stage for many open questions. We hope to address these in future work. First and
foremost, if the CSS boundary conditions (rather than Brown-Henneaux) are indeed
those that are relevant to the localized functional integral, one should understand why:.
One possibility is that the linear deformation of the action in the functional integral
with @V, as in (1.12), induces a change from the standard boundary conditions for
the metric (and perhaps other fields). It is in fact plausible that these “deformed
boundary conditions” would be chiral, as the CSS conditions are, since we recall
that Q is a supercharge that acts in the right-moving sector. A second related task
would then be to construct a fully renormalized action for the theory, beyond our
partial proposal made in the final chapter of this thesis. Such an action should
be well-defined with respect to the boundary conditions of all fields of the theory.
Additionally, if we are to localize on this renormalized action, it should be made O-
supersymmetric. This will likely require its own set of boundary terms (see [14]
for the four-dimensional case). Finally, there is reason to suggest the existence of
extra localization modes, which are consistent with the CSS boundary conditions,

and for which we have only established asymptotic evidence. Natural candidates
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for these missing BPS fluctuations, which we only alluded to in this thesis, might
be boundary modes corresponding to the action of specific bosonic charges of the
right-moving N = 4 superconformal algebra on the H?/ZxS? vacuum. We note that
these charges would necessarily have to commute with the localization supercharge Q.
Also, if the CSS boundary conditions are to be insisted upon, their action should
be consistent with said boundary conditions. These types of algebraic constraints
could constitute a theoretical avenue for investigating the existence of such additional

localization solutions.
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Notations and conventions

We summarize the various index notations in Table A.1l.

Index Range Description
M, N, --- (p, ¥, 0, ¢, tg) 5d cylinder coordinates
M N' - | (p,, 0, ¢, th) 5d twisted torus coordinates
A B, --- (D, 1@, é, (5, tjg) tangent frame for cylinder and twisted torus coordinates
M,N,--- | (n,x,0, ¢,z 5d Kaluza-Klein coordinates
A B, - (1,2, 3,4, 5) tangent frame for Kaluza-Klein coordinates
W, v, - n, x, 0, @) Euclidean AdS,xS? coordinates™
a, b, --- (1,2,3,4) tangent frame for Euclidean AdS,xS? coordinates
a, B, - (2,%) thermal AdS; complex boundary coordinates
m,mn, - (6, 9) S? coordinates
iy Jy o (1, 2) or (+, —) Fundamental SU(2)**

Table A.1: Summary of index notation. (* In chapters 2, 3, and 4, g, is used to

denote three-dimensional metrics on AdSs.)

(** In Sections 5.3 and 8.2, the i, j

indices are also used to denote the four transverse coordinates x' of asymptotically
AdS3xS? spaces.)

Curvature

We summarize our curvature conventions. Our Minkowski signature is (—, +, +, -+ - ).
All expressions below are converted to Euclidean signature by simply exhanching 7,

for d4p. In particular, tangent frame indices a, b are raised /lowered using 7 in Lorentzian
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signature, but using ¢ in Euclidean signature.
We denote e,* and g, to be a generic vielbein and its metric tensor (in arbitrary

dimensions), respectively. As usual, we have
G = €4 Nab e’ (A1)
The torsion free spin connection w,* is built from the vielbein as
wu“b = —26”[“8[Hel,]b] — e”[“eb}"e#c Os€,° . (A.2)

Note that the right-hand-side has an opposite overall sign compared to the standard

literature. This definition for the spin connection is then related to the Christoffel

symbol as
wuab = ey O, — eb”eaaf‘zy , (A.3)
where the Christoffel symbols are the usual
o 1 ap
F/w = 59 <8ugup + ajgup - 8pgw/> . (A4)

In terms of the spin connection, we define the Riemann tensor as

b b

ab a a ac b ac b
R,uu = OuWwy  — al/wu — Wy Wye +wy Wue (A5)

Substitution of (A.3) into (A.5) then gives the expression for the Riemann tensor in

terms of Christoffel symbols as
Ry = =2(0,T%, + T5,0%,) (A.6)

Here again, we note that the right-hand-side has an opposite overall sign compared
to the standard literature. This is what very unconventionally leads us to have Anti-

de-Sitter spaces with positive scalar curvature.

Spinors and gamma matrices

We denote a basis for the the d-dimensional Clifford algebra as

{F = ]L 7A17 7A1A27 o '7A1A2“.Ad} ) (A7>
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where:
,YAI...Ak _ 7[A1 . _,yAk] _ (A.8)

In five dimension with Lorentzian signature, a consistent choice of gamma matrix

satisfies the following relations:

Tho= —AnAT, A =, Al = A7 = —,
vh = CyaCt, ct = —C, ct=ct,
vy = —ByaB™', BT =CA7', B' = Bl B*B = —1.
(A.9)
This is followed by the property, regarding the charge conjugation matrix C,
(CTM)T = —(—yrr=D/2cT() (A.10)

where I'") is a matrix of the set (A.7) with rank r. Due to the property of the charge
conjugation matrix, we can use the spinor representation satisfying the symplectic-

Majorana condition
Ui = (@) o, (A.11)

where i is an SU(2)y index, and where 1); is the symplectic-Majorana conjugate of
Y, defined as

%Ei =&y (wj)TC, (Al?)

with €;; being the SU(2) symplectic metric 19 = —g9; = 1.

The five-dimensional Euclidean case is obtained by the Wick rotation of the time

0 0 — —iz%. This consistently redefines the 0%

direction z”, using the redefinition: x
gamma matrix as the 5-th directional one as vy = iy; . The relations on the Lorentizan

gamma matrices (A.9) then become, for the Euclidean case:

T
Yh = A
4 (A.13)
vio=4% = CwuCt, ct=Cct, T = -C & CC = -1,
with charge-conjugation matrix property:
(Cr™T = —(—)yrt=/2ep® (A.14)
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In the main text, we often consider Lorentz scalars of the type

NI (A.15)

For two Grassman even spinors €, M, the property (A.14) leads to the following

Majorana-flip relations:

MNTO = (=)re=D/2 (576, TN — g TN (A.16)

Note some useful consequences of (A.16) for A = e:

e =+ (& ek) &7, (A.17)
& ytel = L (&' &7, (A.18)
é P =0, ey 'Ple = 0, (A.19)

where we used r = 0, 1, 2, 3 respectively. The spinors in the Euclidean theory can also

be chosen to be symplectic-Majorana, but differently from (A.11), satisfying

d= @, (4.20)

with the same definition of the symmplectic Majorana conjugate 1, as (A.12). How-
ever, we note that, as is commented in the begining of section 4.1, we does not impose

(A.20) for quantum theory.
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N = 4 superconformal algebra and

spectral flow

In this appendix we present the NV = 4 superconformal algebra in the conventions

of [63]. The non-trivial commutation relations are the following:

(Lo, L] = (m—n)Lpin + im(m2 — Domino,

12

e, JY = ie®ege, o+ %maac(smmo,
[[’ﬂ“w J;zl] = —nJSera
(6] m (07
[’Cmv gA,T] = (5 - T) Aprd+m>

1
U G3,) = 5(ra)a"d

Am+r’
(G5, 3} = cai | € Lrvs— (Era) (= 1, + € S07 = D)
o, f=4, —, AB=+,—, a,bc =12 3,
(B.1)
where here €™~ = —e" =1 and e, = —e © = —1. The subscripts r, s take integer

or half-integer values for the Ramond and NS sector respectively. In the main body,

we often employ the SU(2) generators J= instead of J? above. They are related as

JE = JL+iJ2. (B.2)
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The non-trivial commutation relations involving the SU(2) generators become:

o T = £ i J7] = 200+ cmbnn.
1
[Js"" gj,r] - iégj,r+m’ [JT%’ gz:é'i:,r] - gj,rer'

In the NS sector, the modes

+ 3 «
£07 E:I:la JO ) J07 A,il/? .

generate the global (i.e. centerless) part of the algebra, and the isomorphism
Ly = Lo, Ly = Fil+y,
JE=Jr, P =5,

G77 = +267 GI’ = +267 .

(B.3)

(B.4)

(B.5)

maps this subalgebra to the form presented in the main body in (4.38), (4.40), (4.41).

The N = 4 algebra is isomorphic under the so-called spectral flow, parametrized

by a real number 7:

L, — £m+nj7?;1+n22—25m,0,

Cc

Jo—= Sm.0
+ +
gA,r — gA,T:I:" !

T = -

(B.6)

In particular, the Ramond sector (i.e. integer r, s) flows to the NS sector upon choos-

ing n = 1, and vice-versa.

120



Appendix C

Killing spinors on AdS; and S?

In this appendix, we present solution of the Killing spinor equation (4.31) on the
AdS;xS? background given in (4.19) and (4.21). Here, let us decompose the spacetime
and local indices into those for 3 4+ 2 dimensions as M = {u,m} and A = {a,a}.

Then the Killing spinor equation (4.31) splits as

i 1 46 i
D, = S1” 2, Dpe’ —s—€’y ’yme (C.1)

where we inserted the sign factor s = £1 to keep track of the choice of the background
value of Th/n; s = +1 is for our background value of Ty in (4.21), and s = —1
is for another background value by changing Thyy — —Tyn from the (4.21) (which
involves changing ¢ — —o from (4.20) by the BPS equation of vector multiplet). Note
that, since the background metric (4.19) is direct product of 3 and 2 dimensions, the
spin connection is also well separated as _Zw Byap = ——w b~ and ——w Byap =
——w b~ 1. This can be seen explicitly by noting that the non-zero spin connection

components are

wfﬁ = —sinhp, wf’ = coshp, wg‘z’ = cosf. (C.2)
We now decompose the spinor as
€ = g, ® €52, (C.3)
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and take the following decomposition for the gamma matrices

Vi = 00®T3, Y = 01®T3, Y, = 02073, Y = 1T, =107,
(C4)
where 7., a = 1,2, 3, denotes the Pauli sigma matrix and o, with a = 0, 1,2 denotes
the 3 dimensional gamma matrix. Here we choose g = —o 105 such that Vipios = i

for our convention. The charge conjugation matrix can also be set to
C = —10'2 X T s (C5)

such that the gamma matrix relation (A.9) is satisfied. With this splitting of spinors
and gamma matrices, we arrive at the Killing spinor equations for AdSs and S? with

radii 2¢ and ¢ respectively :

. 1 . . . , 1 .
0= (DHEQdS:s + 84_80-/‘634%93) ® 6%2 ) 0= €i4d53 ® (DmezSQ + 82_€T3Tm615'2> :

(C.6)

The general solutions of these equations are well known [73], and the solutions are
given by

_  a—S3oip —sioot, o129
€Adss = € "291Pe %2700 A, (C.7)
€2 = e faTlgiaTsép (C.8)

where A and B are constant two-component complex spinors.
Let us write down the Killing spinor explicitly. We set the sign factor s = 1,
denote the chiral and anti-chiral component of the constant spinors as Ay and By,

and choose the 3 dimensional gamma matrix representation as

o, = (—iT3,71,72). (C.9)
Then we can rewrite the solutions as
(C.10)

— + — . + _
€ads; = Apepgs T A-€rgs, €2 = Biep + Boeg,
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where

. ) cosh £ - i) —sinh §
€ads; = ©? v Cads; — € 2

P
cosh 5

Q) P
sinh 5

N » Cosg » —sing
€ = €2 , €p = € 2 ) )
sin ¢ COoS 3

2 2

) , (C.11)

(C.12)

By direct product of the Killing spinors (C.11) and those of (C.12), we obtain four

complex basis of Killing spinors as (4.33), or 8 pairs of symplectic Majorana spinors

as in (4.35).

Note that the effect of the different sign s is to flip the sign of both p and ¢ in the

Killing spinors. We also note that in odd dimensions there are two inequivalent rep-

resentations of gamma matrix. For instance, we can also choose o, =

(+i7—3a T1, T2)

instead of (C.9). Then this is equivalent to the changing the sign of ¢ in the Killing

spinors.
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Isometries of AdS; and S?

Here we present the explicit coordinate representation for the Killing vectors of global
AdS;3 and S?, as used in (D.5). The global AdS3 metric in the part of (4.19) has

isometries given by the following generators

(— = 1ltanhpe =99, — cothpe =9, +ie~=9,] |
by = 500 —0y),
(. = —1[tanhpe =9, — coth pel=¥)9, —ie’=¥)g,] | (D.1)
1
(— = 1[tanhpe T, 4 coth pe ¥, +ie'T¥)9, ] |
EO - —%(at‘i‘aw),
(. = —1[tanhpe™)9, 4 coth pet¥)9, — i), ] .
They form the SL(2, R),xSL(2, R) g algebra through the Lie bracket:
(o, lylps = £l Wy 0 ] = —20o
0 L + L 0 (D.Q)
(o, 0s] . = +ls, [0 0], = 2L,
The S? metric in the part of (4.19) has SO(3) generated by
J1 = i(sin @0y + cos ¢ cot 00;) ,
Jj2 = —i(cos ¢y — sin ¢ cot 00,) , (D-3)

j3 = _lad)a
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which satisfy the algebra
[Ji s JjlLie = 1€5kJk - (D.4)

In the supersymmetry algebra of AdS;xS? presented in Section 4.3, only right-
moving SL(2, R)r and the SO(3) symmetry generators appear in the bosonic sector.
Their representations are given by the combination of the coordinate representation
—ly,—l+ and —j® presented in (D.1), (D.3) with the corresponding local Lorentz

transformation given as follows:

J' = _jl‘i‘%(sM()‘Qi)? J? = _j2+%5M()‘11)’ J?P = _j3v
Z_,. = —g_,_ + %5]\/[(1)\41 —+ )\31) , L. = —(_ + %5M(i)\41 — )\31) , ZO = _EO .
(D.5)

~

Here, 65()\,;) is the local Lorentz transformation in the {Q, ,éb} algebra, as it ap-
pears in (4.7), with field dependent parameters (),;)4p. * On the background (4.19

- 4.22), their values are

Midsy = 235 (Maidis = 2507
(>\31)iﬁ - %}pr)’ <)‘31)1% = _Sin(t—i_w)a (>\31)fn[) = _% (D6>
M)y = D Ny = cos(t+4), )y = —25a,

'The §p7((A,3)aB) acts on a spinor ¢ as $(A,;)ap7* P4 , and on a vector VA as (A ;)% V7 .
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Euclidean 4d supersymmetry and
AdS,)x S?

In this appendix, we present the supersymmetry transformation of the fermions in
Euclidean 4d conformal supergravity, following the convention of [45], and setting all
fermions to zero. The field content in Euclidean 4d superconformal gravity is given
in Table E.1. We also present the Euclidean AdS;x S? background and its Killing
spinors. All fields appearing in this section refer to four-dimensional ones, so we omit
the 4d subscripts.

Euclidean 4d supersymmetry transformations

4d Weyl eua> w(iu Aga Aﬁ ; Vuij ) T;E? Da Xfld
4d Vector XI,YI,Ag, L AT
4d Hyper A%, (Y

4d SUSY parameters €\ gy Mig

Table E.1: Independent fields of the supersymmetric multiplets and @, S-
supersymmetry parameters in four-dimensional A/ = 2 conformal supergravity.
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The @ and S-supersymmetry transformations of the fermionic fields are

] i : 1 a ab— 7 7
5¢ZL = 2D,e" +i—ya(T M A JYuE" + s’

16
i 1 ab+ ab—\ i | LBy mv g L5ianr BV e gt
ox' = ﬁ%le(T + T )e" + ER(V) gu Y E T §R(A )iy 5E
o1 _ ;
+Det+ lﬂ(TJZ + T s’
SN = —20y"D,Xe' — SF e’ + Viepeh + 21X,
5)\1_ = —Qi’YaDayg} - %‘Fabﬁyabgi— + yijgjkgli - 217771 )

5Co¢ _ lDAiagi _Aia7577i7
where:
Fuw = Fu = (GX T, + 13X T -
The covariant derivatives are:

. 1 | 1 P T
DMS = (aﬂ — Z—quabv b + EAﬁ) + §A575)€ + ivu j€] R
D,X = (9,— A+ ANHX,
DX = (0,— A — AIX

D, A% = (0, A% —b,) A% + %VujiAja ,
and the curvatures are:

R, (AT) = 20,A%,

R (V) = 20,V + V'V -
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Supersymmetric AdS;xS? background and Killing spinors
Recall the fully supersymmetric, Euclidean AdS,;xS? solution of the 4d theory
considered in (6.25):

ds? = (* [dn2 + sinh? n dy? + d#* + sin® 0 dgbﬂ , (E.8)
AT = —ief(coshn — 1)dx — p* cosOdo (E.9)
XI:%(eI+ipI), )_(I:%(ez—ipz), T=01--,N, (E.10)
T = —iw, Ty = iw, T = —iw, T = —iw. (E.11)

Here, ¢ is the radius of AdS, and S?, and w, @ are two independent complex constants

satisfying
16

2 = . E.12
= (E.12)

As discussed in Section 6.2, we may pick the SO(1, 1)g gauge (6.29) such that (E.12)

implies the following parametrization:
wla) = —e*, Ola) = —e@, acR. (E.13)

Here, we choose o« = m/2 and derive the corresponding Killing spinors.

We express the AdS; x S? metric above in vielbein form:
el =0dn, € =/{sinhndy, € =40df, e*'=/lsinfde. (E.14)

We also choose the following gamma matrix representation, where 7, and o,, a =

1,2, 3 are the Pauli matrices

N=T1Q03, Y =T2Q03, W =DLRo, U=0L®o, 75 ="1231=-T3R0;3.
(E.15)
With this representation, the four-dimensional Killing spinor equation, given in (E.1)

as

1 1
3—2 —2—€<]12 X 0'3)"}%5, (E16)

splits into the Killing spinor equations of AdS, and S?. Indeed, decomposing the

D,e=— (T5 + T ) YabVuE =

spinor € = £p4s, ® £q2, one obtains the AdS, part as

1 i
(8M + wu)sAdsz = —§TM EAdS, , Wy = —5 coshnTs, (E17)
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and the S? as

1 :
(Op +wylege = —5030uEs,  Wo = —%COS@O‘g (E.18)

The Killing spinors for AdS, and S? are given by

N . [ —cosh g - I sinh g
gAdSQ — €2X ; gAdSQ =€ 2X 5 (E].g)

7 n _ n
sinh 5 cosh 5

. [ cos g . sin g
£ = ez? , Eq = e 2? . (E.20)
sin 2 —cos?

2 2

and

Taking the direct product of the spinors (E.17) on AdS, with the spinors (E.18) on

S?, we obtain the following complex basis of Killing spinors on AdS;x S?:

s fe ot + S -
£y _\/;5Ad82 ®ege, €+ —\/;5Adsg®5sza
s _ e~ + - e - -
£ —\/;5Adsg®5s27 € _\/;EAdSQ®5S2'

Note that, these spinors are identical to the Killing spinors on the Kaluza-Klein

(E.21)

frame of AdS3xS? given in (6.16). The spinors (E.21) organize themselves to form
the following 8 real set of basis for Killing spinors on AdS;xS?,

€y = (Hief ), ey = (6, —ie),

Sy = (Fe, i), gy = (Hies, =€), (E.22)
Sy = (G i), Epy = (5 ,67),

fy = (HieF,E)), gy = (e, —ieD),

which is the same basis as for the 5d KK-frame (6.15). The spinors in (E.22) satisfy
<€Z)Tl’}/5 = €5 (Sj)TC. (E23)

which is indeed the reality condition, given in (6.22), for a = 7/2.
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