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A B S T R A C T

Capturing the correlation emerging between constituents of many-body systems is
one of the key challenges to describe various quantum systems accurately. This thesis
discusses novel tools and techniques for the numerical modelling of quantum many-
body wavefunctions exhibiting non-trivial correlations. It is outlined how synergies
with standard machine learning frameworks can be exploited to design efficient
representations enabling an automated representation of the relevant characteristics. In
particular, it is presented how rigorous Bayesian regression techniques, e.g., formalized
via Gaussian Processes, can be utilized to introduce compact forms for correlated many-
body states. Based on the probabilistic regression techniques forming the foundation
of the resulting ansatz, coined the Gaussian Process State, different compression
techniques are discussed to efficiently extract a numerically feasible representation.
By following physically motivated modelling principles, the obtained representations
carry a high degree of interpretability and offer an easily applicable tool for the study
of challenging many-body systems.

This work discusses different perspectives on the Gaussian Process State representa-
tion of many-body quantum systems, and presents practically applicable methods and
techniques to utilize the framework in the numerical practice. A strong focus is to show
how rigorous Bayesian modelling principles can be used to find a compact description
of intricate quantum states based on (potentially incomplete) wavefunction data. On
the one hand, these schemes can be exploited to extract and uncover physically inter-
pretable characteristics, such as information about the correlation within the state. On
the other hand, these also offer an easily applicable scheme to infer an approximate
state spanning across the full Hilbert space only relying on the information from a
small subsection of the state space.

Following the Gaussian Process regression framework to extract a probabilistic
representation of data points, the definition of Gaussian Process States explicitly relies
on the specification of suitable physical configurations. To improve the compactness
of standard Gaussian Process regression models, two approaches are presented to
achieve a selection of particularly sparse wavefunction models. These are based on the
extraction of appropriate configurations, either in an explicitly data-driven framework
via (potentially iterative) compression of data from presented states, or via a direct
variational optimization of parameterized product states.
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The practical efficiency of the Gaussian Process State ansatz is demonstrated for
ground state approximations with standard Variational Monte Carlo techniques. Re-
sults are presented for prototypical quantum lattice models, Fermi-Hubbard models
and J1-J2 models, as well as simple ab-initio quantum chemical systems. It is demon-
strated that competitive accuracies can be achieved practically with the Gaussian
Process representation for different challenging systems.

This thesis also aims to identify how the Gaussian Process ansatz fits into broader
classifications of compact many-body quantum state representations. The Gaussian
Process State is linked to neural network, as well as tensor network representations
of quantum states, and current challenges and limitations of the applied methods are
discussed.
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I N T R O D U C T I O N

1.1 motivation

Accurately simulating the behaviour of electrons in a material compound or molecule
is the key ingredient to understand various system properties based on the underlying
physical principles. Theoretically, such simulations would, among other things, also
make it possible to predict system properties and could therefore directly aid the
discovery of new materials and substances for various sought after applications. How-
ever, capturing the electronic behaviour of interest with great accuracy is intrinsically
limited by the inherent complexity of the quantum mechanical laws governing the
system characteristics.

The description of electrons in molecules and materials is only one manifestation
of the key challenges emerging in the context of quantum many-body physics. These
restrict the availability of known exact solutions to the well-defined laws describing
multiple interacting system constituents to few specific cases. This poses significant
challenges in understanding the physical phenomena appearing in different areas of
quantum many-body physics, such as quantum chemistry, materials science, quantum
information, and many more. With the inherent complexity scaling of many-body
systems often severely limiting the accessibility of exact descriptions, to uncover
insights and information about these systems, in practice one often has to resort to
numerical approaches employing suitable approximations to the problem. In principle,
it is possible to introduce such approximations on different levels of abstraction making
it possible to access different physical regimes and accuracy levels. Practically, this
typically means that the overall accuracy of methods decreases with increasing system
sizes that are treatable by the approach. The limitations coming with numerical
approaches naturally give rise to a very fundamental question: What is the best
approach to study a specific system of interest with the available computational
resources to the greatest accuracy possible?

While this work certainly does not provide a general answer to this question, it
explores how many-body wavefunctions, which are the core backbone of the exact
quantum mechanical description, can be represented efficiently aided by modern

12



1.2 related work 13

computing hardware. Designing a compressed representation of the many-body
wavefunction is particularly appealing as most system properties of interest can directly
be extracted from this. Numerical schemes explicitly relying on a representation
of the wavefunction represent a low abstraction level and can often achieve high
accuracy approximations to the exact solution in regimes of relatively small system
sizes. This makes it possible to uncover and describe additional physical phenomena
emerging from the correlations and interactions between the system components.
These would otherwise be inaccessible with higher level approaches significantly
simplifying underlying quantum mechanical problems for large systems. Examples
include Density Functional Theory [1], or material and object studies on even higher
levels of abstraction, e.g., with the Finite Element Analysis [2].

The key question for wavefunction descriptions, also explored in this work, is
how the (often unknown) exact many-body state of the system can be represented
most efficiently. The overall dimension of the space of potential states typically grows
exponentially in the number of system constituents. Nonetheless, many physically
meaningful target states can be made numerically treatable by introducing compact
representations exploiting some underlying structure emerging from physical princi-
ples. However, exploiting this underlying structure in order to find the best trade-off
between accuracy and affordable computational complexity represents quite often a
challenging task. In particular, many-body wavefunctions take various different forms
and show very different physical characteristics depending on the specifics of the stud-
ied systems. For example, a ground state of weakly interacting freely moving electrons
exhibits a significantly different structure than one of a one-dimensional array of fixed
spins only interacting with their nearest neighbours. The inherent structure extracted
by a good, numerically feasible representations of these states should therefore also be
very different.

1.2 related work

Various different schemes to efficiently extract information directly from a many-body
state have been introduced over the years. Many of these approaches are based around
the idea of finding a representation explicitly encoding the physical properties that are
expected for the system. As an example, in the Hartree-Fock (HF) method, the ground
state of a many-electron system is approximated as a single anti-symmetrized product
of single-particle wavefunctions [3]. This mean-field approach therefore explicitly
neglects many-particle correlations emerging from interactions between the different
electrons in the Hamiltonian. If, however, it is expected that the many-body correlations
are important for the description, other representations explicitly incorporating them
would be more suitable. Many approaches have been developed incorporating the
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correlation properties based on some physical intuition, which are however often very
particularly tailored for a specific physical regime.

Although the state described depends on the context, one might ask whether there
is a general approach to obtaining an efficient representation of many-body wave-
functions, applicable to different types of systems and different degrees of correlation.
Exploring this question and developing general schemes to efficiently capture many-
body effects of interest with a compact functional representation of the wavefunction
is one of the central objectives of this work. Especially by exploiting direct correspon-
dences of this problem with tasks from the field of machine learning (ML), the main
goal is to develop a flexible model to represent many-body states. This should, in
particular, incorporate expected physical structure for different scenarios but overcome
the limitations of rigid system-specific representations.

Following the same motivations, significant progress has been made towards
this goal recently with the introduction of quantum states parametrized by artifi-
cial neural networks (NNs). While it was not necessarily the first presentation of
approaches using NNs to parametrize a wavefunction [4], especially the application
of restricted Boltzmann machines (RBMs) for many-body spin systems discussed in
Ref. [5], which was published in 2017, sparked an increased interest in utilizing such
approaches for many-body problems, resulting in a plethora of publications build-
ing upon such ideas over the last few years [5–210]. Since the introduction of these
states parametrized by NN type function approximators, commonly referred to as
Neural Quantum States (NQSs), these have been applied in various different contexts
successfully, reaching accuracies often challenging the state-of-the-art. Concurrently,
also the general understanding of the representative power of these models has pro-
gressed significantly, underlining their broad potential as a universal tool for numerical
quantum studies. It has also been shown that NN representations, can in various
scenarios, at least theoretically, represent target states of interest more efficiently than
common tensor network decompositions of the state [11, 26, 86, 91, 104, 139, 151].

Well-established representations of states with tensor networks are, just as NNs, in
principle, also able to describe a state up to essentially arbitrary accuracy. However,
these are usually particularly designed to capture states within a very specific corner of
the Hilbert space efficiently, typically the ones with a low degree of entanglement [211].
While this construction imposes some restrictions on the states that can be modelled
efficiently, often it is exactly this class that is important in many physically relevant
scenarios. The specific construction of the state based on tensor decompositions also
provides some very appealing practical characteristics, e.g., making it possible to
evaluate many expectation values of interest for the subclass of Matrix Product States
(MPSs) efficiently without requiring additional approximations. Moreover, many very
powerful schemes, such as the density matrix renormalization group (DMRG) [212],
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have been introduced to infer appropriate tensor network representations very effi-
ciently, making such approaches the de-facto standard for obtaining the best solutions
in many settings.

While states described by NNs are less restricted to targets with a low degree of
entanglement, current schemes to find them typically rely on stochastic approximations
of expectation values as employed in the framework of Variational Monte Carlo (VMC)
techniques [213]. In a numerical application it is not always easy to distinguish
between shortcomings of the underlying model and the method used to find the
final representation (i.e., to ‘learn’ the state). Nonetheless, there are indications that
the stochastic nature of the VMC approaches and the applied optimization protocols
sometimes hinder the practical applicability of the introduced highly flexible NQS
representations [12, 92, 100]. With the success of the applied approach also significantly
influenced by practical numerical challenges, naturally the question emerges what
the best choice of method for a given problem is, i.e., how can the highest accuracy
be reached in a practical application with an affordable computational effort. This
can mean to practically choose between different representation classes and methods.
But more specifically for the case of NNs this also means that one has to find a
network architecture that is suitable for the given problem of interest. It is by no means
obvious how this can be achieved in a systematic and efficient way. In addition to the
practical task of finding the model that is performing the best numerically, another
interesting conceptual question is how the compressed representation of the state can
be interpreted and how exactly it encodes the physical characteristics.

1.3 objectives and structure of this work

The two challenges outlined above, systematically defining a compressed representation
and interpreting the obtained solutions, are by no means unique to the modelling of
quantum states. Specifically, these are also of great interest within the general field of
ML and data science. Various different concepts and methods have been introduced in
order to understand and describe data, and NN based representations are only a part
of all the techniques that are commonly applied. Especially the study of data within
rigorous probabilistic frameworks can often provide a very clear, well-understood
interpretation significantly helping with a systematic extraction of the final model. One
such approach is that of Gaussian Process regression (GPR) — rigorously modelling
data descriptions probabilistically [214]. Especially the large degree of interpretability
provides a compelling argument for exploring such techniques for the description of
many-body quantum states.

The family of quantum states emerging from this motivation, the Gaussian Pro-
cess State (GPS), is the key element of interest in this work. Building on the fun-
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damental principles of the GPR framework, it is a complete representation of the
many-body wavefunction, which, in principle, can describe any state from the Hilbert
space. Although this is an interesting feature, also true for the NN and the tensor
network descriptions, this is ultimately of little practical relevance. The central research
question discussed in this work is rather if, and how well, the GPS can describe states
of physical interest in a computationally feasible way. Overall, it is shown that the
GPS makes it possible to bring many-body quantum states into a compact form in
various settings. The main concepts and results around the GPS studied within this
dissertation, are (partially) similarly presented in the following publications:

• Yannic Rath, Aldo Glielmo, and George H. Booth. “A Bayesian inference frame-
work for compression and prediction of quantum states”. In: J. Chem. Phys.
153.12 (Sept. 2020), p. 124108. doi: 10.1063/5.0024570, subsequently referenced
as Ref. [215]

• Aldo Glielmo∗, Yannic Rath∗, Gábor Csányi, Alessandro De Vita, and George H.
Booth. “Gaussian Process States: A Data-Driven Representation of Quantum
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Some elements of the framework are also discussed in Ref. [9].
The expressibility of the GPS is defined by two different components, a kernel

function, which can be identified as the covariance between function points in the
GPR picture, and a set of physical data points. With these two main ingredients, the
GPS can be constructed based on a large degree of physical intuition, and various
correlation properties, which explicitly underpin other physically-motivated models,
can also easily be incorporated. However, the description is not necessarily limited to
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to select the most relevant correlation properties from some reference wavefunction
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inspired by ML approaches, with the more traditional paradigms to model correlation
properties based on an inherent physical structure expected for the state. Another
very similar approach, also building on the idea of using kernel methods to model the
many-body wavefunction, is presented in Ref. [219].

This work introduces the tools and concepts to use the GPS to tackle the challenges
of quantum many-body physics mainly from a point of view based on practical
numerical considerations. More specifically, this means that the central research
questions are mostly discussed based on numerical results, and it is presented how
the general concepts can be applied efficiently within modern computing frameworks.
The main goal of this work is to provide a holistic description of the main strengths
and current challenges of using the GPS as a tool for many-body simulations from the
perspective of a numerical practitioner.

This thesis is structured into a total of seven chapters presenting different elements
contributing towards this goal.

Chapter 2 provides foundational background on the task of representing many-
body states efficiently. In this chapter, the many-body problem, as it is considered
in this work, is formalized and the notation is established. This part also outlines
intrinsic properties that are desired for the compact representation of many-body states
and a selection of different established wavefunction parametrizations is presented
that significantly contribute to the intuition behind the GPS. These include MPSs,
Correlator Product States (CPSs), Jastrow wavefunctions, as well as NQSs. In addition
to introducing the general framework of VMC to find and study many-body ground
states, the chapter moreover includes background information on the two main quan-
tum systems used for benchmarking in this work. These are the J1-J2 model of fixed
spin-1/2 constituents, as well as the Fermi-Hubbard model, interpretable as a simpli-
fied model of interacting electrons moving on a lattice structure. The introduction of a
system of freely moving electrons also highlights key conceptual differences between
the two types systems and motivates techniques to incorporate the required Fermionic
characteristics into the descriptions.

In the subsequent chapter (chapter 3), the concepts of Gaussian Processes for
function regression and how these concepts can be used as representation of many-
body states are introduced. This leads to the general definition and introduction of
the GPS model, with the chapter particularly focussing on how to design the different
building blocks defining the state. This involves the definition of suitable, physically
motivated kernel functions for the model, as well as approaches to obtain a final
model based on Bayesian regression techniques from available wavefunction data.
Numerical results are presented how these statistical approaches help to obtain a
compact representation of given states, and it is presented how these approaches
efficiently extract the important information of a given target state in a physically
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interpretable way. Lastly, the chapter also presents some further insights about the
general expressibility of the model, outlining how the GPS can be related to other
models and approaches.

The central element of chapter 4 is the practical application of GPSs as a numerical
tool to explore many-body systems by means of VMC techniques. Three different
potential approaches are presented to achieve the extraction of the model. The first is
based on extrapolating the wavefunction information from small systems, allowing
for an exact numerical treatment, to larger systems of interest. Building onto this
approach, a bootstrapping approach is presented approximating unknown ground
states by an iterative scheme, alternating between a variational optimization of the
continuous model parameters, and compression of the current state into a compact
GPS representation. In the third scheme, the variational optimization is extended
to configurations, required for the definition of the GPS, which are parametrized as
general unentangled product states. The resulting compact form of the GPS obtained
via this approach, referred to as quantum Gaussian Process State (qGPS), is the central
element of interest for the following chapters.

Complementing the first numerical results for conceptually simple benchmarking
systems presented in chapter 4, further numerical results are presented in chapter
5. This chapter describes the application of the methodology to study the electronic
structure emerging from ab-initio descriptions of molecules — a task of very practical
significance for the description of chemical properties.

In chapter 6, specific model construction properties of the GPS are explored re-
lating the model to tensor decomposition approaches by identifying the GPS as a
CANDECOMP/PARAFAC (CP) decomposition of the log wavefunction amplitudes.
An alternating least squares (ALS) scheme is introduced, also utilizing the intrinsic
connection of the GPS to rigorous probabilistic modelling principles, to aid the process
of faithfully inferring a compact state description based on limited configurational
samples. In spirit related to concepts applied in DMRG, this scheme relies on an
iterative sweeping through the system in that at each step some parameters of the
model are inferred from presented wavefunction data. Applications of the Bayesian
sweeping scheme to achieve a practical compression of quantum states are discussed,
including the learning of ground states for which no exact data is directly accessi-
ble [10]. This also includes the extension beyond the task of describing many-body
states for ‘standard’ ML tasks such as image recognition which is discussed briefly in
section 6.2.3.

Final concluding remarks, providing additional perspectives, and more general
interpretations of the results and findings presented in this thesis, are given in chapter
7. Additionally, this chapter also outlines further potential research directions and
extensions of the GPS.
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With a strong focus on the direct numerical application of the different methods
described in this work, the discussed results were mostly obtained from specific
algorithmic implementations. Several elements of the concepts are implemented in
the GPSKet library (https://github.com/BoothGroup/GPSKet), an add-on to the VMC
software package NetKet [95, 220]. The implementations for the numerical tests
presented in this work, also rely on further open-source software tool kits that greatly
aided the computational execution of the ideas. In addition to several well-established
software tools with a broad application scope (including JAX [221], NumPy [222] and
SciPy [223]), these also included the application-specific software packages Block [224,
225], Hyperopt [226, 227], ITensor [228, 229], mVMC [230], numpy-ml [231], pfapack [232],
PySCF [233, 234], scikit-learn [235] with the sklearn-bayes add-on [236], as well as
QuSpin [237, 238]. Additional software which was used to perform the numerical tests
but is not yet included in the GPSKet package, as well as the data presented in this
work, can be made available upon request.

https://github.com/BoothGroup/GPSKet


2

M O D E L L I N G Q UA N T U M M A N Y- B O D Y WAV E F U N C T I O N S — T H E
B A C K G R O U N D

2.1 why simulating quantum physics is hard : the many-body problem

and entanglement

2.1.1 The many-body problem

This work mostly focusses on describing the state of a quantum many-body system
with discretized degrees of freedom. Practically, these systems can take many forms
and represent different physical scenarios. However, the overall setting considered is
very general, making it possible to study different physical systems with the methods
introduced in this work. Specifically, systems of L different interacting quantum modes
are considered, where each of the modes corresponds to a discrete local Hilbert space.
This means that the Hilbert space of the many-body states of interest, here denoted
as H, emerges from the tensor product of the local Hilbert spaces associated with the
different modes, Hi, according to

H =

L⊗
i=1

Hi. (2.1)

Although not necessarily limited to this case, in the examples presented in this work,
the local Hilbert spaces all have the same finite dimension, in the following denoted
by D, for all the L modes. As a working example, also one of the examples studied
in this work, one can consider an array of L fixed spin-1/2 quantum systems that are
arranged on some lattice structure. In this case, the dimensions of the local Hilbert
spaces are D = 2. Because a majority of this work focusses on the description of lattice
models, the system modes will in the following also be referred to as lattice sites.

With the definition of the full Hilbert space, it is possible to construct a basis for
this space based on tensor products of basis states of the local spaces. In the following,
the basis of the full system is denoted by states |x⟩ =

⊗L
i=1 |xi⟩, where |xi⟩ is a state

from the local Hilbert space basis at mode i. Practically, the label xi just works as an

20



2.1 the many-body problem and entanglement 21

index identifying the local basis states. It takes values xi = 1 . . .D. For the example
of a spin array, the local basis states |xi⟩ can for example be constructed with the two
Ŝz eigenstates corresponding to a spin-up and spin-down realization. In this case the
two local basis states are defined as |1⟩ = | ↑⟩ and |2⟩ = | ↓⟩. This is only one potential
choice to construct the basis of the full Hilbert space. The techniques outlined in the
following will ultimately depend on the specific choice of the basis that will be used to
represent the state of the system. However, it will be shown that good results can be
achieved with rather generic basis choices, such as the one basis on the Ŝz eigenstates
for the studied spin systems. Some additional investigations into the basis choice will
be presented for the context of ab-initio calculations in chapter 5.

With the construction of the basis as above, each basis state, |x⟩, can be understood as
one potential many-body configuration of the system, such as a specific, experimentally
observable, arrangements of the spins on the lattice. Naturally, a general state of the
system, denoted as |Ψ⟩1 in the following, can be represented as a wavefunction over all
the configurations of the computational basis according to

|Ψ⟩ =
∑

x
Ψ(x) |x⟩ =

∑
x1,x2,...xL

Ψ(x1, x2, . . . xL) |x1⟩ ⊗ |x2⟩ ⊗ . . .⊗ |xL⟩. (2.2)

The sum runs over all basis states and Ψ(x) = Ψ(x1, x2, . . . xL) denotes the wavefunction
amplitude for a specific configuration |x⟩ = |x1⟩ ⊗ |x2⟩ ⊗ . . .⊗ |xL⟩. This representation
highlights a key issue for numerical descriptions of many-body body quantum states:
The number of basis states scales as DL, i.e., exponentially in the size of the system
L. Numerical approaches working exactly with such a direct representation of the
wavefunction, will therefore always encounter an exponential scaling in memory and
for practical calculations also in computer time. Consequently, such direct approaches
are intrinsically limited to very small systems.

The issue of an exponentially scaling state space dimensionality is commonly
referred to as the ‘many-body problem’ in the context of quantum mechanics. The un-
derlying problem is however not unique to numerical descriptions of quantum systems.
In fact, a direct link between the many-body problem and standard machine learning
(ML) tasks, e.g., image recognition, naturally emerges. Such a task could be that of
inferring a digit based on a black and white scan of some handwritten input. In the dig-
ital representation of the scan, the image might simply be given by a two-dimensional
array of pixels, each of which can either be black or white. Based on this digital
representation of the scanned image2, the connection to many-body quantum follows
naturally. Each pixel can be understood as a local two-dimensional quantum system,

1 The quantum states specified in this work will generally be defined without being explicitly normalized
(i.e., the appropriate normalization of the state needs to be included for the evaluation of expectation
values).

2 A more detailed example of a standard digit recognition setup is presented in section 6.2.3.
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similar to a spin-1/2 degree of freedom. Images correspond to specific configurations
of black or white pixels from the 2L dimensional configuration space, associated with
the L pixels. Whereas the central goal in the digit recognition task is to identify a digit
from the exponentially large space of images, the description of the quantum state
requires mapping inputs from the Hilbert space to their wavefunction amplitude. The
conceptual similarity between the two tasks is visualized in figure 2.1.

Ψ 0

Figure 2.1: Analogy between the many-body problem in quantum physics and in a standard
ML tasks. The many-body wavefunction defining the system state associates amplitudes to
an exponentially large set of basis configurations, e.g., it associates an amplitude Ψ with each
possible arrangements of spins on a two-dimensional lattice (left). In an exemplified task of
digit recognition, a mapping from an input array of black and white pixels to a digit class label
is extracted (right).

The outlined analogy between the quantum many-body problem and standard ML
tasks is a central cornerstone motivating the approaches introduced in this work. The
following chapters explore how well-established ML techniques can be transferred to
the direct description of quantum states, contributing to the fast increasing applications
of ML paradigms to study quantum phenomena [239, 240].

The analogy between ML tasks and describing quantum states can also be inves-
tigated from a reversed perspective, inspiring studies into whether the information
encapsulated in many-body wavefunctions can also be used to improve current ML
algorithms. Different novel ML schemes have been introduced recently, explicitly build-
ing onto quantum physical concepts. These essentially fall into one of two branches.
On the one hand it is possible to directly exploit the intrinsic complexity of many-body
states and design specific quantum ML algorithms that are designed to run (at least
partially) on quantum computing hardware [241–283]. On the other hand, methods
developed for the efficient description of many-body states with classical computing
architectures have also been applied to help with the efficient representation of the
input-output mappings within ML tasks [251, 284–306]. Although, the main focus of
this work is to transfer the ML techniques around the concepts of Gaussian Process re-
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gression (GPR) to numerically study complex quantum systems, a short exploration of
how the emerging models might be useful in a standard ML context is also discussed
in section 6.2.3.

2.1.2 Correlation and entanglement

The many-body problem outlined in the previous section is a significant hindrance for
exactly accessing states from the underlying Hilbert space numerically. However, just
because many-body states are defined with respect to an exponentially large Hilbert
space, this does not necessarily mean that states of physical importance always ‘explore’
the full complexity of the state space. One might, for example, consider scenarios in
which no interaction takes place between the L different system modes. In this case,
wavefunctions of interest (in particular eigenstates of the Hamiltonian) will separate
as a product of local states |Ψi⟩ from the local Hilbert spaces over all L modes of the
system. This means that these states are given by Product States, which are states
described as follows.

Ansatz (Product States). Product states describe unentangled states according to

|Ψ⟩ =
L⊗
i=1

|Ψi⟩.

Its wavefunction amplitudes evaluate, in the chosen basis, to

Ψ(x) = Ψ(x1)Ψ(x2) . . . Ψ(xL).

While the factorization of a state as above can in some cases provide a reasonable de-
scription, in particular the emergence of entanglement between the system constituents
gives rise to various interesting physical quantum phenomena. Intuitively, entangle-
ment, which is formally defined as the inability to represent the many-body state as
a product state, causes correlations in the experimental outcomes of measurements
of the system. More specifically, entanglement between parts of the system causes
the measurement of the state on one subsystem to be correlated with the outcome
of the measurement on another. While the ability for entanglement between subsys-
tems to emerge is a fundamental property of quantum systems distinguishing them
from classical descriptions, this also significantly complicates the numerical treatment
of quantum many-body systems. Appropriately capturing such correlations emerg-
ing in the system is therefore a key challenge in order to describe various quantum
phenomena efficiently.
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To go beyond the understanding of entanglement as a binary property (that is either
present or not), different measures have been introduced to quantify entanglement
entropy, i.e., the degree to which two subsystems A and B are entangled [307]. One
such common measure is the von Neumann entanglement entropy. It is defined as the
negative trace over the operator ρA log(ρA), where ρA is the reduced density matrix for
subsystem A, corresponding to the state for which the environment B was traced out.
For pure states, this quantity can similarly be evaluated by representing the full state
via the Schmidt decomposition as a linear combination of tensor products between
orthonormal states from subsystem A and from subsystem B. That is to say, the state is
decomposed according to |Ψ⟩ =

∑
i ci|Ψi⟩A⊗ |Ψi⟩B, where the orthonormal set of states

|Ψi⟩A (|Ψi⟩B) are defined across the space associated with the modes in subsystem A

(B). With this decomposition the entanglement entropy evaluates to

S(|Ψ⟩) = −
∑
i

|ci|
2 log(|ci|2), (2.3)

and it can directly be seen that this quantity vanishes for states that can be decom-
posed as a tensor product over the two subsystems. Although it can be difficult to
exactly evaluate the entanglement entropy of a state — another manifestation of the
many-body problem — some formal results have been established that characterize
the amount of entanglement expected for some states of interest [307]. Examples are
area laws for the entanglement entropy. These prove the emergence of non-vanishing
entanglement for which the entropy however only grows with the size of the boundary
between subsystems A and B (and not with their size). Such rigorous results provide
a clear intuition about correlations emerging in quantum systems therefore identify-
ing a particular structure of the state that can potentially be exploited for efficient
representations.

Whereas the entanglement between system constituents does not depend on the
chosen basis representation, it can, to some degree, depend on the perspective. In
particular for systems of moving indistinguishable particles, which can occupy the
different modes of the system, one might either look at the correlations between
particles, or between the different modes [308, 309]. These two perspectives can
provide a very different picture of the correlations and give different answers to
whether a state considered correlated or not. This is exemplified by indistinguishable
electrons moving between different modes, a setting also studied in this work in the
context of Fermi-Hubbard models and ab-initio quantum chemistry calculations. In a
system without any interaction between the particles, the Hamiltonian eigenstates can
be represented by single Slater determinants (SDs), i.e., anti-symmetrized products
of single particle wavefunctions. Although the detailed definition of entanglement
for such systems of indistinguishable particles is not necessarily obvious [310], such a
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product representation would typically be considered an uncorrelated state. It does
not incorporate particle-particle correlations and can be obtained from mean-field
approaches. In the picture of modes (i.e., here the lattice sites or molecular orbitals)
however, this state can display a large degree of entanglement [311].

In this work, the term ‘correlation’ is generally used to denote intrinsic non-trivial
correlation properties that need to be extracted by the wavefunction representation.
Ultimately, the methods presented in this work aim to represent quantum states
generally, especially ones that are intrinsically hard to describe due to the emerging
correlation. That is to say, these can typically not be obtained by mean-field type
methods nor can these be described by simple product states in the mode picture.
These will therefore often exhibit quantum correlations, both between the modes and
also between the indistinguishable particles (if the system consists of such).

From a simplified perspective, the two central elements intrinsically limiting the
quantum simulation of multiple particles are therefore identified as the exponential
scaling of the Hilbert space, as well as (potentially strong) entanglement and corre-
lations building up in various states of interest. These properties can also be seen
as the central source for theoretical advantages of quantum computing algorithms
over classical counterparts in some settings [312, 313]. On the one hand, this means
that the direct simulation of relevant many-body systems might therefore provide an
important application of future quantum hardware. On the other hand, developing
approaches to make the many-body problem computationally tractable with classical
algorithms is thus also of great importance. Not only can they help to identify which
quantum descriptions are in fact accessible with classical simulations, despite the
dimensionality of the underlying Hilbert space, but they might therefore also offer
additional techniques to verify performed quantum computations.

2.2 expressing many-body states compactly

2.2.1 Product separability and size-extensivity

The main task discussed in the following is that of representing many-body states
efficiently to enable efficient numerical studies of the system of interest. In order to
design a suitable representation, it is important to incorporate some physical properties
into the state that build the foundation for the success of the method.

A main property of a state that the representation should satisfy is its product
separability [213]. This property means that a representation should be able to capture
the cases of vanishing interactions between parts of the system. Extending the concepts
of product states, if a system can be decomposed into non-interacting parts then
no entanglement emerges between these subsystems for the eigenstates. Such states
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therefore all factorize into a product over the non-interacting parts. Assuming for
example three subsystems A, B, and C, the eigenstates can be represented as

|Ψ⟩ = |Ψ⟩A ⊗ |Ψ⟩B ⊗ |Ψ⟩C ⇒ Ψ(x) = ΨA(xA)ΨB(xB)ΨC(xC). (2.4)

The states |Ψ⟩A/B/C only act on the respective subsystems, i.e., assign amplitudes
to basis configurations xA/B/C, which represent the partial configuration over the
subsystems. This product factorization of a state is visualized in Fig. 2.2. Crucially, for
this product factorization of an energy eigenstate, the associated energy E is obtained
as a sum over energies, E = EA + EB + EC. These subsystem energies EA, EB, EC
denote the energies associated with the eigenstates |Ψ⟩A/B/C for the corresponding
contributions of the Hamiltonian.

|ΨA⟩ |ΨB⟩ |ΨC⟩

Figure 2.2: Visualization of the product separability of states. If the system is split into non-
interacting components (indicated by the blue, green and red sectors of the displayed spin
chain), then energy eigenstates factorize as a product of states only associated with individual
subsystems (here |ΨA⟩, |ΨB⟩ and |ΨC⟩).

An efficient description of quantum states should always be able to capture encap-
sulate a product factorization as above for any cut of the system into non-interacting
parts. This is a key requirement in order to be able to derive system properties also for
larger systems efficiently. Considering for example a translationally invariant lattice
model, it can often be expected that the total energy of the system per site converges to
a constant as the thermodynamic limit is approached. Being able to represent such a
scaling faithfully with a description is, especially in the quantum chemistry community,
commonly referred to as a ‘size-extensivity’ of a method [314]. For a definition of an
efficient quantum state representation, its size-extensivity should always be a key goal
as this allows to extrapolate system properties appropriately to the thermodynamic
limit (or represent large systems).

The methods introduced in the following all define efficiently treatable functional
representations of the wavefunction, i.e., explicitly model the mapping between many-
body configurations x and the wavefunction amplitude Ψ(x). Based on the product
separability requirements for the state, it can be expected that non-trivial, size-extensive
descriptions are always based on a product structure over the different system con-
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stituents. This means that the amplitudes for the considered systems are (approxi-
mately) described as

Ψ(x) =
L∏
i=1

Fi(x), (2.5)

where the functions Fi can be seen as many-body function approximators, defining a
per-mode mapping from the configuration to a scalar quantity. The specific structure
of the many-body correlators Fi is directly linked to the entanglement emerging in
the represented state [113] and examples for the functions Fi encountered in different
methods are discussed in the following sections.

Other constructions not obeying the product structure introduced above are in
principle possible, e.g., using linear combinations of few product states as an ansatz.
However, these would typically not provide an efficient representation with a size-
extensive increase in the representational power over a spanned product separable
state (such as a single product state) as the systems get larger. Incorporating the
product structure according to 2.5 into the baseline representation therefore represents
an important ingredient to the success of the method. As will be seen for examples
presented in the following, the final representation of appropriate state approximations
might, nonetheless, in practice slightly deviate from this general form. This is especially
the case if additional symmetry projections are included.

2.2.2 Matrix Product States

In order to find an efficient representation of a quantum state, following the general
problem setup introduced in the previous section, the key question emerges what
the important correlations are. Already from a purely intuitive perspective, it can
be expected that in particular local correlations are of great importance within an
eigenstate of a system comprising local interactions. Focussing on systems with local
interactions is often of particular importance as typical physical interactions (e.g.,
the Coulomb repulsion between electrons) decay with the distance. The expected
locality of important correlations can be rigorously formalized through the analysis
of the entanglement entropy scaling. Intuitively, local correlations can be identified
as ones for which the per-mode correlation functions Fi are particularly governed by
correlations between modes in the local vicinity around site i.

This can be exemplified for a one-dimensional chain of spins where the Hamiltonian
only contains interactions between nearest neighbours (or potentially also next-nearest
neighbours) of spins. An example of such a system is the anti-ferromagnetic Heisenberg
model introduced in section 2.4.1, but the general motivation does not rely on the
specifics of the interaction. Instead of finding the ground state of such a system with
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a direct specification of the DL amplitudes, one can introduce an ansatz explicitly
focussing on the local correlations in the system. This can be achieved by describing the
functions Fi(x) as a complete representation of the states across a small environment
around the site with index i, defining a plaquette over which the correlations are
modelled. Glossing over specific details of how the representation is defined at the
boundary of the system, these are therefore represented as

Fi(x) = f
(i)
xi−J,...,xi,...,xi+J

. (2.6)

The chain indices j for which the local configuration, xj contribute to the full repre-
sentation of the local correlation around mode j are chosen such that these are the
central mode i together with the 2J sites closest to it. The full parametrization of the
state space for the local environment around site i, comprising P = 2J+ 1 modes, then
involves a total DP coefficients, here represented by the coefficient tensor f(i).

The construction of a state based on overlapping correlation plaquettes is visualized
in the left part of Fig. 2.3. It results in a representation of the full state according to

Ψ(x) =
L∏
i=1

f
(i)
xi−J,...,xi,...,xi+J

(2.7)

and (assuming the same number of sites is included in each correlation plaquette) is
therefore defined by L×DP coefficients. While this complexity scales exponentially in
the size of the correlation plaquette, it only scales linearly in the size of the system. If
the initial assumption holds and only local correlations contribute significantly, it can
be expected that states of interest can be approximated well with a plaquette size that
is independent of the system size. This therefore reduces the complexity of the full
wavefunction parametrization significantly.

A1 A2 A3 A4 A5 A6

Figure 2.3: Approximation of the wavefunction in terms of representations over local plaquettes
tiled across a non-periodic one-dimensional system (left) and a pictorial representation of the
amplitude evaluation for the presented spin configuration of an Matrix Product State (MPS)
(right).

The definition according to Eq. 2.7 can be identified as a one-dimensional Correla-
tor Product State (CPS), introduced in the next section. However, the one-dimensional
nature of the plaquettes also makes it possible to transform this ansatz into a par-
ticularly powerful form as it is, e.g., presented in Ref. [11]. This is achieved by
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introducing a set of DJ−1 ×DJ−1 matrices Axi
i , one for each mode i and each potential

local configuration of that mode xi, with coefficients [11]

(A(xi)
i )j,k = f

(i)
xi−J,...,xi,...,xi+J

δ(xi−J,...,xi,...,xi+J−1),j δ(xi−J+1,...,xi,...,xi+J),k. (2.8)

In this definition, the indices j and k are compound indices indexing all configu-
rations over 2J sites and can therefore be matched with sub-configurations of the
form (xa, . . . , xa+2J) over such a space with the delta function. Assuming periodic
boundary conditions of the system, the wavefunction amplitudes of the resulting
state can be obtained by evaluating the trace over the matrix product of the matrices
across all sites of the system. In particular, this construction defines the ansatz class of
Matrix Product State (MPS).

Ansatz (Matrix Product States). The Matrix Product State defines the wavefunction ampli-
tudes according to

Ψ(x) = tr(A(x1)
1 A(x2)

2 . . . A(xL)
L ).

Although here MPSs are, perhaps rather unconventionally, defined via a full
parametrization of correlation features across fixed size plaquettes, the full class of
MPSs is more general than this. As the name suggests, the full class of MPSs is defined
by the states that can be decomposed into the product of Mb ×Mb dimensional
matrices as above, with no particular constraints on the coefficients. It represents
probably the most widely applied form of a Tensor Network State (TNS) exploiting
a tensor decomposition of the wavefunction amplitudes to capture particular states
efficiently. With many useful properties formally proven, TNSs are one of the most
commonly applied and studied representations of many-body states. The TNS concepts
are often made particularly intuitive by specific graphical representations, in which
tensors are represented as nodes with legs representing the different tensor indices [315–
318]. In this representation, legs connecting two nodes represent tensor contractions
over the associated indices. A standard example, visualizing the evaluation of the
wavefunction amplitude of an MPS for a basis configuration is shown in the right
panel of Fig. 2.3.

The size of the matrix dimensions, Mb, is commonly referred to as the bond
dimension of the MPS, and the state parametrization can be made more systematically
more expressive by increasing this dimension parameter. It is well understood which
specific part of the full Hilbert space can be represented efficiently with MPSs, i.e., MPSs
with polynomial bond dimension [311]. In particular, these are exactly those states
characterized by a low degree of entanglement. This can be formalized by analysing
the scaling of the entanglement entropy emerging between two different parts of the
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system with respect to the size of one of the two subsystems. For one dimensional
systems, MPS represent states efficiently for which the entanglement entropy scales
as the size of the boundary between the two systems, i.e., is constant [307]. Without
going into the details about the proofs of such area laws, it is exactly this class of
states that is of particular importance in many physically relevant settings. This is
exemplified by the result that all ground states of gapped one-dimensional systems
with local interactions also fall into this class [307], underlining the usefulness of
the MPS representation of states for such systems. Ultimately, such rigorous results
describing the entanglement emerging in systems, formalize the hand-waving intuition
stated above that often especially the local correlations are of particular importance.

A key benefit of the MPS representation is that it makes it possible to evaluate
expectation values for many standard operators of interest efficiently. Specifically, this
is the case if the operator can be written as a sum of polynomially many terms of
operators factorizing as a tensor product over the different sites (which is, among
others, also fulfilled for local Hamiltonians). This means the operator is written as

Ô =

K∑
k=1

Ô(k) where Ô(k) =

L⊗
i=1

Ô
(k)
i , (2.9)

with local operators Ô(k)
i only acting on Hi. Assuming a normalized MPS, and skipping

the specifics of the derivation, its expectation value can then be evaluated as [319]

⟨Ψ|Ô|Ψ⟩ =
∑
k

∑
x1,...,xL

∑
x ′1,...,x ′L

tr(A∗(x1)
1 A∗(x2)

2 . . . A∗(xL)
L )tr(A(x ′1)

1 A(x ′2)
2 . . . A(x ′L)

L )⟨x|Ô(k)|x ′⟩,

(2.10)

=
∑
k

tr(B(1)
k B(2)

k . . .B(L)
k ). (2.11)

Here the matrices B correspond to a set of M2
b ×M2

b matrices that can be defined by
indexing the matrices with compound indices of the form (i, i ′), with each element
running from 1 to Mb. The coefficients of these matrices are given as

(B(i)
k )(l,l ′),(m,m ′) =

∑
xi,x ′i

(A∗(xi)
i )l,m(A

(x ′i)
i )l ′,m ′⟨xi|Ô

(k)
i |x ′i⟩. (2.12)

The evaluation of expectation values can with this formulation be achieved with a
cost scaling at most as O(LKM4

bD
2) +O(LKM6

b) (with a naive assumption of an O(m3)

cost for the matrix multiplication of m×m matrices). This scaling can often even be
improved further with appropriate manipulations [319]. This in particular includes the
very common utilization of ‘open boundary’ matrix product representations in which
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the first and the last matrix in the matrix decomposition chain are replaced by vectors,
and contractions can then be performed as a sequence of matrix-vector multiplications.

In addition to being able to evaluate expectation values (such as energy expectation
values) efficiently, different powerful schemes exist to optimize the parameters of
MPSs in order to approximate system eigenstates. Probably the most famous scheme
is the density matrix renormalization group (DMRG) [212], which represents the
state-of-the-art approach for different systems of interest. Although it is possible to
apply these techniques also to the description of higher-dimensional systems, the
specific construction of MPS are particularly tailored towards one-dimensional systems
exhibiting a low degree of entanglement. While the general ideas of TNSs have also
been extended to higher dimensional systems, many specific characteristics making the
numerical treatment of MPS highly efficient are typically not preserved, significantly
complicating such numerical approaches.

2.3 variational monte carlo

The DMRG approach provides a powerful tool for a general task, namely that of
finding an appropriate approximation of an eigenstate of a many-body Hamiltonian Ĥ.
Whereas DMRG is a method specific to MPS representations, a more general family of
approaches is given by Variational Monte Carlo (VMC) methods. VMC approaches
for numerical studies of many-body systems provide the main foundations for the
methods outlined in this work and this section provides a brief overview of the main
concepts as it can, e.g., be found in Ref. [213]. Within the framework of VMC an
essentially arbitrary parametrization of the wavefunction amplitudes can be used as an
ansatz for the state. The only technical requirement of the model for the wavefunction
amplitudes Ψ(x) is that these can be evaluated efficiently for each configuration of the
computational basis.

Obtaining the final approximation of the eigenstate of interest utilizes the variational
principle of quantum mechanics. This states that the energy expectation value of any
state is bounded from below by the exact ground state of the system. Especially
focussing on the ground state of the system, an approximation can therefore be
obtained by minimizing the variational energy of the chosen ansatz with respect to its
free parameters. The variational energy of a state ansatz is defined as

E = ⟨Ĥ⟩Ψ =
⟨Ψ|Ĥ|Ψ⟩
⟨Ψ|Ψ⟩

, (2.13)

and approximating the system’s ground state via direct minimization of this quantity
is the main route taken here.
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2.3.1 Evaluation of expectation values

Applying a minimization of the variational energy is the main ingredient in various
approaches building on the variational principle. One main component of VMC
techniques is that in such approaches, the state is defined via a compact functional
model for the wavefunction amplitudes. Furthermore, with the exact evaluation
generally prohibited by the exponential scaling of the Hilbert space dimensionality, the
expectation values are evaluated based on stochastic sampling of basis configurations.
This is exemplified by the approximation of the variational energy for a given state,
|Ψ⟩. It can be expressed as

E =
⟨Ψ|Ĥ|Ψ⟩
⟨Ψ|Ψ⟩

=
∑

x

|⟨Ψ|x⟩|2

⟨Ψ|Ψ⟩
⟨x|Ĥ|Ψ⟩
⟨x|Ψ⟩

=
∑

x
px Eloc(x), (2.14)

and is thus reformulated as the expectation value of so-called local energies, Eloc(x) =
⟨x|Ĥ|Ψ⟩
⟨x|Ψ⟩ , with respect to the probability distribution given by px =

|⟨Ψ|x⟩|2
⟨Ψ|Ψ⟩ . This quantity

can be approximated by sampling configurations from the Hilbert space according to
the probability distribution px and evaluating the mean of the local energies over the
sampled set. This gives the stochastic approximation

E ≈ 1

Ns

∑
xs

Eloc(xs), (2.15)

where the sum does not run over the full Hilbert space basis but a (typically) signifi-
cantly smaller set of Ns sampled configurations. If the Hamiltonian Ĥ is sparse in the
chosen basis, i.e., each row in its matrix representation only has polynomially many
non-zero entries, this average can be evaluated efficiently. Although this requirement is
more restrictive than the one introduced for operators allowing for efficient evaluation
of expectation values of MPSs, this constraint holds for many operators of interest, in
particular local Hamiltonians.

An important property justifying this stochastic approximation of the energy is the
zero variance principle. This states that the variance over the local energies vanishes
if the state corresponds to an eigenstate of the system. Based on this, it can be
expected that the error of the stochastic energy approximation decreases as the trial
state becomes a better representation of the targeted ground state. The variance over
the local energy therefore also provides a figure of merit for the uncertainty, i.e., the
expected error of the stochastic approximation.
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The Metropolis-Hastings algorithm

An important element of the stochastic evaluation of expectation values in VMC is
the generation of configurations x according to the probability amplitude induced by
the trial state. While it is possible to introduce specific models allowing for a direct
sampling of the configurations from px [85], this is not generally possible for various
other sensible wavefunction parametrizations.

The common approach to generate samples for more general models, also the core
backbone of the VMC approaches discussed in this work, is to generate samples with
the Metropolis-Hastings algorithm. This does not require an explicitly normalized
distribution over the configuration space and only relies on being able to evaluate the
wavefunction amplitudes for configurations. The generation of the configurational
samples is achieved via an iterative scheme in which, based on a current sample at each
step, a new configuration is proposed and either accepted or rejected. Acceptance of a
proposed configuration is determined stochastically based on a probability determined
by the ratio of the probability amplitudes associated with the two configurations.
With this stochastic acceptance or rejection, the generated samples will, after sufficient
equilibration steps, follow the underlying probability distribution.

More specifically, the algorithm generates a sequence of configurations based on
a Markov chain, starting from a random initial configuration x(0). In the iterative
generation of configurations, the k-th configuration in this sequence, denoted as x(k),
is thus obtained based on its predecessor x(k−1). From this predecessor, a proposal
configuration xprop is generated based on some underlying heuristic with a probability
P(x(k−1) → xprop). This proposal configuration is accepted as the next configuration in
the sequence with a probability

Q = min

(
1,
pxprop

px(k−1)

P(xprop → x(k−1))
P(x(k−1) → xprop)

)
. (2.16)

Often the algorithm is set up with equal proposal distributions for both directions, i.e.,
equal probability of generating xprop from x(k−1) as for the other way round as denoted
by the equality P(xprop → x(k−1)) = P(x(k−1) → xprop). In this case the acceptance
probability only depends on the ratio of probability amplitudes,

pxprop

px(k−1)

=
|⟨Ψ|xprop⟩|2

|⟨Ψ|x(k−1)⟩|2
, (2.17)

which can be evaluated efficiently.
By running the Markov chains as outlined above, potentially multiple in parallel,

a set of configurations sampled according to their probability amplitudes can be
generated. In order to ensure that the dependence on the randomly chosen initial
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configuration is removed, the first samples of the sequence are usually discarded.
Furthermore, it is also sensible to avoid correlation between the different samples by
only adding configurations from the sequence that are multiple iteration steps apart to
the set used for the stochastic estimation of the expectation values.

Applying the Metropolis-Hastings algorithm in practical VMC calculations requires
the specification of some algorithmic details. This includes the specification of the
number of warm-up iterations, the number of configurations from the Markov chain
that are discarded between considered samples, as well as the number of chains that
are run in parallel. Furthermore, one also needs to design a mechanism to generate
proposal configurations. Such a mechanism should ideally propose configurations with
a large probability amplitude (in order to avoid vanishing acceptance probabilities)
while still exploring the full Hilbert space efficiently. Depending on the system studied,
different generic approaches exist that work well in many practical settings. These,
e.g., include the exchange of pairs of spins or the flip of a single spin in spin systems,
or the application of a single valid particle jump from one mode to another in systems
of moving particles.

While the Metropolis-Hastings algorithm is a very powerful and general approach
to generate the samples, it has also been observed that sometimes problems emerge
within its application. This typically manifests in the failure to explore the full Hilbert
space and emergence of correlation between the different samples and ‘more advanced’
approaches might be required to generate appropriate uncorrelated samples [7, 85,
128].

2.3.2 Optimization of the parametrization

With the ability to evaluate expectation values of trial states defined by parametrized
models for the wavefunction amplitude, the variational scheme can easily be applied
to optimize the parameters of the ansatz. Assuming the model is parametrized by a
set of Npar variational parameters, here described by a vector θ, the goal is to find
those parameters minimizing the variational energy understood as a function of those
parameters, E = E(θ). This can in principle be achieved with various numerical
schemes developed for the minimization of a target function, e.g., based on gradient
descent type approaches.

If it is possible to approximate the variational energy through Markov chain
sampling of configurations, also its gradient can be evaluated by the same approaches.
For general complex valued parameters, it is possible to define an energy gradient
G(θ) with components

Gj(θ) = 2
∂E(θ)

∂θ∗j
. (2.18)
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The expression ∂
∂θ∗j

= 1
2(

∂
∂ℜ(θj)

+ i ∂
∂ℑ(θj)

) denotes a Wirtinger derivative, i.e., combines
the derivatives with respect to the real and the imaginary part of θj. With this definition,
the components of the energy gradient can be evaluated as

Gj =
⟨ ∂
∂θ∗j
Ψ|Ĥ|Ψ⟩

⟨Ψ|Ψ⟩
−

⟨ ∂
∂θ∗j
Ψ|Ψ⟩⟨Ψ|H|Ψ⟩

⟨Ψ|Ψ⟩2
, (2.19)

= ⟨Ô∗
j Ĥ⟩Ψ − ⟨Ô∗

j ⟩Ψ⟨Ĥ⟩Ψ. (2.20)

Here, it is assumed that the wavefunction model is holomorphic and an extension to
non-holomorphic cases can easily be obtained by splitting the complex parameters
into their real and imaginary part. The introduced operators Ô∗

j represent the log
wavefunction derivatives, and are defined as

Ô∗
j =

∑
x
O∗
j (x) |x⟩⟨x| =

∑
x

∂ log(Ψ∗(x))
∂θ∗j

|x⟩⟨x|. (2.21)

The energy gradient can then again be estimated via the set of configurational samples,
{xs}, sampled according to their wavefunction amplitudes. This gives the approximation

Gj = ⟨Ô∗
j Ĥ⟩Ψ − ⟨Ô∗

j ⟩Ψ⟨Ĥ⟩Ψ, (2.22)

=

(∑
x
px

⟨Ψ|Ô∗
j |x⟩⟨x|Ĥ|Ψ⟩

⟨Ψ|x⟩⟨x|Ψ⟩

)
−

(∑
x
px

⟨Ψ|Ô∗
j |x⟩

⟨Ψ|x⟩

)(∑
x
px

⟨x|Ĥ|Ψ⟩
⟨x|Ψ⟩

)
, (2.23)

≈ 1

Ns

∑
xs

O∗
j (xs)(Eloc(xs) − E). (2.24)

While this gradient estimation can easily be applied within standard numerical min-
imization techniques, the most commonly applied approaches within VMC explicitly
exploit physical specifics for finding the ground state of the system. Probably the most
widely used scheme is the Stochastic Reconfiguration (SR) method to optimize the
parameters. Within the SR method, a family of states based on a ‘linearization’ of the
trial state around small parameter variations is introduced. Defining the infinitesimal
parameter variation for parameter θj as δj, the linearized state is defined as

|Ψ̃⟩ = δ0|Ψ⟩+
Npar∑
j=1

δj Ôj|Ψ⟩. (2.25)

SR then defines an iterative optimization scheme in which parameter updates are
found at each step by matching this linearized state to an improved state.
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Defining the state at the k-th iteration as |Ψ(k)⟩, the improved state is found by
applying an imaginary-time evolution with a small time-step β, defined as

|Ψ
(k+1)
target⟩ = e

−βĤ|Ψ(k)⟩ ≈ (1−βĤ)|Ψ(k)⟩. (2.26)

In the approximation, a first order Taylor approximation is applied to the exponential,
valid for small step sizes β. The imaginary-time propagated state |Ψ

(k+1)
target⟩ can be

projected into the space spanned by the family of trial states linearized around small
parameter variations [70, 213]. This is achieved by matching the projected propagated
state and the linearization of |Ψ(k)⟩, by equating their overlaps w.r.t. all the basis states
generating the linearized family of states, {|Ψ(k)⟩, Ô1|Ψ(k)⟩, . . . , ÔNpar

|Ψ(k)⟩}. This
approach leads to a system of Npar + 1 equations for the inferred parameter updates
at step k, here denoted as δ(k)j . By solving this for the scale parameter δ0, a reduced
system of Npar equations is found that can be expressed in the compact vectorized
form

−βSδ(k) = G(θ(k)), (2.27)

where δ(k) is the vector of parameter updates with elements δ(k)j , and G(θ(k)) is the
energy gradient w.r.t. the variational parameters defining state |Ψ(k)⟩ as defined above.

The matrix S, comprises elements defined according to

Si,j = ⟨Ô∗
i Ôj⟩Ψ(k) − ⟨Ô∗

i ⟩Ψ(k) ⟨Ôj⟩Ψ(k) , (2.28)

where the evaluation of expectation values is again approximated via stochastic sam-
pling of configurations according to px. This matrix is commonly referred to as the
Quantum Geometric Tensor [320] or the quantum Fisher matrix [70]. It can be as-
sociated with a metric over the family of states as parametrized by the variational
parameters θj, and it is the covariance of Ô measurements for the state |Ψ(k)⟩.

Solving the system of equation for the parameter updates in the SR method, then
yields updated parameter values that specify the wavefunction ansatz for the next
iteration. The updated parameter values, denoted by the vector θ(k+1), are obtained as

θ(k+1) = θ(k) −βS−1G(θ(k)). (2.29)

This form of the parameter updates also relates the SR approach back to gradient
descent approaches. The parameter β can be understood as a step-size or learning rate
and the matrix S defines a preconditioner, suitably modifying the update directions
defined by the energy gradient. The obtained SR scheme, incorporating a metric over
the wavefunction space to define a preconditioner, is equivalent to the ideas of Natural
Gradient Descent optimization strategies for ML parametrizations [321].
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Updating the parameters in the SR method requires the inversion of an Npar×Npar
matrix at each step of the method. From a computational perspective, this has two
main disadvantages compared to gradient descent based methods not incorporating
such a preconditioner. Firstly, the inversion of the matrix is a computationally relatively
expensive operation, with a naive implementation requiring O(N3par) operations. How-
ever, the numerical complexity of the SR can often be reduced by applying iterative
schemes to solve the systems of equations, exploiting the property that matrix-vector
products between S and δ(k) can be evaluated in O(NparNs) operations [95, 230].
Another potential issue of the SR formulation is that the system of equations might
be ill-conditioned, indicating redundant directions in the parametrization of the state
(or a stochastic estimate with too few samples to appropriately resolve the required
quantities). This can lead to severe stability issues for the numerical the inversion of
the matrix S, thus resulting in potentially bad parameter updates. Though it is not
the only approach, a very common method to avoid such instabilities is to ensure
that the matrix S is non-singular by adding a small constant shift c to its diagonal,
i.e., Si,i → Si,i + c. By increasing the diagonal shift, the update directions in the SR
are adjusted towards the simple gradient descent direction with a step-size of β/c. In
addition to this basic stabilization approach, further methods have been described to
improve the SR parameter updates [58, 127, 183] that might in some instances help to
improve the overall performance and stability of the method.

Although the SR method is not always free from issues in practice, it can be
considered the default approach to optimize state parametrizations in the context of
VMC. In many scenarios, a fast convergence to appropriate solutions can be observed,
and the method is typically not significantly outperformed by other approaches [114].

2.3.3 Functional models for Variational Monte Carlo

The general VMC framework makes it possible to use in principle any parametriza-
tion of the state as long as it allows for an efficient evaluation of the wavefunction
amplitudes for many-body configurations from the chosen basis. However, in order
to efficiently optimize the parametrization, it should represent a compact model for
the state, based on only a few variational parameters. Choosing an appropriate model
for the state is therefore vital to be able to approximate the ground state well. The
following sections introduce some models for VMC calculations.

Correlator Product States

An important class of parametrizations that can be used for VMC calculations is the
family of CPSs [322], also referred to as Entangled Plaquette States [323]. The key
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idea is to follow a similar approach as the one described as the motivation of MPSs
presented in section 2.2.2. In particular, the general wavefunction amplitudes are
obtained by tiling correlation plaquettes over which the correlations are modelled
across the system. The wavefunction amplitudes for the ansatz are then obtained based
on the product over all the states across the correlation plaquettes.

Ansatz (Correlator Product States). The Correlator Product State ansatz is defined via
wavefunction amplitudes

Ψ(x) =
Np∏
i=1

f
(i)
xp1(i)

,...,xpP(i)
, (2.30)

where Np denotes the total number of correlation plaquettes and the indices xp(i)1 , . . . , xp(i)P
denote the configuration occupancies on the P different modes of the i− th plaquette.

Following the product separability requirements for the states, typically one or
multiple correlation plaquettes are associated with each of the modes for which the
plaquette indices p(i)k comprise indices from some chosen environment around the
mode. It can directly be seen that the tiling of plaquettes containing the closest indices
around the centre, as was applied in the derivation for MPSs, is an example of a
CPS. Whereas the MPS construction explicitly exploited a one-dimensional structure,
general CPS can be used to define entanglement plaquettes in arbitrary dimensions.
Furthermore, there is no general requirement on the shape of the different correlation
plaquettes. One can, for example, consider the correlation plaquettes comprising local
environments, i.e., associate a plaquette to each mode of the system containing the n
modes closest to it in some sense. Alternatively, one can also associate some longer
range correlation plaquettes, such as, e.g., one-dimensional stripes, with each mode.
Both of these two examples are included in the visualization for a two-dimensional
lattice of spins shown in Fig. 2.4.

The standard functional form of the CPS as introduced above explicitly relies on
parametrizing the full Hilbert space across each plaquette. It therefore results in an
exponential scaling with respect to the size of the plaquettes, which practically limits
the CPS to small plaquette sizes. However, with the explicit construction of the ansatz
based on full parametrizations across specific entanglement plaquettes, such an ansatz
makes it possible to very explicitly model expected correlation properties. It is well
understood what types of correlations are captured by the state.

CPSs can be understood as a family of parametrizations defining a general frame-
work also capturing the concepts of several other commonly employed ansatzes. Many
other ansatzes, can be understood as subclasses of some CPS with specifically chosen
correlation plaquettes and potentially relying on approximations to the functions
f
(i)
xp0(i)

,...,xpP(i)
[23, 322]. These relations to other physically motivated ansatzes can help

to identify what type of correlation plaquettes should be chosen to obtain a sensible
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Figure 2.4: Visualization of potential correlation plaquettes across which correlations can be
extracted with CPSs for a two-dimensional system with local interactions. The figure shows
local plaquettes of different shapes (blue and green), as well as a longer ranged, two-body
plaquette (red) also considered in Jastrow ansatzes.

parametrization. There is however no general recipe to design entanglement plaquettes
to achieve the best possible approximation for a given problem.

The Jastrow ansatz

One example of an ansatz also often used in VMC calculations, which can also be
represented easily as a compact CPS, is the Jastrow ansatz. While the original form of
the Jastrow ansatz, as first introduced in Ref. [324], is more specific, a Jastrow ansatz
can generally be understood as an ansatz built from pairwise correlations over all
possible interaction pairs in the system. The ansatz introduced in the original work
considers such pairwise correlations in the picture of particles occupying positions in
real space. However, similar ideas, explicitly building an ansatz based on pairwise
correlations, have also been developed for the description in the picture of discrete
modes, such as the pairwise correlations between spin-1/2 modes in the Huse-Elser
ansatz [325].

Although Jastrow states are typically understood to be states emerging from the
parametrization of pairwise correlations, the exact functional form depends somewhat
on the context. Based on the definition of CPS in the previous section, the most general
Jastrow ansatz might be defined as a CPS based on all possible correlation plaquettes
involving two system modes.

Ansatz (CPS Jastrow ansatz). A generalized Jastrow ansatz, parametrized by an L× L×
D×D tensor J, can be defined via wavefunction amplitudes

Ψ(x) =
L∏
i=1

L∏
j=i

Ji,j,xi,xj . (2.31)
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In practical contexts, this general CPS definition of a Jastrow state is restricted
further by imposing additional constraints on the parametrizing tensor J that depend
on the specific type of system studied.

In this work, two different types of systems are considered, those of spin-1/2 modes
and that of electrons moving between discrete modes.

Ansatz (Spin system Jastrow ansatz). The variational Jastrow ansatz used as a reference
ansatz for spin systems considered in this work is defined by wavefunction amplitudes [326,
327]

Ψ(x) =
L∏
i=1

L∏
j=i

e
1
2ui,js(xi)s(xj). (2.32)

The value s(xi) gives the 2Ŝz value of the configuration at spin i, i.e., it evaluates to +1 (−1) if
xi corresponds to the up (down) state of the spin and ui,j denote the L× L different variational
parameters.

Ansatz (Electronic Jastrow ansatz). In settings of discrete electronic systems, the Jastrow
ansatz used is defined as [230]

Ψ(x) =
L∏
i=1

egiδni,2

L∏
j=i+1

e
1
2ui,j(n(xi)−1)(n(xj)−1), (2.33)

with variational parameters gi and ui,j and where n(i) denotes the total number of electrons
occupying mode i (which can either be 0, 1 or 2).

The prefactor in the electronic Jastrow factor specified as

L∏
i=1

egiδni,2 , (2.34)

is commonly referred to as a Gutzwiller factor [328] and models an exponential
suppression (or enhancement) of the amplitudes according to the total number of
doubly occupied modes.

Bridging the gap: Neural Quantum States

While the Jastrow ansatzes introduced in the precious section can yield good approxi-
mations, the ansatz parametrization is also restricted to the pairwise correlations in
the state and cannot improve upon that. This means that the Jastrow ansatz is in
general not systematically improvable. Similar problem exists for essentially all types
of CPS types of parametrizations with fixed entanglement plaquettes. While CPS are,
in principle, systematically improvable by increasing the size of the entanglement
plaquettes considered, no general approach exists to infer which types of correlation
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plaquettes best to include in order to reach a certain level of accuracy. This provides a
motivating idea for Neural Quantum State (NQS) which rely on the approximation
power of artificial neural networks (NNs) to describe the important correlations in an
automated way.

The central idea of NN function approximators is to design a functional model
loosely inspired by biological neural connections. This is achieved by modelling
a network of nodes coupled with different coupling strengths. Each node can be
understood as a unit mapping an incoming signal to an output. While different types
of network architectures have been developed, typical functional mappings defined by
NNs are based on two main building blocks. The first building block are the connection
strengths between the different nodes defining a weighting according to which the
output of a unit is contributing to the input of the connected unit. The second essential
building of NNs are the non-linear activation functions associated with the different
nodes. This activation function describes the relationship between the input of a node
to its output.

The specific network architecture of NNs can take various different shapes and
forms. This also applies to the concept of NQS for which various different NN
type architectures have been proposed. Based on a suitable representation of the
configuration as input to the NN, here denoted as x̃, the general class of NQS is
therefore simply defined via the following ansatz:

Ansatz (Neural Quantum States). A Neural Quantum State associates wavefunction ampli-
tudes with basis states via a mapping

Ψ(x) = f(x̃), (2.35)

where the function f is the output of a NN that is presented with a visible unit configuration x̃
encoding the computational basis state x.

This class of states is explicitly motivated by the great success of NNs as function
approximators for ML problems. Standard NN architectures can easily be systemati-
cally improved in their expressiveness, typically by increasing the number of internal
nodes, essentially resulting in a (formal) unlimited expressivity of NQS.

In order to use NQSs in practical calculations, it is required to specify the archi-
tecture of the network with its variational parameters. Most standard NNs can be
represented in the form of a feed forward NN. In these the network comprises stacked
layers of nodes where the nodes of each layer take their inputs from the previous
layer and feed their output into the next layer. Though it is not the only possible
construction, in the NQS context the input is typically encoded by L̃ visible nodes
encoding the presented configuration in terms of floating point numbers associated
with each mode. For lattices of spin-1/2 modes, this means that each lattice site is



2.3 variational monte carlo 42

typically associated with one unit in the input layer which takes values +1 or −1

corresponding to the 2Ŝz value of the associated spin in the input configuration. The
standard way to extend this representation to electronic systems is to represent each
electronic mode with two different input neurons, encoding the occupancy of the two
different spin levels [21, 63].

Ansatz (Neural Quantum State with feed-forward NN architecture). Based on a chosen
input representation of basis states, a general NQS with a feed-forward NN architecture defines
the amplitudes as

Ψ(x) = fNlayer
◦ fNlayer−1 ◦ . . . f1(x̃

(1)), (2.36)

where the functions fi describe the input-output relations for layer i and Nlayer denotes the
total number of layers. Each of the internal layers describes a mapping according to

fi(x̃(i)) = σi(W(i)x̃(i)). (2.37)

Here, the vector x̃(i) denotes the output vector of the previous layer, potentially together with a
bias, W(i) the matrix of weights, and σi the activation function of the layer.

With the weights of the network defining the variational parameters, such feed-
forward NNs can easily be applied as a model for the wavefunction in the VMC context.
A particularly common NN architecture, first applied as an ansatz in Ref. [5], is the
restricted Boltzmann machine (RBM). The original motivation for the construction of
this model is based on the statistical modelling of a probability distribution over visible
units coupled to hidden units in an energy based framework. However, the resulting
model can also be understood as an exponentiated feed-forward NN comprising a
single hidden (i.e., non-input) layer with a number of nodes that is a multiple of the
number of input nodes.

Ansatz (Restricted Boltzmann machine wavefunction). The restricted Boltzmann machine
wavefunction amplitudes evaluate to [5]

Ψ(x) =
L̃∏
i=1

eaix̃(1)i

αM∏
j=1

2 cosh

bi,j + L̃∑
k=1

Wi,j,k x̃
(1)
k

 . (2.38)

The parameter αM specifies the hidden-node density of the network and the variational parame-
ters of the model are the visible biases, ai, the hidden node biases, bi,j, as well as the network
weights Wi,j,k.

Similar to the bond dimension Mb in the construction of MPS, the number of
hidden units (here defined via the density αM) controls the general complexity and
therefore the expressivity of the model. By construction, this ansatz automatically
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incorporates the product structure over the different modes as it was motivated for
size-extensive states in section 2.2.1. A pictorial representation of the RBM ansatz,
interpreted as a feed-forward architecture with a log-cosh activation function in the
hidden layer followed by a final exponentiation, is presented in Fig. 2.5.

Ψexp
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Figure 2.5: Pictorial representation of the RBM ansatz interpreted as a feed-forward neural
network (not incorporating network biases).

While the RBM ansatz has become a widely applied NQS, often considered the
prototype for NQS, (and also producing the state-of-the-art accuracies for some sys-
tems [64, 65]), many other NN architectures following similar constructions have been
proposed as ansatzes. These usually also incorporate an appropriate product structure
of the amplitudes, which is often achieved by directly modelling the logarithm of the
wavefunction amplitude with NN architectures.

In order to achieve good numerical accuracies in practical calculations, it is of-
ten beneficial to incorporate system symmetries into the representation. Important
symmetries can include the total spin magnetization, translational symmetries and
point group symmetries of the lattice. The symmetrization of the ansatz can often be
achieved in two different ways, either by a projective approach or by incorporating the
symmetries directly into the design of the state (e.g., the NN architecture). A symmetry
such as the spin magnetization can usually be enforced by including an appropriate
projection into the state, which is in VMC calculations easily achieved by restricting
the sampling to configurations respecting this symmetry.

Especially translational symmetries of the system are however also often incor-
porated with a different paradigm, utilizing fully functional forms to extract the
correlation properties. For NQS, this can, e.g., be formalized by application of the
general concepts of convolutional NN, as often applied in the context of image analysis.
In the context of wavefunctions, the convolutional symmetrization can be interpreted
as an application of the same function to model correlations over symmetrically related
environments. Applied to the definition of RBM this is achieved by replacing the
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product over all visible units by a product over the set of all symmetry operations, {S},
which the amplitudes should be invariant under [5]. This defines the symmetrized
RBM wavefunction amplitudes as

Ψ(x) =
|{S}|∏
i=1

αM∏
j=1

eaj
∑L̃

k=1 Si[x̃
(1)]k2 cosh(bj +

L̃∑
k=1

Wj,k Si[x̃
(1)]k)

 , (2.39)

where the expression Si[x̃
(1)]k denotes the value of the k-th input neuron for an input

configuration transformed under the symmetry operation S. This convolutional sym-
metrization approach often helps to reduce the total number of variational parameters
of the model. However, it was shown that using non-symmetric base ansatzes for
which the symmetries are restored by projection can sometimes be more advantageous,
especially when sign information needs to be described [64, 65]. More details on
different symmetrization approaches will be discussed for the context of the Gaus-
sian Process States (GPSs) in section 4.2.3.

2.4 benchmarking systems studied in this work

The central object of interest in this work is the GPS, an ansatz that can be understood
to combine the central ideas of CPS and NQS in a framework based on statistical
modelling of functions. In order to benchmark the general applicability of the GPS, it
is applied as a model to approximate the ground state of two main test systems, in
addition to transferring the approaches to realistic ab-initio calculations (outlined in
chapter 5).

2.4.1 The J1-J2 model

The first benchmarking system studied in this work is the J1-J2 system of spin-1/2

modes arranged on one- and two-dimensional (square) lattice structures. Its Hamilto-
nian can be defined as

Ĥ = J1
∑
⟨i,j⟩

Ŝi · Ŝj + J2
∑
⟨⟨i,j⟩⟩

Ŝi · Ŝj. (2.40)

Here, Ŝ denotes the vector of the three spin operators Ŝx, Ŝy and Ŝz. The first sum in
the definition includes all directly neighbouring pairs of sites and the second term
includes all pairs of next-nearest neighbours within the lattice structure. Being a
system of L spin-1/2 modes, this is a concrete realization of a spin system as it was
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used as a working example in the previous sections and the concepts can directly be
applied.

The J1-J2 model can be understood as a general toy model capturing the main
quantum effects of (frustrated) magnetism. For vanishing next-neighbour couplings J2
and positive values of J1, this model is also known as the anti-ferromagnetic Heisen-
berg model providing a general prototype for a system exhibiting anti-ferromagnetic
correlations between the different spins. By introducing the next-nearest neighbour
interactions additional quantum phenomena can be described. As the next-nearest
neighbour coupling J2 is increased in a square two-dimensional system for example,
the ground state transitions from one with anti-ferromagnetic Néel correlations be-
tween the spins, to one where the spins are correlated in a striped ordering. In the
transition between these phases, more intricate quantum phases have been discovered,
including a spin liquid phase that cannot be associated with similar long-ranged order
in the spin correlations. Comprehensive discussions of the intricate phases emerging
in such spin systems can, e.g., be found in Refs. [64, 93].

This work does not focus on an analysis of the detailed physical properties of the
J1-J2 model, but the model is rather understood as a generic test bed for the approaches
introduced. Due to the intrinsic challenges of modelling the state in strongly frustrated
regimes, many approaches have been applied to this model providing reference results
that allow for a general comparison between different methods.

A particular challenge for the description of the ground state as the systems
transitions from the anti-ferromagnetic character to the striped character is a complex
sign structure emerging in the target state. Whereas the exact sign structure w.r.t. the
chosen basis is known for the limit of vanishing J2, a non-trivial sign structure needs
to be modelled with the ansatz when J2 is increased to intermediate values inducing a
geometric frustration between the spins. In the basis generated by the tensor product
of Ŝz eigenstates, the exact sign structure for the case of vanishing J2 is given by the
Marshall Sign Rule (MSR) [329]:

Ansatz (Marshall Sign Rule). The ground state sign structure of the anti-ferromagnetic
Heisenberg model is given by the Marshall Sign Rule according to

Ψ(x) = (−1)
∑

i∈A δxi,1 , (2.41)

where the sum in the exponent includes all spins of a sublattice A, which is either one of the two
sublattices emerging from splitting the lattice into two sets of spins according to a chequerboard
pattern (such that neither sublattice contains two spins that are coupled in the Hamiltonian).

With an up-spin on site i, in the convention used here, denoted by xi = 1, the
amplitude sign for a configuration is thus given by +1(−1) if the number of up spins
in the configuration on the sublattice A is even(odd).
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While such a sign-structure should in principle also be easily described by a chosen
parametrization of the state as it is a simple product state, achieving this in practice
is not always an easy task (see section 4.2.3). Instead of describing the MSR with the
chosen ansatz, it often practically helps to directly incorporate the basis transformation
induced by the MSR into the Hamiltonian. This is easily achieved by taking all the
off-diagonal matrix elements in the anti-ferromagnetic Heisenberg Hamiltonian in the
chosen basis to their negative. This gives in the representation

Ĥ =
∑
⟨i,j⟩

Ŝzi ⊗ Ŝzj − Ŝxi ⊗ Ŝxj − Ŝ
y
i ⊗ Ŝ

y
j . (2.42)

where Ŝx/y/zi denote standard spin operators associated with the x/y/z directions
acting on the spin with index i. With all off-diagonal Hamiltonian matrix elements
being negative in the chosen basis, the ground state wavefunction amplitudes are then
guaranteed to be positive [330].

2.4.2 The Fermi-Hubbard model

The second benchmarking system considered in this work is the Fermi-Hubbard
model. Whereas the J1-J2 model comprised fixed spins, the Hubbard model describes
indistinguishable Fermions that can occupy the different sites of a lattice structure. It
can be understood as a simple prototype approximating the behaviour of electrons
in a crystal structure able to capture a plethora of important quantum phenomena
emerging in condensed matter systems [331].

Defining Fermionic creation and annihilation operators ĉ†i,σ and ĉi,σ that create and
annihilate an electron with spin σ on site i, the Fermi-Hubbard Hamiltonian can be
defined as

Ĥ = −t
∑
σ∈{↑,↓}

∑
⟨i,j⟩

(ĉ†i,σĉj,σ + ĉ
†
j,σĉi,σ) +U

∑
i

ĉ
†
i,↑ĉi,↑ĉ

†
i,↓ĉi,↓. (2.43)

The first set of terms, weighted by the hopping parameter t, capture the kinetic
contribution of electrons hopping between all nearest neighbour lattice sites. The
second set of terms, proportional to repulsion parameter U, introduces interactions
between electrons by effectively increasing the local energy for configurations based
on the number of doubly occupied sites. It is exactly the inclusion of the repulsion (or
attraction) between electrons that introduces correlation effects between the different
electrons leading to the breakdown of mean-field approximations for non-negligible
repulsion U/t.

The Hubbard model can represent a variety of quantum effects underpinning
material properties, such as the transition from a conductor to a Mott insulator.
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However, just like for the J1-J2 model no general analytic solutions exist to describe the
physics for all parameter regimes and lattice structures, making this model another
common test bed for numerical methods approximating electronic behaviour [332].

The studies of the Fermi-Hubbard in this work are based on using a basis con-
structed from the occupancies of the different lattice sites, which is, e.g., outlined
with more detail in Ref. [333]. This means that basis states |x⟩ are defined in a second
quantized representation. The occupancy of lattice site i, xi, can take values 1 to
4 depending on whether the site is unoccupied, occupied with a single spin-up or
spin-down electron, or empty. This occupancy number representation of the basis
states does not rely on a labelling the different electrons so that the indistinguishability
of the particles is directly incorporated into the basis. However, for the evaluation
Fermionic expectation values, it needs to be ensured that the Fermionic commutation
relations are respected. These are defined as

{ĉ
†
i,σ1

, ĉj,σ2} = ĉ
†
i,σ1
ĉj,σ2 + ĉj,σ2 ĉ

†
i,σ1

= δi,jδσ1,σ2 (2.44)

{ĉ
†
i,σ1

, ĉ†j,σ2} = {ĉi,σ1 , ĉj,σ2} = 0. (2.45)

The Fermionic character can be incorporated by uniquely identifying each basis
state |x⟩ with a configuration for which electrons are created in the occupied modes
starting from the vacuum state |0⟩ in a normal order. This means that the basis states
are defined as

|x⟩ = ĉ†
r(1),σ(1)ĉ

†
r(2),σ(2) . . . ĉ

†
r(N),σ(N)

|0⟩. (2.46)

Here, r(i) and σ(i) denote the lattice site and spin that electron i occupies, and the
total number of electrons in the configuration is N. In this definition, the ordering of
the creation operators is fixed to be in normal order, i.e., the labels i are chosen such
that the sequence of tuples (σ(i), r(i)) is sorted in ascending order. Having defined a
specific ordering of the lattice sites, the matrix elements of Fermionic operators in the
chosen basis can easily be evaluated by applying the operator to the ordered string
of creation operators of the basis configurations. The evaluation of these strings then
results in parity prefactors for the matrix elements that can efficiently be evaluated
(see more details in section 5.1.2).

The construction of the computational basis states outlined above is equivalent
to the Jordan-Wigner mapping of Fermionic Hamiltonians to 2L spin-1/2 (or qubit)
degrees of freedom. The parity prefactors obtained in the evaluation of operator matrix
elements depend on the chosen ordering of the sites (and spins). Therefore, also the
sign structure of the modelled ground state will depend on the chosen ordering, and it
can be expected that the performance of the ansatz depends on how well the emerging
sign structure can be captured. E.g., for one-dimensional Hubbard models, a canonical
ordering of the sites and spins is given by ordering the site indices along the chain for
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each spin separately. Under choice of appropriate boundary conditions, this results in
positive ground state wavefunctions for the Hubbard chains in this basis. In higher
dimensional systems however, it is not clear how to define such a canonical ordering,
which contributes to a sign structure of the target state in the chosen basis depending
on the employed ordering.

It is not strictly necessary to incorporate an explicit anti-symmetrization of the
state when working in the specified basis of Fock states. Nonetheless, it is often
useful to include mean-field characteristics into the ansatz that dominate for systems
of weak correlation. Including such mean-field characteristics with states explicitly
anti-symmetrized with respect to exchanges of electron labels also avoids the ordering
ambiguities outlined above as the spanned space of states is invariant under a change
of the chosen ordering.

A key building block for this is the SD, specifying an anti-symmetrized product
of single electron wavefunctions. The wavefunction amplitudes for this ansatz can be
evaluated efficiently for configurations of the defined computational basis.

Ansatz (Slater determinant). The Slater determinant defines an anti-symmetrized product of
single-body states, giving the state

|Ψ⟩ =
N∏
i=1

(

L∑
j=1

∑
σ∈{↑,↓}

ϕi(j,σ) ĉ
†
j,σ)|0⟩. (2.47)

Here, the functions ϕi(j,σ) define the N single particle wavefunctions (the orbitals) over the
spin (σ) and spatial (j) degree of freedom, which can be fully parametrized with 2LN parameters
for lattice models. The wavefunction amplitude for a configuration x is given by the determinant
of an N×N matrix U, i.e.,

Ψ(x) ∼ det(U). (2.48)

This matrix is constructed from the orbital values at the positions and spins occupied by the
electrons in the configuration. That is to say, the coefficients of U are specified as

Ui,j = ϕi(r(j),σ(j)). (2.49)

A description of a single SD can easily be inferred by mean-field approaches
such as the Hartree-Fock (HF) method. Because this cannot capture any correlations
between the electrons, it is often useful to combine a mean-field reference state with
an additional prefactor introducing appropriate descriptions of the correlations. The
general prototype for this construction is the Slater-Jastrow ansatz, in which a single
SD is multiplied with a Jastrow prefactor.
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Ansatz (Slater-Jastrow). The amplitudes of a Slater-Jastrow ansatz are given by

Ψ(x) = ΨJ(x)×ΨSD(x), (2.50)

where ΨJ is an electronic Jastrow ansatz according to Eq. 2.33 and ΨSD a single SD as defined
in Eq. 2.47.

The general idea of incorporating a mean-field type ansatz as a baseline reference
into the state can also be extended beyond simple SDs. Another reference state
considered in this work is the Pfaffian pairing wavefunction [334], which also spans the
variational class of SDs. Physically, this state is inspired by the idea of approximating
a state as an anti-symmetrized product of two-electron functions (the pair orbitals),
ϕ̃(ri,σi, rj,σj), over all electron pairs in the system. By assuming an antisymmetric
pair orbital (i.e., ϕ̃(ri,σi, rj,σj) = −ϕ̃(rj,σj, ri,σi)) and using the same orbital function
for all electron pairs in the system, the resulting wavefunction amplitudes can be
evaluated efficiently by means of Pfaffians of matrices.

The Pfaffian denotes a matrix operation that is defined for 2n× 2n skew-symmetric
matrices, i.e., ones for which the coefficients fulfil Ai,j = −Aj,i. It is given by the anti-
symmetrized product of the matrix coefficients evaluated w.r.t. a set of matrix index
pairs. These are the index pairs (i, j) for which i < j and where each index 1 . . . 2n
appears exactly once in an index pair of the set. The anti-symmetrization is applied
w.r.t. the different possible sets of pair indices, such that the result is antisymmetric
under exchanges of a first index of one pair with a second index of another pair [335].
The resulting Pfaffian of a 2n× 2n skew-symmetric matrix A, denoted as Pf(A), can
be evaluated similarly to an evaluation of a determinant efficiently with roughly O(n3)

operations [232].

Ansatz (Pfaffian wavefunction). The Pfaffian ansatz is, for even numbers of electrons, defined
as [230]

|Ψ⟩ = (

L∑
i,j=1

∑
σi,σj∈{↑,↓}

ϕ̃(ri,σi, rj,σj) ĉ
†
i,σi
ĉ
†
j,σj

)N/2|0⟩. (2.51)

Its amplitudes can be evaluated as

Ψ(x) ∼ Pf(Ũ − ŨT ), (2.52)

where the matrix Ũ is an N×N matrix with coefficients

Ũi,j = ϕ̃(ri,σi, rj,σj). (2.53)

The Pfaffian reference states applied in this work are constructed to explicitly
incorporate a vanishing total spin magnetization of the system. This is achieved by
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fully parametrizing the part of the pair-orbitals corresponding to a pairing between a
spin-up and a spin-down electron and explicitly setting the other blocks of the pair
orbitals to zero. This results in a total of L× L parameters for the Pfaffian reference
state. Further symmetries can also easily be incorporated into the reference state by
including appropriate symmetry projections into the definition of the ansatz [230]. Due
to the specific form of the mean-field reference states, it is also possible to efficiently
include a projection onto an eigenstate of Ŝ2 with a specified associated quantum
number S.

The Hamiltonian of Fermi-Hubbard model in the specified basis connects each
basis configuration with O(L) basis configurations with non-vanishing matrix elements.
A naive implementation of the local energy evaluation thus involves a number of
wavefunction evaluations scaling linearly with the system size. Neglecting marginal
optimizations, each individual evaluation of a determinant or Pfaffian in the mean-field
reference states scales roughly as O(L3) (assuming a number of electrons proportional
to L). While this indicates an overall scaling of O(L4) for each evaluation of the local
energy, this can be reduced to a scaling of O(L3) for the Hubbard models. This can be
achieved by applying efficient updating of the determinant/Pfaffian values for each
connected configuration [336, 337].



3

B AY E S I A N R E G R E S S I O N T E C H N I Q U E S F O R WAV E F U N C T I O N S

Based on the general framework for the description of many-body states outlined
in the previous chapter, this chapter introduces the representation of Gaussian Pro-
cess States (GPSs). The central motivation of the GPS description is to define the
representation based on Bayesian regression principles as emerging in the framework
of Gaussian Process regression (GPR). Similar to the function approximation with
artificial neural networks (NNs), such approaches can provide descriptions of input-
output relationships that are extracted from presented data points. By introducing
generic probabilistic assumptions, the obtained representations are not restricted in
their flexibility, but they also carry a high degree of interpretability and intuition.
These characteristics provide the main motivation for the utilization of the techniques
to describe many-body quantum states, resulting in the GPS ansatz.

3.1 bayesian learning with gaussian processes and linear models

The descriptions underpinning the construction of the GPSs emerge from a probabilistic
description of the presented data based on particularly suitable statistical assumptions.
In general, this means that a probability distribution over function outputs is described,
thus also providing uncertainty measures for evaluated function predictions. Basis
for the utilized probabilistic description of the data is an assumed prior probability
distribution, defining the distribution over data points without any information from
presented data points. The available data points provide additional knowledge about
the function that is incorporated via a likelihood. The key element for the Bayesian
modelling of function estimations is to obtain a probability distribution that agrees with
the likelihood of the data and the assumed prior. As obtained from Bayes’ theorem,
this posterior distribution is then found to be proportional to the product of likelihood
and prior.

The GPR approaches, as utilized in this work, are based on specific prior and
likelihood assumptions that are intuitive and give rise to particularly compact, easily
computable posteriors. These models can be formalized via an interpretation of the
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target functions as Gaussian ProcessGaussian Processes (GPs), or equivalently, these
can also be viewed as models emerging from Bayesian regression with linear models
in a (potentially high dimensional) space of features. Both perspectives can provide
valuable insight into the effectiveness and conceptual foundations of these models
and are therefore briefly outlined in the following. The formulation in terms of GPs
provides foundational justifications and clear intuitions of the function approximation
concepts. The Bayesian regression with linear models, on the other hand, provide
additional practical tools exploited in this work to obtain particularly compact many-
body state descriptions. A thorough description of the discussed Bayesian regression
approaches can, e.g., be found in Ref. [214], where the two perspectives are denoted as
the ‘function space’ and the ‘weight space’ view respectively.

3.1.1 Gaussian Processes for function regression

Though in a standard textbook, as the one referenced above, the GP perspective is
typically introduced as a formalization of the linear regression methods, here the GP
understanding of the applied function approximation is discussed first.

The general task achieved within the GPR framework is that of inferring an input-
output relation of an unknown function based on observed function samples (data
points). This is achieved by modelling a full probability distribution over the space
of potential functions utilizing the concepts of GPs. A GP is formally defined as
a sequence of variables for which any subset of variables taken from this sequence
follows a joint normal distribution. For the application of the GPR framework, the
function describing the wanted input-output relationship, here simply denoted as
f(x), is interpreted as a GP. This means that for any collection of input points {x},
the probability distribution over the function values {f(x)} follows a joint normal
distribution.

This distribution over function outputs is specified by the mean values {µ(x)} and
a covariance matrix. The covariance matrix can be constructed by evaluating the
covariances between pairs of inputs, x and x ′, which is defined via a kernel function
k(x, x ′) that is symmetric. While a very intuitive interpretation of the kernel function
is given in the next section, it can already be seen in this GP formulation that it can
be used to ensure smoothness of the approximated function. If two inputs, x and x ′,
are ‘close to each other’ in some sense, then it can be expected that the function values
associated with these two input points are highly correlated, and similar function
values would be drawn when sampling a potential function from the GP. This notion
of proximity between different inputs is formalized by the introduction of a suitable
kernel function, which can be evaluated between different input points, in the sense
that larger kernel values correspond to a larger correlation between function values.
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The GP is then fully characterized by the mean values, µ(x), and the kernel function
defined for pairs of inputs k(x, x ′).

Without any training data that can be used to infer the approximation, typically a
vanishing mean of µ(x) = 0, is assumed. This then defines a prior distribution over the
functions, i.e., a distribution before taking any data points into account. Specifying a
concrete kernel function, it is possible to draw different realizations from this prior,
which is visualized for the example of one-dimensional functions in the left panel
of Fig. 3.1. The fluctuations about the zero mean of the function values f(x) for the
drawn realizations are described by the variance s2(x) = k(x, x). It can also be seen
that the drawn functions are smooth. This is ensured by an appropriate choice of a
kernel function that decays to zero w.r.t. the distance between any two positions on an
appropriate length scale. In this example, a squared exponential kernel is used, a very
common choice for GPR. It can be defined as

k(x, x ′) = s2e
−

|x−x ′|
2l2 , (3.1)

where the parameter s2 describes the variance of the fluctuations around the mean and
the parameter l controls the length scale of the decay.
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Figure 3.1: Exemplification of GPR for learning the target function sinc(x) = sin(x)/x. The
left plot shows three different functions drawn from the prior distribution (green dotted lines),
defined by a constant mean of zero (solid blue line) and a covariance defined via the squared
exponential kernel, also defining the fluctuation of function values around the mean (for
which the standard deviation is indicated by the shaded area). The centre and right plot show
functions drawn from the posterior distribution emerging based on 5 (centre plot) and 20
(right plot) samples from the target function (indicated by red points). The mean and the
standard deviation of the posterior distribution are indicated by a solid blue line, respectively
the shading of the surrounding area.

Though it is possible to draw realizations from the prior, this does not yet in-
corporate any knowledge of data points based on which the final model should be
constructed. To incorporate the data points into the description, the probability distri-
bution conditioned on the observed data points (the training set) needs to be inferred.
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As a consequence of the GP assumption, this can be evaluated easily and a closed form
is obtained for this posterior distribution. In particular, the posterior distribution over
functions inferred from the available data points can again be understood as a GP with
modified mean and covariance. Representing the set of observed function values as a
vector y, the mean of the posterior GP evaluates to

µ(x) = k(x)T K−1 y. (3.2)

In this representation, the kernel matrix K is obtained by the evaluation of the kernel
function between all the training inputs, represented as a vector X. Its elements are
therefore defined as

Ki,j = k(xi, xj), (3.3)

where xi denotes the i-th configuration from the data set. The quantity k(x)T represents
a row vector of all the kernel values between the test input x and all the data set inputs
with elements defined as

k(x)i = k(x, xi). (3.4)

The covariance function for the posterior GP can also be obtained in closed form and
is given by

cov(x, x ′) = k(x, x ′) − k(x)T K−1 k(x ′). (3.5)

This formulation of the GPR framework underlines the commonly applied inter-
pretation of GPR as a parameter free function approximation scheme. Based on the
Gaussian assumptions and defining only a kernel function, a probability distribution
over possible input-output relations is inferred from available data points without
resorting to a functional model depending on parameters. With the ability to evaluate
the covariance matrices for the posterior GP, the result therefore also incorporates
knowledge over the variability of the inferred distribution. This is also indicated in the
centre and right panels of Fig. 3.1. These visualize exemplified functions drawn from
the posterior distribution, which was inferred based on samples of the sinc function,
defined as sinc(x) = sin(x)/x. Using the defined squared exponential kernel, the
standard deviation in the posterior distribution, indicate by shaded areas in the figure,
increases with increasing distance from the data points. It thus represents a measure
of uncertainty of the function approximation with the mean of the posterior GP.

The results shown above assume perfect samples of the target distribution. However,
it is also possible to include an assumption of Gaussian noise of the data set into the
GPR framework. While the details of the derivation are shown in the next sections, it
is noted here that this results in a positive shift, equal to the variance of the Gaussian
noise, that is added to the matrix K in the equations above. It can therefore also
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significantly help with the numerical stability of the inference requiring a matrix
inversion.

Applying the general ideas of GPR to the description of many-body wavefunctions
is the core idea leading to the definition of the GPS outlined in this work. While the
resulting model can be motivated from different perspectives, the naming of the ansatz
highlights a very important intuition: The state can be interpreted as one emerging
from a GP describing functions over the Hilbert space. As such, it is associated with a
probabilistic distribution over quantum states.

3.1.2 Bayesian regression with linear models

An alternative perspective on the function estimator emerging in the context of GPR is
obtained by interpreting the framework as linear regression with Bayesian techniques
in a space of features. The function approximator, taking the form of a linear model in
the space of features, can be defined as

flin(x) =
Nfeatures∑

i=1

wiϕi(x). (3.6)

This defines a linear combination of the Nfeatures feature transformations, ϕi, each
mapping an input x to a scalar quantity. The weights wi associated with the features
are understood as parameters of the model, which can be obtained by fitting this
model to a set of data.

The importance of the feature transformation is exemplified for the classification
of data points as shown in Fig. 3.2. In the figure, two classes of data points (blue
and green) are positioned in the space of Cartesian coordinates, which cannot be
separated by a line in this original input space. Due to the radial distribution of the
data points however, it is possible to linearly separate the two classes in the space of
polar coordinates. Changing from Cartesian to polar coordinates is an example of a
specific feature transformation of the inputs into a two-dimensional feature space in
which a linear model is sufficient to separate the data points.

While, in the example of transforming the inputs into polar coordinates, the feature
space is only two-dimensional, in general the feature space can be of much higher
dimensionality. Crucially, the linear model as specified above represents a universal
approximator in the sense that any function can be described as the number of features
is increased. This can easily be seen by considering the feature space defined by the set
of delta functions positioned at all possible positions of the input space. This results
in a one-to-one mapping between an input to an output simply given by the weight
associated with this input. It can therefore describe an arbitrary function over the
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Feature
transformation

ϕ

Figure 3.2: Exemplification of the linear separability obtained by transforming the inputs of a
classification task into a specific feature space. The plots show two sets of data points associated
with two different classes (blue and green scatter points). The left panel shows the exemplified
data points in the original space of Cartesian coordinates, the right plot shows the same data
in a feature space given by polar coordinates in which the two classes are linearly separable.

input space. While this construction shows the universal approximation property of
the linear model, in practical applications it is however typically useful to introduce
more generic features that are non-orthogonal. These could, for example, be Gaussian
functions placed at all positions of the input space. This makes it possible to infer
a general model from limited data that also generalizes beyond the given function
samples, while it is still possible to represent any function to arbitrary accuracy.

The essential task to learning the linear model in the feature space is to find the
weights wi based on a given data set. In the following, the data set is specified by
the vector of inputs X with an associated vector of available function values y. This
regression task can be formulated in a rigorous Bayesian framework, which also relates
the formulation back to the function estimation with GPs as introduced above. Detailed
descriptions of this Bayesian inference procedures, for which the main elements are
repeated here, can, e.g., be found in Refs. [338] and [214].

The Bayesian inference of the weights is again achieved by bringing together a prior
model with the observed data points to obtain a posterior distribution. However, this
is now achieved by performing the inference in the space of weights, rather than in the
space of functions. This means that the prior distribution, p(w), describes a probability
distribution over the model weights, here represented as a vector w, that does not
depend on any data points. The prior is assumed to follow a multivariate Gaussian
distribution with zero mean, where the covariances between the random variables are
specified by a square positive semi-definite covariance matrix. Denoting the covariance
matrix as an inverse matrix A−1, the prior can therefore be defined as

p(w) =

√
det(

A
2π

)e−
1
2wTAw. (3.7)
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The data set can be taken into account by introducing a likelihood for data points
describing a probability distribution over the function values y = f(x) at the data
points. Assuming that the samples of the data set are generated around the values
of the predictor flin(x) with uncorrelated Gaussian noise, this results in a Gaussian
likelihood with vanishing covariances between different data points. The mean of the
likelihood for the function value y = f(x) is thus given by the linear predictor flin(x)
and the variance can be specified by a parameter σ2(x). Denoting the features for a
configuration x as a vector ϕ(x), the likelihood over the data set of Ntr data points can
be expressed as

p(y|X, w) =

Ntr∏
i=1

1√
2πσ2(xi)

e
− 1

2σ2(xi)
|yi−wTϕ(xi)|2 . (3.8)

Inference of the weights can then be achieved by application of Bayes theorem giving a
posterior probability distribution over the weights. This combines the prior distribution
with the training data.

For the discussed setup, Bayes’ theorem defines the posterior distribution as

p(w|y, X) =
p(y|X, w)p(w)

p(y|X)
, (3.9)

i.e., it is obtained as the product of likelihood and prior divided by a factor p(y|X).
This normalization factor is commonly referred to as the marginal likelihood and is
obtained by integrating the numerator over the space of weights as

p(y|X) =
∫
dwp(y|X, w)p(w). (3.10)

One of the key consequences of the assumptions made in the Bayesian inference
scheme, as introduced here, is that the posterior distribution over weights can be
obtained in closed form. As it emerges from the product of two Gaussian distributions,
the resulting posterior is also a normal distribution. The mean of the posterior, here
denoted as a vector µmp, is found as

µmp = ΣΦTBy. (3.11)

The quantity Σ denotes the covariance matrix of the posterior distribution given by

Σ = (ΦTBΦ+ A)−1. (3.12)

This expression utilizes the shorthand notation Φ to denote the Ntr ×Nfeatures matrix
with rows corresponding to the transposed feature vectors for all training inputs.
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Similarly, B is a diagonal matrix for which the i-th diagonal is given by the inverse
variance for the i-th data point, 1/σ2(xi).

The derived posterior distribution describes a probability model over the weights,
also factoring in the training data points. With the specified dependence of the function
outputs on the weights, this can be related back to a GP model for the approximated
function values. Skipping some manipulations of the matrix equation, the GP for the
function values obtained in this formulation is specified by a mean function

µ(x) = ϕT (x)A−1ΦT (ΦA−1ΦT + B−1)−1y, (3.13)

and a covariance function

cov(x, x ′) = ϕT (x)A−1ϕ(x ′) −ϕT (x)A−1Φ(ΦA−1ΦT + B−1)−1ΦA−1ϕ(x ′). (3.14)

It can be seen that these are equivalent to the GP description (derived in the previous
section for vanishing noise, i.e., B−1 = 0) if one defines a kernel function

k(x, x ′) = ϕT (x)A−1ϕ(x ′). (3.15)

This formulation therefore also provides a very intuitive interpretation of the kernel
function as a scalar product between transformed feature vectors A−1/2ϕ(x ′). These
transformed features are thus simply linear combinations of the original features,
and, if the covariance matrix of the prior, A−1, is chosen to be diagonal, the original
features are just rescaled by the transformation. Choosing a diagonal matrix A−1 for
the covariance of the weights is a very standard choice, also commonly employed in
this work. It represents the case where no correlation between the weights is assumed
a priori.

Based on the formulation above, it can be seen that the feature vectors don’t need
to be evaluated directly if scalar products between feature vectors can be evaluated
directly. This approach is commonly referred to as the ‘kernel trick’, which makes
it possible to use very high (or even infinite) dimensional feature spaces for which
the scalar product between transformed feature vectors can be evaluated efficiently.
In practical scenarios both perspectives can be useful depending on whether the
number of features is larger than the number of data points or the other way round.
Typically, the numerically most time-consuming part are the required inversions of
matrices. Whereas in the feature space formulation, the covariance matrix Σ needs to
be calculated, which requires an inversion of a matrix of size Nfeatures ×Nfeatures, the
GPR formulation requires an inversion of the Ntrn ×Ntrn matrix (K + B−1).

Overall, the discussed Bayesian inference scheme derives a posterior probability
distribution for the weights based on the assumed prior distribution and the likelihood
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for the presented data. Due to the posterior distribution being Gaussian, the mean
of the posterior is equal to the most probable weights, µmp. These are therefore
also exactly those parameters that maximize the product of likelihood and prior, or
equivalently its logarithm, i.e.,

µmp = argmaxw (log(p(w)× p(y|X, w))) , (3.16)

= argminw

(
Ntrn∑
i=1

|yi − wTϕ(xi)|2

σ2(xi)
+ wTAw

)
. (3.17)

Neglecting the term wTAw, the inference of the weights based on the Bayesian approach
is therefore also equivalent to a weighted least squares fit of the linear model to
the training data, where the squared error terms are weighted by the inverse noise
parameters 1/σ2(xi). The second term can be seen as an additional regularization
term that favours solutions for which the norm of ||A1/2w||2 is small. Within least
squares fitting approaches, this regularization approach has been discussed in different
contexts and is also referred to as Tikhonov regularization [339]. A common choice is
to apply an inverse covariance matrix proportional to the identity, A = α1, resulting in
a standard L2 regularization favouring solutions with small weights.

While the Bayesian regression framework outlined above defines a straightforward
way to obtain the solution for the weights, the results particularly depend on some
design choices that need to be made to apply the method. Firstly, suitable features need
to be specified. As it was outlined above, the specification of features is directly related
to the choice of a kernel function in the GPR framework. It can be viewed as a trans-
formed scalar product in the feature space (which could even be infinite dimensional).
Furthermore, the regression requires the concretization of the probabilistic models,
through the choice of the prior covariance matrix, as well as the characterization of the
data noise.

As another equivalence between the perspectives, the mean GPR predictor can also
be interpreted as a linear model in a feature space generated by the Ntr kernel values
evaluated for the data inputs. This means that the mean of the GP can be understood
as a linear model

f(x) =
Ntr∑
i=1

wi k(x, xi). (3.18)

In the GPR prediction, the weights would be fixed to the mean given by the expression
as specified in Eq. 3.2 according to

w = K−1 y. (3.19)
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Reinterpreting the weights instead as free model parameters, the model can be adjusted
to be defined with essentially any set of generic support points. This means that a
linear model is introduced that is defined as

f(x) =
M∑
i=1

wi k(x, x ′
i), (3.20)

with the key difference to the GP mean that the set ofM support points {x ′} is allowed to
be different from the set of training inputs. For the example of the squared exponential
kernel, this reformulation would therefore simply define a linear combination of
Gaussian functions placed at the different support points.

The main advantage over the strict GPR formulation is that the number of terms,
M, can in practice be chosen to be smaller than the number of training points, therefore
improving the computational efficiency of the model evaluation. Nonetheless, the full
expressivity of the GPR model can always be restored if the training inputs are used
as support points showing that such models also define universal approximators as M
is increased. However, a sparser representation, giving similar overall performance,
might be achieved if the model is defined with a particularly suitable set of support
points. A good choice of the support points is therefore crucial to obtain a sparse
representation. Different approaches to achieve this, exemplified for the context of
GPS representations, are discussed later in this work.

The linear combination of features, as presented in Eq. (3.20), does not necessar-
ily require the functions k(x, x ′) to be actual kernel functions giving rise to a valid
covariance definition for the GP formulation. This means that the functions k(x, x ′),
directly specifying linearly combined features, do not have to be positive semi-definite
and symmetric under exchange of the arguments. This would, however, be required
for ‘true’ kernels that can also be associated with scalar products in a feature space.
The features k(x, x ′) used to construct the GPS in this work frequently do not strictly
satisfy the requirements for an actual kernel function. Nonetheless, they are directly
related to kernel functions commonly used in the GPR framework and utilize their
representational power. Hence, these are, in the following, nonetheless often referred
to as ‘kernels’. This also makes the terminology equivalent with the existing litera-
ture [215–217]. Based on the equivalence between a Bayesian fitting of a linear model
to given data points and the GP formulation as outlined above, it is consequently also
always possible to define a new kernel function according to [214]

k̃(x, x ′) =
M∑
i,j=1

k(x, x ′
i)A

−1
i,j k(x

′
j , x ′). (3.21)
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This function satisfies the required kernel properties and defines a covariance for an
interpretation of the Bayesian fit in terms of GPs.

3.2 gaussian process states

3.2.1 Gaussian Process models for many-body wavefunctions

The central idea of the GPS representation is to construct a wavefunction ansatz
based on the GPR framework outlined in the previous section. More specifically, an
ansatz is constructed defining the wavefunction amplitudes based on the mean of a
GP. However, the function estimation is simply interpreted as a linear combination of
kernel functions as presented in Eq. (3.20). In the standard GP framework it is assumed
that the model is defined directly through the data provided for the regression in a
parameter free way. Through the interpretation of the model as a weighted linear
combination of kernel functions, more compact representations can be achieved by
identifying particularly relevant physical configurations. This perspective therefore
offers a more flexible framework for the representation of many-body quantum states,
while the Bayesian regression techniques are still applicable. The configurations that
define the linear combination of kernel functions are, in the following, denoted as the
support configurations of the model.

Following the motivation outlined in section 2.2.1 of the previous chapter, a sensible
representation of quantum states should factorize as a product over the different
system components according to

Ψ(x) =
L∏
i=1

Fi(x). (3.22)

In this form, the different models Fi(x) can be designed to extract the correlation of
the i-th mode with its environment. A natural application of the kernel models to the
description of quantum states can therefore be achieved by describing each function
Fi(x) as a separate linear model of the form

Fi(x) =
Mi∑
j=1

w
(i)
j k

(i)(x, x ′(i)
j ). (3.23)

Here the index i is simply used to label a separate linear model associated with each
of the system modes. This model is constructed with specified kernel functions k(i),
which can be evaluated for any computational basis state x and support configuration
x ′(i)
j . The support configurations, are, in the following, always marked by a ‘prime’
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symbol. These are selected quantum states, in this work, always considered to be either
computational basis configurations, or, in extensions of the model discussed later,
product states. The model weights, w(i)

j , can be interpreted as continuous variational
parameters of the model.

While the product construction defines a valid wavefunction ansatz, it practically
makes sense to merge the product of L different linear approximators into a single one.
As it is also applied in other common Variational Monte Carlo (VMC) wavefunction
models, such as Jastrow ansatzes, this can be achieved by applying the linear model as
an ansatz to model the log wavefunction amplitudes, resulting in a model

Ψ(x) = e
∑L

i=1

∑Mi
j=1w

(i)
j k(i)(x,x ′(i)

j ). (3.24)

The L different linear models can be merged into a single one, which then defines the
general GPS representation.

Ansatz (Gaussian Process State). The Gaussian Process State is specified by an exponentiated
linear combination of kernel functions for the wavefunction amplitudes, i.e.,

Ψ(x) = e
∑M

i=1wi k
(i)(x,x ′

i). (3.25)

In this general definition of the GPS, the kernel function carries an additional
index i, indicating that in principle different kernel functions can be used (and the
same support configuration might be included multiple times with different kernel
functions).

In analogy to the bond dimension of Matrix Product State (MPS), the total number
of support configurations, M, is in the following denoted as the support dimension of
the GPS. With the log wavefunction model obtained from merging L linear models into
one, it can be expected that this dimension should grow linearly with the size of the
system to achieve appropriate size-extensivity. However, for translationally invariant
lattice systems as studied in this work, a symmetrized version of the model related to
a convolutional symmetrization of NNs can be introduced. This means, that the exact
same linear model,

∑Mi
j=1w

(i)
j k

(i)(x, x ′(i)
j ), is used for all the L lattice sites (here labelled

by index i). That is to say, the model Fi should give the same output as the model Fj
for an input that is shifted according to the translation from site i to site j.

Applying the same estimator for each site, results in a model with a symmetrized
kernel function. It is symmetrized according to all translations across the system.
Further symmetries, such as point group symmetries of the lattice or spin inversion
symmetries, can be incorporated equivalently, defining a feature-symmetrized (or
kernel-symmetrized) GPS.
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Ansatz (Kernel-symmetrized Gaussian Process State). The kernel-symmetrization of the
GPS amplitudes is obtained as

Ψ(x) = e
∑M

i=1wi

∑
{S} k(S[x],x

′
i). (3.26)

Here, the set {S} consists of all symmetry operations the state should be invariant under
(especially including translations across the lattice).

The index i for the kernel is neglected because the specific GPS realizations consid-
ered in this work can all be specified with a single kernel function (similar to a GPR
model). Nonetheless, it would in theory also be possible to combine multiple differ-
ent kernel functions. The kernel symmetrized GPS defines a fully symmetric ansatz
satisfying Ψ(x) = Ψ(S[x]) for all included symmetry operations S. It is therefore not
directly applicable to describe quantum states associated with non-trivial characters of
the symmetry group. Such states can either be described by including an appropriate
symmetrization including the correct phase prefactors into a different reference state,
or by using a projective symmetrization scheme, which is outlined in section 4.2.3 of
chapter 4.

Overall, the variational class of the GPS emerges from two essential components
defining the state characteristics that can be described with the model. The definition
of a GPS ansatz class requires the definition of an appropriate kernel function, as
well as a suitable set of support points for the model. The following sections outline
how physically intuitive kernel functions can be constructed and how particularly
relevant features can be identified from given wavefunction data based on the Bayesian
regression framework outlined above.

3.2.2 Designing kernel functions for quantum many-body states

Leaving the task of selecting a good set of support configurations aside for now, the
variational expressibility of the GPS is essentially governed by the choice of the kernel
function. The kernel function simply takes as input two configurations x and x ′ from
the Hilbert space and maps these to a scalar quantity k(x, x ′). Following the discussion
above, it can also directly be identified as a scalar product in the space of modelled
correlation features if it is a symmetric positive semi-definite function. Importantly
though, this scalar product is evaluated directly through the kernel function without
requiring to apply the feature transformation. This characteristic makes it possible
to capture exponentially large feature spaces and efficiently include a broad variety
of different correlation properties into the GPS. Assuming that essentially any many-
body configuration of the Hilbert space could be included into the set of support
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configurations, the kernel function thus specifies which exact correlation features are
modelled (and what importance is attributed to them).

By modelling the log wavefunction amplitudes as a linear model, the resulting GPS
can be interpreted as a product over the weighted correlation features, in spirit very
similar to the construction of Correlator Product States (CPSs). Crucially though, based
on the kernel trick, it is possible to combine multiple (potentially infinitely many)
correlation features, which are only defined implicitly. Nonetheless, the correlation
features also described in CPS representations can provide a sensible starting point to
design appropriate kernel functions for the description of correlated quantum states.

As an example, the (non-symmetrized) kernel k could be chosen to explicitly extract
the correlation properties within a local environment around a chosen reference site. In
the non-symmetrized formulation above, which associates a separate kernel function
k(i) with each system mode i, it would make sense to identify the mode label i as the
reference site. However, with the translational symmetrization as above, the choice of
the reference site, here denoted as r(0), is arbitrary as the symmetrization ensures that
the kernel comparison is applied at all sites of the system. The correlation properties
are extracted by simply comparing the configuration at the chosen environment around
the reference site r(0) of the test configuration x with that of the support configuration
x ′. Such a construction defines an n-body plaquette kernel, defined as

kn(x, x ′) =
n−1∏
i=0

δxr(i),x ′
r(i)

. (3.27)

The positions r(i) denote the indices of the sites that are covered by the plaquette
comprising n sites around the reference site. A central building block to construct this
kernel function (and others introduced below) is the Dirac delta, δxr(i),x ′

r(i)
. This either

evaluates to one if the two local states at site r(i) are equal and to zero otherwise. The
plaquette kernel therefore either returns zero or one depending on whether the two
configurations are the same over the specified plaquette or not.

Just as the definition of the CPS, the plaquette kernel requires to define the corre-
lation plaquettes over which the correlation properties are described. In principle, it
is possible to use plaquettes that span across the full lattice in which case the kernel
could still be evaluated efficiently. However, such a construction would simply give a
one-to-one matching of a configuration with a specific support configuration meaning
that the kernel either evaluates to one if both configurations are the same or to zero
otherwise. Nonetheless, some specific states might still be described efficiently (i.e.,
using a non-exponential number of support configurations) with such a construction.
Due to the direct one-to-one identification of basis configurations with features, these
are exactly those wavefunctions for which the amplitudes in the chosen basis deviate
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from a constant only for a small set of basis states. Examples for such states include
the ‘W state’ and the ‘Greenberger-Horne-Zeilinger state’ [340], common prototypes
for highly entangled states.

In order to use the GPS as a tool to describe general quantum states capturing
arbitrary correlation ranges across the system, it is sensible to introduce smoother
kernel functions giving rise to non-orthogonal features for different basis states. Rather
than restricting the modelled correlation features to a specific range, a kernel can be
introduced that defines the features as linear combinations over possible correlations of
up to a specified number of constituents across the whole system. Such a construction
inspires the p-body kernel, which can be defined as [216]

kp(x, x ′) =
δxr(0),x ′

r(0)

N

(
θ+

1

p− 1

L−1∑
i=1

δxr(i),x ′
r(i)

f(r(i))

)p−1
. (3.28)

The normalization N ensures that the kernel values are normalized to be between zero
and one and is defined as

N =

(
θ+

1

p− 1

L−1∑
i=1

1

f(r(i))

)p−1
. (3.29)

In addition to a specified correlation order p, the p-body kernel is parametrized by
an introduced order-weighting hyperparameter, θ, and a displacement weighting
function f(i) (which can be parametrized further with additional hyperparameters).
The parameter θ controls the weighting of higher-order correlation features with respect
to lower-order features, in a way that larger values of θ put a stronger weighting on
those correlations that contain fewer modes. The parametrized function f(i) can be
defined to additionally introduce a weighting of the features based on the positions of
the sites contained in each correlation feature.

If the correlations in the target state are expected to be local (as it is the case for
states with a low degree of entanglement), it is sensible to weight correlations across
more local plaquettes higher in the kernel function. This can be achieved by defining
the function f(i) such that it only depends on the distance from the reference site and
decays with increasing distance. A choice employed in this work is the polynomial
decay modelled by the weighting

f(i) = |r(i) − r(0)|γ , (3.30)

depending on a new hyperparameter γ controlling the rate of the decay.
It can be seen that an expansion of the p-body kernel above yields products of up

to p delta functions, each identifying one particular configuration pattern contributing
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to the extracted features. The properties described by this kernel only ever capture
correlations between up to p-components, i.e., these could individually all be described
with p-body functions over corresponding plaquettes. However, this kernel combines
all possible plaquettes and does not include any restriction on the range or shape of
these. This is very similar to the construction of a Jastrow ansatz, which defines the
wavefunction as a product over all possible two-body functions of pairs of sites. The
two-body kernel (p = 2) constructed from all linear combinations of one- and two-body
functions, thus defines GPSs with an equivalent variational span as the generalized
Jastrow ansatz as defined in Eq. (2.31) of the previous chapter.

The parametrization of the p-body kernel as above highlights a key strength of
the GPS construction. For correlation orders p ⩾ L, the emerging GPS is a complete
model. This means that any wavefunction can be described (satisfying the incorporated
symmetry) if the support configurations correspond to the full Hilbert space basis.
Crucially though, even for sparser sets of support configurations, the model combines
all possible correlation features across the Hilbert space in this limit efficiently through
the kernel function. It can therefore be expected that such a model allows for a
relatively smooth and systematic improvement of the model by increasing the size of
the support configurations set, i.e., the support dimension. However, the effectiveness
of the model to describe target states of interest compactly practically also depends
on the support configurations as well as the kernel hyperparameters that need to be
specified. Approaches to find sensible choices for these are presented in the following
sections.

The p-body kernel can be seen as a very general sensible kernel prototype for GPS.
It is constructed based on possible correlation plaquettes across the system, and the
resulting model can still be evaluated efficiently (assuming only a small set of support
configurations is chosen). To be able to capture all possible correlations, the order
p should be chosen to be at least equal to the system size L. Instead of scaling the
correlation order p with the size of the system, it is also possible to directly evaluate
the p → ∞ limit of the kernel [216], allowing for a size independent construction.
Exploiting the identity ex = limn→∞(1+ x

n)
n, the evaluation of this limit defines a

kernel [215]
kp→∞(x, x ′) = lim

p→∞kp(x, x ′) = δxr(0),x ′
r(0)
e−h(x,x ′)/θ. (3.31)

This depends on the function

h(x, x ′) =
L−1∑
i=1

1− δxr(i),x ′
r(i)

f(i)
. (3.32)

The function h(x, x ′) can be understood as a weighted distance metric between
the two sub-configurations of x and x ′ at all sites except for the reference site. In the
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case of a uniform distance weighting, i.e., f(i) ∼ 1, the function h(x, x ′) is equivalent
to the Hamming distance between two strings [341], simply counting the number
of positions where the two sub-configurations are not equal. The obtained kernel is
therefore directly related to generic kernel functions commonly employed in the GPR
framework based on the exponentiation of a function of a distance measure between
data points. In addition to the squared exponential kernel discussed before, these
also include kernels directly exponentiating a negative (scaled) distance, commonly
denoted as exponential kernels [214] or Laplacian kernels [342]. The kp→∞ function is
therefore, in the following, referred to as the exponential kernel. Within the context of
GPS it encapsulates a large degree of intuition about the correlation properties that are
described. Representing the limit of the p-body kernel for infinite correlation order p,
it can be associated with an efficient evaluation of the weighted linear combination
of features including all possible correlation plaquettes across the system. Such a
kernel construction is visualized in Fig. 3.3, which exemplifies how the kernel value
is obtained by finding matching patterns over entanglement plaquettes around a
reference site within the two example configurations x and x ′.

Test configuration x

Support configuration x ′

Figure 3.3: Matching of sub-configuration patterns between two configurations in the p-body
kernel and the exponential kernel. The final kernel value can implicitly be associated with
a weighted sum of delta functions over all possible configuration patterns of up to p modes
including the reference site. Exactly those correlation plaquettes contribute to the final kernel
value over which the two configurations are the same. The coloured plaquettes indicate such
equal sub-configurations for the two example spin configurations x and x ′.

The kernel construction discussed is also related to the general concept of additive
GPs. For these, the kernel functions are defined as linear combinations over different
correlation orders for which the terms for the n-th correlation order are given by
the sum over all possible products of n one-dimensional base kernels [343]. For the
exponential GPS kernel, a linear combination of different correlation orders can be
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extracted by analysing the Taylor expansion of the kernel function. This yields the
expansion

kp→∞(x, x ′) =

δxr(0),x ′
r(0)

1− L−1∑
i=1

(1− δxr(i),x ′
r(i)

)

θf(i)
+
1

2

L−1∑
i=1

L−1∑
j=1

(1− δxr(i),x ′
r(i)

)(1− δxr(j),x ′
r(j)

)

θ2f(i)f(j)
− . . .

 .

(3.33)

With the prefactor δxr(0),x ′
r(0)

extracting all correlation plaquettes in which the reference
site is contained, the n-th order of the Taylor expansion can thus be associated with
all correlation plaquettes containing up to n+ 1 sites. The weighting for the terms of
the n-th order plaquettes involve prefactors of the form

∏L
i=1 θ× f(ji). The combined

weighting function θ× f(ji) thus effectively controls the weighting of the different
correlation orders in this kernel. For larger values θ× f(i), the relative contribution
of the single mode distance (1− δxr(i),x ′

r(i)
) decreases in the higher correlation orders

so that a higher relative importance is associated to smaller entanglement plaquettes
including modes r(0) and r(i).

3.3 bayesian compression of quantum states

The kernel functions introduced in the previous section implicitly define how corre-
lation features are described by the GPS. As discussed, the introduced kernels allow
for an efficient approach to capture correlation characteristics over arbitrary ranges
and numbers of system components. Together with the choice of the kernel hyper-
parameters, the general span of GPS however also depends on the set of support
configurations on which the representation is based. While the kernel can be evaluated
efficiently for any two configurations x and x ′, the GPS representation is only an
efficient representation if a compact support configuration set can be found. Finding
appropriate kernel hyperparameters and support configurations is therefore a crucial
element in order to utilize the GPS representation as a practical numerical tool. Ideally,
the most efficient GPS representation should be extracted that either reaches some
pre-defined target accuracy or for which the computational effort is fixed.

In this section, a scheme is introduced to achieve exactly this task for the GPS in a
data-driven way. This means that the extraction of the support configurations is based
on learning a representation from available wavefunction data. This data consists of
basis configurations, together with associated wavefunction amplitudes. While this
approach requires the availability of wavefunction data, it is shown that this method
makes it possible to systematically obtain a highly compact representation of the data.
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The introduced scheme is based on the concept of Relevance Vector Machines (RVMs)
— an approach to extract the most relevant features for a linear model based on a
rigorous application of the Bayesian regression techniques as introduced in section
3.1.2.

The kernel-symmetrized GPS, as defined in section 3.2.1, defines the log amplitudes
of the wavefunction in the computational basis as a linear model according to

ω(x) = log (Ψ(x)) =
M∑
i=1

wi
∑
{S}

k(S[x], x ′
i). (3.34)

The central idea presented in this section is to fit this linear model for the log amplitudes
to the presented data set utilizing the Bayesian framework. This is achieved by
identifying the symmetrized kernel values as the different model features, Φx ′

i
=∑

{S} k(S[x], x ′
i), and transform the given data set of wavefunction amplitudes into the

log space. Specifically, the configurations of a data set are combined into a vector X.
The data values are given by a vector ω, which comprises the logarithm of the given
wavefunction amplitudes associated with the configurations. As a starting point, in
this section the training data is chosen to be the exact wavefunction data for ground
states of systems small enough to obtain the state by exact diagonalization of the
Hamiltonian. Typically, the wavefunction amplitudes of the data set are rescaled to
fix their general order of magnitude within the training procedure. The (neglected)
normalization of the state is incorporated in the evaluation of expectation values.

In addition to specifying the support configurations and the kernel hyperparam-
eters, the regression approach requires the specification of a prior variance for the
weights of the model, as well as a specification of the noise process variance, σ2(x). In
general, the exact wavefunction data, on which the model is fit, is exact, i.e., noise free.
Nonetheless, it is generally helpful to assume some degree of noise in the training
data. This allows for incorporation of the regularization through the prior specification.
Furthermore, the most relevant support configurations can be identified with the
probabilistic techniques (which is the central idea of the RVM).

The application of the Bayesian learning approach requires the definition of the
prior and the likelihood variance. As is standard, the covariance matrix of the Gaussian
prior is defined as a diagonal matrix with parametrized diagonal. The likelihood
variance is chosen in a way specific to the fact that the linear model is applied in the
log space and not in the space of actual amplitudes.

The variance of the likelihood essentially characterizes the variability of the log
amplitudes around the mean parametrized by the linear model. Under the assumption
of a constant, configuration independent variance σ2(x) = σ2, the errors of the log
wavefunction amplitudes would therefore be expected to be constant. While this is
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often a reasonable choice, an error on the log amplitudes that is assumed to be constant
results in an error growing with the magnitude of the wavefunction amplitudes [216],
which is usually not desired. The assumption of a Gaussian likelihood with variance
σ2(x) for the log amplitudes, can also be transferred to the random variables associated
with the actual amplitudes, Ψ(x). For these, a log-normal distribution is obtained. Such
a log-normal distribution of the actual amplitudes has a variance that evaluates to

Var(Ψ(x)) =
(
eσ

2(x) − 1
)
|⟨Ψ(x)⟩|2, (3.35)

where ⟨Ψ(x)⟩ denotes the mean of the (non-log) amplitude likelihood. It can directly
be seen, that this variance grows linearly with the mean if σ2(x) is constant. This
means that the errors of the fit would generally increase with increasing wavefunction
amplitude magnitude.

In order to achieve an error of the amplitudes that is (approximately) constant, a
single parameter σ̃2 is introduced to characterize the variance Var(Ψ(x)). Inserting
this fixed variance into Eq. (3.35), the equation can be solved for σ2(x). This gives the
expression

σ2(x) = log
(

σ̃2

|⟨Ψ(x)⟩|2
+ 1

)
. (3.36)

Assuming that the presented data points can be fit well with the model, the mean of
the amplitude likelihood evaluated for a data point, ⟨Ψ(xi)⟩, is roughly equal to the
data amplitude. This means it is assumed that

⟨Ψ(xi)⟩ ≈ eω(xi). (3.37)

Following this assumption, the fit to the log space data is then performed with the
likelihood variances

σ2(xi) = log
(

σ̃2

|eω(xi)|2
+ 1

)
. (3.38)

As a first test of the Bayesian learning scheme, an inference of the posterior
distribution over the weights based on the given data set can be applied for randomly
chosen sets of support configurations. That is to say, a GPS representation of the given
data is obtained by adopting the mean of the posterior according to Eq. (3.11) as the
model weights. The value of the inferred posterior mean depends on a hyperparameter,
σ̃2, and the chosen covariance matrix A−1.

The success to ‘learn’ the target state, |Ψt⟩, can be gauged by evaluating the mean
squared error obtained with the model defined as

L =
1

Nstates

∑
x

|Ψ(x|w) −Ψt(x)|2. (3.39)
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Here, the sum runs over all configurations of the Hilbert space with dimension Nstates,
the predicted GPS amplitudes with the adopted weights are denoted as Ψ(x|w) and
the amplitudes of the target state are denoted as Ψt(x). Overall, it can be expected that
the error w.r.t. the target state decreases as the GPS model gets more expressive, e.g., if
the number of support configurations is increased.

This overall expected behaviour is exemplified by the results presented in figure
3.4. The figure shows the error w.r.t. a target state for different sets of support
configurations, chosen at random from the set of symmetrically inequivalent basis
states. In this example setup, the target state which is fitted is the exact ground state
of a half-filled one-dimensional Fermi-Hubbard model comprising eight sites (with
anti-periodic boundary conditions) at U/t = 8. The linear features of the GPS model
are defined by the exponential kernel defined in Eq. (3.31) symmetrized according to
all translations of the lattice. This means the GPS representation of the ground state is
defined as

Ψ(x) = e
∑M

i=1wi k(x,x ′
i), (3.40)

with the symmetrized exponential kernel

k(x, x ′
i) =

∑
S

δS[x]r(0),x ′
r(0)
e−h(S[x],x

′)/θ. (3.41)

The sum over symmetry operations, S, includes all translations along the chain. The
weighting function f that defines the weighting in the distance h(x, x ′) is chosen
to follow the polynomial decay with distance from the reference site according to
Eq. (3.30). That is to say, the (Hamming) distance metric is defined according to

h(x, x ′) =
L−1∑
i=1

1− δxr(i),x ′
r(i)

|r(0) − r(i)|γ
. (3.42)

Based on the specified setup, Fig. 3.4 includes a total of 10, 000 scatter points. Each
is associated with a Bayesian fit of the target state, based on a randomly selected
support set. The fitted data set comprises all symmetrically inequivalent configurations
with associated exact amplitudes rescaled to give a vanishing mean over all log
training amplitudes. The support configurations were generated for a specified size
by sampling configurations with uniform probability without replacement from the
set of symmetrically inequivalent configurations. Each scatter point in the figure
represents the mean squared error of the inferred model w.r.t. the target state in
relation to the number of support configurations used. In this example, the inverse
covariance matrix A was chosen to be proportional to the identity, i.e., A = α1, with the
same prior variance, 1/α, for each weight. While different techniques to find sensible
hyperparameters for the fit are described further below, the coloured scatter points in
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Figure 3.4: Mean squared error vs. the number of support configurations for a fit of the GPS
to a Fermi-Hubbard model ground state (half-filled one-dimensional anti-periodic chain of
L = 8 sites at U/t = 8) for different support configuration realizations. The coloured scatter
points represent different random realizations of support set selections. The fits were achieved
with a fixed covariance parameter α = 1, the kernel hyperparameters were chosen as γ = 1

and θ = 10, and a noise parameter of σ̃ = 10 was used. The colouring of the scatter points is
chosen according to the calculated marginal likelihood where larger values are represented by
green, smaller values by blue colours and the scale is adjusted in the two insets, which simply
magnify parts of the main plot. The dark grey scatter point indicates the result obtained with
the application of the RVM with the same noise and kernel hyperparameters. Figure (adjusted)
reproduced from Ref. [215], with the permission of AIP Publishing.

the figure all correspond to the same fixed choice for the different hyperparameters α,
σ̃, γ and θ.

It can be seen in the figure that, overall, the mean squared error of the learned repre-
sentation decreases as the size of the support configuration set increases. In the limit of
large support configuration sets, a mean squared error of less than 10−6 is approached.
While the error for essentially complete support sets is ultimately dominated by the
chosen noise and prior parameters, it is exactly the limit of few support configurations
that is of particular interest here. In this limit of very compact GPS representations, a
large fluctuation of the resulting errors can be observed for different random selections
of the support set. This observation highlights an important characteristic of the GPS:
Some configurations are more relevant as support configurations than others for an
efficient representation of the target state.

An approach to identify the most relevant support configurations from a pool of
candidates based on the RVM is described in the next section. For the application
of the RVM, an appropriate prior covariance is defined that gives rise to particularly
compact representations of the data. Underlining the general success of the RVM with
identifying the particularly relevant support configurations, Fig. 3.4 also includes a
black scatter point corresponding to the fit of the data obtained with the RVM. It can
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be seen that the error achieved is significantly smaller than for all randomly selected
sets of size similar to the one selected by the RVM.

3.3.1 Marginal likelihood based model selection and the Relevance Vector Machine

The selection of support configurations (and kernel hyperparameters) can be achieved
with strict Bayesian inference principles. Just like a posterior distribution is inferred for
the weights in a fit, one can aim to infer a full probability distribution over all possible
GPS models, specified by weights, support configurations and further hyperparameters,
from the given data.

Assuming that the noise parameter σ̃2 is fixed to specify a desired target accuracy
that should be achieved by the fit, such an inference scheme therefore finds a posterior
of the form

p(w, {x ′},k|ω, X, σ̃2). (3.43)

This posterior is a joint probability distribution over the space of weights w, support
configuration sets {x ′}, and kernel functions k (in the case above characterized by
hyperparameters γ and θ). It takes into account the training data and the variance
hyperparameter σ̃2. In order to find such a joint probability distribution, a practical
approach is to separate the inference of the weights from the rest of the model
specifications [214, 338]. This means the posterior is factorized into a product according
to

p(w, {x ′},k|ω, X, σ̃2, A) = p(w|A, {x ′},k,ω, X, σ̃2)× p(A, {x ′},k|ω, X, σ̃2), (3.44)

which now also incorporates the matrix A characterizing the prior over the weights
with further hyperparameters.

The weight posterior p(w|A, {x ′}, k,ω, X, σ̃2) is specified by application of Bayes’
theorem as before. In order to incorporate the posterior over the remaining hyperpa-
rameters, p(A, {x ′},k|ω, X, σ̃2), typically suitable approximations need to be made. A
standard approach is to model this second posterior as a distribution infinitely sharply
peaked around one particular point in the parameter space (i.e., a delta function).
Under this assumption, the fit of the model can be separated into finding the peak
of the hyperparameter posterior model and then applying the standard approach to
infer the weights with the model specified by these most probable parameters. Such an
approach, commonly referred to as a type-II maximum likelihood method, is therefore
a two-step process. First the maximum of p(A, {x ′},k|ω, X, σ̃2) is obtained. This then
defines the hyperparameters used for the inference of the weights in the second step.

Similar to the inference of the weight posterior, the maximum of p(A, {x ′},k|ω, σ̃2)
can be found by application of Bayes’ theorem. In the case where the prior distribution
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over the hyperparameter space is assumed to be uniform, the posterior is found to be
proportional to the marginal likelihood appearing in the weight inference [338], i.e.,

p(A, {x ′},k|ω, X, σ̃2) ∝ p(ω|X, A, {x ′},k, σ̃2) =
∫
dwp(ω|X, {x ′},k)× p(w|A). (3.45)

Finding the maximum of p(A, {x ′},k|ω, σ̃2) is therefore equivalent to finding the
maximum of the marginal likelihood. This observation is a central element of the fitting
procedure introduced in the following. The marginal likelihood from the inference
of the weights is used as a figure of merit for the quality of a model specification.
Hyperparameter and support set choices resulting in a larger marginal likelihood are
considered to be better than ones with a smaller marginal likelihood.

Under the specified modelling assumptions for likelihood and weight prior, similar
to the posterior, also the marginal likelihood can be described by a compact equation.
Its logarithm evaluates to [215, 344]

log (pML) = log
(
p(ω|X, A, {x ′},k, σ̃2)

)
=
1

2

(
log(det(A)) − log(det(2πB−1)) + log(det(Σ)) −ωTBω+ µTΣ−1µ

)
,

(3.46)

where µ and Σ define the mean and the covariance matrix of the weight posterior
as specified in Eqs. (3.11) and (3.12). The maximization of this property is the main
approach taken in the following to specify the GPS hyperparameters based on available
data.

It is commonly observed that the marginal likelihood maximization finds balanced
models in the sense that these fit the data well but are as simple as possible at the
same time. This property can already be seen in Fig. 3.4 showing the fit quality for
different randomly selected basis sets outlined above. The scatter points of the figure
are also colour coded according to the resulting (log) marginal likelihood. The colours
transition from blue to green as the log marginal likelihood of the fit increases.

As can be seen, the log marginal likelihood typically increases with decreasing
error for a fixed number of support configurations. However, the overall maximum
of the log marginal likelihood is not found in the limit of the most expressive models
giving the smallest mean squared error. Instead, the maximum lies in an intermediate
regime where the model reaches a good accuracy, but it is constructed with a smaller
number of support configurations.

The important observation is that the marginal likelihood is typically maximal for
model choices that balance the accuracy of the fit with the complexity of the model.
This can be seen as a central inspiration for the approach to identify the most relevant
configurations in the RVM [345, 346]. While other approaches exist to extract the most



3.3 bayesian compression of quantum states 75

relevant features for a linear model, the RVM is known to extract particularly sparse
sets of features for linear models. Given a potential set of support configurations,
the RVM selects those configurations from the set that are sufficient to achieve an
appropriate representation of the training data. This is achieved by maximizing the
marginal likelihood with respect to parameters specifying the prior variances of the
weights. The technical details of the marginal likelihood maximization to identify
the most relevant support configurations, as, e.g., described in Refs. [344–346], are
summarized in appendix A. The approaches considered in the following are based
on the ‘fast’ approach to maximize the log marginal likelihood to identify relevant
support configurations in the RVM as introduced in Ref. [346].

The RVM can directly be applied to the task of finding a sparse GPS representation
from given wavefunction samples in the setting discussed above. Figure 3.4 already
includes the single scatter point obtained for the application of the RVM, which reaches
a significantly better fit than all displayed randomly selected support sets of similar
size. A more detailed analysis of the models extracted with the RVM (for a fit of
the same target state) can be obtained from Fig. 3.5. This includes heat maps for the
achieved error, the log marginal likelihood, and the number of selected configurations,
in relation to the chosen kernel hyperparameters θ and γ. Such an analysis provides
important details about how different choices of the kernel hyperparameters influence
the GPS model obtained by the Bayesian learning of the provided data.
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Figure 3.5: Heat maps representing the mean squared error (left), the log marginal likelihood
(centre), and the number of selected configurations (right) for applications of the RVM to fit
a target state with different hyperparameters θ and γ used to define the exponential kernel.
The target state corresponds to the ground state of an anti-periodic one-dimensional eight site
Hubbard model at U/t = 8, and a noise parameter of σ̃2 = 10 was chosen for the fits. The
pair of parameter values corresponding to the maximum log marginal likelihood are indicated
by a grey cross. Figure (adjusted) reproduced from Ref. [215], with the permission of AIP
Publishing.

Overall, it can be observed that more support configurations are selected for de-
creasing values of the kernel hyperparameters γ and θ. This is in agreement with
the intuition that smaller hyperparameters values correspond to more ‘complex’ ker-



3.3 bayesian compression of quantum states 76

nels putting a larger relative importance on longer-range and higher-body correlation
features. The θ→ 0 and γ→ 0 limit is equivalent to the plaquette kernel defined in
Eq. (3.27) matching a single correlation plaquette extending across the full system. On
the other hand, as θ or γ approaches infinity, only the configuration at the central refer-
ence site contributes to the kernel value, thus giving a kernel equivalent to a plaquette
kernel spanning only the reference site. Varying the values of γ and θ interpolates
between these two limits. It can be expected that more support configurations are
selected to be able to leverage the potential of the kernel in the more complex kernel
limit of small hyperparameters.

Overall, the representations of the target state give relatively small mean squared
errors across all hyperparameter values. While the mean squared errors are below or
around the order of 10−6 for a broad portion of the displayed hyperparameter ranges,
slightly larger errors are obtained in the limit of larger order parameters θ. This can
again be attributed to the fact, that larger values of θ correspond to a kernel where
the low-body contributions are weighted significantly more strongly as compared to
the higher order. If the low correlation orders are too dominant, then the model with
the support configurations selected by the RVM is simply not expressive enough to
capture all necessary contributions to achieve a small mean squared error.

The results presented in Fig. 3.5 give a qualitative impression on how the GPS
obtained by application of the RVM depends on the chosen hyperparameters. They
indicate a general understanding how choosing the right kernel parameters will
typically be a balancing between sparsity and expressivity of the model. Using very
expressive kernels requires larger numbers of support configurations, more simple
kernels typically lead to sparser representations. This increased sparsity often also
leads to a decrease of the fit quality due to the reduced model expressivity. Again, it is
also visualized in the figure how the log marginal likelihood provides a characterization
of an ideal balancing between expressivity and simplicity of the model. The maximum
of the log marginal likelihood is found for intermediate parameter choices θ and
γ, which are indicated by a grey cross on the heat maps. The maximum marginal
likelihood model corresponds to a relatively sparse representation, still reaching one of
the best fit accuracies (characterized by a small mean squared error). While the overall
fit errors across the parameter space fluctuates between ≈ 2× 10−7 and ≈ 10−5, with
the parameter values maximizing the log marginal likelihood, an error of ≈ 3.4× 10−7

is achieved requiring only 25 support configurations. This indicates that, in addition
to choosing the set of support configurations, also sensible kernel hyperparameters
can be extracted by marginal likelihood maximization.

Also including the optimization of the kernel hyperparameters w.r.t. the log
marginal likelihood yields a fully automated method to infer a GPS description,
including the selection of support configurations, from given wavefunction samples.
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The ability of the outlined scheme to compress given wavefunction data into a compact
GPS is discussed for one-dimensional Hubbard model ground states in the following.

Whereas the noise parameter σ̃2 is used to specify a target accuracy of the fit, the
kernel hyperparameters are obtained by maximization of the marginal likelihood. The
approach to optimize the kernel hyperparameters considered here is based on an
iterative search through the parameter space. For each set of parameters at a step of
the parameter search, a full RVM fit is repeated and the final log marginal likelihood
is evaluated. By comparing the different final log marginal likelihood values for
different hyperparameter values, the parameter region for which the value is maximal
is identified. The search protocol that was employed to obtain the numerical results is
the tree-structured Parzen Estimator Approach outlined in Ref. [347] as it is implemented
in the hyperopt python package [226, 227]. In the practical application of the scheme,
the kernel parameters were optimized on logarithmic scales across suitable ranges.

The automatic scheme is exemplified here for the representation of ground states
of small one-dimensional Hubbard chains at half filling as in the previous examples.
Also incorporating the optimization of the kernel hyperparameters, the approach to
infer a GPS from the given wavefunction data only requires the specification of a noise
parameter σ̃2, as well as a set of potential support configurations from which the most
relevant ones are selected with the RVM. For the small systems considered here, for
which the exact solution is directly accessible, the pool of candidates can again be
chosen to comprise all symmetrically inequivalent computational basis states.

Figure 3.6 shows the quality and complexity of GPS obtained via the Bayesian
scheme with log marginal likelihood maximization in relation to the noise parameter
σ̃2. The left part of the figure shows the mean squared error with respect to the learned
target state and the right part shows the final numbers of support configurations of the
GPS giving rise to this error. The relationship w.r.t. the noise parameter is displayed
for different target states, which are all ground states of eight site Hubbard chains at
different repulsion strengths U/t = 2, 4, 6, 8. Again, the GPS was learned from the data
set comprising the symmetrically inequivalent configurations of the computational
basis with the associated ground state amplitudes.

It can be seen that, at all repulsion strengths U/t, a monotonic decrease is found
for the incurred mean squared error of the GPS and increased values of the parameter
σ̃2. This highlights the intuition that the parameter σ̃2, formally specifying a target
variance for the amplitude likelihood, can intuitively be associated as a specification
of a target accuracy of the GPS. As the accuracy of the fit improves with smaller
values of σ̃2, it can also be observed that the number of support configurations in the
GPS increases along the direction of smaller noise values. The observed relationship
between accuracy of the fit and number of support configurations specifying the GPS
can be identified as a very fundamental characteristic of the GPS. As the support
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Figure 3.6: Mean squared error (left) and support dimension (right) of a learned GPS with
respect to the chosen noise parameter σ̃ for different target states. The target states correspond
to ground states of one-dimensional Hubbard models at different repulsion strengths (U/t = 2
(blue), U/t = 4 (green), U/t = 6 (red), U/t = 8 (orange)), and other Hamiltonian specifications
are specified as in Figs. 3.4 and 3.5. Figure (adjusted) reproduced from Ref. [215], with the
permission of AIP Publishing.

dimension M (i.e., the number of support configurations) increases, the models can
become more expressive and the error w.r.t. the target state decreases systematically.

With the Bayesian compression scheme, the compactness and accuracy of the GPS
is only obtained implicitly by the choice of the parameter σ̃2. It can be seen in the
figure that the final mean squared error as well as the number of selected support
configurations for a given variance σ̃2 also depends on the specifics of the target states.
The error at a fixed σ̃2 overall mostly increases for larger U/t values and similarly
the number of selected configurations decreases. Crucially however, a systematic
improvability of the GPS is observed in all four settings showing that the target state
can be represented up to very high numerical accuracies.

3.3.2 Visualization of the electronic correlation with Gaussian Process States

The ultimate goal that is explored in this work is to apply the GPS as a model in the
framework of VMC to approximate unknown target states efficiently. The formulation
of the Bayesian learning scheme outlined in the previous section does however rely
on the availability of some wavefunction data to facilitate the extraction of a GPS.
While this needs to be adjusted if no wavefunction data is directly available, the
compression of an available state can be useful to identify particularly important
correlation characteristics the GPS extracts from the target state.

Based on the formulation of the GPS as a linear model in the feature space with
specific kernel functions and sets of support configuration, the model is easily inter-
pretable. The application of the RVM together with the hyperparameter optimization
can be understood to extract particularly relevant correlation features from the target
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state. Analysing the support configurations and the found kernel hyperparameters
of an extracted GPS can therefore help with the understanding of the relationship
between the characteristics of the wavefunction and the underlying physical regime.

For the presented example of describing the ground states of small, one-dimensional
Hubbard chains with the GPS, one can, among other things, analyse the relationship
between the optimized kernel hyperparameters and the interaction strength, U/t, of
the Hubbard Hamiltonian. The obtained relation is presented in Fig. 3.7 together
with the sparsity and accuracy of the model as a reference. The left part of the figure
shows hyperparameters, θopt and γopt, which are extracted by the Bayesian learning
scheme. The right part displays the relative energy error, i.e., the fraction |E−Eexact|

Eexact
,

where E is the variational energy of the approximated state, and Eexact denotes the
exact ground state energy. Moreover, the right part also shows the number of selected
support configurations.
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Figure 3.7: Optimized hyperparameters θopt and γopt (left sub-figure), as well as relative
energy errors and number of support configurations (right sub-figure) of learned GPS ground
state representations for one-dimensional Hubbard models at different interaction strengths
U/t. The training setup is the same as for Fig. 3.6. Figures (adjusted) reproduced from
Ref. [215], with the permission of AIP Publishing.

The learned GPS representations give a relative energy error of less than 2 ×
10−3 for all displayed values of U/t. The achieved energy errors show maxima in
intermediate regimes of intermediate interaction strengths at roughly |U/t| ≈ 3− 4, and
decrease towards larger and smaller absolute values. In contrast, a mostly monotonic
increase in the number of selected configurations can be observed as the absolute
interaction strength, |U/t|, is increased. While only 13 configurations are selected
by the approach at U/t = 0, this number increases to approximately M = 100 for
|U/t| = 10, showing that less sparse models are selected in the limit of stronger
electronic repulsion/attraction.

Interpretable properties of the learned solution can be extracted from the left
sub-figure of Fig. 3.7. As a dependency of the chosen interaction strength, U/t,
the left axis encodes the order weighting parameter, θopt, extracted by the Bayesian
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compression scheme. Similarly, the right axis corresponds to the extracted distance
decay rate, in the figure denoted as γopt. Overall, the relationship between the ideal
hyperparameters and the value of U/t is relatively symmetric under the change from a
repulsive Hubbard model (U/t > 0) to an attractive setting (U/t < 0). As the absolute
interaction strengths increases, both hyperparameters θopt and γopt seem to converge
to an approximately fixed value for increases of the absolute interaction strength. In
the regime with |U/t| ⪆ 5, θopt takes a value of ≈ 2 and γopt a value of ≈ 0.8. While
both parameters seem to converge to a fixed value, the value of θopt overall decreases
and the value of γopt increases as the value of |U/t| is increased. At U/t = 0, a value of
θopt ≈ 70 and a value of γopt ≈ 0.6 is observed, indicating that in this limit a stronger
weighting is placed on lower correlation orders, which are however longer ranged.

The general trend of the hyperparameter dependence on the value of U/t follows
very general physical intuitions. For small inter-electronic interactions, the correlation
plaquettes that are weighted more strongly in the expansion of the represented features
are the ones spanning fewer sites that can however be further apart. Such long-range
but low-body correlations are reminiscent of the mean-field characteristics dominating
in these limits. For larger absolute interaction strengths, stronger emphasis is placed
on more local correlations, which can however be of higher order.

In addition to analysing the kernel hyperparameters of the kernel, additional
insight about the extracted representation can be obtained by studying the set of
selected support configurations in the learned model. Figure 3.8 shows a graphical
visualization of the selected support configurations in the final GPS model as obtained
in the above setting at the five different Hubbard model interaction strengths U/t =
−8,−4, 0, 4, 8. Each panel, associated with one particular interaction strength, shows
two-dimensional scatter plots where each scatter point corresponds to a configuration
from the computational basis. Whereas those configurations contained in the set of
support configurations are indicated by coloured scatter points, grey scatter points
correspond to all the basis configurations.

The two-dimensional representation of the space of configurations for the visualiza-
tion was obtained in two steps. With the exponential kernel incorporating a prefactor
δxr(0),x ′

r(0)
, this places a specific significance on the occupancies of the support configura-

tions at the reference site. It is therefore sensible to group the configurations according
to the reference site occupancy. This leads to four different groups in each visualiza-
tion of the figure, each associated with a single-site occupancy indicated by the four
possibilities {↑, ↓,−, ↑↓}. Within each group, the scatter points are displayed according
to a position that was obtained by the t-distributed stochastic neighbour embedding
(t-SNE) approach [348] to graphically represent the data points in a two-dimensional
space.
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Figure 3.8: Two-dimensional visualization of the selected support configurations and all
basis configurations of the Hilbert space extracted from Hubbard chain ground states at
values U/t = −8,−4, 0, 4, 8. Each scatter point is associated with one configuration of the
computational basis, and configurations from the set of support configurations in the GPS are
indicated by coloured scatter points, whereas the full Hilbert space basis configurations are
shown with grey scatter points. The configurations are grouped into four classes based on the
occupancy of the central reference sites and the positioning of the configurations within each
of these clusters is obtained by application of the t-distributed stochastic neighbour embedding
(t-SNE) [348] as implemented in the scikit-learn library [235]. The practical implementation of
the t-distributed stochastic neighbour embedding (t-SNE) is based on the distance metric given
by the scaled Hamming distance, h(x, x ′)/θ (with h(x, x ′) as defined in Eq. (3.42)), as it also
appears in the definition of the kernel with optimized hyperparameters. The specifics of target
state and training setup are equivalent to the setup as in Fig. 3.7. Figure (adjusted) reproduced
from Ref. [215], with the permission of AIP Publishing.

In general, the selected support configurations appear to be mostly evenly dis-
tributed across the four different classes in the obtained representations. The scatter
points also indicate the value of the weights associated with the support configurations.
The colour follows a transition from blue to green with increases of the weight value.
A blue scatter point can be associated with a relative suppression of particular correla-
tion characteristics attributed to the support configuration with the kernel function.
Green scatter points on the other hand, indicate a positive correlation between specific
correlation features and the wavefunction amplitude. For the graphical representation
displayed in the figure, the scatter points of the support configurations are plotted such
that the ones with the largest absolute weight value are plotted in the foreground. This
way, dominant contributions to the correlation characteristics can easily be identified.

For the system of vanishing interaction strength U/t = 0, each cluster contains
at least one blue scatter point and at least one green scatter point. However, as the
system also incorporates electron-electron interaction for non-vanishing values of U/t,
the picture changes and a less symmetric distribution of the most strongly weighted
support configurations is observed. In the limit of strong electronic repulsion, at
U/t = 8, it can, e.g., be observed that most blue scatter points are positioned in the
cluster associated with a double occupancy of the reference site. This matches the
intuition that the energetic penalty for double occupancies of sites in the repulsive
regime of the Hubbard Hamiltonian, leads to a suppression of the wavefunction
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magnitude for configurations with doubly occupied sites. While such a suppression is
explicitly modelled in a Gutzwiller ansatz [328] (see Eq. 2.34 in chapter 2), here it is
automatically identified from the data without manually designing the ansatz around
such an intuition.

In general however, it is not necessarily always easy to identify a clear physical intu-
ition from the clustering of the support configurations. Due to the non-orthogonality of
the kernel functions, it is typically not possible to ascribe specific correlation character-
istics of the GPS to single support configurations. This can make the two-dimensional
representations of the support configuration sets as shown in Fig. 3.8 harder to inter-
pret. Nonetheless, they provide an easy method to visualize the learned GPS model
vividly, exploiting the key property of the GPS that it is constructed based on physical
many-body configurations.



4

N U M E R I C A L S I M U L AT I O N S W I T H G AU S S I A N P R O C E S S S TAT E S

In the previous chapter, it was shown how well-defined Bayesian regression approaches
can be used to find a compact representation of many-body quantum states based on
samples of the target state. This Bayesian regression scheme defines the Gaussian Pro-
cess State (GPS) implicitly, and the extracted wavefunction ansatz depends on the data
presented. Such a construction is intrinsically different from explicitly parametrized
quantum states commonly applied in Variational Monte Carlo (VMC) approaches, as
these were introduced in chapter 2.

While the presented framework can be applied for sufficiently small systems that
can also be treated with exact methods, novel approaches are required to extend the
Gaussian Process regression (GPR) framework to describe target states for which no
exact data is available. This chapter describes three different techniques to achieve the
goal of using the GPS as an ansatz for VMC calculations, exploiting the expressibility of
the constructed kernel model for the log wavefunction amplitudes. A main challenge
within this task is the extraction of suitable support configurations, which are specific
states from the exponentially large Hilbert space. Whereas other continuous model
parameters (such as kernel hyperparameters or the weights) can directly be optimized
with standard optimization techniques from VMC, the selection of appropriate support
configurations requires additional techniques. The approaches discussed in this chapter
include an extrapolation from a small auxiliary system, an iterative bootstrapped
Bayesian extraction of configurations from the target state basis, as well as a variational
parametrization of the support configurations as product states.

4.1 expressivity of gaussian process states

The foundation for using the GPS as a general VMC model is its expressibility. A
general GPS definition based on a kernel function k and M support configurations x ′

can be defined via its wavefunction amplitudes according to

Ψ(x) = e
∑M

i=1wik(x,x ′
i). (4.1)

83
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As was outlined in the previous chapter, such an ansatz represents a universal ap-
proximator of the state, i.e., any quantum state can be represented in this form as
M approaches the size of the Hilbert space. However, the usefulness of the GPS to
describe many-body states of interest will depend on whether the target state can
be described in compact form. Before outlining how to utilize the GPS for VMC
approaches, this section gives a short description of how the model can be related to
other wavefunction ansatzes. The aim is to reach an intuition into the representational
power of the model.

4.1.1 Representing Correlator Product States as Gaussian Process States

The design of the GPS kernel functions outlined in the previous chapter is very much
inspired by the construction of Correlator Product States (CPSs). As a consequence,
any CPS emerging as a product from full parametrizations over chosen entanglement
plaquettes can be represented exactly as a GPS, if the support configurations are
specified appropriately. This requires a support dimension that is at most equal to the
combined dimensionalities of the Hilbert space entanglement plaquettes.

For a single correlation plaquette, the CPS amplitudes take the form

Ψ(x) = fxp1 ,...,xpP
, (4.2)

where the tensor fxp1 ,...,xpP
encodes the DP variational parameters associated with the

plaquette covering the sites p1 . . . pP. A potential GPS representation of this ansatz is
obtained by using the n-body plaquette kernel as defined in Eq. (3.27) with the same
plaquette indices as for the CPS. This means that the kernel is defined as

kn=P(x, x ′) =
P∏
i=1

δxpi ,x ′pi
. (4.3)

With such a kernel, the relation between CPS and GPS follows directly by introducing
any set of DP support configurations for which all configurations have a unique
configuration pattern over the specified plaquette sites. Identifying the i-th support
configuration by a specific occupancy pattern of the plaquette modes xp1 , . . . , xpP , a
one-to-one representation of a CPS is obtained by setting the GPS weights to

wi = lim
c→∞ log(fxp1 ,...,xpP

) + c. (4.4)

The constant shift c is taken to infinity so that the CPS amplitudes coincide with the
GPS amplitudes after normalization of the states.
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While the description above shows a one-to-one identification between CPS and
GPS, a key strength of the applied kernel representation is that a representation can
also be achieved with less specific kernels. If the kernel at least captures correlations up
to order P across the plaquette sites, the kernel function describes an injective function
w.r.t. configuration pairs on the sub Hilbert space of the plaquette sites. In this case,
the model is a universal approximator across the sub Hilbert space of the plaquette for
support configurations specified as above. Therefore, also the exponential kernel can
be used to represent any CPS exactly using a set of support configurations containing
all possible sub-configuration across the plaquette exactly once. However, with the
ability to select arbitrary support configurations for a GPS, the model is not restricted
to a specific correlation plaquette but can also model correlations that go beyond a
pre-specified plaquette.

Following the arguments above, also two-body correlation properties of the Jastrow
representation can be captured with the GPS. Setting the order p = 2 in the p-body
kernel, defined in Eq. (3.28), gives a construction explicitly based on all two-body
correlation properties similar to a generalized Jastrow ansatz. The Jastrow ansatz can
therefore always be spanned with a GPS using a p-body kernel with correlation orders
p ⩾ 2, again requiring the selection of corresponding support configurations.

The increased flexibility of the GPS, not relying on pre-specified entanglement
plaquettes as in the CPS, comes at an increased evaluation cost for wavefunction
amplitudes. The cost for evaluating a kernel function defined across all lattice sites,
such as the exponential kernel, typically scales at least as O(L). This results in a total
evaluation cost for a single GPS amplitude (not including any symmetries) scaling
as O(M× L). In contrast, the amplitude lookup in a single-plaquette CPS can be
associated with a constant cost of O(P).

4.1.2 Gaussian Process States as Neural Network

Choosing generic kernels such as the exponential kernel, the GPS is able to extract the
important correlation characteristics without requiring to specify specific correlation
plaquettes as for the CPS. The general aim is in spirit very similar to what also Neu-
ral Quantum State (NQS) set out to achieve: exploiting a highly flexible functional form
(and the universal approximation property), ideal approximations are automatically
learned without restricting the ansatz to a rigid model driven by expected physical
properties.

Not only does the GPS share this (ambitious) goal and an inspiration drawn from
machine learning (ML) approaches with the NQS, it is also possible to identify the GPS
as a specific artificial neural network (NN) architecture (with specific models for the
network weights). Formal properties have been derived relating specific NN function
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approximations with infinitely wide hidden layers to Gaussian ProcessGaussian Pro-
cesses (GPs) [349–351]. However, also an explicit representation of the GPS (with a
finite number of support configurations) as a specific NN architecture can be obtained.

To this end, again the exponential kernel is considered to define the model. This
factorizes as a product over all sites, according to

k(x, x ′) =
L∏
i=1

k(i)(xi, x ′i), (4.5)

where the different single-site kernels k(i) only compare the local configurations at the
specific sites.

A design choice difference between NQS and GPS is the chosen input encoding.
In the case of spin systems, common NQS encodes the input as a vector of L float
elements, each proportional to the local spin eigenvalue for the configuration at that
site. This is then fed into the NN architecture to compute the output representing the
wavefunction amplitude. On the other hand, the GPS directly uses the indices into the
local Hilbert space basis as inputs, and constructs the representation by comparing
these local indices with the support configurations. In the context of NN, this is
equivalent to a one-hot encoding of each local configuration in which D× L visible
units are used in the NN. Each of the visible units is associated with one specific
input feature per lattice site and local basis state at the lattice site. In the case of spin
systems, a one-hot encoding can be also be recovered from the standard NQS input
representation by inserting an additional first layer into the NN with 2L hidden units.
To obtain the one-hot encoding, this can, e.g., be chosen to map a visible configuration
fed into the NN, x̃, to the 2L one-hot features according to

f(x̃)i =

ReLu(x̃i/2) if i is even

ReLu(−x̃(i+1)/2) otherwise
. (4.6)

Here f(x̃)i denotes the output of the i-th unit of this additional layer and ReLu denotes
the rectified linear unit activation function, defined as

ReLu(x̃i) =

x̃i if x̃i ⩾ 0

0 otherwise
. (4.7)

Based on this definition of a layer converting from the standard input represen-
tation used for NQSs to that used for GPS and Tensor Network States (TNSs), a
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non-symmetrized GPS can be represented as a particular four layer feed forward NN
according to

Ψ(x̃) = exp

 M∑
i=1

wi

exp

 2L∑
j=1

log
(
W̃i,jf(x̃)j

) . (4.8)

Whereas the connection weights between output unit and previous layer are simply
the M weights of the GPS, wi, the connections between the 2L units of the first hidden
layer and the M units of the second hidden layer are given by weights

W̃i,j =

k(j/2)(xj/2, x
′(i)
j/2

) if j is even

k((j+1)/2)(x(j+1)/2, x
′(i)
(j+1)/2

) otherwise
. (4.9)

These weights are therefore specified by the values of the per-site kernel functions
comparing the test configuration at site j with that of the i-th support configuration,
here denoted as x ′(i)

(j+1)/2
. The obtained final representation of a GPS in the form of

a NN for spin-1/2 modes is visualized in Fig. 4.1. In addition to the hidden layer
encoding the input transformation (comprising 2L units), it thus contains two more
hidden layers. The layer feeding into the output is constructed from M hidden units,
which take their inputs from a layer consisting of 2× L×M hidden units.

x̃1

x̃L

log

log

log

log

log

log
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exp
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Input layer
(L units)
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Full kernel
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Figure 4.1: Pictorial representation of the GPS model formulated as a NN for spin systems.

While the analogy between GPS and NQS does not necessarily immediately provide
more insight about the representational efficiency of the GPS, it does highlight a direct
relationship between the two classes of states. Moreover, it explicitly shows that the
GPS, as it is presented here, can be understood as a model emerging from a NN for
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which the expressivity is improved by increasing the width of the network rather than
its depth. Nonetheless, the GPS defines a very particular structure for the weights of
the obtained NN representation, significantly reducing the number of parameters as
compared to a similar network that is fully connected and for which all connections
are understood as optimizable model parameters.

4.2 gaussian process states for variational monte carlo

The remainder of this chapter describes practical approaches to use the GPS as a func-
tional ansatz in the VMC framework. This section presents two different approaches
to use Bayesian learning techniques to define a GPS extended to the task of searching
for ground states of one- and two-dimensional Fermi-Hubbard models. Whereas
the first approach is based on learning a representation on exact training data for a
small system, which is then extrapolated, the other approach ‘bootstraps’ the Bayesian
wavefunction learning iteratively directly on the target system. This makes it possible
to uncover physical properties that only become present as the system size goes beyond
what can be described with exact diagonalization methods.

4.2.1 Extrapolation of Gaussian Process States

Learning the GPS for an unknown target state from the data set of the exact solution
for a smaller system entails the extraction of a GPS model that can be evaluated
for both systems. The main objective for the extrapolation of the state is that a GPS
appropriately inferred from the small system encodes important characteristics in a way
that also provides a reasonable description for the larger system. The feasibility of such
an approach mostly relies on two main assumptions. Firstly, the target wavefunction
is assumed to be invariant w.r.t. shifts of the input representation to evaluate the
amplitudes. In the presented setting the lattice system is translationally invariant. This
invariance is explicitly built into the GPS model by including all translation operators
in the symmetrization of the kernel function as presented in Eq. (3.26). With the
exponentiation, this results in a product structure of the wavefunction amplitudes,
equivalent to using the same correlator estimator, previously denoted as Fi, for each
site environment.

The second key assumption that is made for an extrapolation of a GPS is that the
correlations of the target state are sufficiently local such that the main correlation
properties already emerge in the small system. It is ultimately related to an assumption
of a low degree of entanglement in the target state. Based on this, the range of the
kernel function around the reference site can be restricted so that the GPS only extracts
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the local correlation properties. More specifically, this means that a cut-off on the
distance from the reference site is introduced in the (unsymmetrized) kernel function
beyond which no further contributions are considered. With the example of the p-body
interaction kernel (and similarly the exponential kernel), this can be incorporated by
restricting the sum over lattice sites to those within a specified finite range according to

kp(x, x ′) =
δxr(0),x ′

r(0)

N

θ+ 1

p− 1

∑
r(i)∈P

δxr(i),x ′
r(i)

f(r(i))

p−1 . (4.10)

Here, the plaquette P comprises all lattice sites within the chosen environment around
the reference site so that the sum only involves those lattice sites that lie within the
specified local environment around the reference site. The normalization constant in
the kernel, N, is also appropriately modified to be evaluated with respect to the sum
over the restricted range.

An important feature emerging through the restriction of the range is that the sizes
of the systems, can be different for test configuration x and the support configurations
x ′. As long as the systems are large enough to accommodate the chosen environment
around the reference site, the kernel value kp(x, x ′) can be evaluated. Together with
the symmetrization according to translations across the studied lattice systems, this
makes it possible to obtain a GPS by Bayesian inference for a small system, which then
also defines a model for larger systems.

The success of such an approach is shown in Fig. 4.2, visualizing the relative energy
error of the variational energy of a GPS w.r.t. the true ground state energy for Hubbard
models of 32 sites. The presented data was obtained by first extracting a GPS from
the exact data obtained with exact diagonalization of 12 site models, followed by an
evaluation of the target system variational energy via Monte Carlo sampling. Due to
the one-dimensional nature of the systems, the exact reference energy references could
be obtained with the density matrix renormalization group (DMRG) approach. In all
cases, the training of the GPS was performed by using a kernel with a range chosen
such that the central site as well as five sites closest to it are included in the considered
plaquette. With support configurations being associated with the 12 site Hubbard
models, this ensures that all possible configurational patterns over the range of 6 sites
appears in the training and in the target model, both of which are considered at half
filling (i.e., with an electron number N = L and vanishing total spin magnetization).

In addition to the translational symmetrization of the state according to Eq. (3.26),
the results presented in this section also utilize a spin-inversion symmetry. This is
obtained by extending the set of symmetry operations so that it also incorporates the
operations with inversion of all the spins in the configuration.
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Figure 4.2: Relative energy errors obtained with different wavefunctions ansatzes to describe
the ground states of one-dimensional Hubbard chains of 32 sites (with anti-periodic bound-
ary conditions). The figures include values obtained by extrapolating a GPS extracted from
the exact data of the ground states of corresponding 12-site anti-periodic Hubbard chains
(blue), as well as variationally optimized (translationally symmetric) Gutzwiller, Jastrow and
restricted Boltzmann machine (RBM) (green) states. In all cases, the ground state approxi-
mations were defined as a product with a single Slater determinant reference state, fixed to
the Hartree-Fock (HF) solution. The different GPS values were obtained with the Bayesian
compression scheme, using the symmetrized p-body kernel with θ = 0, inverse distance
weighting f(r(i)) = |r(0) − r(i)|, and an additional optimization of the noise hyperparameter σ̃.
The left figure shows the relative energy error as a function either of the number of selected
support configurations (for the GPS), or as a function of the number of variationally optimized
parameters (other ansatzes) at a fixed Hubbard interaction strength of U/t = 8. The data points
for the GPS correspond to different values of p (increasing from left to right from 1 to 6), and
the restricted Boltzmann machine (RBM) results correspond to chosen hidden unit densities
of αM = 1, 2, 4, 8, 16. The right figure shows the relative energy errors obtained for different
Hubbard model interaction strengths U/t. The GPS results are associated with a correlation
order of p = 5, and for the restricted Boltzmann machine (RBM) a hidden unit density of
αM = 5 was used. The exact reference energies were obtained with DMRG [224]. Figures
(adjusted) taken from Ref. [216].

The GPS representation for the small system was obtained by application of the
Bayesian learning scheme as described in the previous section, thus also extracting a
suitable set of support configurations through the Relevance Vector Machine (RVM)
framework. For the displayed data points, the different models were obtained with
p-body kernels with fixed hyperparameters. The noise parameter σ̃2 was optimized by
a hyperparameter optimization scheme to maximize the log marginal likelihood, as
it was similarly applied for the optimization of kernel hyperparameters presented in
the previous section [226, 227]. In the discussed numerical tests, the GPS was used to
represent a multiplicative (non-signed) correction to a fixed single Slater determinant
obtained via the Hartree-Fock (HF) method [3]. The resulting state is thus conceptually
similar to a Slater-Jastrow state, as it is introduced in section 2.4.2 of chapter 2. The
correction is, however, not just restricted to two-body correlations, but can capture
arbitrary correlations over the range of 6 sites.
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The left part of the figure displays the results obtained at a fixed interaction strength
in the Hubbard model of U/t = 8 in relation to the number of support configurations.
It also includes reference values achieved with other methods (for which the x-axis
encodes the number of variational parameters). The different data points for the GPS
are associated with different choices of the interaction order in the kernel, p, increasing
from p = 1 to a value of p = 6. The other kernel hyperparameters were kept fixed
(θ = 0, f(r(i)) = |r(i) − r(0)|).

For the displayed data, the accuracy of the GPS overall increases systematically as
more support configurations are selected. The reductions in the relative energy error
correspond to increasing values of the interaction order p. Only including the single-
site correlations for a kernel choice of p = 1, a relative energy error of ≈ 0.4 is obtained
with a total of 2 selected configurations. This systematically improves to an error of
≈ 3× 10−3 for values of p ⩾ 5 in which case more than 500 support configurations
are selected. Again, a very clear relationship between achieved accuracy and number
of selected support configurations can be observed, indicating that improvements of
the model accuracy are directly connected to increased support dimensions of the
GPS. However, the overall accuracy saturates for the values of p ⩾ 5, underlining the
limitations emerging due to the finite plaquette of 6 sites over which the correlations
are modelled.

Choosing a restricted correlation plaquette also ensures that finite-size effects in
the state of the small systems are suppressed in the description, making it possible to
achieve the high accuracies without any variational optimization of the state on the
large system involved. However, this represents a major limitation of the extrapolation
approach because it does not allow for a modelling of correlations on length scales
larger than the restricted plaquette. The modelled physical properties are the ones
already present in the smaller system from which the data is obtained. Potential
approaches to overcome such limitations is to include further variational optimization
with VMC techniques directly optimizing the state w.r.t. the larger system. While it is
possible to simply optimize continuous parameters of a GPS initially extracted from
a small system [216], two other approaches, not relying on the compression of exact
data from an auxiliary system, are presented in the next sections.

Figure 4.2 also includes results obtained by variational optimization of other stan-
dard ansatzes for comparison, including the Gutzwiller ansatz, the Jastrow ansatz
and a symmetrized restricted Boltzmann machine (RBM) with different hidden unit
densities. These were also all defined with respect to the same fixed single Slater
determinant reference state as the GPS and symmetrized w.r.t. translational sym-
metries. The comparison results are plotted in relation to the number of variational
parameters that are optimized. It can be seen that the GPS with p = 1 essentially
reaches the same accuracy of an optimized Gutzwiller ansatz, in agreement with the
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understanding that an order of p = 1 extracts single site correlation characteristics. For
the two-body description in the Jastrow ansatz a relative energy error of ≈ 2× 10−2

was obtained. This accuracy is approximately matched by the GPS with p = 3 (for
which ≈ 70 support configurations were selected) and it is surpassed for all the models
with larger values of p. Nonetheless, the overall best performance of the studied VMC
ansatzes can be observed for the RBM wavefunction, reaching a relative energy error
of ≈ 1.4× 10−3 for a hidden node density of αM = 8. However, in contrast to the GPS,
which was obtained by a mostly deterministic compression scheme 1, the optimization
of the RBM requires a variational optimization of the parameters based on stochastic
estimates.

The reliability of the scheme is also highlighted in the right plot of Fig. 4.2, showing
the relative energy errors achieved with the different ansatzes for the 32-site Hubbard
model at different (repulsive) interaction strengths U/t. Whereas the fixed HF reference
state is exact at U/t = 0, the considered ansatzes, modelling the corrections to the
single Slater determinant, capture different inter-electronic correlation structures as
the value of U/t is increased. For the Gutzwiller ansatz, only modelling single-site
characteristics, this results in a monotonic increase in the relative energy error as the
interaction strength increases from ≈ 1.4× 10−3 at U/t = 1 to a relative error of ≈ 0.5
at U/t = 8. Especially in the limit of larger interactions, the two-site contributions
included in the Jastrow factor leads to an improvement over the simple Gutzwiller
ansatz, giving a relative energy error of ≈ 1.3× 10−2 at U/t = 10. At all interaction
strengths, this is outperformed significantly by the GPS, which was obtained by
compression of the corresponding 12-site ground states using the kernel as described
above with an interaction order of p = 5.

The GPS reaches a relative energy error of ≈ 4× 10−4 at U/t = 1, and a relative
error of ≈ 2.6× 10−3 at U/t = 10. The maximum relative error is obtained in a regime
of medium interaction strengths at around U/t ≈ 4, where a value of ≈ 1.1× 10−2 is
obtained. This maximum of the error, similarly observed for the Jastrow ansatz results,
points to increased difficulties with describing the state in this intermediate regime.

It can be expected that significant additional improvements of the description either
require increasing the size of the system from which the data is obtained (which
is ultimately limited by the exponential scaling of the Hilbert space), or additional
variational optimization directly on the target system. The ability to describe the target
states to higher accuracy by variational optimization of a highly flexible functional
form is indicated by the results displayed for symmetrized RBM ansatzes with a
hidden unit density of αM = 5. The optimized RBM wavefunctions mostly give rise
to a consistent and significant improvement over the GPS. Nevertheless, an outlier

1 The only non-deterministic elements of the algorithm are parts of the hyperparameter optimization
scheme (which is not expected to significantly influence the final result).
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in the RBM results can be observed at U/t = 7 for which the accuracies of RBM and
GPS are almost identical. Although the displayed RBM values correspond to the
best value that was obtained across 10 different random realizations, such an outlier
might still be the consequence of a non-ideal optimization of the parametrization. The
faithful optimization of such highly flexible ansatzes in the context of VMC is not
always guaranteed (and for some systems identified as a major challenge [12, 92, 100]).
This highlights a key strength of the Bayesian compression scheme underpinning the
definition of the GPS. If only to provide a starting point for subsequent variational
optimization of a state, it allows for an easy, rigorous inference of a compact form from
the presented wavefunction data.

4.2.2 Bootstrapping Gaussian Process States

It is possible to extract a GPS from a small system as a starting point for subsequent
variational optimization of model parameters, such as the weights, as well as the con-
tinuous kernel hyperparameters [216]. However, such an approach is ultimately always
limited by the finite range over which correlations are modelled, which motivates an
improved approach outlined in the following. It is based on iterative applications of
the RVM to select support configurations directly from the Hilbert space of the target
system.

The overall idea to bootstrap the approximation of a target state with the GPS is
to alternate between bringing an approximation of the target state into a sparse GPS
representation and a variational optimization of continuous model parameters. Only a
limited subset of the full Hilbert space basis is considered as potential support configu-
rations for the model at each step. By continuously improving the representation and
identifying the most relevant support configurations out of the considered ones, the
final approximation is obtained iteratively.

Different concrete implementations of such a protocol are imaginable. The protocol
considered here, is visualized in the schematic of Fig. 4.3. It entails a variational
optimization of the weights (and potentially also further kernel hyperparameters)
with the Stochastic Reconfiguration (SR) approach introduced in section 2.3.2, after
initialization of a GPS. Having achieved an improved representation of the unknown
target state via this variational optimization, the RVM is then applied to extract the most
relevant support configurations to obtain a compressed representation. This is achieved
by generating data from the constructed wavefunction (via stochastic sampling) from
which a new compressed GPS description can be obtained by application of the RVM,
removing non-relevant support configurations of the current description. In order to
increase the flexibility of the model, the GPS extracted by the RVM is then augmented
with additional support configurations prior to the subsequent variational optimization
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of the model. By iterating the process of VMC optimization followed by an application
of the RVM, the quality of the approximation together with the choice of the support
configurations can be improved until convergence is observed.

Initialization
Variational
optimization

Iterate

Compression
of the state (RVM)

Enlargement
of support set

Target

Support points

Kernel functions

Learned model Added support points

Figure 4.3: Schematic visualization of a bootstrapped GPS optimization. After initialization of
a GPS, the final model is obtained by iterating a three-step process, consisting of a variational
optimization of the current model, a recompression of the obtained model with the RVM, and
an enlargement of the support configuration set. The figure visualizes the approximation of
the one-dimensional sinc(x) = sin(x)/x function, with achieved approximations shown as the
blue curves. The green scatter points indicate the positions of the initially selected support
points, the red scatter points the ones selected with the RVM and green scatter points indicate
the points augmenting the support positions for subsequent optimization. Figure adapted from
a figure in Ref. [216].

Theoretically, due to the universal approximator property of the GPS, such an
iterative process should be able to achieve an arbitrary accurate representation of
the target state (albeit with a potentially exponential scaling effort). The practical
limitations of the bootstrapping approach rely on two essential components. Firstly,
the RVM is only applied to a limited data set from the full Hilbert space. The overall
success of the approach therefore requires the RVM to be able to extract a GPS that
reproduces the target well, also beyond the chosen data set. In ML terms, this means
that a good generalization needs to be achieved with the fit of the data. Secondly, the
success of the bootstrapping method will also be dominated by how well the VMC
optimization of the model with the augmented support points can improve upon the
previous description. This requires the specification of suitable augmentation points
(i.e., ones that appropriately improve the variational flexibility of the state), and it also
requires a reliable VMC optimization of the parameters. The model complexities of
the extracted GPS are ultimately controlled by the number of support configurations
that are selected by the RVM.
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Results achieved with the bootstrapping algorithm are presented in Figures 4.4 and
4.5. Both figures show results for one- and two-dimensional Hubbard models obtained
with bootstrapped GPS representations of different accuracies and model complexities.
The different model complexities for the displayed GPS results were achieved by setting
the noise parameter, σ̃2, to different values, or by also adjusting the kernel function
(either with fixed hyperparameters or with additional variational optimization of the
hyperparameters). The augmentation of the relevant support configurations extracted
by the RVM was chosen such that the number of support configurations increased by
25%. This means that the number of support configurations can (and typically will)
fluctuate over the course of the optimization. Other schemes are imaginable in which
the number of support configurations is kept fixed throughout the protocol (thus
also fixing the computational effort). The data points of Fig. 4.4 show the achieved
energy error in relation to the model complexity of a final ground state approximation.
The reported model complexities for the GPS correspond to the model after a final
extraction of a GPS with the RVM followed by a variational optimization without any
added configurations.

While certainly not the only possible heuristic, in the discussed settings, the ad-
ditional configurations were chosen from the Markov chain samples of the previous
expectation value estimation based on their local energy. Those configurations were
added to the support configurations for which the local energy deviated the most from
the mean. This should ensure that an increased control over the associated amplitudes
is possible in the next VMC optimization step to improve the overall accuracy. While
this choice appears sensible and provided good results in example applications, more
detailed studies are required to analyse the influence of different support configuration
set enhancement protocols on the results.

In the numerical tests discussed here, the considered ansatzes were again used
to model a correction to a mean-field type reference state (either optimized or fixed).
All discussed ansatzes were defined with real variational parameters, therefore only
modelling the magnitude of the wavefunction amplitudes and not a sign structure.
If present, the sign information was therefore entirely capture by the reference state,
(potentially) imposing additional constraints on the overall achievable quality.

The left part of Fig. 4.4 shows the quality of the approximation obtained for the 32-
site one-dimensional Hubbard model in the regime of strong correlation at U/t = 8. For
reference, the figure also includes the results obtained with the extrapolation approach
as already presented in the previous section. Whereas the best result obtained with
the extrapolation approach is overall limited to a relative energy error of ≈ 3× 10−3,
with the bootstrapped optimization of the GPS, the displayed energy errors reach
≈ 1.2× 10−3 for the best results. This is roughly equal to (and even slightly improved
over) the best results obtained with the RBM ansatz displayed in Fig. 4.2. Overall,
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Figure 4.4: Relative energy error achieved with different ansatzes for strongly correlated
Hubbard models at U/t = 8 in relation to the model complexities. The left plot shows the
relative energy error of the bootstrapped GPS (blue) in relation to the support dimension,
as well as reference values obtained with an extrapolation approach as described in Fig. 4.2,
for a one-dimensional anti-periodic Hubbard chain (32 sites) at U/t = 8. Different noise
parameters were used in the RVM compression in the bootstrapping, decreasing from left to
right as σ̃2 = 101, 100, 10−1, . . . , 10−7. The displayed results were obtained with a single Slater
determinant reference state fixed to the HF solution. For reference, the plot also includes the
extrapolated GPS results, as well as the energetically lowest RBM result, from Fig. 4.2. The
right plot shows the relative energy error w.r.t. the number of variational parameters for a
Hubbard model defined on a square lattice of 6× 6 sites (anti-periodic boundary conditions
in one direction and periodic boundary conditions in the other direction). The results are
shown for different ansatzes modelling a correction to a Pfaffian wavefunction (symmetry
projected for total spin and translation symmetry quantum numbers) optimized together with
the ansatzes. The displayed parameter numbers do not include the number of variational
parameters of the Pfaffian state. The background shading of the GPS data points indicates
variational flexibility of the exponential kernel function used. Red indicates a fixed θ → ∞
(M variational parameters, σ̃2 = 10), orange indicates a variationally optimized value of θ
and fixed distance weighting (M+ 1 variational parameters, σ̃2 = 101, 100, 10−1), and purple
represents a full optimization of the distance weighting as for the left figure (M+ 35 variational
parameters, σ̃2 = 100, 0.1, 8× 10−4, 10−4, 10−5). The displayed RBM results correspond to
hidden node densities of αM = 1, 2, 4, 8, 16. All ansatzes were defined to be translationally
symmetric, and the GPS was also taken to be invariant under spin inversion. The reported
values denote the best out of five runs with different realizations of the random components.
Figures (adapted) taken from Ref. [216].

the GPS results show a mostly systematic improvement of the quality as the support
dimension of the extracted model increases. However, no further improvement could
be observed over the result associated with a final support dimension of M = 1369,
thus indicating a practically achievable limit of the representation.

Comparing the data points of the extrapolated GPS with those of the bootstrapped
GPS for similar support dimensions, it can be observed that the bootstrapped GPS
typically reaches a lower relative energy error. This can be attributed to the fact that
the bootstrapping of the GPS makes it possible to optimize the state directly for the
target system. However, this comes at an increased computational cost incurred due
to the repeated application of the RVM and the additional variational optimization of
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the parameters. In this setting, the GPS was constructed with an exponential kernel,
as defined in Eq. (3.31), which was again symmetrized with respect to all translations
and spin inversion. The scaled distance weightings f(i)× θ, defining the exponential
kernel, were treated as L− 1 variational parameters, which were optimized together
with the M GPS weights in the VMC optimization.

Whereas essentially exact reference results for most one-dimensional systems can be
obtained with Matrix Product State (MPS) approximations, typically optimized with the
DMRG approach, this is generally no longer true for two-dimensional systems. Various
two- (and higher-) dimensional systems can therefore pose significant (often unsolved)
challenges for detailed numerical access to the emerging physical characteristics. In
the right panel of Fig. 4.4, results are displayed corresponding to the ground state
approximation of a two-dimensional Hubbard model, defined on a square lattice of
6× 6 sites, in the strongly correlated regime at U/t = 8. As the system is considered at
half-filling, (numerically exact) reference energies can be obtained with the auxiliary-
field quantum Monte Carlo method [352].

The plot shows the relative energy error in relation to the total number of variational
parameters for bootstrapped GPS approximations, as well as the ones achieved with
translationally symmetric Gutzwiller, Jastrow and RBM ansatzes. To accurately model
the sign structure emerging for the target state, all ansatzes are defined with respect to
a spin- and translational-symmetry projected Pfaffian reference state [230], optimized
together with the multiplicative corrections with SR. With this additional optimization
of the Pfaffian reference state, already the Gutzwiller ansatz (with a single variational
parameter) reaches a relative energy error of approximately 10−2. The best overall
result displayed is that of a bootstrapped GPS reaching a final relative energy error
of ≈ 3× 10−3 with a final support dimension of M = 1759 (therefore corresponding
to 1794 variational parameters not including the parameters of the reference state).
Instead of initializing the GPS with random support configurations, here a starting
point was obtained by compression of an optimized Jastrow ansatz (multiplied by
a Pfaffian) into a GPS (initially multiplied by the same Pfaffian reference that was
optimized together with the Jastrow factor) by application of the RVM.

Within the bootstrapped GPS optimization, different kernel functions were con-
sidered. For the data point highlighted with a red background shading, the kernel
function was kept fixed to be the θ→ ∞ limit of the exponential kernel function (thus
equivalent to the p = 1-body kernel), again matching the accuracy achieved with a
simple Gutzwiller ansatz. In this case the total number of variational parameters is
equal to the support dimension. The data points with orange background shading
were obtained with the exponential kernel with a fixed distance weighting function
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f(i) = |r(0) − r(i)|2. The order weighting parameter, θ, was variationally optimized
together with the weights for these data points, resulting in a total number of M+ 1

free variational parameters in the GPS part. Lastly, a purple background shading
indicates a full optimization of all the exponential kernel hyperparameters, as was
also considered in the one-dimensional setting of the left plot of the figure. These data
points display a very similar relationship between the relative energy error and the
number of variational parameters as the one shown for a symmetrized RBM ansatz.

More detailed insight into the optimization characteristics of the GPS can be
obtained from Fig. 4.5. This visualizes the optimization process of the ansatz for a
two-dimensional Hubbard model on an 8× 8 square lattice, also at U/t = 8, with a
relative filling of N/L = 0.875 (where N denotes the number of electrons in the system).
Such a system displays particularly intricate physical properties that are notoriously
hard to capture numerically, and the exploration of the phase diagram specifics around
this point has attracted a lot of attention [332, 353].

The left part of the figure shows the variational energy per site achieved with the
ground state approximation over the course of the optimization. With specifics of the
ansatz definitions as for the results for the 6× 6 Hubbard model discussed above, the
(stochastically estimated) variational energy is presented at each VMC optimization
step for Gutzwiller, Jastrow, RBM, and bootstrapped GPS ansatzes, all multiplied by
a co-optimized Pfaffian reference state as above. Based on the variational principle,
smaller variational energies can be associated with more accurate approximations of
the target state.

The converged energy per site reaches ≈ −0.7097(3) t for the Gutzwiller approx-
imation, representing the largest value across the considered ansatzes. The lowest
variational energy was achieved with a bootstrapped GPS. This reached an energy per
site of ≈ −0.7266(3) t towards the end of the optimization process, consisting of a total
of 2000 optimization steps. In contrast to the results discussed above, this achieved
final energy represents a significant improvement over an RBM ansatz with αM = 16.
The RBM energies approach a final value of ≈ −0.7229(2) t per site in the optimization,
still a significant improvement over the ones obtained with a Jastrow ansatz (giving
final energies of around ≈ −0.7182(3) t per site). While the stochastic estimates are
always

For the bootstrapped GPS optimization, the kernel hyperparameters were optimized
together with the model weights, as well as the parameters of the Pfaffian state, in
the VMC optimization steps. This means a total of M+ 63+ 64× 64 parameters were
optimized with the SR. The total number of variational parameters was however not
fixed across the optimization as the RVM compression of the current state can lead to

2 The distance is evaluated as a ‘Manhattan distance’ on the graph, i.e., the minimum number of edges
connecting sites 0 and i
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Figure 4.5: Variational energy per site (left) and number of the selected support configurations
in the GPS (right) in relation to the VMC optimization steps for the approximation of a Hubbard
model ground state (8× 8 square lattice, relative filling N/L = 0.875, U/t = 8). The displayed
data correspond to the optimization of a Gutzwiller (green), Jastrow (red), RBM (orange) and
bootstrapped GPS (blue) ansatz, all defined as a multiplicative correction to a concurrently
optimized Pfaffian reference state as defined in the setup considered in the right plot of Fig. 4.4.
The RBM was defined with a hidden unit density of αM = 16, bootstrapped GPS optimization
included the optimization of the kernel hyperparameters f(i)× θ, and the optimization steps
between which the RVM were applied (here with σ̃ = 10−3) to recompress the current state
are indicated by vertical lines between the steps in the plots. Left plot (adapted) taken from
Ref. [216].

different final numbers of support configurations. In the discussed example, the RVM
was applied after VMC optimization steps, i.e., after every 100 energy evaluations, the
most important support configurations were identified. This is indicated by vertical
lines in the left part of the figure indicating those optimization steps between which
the RVM was applied. It can be seen, that the previous state was always matched
to a high accuracy, indicated by the fact that no jumps in the variational energy are
observed after application of the RVM. Again, the straightforward applicability of the
Bayesian learning of wavefunction data with the RVM was also exploited to obtain
an improved starting point based on the optimized Jastrow (multiplied by a Pfaffian)
wavefunction.

The right panel of the figure shows how the support dimension of the GPS evolves
over the course of the bootstrapped optimization. It can be seen that the support
dimension overall increases over the course of the optimization. The compression of the
Jastrow state results in an initial number of around 960 support configurations, which
grows to final support dimensions of around M ≈ 3000. While already reasonably
good convergence in the energy values can be observed after around 1000 optimization
steps, the support dimension still increases by about 500 configurations over the
last 1000 optimization steps. Nonetheless, convergence can also be observed for the
number of support configurations for the final iterations, indicating that the maximum
flexibility under the chosen noise parameter is achieved.
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The stochastic exploration of the exponentially large Hilbert space in the boot-
strapped GPS optimization can never fully guarantee that the best possible set of
support configurations is found. However, the presented results overall suggest that
sufficiently appropriate support configurations, achieving a relatively compact repre-
sentation of the target state, can be identified with the discussed approach.

4.2.3 Gaussian Process States with quantum support points

As an alternative to the bootstrapped GPS optimization, this section outlines a fully
variational approach to identify the support configurations of the GPS, not relying on
an iterative search for particularly relevant configurations. The general idea of this
approach, presented in Ref. [217], is to parametrize the support configurations of the
model as general product states. This parametrization of the product states in terms
of continuous variational parameters can then be optimized with the standard VMC
approaches without any additional application of the RVM compression scheme. By
fixing the support dimension of the model this also allows for a direct control of the
computational effort required for the optimization of the parametrization.

With the product structure of the exponential kernel, the GPS models the log
wavefunction amplitudes as

ω(x) =
M∑
i=1

wi

L∏
j=1

k(j)(xj, x
′(i)
j ), (4.11)

where again x ′(i)j denotes the occupancy of the i-th support configuration at site j. This
is equivalent to a linear combination of product state amplitudes, which can be seen
more clearly by re-expressing this equation as

ω(x) =
M∑
i=1

L∏
j=1

ϕ
(xj)
i,j , (4.12)

which is based on the definitions of local amplitudes

ϕ
(xj)
i,j = w

1/L
i k(j)(xj, x

′(i)
j ). (4.13)

The variational model discussed in this section is based on the idea of allowing the
local amplitudes, ϕ(xj)

i,j , to take arbitrary form. This can directly be motivated by
introducing product states as support configurations of the model.
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For the exponential kernel, as defined in Eq. (3.31), the local kernel values are given
by

k(j)(xj, x ′j) = e
−(1−δ

xj,x ′
j
)

θ×f(j) . (4.14)

Instead of considering a computational basis state for the support configuration, one
might also consider an arbitrary local superposition at each site, i.e., represent each
local occupancy as a linear combination

|x ′j⟩ =
D∑
k=1

cj,k |k⟩. (4.15)

Here, cj,k are the linear coefficients of the expansion in the local Hilbert space basis
associated with site j, denoted by local states |k⟩. The kernel function can be evaluated
for such quantum superpositions by replacing the delta function with the overlap
between the local state of the test configuration |xj⟩ and the superposition defined
for the local state of the support configuration, |x ′j⟩. The full kernel function is then
obtained as

k(x, x ′) =
L∏
j=1

k(j)(xj, x ′j) =
L∏
j=1

e

−(1−c
j,xj,x ′)

θ×f(j) , (4.16)

where an additional index x ′ was introduced for the tensor of coefficients cj,xj,x ′ ,
indicating that each support configuration is a different product state. It can directly
be seen that any GPS with basis states as support configurations, can be recovered by
appropriate choice of the expansion coefficients cj,xj,x ′ . However, the reverse is not
true, resulting in an increased expressibility of the model.

The parametrization of the kernel can be simplified by introducing new parameters
c̃j,xj,x ′ , for which the index j is a site label, xj the local basis state label, and x ′

the support configuration index. These are related to the product state expansion
coefficients via the relationship

c̃j,xj,x ′ = e

−(1−c
j,xj,x ′)

θ×f(j) . (4.17)

The kernel function can then be expressed as

k(x, x ′) =
L∏
j=1

c̃j,xj,x ′ . (4.18)
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Based on the reformulation, the resulting GPS amplitudes take the form

Ψ(x) = exp

 M∑
x ′=1

wx ′

L∏
j=1

c̃j,xj,x ′

 , (4.19)

where wx ′ denotes the weight associated with the support configuration with index
x ′. This model defines a variational class of states extending the ‘classical’ GPS to
products of local quantum superpositions as support configurations. It is therefore
referred to as the ‘quantum Gaussian Process State (qGPS)’.

Ansatz (quantum Gaussian Process State). The quantum Gaussian Process State ansatz
class is defined by introducing parameters ϵ(xj)j,x ′ = w

1/L
x ′ × c̃j,xj,x ′ , defining the wavefunction

amplitudes as

Ψ(x) = exp

(
M∑
x ′=1

L∏
i=1

ϵ
(xi)
i,x ′

)
. (4.20)

The ansatz is fully parametrized by D × L ×M continuous variational parameters, ϵ(xi)i,x ′ ,
for which the super script index is a physical index (i.e., the local occupancy of the test
configuration), the first sub script index i identifies lattice sites, and x ′ is an auxiliary index
enumerating the support configurations.

For practical VMC calculations, the D× L×M parameters ϵ(xi)i,x ′ can directly be
optimized with standard techniques. This avoids the necessity to explicitly identify
support configurations from the computational basis, resulting in a coupled continuous-
discrete optimization problem for the classical GPS. After an initialization of the
parameters ϵ(xi)i,x ′ for a fixed support dimension M, these can be updated iteratively
with approaches such as the SR to reach a final approximation of the target state.

The qGPS extends the variational flexibility of the classical GPS, and the full
expressivity of the GPS can, in principle, always be recovered. Also the computational
effort required to evaluate the amplitudes is the same as for the classical counterpart.
The cost of evaluating a single qGPS amplitude (without any symmetrization of the
model) scales as O(M× L).

In the following, benchmark results from Ref. [217] are presented, which outline
the practical strengths (and limitations) of the qGPS as a variational ansatz.

Figures 4.6 and 4.7 show accuracies achieved with a VMC optimization of the qGPS
to describe ground states of different anti-ferromagnetic J1-J2 models. Due to the
availability of various benchmark values, this also allows for a direct comparison of
the achieved quality with other results from the literature.

Figure 4.6 shows relative energy error achieved for anti-ferromagnetic Heisenberg
models, i.e., J1-J2 models with J2 = 0. As discussed in section 2.4.1, in this limit, the
exact sign structure in the chosen basis of Ŝz eigenstates is known. It was directly
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incorporated by appropriate transformation of the Hamiltonian so that the qGPS ansatz
approximates a target state of positive amplitudes in the chosen basis. Nonetheless,
the parameters ϵ(xi)i,x ′ were chosen to be complex, therefore in principle allowing for a
description of signed wavefunctions.

50 100 150

Chain length L

10−7

10−5

10−3

10−1

R
el
at
iv
e
en
er
gy

er
ro
r

Projected product stateJastrow

1D

M = 1

M = 3

100 101

Support dimension M

10−4

10−3

10−2

R
el
at
iv
e
en
er
gy

er
ro
r Fermionic VMC

CPS NQS A

NQS B

NQS C

L = 10× 10 (2D)

Figure 4.6: Relative energy errors of ground state approximations for anti-ferromagnetic
Heisenberg models. Left figure displays the relative energy error of an optimized product
state, a spin-system Jastrow ansatz (as defined in Eq. (2.32)), as well as qGPS ansatzes with
support dimensions M = 1 and M = 3 in relation to the chain length for one-dimensional
periodic chains. The qGPS and the product states were (kernel-)symmetrized according to
spin-inversion, lattice translations and lattice point group symmetries. For the Jastrow ansatz,
translational and point group symmetries were encoded into the structure of the parameters.
The right plot shows the relative energy error achieved with qGPS (equivalent symmetrization
as for data points in left plot) of varying support dimension for a periodic two-dimensional
square 10 × 10 lattice model. For comparison, the plot also indicates the best accuracies
achieved with other ansatzes with results taken from the literature, including a Gutzwiller
projected electronic mean-field state as described in Ref. [354] (result taken from Ref. [20]),
a CPS [323], and different realizations of NN architectures defining Neural Quantum States
for the system (NQS A [3200 complex variational parameters] result from Ref. [5], NQS B
[5145 real variational parameters] result from Ref. [92], and NQS C [3838 complex variational
parameters] result from Ref. [20]). Figures (adjusted) taken from Ref. [217].

The same kernel-symmetrization approach as for the ‘classical’ GPS was applied.
This gives a fully-symmetric qGPS model with symmetrized amplitudes according to

Ψ(x) = exp

(∑
S

M∑
x ′=1

L∏
i=1

ϵ
(S[x]i)
i,x ′

)
. (4.21)

In the considered setting, the first sum over symmetry operations was chosen to include
all combinations of translations, the point group symmetry operations of the lattice, as
well as the spin-inversion. With this symmetrization approach, particularly including
all translations, general size-extensivity of the solution can therefore be expected for a
fixed support dimension M (i.e., one independent of the system size).

The size-extensivity of the method is indicated in the left panel of Fig. 4.6. It
displays the obtained relative energy error for one-dimensional (periodic) chains of
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different lengths, increasing form L = 10 to L = 150. Results are shown for two small
support dimensions, M = 1 and M = 3, and it can be seen that, in both cases, relative
energy errors of below 10−4 are achieved across all displayed chain lengths. Already
for the small support dimensions considered, the qGPS achieves significantly smaller
energy errors compared to a single product state (symmetrized by projection), or a
symmetrized Jastrow ansatz, for which results are also displayed in the figure. The
single product state (with additional symmetrization) reaches a relative energy error of
≈ 3× 10−1, and the Jastrow ansatz gives a final value of ≈ 6× 10−4, for L = 150. The
qGPS values, on the other hand, converge to a smaller relative error of ≈ 6× 10−5 for
support dimension M = 1, therefore constructed with the same number of variational
parameters as the single symmetrized product state. Only a minor improvement over
this level of accuracy is achieved with an increased support dimension of M = 3, for
which the relative energy errors converge to a value of ≈ 3× 10−5.

Due to the low degree of entanglement emerging for the target state of the one-
dimensional local model, the target state can be represented efficiently as an MPS, and
essentially exact reference energies could be obtained with the DMRG algorithm [228].
To go beyond one-dimensional systems, the right plot of Fig. 4.6 shows the relative en-
ergy error of qGPS ground state approximations for an anti-ferromagnetic Heisenberg
model on a two-dimensional square lattice of 10× 10 sites as the support dimension
increases. With the absence of a sign problem, a numerically exact reference energy can
be obtained by the stochastic series expansion quantum Monte Carlo approach [355].

The displayed data points show a systematic decrease of the relative energy error as
the support dimensionM is increased, resulting from the increased expressibility of the
ansatz. For the qGPS constructed from a single product state support configuration, a
relative energy error of ≈ 2× 10−3 is reported, which decreases to a value of ≈ 6× 10−4

for M = 20. Despite this systematic improvement of the solution, it was not possible
to observe further improvements in the relative energy error for a larger support
dimension. This is an indication to difficulties with the optimization of the state,
pointing to shortcomings of the VMC optimization method.

The results achieved with the qGPS for the two-dimensional anti-ferromagnetic
Heisenberg model also compares favourably to the results achieved with other, highly
flexible wavefunction ansatzes for which literature benchmark values are shown in the
figure for comparison. Already a support dimension of M = 1 shows an improvement
over the results obtained with a Gutzwiller projected Fermionic ansatz discussed in
Ref. [354] (with values taken from Ref. [20]), as well as a practical CPS as discussed
in Ref. [323]. Moreover, the qGPS results are also mostly comparable with the results
achieved with different proposed NQS. While the accuracies obtained with a generic
RBM, as discussed in Ref. [5], are matched and even surpassed by the qGPS results
for support dimensions M ⩾ 8, more advanced NN architectures suggested for the
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problem in Refs. [20, 92] give a slightly improved final result as compared to the
best shown qGPS value. Recently, the level of accuracy reached by neural network
models for this system were improved further through the application of a novel
optimization scheme that made it possible to reach relative energy errors as small
as 10−7 [183]. Nevertheless, the displayed qGPS results indicate a great promise for
general applications of the model as a universal ansatz for different scenarios, and
improvements to the optimization scheme could potentially prove similarly beneficial
for the optimization of the qGPS model.

Especially due to the high simplicity of the qGPS, for which the parametrization is
specified using only a single parameter (the support dimension M), it can be seen as a
particularly easily applicable ansatz, complementing the class of NQS. For practical
(future) improvements of the results, it could potentially be helpful to introduce further
restrictions on the structure of the parameters. One might for example enforce some
locality for the described correlations (as it was also built into the kernel function for
the classical GPS). Such a construction, in spirit similar to finite-range convolutional
filters applied in a NN, would reduce the number of variational parameters, and could
help to guide the optimization to find target states with lower degrees of entanglement
more easily.

Symmetrization of Gaussian Process States

For all results discussed so far, the GPS was only assumed to model the magnitude
of wavefunction amplitudes. The sign structure of the target state was either approx-
imated with a mean-field reference state of limited flexibility, or the problem was
transformed so that the target state becomes non-negative in the chosen computational
basis. However, for many physically interesting target systems, a non-trivial sign
structure can emerge, which also needs to be represented by the model. As an example,
in this section, J1-J2 Hamiltonian ground state approximations with the qGPS are con-
sidered without employing the Marshall Sign Rule (MSR) transformation. In addition
to testing the practical qGPS to represent the known MSR, also a setup associated with
strong geometric frustration is considered, which is introduced through next nearest
neighbour interactions. In the regime of strong frustration at around J2/J1 ≈ 0.5 of
the J1-J2 model a highly non-trivial phase transition has been observed for the ground
state [64], and increased difficulties with the application of NQS have been reported in
different studies [12, 20, 79, 92, 117].

The problem of describing the sign structure can readily be tackled with the
qGPS representation introduced in the previous section. If the model parameters are
considered to be complex, the qGPS model can also describe the phase information
of the wavefunction. To analyse the practical ability of the model to describe the sign
information, Fig. 4.7 displays the relative energy errors obtained with qGPS ground
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state approximations in relation to the support dimension for a small rectangular lattice
of 6× 6 sites. This size still allows for exact diagonalization of the J1-J2 system [356].
The left part of the figure shows the results for the unfrustrated case at J2/J1 = 0.0, and
the right plot corresponds to a next nearest neighbour coupling of J2/J1 = 0.5. Results
obtained with a VMC optimization of a kernel-symmetrized qGPS as discussed before
are indicated by blue data points in the figure.
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Figure 4.7: Relative energy error vs. the support dimension of the qGPS for VMC ground
state approximations of the two-dimensional J1 − J2 model on a periodic 6× 6 square lattice
structure at coupling strengths J2/J1 = 0.0 (left) and J2/J1 = 0.5 (right). The MSR was not
imposed in either of the setups and a signed wavefunction is approximated by the qGPS.
The blue data points represent results achieved with a kernel-symmetrized qGPS model as
defined in Eq. (4.21) of the main text. The green data points show the results for a projectively
symmetrized qGPS according to Eq. (4.22). The symmetrization approaches incorporate
translation, point group and spin-inversion symmetries into the state. The dotted vertical
lines indicate reference values for different proposed NQS implementations from the literature,
described and studied in Ref. [20] (NQS A), Ref. [79] (NQS B), Ref. [18] (NQS C), and Ref. [65]
(NQS D). Figure (adapted) taken from Ref. [217].

Already the results for the unfrustrated case indicate practical difficulties to describe
the signed target state appropriately. Whereas the lowest relative energy error displayed
reaches a value of ≈ 10−4, the results are significantly worse in the limit of small
support dimensions. All data points for support dimensions M ⩽ 16 show a relative
error larger than 10−2. This is substantially worse than the value of ≈ 2× 10−3, which
was reported for the system with explicit incorporation of the MSR transformation in
Fig. 4.6.

The results for the unfrustrated setting clearly indicate a suboptimal optimization
of the parametrization, finding some local minimum of the energy rather than the
desired global minimum. The only difference to the previous setup is that the MSR
needs to be described by the ansatz as well. However, the MSR can be represented as a
qGPS with support dimension M = 1 (see appendix B.1). This means that the qGPS
should (at least) be able to reach the accuracy as for a system with MSR imposed if the
support dimension is increased by one.
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The difficulty with accurately describing signed target states, also manifests for the
results at the strongly frustrated point with J2/J1 = 0.5, shown in the right part of the
figure. With the ansatz definition as discussed before, only the qGPS with M = 64

reaches a relative energy error smaller than 10−2. The achieved value of ≈ 6× 10−3 is
only slightly larger than the reference benchmark values for NQS presented in Refs. [18,
20, 79], which are also included in the figure. While the latter two works report a
slight improvement over it, all reference values approximately reach a relative energy
error of ≈ 4× 10−3. This has been identified as a general accuracy limitation of various
literature NQS implementations in Ref. [12].

Although the overall optimization feasibility of the qGPS description can (at least
for the unfrustrated case) be improved by explicitly utilizing the MSR, having to resort
to known sign structures to improve the performance of the model is somewhat unsat-
isfactory. A universally applicable method should ideally also be able to robustly find
appropriate approximations of the target state, especially if the target sign structure
can be represented exactly by the model. It is clear that the results for the unfrustrated
system without utilization of the MSR are significantly influenced by practical opti-
mization difficulties. In general however, it is not always easy to determine the degree
to which the optimization of the model limits the achieved accuracy.

While practical optimization challenges appear to contribute, at least partially, to
overall bottlenecks of the approach, also tuning the definition of the model can help
to improve the quality of the description. An important component to practically
achieve high quality approximations within the VMC framework is an appropriate
symmetrization of the state. The GPS ansatzes discussed so far, all describe a fully
symmetric function for which symmetrization is achieved by an effective kernel-
symmetrization, as defined for the qGPS in Eq. (4.21). As presented in section 3.2.1, by
inclusion of all translations into the set of symmetry operations, the model corresponds
to a product structure of fully symmetric correlation features around each site.

As an alternative to using fully symmetric correlation features in the definition of the
ansatz, an alternative approach can be considered in which the product over correlation
features in the qGPS is allowed to be non-symmetric. Even if the target corresponds
to a trivial representation of the symmetry, with the same wavefunction phase for
symmetrically equivalent configurations, it might be helpful to allow the features in
the product structure of the GPS to be non-symmetric. While this might practically
require the optimization of more variational parameters, this could potentially also
yield to ‘simpler’ solutions more easily obtainable in the VMC parameter optimization.

As an example, one can consider the representation of the MSR as a qGPS for
which the details of the construction are shown in appendix B.1. Although the MSR
is a specific product state, representing it with a kernel-symmetrized qGPS requires
the full correlation range across the system, i.e., no cut-off can be introduced for the
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product across lattice sites in the exponent. This is counter-intuitive as an unentangled
product state should not require to describe the correlations across the full system. By
removing the explicit symmetrization of the features in the qGPS, the MSR can also be
described with a qGPS based on ‘local’ correlation features with M = L. This means
that the range in the product can be restricted to a single site for each support index,
giving additional points in the qGPS parameter landscape corresponding to the MSR
(which might be found more easily in the practical ansatz optimization).

Even if the base ansatz itself is allowed to break the model symmetries (by using non-
symmetric features), the system symmetries can still be exploited for the description,
by including an appropriate symmetry projection of the unsymmetrized qGPS. The
amplitudes for such a symmetry projected qGPS can be expressed as

Ψ(x) =
∑
{S}

exp

(
M∑
x ′=1

L∏
i=1

ϵ
(S[x]i)
i,x ′

)
. (4.22)

This projective symmetrization of the state effectively defines the amplitude as a sum
over the qGPS amplitudes over all symmetrically equivalent copies of the test configu-
rations. Such an approach also allows the state to be easily projected onto non-trivially
symmetric solutions (i.e., ones for which the amplitudes of symmetrically equivalent
configurations do not necessarily all have the same sign), by including the appropriate
phase prefactors. It should be noted however, that both symmetrization approaches
for the qGPS are, in this form, only applicable for symmetries that can be described
by operations S that are sparse in the chosen basis. For example, the symmetry op-
erations for a projection onto an Ŝ2 eigenstate generally connect each computational
basis state with exponentially many others, even though such a projection can be
evaluated for electronic mean-field states [230, 357] or MPS [358, 359]. To include a
spin quantum number projection into ML inspired VMC ansatzes therefore requires
alternative approaches [97].

Figure 4.7 also includes results obtained with a projectively symmetrized qGPS,
indicated by green data points. Overall, the projectively symmetrized qGPS shows a
smooth and systematic decrease of the relative energy error as the support dimension
increases. Whereas for both considered couplings J2/J1, the kernel-symmetrized qGPS
gives the higher accuracy for the smallest support dimensions M = 1 and M = 2,
the projectively symmetrized ansatz outperforms the kernel-symmetrized qGPS for
larger support dimensions. In the unfrustrated case, the projection approach yields the
overall lowest displayed relative energy error of ≈ 5× 10−5 with the largest considered
support dimension of M = 64. In the strongly frustrated limit at J2/J1 = 0.5, the
projected qGPS achieves a relative energy error of ≈ 1.3× 10−3, representing a slight
improvement over the general accuracy barrier identified in Ref. [12].
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The presented results suggest that indeed the approach of allowing the ansatz
to break the symmetries, and restoring them by a projection of the state, can help
to obtain accurate representations of signed target states. The ability to overcome
previously reported accuracy limitations of NQS by fully-projective restoration of
symmetries has first been described for RBM architectures in Ref. [65]. It was later
extended via the framework of ‘group equivariant convolutional’ architectures [360]
for other NQS with convolutional architectures, described in Refs. [79, 127]. The first
work reports an achieved relative error of ≈ 10−4 for the frustrated system of 6× 6
sites [65] (also indicated in the figure as a reference). This represents another significant
improvement over the best displayed result achieved with the projectively symmetrized
qGPS. Further confirmation of the observations contrasting the performance of different
symmetrization procedures is presented for additional NN architectures in Ref. [176].

While the projective symmetrization of the qGPS seems to help with the description
of signed target state, it can be expected that the support dimension needs to be
scaled linearly with the system size in order to achieve general size-extensivity. This is
consistent with the observation that the projectively symmetrized qGPS, in the limit
of very small support dimensions, reaches an energy error that is larger than that
of the kernel-symmetrized model. With the total number of variational parameters
in the qGPS scaling as M× L×D, increasing the support dimension linearly with
the system size results in a total number of variational parameters of O(L2 ×D).
This might pose further challenges for scaling the method up to larger systems. In
addition to the increased computational cost, also a reliable VMC optimization of the
ansatz, only based on expectation value estimates with a finite number of stochastically
sampled configurations, might become more difficult. Efficient implementations
together with stable optimization techniques [127] are therefore a key requirement in
order to universally scale such approaches up to larger systems, representative of the
thermodynamic limit. To improve the computational complexity, it might practically
be helpful to decrease the total number of parameters in the qGPS, e.g., by restricting
the range of the modelled correlations to restricted regions around the different sites.



5

A B - I N I T I O E L E C T R O N I C S T R U C T U R E W I T H G AU S S I A N
P R O C E S S S TAT E S

A long-standing dream is to be able to accurately predict interesting chemical properties
just from the underlying quantum mechanical laws, e.g., in order to discover novel
materials for sought after technological applications. The prototypical lattice models
used as a testing ground for the methods in the previous chapters can incorporate a
rich variety of quantum phenomena contributing to practically observable material
characteristics. Nonetheless, these mostly just represent toy model simplifications,
only qualitatively replicating some effects emerging in real world materials, and
other chemical substances. For more practical chemical predictions, more general
representations are required, in particular going beyond the explicitly local interactions
described by simple lattice models.

While different quantum chemical methods allow for accurate simulations of
selected systems, such as approaches explicitly improving upon a Hartree-Fock (HF)
description [3, 361], especially system properties emerging from strong electronic
correlation remain mostly inaccessible with practical numerical techniques. This
chapter describes the extension of the introduced methodology for realistic ab-initio
simulations of quantum chemical systems, similar to the presentation in Ref. [218]. The
feasibility and applicability of the method is discussed via applications to standard
benchmarking systems, and it is shown that reasonable descriptions can be achieved
across different physical regimes. However, the method is not free from practical
limitations, and it is only applicable for small systems.

5.1 the electronic structure hamiltonian

Building on the concepts explored in the previous chapter, this chapter presents a
practical application of the quantum Gaussian Process State (qGPS) to describe the
electronic ground state for small molecular systems. With the description of the
qGPS for discrete degrees of freedom, the qGPS can readily be applied for Varia-
tional Monte Carlo (VMC) calculations in a second-quantized ‘linear combination of

110
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atomic orbitals’ approach. In such an approach, a discretized formulation for the
electronic structure problem in the Born-Oppenheimer approximation is introduced, by
considering the behaviour of electrons that occupy a finite number of fixed molecular
orbitals. These molecular orbitals correspond to single particle wavefunctions that are
obtained by appropriately orthogonalizing a chosen set of atomic orbitals used as a
basis to discretize the problem.

The electrons occupy the molecular orbitals similarly as the electrons occupy the
lattice sites in the Hubbard model. Representing the electronic Hamiltonian through a
finite number of molecular orbitals already introduces an approximation of the many-
electron behaviour across the continuous physical space. For a systematic study into
the behaviour, it would therefore typically be required to ensure that the basis set used
for the calculations is actually suitable to capture the physical behaviour to the targeted
accuracy. This is different for representations directly targeting the many-electron
state in real space, in which the wavefunction is directly described w.r.t. electronic
configurations in the continuous physical space (corresponding to the limit of infinite
atomic orbitals). While such descriptions of the electronic wavefunction directly in the
real space limit are also imaginable with a Gaussian Process (GP) inspired approach, as
it has also already been tackled with artificial neural network (NN) representations [31,
32, 39, 40, 75, 76, 120, 122, 129, 184, 185, 191, 204, 205, 207], the methodology discussed
in the following is applied in a second quantized framework with a finite number of
molecular orbitals. It solely focusses on the task of finding an accurate description
of the ground state for a specified choice of atomic orbitals, providing the basis for
different practical applications.

Specifically, the problem is constructed by considering a set of L electronic molecular
orbitals emerging as a linear combination of chosen atomic orbitals. These real space
wavefunctions can, therefore, be described as

χi(r) =
L∑
j=1

ci,j ζj(r). (5.1)

Here, χi represents the i-th molecular orbital, evaluated for a position r, ζj is the j-th
atomic orbital of the chosen atomic orbital set, and ci,j denotes the linear expansion
coefficient. Crucially, the linear combination is constructed such that the molecular
orbitals are orthogonal and give rise to an appropriate basis for the problem. Here, a
restricted formulation is used for which each spatial orbital can be considered as a mode
in the second quantized formulation, which can be occupied by up to two electrons
(with opposite spin). This means that the 2L per-spin orbitals are simply defined by
multiplication of the spatial orbital with one of two orthogonal spin wavefunctions
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(also ensuring orthogonality between the two per-spin orbitals for the same spatial
orbital).

With the constructed molecular orbitals, the ab-initio Hamiltonian can be expressed
for the chosen basis in a second quantized formalism, by introduction of annihilation
(creation) operators ĉ(†)i,σ that annihilate (create) an electron in the i-th orbital with spin
σ. Neglecting the constant nuclear repulsion contribution, the resulting Hamiltonian
can then be expressed as [3, 362]

Ĥ =
∑
σ

 L∑
i,j=1

hi,j ĉ
†
i,σĉj,σ +

1

2

L∑
i,j,k,l=1

hi,j,k,l (ĉ
†
i,σĉ

†
j,σĉk,σĉl,σ + ĉ

†
i,σĉ

†
j,σ̄ĉk,σ̄ĉl,σ)

 , (5.2)

where the first sum runs over both possible spin values, and a spin label σ̄ denotes
the inversion of spin σ. The first terms of the Hamiltonian captures the single-particle
contributions to the Hamiltonian which are specified by the one-electron integrals
between pairs of orbitals, hi,j. These capture the electronic kinetic energy together
with the static potential from the electron-nucleus interaction for the chosen molecular
orbitals. Expressed in energy units of Hartree, the one-electron integrals are given by

hi,j =

∫
drχ∗i (r)

(
−
1

2
∇2 −

∑
k

Zk
|Rk − r|

)
χj(r), (5.3)

where the inner sum runs over the static nuclei with charges Zk and positions Rk,
∇2 denotes the standard Laplace operator and the integration is performed across the
real space. Similarly, the two-electron integrals, hi,j,k,l, are obtained by evaluating the
contribution of the Coulomb repulsion between the electrons giving the expression

hi,j,k,l =

∫
dr

∫
dr ′

χ∗i (r)χ
∗
j (r

′)χk(r ′)χl(r)
|r − r ′|

. (5.4)

With this definition of the Hamiltonian in a basis of molecular orbitals, the VMC ap-
proaches outlined in the previous section can directly be applied to find the electronic
ground state for the molecular system. The computational basis of many-body configu-
rations x is obtained from simply listing possible occupancies of the different molecular
orbitals, equivalent to the description outlined for the Fermi-Hubbard model in section
2.4.2. This chapter discusses the application of the qGPS as a functional model to de-
scribe the ground state. While the overall framework does not depend on the specifics
of the qGPS model (and other ansatzes can equally be applied), the description of
ab-initio systems can be considered another test of the model’s general applicability.
Similar approaches have also been discussed recently with Neural Quantum State
(NQS) architectures [8, 21, 110, 175, 178, 189].
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5.1.1 Molecular orbitals: Canonical vs. local

With the general orbital VMC framework presented in the previous section, the VMC
approach is, in principle, directly applicable. In general, for a given molecular geometry
with a specified atomic orbital choice, suitable one- and two-electron integrals can
easily be obtained from standard quantum chemistry packages, such as, e.g., the PySCF
software [233]. However, the choice of molecular orbitals is not unique. The only
constraints for the molecular orbital functions are that these need to be orthogonal,
and that they are constructed as a linear combination of the chosen atomic orbital
representation. For one valid set of molecular orbitals χi, another set of orbitals χ̃j can
easily be obtained by applying a transformation specified by a unitary L× L matrix U
according to

χ̃i =

L∑
j=1

Ui,j χj. (5.5)

A unitary transformation of the molecular orbitals thus, in general, results in a
different structure of the wavefunction amplitudes in the chosen computational basis.
The overall success of the ground state approximation depends on the ability of the
qGPS to represent the target state in the chosen basis. It is therefore expected that the
choice of molecular orbitals influences the quality of the ground state approximation
that can be achieved practically. While the perfect choice of molecular orbitals, to
achieve the best possible accuracy, might in general be system-dependent (and not
easily identifiable), one can consider different heuristics to construct the orbitals.

A common choice is to obtain the orbitals as eigenfunctions of a suitably chosen
mean-field representation of the studied Hamiltonian. This can be achieved by the HF
method in an iterative approach that alternates between a construction of a mean-field
Hamiltonian from molecular orbitals and the diagonalization of this Hamiltonian to
update the set of orbitals [3]. One therefore obtains a set of molecular orbitals that can
be associated with single-body eigenstates of the final mean-field Hamiltonian. With
this choice of electronic orbitals, the HF approximation of the many-body ground state
is simply obtained by taking an anti-symmetrized product (i.e., a Slater determinant
(SD)) of the energetically lowest-lying mean-field orbitals. In the second-quantized
representation, this means that the HF wavefunction only has support on a single
many-body configuration xHF in which only the molecular orbitals with the smallest
single-body energies are occupied. Assuming that the wavefunction ansatz can describe
such a peaked state, this choice of orbitals guarantees that at least the accuracy of the
HF method can be achieved in the variational approximation of the system’s ground
state. With the qGPS, for example, a support dimension of M = 1 is sufficient to
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filter out the HF configuration and obtain a state with vanishing amplitudes on the
remainder of the Hilbert space.

Motivated by the demonstrated success for lattice models, one might also consider
a construction of the orbitals based on a notion of locality in position space. The
idea is to obtain a set of expansion coefficients ci,j defining the molecular orbitals
according to Eq. (5.1), such that the final orbitals are as localized as possible. Different
approaches can be applied to achieve this goal in practice. These are typically either
based on analytic schemes to find an orthogonal representation of the localized atomic
orbitals [363–365], or on a numerical minimization of a metric quantifying the locality
of the molecular orbitals [366–368]. An example of localized orbitals is the basis of
‘Boys’-localized orbitals [369], which is considered in the following. To obtain these
orbitals, a unitary rotation matrix U, transforming an initial set of molecular orbitals
to the localized ones, is determined by numerical maximization of a locality measure
defined as

L(U) =

L∑
i=1

∣∣∣∣∫ dr χ̃∗i (r) r χ̃i(r)
∣∣∣∣2 . (5.6)

When using canonical orbitals, the target state will typically have a particularly
peaked structure around the HF configuration for weakly correlated systems. It can
be expected that the Monte Carlo sampling can become problematic in such a case,
since the same few configurations are sampled repeatedly when such a peaked state
is approached, and the Hilbert space is not explored well. Such difficulties were, e.g.,
also observed for the optimization of NQS as discussed in Ref. [21]1. It was shown that
a particularly large number of samples had to be generated to achieve the full potential
of the model, even if a perfect sampling from the full Hilbert space was performed.

In contrast to the canonical orbital choice, for a localized representation, it can
generally be expected that the overall state will be less peaked and have a broader
distribution across the computational basis. The difference of the probability dis-
tributions depending on the orbital choice is exemplified in Fig. 5.1. It visualizes
the probability distribution of the exact ground state wavefunction for a system of
ten hydrogen atoms placed in a linear chain, described with a minimal basis set of
atomic orbitals. The figure displays the probability amplitudes of the target state in
a basis of canonical orbitals, Boys-localized orbitals, and split-localized orbitals [225].
In the split-localization, the Boys localization is applied separately for the orbitals
occupied in the HF solution, and the energetically higher lying orbitals (referred to as
the virtual orbitals). The most dominant probability amplitudes (sorted according to
their magnitudes in descending order) show a very rapid decay in the basis defined
by the canonical orbitals and the split-localized basis. However, the probability ampli-

1 While the exact choice of orbitals was not specified in this work, the presented results strongly suggest
that a canonical choice was used.
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tudes decay significantly less quickly for the localized orbital basis. As the stochastic
evaluation of quantities is expected to be less plagued by sampling difficulties for such
a flatter distribution, this orbital choice is used in the following to benchmark the
qGPS for ab-initio quantum chemical systems. While the following results indicate that
good accuracies can be achieved with an orbital localization using the Boys heuristic,
additional improvements to the orbital choice, e.g., through an additional ‘on-the-fly’
tuning of the orbital transformation as proposed in Ref. [189], could potentially provide
further future advancements of the methodology.
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Figure 5.1: Distribution of the ground state probability amplitudes of a linear chain of ten
hydrogen atoms (STO-6G atomic orbital basis, inter-atomic spacing of 1.8 a0) w.r.t. different
molecular orbital representations. The distribution of probability amplitudes are shown
by sorting the amplitudes by decreasing magnitude from left to right. Distributions are
shown for local orbitals (blue), split-localized orbitals (green) and canonical orbitals (red).
The localization of the orbitals was achieved with the Boys localization outlined in the main
text [233]. Probability amplitudes smaller than 10−14 are not displayed. Figure similarly
presented in Ref. [218].

5.1.2 Practical efficient implementations

The application of variational functions for the description of electronic states in
a discrete basis of molecular orbitals is in spirit similar to the application of the
models for prototypical (Fermionic) lattice models. Using pre-calculated one- and two-
electron integrals hi,j and hi,j,k,l, the Hamiltonian matrix elements ⟨x̃|Ĥ|x⟩ can directly
be evaluated for two computational basis states connected by the Hamiltonian. By
creating configurational samples with the Metropolis Hastings algorithm, the energy
expectation values can be evaluated and the ansatz can be optimized as discussed
before. As discussed in section 2.4.2, the Fermionic character of the state can directly
be incorporated into the chosen second quantized basis. A difference between the
ab-initio Hamiltonian of Eq. (5.2) and the Fermi-Hubbard model is the number of
terms in the Hamiltonian. Whereas the ab-initio Hamiltonian comprises O(L4) terms
(with L being the number of orbitals), the Hubbard model only comprises O(L) (with
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L being the number of lattice sites) terms in the chosen basis. This means that the
evaluation of a single local energy, Eloc(x) =

⟨x|Ĥ|Ψ⟩
⟨x|Ψ⟩ , requires the evaluation of O(L4)

amplitudes. In order to scale the method up to system sizes beyond what can be
achieved with exact numerical methods, special care needs to be taken to efficiently
implement the evaluation of the local energy.

A practical demonstration how the evaluation of the local energy for the ab-initio
Hamiltonian can be implemented efficiently, is, e.g., presented in Ref. [336]. In this
description, the ab-initio Hamiltonian is expressed according to

Ĥ =
∑
σ

 L∑
i,j=1

ti,j ĉ
†
i,σĉj,σ +

1

2

L∑
i,j,k,l=1

hi,l,j,k (ĉ
†
i,σĉj,σĉ

†
k,σĉl,σ + ĉ

†
i,σĉj,σĉ

†
k,σ̄ĉl,σ̄)

 , (5.7)

where the coefficients ti,j are specified as

ti,j = hi,j −
1

2

L∑
k=1

hi,k,j,k. (5.8)

The evaluation of the local energy thus requires to evaluate the ansatz amplitudes for
all possible single and double electron hops, i.e., amplitudes of the form ⟨x|ĉ†i,σĉj,σ|Ψ⟩
and ⟨x|ĉ†i,σ1 ĉj,σ1 ĉ

†
k,σ2
ĉl,σ2 |Ψ⟩. Such a hop will only give a non-zero amplitude if this is

consistent with the configuration |x⟩. This means that an amplitude ⟨x|ĉ†i,σĉj,σ|Ψ⟩ is only
non-zero if the orbital i (j) with spin σ is occupied (unoccupied) in the configuration
|x⟩. By restricting the sum in the evaluation of the local energy to those single-electron
terms for which ⟨x|ĉ†i,σĉj,σ|Ψ⟩ is non-zero, the number of wavefunction evaluations
is reduced to O(N×Nv) (where N is the number of electrons, and Nv = 2L−N the
number of virtual spin-orbitals). A similar restriction to the quadruple sum for the
two-electron terms can be introduced, which leaves a dominant number of O(N2×N2v)
amplitude evaluations.

If the full wavefunction ansatz is defined as a model for second quantized basis
states, each evaluation of a hop expression involves the evaluation of a parity prefac-
tor [333] and the amplitude evaluation for the connected configuration. This means,
e.g., for a double electron hop, the expression

⟨x|ĉ†i,σ1 ĉj,σ1 ĉ
†
k,σ2
ĉl,σ2 |Ψ⟩ = (−1)Nx,x̃⟨x̃|Ψ⟩, (5.9)

needs to be evaluated. Here, |x̃⟩ is the connected basis state satisfying

(−1)Nx,x̃ |x̃⟩ = ĉ†l,σ2 ĉk,σ2 ĉ
†
j,σ1
ĉi,σ1 |x⟩. (5.10)
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The parity prefactor (−1)Nx,x̃ can easily be evaluated by computing the number Nx,x̃ of
electrons that are passed with the double electron hop w.r.t. the chosen ordering of the
orbitals. This can be achieved in constant time for each term by initially computing a
cumulative orbital occupancy of each orbital (storing the total number of electrons in
all previous orbitals) for the configuration |x⟩.

For many common wavefunction ansatzes, it is possible to compute the amplitudes
of connected configurations, ⟨x̃|Ψ⟩, more efficiently having already computed the ampli-
tude ⟨x|Ψ⟩ in the denominator of the local energy [336]. This typically involves storing
intermediates in the computation of ⟨x|Ψ⟩, so that the amplitude of the connected con-
figuration can be obtained by appropriate update. The ‘fast’ updates of the amplitude
can take into account that the molecular occupancies in the two configurations |x⟩ and
|x̃⟩ only differ on, at most, 4 orbitals, namely the ones from which the hop removes or
adds electrons. The fast updating can also be applied for the Gaussian Process State
(GPS) representations to reduce the cost for the evaluation of the connected amplitude.
It is exemplified here for GPSs with an exponential kernel and the qGPS form. Similar
constructions are also possible for other kernel functions (or NN architectures).

As discussed in section 4.2.3, the considered GPS functional forms can be repre-
sented as an exponentiated linear combination of M product state amplitudes. Without
symmetrization, the amplitudes thus take the form

Ψ(x) = exp

(
M∑
x ′=1

L∏
i=1

ϕ
(xi)
x ′,i

)
. (5.11)

The central element to the fast updating of amplitude values is to store the M product
state amplitudes, ψx ′(x) =

∏L
i=1ϕ

(xi)
x ′,i , for the evaluation of the configuration |x⟩.

These M product state amplitudes can then be updated efficiently for the connected
configuration |x̃⟩ according to

ψx ′(x̃) =
∏
i

ψx ′(x)
ϕ
(x̃i)
x ′,i

ϕ
(xi)
x ′,i

. (5.12)

Crucially, here the product only includes those indices i identifying orbitals for which
the occupancy has changed (which are at most 4 in the discussed setting). This means
that each of the M product state amplitudes can be evaluated in constant time. For the
evaluation of the amplitude, these are then summed together giving an overall cost to
evaluate the connected configuration of O(M), representing an O(L) improvement over
the direct evaluation of the amplitude.

The fast updating scheme for updating a (q)GPS amplitude under the change of
the configuration on few modes is equally applicable in the context of other models
where the Hamiltonian connects configurations differing only on few sites. Examples
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also include the prototypical lattice models discussed before. Furthermore, it is
also applicable to gain speed improvements in the generation of samples with the
Metropolis-Hastings algorithm, assuming that proposals of new configurations are
based on small numbers of updates to the current sample (which would be the case for
standard choices). To what extent the fast updating improves the overall computational
effort of the method is however ultimately determined by the contribution of the
local energy evaluation and the sample generation to the full runtime. This can differ
depending on the specifics of the approach and system. Especially if a model that can
be evaluated relatively efficiently comprises many variationally optimized parameters,
then an optimization of the parameters with the Stochastic Reconfiguration (SR) can
also become a significant contribution to the computational cost. If however, the
ansatz has fewer optimized parameters for a similar amplitude evaluation cost (such
as the classical GPSs), or an increased evaluation cost (e.g., for SDs), then fast update
mechanisms likely have a greater impact on the overall computational efficiency.

With the increased computational cost of the local energy evaluation in the ab-
initio calculations discussed in this section, the fast update scheme will typically
help to decrease the overall runtime, especially for larger numbers of orbitals. For
a fixed support dimension M of the GPS, the dominating cost to evaluate a single
local energy for the full ab-initio Hamiltonian, using the efficient formulation and
the fast updating, scales as O(M ×N2 ×N2v). An additional improvement of this
scaling can be achieved (asymptotically) by exploiting (approximate) sparsity of the
Hamiltonian. If localized orbitals are chosen, the overlap between different molecular
orbitals often vanishes due to their separation in position space. This means that the
values of the two-electron integrals hi,j,k,l vanishes for many pairs of orbital indices
(i, l) and (j,k), and asymptotically only O(L2) non-vanishing terms contribute to the
Hamiltonian. Different schemes have been proposed to efficiently prune non-significant
terms from the Hamiltonian, decreasing the overall computational effort to evaluate
the local energies in the method [370–373]. The use of localized orbitals therefore
also enables potential routes to push the practical applicability of second quantized
wavefunction parametrizations to larger systems with computational cost that is in-line
with descriptions in real-space [371, 374].

The results presented in the next section benchmark the overall applicability of
the qGPS to the description of ab-initio quantum chemistry setups in the discussed
framework. With an efficient implementation of the overall method, also including fast
updating of the qGPS amplitudes, and directly usable with modern graphics processing
unit (GPU) computing architectures, results were obtained for molecular systems with
up to 64 electrons in 64 spatial orbitals (i.e., 128 per-spin orbitals). While such systems
sizes can in principle also be treated with other standard post-HF quantum chemistry
methods, these are larger than the systems previously studied with comparable NQS
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approaches (going up to N = 52 and L = 38 [110]). Perhaps more importantly however,
it is shown in the next section that the discussed VMC approaches are applicable
in regimes of particularly strong correlation, in contrast to other standard quantum
chemistry methods, such as coupled-cluster approaches.

5.2 results

As a first benchmark test of the ab-initio system description with the qGPS, a linearly
arranged sequence of hydrogen atoms with a minimal basis-set description (i.e., one
spatial orbital per hydrogen atom) is considered. Such a system is very similar to a
simple Hubbard model. However, the strict locality of the lattice model (restricting the
electronic interactions to the same site and the kinetic movement to nearest-neighbours),
is replaced by general interactions and movement across the full system. Such systems
are a very common testing ground to benchmark different ab-initio methods [375].

Figure 5.2 displays the relative energy error obtained by qGPS ground state ap-
proximations, using a fixed support dimension of M = 50 for different inter-atomic
separations. Due to the one-dimensional structure, reference values obtained with
density matrix renormalization group (DMRG) [370] with a large bond dimension
in the Matrix Product State (MPS) can be considered exact and give a reference to
evaluate the relative energy error. The data points showing the accuracy achieved
with the qGPS (blue dots) indicate a high accuracy across the full range of considered
inter-atomic distances, consistently reaching a relative energy error of slightly less than
10−3. Also shown in the figure are reference values obtained with HF, coupled cluster
with single and double excitations (CCSD) (where available) and DMRG (with MPS
bond dimension of Mb = 50) calculations, all taken from Ref. [370]. It can be seen
that a significant degree of correlation emerges for these systems resulting in a large
error for the mean-field HF description. The level of accuracy achieved with the qGPS
is comparable to that obtained with the CCSD calculation for the data points going
up to the separation of 2 a0 (with Bohr radius a0). The CCSD calculations typically
fail as stronger electronic correlation emerges for larger separation between the atoms,
and no CCSD comparison values are available for the inter-atomic separation of 2.8 a0.
That the qGPS gives a similar level of accuracy across different atomic separations, is a
promising indication of a universal applicability of the method for different ab-initio
systems beyond the reach of standard ab-initio methods.

Interestingly, the relationship between the achieved energy error and the atomic
separation appears to be different for an MPS (optimized with DMRG) than for the
qGPS. For a compressed geometry with a separation of 1 a0, the qGPS with support
dimensionM = 50 also matches the accuracy of an MPS with bond dimensionMb = 50.
As the distance between atoms is increased however, the relative energy error of the
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Figure 5.2: Relative ground state energy error obtained with a qGPS (M = 50) for a linear
50-atom hydrogen chain at different inter-atomic separations in a minimal basis set (STO-6G).
Comparison values as obtained with the HF method, CCSD and DMRG with an MPS bond
dimension of Mb = 50 are also displayed. Relative energy errors were computed w.r.t. a
reference energy obtained with DMRG (with MPS bond dimension Mb = 500). Reference
energy and comparison values taken from Ref. [370]. Figure similarly presented in Ref. [218].

MPS with Mb = 50 decreases. This points to a decay of the amount of entanglement
between the orbitals present in the target ground state.

Due to the one-dimensional structure of the linear hydrogen chains, the ground
state can be approximated efficiently to very high accuracy with MPSs. For more
general molecules however, this will not necessarily be true, and no general method
exists to accurately describe the electronic state appropriately in all correlation regimes.
Figure 5.3 presents results obtained for the ground state approximation of a single
water molecule in the 6-31G atomic orbital basis in an arrangement near the equilibrium
geometry (depicted in the right part of the plot), thus going beyond one-dimensional
molecular geometries. This setup has also been considered in Ref. [21], discussing the
application of NQS to the task of modelling ab-initio wavefunctions, apparently in a
basis of canonical molecular orbitals. Depending on the number of samples used, in
that work relative correlation energy errors for the ground state approximation with a
restricted Boltzmann machine (RBM) ansatz ranging from 5× 10−2 to ≈ 7× 10−1 are
reported.

It was not possible to practically achieve similar energy errors solely using a
qGPS in a basis constructed of localized molecular orbitals. Whereas the HF state is
easily expressed as a qGPS with the canonical orbitals, this is no longer true in the
basis constructed from localized orbitals. Moreover, the ordering of the molecular
orbitals, which needs to be defined to evaluate Hamiltonian matrix elements, becomes
ambiguous. As discussed in appendix B.2, modelling the sign structure in the target
wavefunction due to different orderings potentially comes at the cost of requiring a
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Figure 5.3: Relative correlation energy error for a ground state approximation of a water
molecule in a 6-31G atomic orbital basis in the geometry as chosen in Ref. [21], which is also
depicted in the right part of the figure. Values are displayed for an optimized mean-field
reference state augmented qGPS with different support dimensions (optimized using ≈ 104
Monte Carlo samples). The results correspond to different reference state ansatzes (optimized
together with the qGPS). These include a single SD with fixed spin-magnetization but allowed
to break the Ŝ2 symmetry (blue), the same reference ansatz also including a spin projection
(green), as well as a spin projected Pfaffian reference state with fixed spin magnetization
(red). Reference results achieved with an RBM ansatz from Ref. [21], obtained with 104 and
106 samples respectively, together with CCSD and coupled cluster with single and double
excitations and pertubative treatment of triple excitations (CCSD(T)) results [233], are also
displayed for comparison. Figure similarly presented in Ref. [218].

support dimension that needs to be scaled quadratically with the number of orbitals.
Such large support dimensions would thus significantly increase the complexity of the
model evaluation and number of variational parameters, likely hindering a practical
optimization of the parametrization.

To circumvent the two conceptual issues emerging when using a pure qGPS as
a variational ansatz in a second quantized basis of localized orbitals, the qGPS was
again augmented by multiplication of a mean-field type reference state. Multiplying
the (theoretically) systematically improvable qGPS with such reference states means
that the HF state can always be spanned. The ansatz is therefore expected to improve
upon this baseline for all support dimensions. Moreover, the span of the considered
parametrization is independent of the chosen orbital ordering since the reference state
represents an explicitly antisymmetric wavefunction w.r.t. electronic configurations
represented in first quantization.

Figure 5.3 shows the obtained relative error of the correlation energy, defined as the
improvement over the variational energy of the HF description, as the qGPS support
dimension M is increased. Firstly, a single SD with fixed total spin magnetization, but
which can break the Ŝ2 symmetry, was optimized together with the qGPS. This gives
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a relative correlation energy of ≈ 1.4× 10−1 using a support dimension of M = 1 in
the qGPS. This is only slightly larger than the error that was obtained with the RBM
architecture discussed in Ref. [21] with an optimization of the state using a total of 104

samples. This is also roughly equal to the numbers of samples that was used to obtain
the GPS results of this chapter.

In the chosen basis of localized orbitals with a mean-field augmented reference state,
further improvements to the description manifest by increasing the support dimension.
Whereas the relative error of the correlation energy shows a systematic decrease as the
support dimension is increased for small values ofM, the improvement flattens off, and
the accuracy converges to a relative correlation energy error of ≈ 8× 10−2 for support
dimensions M ⪆ 8. However, not being able to improve upon this value indicates
some shortcomings of the approach. While simple SDs do not introduce a principled
restriction of the model [61], slight improvements to the accuracies could be obtained
by adjusting the chosen reference state. As shown in the figure, a magnetization
conserving SD with spin projection (green data points) gives slightly smaller errors
than the non-spin-projected SD reference, for all considered support dimensions. An
additional small improvement could be achieved with a magnetization conserving
Pfaffian reference state, also including a spin projection, for which the data points are
shown as red triangles in the figure. With this reference state, the relative correlation
energy error approaches a value of ≈ 4× 10−2 for larger support dimensions of M ⪆ 8.
Nonetheless, the overall accuracy still appears to remain limited to this value and no
further improvements could be observed.

Whereas great accuracies can be achieved for specific systems with standard meth-
ods systematically building upon the HF description, such as coupled cluster ap-
proaches, these are often not well suited for describing particularly strong electronic
correlations. The high accuracy achieved with CCSD and coupled cluster with single
and double excitations and pertubative treatment of triple excitations (CCSD(T)) as
reported for the water molecule, will therefore not necessarily always be reached for
other molecular arrangements. Especially in the limit where these approaches break
down, the ability of the GPS to describe correlation in the state could be a valuable
asset to improve upon existing descriptions.

Figure 5.4 shows results for a three-dimensional cubic arrangement of 4× 4× 4
hydrogen atoms represented in a minimal basis set (constructed from STO-6G atomic
orbitals). The results were obtained with a variationally optimized qGPS, with a
support dimension of M = 96, augmented by a single SD reference state. No general
numerically exact methods exist to obtain exact reference energies for this system,
making this a showcase application of the method, introducing a novel benchmark.

The left plot of the figure shows the final variational energy per atom, in relationship
to the inter-atomic separation between the hydrogen atoms. The qGPS ansatz results
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Figure 5.4: Ground state energy per atom (left) and mobility coefficient γ (right) obtained
for a three-dimensional cubic arrangement of 4× 4× 4 hydrogen atoms in a minimal atomic
orbital basis set (STO-6G) at different distances between the nearest neighbour atoms. The
blue data points represent the results achieved with a qGPS ansatz (with support dimension
M = 96) multiplied by a single (spin breaking) SD with fixed spin magnetization. The figure
also includes comparison values obtained with the HF method, as well as the energies obtained
with the variational two-electron reduced density matrix (DQG) approach taken from Ref. [376].
The coefficient γ, shown in the right plot, captures the harmonic average of the off-diagonal
elements of the one-body reduced density matrix (1-RDM) in the atomic orbital basis as defined
in Eq. (5.13) of the main text. Figure similarly presented in Ref. [218].

in a similar equilibrium geometry as the one obtained from the HF method, with a
local energy minimum at a separation of around 1.5 Å. However, as can be seen in the
figure, the qGPS ansatz shows a significant improvement over the HF level of accuracy
across the full range of considered atomic distances. Crucially, the qGPS energies
seem to converge to a constant energy per atom for large atomic separations, with a
value of ≈ −0.47 Eh obtained for a separation of 3 Å. A single SD optimized in the HF
method is not able to capture the convergence of the energy per atom as the structure
is dissociated with large inter-atomic separations. This also leads to increasing energy
difference between the HF baseline energy and the one reported for the qGPS. At an
atomic distance of 1 Å, the qGPS result improves upon the HF energy per atom by
≈ 2× 10−2 Eh, and this value increases to a difference of ≈ 1.4× 10−1 Eh at 3 Å.

The plot also includes energies obtained with the variational two-electron reduced
density matrix (DQG) approach, discussed in Ref. [376]. While the VMC calculations
give approximations to the energy that present an upper bound to the true ground
state energy, the DQG approach provides a lower energy bound. Neglecting statistical
errors in the sampling, the actual ground state energy will therefore lie between the
DQG and the qGPS energy. As it can be seen, the value obtained for the energy per
atom, as the atomic distance approaches the largest displayed separation of 3 Å, is in
agreement between the two methods, confirming a high accuracy of both methods. For
smaller separations however, a non-negligible difference between the energies can be
observed. At a distance of 1 Å between the atoms, the difference between VMC energy
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and DQG energy is ≈ 2× 10−2 Eh, indicating a less accurate description of at least one
of the approaches. Based on the results for the water molecule discussed above, it can
be expected that the VMC ansatz is likely not perfectly accurate in the less-strongly
correlated limit.

Although the qGPS (augmented with a mean-field reference state) model is not
giving the perfect ground state approximation in all limits, the improvement over the
HF mean-field description is significant. An exemplification how this improvement
helps to capture physical effects that are not observable with a mean-field level of
theory can be obtained from the right panel of Fig. 5.4. This plot shows how the
cube of hydrogen atoms undergoes a decrease of an ‘electronic mobility’, leading a
transition from a metal to an insulator, as the distance between atoms is increased.
This metal-to-insulator transition can be quantified by a decay in the coherences of
the one-body reduced density matrix (1-RDM), i.e., the 2L× 2L matrix comprising
expectation values of the form D(i,σ1),(j,σ2) = ⟨Ψ|ĉ†i,σ1 ĉj,σ2 |Ψ⟩ as elements. Here, the
1-RDM is considered in the basis of the original atomic orbitals. In spirit similar
to Ref. [376], a root mean square over the 1-RDM off-diagonal elements is taken to
quantify the decay of spontaneous electronic transitions between atomic orbitals in
the ground state. Its value, displayed in the right panel of Fig. 5.4 in relation to the
inter-atomic separation for the cube of hydrogen atoms, is defined as

γ =

√∑
i ̸=j

∑
σ |D(i,σ),(j,σ)|

2

2L× (2L− 1)
, (5.13)

where the indices i and j label the different atomic orbitals.
As is displayed in the figure, such a metal-to-insulator transition cannot be described

by the HF description, giving a value of γ that is mostly independent of the atomic
separation. This is different for the obtained qGPS results, which reproduce the
expected decay of γ as the cube of hydrogen atoms is dissociated. These results give a
value of γ ≈ 0.05 at an atomic distance of 1 Å, which monotonically decreases to γ ≈ 0
for the largest considered separation of 3 Å. This decay also qualitatively matches the
behaviour obtained with the DQG approach as discussed in Ref. [376].

While the discussed results indicate an applicability of the GPS for ab-initio quan-
tum chemical simulations, they also show that systematic improvability of the ap-
proximation can not always be achieved in practice. Again, it is not entirely clear
whether this is a limitation of the ansatz, or a shortcoming emerging from the stochastic
optimization of the parametrization. To improve the general quality of the model,
different additional extensions of the ansatz are possible. One might, e.g., use the qGPS
as a general model to define configuration-dependent many-body functions for the
evaluation of SDs. This ‘backflow’ construction forms part of the standard approach to
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represent electronic wavefunctions with NNs in the real space [32, 39, 40, 75, 120, 122]
and can also be applied in a discretized picture of orbitals [121]. However, this would
likely significantly increase the computational cost to evaluate and optimize the model,
posing additional challenges to apply the methodology also for larger system sizes.
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T E N S O R N E T W O R K P E R S P E C T I V E S O N G AU S S I A N P R O C E S S
S TAT E S

The previous two chapters discussed the application of Gaussian Process State (GPS)
models within standard Variational Monte Carlo (VMC) approaches. In this framework,
essentially any model can be used to define a mapping associating wavefunction
amplitudes to computational basis states (as long as it can be evaluated efficiently). In
that sense, the application of the GPS is very similar to that of the Neural Quantum State
(NQS). While universal approximation properties guarantee to be able to describe states
theoretically to essentially arbitrary accuracy (albeit potentially with an exponential
effort), the results that can be achieved in practical calculations are dominated by
different factors. In addition to the efficiency of the model to represent relevant target
states compactly, also the ability to robustly optimize the parametrization contributes
to the practical usability of these states.

Especially with the introduction of quantum support points, the previous approx-
imation of target states with GPS in a VMC context follows essentially the same
approaches as one would apply with NQS. Indeed, it was shown that the GPS can
not only be represented as a specific artificial neural network (NN) architecture (see
section 4.1.2), but also numerical evidence was presented that the representation prac-
tically reaches mostly comparable results to other NQS. Overall, the results seem to
suggest that for some applications and comparison results, the GPS model improves
upon NQS realizations, for others it does not. But all in all, no universal advantage (or
disadvantage) manifested for the GPS over other discussed NQS. Especially with a full
parametrization of the support configuration with continuous parameters, one might
ask whether there is any fundamental difference between GPSs and NQSs.

In this chapter, a different perspective on the quantum Gaussian Process State
(qGPS) model is discussed, contrasting the model from general NN architectures. This
explores more explicit connections between the GPS and tensor decompositions of
quantum states. By bringing this perspective together with the Bayesian regression
framework outlined in chapter 3, novel tools are discussed to find a state based on
rigorous supervised learning mechanisms.

126
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6.1 gaussian process states as exponentiated tensor decompositions

As outlined in section 4.2.3, the GPS, with exponential kernel, models the log wavefunc-
tion amplitudes, ω(x), as a linear combination of product states. Following Eq. (4.12),
the log amplitudes are specified as

ω(x) =
M∑
x ′=1

L∏
j=1

ϕ
(xj)

x ′,j . (6.1)

With parametrized product states as support configurations, the amplitudes ϕ(xj)
i,j can

also directly be associated with the variational parameters of the qGPS, i.e.,

ϕ
(xj)

x ′,j = ϵ
(xj)

j,x ′ . (6.2)

In mathematical terms, this form is equivalent to a tensor decomposition of the full
DL tensor of the log wavefunction amplitudes, in terms of a sum over M (tensor)
products of L one-dimensional tensors (where the one-dimensional tensors are indexed
by the physical index xj). Such a decomposition is known by various names and
in recent literature typically simply denoted as a CANDECOMP/PARAFAC (CP)
decomposition [377, 378]. The linear combination ofM product states is also equivalent
to the amplitudes associated with Matrix Product States (MPSs) of bond dimension M,
where all the matrices are constrained to be diagonal. While such a construction for
the actual wavefunction amplitudes would in general not fulfil the product separability
requirements, the exponentiation of the CP decomposition ensures that a product of
correlation features is obtained.

It is tempting to leverage the connection between GPS and tensor networks to
define an alternative scheme to contract the representation in the evaluation of expec-
tation values, similar to the evaluation of expectation values for MPS (c.f. Eq. 2.11).
Considering the Taylor expansion of the exponential around zero, the GPS amplitudes
can be represented as a Taylor series

Ψ(x) =

(∑M
i=1

∏L
j=1ϕ

(xj)
i,j

)k
k!

. (6.3)
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Each term in this Taylor expansion can then be rephrased as a specific linear combina-
tion of product state amplitudes by application of the multinomial theorem. This gives
the expression

(∑M
i=1

∏L
j=1ϕ

(xj)
i,j

)k
k!

=
∑

P(k1,k2,...,kM)

1

k1!k2! . . . kM!

M∏
l=1

 L∏
j=1

ϕ
(xj)
l,j

kl . (6.4)

Here, the sum includes all possible choices of M non-negative integers (k1 . . . kM) that
sum to the expansion order k. With this reformulation of the GPS amplitudes, the k-th
expansion order is therefore associated with a linear combination of |P|(k) product
states. The total number of terms arising from the different choices for the integers
(k1, . . . ,kM) is given by

|P|(k) =

(
k+M− 1

M− 1

)
. (6.5)

This number thus grows exponentially with the expansion order, k, which limits the
evaluation of the expansion terms to small expansion orders.

The Taylor expansion of the GPS amplitudes gives a representation in terms of
linear combinations of product states. If the Taylor series can be truncated at small
orders (independently of the system size), the GPS thus describes a vanishing degree of
entanglement, as it emerges for a linear combination of few product states. While the
contribution of higher orders in the Taylor series generally prevent exact contractions
of the state, it thus also enables to describe states exhibiting stronger entanglement.
Though the specifics of the entanglement that can be described have not yet been
investigated for the GPS model, the potential to capture a volume-law type scaling of
the entanglement entropy (i.e., an entanglement between two sub-systems growing
with the size of the sub-systems) has been shown for other NQS [26, 91], and similar
characteristics are expected to hold for the GPS.

6.2 iterative bayesian sweeping

Whereas the deterministic evaluation of expectation values is intrinsically limited to
states represented efficiently by linear combinations of product states, the specifics of
the CP decomposition can be exploited for data-driven approaches to ‘learn’ a qGPS.
Building on the relations between the qGPS and tensor network representations, this
section introduces an iterative approach to compress given wavefunction data points
into the form of a qGPS. This is achieved by iteratively updating the qGPS parameters
for one extracted reference site at a time with standard Bayesian approaches. By moving
the choice of reference sites across the L modes, iteratively a qGPS representation is
learned based on the presented data. This sweeping through the physical space
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is conceptually directly related to iterative MPS optimization techniques, such as
density matrix renormalization group (DMRG) [212] and the time evolving block
decimation [379]. It corresponds to an alternating least squares (ALS) approach [378,
380, 381] applied in the log wavefunction space to compress given wavefunction data
into a qGPS in a supervised learning setup. The Bayesian regression principles can be
used to appropriately regularize the optimization, giving a fully automated approach
directly applicable in various settings.

In section 6.2.1 it is shown that this iterative procedure helps with the stability of
the compression, and it utilizes the principles from the Bayesian regression framework
to introduce appropriate regularization to learn a state from small numbers of finite
samples. Such a task can directly be related back and applied to the VMC optimization
of a state by tracking the imaginary time evolution as a method to approximate the
(unknown) target state [52]. This is discussed and exemplified in section 6.2.2. Lastly,
section 6.2.3 shows how the method can be extended for different tasks of supervised
machine learning (ML), here exemplified by a simple image recognition experiment.

Central property that is exploited for the iterative data compression into a qGPS is
the observation that the qGPS represents a multilinear model for the log wavefunction
amplitudes according to

ω(x) = log (Ψ(x)) =
M∑
x ′=1

L∏
i=1

ϵ
(xi)
i,x ′ . (6.6)

Due to the multilinearity, it is possible to extract one parameter per support index and
local occupancy index as linear prefactors in a weighted sum of features defined by the
other parameters. In this construction, the log wavefunction amplitude is re-expressed
as

ω(x) =
M∑
x ′=1

D∑
l=1

ϵlI,x ′ δxI,l
∏
i ̸=I
ϵ
(xi)
i,x ′ , (6.7)

where I is a chosen reference site. While not considered in the numerical tests discussed
in the following, the reference site can, in principle, be different for different support
indices x ′ and local occupancies l, i.e., I = I(x ′, l). With the identification of weights
and features, the equation above can be written more compactly as a linear combination
of features according to

ω(x) =
M×D∑
i=1

wiϕi(x). (6.8)

The weights are given by the parameters associated with the picked reference site,
wi = ϵ

l
I,x ′ , and the other parameters define the D×M features ϕi(x) = δxI,l

∏
j ̸=I ϵ

(xj)

j,x ′

(where in both cases i is seen as a compound index of x ′ and l, and, as before, D
denotes the local Hilbert space dimension).
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With the reformulation of the qGPS model according to Eq. (6.8), the Bayesian
regression techniques discussed in section 3.1.2 are directly applicable to obtain the
weights wi in a well-defined, statistically meaningful approach from given wave-
function data. Applying the Bayesian regression as before, a closed expression for
a Gaussian posterior distribution over the weights can be obtained from which the
most probable weights can be adapted to update the corresponding model parameters
ϵlI,x ′ . The local regression can be iterated by repeatedly sweeping the choice of the
reference site across the different modes of the system, updating D×M parameters of
the qGPS at a time. A pictorial schematic, outlining the different steps of the approach
to compress data into a qGPS, is presented in Fig. 6.1.
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Figure 6.1: Schematic overview of the Bayesian sweeping algorithm for a supervised learning
of a qGPS. The visualization of tensorial quantities is inspired by the standard diagrammatic
notation for tensor network diagrams, e.g., summarized in figure 1 of Ref. [382]. The repre-
sentation includes the use of black dots to represent ‘COPY’ tensors, i.e., multidimensional
extensions of the Kronecker delta [72, 383, 384].

The inference of the statistical distribution over the weights at each inner regression
step can be achieved with the same concepts as outlined in section 3.1.2. This means
that the log wavefunction amplitude likelihoods are modelled as independent normal
distribution around the log predictions of the qGPS. Furthermore, also the prior
distribution of the weights is modelled as a Gaussian distribution centred at zero. If
also sign information is described by the model, the normal distributions, modelling the
likelihood of the log wavefunction amplitudes and the weight prior, can be extended
to be normal distributions of complex random variables [385, 386]. Here, the normal
distributions are specified with real-valued, diagonal covariance matrices and vanishing
pseudo-covariance matrices.
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As discussed in section 3.1.2, (now extended to the considered case of complex
variables), the modelling assumptions lead to closed form expressions for the weight
posterior. Its mean is given by

µmp =
(
Φ†BΦ+ A

)−1
Φ†Bω. (6.9)

In this formulation, the vector ω comprises the different data log-amplitudes, Φ

represents the correspondingNtr× (DM) matrix of features, and the ‘†’ symbol denotes
the hermitian-conjugation of a matrix. The matrices A−1 and B−1, (taken to be diagonal)
encode the prior and (log space) likelihood variances on their diagonal. As it was
also discussed in the learning setup with the ‘classical’ GPS, it is sensible to tune
additional hyperparameters, defining the variances, by maximization of the (log)
marginal likelihood. This provides fully automated ways to achieve appropriate
regularization of the fit, particularly useful to achieve good generalization of the model
if only limited data is presented.

6.2.1 Supervised learning of signed target states

Being able to exploit the closed analytic expressions to update the weights in the
Bayesian regression framework, is a key element setting the iterative sweeping approach
apart from other approaches more generally applicable to fit function parametrizations
to data. In this section, the sweeping is compared to a fitting via a direct numerical
minimization of a squared error loss function with a generic gradient descent type
approach. The squared error loss for qGPS wavefunction model, Ψ(xi), fitted to training
data is given by

L =

Ntr∑
i=1

|eωi −Ψ(xi)|2, (6.10)

where the sum is taken over all elements of the training set for which ωi denotes the
log training amplitude associated with training configuration xi.

It is exemplified in the following that the iterative sweeping scheme provides a
particularly robust approach for learning a qGPS model from a limited set of training
data. In particular, it is shown that the algorithm, underpinned by rigorous Bayesian
principles, yields solutions typically generalizing well across the full Hilbert space,
without requiring separate validation.

Experiment setup

For a concrete realization of the sweeping learning, here, it is discussed for the
ground state approximation for J1-J2 models defined on a square lattice of 6 × 4
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sites, without explicit incorporation of the Marshall Sign Rule (MSR). Some small
fraction of the full Hilbert space data is presented as training data, from which a qGPS
wavefunction model should be learned, ideally capturing the target state well across the
full Hilbert space. The learning setup is directly inspired by one previously considered
for NN architectures discussed in Ref. [100]. In that work, it was described that
particular generalization difficulties emerge for the learning of the NQS representation,
especially when describing the ground state in the frustrated regime. This observation
was also related to the increased difficulty with achieving good accuracies for VMC
optimizations of such ansatzes. Relying on stochastic sampling of expectation values,
the optimization of the state in the VMC context intrinsically relies on the ability to
optimize a model based on few samples from the Hilbert space. Even if the expressivity
of the model allows for a highly accurate description of the target state, the ability to
learn a representation generalizing across the full Hilbert space is also crucial to the
success of the method.

In the practical application of the sweeping approach discussed in this section, the
learning of the state was performed with a kernel-symmetrized qGPS (ensuring trans-
lational symmetries, lattice point group symmetries, and spin-inversion symmetry).
With this symmetrization of the model, the sweeping scheme is directly applicable by
defining the linear model for the log amplitudes at each inner step with symmetrized
features according to

ω(x) =
M×D∑
i=1

wi

(∑
S

ϕi(S[x])

)
. (6.11)

This expression includes an inner sum over all included symmetry operations S.
At each step of the sweeping, the particular features and weights for the chosen

reference site are specified by the variational parameters of the model. While not the
only possibility, the schedule to pick the reference site employed in the numerical
tests, was based on using a global reference site I, and deterministically moving this
reference site across the lattice in a sweep.

Based on the chosen sweep protocol, the variational parameters associated with
the reference site ϵlI,x ′ are updated according to Eq. 6.9 at each step. The prior at
each local fit was specified with a diagonal inverse covariance matrix A = αI1, with
a single real parameter αI, however allowed to be different for different reference
sites. Furthermore, a site-independent variance parameter σ̃2 was introduced to
specify the variances of the log space likelihood. Following the approaches outlined
in section 3.3, this parameter was chosen to approximate the variance of the non-log
wavefunction amplitudes to achieve an (approximately) magnitude-independent error
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of the wavefunction amplitudes with the fit. As given in Eq. (3.36) this means that the
diagonal Ntr ×Ntr matrix B was defined according to

Bi,i =
1

σ2(xi)
=

1

log
(

σ̃2

|⟨eωi⟩|2 + 1
) . (6.12)

The additional hyperparameters αI and σ̃2, regularizing the fit in a probabilistic frame-
work, were updated during the sweeping to maximize the log marginal likelihood at
each local fit. With the marginal likelihood maximization, the regularization hyper-
parameters are automatically obtained from the data, allowing to fit the model on all
available data without any additional validation [338].

In the practical implementation, the optimization of αI and σ̃2 were separated
because the parameters αI can be updated without requiring a recalculation of the
matrix-matrix products of the form Φ†BΦ. This means that, at each step, first the
parameter αI was updated by repeated updates according to

αI →
∑
i(1−αIΣi,i)

|µmp|2
. (6.13)

This update is based on a standard update formula to maximize the marginal likelihood,
commonly employed in the Relevance Vector Machine (RVM) (see appendix A). After
the optimization of the parameter αI, a single gradient ascent update to the parameter
σ̃2 was applied in the log parameter space, updating the parameter according to

σ̃2 → exp

log(σ̃2) + η
d log

(
p
(I)
ML

)
dσ̃2

σ̃2

 , (6.14)

with a small learning rate η = 10−5. The derivative of the log marginal likelihood with
respect to the parameter σ̃2 is stated in appendix A. To keep the value of σ̃2 within
reasonable bounds (especially important during the initial stages of the sweeping), the
gradient ascent updates were however capped so that the value of σ̃2 never exceeded
its initial value, chosen as the mean squared error across the training set. The sweeping
was iterated until convergence in the log marginal likelihood values, averaged over a
full sweep, was observed.

Results

Figure 6.2 shows the example evolution of the mean squared error between the qGPS
and the training data for a fit of the ground state in the unfrustrated limit at J2/J1 = 0.
The training data consisted of a randomly selected set of configurations with associated
ground state amplitudes, corresponding to ≈ 1% of the full Hilbert space size. The
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right plot shows the mean squared error in relation to the number of sweeps that were
applied in the Bayesian sweeping approach described above. As can be seen, the mean
squared training error over the training amplitudes, which were rescaled to achieve a
vanishing mean of the log training amplitudes, shows a rapid decay. It decreases from
an initial value of ≈ 16 to a value of less than 10−2, achieved after ≈ 850 sweeps.
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Figure 6.2: Mean squared training error achieved in the fit of a qGPS to a data set from the
antiferromagnetic Heisenberg model ground state for a 6× 4 square lattice. The left panel
shows the evolution of the error against the number of sweeps in the Bayesian sweeping
approach as outlined in the main text. The right panel shows the error in relation to the number
of epochs for the minimization of the squared error loss with Adam optimizer [387], using a
learning rate of 10−4, other hyperparameters set to standard values [231], using mini-batches
of ≈ 64 training configurations, and holding back 20% of the training data for validation.

The results achieved by the sweeping can be compared to the results achieved with
a fitting of the qGPS to the same data set by a direct minimization of the squared
error loss function with a gradient descent based optimizer. The right panel of fig. 6.2
reports the mean squared error vs. the number of optimization epochs in which the
parameter updates were applied based on the Adam optimizer [387]. Following
standard approaches, each epoch of the optimization comprised multiple parameter
updates based on mini-batches of ≈ 64 training data points at a time, and ≈ 20% of
the training data was held back to be used for subsequent validation of the model.
Each training data point from the remaining ≈ 80% was considered exactly once in the
randomly generated mini-batches of an epoch (so that the last mini-batch of an epoch
might have contained less than 64 training samples).

Whereas an overall decrease in the error is generally also observed for the direct
minimization of the squared error with the Adam optimizer, in the presented example,
the optimization got stuck at an early stage of the minimization. Multiple optimization
epochs were required to escape from the apparent local minimum in the squared error
to reach errors comparable to the ones already obtained after few sweeps with the
Bayesian sweeping approach. Furthermore, the presented training error shows signifi-



6.2 iterative bayesian sweeping 135

cant fluctuations between different epochs. The displayed non-monotonic behaviour
already indicates significant difficulties to learn a qGPS from the signed target wave-
function with generic approaches, here exemplified by the squared error minimization
with the Adam optimizer. While different adjustments to the optimization hyper-
parameters and protocol might help to improve the stability, the Bayesian sweeping
learning does not require manual hyperparameter tuning.

The displayed training error decay with the qGPS-specific sweeping algorithm
already indicates an advantageous applicability of the sweeping approach to the learn-
ing of quantum states from small numbers of samples. Ultimately however, the key
challenge is to learn a model that generalizes well beyond the training data. The model
will only be sensible representation of the target state if the wavefunction amplitudes
of the target are captured well for all configurations of the computational basis. The
utilized Bayesian regression framework provides an essentially fully automated ap-
proach to balance the accuracy of the fit with an appropriate level of regularization
through the maximization of the marginal likelihood [338]. It is exactly this probabilis-
tic interpretation of the GPS that could prove to be helpful to improve the reliability of
the optimization of highly flexible wavefunction parametrizations.

Inspired by the setup discussed in Ref. [100], the generalization properties of the
qGPS fitting procedures can directly be analysed for the setup discussed above by
evaluating the overlap between the target state and the qGPS trained on a limited data
set. Figure 6.3 shows the obtained overlap evaluated between learned model and target
state obtained for different parameter regimes of the system. As a baseline, the figure
also reports the accuracy obtained by a fit on the full wavefunction data as grey data
points1. The main goal is to be able to match this expressivity limit as well as possible,
solely based on the information from the presented training data. For each setup, the
fit to the restricted data set was repeated ten times with different realizations of the
random elements (in particular including the training data selection). The violin plots
displayed in the figure visualize the distribution around the mean of the outcomes
represented by the solid data points. The outcomes are presented for the Bayesian
fitting approach (blue circles), as well as the squared error minimization with Adam
(green triangles). For the latter approach, the fit was validated by analysing the mean
squared error for a validation subset comprising 20% of the training data not used to
optimize the parametrization. The parameter values that gave the smallest validation
error across different optimization epochs (also determining an early-stopping type
regularization [100]), and over two different learning rates (10−3 and 10−4), were used
as the final parameters of the learned model.

1 The fit on the complete wavefunction data was practically achieved by a quasi-Newton method mini-
mization of the full squared error after suitable initialization [217].
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Figure 6.3: Overlap between a qGPS representation trained on a small data set and the exact
ground state for J1-J2 systems on a square lattice of 6× 4 sites. The results were obtained
with a direct minimization of the squared error with Adam validated on 20% of the training
set (green), and with the Bayesian sweeping (blue). The solid data points indicate the mean
overlap, and violin plots indicate the spread, across ten different random realizations. The
grey data points indicate the model expressiveness as obtained from training the model on
the complete data set of all configurations and associated wavefunction amplitudes. The left
panel shows results for different values of J2/J1 (where the regime of strong frustration is
indicated by a dark grey shading [100]) using a fixed support dimension of M = 5 trained on
27042 configurations of the Hilbert space. The right panels show the results at fixed J2/J1 = 0.5
against the support dimension of the model. The top (bottom) panel of the right figure shows
results for a training set corresponding to 27042 (54083) configurations of the full Hilbert space
comprising ≈ 2.7× 106 basis configurations. Figure (adjusted) taken from Ref. [217].

The left sub-plot of the figure reports the results obtained by fitting the J1-J2
model target state with a qGPS to randomly selected training data as the next-nearest
neighbour interaction strength J2/J1 is varied. The qGPS was defined with a fixed
support dimension of M = 5, and 1% of the full space was considered as training
data. Whereas a significant spread of the results across different random seeds
can be observed with the direct least squares minimization, the Bayesian sweeping
approach gives a much less varying approximation of the target state. Importantly, for
most displayed interaction strengths, the Bayesian learning approximately reaches the
maximum overlap of one between compressed representation and target state. Only
for the displayed data points from the frustrated regime (0.4 ⪅ J2/J1 ⪅ 0.6), a slight
increase in the spread across seeds and a deviation from the model expressivity limit
becomes apparent. This observation is in agreement with the ones reported for the
supervised NQS fitting [100]. The described decrease of the generalization quality
in the regime of strong frustration, gives the largest deviation between mean fitted
state overlap and the model expressivity limit at J2/J1 = 0.5 with a mean overlap of
≈ 0.97. Crucially however, the overlap values obtained with the Bayesian sweeping
algorithm show a much greater consistency as compared to the validated least squares
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fit of the training data with Adam. This results in a mean overlap of ≈ 0.62 at the
highly frustrated parameter point J2/J1 = 0.5.

This greater reliability also persists for larger support dimensions as indicated in
the right part of the figure. It reports the overlap in the strongly frustrated parameter
regime at J2/J1 = 0.5 as the support dimension is increased from M = 1 to M =

16. Perhaps more importantly however, the Bayesian sweeping approach yields a
convergence to the target state with overlap approximately equal to one (and almost
vanishing spread) for support dimensions M = 8 and M = 16. This convergence is
observed for both considered training set sizes, corresponding to ≈ 1% (top panel) or
≈ 2% (bottom panel) of the full Hilbert space size.

Without appropriate regularization of the fit, an increase of model expressiveness
(achieved by the increase of the support dimension) might lead to an increased
susceptibility to overfitting the training data. A very simple model on the other
hand will likely not be sufficiently expressive to describe the target state well enough.
These characteristics can directly be observed for the data points corresponding to
the direct minimization of the mean squared error with Adam. Whereas the spread
across different seeds is smaller and the mean overlap almost reaches the limit of
the full model expressivity for very simple models, significant accuracy fluctuations
across different random seeds emerge with larger support dimensions. As the support
dimension increases, the deviation between the potential expressivity and the results
achieved with the Adam minimization get larger. While the results obtained with the
Bayesian sweeping match the maximum expressivity limit less well forM = 1, 2, 4, good
agreement is obtained for the larger support dimensions with M = 8, 16. Nonetheless,
the overall highest overlap for a qGPS trained on a limited data set is achieved with
the direct mean squared error minimization for a run with the qGPS with M = 16

reaching an overlap of ≈ 0.9975.
The presented results suggest that one sacrifices some degree of accuracy for a

more consistent generalization of the model with the applied the Bayesian sweeping
algorithm to infer a model from the presented data. Ultimately, a more consistent
approach to learn a representation of the quantum state is likely often more desirable
than one potentially reaching a more compact representation, albeit less reliably.
Applying the fully automated approach to learn a qGPS representation from presented
training data could therefore provide a valuable tool in different scenarios where
especially the generalization of the model is of great importance.

6.2.2 Iterative imaginary time tracking for ground state search

The Bayesian sweeping method is readily applicable to compress a presented data
set to a qGPS of given support dimension for various different applications. The
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support dimension is the only input parameter of the method that controls the model
complexity (and thus its maximum expressivity as well as the computational effort
associated with the evaluation of wavefunction amplitudes).

In order to apply the supervised learning to the task of approximating many-body
ground states from which no exact data is available, the method can also directly be
utilized for the supervised wavefunction optimization (SWO) presented in Ref. [10].
Originally described for the optimization of NQSs, a similar application was also
discussed recently for kernel models in Ref. [219]. In this approach, the ground
state approximation is obtained by iteratively generating wavefunction data from an
improved version of a current ansatz, which is then used to recompress the improved
state back into a compact functional form. This section discusses the application of the
Bayesian sweeping as a technique to achieve the compression of the target state into
the form of qGPS at each iteration.

To iteratively learn a qGPS ground state description, here essentially the same
approach is considered as was discussed in the original work introducing the SWO
framework [10]. Given a qGPS |Ψ

(k)
qGPS⟩ at the k-th macro-iteration step, the updated

target state is defined as
|Ψ

(k)
target⟩ = (1− τĤ)|Ψ

(k)
qGPS⟩, (6.15)

with an appropriately chosen parameter τ, and where Ĥ is the system Hamiltonian.
This target state is equivalent to the first order approximation of the imaginary time
evolved state e−τĤ|Ψ(k)

qGPS⟩. By iteratively learning the target state |Ψ
(k)
target⟩ as a new

qGPS model, for sufficiently small values of τ, the method thus tracks the imaginary
time evolution of the initial ansatz as a qGPS. This is also directly related to the
Stochastic Reconfiguration (SR) approach to optimize the parametrization, which
utilizes closed form expressions to recompress the target state for small parameter
variations (see section 2.3.2). Whereas the updates in the SR approach are explicitly
based on small model parameter changes, in the SWO approach, there are no such
restrictions for the improved target state. This means, that often also larger values of
the time step, τ, corresponding to a power method type scheme [10], can be chosen.

For standard VMC ansatzes not allowing for an efficient contraction of expectation
values, the approximation of the target state |Ψ

(k)
target⟩ typically needs to be achieved

based on stochastic sampling from the Hilbert space. In the SWO formulation essen-
tially any supervised learning scheme can be applied to fit the variational model to
|Ψ

(k)
target⟩. Because for states that cannot be contracted efficiently, the fit of the target

state is typically based on finite numbers of samples, avoiding overfitting is key to
achieve a good approximation of the targeted ground state. Due to the high degree of
reliability demonstrated for the supervised learning of a qGPS with the Bayesian sweep-
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ing approach, its application to the SWO seems sensible. An exemplified application
of the scheme is discussed in the following.

To apply the Bayesian sweeping, for each compression of the target state, a corre-
sponding data set needs to be generated. This requires the sampling of configurations
for which the target state amplitudes are evaluated to define the training data. While
different realizations are imaginable, the approach considered here involves the gen-
eration of samples according to two different probability distributions. To ensure
that large wavefunction amplitudes are described appropriately, samples according to
the probability distribution of the target state, |⟨x|Ψ(k)

target⟩|2, are generated via Markov
chain sampling. Especially if a peaked target state distribution needs to be fitted, it
can be expected that only choosing such data points can become problematic to learn
an appropriate representation. For a successful application, the model also needs to
represent the target amplitudes well for configurations with vanishing amplitudes,
which would not be contained in the sampled set. Hence, it is sensible to augment the
data set, e.g., by sampling an additional set of configurations with uniform probability
from the computational basis.

The sampled configurations {x}, together with the associated wavefunction ampli-
tudes, {⟨x|Ψ(k)

target⟩} define the training set used for the supervised compression of the
state. To achieve an unbiased error for all amplitudes, the sampling probability for
the inclusion of configurations into the training set needs to be taken into account
by appropriate modification of the loss function [10]. For the Bayesian regression
approaches, it is sensible to follow the approaches discussed before to achieve an
approximately constant likelihood variance for the actual wavefunction amplitudes by
setting the log-space likelihood variances to

σ2x = log

(
σ̃2 p(x)

|⟨x|Ψ(k)
target⟩|2

+ 1

)
. (6.16)

Here p(x) is the sampling probability according to which the samples are generated
(which can also be non-normalized). As before, σ̃2 is a noise hyperparameter, charac-
terizing the approximate variance of the amplitude likelihood (following a log-normal
distribution).

Practical application

Based on the SWO protocol specified above, the Bayesian sweeping learning can
straightforwardly be used as a tool to iteratively approximate many-body ground
states. At each macro-iteration, a training set is generated from the target state defined
according to Eq. (6.15). This is then used to learn a qGPS with the Bayesian sweeping
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protocol. In this section, a toy-model set up of this approach is discussed, only meant
as a first indication of the feasibility of the approach.

Exemplified evolutions of the state approximation over the different macro-iterations
are visualized in Fig. 6.4. The plot displays the relative energy error between a qGPS
trained with the SWO approach and the ground state of a simple antiferromagnetic
Heisenberg model on a 4× 4 square lattice as a function of the macro-iteration steps.

The key question that is discussed with the simple test setup is whether simple
sign structures of the target state, can practically be learned with the iterative SWO
approach. Rather than utilizing complex parameters in the qGPS, the sign structures
are modelled by introducing separate models for magnitude and phase component of
the model. The qGPS parametrization is specified as

Ψ(x) = exp

 M∑
x ′=1

(

L∏
j=1

ϵ
(xj)

j,x ′ + i

L∏
j=1

ϵ̃
(xj)

j,x ′ )

 , (6.17)

with two different sets of real-valued variational parameters ϵ(xj)j,x ′ and ϵ̃(xj)j,x ′ . Each of
the two-different parameter sets can be trained by separately fitting the real and the
imaginary part of the sampled log data amplitudes with the sweeping approach.

In the setup discussed here, a single sweep through the lattice was applied with
the Bayesian learning to compress the target state |Ψ

(k)
target⟩ at each iteration, before

generating data from an updated target state for the next iteration. Because the sign
structure only needs to be described accurately for non-vanishing parameters, the
phase component of the ansatz was solely trained on Ntr samples generated according
to p(x) = |⟨x|Ψ(k)

target⟩|2. This data set was associated with a constant log space variance

for each data point, σ2sign = log
(
σ̃2sign + 1

)
. The magnitude part was trained on a

combined data set comprising Ntr/2 configurations sampled according to p(x), aug-
mented by another Ntr/2 configurations sampled according to a uniform distribution.
To assign a similar weighting for the fit to both components of the training data set for

the magnitude part, the log space variances were chosen to be log
(

σ̃2abs

|⟨x|Ψ(k)
target⟩|2

+ 1

)
for the uniformly sampled data points, and log

(
σ̃2abs

⟨|⟨x|Ψ(k)
target⟩|2⟩

+ 1

)
for the Markov

chain sampled configurations. Here, ⟨|⟨x|Ψ(k)
target⟩|2⟩ denotes the mean of |⟨x|Ψ(k)

target⟩|2

taken across the configurations selected according to this distribution. The noise hyper-
parameters, σ̃2sign and σ̃2abs, were again updated during the sweeping to maximize the
log marginal likelihood. The log data amplitudes were rescaled at each step such that
a vanishing mean over the log amplitudes for the component of the data sets sampled
according to |⟨x|Ψ(k)

target⟩|2 was obtained. This way, the overall order of magnitude of
the training amplitudes is approximately kept fixed across the iterations, and it is
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sensible to use (hyper)parameters from the previous iteration as start values for the
next iteration.

With the specific set up of the model and the training data set as specified above,
each sweep across the lattice essentially followed the protocol as discussed in section
6.2.1. In one sweep, the reference site was moved in a zigzag pattern across the lattice,
and variance hyperparameters were continuously optimized by marginal likelihood
maximization for each local fit. At each local fit, first the local αI parameters were
optimized with the standard update formula (Eq. (6.13)). This is followed by a single
update to the global noise parameters σ̃2sign and σ̃2abs. The magnitude parameter σ̃2abs
was again updated by taking a single gradient ascent step in the log space. As the
likelihood variance is data-independent for the sign part of the model, the standard
update formula commonly employed for RVMs can be applied to update the value of
σ̃2sign. As presented in appendix A, this defines the update to the variance parameter
σ2sign according to [344, 345]

σ2sign →
|ω−Φµmp|

2

Ntrn − tr(1 − AΣ)
. (6.18)

The regularization, automatically employed through the application of the Bayesian
principles, effectively biases the inference of the model parameter updates according to
the prior. In the previous example applications of the Bayesian sweeping, the updates
to the model parameters were always biased towards zero (as dictated by the Gaussian
weight prior centred at zero). Updating the qGPS model parameters, ϵ(xi)i,x ′ , with such
priors can, however, be problematic since the log amplitudes incorporate a product
over all lattice sites, i.e.,

ω(x) =
M∑
x ′=1

L∏
i=1

ϵ
(xi)
i,x ′ . (6.19)

With a product over parameters that all fluctuate around zero, this can lead to vanish-
ingly small or heavily fluctuating products,

∏L
i=1 ϵ

(xi)
i,x ′ . To avoid instabilities emerging

due to this, a different biasing of the model parameters was applied for the practical
SWO realization. In particular, the weight inference was, for all but one site, biased
towards one. For the other site (for simplicity taken to be the site with index i = 1) the
inference was biased towards zero. Practically, this can be achieved by re-expressing
the functional form of the qGPS ansatz in the form

ω(x) =
M∑
x ′=1

(ϵ̄
(x1)
1,x ′

L∏
j=2

(ϵ̄
(xj)

j,x ′ + 1)), (6.20)
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with transformed model parameters ϵ̄(xi)i,x ′ , and applying the sweeping to update the
transformed parameters using Gaussian priors centred at zero.

The results displayed in Fig. 6.4, correspond to four different experiment setups in
which a qGPS with M = L = 16 was learned with the protocol as outlined above. The
left two plots show the relative energy error that is obtained with explicit incorporation
of the MSR into the Hamiltonian, so that the amplitudes of the learned target state are
known to be non-negative. For the results presented in the right two plots however, the
MSR was not imposed so that the qGPS is approximating a signed target state. With
the split of the qGPS into separate parts for phase and magnitude of the wavefunction
amplitudes, both target phase structures approximations can be represented exactly by
the model (see appendix B.1). This means that theoretically the same level of accuracy
can be achieved in both setups, and emerging differences between the results can
directly be attributed to shortcomings of the optimization protocol. Whether the sign
structure is incorporated into the Hamiltonian or not can equivalently be understood
to correspond different initializations of the model. In the practical setup discussed
here, the initialization of the models was obtained by a random initialization of the
parameters ϵ̄, drawn from a narrow normal distribution centred at zero. This effectively
initializes the state ‘similar’ to one with a uniform distribution of amplitudes in the
chosen basis. Imposing the MSR thus results an initial sign structure more similar to
the exact one than in the case where the MSR is not imposed.
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Figure 6.4: Convergences of the relative energy error for the approximation of the antiferro-
magnetic Heisenberg model ground state (square lattice with 4× 4 sites) utilizing a Bayesian
sweeping for SWO (blue) and SR (green). The left (right) panels show results with MSR (not)
incorporated into the Hamiltonian, the top (bottom) panels correspond to the optimization
of the ansatz with 103 (104) configurational training samples. For the SWO with Bayesian
sweeping, a time step of τ = 0.1 was used, for the SR it was chosen to be τ = 0.02.
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Figure 6.4 displays the evolution of the relative energy error between the variational
energy and the exact ground state energy across the optimization steps of the protocol.
Each sub-plot summarizes the results of five different random realizations with thick
lines indicating the mean relative energy error across the different runs. The individual
relative errors for the different runs are displayed by faint lines and the shaded areas
indicate the range of the relative energy errors. The top row of the figure represents the
results achieved using a total of Ntrn = 103 data points at each step, and the bottom
row shows results for an increased number of Ntrn = 104 training samples.

With the utilization of the MSR in the Hamiltonian setup, a final accuracy with a
relative energy error of approximately 10−2 was reached for all different runs, likely
indicating the maximum accuracy that can be reached with this model. This value is
also in agreement with the values obtained with an optimization of the state with SR
(for which results are also shown in the figure).

Whereas the achieved energy errors are, especially after multiple optimization
steps, mostly consistent across the different protocols, runs, and number of samples
with MSR imposed, this is not the case for the realizations not utilizing the sign
transformation. While some runs converged to a relative energy error of 10−2, not all
runs achieved this value within the displayed range of 590 optimization steps for an
optimization of the state with 103 samples. For the iterative Bayesian optimization of
the state, the expected final value is only approached in three out of the 5 different
runs. The other two runs failed to converge to the expected level of accuracy.

While significant instabilities are apparent in the setup with 103 samples, with the
increased number of 104 training data points, the reliability of the state optimization
appears to improve and the (assumed) expressivity limit is reached in all instances.
In agreement with the discussions in Ref. [100], this observation indicates that more
samples are required for a reliable optimization of states if a sign structure needs to be
learned. The increased difficulty for the learning of the sign information also becomes
apparent within the SR approach to optimize the state. As shown in the figure, for
both considered numbers of samples, in one of the five random realizations, the SR
method failed to achieve a final energy error of ≈ 10−2 within the displayed range of
optimization steps.

The discussed experiment setup does not allow for a detailed comparison between
the SR and the SWO approach. At this stage, no general advantage of the sweeping
SWO compared to SR could be observed, and similar difficulties emerged in the practi-
cal application of both techniques. Different observations, and the results presented
here, suggest that problems especially emerge for the learning of intermediate states.
Assuming that the target state can be described accurately by the chosen ansatz, it
appears to be required to explicitly steer the optimization along trajectories of states
that can be learned well. In addition to projecting the states to respect appropriate
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system symmetries, it could also be sensible to initially attribute a greater importance
to the learning of the sign information and delay the full optimization of the magnitude
part. Similar approaches have also been considered to stabilize the optimization of
NQS representations with SR [92, 127].

All in all, to efficiently learn target states with VMC approaches, it is of particular
importance to find ways to learn the state with as few samples as possible, be it with
SR or the Bayesian SWO protocol. While the Bayesian SWO protocol does not provide
any general advantages over standard SR at this stage, it offers a new perspective
for the iterative ground state approximation. The sweeping could also easily be
extended to utilize the RVM to dynamically adjust the support dimension during
the optimization. It is sensible to expect that different intermediate states require a
different degree of flexibility of the model. Therefore, an automatic adjustment of
the model complexity according to the presented data could offer automated ways to
utilize available computational resources most efficiently.

Ultimately, the Bayesian sweeping protocol to compress given data samples of a
state into a qGPS is general and can be applied in various different contexts. The
application for a SWO style ground state approximation is only an exemplification
of the applicability of the iterative sweeping approach. It can similarly be extended
to other scenarios, including other tasks tackled recently with NQS ansatzes, such as
the description of the (real) time evolution of quantum states [5, 27, 44, 57, 94], the
extraction of dynamical system properties [37, 38, 190], or the simulation of quantum
circuits [49, 60].

6.2.3 Classical Machine Learning with Gaussian Process States

The (q)GPS was in this work introduced as a specific ansatz to model particular many-
body quantum states. While the approaches and schemes particularly focussed on
making phenomena of many-body quantum system numerically accessible, the ansatz
itself can also be seen as a more general functional form associating a scalar value to
vectorial inputs. Such representations can therefore equally be used as a representation
to model input-output relationships in various other contexts. Just like the concepts
around Tensor Network States (TNSs) have been applied beyond the description of
quantum states [284, 285, 287–292, 294–297, 299–302, 304–306, 382, 388–396], similarly
the GPS framework can be extended to other scenarios offering a novel set of tools for
numerical studies and applications.

As a first indication of the different possibilities, in this section a rather naive
application of the Bayesian sweeping learning approach to a common benchmark
image recognition task is presented. The setup is inspired by the one discussed in
Ref. [300], exploiting the representational power of MPSs for the task. Due to relation
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between the GPS model and CP decompositions, supervised learning approaches
with the model are related to similar techniques leveraging the compression ability
of this decomposition for different ML applications, commonly used in conjunction
with NNs [397–399]. The discussed setup represents an exemplified indication how
the different perspectives brought together in the GPS model, namely Bayesian re-
gression principles, fundamentals of many-body wavefunction modelling, and tensor
decompositions, can provide universal tools for such tasks.

A very standard testing ground for image recognition, which is also discussed here,
is the identification of scanned handwritten digits from the MNIST data set [400]. The
MNIST data set comprises digital representations of the scans as 28× 28 greyscale
pixels, appropriately pre-processed to identify the digits with ML techniques. The digit
recognition task thus represents a simple supervised learning task of classification. A
set of training examples is used to train the method in order to associate presented
images to one of the ten different digit classes. Being a very prototypical setup for
a practically relevant classification task, learning from and testing methods on the
MNIST data set has become a standard benchmarking setup for different methods,
including ones inspired by Tensor Network representations [284, 289–291, 294, 296,
300, 301, 304, 393, 395].

For the exemplified application of the qGPS to the handwritten digit recognition,
the MNIST dataset comprises 60,000 training images, and 10,000 further images to test
the method. Each image of the dataset represents a 28× 28 array of greyscale values.
In analogy to the many-body configurations, these are, in the following, represented
as a flattened vector x for which the element xi captures the value of the i-th pixel.
Different example inputs from the data set are visualized in Fig. 6.5.

Figure 6.5: Example images from the MNIST data set.

To apply the qGPS to the classification of MNIST inputs, a ‘one vs. rest’ ap-
proach [401, section 7.6] is followed. In this, a separate model is introduced for each of
the digit classes to identify whether an input is part of the class or not. To this end, ten
different qGPS models, Ψ(d)

qGPS(x), are introduced, one for each of the ten digit classes

d = 1 . . . 10. Here, Ψ(d)
qGPS(x) represents a qGPS-style mapping from the input to an
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(unnormalized) probability determining whether the input is considered to be element
of that class or not.

In the discussed applications of the GPS for quantum systems of discretized
degrees of freedom, the elements of the input vectors x took one out of D values
(with D being the dimensionality of the local Hilbert space). For the considered digit
classification however, the vector elements are continuous greyscale values (for the
MNIST dataset, represented with a precision of eight bits). The core element of the
qGPS is to construct the functional estimator as an (exponentiated) linear combination
of M support points described as product states. To extend this for continuous local
degrees of freedom, in principle, different approaches are possible to parametrize
the different local amplitudes fd,i,x ′(xi). Each of these associates an amplitude with a
local greyscale value xi for pixel i, support point x ′, and digit class d. While further
investigations are required to assess the influence of different encodings on the final
results, here, a simple linear model is assumed for the local state. This parametrizes
the state in the fashion of a visible unit of a NN as

fi,x ′(xi) = ϵ
(0)
d,i,x ′ + ϵ

(1)
d,i,x ′xi, (6.21)

where ϵ(0)d,i,x ′ and ϵ(1)d,i,x ′xi are the variational parameters associated with the qGPS for
digit class d. Alternative choices for the input encoding could, e.g., be obtained by
discretizing the greyscale value, or by encoding the greyscale value as a local spin
rotation, a construction used in Ref. [300].

Based on the chosen encoding, the qGPS functional model for the classification is
defined as

Ψ
(d)
qGPS(x) = exp

(∑
S

M∑
x ′=1

L∏
i=1

(ϵ
(0)
d,i,x ′ + ϵ

(1)
d,i,x ′S[x]i)

)
, (6.22)

where L is the total number of pixels. This functional model includes an additional
(generally optional) sum over symmetry operations, S, which can be included to sym-
metrize the model according to a ’kernel-symmetrization’ approach. In the discussed
setup of image classification, the symmetry operations were given by all shifts of the
image by up-to two pixels in any direction, therefore giving a total of 25 considered
symmetry operations. For the translational shifts of the image data, white pixels were
added at the opposite side of pixels shifted across the boundary (of which the values
are discarded). This symmetrization w.r.t. to short distance translations of the images
is only an exemplification of how symmetries can be incorporated easily. Based on the
model as specified above, other symmetrization approaches are directly applicable.
It could, e.g., also prove beneficial to employ a full symmetrization of the model
according to all translations with assumed periodic boundary conditions [297], or to
incorporate other symmetry operations such as rotations of the image [402, 403].
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Because the probabilities Ψ(d)
qGPS(x), which are not explicitly normalized, are still

exponentiated multilinear models, the Bayesian sweeping discussed in the previous
sections is readily applicable to learn the probability models from the available training
data. In the discussed setup, each of the ten different models is trained on the full set
of training data, consisting of images and classification labels. To directly apply the
regression of the models, the qGPS models are fit on probability amplitudes, either
vanishing if the training configuration is not associated with the class, or giving a
value of one if they are. Each of the ten different qGPS models can then be fit with
the Bayesian sweeping approach on a separate data set consisting of the set of training
images, {x}tr, with a set of log training amplitudes {ω(d)}. To facilitate the fitting in
the log space of the probabilities, the vanishing amplitudes are set to a small value,
which was chosen to the (approximate) variance of the amplitude likelihood, σ̃2, for
the practical implementation. The log training amplitude for a training image x for
class label d was thus defined as

ω(d)(x) =

0 if the label of x is d

log(σ̃2) otherwise
. (6.23)

To learn the qGPS models, the sweeping protocol was applied as before, however
involving the fit of ten different models associated with the different classes instead
of a single one. As motivated in the previous section, it is sensible to stabilize the
iterative Bayesian fitting by appropriate biasing of the parameter updates. Again,
this was achieved by appropriately re-expressing the qGPS with respected to shifted
parameters, here defined as ϵ̄(k)d,i,x ′ = ϵ̄

(k)
d,i,x ′ − δk,0(1− δi,1). The shifted parameters were

optimized with Bayesian priors biasing these shifted parameters towards zero.
As before, prior and likelihood were specified by variance parameters α and σ̃2,

updated to maximize the log marginal likelihood (where however the dependence of
the training amplitudes on the parameter σ̃2 is not taken into account). Whereas a
single noise parameter σ̃2 was used (initialized with a value σ̃2 = 0.1), simultaneously
specifying the likelihood variance for all classes, each pixel and label class was assigned
a separate α value that was optimized when fitting the corresponding model at that
pixel. The value of σ̃2 was again optimized by applying a single gradient ascent step
in the log space after the update of the α parameters, using a gradient averaged over
all classes with a learning rate of η = 10−3.

Having optimized the models with the Bayesian sweeping protocol, digit labels
can easily be obtained for other image inputs. To classify an image x (potentially one
not included in the training data), the probability amplitudes Ψ(d)

qGPS are evaluated
for all classes, and a label is predicted according to the class for which the evaluated
amplitude is the largest. For such a prediction approach, the exponentiation applied in
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the qGPS model appears to be irrelevant as it represents a monotonic transformation of
the multilinear log model output. With fixed model parameters, the predicted label for
any input is therefore the same, irrespective of whether the exponentiation is included
or not. However, the exponentiation ensures that the amplitudes are appropriate
(unsigned), albeit unnormalized, probability amplitudes, which could also easily be
normalized across all image classes, although this is not applied here. In addition to
having influences on the training procedure (and thus the practically achieved results),
this also provides the foundation for further extensions to obtain more probabilistic
information in the label prediction with standard approaches [214].

Following the method outlined above, figure 6.6 shows the percentage of misclas-
sified images from the MNIST data set in relation to the number of sweeps applied
in the training using different qGPS support dimensions M = 1, 50, 100, 200. The left
plot reports the classification error obtained for the prediction of the labels from the
training set. It can be seen that for all displayed support dimensions the training set
error decreases rapidly and convergence is observed after few sweeps with the applied
sweeping protocol. Furthermore, the approached value shows systematic improvement
with respect to increases in the support dimension of the models. With a support
dimension of M = 1, slightly less than 20% of the images from the training set are not
correctly classified after ten sweeps. This error decreases to a value of ≈ 0.4% for the
model with M = 50, and a value of ≈ 0.1% for the model with M = 200.
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Figure 6.6: Percentage of incorrectly classified images from the MNIST data set in relation to
the number of sweeps applied to train qGPS models with support dimensions M = 1 (blue
data points), M = 50 (green data points), M = 100 (red data points), and M = 200 (orange data
points). The left plot shows the classification error of the training inputs, the right plot shows the
error for the classification of the test images. The shaded area in the right plot denotes the range
between the overall lowest test error of 0.09% misclassified images achieved with the approach
from Ref. [403], and the highest test error rate (7.53% [404]) from the comparison of state-of-the-
art approaches listed on https://paperswithcode.com/sota/image-classification-on-mnist (last
accessed on 4/6/2023).

https://paperswithcode.com/sota/image-classification-on-mnist
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While the quick decrease to small errors on the training set indicates that the training
data is fit appropriately, the key quantity of interest is how well the representations
generalize to data not presented in the training. To gauge the ability of the model to
distinguish between classes for unseen images, the right plot of the figure shows the
achieved error across the 10, 000 test images of the MNIST data set. The percentage of
incorrectly classified test images also overall shows a rapid decrease during the first
few sweeps for all considered support dimensions M. Whereas the test set error is
approximately equal to the training set error for the simplest model with M = 1, slight
discrepancies of about 2% between training and test errors can be observed for the
more expressive models. This indicates a small degree of overfitting of the models
with M = 50, 100, 200 to the training data. Nonetheless, the overall test accuracies
approached still show marginal improvements for the considered increases of the
support dimension, and test error rates of ≈ 1.6− 1.7% are achieved with M = 200

after three sweeps. Although some slight increases of the error rate can be observed
as the sweeping is continued, again indicating further overfitting of the training data,
these increases are relatively small (giving values of ≈ 1.8% after ≈ 50 sweeps with the
M = 200 model). Based on the observed results, it appears to be sensible to stop the
sweeping as early as possible based on simple heuristics, e.g., when no more sufficient
improvements of the training classification error are observed.

Overall, the discussed application of the qGPS to the task of digit classification
from scanned images provides an exemplary presentation of how the GPS specifics
can be extended beyond the representation of quantum many-body states. The MNIST
data set can be considered a rather simple data set, and comprehensive benchmarks of
the method comparing the performance against other approaches will generally also
require the extension of the techniques to more advanced tasks. Nonetheless, the intro-
duced scheme is relatively general and the presented results for the MNIST data set
already provide a first indication of a general applicability of the method. The classifica-
tion accuracies achieved for the MNIST dataset do not reach the overall highest accura-
cies achieved with some ML approaches often especially fine-tuned for the task at hand
and potentially including further augmentation of the training set [402]. For the MNIST
dataset, test accuracies as small as 0.09% have been reported [403]. Nonetheless, the
accuracies obtained with the discussed Bayesian sweeping method are within the range
of other state-of-the-art results. For comparison, the performance benchmarks listed
on the website https://paperswithcode.com/sota/image-classification-on-mnist (last ac-
cessed on 4/6/2023) include test set classification error rates of state-of-the-art methods
introduced between 2013 and 2023 ranging from 0.13% [402] up to 7.53% [404]. The
range of test accuracies achieved with different state-of-the-art methods is indicated
in the right plot of fig. 6.6 where the region between the lowest test error rate of
0.09% [403] and the test error rate of 7.53% [404] is shaded.

https://paperswithcode.com/sota/image-classification-on-mnist
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In particular the rigorous Bayesian regression framework underpinning the dis-
cussed concepts is a particularly useful component helping to find a general applicable
scheme to automatically introduce appropriate regularization and learn a compact rep-
resentation for the problem essentially fully deterministically. Whereas the GPS model
is based on exponentiated CP decompositions, extensions of the Bayesian sweeping
framework might also prove useful to aid the model optimization for other tensor
network type models [301].



7

C O N C L U S I O N S A N D O U T L O O K

The central question discussed in this work is how quantum many-body wavefunctions
can be modelled efficiently utilizing models from Bayesian regression frameworks.
The emerging wavefunction ansatz, the Gaussian Process State (GPS), was applied in
different contexts to model the ground state of quantum many-body systems for which
intricate correlation characteristics emerge, making the accurate numerical simulation
of such systems inherently hard. It was shown that the compressed representation can
provide a valuable tool aiding such simulations, and that the GPS offers a numerically
efficient (approximate) representation of target states in different scenarios. The
success can be understood to be rooted in two fundamental modelling assumptions
incorporated into the construction of the state. Firstly, the state features a strict product-
separability of the modelled correlation features, allowing for (non-trivial) compact
representations of the state as system sizes go beyond what can be captured with exact
numerical treatment. Secondly, a careful design of the kernel function, describing an
assumed co-variance between function points in the Gaussian Process regression (GPR)
picture, makes it possible to incorporate explicit physicality into the model, without
imposing an a-priori restriction of the overall state expressivity.

The ultimate goal of the discussion in this work is to contribute towards the aim of
developing a detailed understanding of how available computational resources can be
utilized efficiently to achieve accurate insight about intricate quantum systems. A key
building block of this is to design methods that do not only provide accurate results,
but are also as universally applicable as possible. Exploiting the power of system-
agnostic machine learning (ML) approaches might therefore provide a viable route
forward to improve upon well-established methodology and harness the increasing
power of computational hardware.

Also building upon this motivation, the GPS discussed in this work is in spirit
very similar to applying artificial neural network (NN) architectures to the description
of quantum states. The numerical application of these states also follows similar
constructions in order to apply these in numerical contexts for practical calculations.
These functional forms employed as wavefunction ansatz typically do not allow for
exact and efficient evaluations of expectation values. This leads to the requirement to
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apply stochastic sampling approaches to derive physical quantities from the description
in the framework of Variational Monte Carlo (VMC). Numerical approaches are thus
inherently influenced by noise of the estimation procedures, potentially limiting the
practical feasibility of the method. Overall, the results presented in this work show that
the application of GPS in VMC contexts enables treatments of systems to high accuracy
in different settings. However, these also indicate that this is not always true, and a
degradation of the quality that can be achieved practically is observed in other cases.
A very fundamental question is whether quantum states of interest can be learned
efficiently based on a limited and practically feasible numbers of samples. Only for
the instances where this is the case, the VMC framework offers a viable route to tackle
the many-body problem.

At this stage, no general answer can be provided if, and how, it is generally
possible to approximate states of interest in all regimes of interest reliably with VMC
techniques. Especially for the description of signed target states, it was observed
that the optimization of parametrizations can become problematic, and specific care
needs to be taken to achieve reliable numerical schemes not troubled by instabilities
and limited performance. The observed difficulties are not necessarily specific to
the GPS ansatz, and similar difficulties have been reported for other highly flexible
representations, particularly Neural Quantum State (NQS).

In general, practically achieved results are often greatly improved by explicitly
incorporating additional physical structure into the method. Mostly independent of the
particular functional model used, this can, e.g., be the explicit incorporation of system
symmetries into the ansatz [65, 79, 127]. Moreover, also other physically-motivated
design choices can be made to improve the practicability of the method. One such
approach is to explicitly include an appropriate transformation into the choice of
the computational basis, respectively the definition of the Hamiltonian. This is, e.g.,
achieved when explicitly imposing the Marshall Sign Rule (MSR) for Heisenberg type
spin systems, or by working in a basis associated with canonical Hartree-Fock (HF)
orbitals for Fermionic systems. An alternative route, also frequently pursued in this
work, is to enhance the model with mean-field type reference states to ensure that the
mean-field accuracy can, theoretically, be reproduced.

Nevertheless, all the approaches to improve the practically achievable results
are, from a conceptual point of view, slightly unsatisfactory as these are, to a large
degree, explicitly system dependent and not truly universal. The symmetrization
techniques require appropriate symmetries to be present, which is not always the case.
Furthermore, the incorporation of the mean-field structure generally only shifts the
problem of appropriate state learnability to a different accuracy level. The correction
to mean-field physics still needs to be learned, which often carries a non-trivial sign
structure. Reliably learning the representations can be identified as a major challenge.
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Additional improvements appear to be necessary to further advance the techniques, so
that a systematic improvability to high accuracies, even for very challenging systems,
are achievable. As demonstrated in this work, the results practically obtained with
GPS are mostly in-line with different considered NN ansatzes, and similar learnability
problems appear to emerge for both types of ansatzes.

A strong focus of this work is to discuss supervised learning approaches to ob-
tain a compact quantum state representation based on available wavefunction data.
This supervised learning of states based on wavefunction data can also be seen as a
simplified prototype for general VMC calculations, requiring to learn a state based
on (vanishingly small) proportions of data from the full Hilbert space. Discussing
and evaluating different approaches to such compression tasks is therefore a key con-
tribution to understanding and circumventing the observed optimization difficulties
emerging in VMC calculations [100]. It is shown that Bayesian regression approaches
provide methods to extract particularly compact GPS forms for which the correlation
features driving the model definition are automatically selected. In addition to appro-
priately guiding the model selection process, the Bayesian regression frameworks were
also found to be able to automatically introduce appropriate regularization for the
data-driven compression of quantum states. Although so far no clear advantages could
be observed for the learning of generally unknown target states with standard VMC
techniques, these perspectives offer new ways to interpret the practical optimization
problems in a probabilistically data-driven way. Such supervised learning perspectives,
e.g., allow for an automatic adaption of the model based on the amount (and quality)
of data presented for the training, target accuracy specifications, or specific properties
deemed particularly important in the state.

The task of compressing a state into a compact representation reliably is of great
importance well beyond the discussed tasks of deriving the ground state properties of
systems. Various other applications of such schemes, leveraging the described efficiency
of the GPS to represent many-body states efficiently, can be imagined (as have also
been studied with other parametrizations). The GPS learning frameworks discussed
are generally applicable, and can easily be extended to different tasks relevant for
the understanding of quantum simulations, in particular including recently discussed
applications of NQS.

Data-driven wavefunction representations could, amongst others, be utilized for
the reconstruction of quantum states from experimental measurements [15, 24, 62, 200,
201, 206, 405–417], or even the classical simulation of quantum circuits [49, 60, 124,
418], e.g., as a verification mechanism for quantum hardware. All such approaches
are based on the requirement to learn a representation of the quantum state based
on limited samples, either observed experimentally or artificially generated, therefore
explicitly requiring to avoid the overfitting of the data.
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In addition to applying the GPS ansatz in its presented form to different quantum
simulation tasks, different extensions of the model might help to improve practically
achievable results. One can, e.g., extend the GPS to fulfil the properties of autoregres-
sive NN constructions [8, 27, 43, 85, 110, 116, 133, 192, 197]. This general construction,
exemplified with the GPS in Ref. [419], explicitly normalizes the state across the Hilbert
space and allows for an efficient generation of configurational samples from the associ-
ated probability distribution without having to resort to Markov chain algorithms. It is
therefore particularly appealing for tasks in which the explicit normalization of the
state can help to avoid overfitting, or where the generation of uncorrelated samples
according to the distribution is challenging. A very central question is, how such
a construction practically affects the ability of the model to represent target states
efficiently. While the improved ability to sample the state is generally expected to be
an advantageous feature, it might come at the cost of reduced (practically observable)
expressibility required for accurate representations.

Especially for the descriptions of Fermionic systems, further extensions, also ex-
plored with NQS, are possible for the GPS model. These could include the extension
of the GPS framework to real space descriptions [32, 39, 40, 74–76, 122, 129], or using
it as extended, explicitly anti-symmetrized Fermionic ansatzes in backflow [121, 420,
421], or hidden-fermion model type parametrizations [61].

While such extensions inspired by recent developments of the NQS methodology
provide novel tools to improve upon the quality of the descriptions, one might ask
if there is any property that really sets the GPS apart from NN function estimators.
Although no numerical evidence has been found so far that the GPS carries an intrinsic
practical advantage over state representations based on NNs, a particularly appealing
property of the model is its simplicity. As discussed in this work, the GPS ansatz
can be identified as an exponentiated linear combination of product state amplitudes,
equivalent to a CANDECOMP/PARAFAC (CP) decomposition, also equivalent to
Matrix Product State (MPS) amplitudes with diagonal matrices. The span of the model
is essentially controlled by a single hyperparameter, the support dimension M, similar
to the bond dimension of MPSs, or the number of hidden nodes in restricted Boltz-
mann machines (RBMs). Especially through the introduction of unentangled quantum
states as support points of the model, the ansatz class is defined without requiring
further specification of network architectures, or other specifics.

It might in fact be considered striking that such a simple parametrization was, in
the exemplified applications, able to reach accuracies competitive with other state-of-
the-art parametrizations, despite the fact that only very moderate support dimensions
were considered. With current density matrix renormalization group (DMRG) calcula-
tions going up to MPS bond dimensions of M = 216 [311], it would be interesting to
investigate the performance of the model for significantly increased support dimen-
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sions. However, with the requirement to evaluate expectation values via stochastic
sampling and large prefactors incurred in VMC optimizations, going to such support
dimensions with the (q)GPS seems to be out of reach at this stage. From a practical
perspective it is indeed of great interest whether (respectively for what systems) it
is beneficial to employ methods such as DMRG over VMC approaches in practical
like-for-like comparisons. Whereas the former benefits from easy applicability and
fully deterministic contractions of expectation values, VMC calculations are generally
plagued by stochastic noise. However, these allow for a utilization of models alle-
viating the foundational shortcomings of states such as MPS, and also offer a great
parallelizability.

It appears to be intrinsically challenging to transfer the fully deterministic con-
traction techniques for the evaluation of expectation values from tensor network
approaches to representations such as the GPS ansatz. Nonetheless, the Bayesian
sweeping approach builds upon the specific form of the CP decomposition for the
log wavefunction amplitudes and ultimately brings together different quantum state
modelling perspectives discussed in this work. The applied quantum state inference
relies on learning input-output relationship from stochastically generated data points,
formulated as a standard ML task of supervised learning. The explicitly data-driven
supervised compression of the state itself is directly based on the tensorial form of
the model, and constitutes an alternating least squares (ALS) approach with iterative
sweeps through the space, in spirit similar to DMRG type methods. Appropriate
regularization of the description is achieved by considering the model in a rigorous
Bayesian regression framework, foundationally providing the inspiration for the GPS
construction in the first place.

All in all, the main contribution of this work is the exploration of these three
different perspectives, namely data-driven ML, Bayesian modelling frameworks, and
tensor network decompositions, to design a physically motivated many-body ansatz
for simulations of quantum systems. To what extent the discussed Gaussian Process
(GP) representation of quantum many-body states really provides a useful tool for
practical numerical calculations mostly remains an open question at this stage. The
methods have, so far, not offered any contributions to advance the physical understand-
ing about challenging quantum systems, ultimately representing the main objective.
Nonetheless, exploring novel routes is an important element in order to discover
appropriate numerical techniques with the ability to settle long-standing quantum
physical questions.
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A
T H E R E L E VA N C E V E C T O R M A C H I N E

The Relevance Vector Machine (RVM) represents a rigorous application of the Bayesian
learning techniques outlined in chapter 3, first introduced in Ref. [345]. By introduction
of an appropriate prior for the weights of a linear model, and application of the
marginal likelihood maximization, the RVM enables the identification of the most
relevant features. In the considered settings, the features are appropriately defined
kernel functions evaluated w.r.t. specific support configurations {x ′}. The RVM thus
extracts a set of these support configurations from a pool of potential candidates (e.g.,
all the data configurations the model is trained on). This section gives a brief outline
of the RVM as applied in this work. More technical details can, e.g., be found in
Ref. [344].

Following the modelling assumptions outlined in the main text, the linear com-
bination of kernel functions evaluated w.r.t. the support configurations {x ′}, defines
a mapping f(x) =

∑
{x ′}wx ′k(x, x ′). This linear combination specifies the mean of a

Gaussian likelihood. The likelihood can be evaluated for the data points the model
is trained on, specified by a vector of Ntr amplitudes y (in this work typically the
log wavefunction amplitudes ω) associated with corresponding data configurations,
here specified as a matrix X. No correlations are assumed in the likelihood between
different data points, resulting in a diagonal covariance matrix of the likelihood, B−1.
Reiterating the result presented in Eq. (3.8), the likelihood is thus specified by a normal
distribution according to

p(y|X, w) =

Ntr∏
i=1

1√
2πσ2(xi)

exp

−
1

2σ2(xi)
|yi − (

∑
{x ′}

wx ′k(x, x ′))|2

 . (A.1)

Here, xi is the i-th data configuration with associated amplitude yi (here assumed to
be real), and likelihood variance σ2(xi) = 1/Bi,i. The vector w denotes the vector of
weights, also assumed to be real, for which the posterior distribution can be inferred
by application of Bayes’ theorem.

As in all the examples discussed in this work, for the inference of the posterior via
Bayes’ theorem, a Gaussian prior with diagonal covariance matrix is introduced for
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the weights. Crucial element for the extraction of the support configurations in the
RVM is to allow the prior variances to be different for different features of the model.
That is to say, the inverse prior covariance matrix A is a diagonal matrix with diagonal
elements Ai,i = αi, where the parameter αi specifies the inverse variance for weight
wi. The prior probability distribution therefore takes the form (see Eq. (3.7))

p(w) =

Nfeatures∏
i=1

√
αi
2π

exp
(
−
αi
2
|wi|

2
)

, (A.2)

where Nfeatures is the total number of considered support configurations.
Bayes’ theorem gives the posterior as

p(x|X, y) =
p(y|X, w)× p(w)

p(y|X)
, (A.3)

with posterior distribution p(x|X, y), and marginal likelihood p(y|X). As outlined in
the main text, the posterior, as well as the marginal likelihood, can then be evaluated
in closed form and are also found to be Gaussian. Equation 3.11 specifies the mean of
the Gaussian posterior distribution over the space of weights as

µ = ΣΦTBy. (A.4)

Here, Φ denotes theNtr×Nfeatures matrix of kernel function values evaluated between
the considered support configurations and the configurations of the data set, i.e., its
elements are given as Φi,j = k(xi, x ′

j). The covariance matrix of the posterior, Σ, is, as
specified in Eq. (3.12), given by the expression

Σ = (ΦTBΦ+ A)−1. (A.5)

The logarithm of the marginal likelihood, is specified in Eq. (3.46), giving the expres-
sion [215, 344]

log (p(y|X)) =
1

2

(
log(det(A)) − log(det(2πB−1)) + log(det(Σ)) −yTBy+ µTΣ−1µ

)
.

(A.6)
As outlined in section 3.3.1, it is common to optimize hyperparameters, here in

particular the variance parameters, αi, by maximization of the (log) marginal likelihood.
The key property that is exploited in the application of the RVM is that the marginal
likelihood is often found to be maximal with many of the αi parameters tending to
infinity. For an infinite α parameter, the prior distribution of the associated weight
therefore becomes a delta function at zero, so that the inferred most probable posterior
weight goes to zero. This also means, that the corresponding support configuration
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does not contribute to the output of the inferred model, and it can be pruned from the
set of support configurations. By maximizing the log marginal likelihood, the relevant
support configurations are therefore identified (i.e., the ones with finite α values), and
a sparse model can be extracted with the probabilistic techniques.

Different approaches are possible to find the maximum of the marginal likelihood
w.r.t. the sparsity parameters α with iterative approaches. In the original formulation
of the RVM [345], the values are initialized to some finite value, giving an initial model
incorporating all potential support configurations. The α are then iteratively updated,
so that support configurations can be pruned from the initial set of candidates if
corresponding sparsity parameters are updated to infinity (or to large values greater
than some sensible threshold). With a more detailed derivation shown in Ref. [344],
update equations for the sparsity parameters can, e.g., be obtained by equating the
gradient of the log marginal likelihood w.r.t. these to zero. This leads to the update
equation at each iterative parameter update according to [344, 345]

αi →
1−αiΣi,i

|µi|2
. (A.7)

Each sparsity parameter update therefore requires the re-evaluation of the posterior
mean µ and covariance matrix Σ with the updated parameters. By iterating these
updates until convergence is observed, the final set of relevant support configurations
(which is often significantly sparser than the initial set of considered candidates) is
obtained.

Similar to the optimization of the sparsity parameters, it can also be sensible
to optimize the noise hyperparameter(s) characterizing the likelihood variances by
maximization of the log marginal likelihood. In the standard formulation of the RVM,
the likelihood variances are assumed to be data point independent, i.e., the matrix B is
proportional to the identity, B = β1. Again, equating the derivative of the log marginal
likelihood w.r.t. the beta parameter to zero [344, 345] gives an iterative update equation.
This can be employed to update the value of β alongside the sparsity parameters
according to

β→ Ntr − tr(1− AΣ)

|y −Φµ|2
. (A.8)

Going beyond the standard assumption of a data-independent noise specification,
various applications of the Bayesian regression approaches in this work utilize a likeli-
hood variance that depends on the magnitude of the fitted wavefunction amplitudes.
In particular, as outlined in section 3.3, to compensate the fitting in the log space of the



A.1 fast marginal likelihood maximization 160

wavefunction amplitudes, the diagonal elements of the matrix B are often specified as
(see Eq. (3.38))

Bi,i =
1

σ2(xi)
=

1

log
(

σ̃2

|eω(xi)|2
+ 1
) . (A.9)

This utilizes a parameter σ̃2, denoting an approximate variance of the wavefunction
amplitude likelihood, which are fit with the Bayesian approaches in the space of log
amplitudes ω(xi) (in which the likelihood variances are σ2(xi)). If the hyperparameter
σ̃2 should also be adapted to maximize the log marginal likelihood, one approach
considered is to repeat the full RVM training with different σ̃2 values to find a suitable
value maximizing the log marginal likelihood. Alternatively, it is also possible to
employ gradient ascent type updates of the parameter σ̃2 (usually employed in the
log space) alongside the α parameters. While this was only considered in the iterative
Bayesian sweeping context discussed in chapter 6 (in which the same prior variance
was assumed for all weights at a particular reference site), this is also applicable in
combination with the sparse prior specification of the RVM. The derivative of the log
marginal likelihood w.r.t to the variance parameter evaluates to [217]

d(log (p(y|X)))
dσ̃2

=
1

2

(
tr
(

B ′B−1 −ΦTB ′ΦΣ
)
− yTB ′y − µTΦTB ′Φµ+ 2yTB ′Φµ

)
.

(A.10)
The diagonal matrix B ′, giving the derivative of the matrix B w.r.t. the parameter σ̃2,
can be expressed via its diagonal elements according to [217]

B ′
i,i =

d(1/σ2(xi))
dσ̃2

= −
(Bi,i)

2

|eω(xi)|2 + σ̃2
. (A.11)

In a Bayesian regression setup with complex-valued model outputs as outlined in the
main text, the noise derivative can be obtained by replacing transposed with hermitian
conjugated quantities, and ignoring the prefactor of 12 in the expression above.

a.1 fast marginal likelihood maximization

The iterative maximization of the marginal likelihood in the RVM requires the inversion
of Nactive ×Nactive matrices at each step, where Nactive is the number of ‘active’
support configurations with finite α value. This results in a computational cost of
roughly O(N3active) at each update step. In the original description of the RVM from
Ref. [345], as it is outlined above, the iterative scheme starts with all potential support
configurations considered as active before configurations are removed from the active
set to obtain a sparse model. Assuming that the finally extracted model only contains
a fraction of the potential candidates as relevant support configurations, especially the
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initial steps from the selection of the relevant configurations are particularly expensive.
Furthermore, the (approximate) cubic scaling, also restricts the approach to relatively
small sets of initial support configurations from which the relevant set is extracted.

As an alternative to the pruning of non-relevant configurations, the applications of
the RVM in this work are based on the fast scheme introduced in Ref. [346]. Rather
than removing non-relevant configurations from the active set, this scheme is based
on the idea of starting from a small initial set of support configurations, potentially
only containing a single point, Further configurations can then be added from the
set of candidates, which are identified by a marginal likelihood maximization. This
means that initially most of the α parameters are set to infinity and then at most a
single configuration is added to or removed from the active set at each iteration. If
the number of relevant support configurations is small compared to the total number
of candidates (and it can be kept small throughout), this can therefore result in a
significant speed up as compared to the scheme outlined above.

In the fast iterative scheme, only one of the sparsity parameters is optimized at a
time, and the update is determined by extracting the associated contribution to the
full log marginal likelihood. To obtain this update, the log marginal likelihood is, for
each potential support configuration xi, separated into a component depending on the
corresponding sparsity parameter αi and one depending on all other α values. This
means that, as presented in more detail in Refs. [346, 422], the log marginal likelihood
is expressed according to

log (p(y|X)) = log[pML](αi) + log[pML](αj ̸=i). (A.12)

The function log[pML](αi) denotes the extracted contribution of the parameter αi to
the log marginal likelihood, and the log[pML](αj ̸=i) captures the remaining part not
depending on this parameter. The important contribution depending on the updated
parameter, i.e., log[pML](αi), evaluates to [346, 422]

log[pML](αi) =
1

2

(
log(αi) − log(αi + si) +

q2i
αi + si

)
, (A.13)

which utilizes additional quantities si and qi. These can practically be expressed
as [346]

si =
αiSTiΦi

αi − STiΦi

, (A.14)

qi =
αiSTi y

αi − STiΦi

, (A.15)
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with
STi = ΦT

i B −ΦT
i BΦΣΦTB, (A.16)

and where in both equations Φi denotes the i-th column of the matrix Φ interpreted
as a column vector.

At each step of the fast marginal likelihood maximization, a single αi associated
with one identified (potential) support configuration is optimized by maximizing the
corresponding contribution log[pML](αi). Crucially, a sensible update can be computed
not requiring the considered configuration to be in the active set. As presented in
Ref. [346], three different cases can be distinguished for the parameter update. If the
value of q2i is greater than si, then the maximum of value of log[pML](αi) is obtained
by updating the value of αi according to

αi =
s2i

q2i − si
. (A.17)

This either updates the sparsity parameter for an active support configuration, or it
adds a new configuration to the active set if it was not active before. If, however,
the quantity si is greater than or equal to q2i , then the maximum of the log marginal
likelihood is obtained by pruning the corresponding support configuration from the
active set.

The updates of a single α parameter at a time can be iterated until convergence
is observed. To single out a configuration for which the parameter is updated, it is,
e.g., possible to identify the configuration for which the update results in the largest
increase in the log marginal likelihood [346].



B
R E P R E S E N T I N G S P E C I F I C S I G N S T R U C T U R E S A S G AU S S I A N
P R O C E S S S TAT E

b.1 representing the marshall sign rule

As discussed in section 2.4.1, the Marshall Sign Rule (MSR) [329] represents the
exact sign structure of anti-ferromagnetic Heisenberg models. In the considered
basis constructed from tensor products of the Ŝz eigenstates, it can be defined by the
wavefunction amplitudes according to Eq. (2.41), specifying the signs as

Ψ(x) = (−1)
∑

i∈A δxi,1 . (B.1)

The indices of a sublattice A comprise one of two disjoint chequerboard sublattices of
the system. This means that the MSR counts the number of spin-up occupancies on
the specified sublattice and gives a positive sign for an even number, and a negative
sign otherwise. The MSR can be represented efficiently as a Gaussian Process State
(GPS) with different approaches.

By utilizing the formulation of the GPS with unentangled product states as support
configurations for the model, the MSR can be represented exactly up to a global
phase, requiring a support dimension of M = 1. The resulting (non-symmetrized)
quantum Gaussian Process State (qGPS) defines the wavefunction amplitudes as

Ψ(x) = exp

 L∏
j=1

ϵ
(xj)
j

 , (B.2)

with specifically chosen parameters ϵ(xi)i . It can directly be verified that a choice of the
parameters as

ϵ
(xj)
j =

−(iπ/2)1/L if j ∈ A and xj = 1

(iπ/2)1/L otherwise
, (B.3)

gives the sign structure as for the MSR with a global phase prefactor e−i∗π/2.
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If the MSR for a system is entirely symmetric with respect to symmetry opera-
tions (i.e., two symmetrically equivalent configurations always give the same sign
value), then a similar construction as above can be defined for a kernel-symmetrized
qGPS model. The resulting qGPS with a support dimension of M = 1 defines the
wavefunction amplitudes according to

Ψ(x) = exp

∑
{S}

L∏
j=1

ϵ
(S[x]j)
j

 , (B.4)

where the sum includes the included symmetry operations. The MSR amplitudes are
obtained for this kernel-symmetrized qGPS, by setting the parameters to

ϵ
(xj)
j =

−
(iπ/2)1/L

|{S}|
if j ∈ A and xj = 1

(iπ/2)1/L

|{S}|
otherwise

, (B.5)

where |{S}| denotes the total number of symmetry operations considered.
The two qGPS representations of the MSR above explicitly rely on the ability to

construct the log amplitude by a product over L factors for which the signs can be
different. These constructions are therefore not local, in the sense that the product is
taken across all L sites and cannot be truncated at short ranges (nor is a weighting
of shorter ranged correlation sensible). It is also possible to represent the MSR with
an ansatz resembling a classical GPS extracting local correlations and computational
basis states as support configurations (therefore giving positive kernel values). This is
achieved by expressing the MSR as

Ψ(x) = exp

 L∑
j=1

ϵ
(xj)
j

 , (B.6)

with parameters

ϵ
(xj)
j =

iπ if j ∈ A and xj = 1

0 otherwise
. (B.7)

This reformulation thus represents the MSR as a GPS with support dimension M = L.

b.2 representing fermionic orbital reordering

Due to the anti-symmetry, the representation of Fermionic systems in a second-
quantized basis of discrete modes results in a sign structure of the wavefunction
amplitudes that depends on the ordering chosen for these modes. Assuming spinless
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Fermions, this section briefly outlines how an additional sign structure in the wave-
function amplitudes, emerging from a change of this ordering, can be represented as a
GPS. This representation can directly be extended to the case of spinful Fermions.

As outlined in section 5.1.2, the evaluation of matrix elements for Fermionic op-
erators include specific sign prefactors. These depend on the number of occupied
modes that are passed in the application of the creation and annihilation operators
at a specific site with respect to the chosen ordering [333]. Two different choices to
order the system modes can (and typically will) therefore also result in different sign
structures of the wavefunction amplitudes for an electronic state |Ψ⟩. More concretely,
encoding the same electronic occupancies with two different orderings of the modes,
denoted by configurations |x⟩ and |x̄⟩, the associated wavefunction amplitudes can be
related as

⟨x|Ψ⟩ = (−1)N(x,x̄)⟨x̄|Ψ⟩. (B.8)

The sign prefactor relating the two ordering choices, (−1)N(x,x̄), corresponds to the
parity of the permutation of occupied modes to bring the occupied modes from one
order into the other. This can be obtained by evaluating the number of exchanges of
occupied modes, N(x, x̄), to bring one representation into the order of the other.

To evaluate the number of exchanges, |x⟩ can be assumed to correspond to a
default ordering of the modes in ascending order, i.e., 1, . . . ,L. The ordering for |x̄⟩ is
assumed to be a permutation P of this ordering, i.e., modes are ordered according to
P(1), . . . ,P(L). The number of exchanges can then directly be evaluated as

N(x, x̄) =
L−1∑
i=1

L∑
j=i+1

δxP(i),1δxP(j),1 ×

1 if P(i) > P(j)

0 otherwise
, (B.9)

and therefore contains at most O(N2) terms (with N being the number of electrons).
Based on the standard approach to encode Fermionic occupancies of the modes, this
representation utilizes local occupancies, xk, which are either zero or one, depending
on whether the mode is occupied or not.

Following the representation of the relative sign between wavefunction amplitudes
for different mode orderings via the number of exchanges, this relative sign can
directly be expressed efficiently in the form of a GPS. Utilizing a support dimension
M =

L×(L−1)
2 , the GPS representation can, e.g., be specified as,

(−1)N(x,x̄) = exp

L−1∑
i=1

L∑
j=i+1

L∏
k=1

ϵ
(xk)
k,(i,j)

 , (B.10)
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where (i, j) denote the compound indices for the support configuration index. In this
representation, a potential choice of parameters is

ϵ
(xk=1)
k,(i,j) = (iπ)1/L ×

1 if P(i) > P(j)

0 otherwise
, (B.11)

ϵ
(xk=0)
k,(i,j) = (iπ)1/L ×

0 if k = P(i) or k = P(j)

1 otherwise
. (B.12)

The accuracy of a GPS for one choice to order the Fermionic modes, can therefore
always be recovered for any other ordering by a polynomial increase of the support
dimension, in particular by increasing it by at most O(L2). Within current numerical
setups, such a quadratic scaling of the support dimensions could however likely quickly
become prohibitive for practical applications, and the inclusion of other approaches to
alleviate potential ordering ambiguities is sensible.
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“Variational learning of quantum ground states on spiking neuromorphic hard-
ware”. In: Iscience 25.8 (2022), p. 104707. doi: 10.2139/ssrn.4012184.

[52] Dmitrii Kochkov, Tobias Pfaff, Alvaro Sanchez-Gonzalez, Peter Battaglia, and
Bryan K. Clark. Learning ground states of quantum Hamiltonians with graph networks.
2021. doi: 10.48550/ARXIV.2110.06390.

[53] Xiao Liang et al. “Solving frustrated quantum many-particle models with
convolutional neural networks”. In: Phys. Rev. B 98.10 (Sept. 2018), p. 104426.
doi: 10.1103/physrevb.98.104426.

[54] Xiao Liang, Shao-Jun Dong, and Lixin He. “Hybrid convolutional neural net-
work and projected entangled pair states wave functions for quantum many-
particle states”. In: Phys. Rev. B 103.3 (Jan. 2021), p. 035138. doi: 10 . 1103/

physrevb.103.035138.

[55] Xiang Li, Cunwei Fan, Weiluo Ren, and Ji Chen. “Fermionic neural network
with effective core potential”. In: Phys. Rev. Research 4.1 (2022), p. 013021. doi:
10.1103/physrevresearch.4.013021.

[56] Jeffmin Lin, Gil Goldshlager, and Lin Lin. “Explicitly antisymmetrized neural
network layers for variational Monte Carlo simulation”. In: J. Comput. Phys. 474

(2023), p. 111765. doi: 10.1016/j.jcp.2022.111765.

[57] Sheng-Hsuan Lin and Frank Pollmann. “Scaling of Neural-Network Quantum
States for Time Evolution”. In: Phys. Status Solidi B 259.5 (Jan. 2022), p. 2100172.
doi: 10.1002/pssb.202100172.

https://doi.org/10.1103/physrevresearch.3.043126
https://doi.org/10.1103/physrevresearch.2.013284
https://doi.org/10.1103/physrevresearch.2.013284
https://doi.org/10.48550/ARXIV.1808.05232
https://doi.org/10.1002/adts.202000269
https://doi.org/10.2139/ssrn.4012184
https://doi.org/10.48550/ARXIV.2110.06390
https://doi.org/10.1103/physrevb.98.104426
https://doi.org/10.1103/physrevb.103.035138
https://doi.org/10.1103/physrevb.103.035138
https://doi.org/10.1103/physrevresearch.4.013021
https://doi.org/10.1016/j.jcp.2022.111765
https://doi.org/10.1002/pssb.202100172


bibliography 172

[58] Alessandro Lovato, Corey Adams, Giuseppe Carleo, and Noemi Rocco. “Hidden-
nucleons neural-network quantum states for the nuclear many-body problem”.
In: Phys. Rev. Research 4.4 (2022), p. 043178. doi: 10.1103/physrevresearch.4.
043178.

[59] Di Luo and James Halverson. Infinite Neural Network Quantum States. 2021. doi:
10.48550/ARXIV.2112.00723.
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