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ABSTRACT. We study the F,-points of the Kisin-Pappas integral models of abelian
type Shimura varieties with parahoric level structure. We show that if the group is
quasi-split and unramified, then the mod p isogeny classes are of the form predicted
by the Langlands-Rapoport conjecture (c.f. Conjecture 9.2 of [59|). We prove the
same results for quasi-split and tamely ramified groups when their Shimura varieties
are proper. The main innovation in this work is a global argument that allows us
to reduce the conjecture to the case of a very special parahoric, which is handled
in earlier work of Rong Zhou. This way we avoid the complicated local problem of
understanding connected components of affine Deligne-Lusztig varieties for general
parahoric subgroups. Along the way, we give a simple irreducibility criterion for
Ekedahl-Oort and Kottwitz-Rapoport strata.



Contents

[Chapter 1. Introduction|

(1. Hasse-Weil zeta functions of smooth projective varieties|
[2. The Langlands-Rapoport conjecture]

3. _Previous resultsl

¥, Main results

[>.  Overview ot the proof|

6. Outlinel

[7. Acknowledgements|

[Chapter 2. Local Preliminaries|

(1. Iwahori-Weyl groups|

[2. Some perfect algebraic geometry|

[3. Afhine flag varieties and moduli spaces of local shtukas|
4. Forgettul maps|

[>.  Relative position|

(6. Restricted local shtukasl

[8.  Atfine Deligne-Lusztig varieties and unitormisation|

[Chapter 3. 'The Langlands-Rapoport conjecture

T

Galois gerbs|

B

The Langlands-Rapoport conjecture]

Special morphisms|

Connected components and a refined conjecture|

The refined conjecture|

Connected components [l

[Chapter 4.  Main result for Hodge type Shimura varieties|

(1. Main resultd

2. Local models and shtukas|

[3.

Change of parahoric]

ii

11
11
13
15
17

18
18
21
23
25
26
28
31
32

35
36
40
43
46
47
50

95
95
29
60



CONTENTS

iii

4. A local model diagram| 62
[>.  Connected components of the basic locus| 64
[6. Connected components of unions of one-dimensional KR strata) 72
(. Connectedness of closures of KR stratal 76
8. Proof of the main technical resultl 78
[9. Proots of the main results for Hodge type Shimura varieties| 82
[Chapter 5.  Main results for abelian type Shimura varieties| 85
(1. Kottwitz triples| 85
2. Mod p-points on Shimura varieties of Hodge type] 88
[3.  Proot of the Langlands-Rapoport conjecture tfor Hodge type Shimura |
[ varieties 89
4. Main results for abelian type Shimura varieties| 91
b.__Proofy 93
Bibliograp 95



CHAPTER 1

Introduction

1. Hasse-Weil zeta functions of smooth projective varieties

Let E be a number field and let X be a smooth projective variety over E. The Hasse-
Weil zeta function of X is (see [63]), at least conjecturally, a meromorphic function
Cx(s) on the complex numbers which encodes deep global arithmetic information about
X. For example the conjecture of Birch and Swinnerton-Dyer predicts for an elliptic
curve X over QQ that its zeta function knows the Mordell-Weil rank of X. The zeta

function is defined as an Euler product over all primes p of E
() =[] Zxa(s).
p

of local Zeta functions Zx ,(s). For primes p where X has good reduction, the local
zeta function Zx ,(s) encodes information about the number of points of the special
fiber X, over finite fields. The local zeta functions at places of bad reduction are
harder to define, and it is not always clear what arithmetic information they encode,

except in special cases.

Let S be the set of places of bad reduction. The partial product

Cxs(s) = [ [ Zxals)

pEs
converges absolutely for Re(s) > 1+ d, where d is the dimension of X (see Section 1.2
of [63]) and defines a holomorphic function. Proving this absolute convergence relies
on the Hasse-Weil bounds for the number of points of X over finite fields. It now
makes sense to conjecture that (x s(s) has analytic continuation to a meromorphic
function on C, which is one half of the Hasse-Weil conjecture. It will follow that (x(s)
has meromorphic continuation to C, because the local Euler factors Zx ,(s) for places

p of bad reduction are meromorphic functions by construction.

The other half of the Hasse-Weil conjecture is a functional equation for (x(s). Just
as with the functional equation for the Riemann zeta function, this is best stated in

1



1. HASSE-WEIL ZETA FUNCTIONS OF SMOOTH PROJECTIVE VARIETIES 2

terms of a completed zeta function. Define

Ex(s) = A2k (s) - [ Txwls):
veEXY
Here A € Q- is the conductor of X (see Section 4.1 of [63]), the symbol X% denotes
the infinite places of £ and I'x,(s) denotes the Gamma-factor of X at an infinite
place (see Section 3 of [63]). We can now state a formal conjecture, in which we will

implicitly assume that X is equidimensional.

CONJECTURE 1.0.1. The function £x(s) has meromorphic continutation to all of C

and satisfies
fX(S) = :l:gx(d—i‘ 1-— S),

where d is the dimension of X.

This conjecture is completely open in general, and most of the known results all fol-
low the same strategy: Show that ((X,s) is equal to a product of "automorphic
L-functions", and prove that these automorphic L-functions have meromorphic con-
tinuation and a functional equation. Unfortunately, it is far beyond the scope of this
thesis to define automorphic representations and automorphic L-functions, so we’ll

settle for an example:

EXAMPLE 1.0.2. Let X be the elliptic curve over Q defined by the equation y? + vy =

23 — 22, then the Hasse-Weil zeta function of X is equal to

¢(s)¢(s = 1)
(x(s) = =55
Ly(s)
where ((s) = (specq(s) is the usual Riemann-zeta function, and Ly, is the L-function

of the modular form

[e.o]

Fz) =] =1 —q")* € Saflo(11)].

n=1
The Hasse-Weil conjecture for (x(s) now follows from the functional equation and

meromorphic continuation for ((s) and Ly .

For a general variety X the approach sketched above seems hopeless, because it is not
clear ‘where’ the automorphic representations should come from. This is different for

Shimura varieties, because automorphic representations are closely related to Shimura
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varieties. For example it follows from work of Eichler |[14] and Shimura [66] that the
Hasse-Weil zeta functions of modular curves are products of L-functions of modu-
lar forms. However, their approach does not easily generalise to higher-dimensional

Shimura varieties.

In [46|, Langlands outlines a three-part approach to prove that the Hasse-Weil zeta
functions of Shimura varieties are related to L-functions of automorphic representa-
tions. The first and third part are ‘a matter of harmonic analysis’, we refer the reader
to |76] for an introduction. The second part is about describing the mod p points of
suitable (smooth) integral models of Shimura varieties. His original strategy is only
suitable for studying the local zeta functions at places of good reduction, but it was
generalised by Rapoport and Kottwitz to include places of parahoridﬂ bad reduction
[59].

Disregarding the very interesting and very complicated harmonic analysis that will no
doubt have to be used, computing the (semisimple) ﬂlocal zeta functions of Shimura
varieties at primes of parahoric bad reduction requires two ingredients: The first is
constructing reasonable integral models and describing their singularities, or rather
computing the (semisimple) trace of Frobrenius on the sheaf of nearby cycles. The
integral models were constructed by Kisin-Pappas [37] and the recent work of Haines-
Richarz [23| solves the problem of understanding the nearby cycles. The second
ingredient is describing the mod p-points of these Kisin-Pappas integral models, which
is the central topic of this thesis. A conjectural description of the mod p points of
(conjectural) integral models of Shimura varieties was first given by Langlands in [45]
and was later refined by Langlands-Rapoport [47] and by Rapoport [59] to include

the case of parahoric bad reduction.

2. The Langlands-Rapoport conjecture

The Langlands-Rapoport conjecture gives a conjectural description of the F,-points
of conjectural integral models of a Shimura variety associated to a Shimura datum
(G, X). Stating the conjecture is technically quite involved and we will postpone that
to Chapter[3] The goal of this section is to show that beneath all the technicalities lies
a beautiful motivic story. We will start by discussing mod p points on the modular
curve.

IThis means that the level at p is a parahoric subgroup.

2The semisimple local zeta function is a variant of the local zeta function defined in [11] from which
the usual local zeta function can be recovered, if one assumes the weight-monodromy conjecture.
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2.1. The modular curve. There are great and detailed explanations of Langlands-
Rapoport for the modular curve elsewhere (e.g. [60]), here we will only give a basic

overview. Consider the tower of schemes

{Yn/Z)tn

where N runs over positive integers coprime to p ordered by divisibility and Yy is
the moduli space of elliptic curves E together with an isomorphism of group schemes
E[N] ~ (Z/NZ)?. This is most easily done by considering all N at once, or working
with the inverse limit. Define

Y(E,) = lim Yu(F,)
(N,p)=1

which has a natural action of GLy(Z?) that extends to an action of GLg (A}) via Hecke

correspondences. We want a ‘group theoretic’ description of Y (F,), which takes this

action into account. We will give a description in two steps:

(1) Divide elliptic curves into isogeny classes and classify them (Honda-Tate the-

ory).

(2) Count elliptic curves inside a fixed isogeny class.
2.1.1. The structure of isogeny classes. If we fix an elliptic curve Ey/F,, then its

isogeny class .#, C Y (IF,) has a description in terms of linear- and semi-linear algebra.

Let VPEj be the rational prime-to-p adic Tate module of Ejy, in other words it is

(H T4E0> ®z Q,

t#£p

where T)FEy = @m Ey [ém}(Fp). Since each TyFEy is a free Z, module of rank two, we

see that VPEj is a free module of rank two over the ring

AY = <H Zg) ®z Q.

t#p
Let V,Ey be T,Ey[1/p], where T,Ey is the covariant Dieudonné module of Ey. In
short, T,E is a free Zp = W(F,)-module A of rank two equipped with a Frobenius
semi-linear map F : A — A satisfying pA C FA C A. An isogeny f : Ey — FE induces
bijections VPEy ~ V,E and V,Ey, >~ V,E, but the lattices inside will be different; in
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fact f will be determined by the induced lattices in V?E, and V,E,. We define
X?(¢) = {ZP-lattices A C VPE, together with an isomorphism A? ~ (ZP)%?}
X,(¢) = {Dieudonné-lattices in V,Ep}.
Then X?(¢) is a GLy(A%)-torsor and there is a GLy(A%)-equivariant map
XP(8) x X,(0) = 5,

sending a pair of lattices (AP, A,) corresponding to an isogeny f : Ey — E to the

elliptic curve E together with its trivialisation. This induces an isomorphism

T = 1(Q\ (X7(9) x Xp(9)) ,

where 1,(Q) is the set of self quasi-isogenies of Ej.

2.1.2. Classification of isogeny classes. Classical Honda-Tate theory describes isogeny
classes of abelian varieties over F, in terms of ¢-Weil numbers. Equivalently, we can
describe isogeny classes of elliptic curves £ by the characteristic polynomial of Frob,
acting on the ¢-adic Tate module of E for some ¢ # p (this is an element of Z[X]
independent of £). This gives us a (semisimple) conjugacy class of matrices in GLy(Q)
and its stabiliser is an inner form of the group Iy of self quasi-isogenies of E. Another
perspective is that the isogeny class of F determines a two-dimensional pure motive
(say with numerical equivalence) over F,, or a motive with GLy-structure.

2.1.3. Conclusion. In conclusion, we see that the mod p points on the modular

curve can be described as

(2.1.1) lim Yy(F,) = [T 1(Q\X,(¢) x X?(¢),

(N,p)=1 ¢
equivariant for the action of GLQ(A’;), where ¢ ranges over the set of isogeny classes
of elliptic curves over F,. Moreover it turns out that the action of Frobenius on
the left hand side corresponds to the action of a certain operator ® on X,(¢). The

Langlands-Rapoport conjecture for a general Shimura variety has the same shape as

[.2.1.1).

2.2. The Langlands-Rapoport conjecture in general. Let (G, X) be a Shimura
datum, let p be a prime number, let U, C G(Q,) be a parahoric subgroup. Consider
the tower of Shimura varieties {She yry, }u» over the reflex field £ with its action of
G(A%) x Zg(Q,), where UP varies over compact open subgroups of G(A%) and where
Zq is the center of the algebraic group GG. Then we conjecture that this tower has a

G(A%) x Zg(Qp)-equivariant extension to a tower of flat (normal) schemes {7 vvy, }o
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over O, . When U, is hyperspecial, the integral model should be smooth and sat-
isfy a certain extension property, which determines it uniquely if it exists (c.f. [51]).
Recent work [53| of Pappas defines a notion of canonical integral models when U, is
an arbitrary parahoric and (G, X) is of Hodge type, and proves that they are unique

if they exist. Moreover, there should be a bijection

1;%% 1<1_HI¢ NXP() x Xy, (0)/U”

compatible with the action of G(A?) X Zg(Qp). Here XP(¢) is a G(A%)-torsor as
before, and we are left to explain the indexing set ¢, the sets X,(¢) and the groups
1,(Q). The indexing set should be a generalisation of the notion of isogeny class; we’ll

explore this in the next section.

2.3. Mod p isogeny classes on general Shimura varieties. We would like to
say that the mod p isogeny classes on the special fiber of a Shimura variety associated
to a Shimura datum (G, X)) are isogeny classes of "abelian varieties with G-structure"
or "motives with (G, X)-structure". There are various ways of making this precise,

the simplest one works only for Shimura varieties of Hodge type.

Suppose that (G, X) is of Hodge type and let i : (G, X) < (GSp,,, ST) be a Hodge
embedding. Then an abelian variety with G structure over F, is a g-dimensional

abelian variety A together with a finite collection of tensors

{Sa,é}aec’ S ‘/E(A)®

for all ¢ (including ¢ = p) such that the stabiliser of the tensors in GL V;(A) is given by
G, (note that the indexing set C' is independent of ¢). Here V,(A)® is the direct sum
of all modules obtained from the rational ¢-adic Tate-module (or rational Dieudonné-
module if £ = p) V;(A)® using the operations of duals, tensor products, symmetric
powers and exterior powers. This is the kind of "abelian variety with G-structure"
that one actually gets from a Fp—point on the special fiber of the Kisin-Pappas integral
models of Hodge type Shimura varieties. In fact there will a finite field F, such that

the abelian variety is defined over F, and such that the tensors are Galois invariant.

This notion of "abelian variety with G-structure" is not well behaved because we are
not asking for any compatibility between tensors for different /. Indeed, the Tate
conjecture for motives over finite fields predicts that our tensors come from algebraic

cycles and we would obviously like to say that the s, are the /-adic realisations the
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same cycle s,. Another issue is that we would like to get rid of the choice of Hodge
embedding.

2.3.1. Motives. Let C, be the category of motives with numerical equivalence over
[F,, see |62] for an introduction. A priory this is just a pseudo-abelian category with
a tensor product, but it follows from [34] that this is actually a semisimple abelian
category. Moreover it follows from [35| that it is a semisimple Tannakian category,
see Section 1 of [49]. If we assume the Tate conjecture in the form of Conjecture 1.14
of [49|, then for ¢ # p there is a fully faithful tensor functor

Cy ®o Qv — V()

to the category of semisimple continuous representations of Gal(Fp /F,) on finite di-
mensional vector spaces over QQy, given by /(-adic étale cohomology. Similarly if we
assume the crystalline version of the Tate conjecture, then there are fully faithful

tensor functors
Cq ®qQ @p — Vpan)

to the category of F-isocrystals over W (F,)[1/p]. When we pass to the category C of

motives over IF,,, we get fully faithful tensor functors

wp : C ®q Qp — Vy(F,)

wp:C X Qp — Vp(Fp)a

where V,(IF,) is the category of isocrystals over W (F,)[1/p] and the category V,(F,)
is the category of "germs of Gal(Fp /F,)-representations". Its objects are equivalence
classes of Galois representations of Gal(F,/F,.) for some n, with equivalence given
by p ~ p' if there is some open subgroup of Gal(F,/F,) on which they agree. The

morphisms are given by
hom(p, p') = hﬂhomcal(ﬁp/mg)(ﬂa p).

2.3.2. Motives with G-structure. If G/Q is an algebraic group then a motive with

G-structure is an exact tensor-functor

a: Repg(G) — C
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such that for all ¢ the following diagram commutes

Repg, (G) —— C ®q Q;

! L

Vectg, === Vecty, .

In other words, for each representation V' of G we get a motive a(V') such that the
¢-adic étale cohomology of «(V) is of dimension equal to Dim V| and the same for the

crystalline cohomology.

Associated to a motive with G-structure is the composition
Repg, (G) = C®q Q, — V,(F,).

This is an isocrystal with G-structure in the sense of Kottwitz [41], and these are
classified up to isomorphism by the set B(G). If we are also given a Shimura datum
(G, X), then it makes sense to ask that the element of B(G) we obtain is admissible
with respect to this Shimura datum, in other words, to ask that it lies in B(G, X) C
B(G) (see Section [2.1.0.2). Let us call a motive with G-structure admissible (with
respect to (G, X)) if this is the case. When (G, X) is the Siegel Shimura datum,
this comes down to asking that the isocrystal (with alternating form) comes from a
p-divisible group (with a polarisation).

2.3.3. Clircumventing the Tate conjecture. Assuming the Tate conjecture, Milne
[49] gives an explicit description of the category C with its tensor structure. In fact
this description is so explicit that it is possible to write down a Tannakian category C

together with faithful tensor functors
(:Jz : é ®Q @g — W(Fp>

for all ¢ without assuming the Tate conjecture. If the Tate conjecture does hold,
then there is an equivalence of categories C ~ C, compatible with all the tensor
functors. The category C is exactly the category of representations of the pseudo-
motivic groupoid P introduced in Chapter . Let us call C the category of fake motives
over F,; the notion of fake motive with G-structure and admissible fake motive with
G-structure is now obvious.

2.3.4. Back to the Langlands-Rapoport conjecture. Let (G,X) be a Shimura da-
tum such that Z2 satisfies the Serre condition, i.e., such that Z2 is isogenous to a
product T} x Ty where T7/Q is a split torus and where T is a torus with T5(R) com-
pact. This condition automatically holds when (G, X) is of Hodge type because then
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Z2 Jw(G,,)(R) is compact, where w : G,,, — G is the weight homomorphism obtained
from X.

Under these assumptions, the indexing set of the Langlands-Rapoport conjecture is
closely related to the set of equivalence classes of admissible fake motives with G-
structure. In fact there are precisely two extra conditions we have to put on an
admissible fake motive with G-structure in order for it to give rise to an admissible
morphism (which are the objects that index the isogeny classes). To explain these, let

us furthermore assume that G4 is simply connected.

e The first condition has to do with the induced motive with G®-structure. To

be precise, it should agree with the one coming via "reduction modulo p" of
the CM motive associated to the CM torus (G®?, X2), see Section 4 of [49)]).

e One condition at infinity, having to do with fully faithful tensor functors (the

first is constructed by Milne assuming the Tate conjecture)
Weo : C 00) R — VOO(FP)
G 1 C R R = Voo (F,).

Here V(F,) is the R-linear Tannakian category of Z-graded C-vector spaces
equipped with a 7-linear map F' respecting the grading such that F? acts as
(—1)™ on the m-th graded piece, and 7 is the nontrivial element of Gal(C/R).

For a general Shimura datum (G, X), we have to replace the pseudo-motivic Galois
gerb P with the quasi-motivic Galois gerb £, which comes equipped with a map
9 — P. In other words we are replacing the category C with a category D, which

comes with a natural functor C — D.

REMARK 2.3.5. The perspective in Chapter [3] is in terms of Galois gerbs and mor-
phisms of Galois gerbs rather than Tannakian categories and functors between them.
The reason for this shift is that Kisin’s paper [38] is written entirely in the former
perspective. Since our proofs are merely generalisations of his to ramified groups, we
often refer to his work for certain details and arguments, and its therefore natural to

adopt his notation and perspective.

2.4. Affine Deligne-Lusztig varieties. In order to generalise the sets X,(¢),

we recall that in the case of the modular curve the set X,(¢) is a subset of the space
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of all ”Zp—lattices” in V,Ey, which can be identified with

GLZ (Qp)/ GL2 (Zp)-

In other words, the set of Dieudonné lattices in VpEy ~ Q;‘fz sits inside the set of all
lattices in Q;‘f?. The condition that a lattice A C Qj‘? is a Dieudonné lattice is the

condition that
pN C Fo*A C A,

here F' : 0*@592 ~ @1?2 is the map coming from the fact that V,E, is an isocrystal.
Let us write F = b ® o as a o-linear map, with b € GLQ(QP). Then a lattice A is a

Dieudonné-lattice if under the relative position map

Inv : GLy(Q,)/ GLa(Z,) x GLa(Q,)/ GLa(Z,) — (GLQ(ZP)\ GLy(Q,)/ GLQ(ZP)> ~ 72/S,

the image Inv(A,bA) = (1,0). If we think of Z?/S, as the set of conjugacy classes
of cocharacters of GLs, then the element (1,0) corresponds precisely to the inverse of

the Hodge cocharacter associated to the Shimura datum of the modular curve.

It is important to note that X,(¢), unlike X?(¢) depends on the isogeny class of Ey,
or rather it depends on the isogeny class of Ey[p™] or equivalently on the o-conjugacy
class of b. For a connected reductive group G/Q, and choice of parahoric G, we

consider

G(Q,)/G(Z,y).

which we think of as the space of ‘G-lattices’ inside the standard G-isocrystal given
by b € B(G, X). To define the affine Deligne-Lusztig variety we again have a relative
position map (see Section [2.5))

Rel : G(Q,)/G(Z,) x G(Qy)/G(Zy) = (HLN\C(Q,)/G(Z,) ) = We\W /W,

and X,(¢) will be a subset of G(@p)/g(zp) defined by a condition on Rel(g,bg). It
remains for us to define this condition, which will take the form of a finite set, called

the admissible set
Adm(p)g € G(Z)\G(Qy)/G(Zy) = W\ W /Wg

When G is hyperspecial then Wg\W /Wg is just the set of conjugacy classes of cochar-

acters of (G, and the admissible set will consists of a single element corresponding to
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the inverse of the Hodge cocharacter associated to the Shimura datum. When G is a
general parahoric subgroup, the admissible set will have more than one element and
we will define it in Section [2 This definition is motivated by considerations from local

harmonic analysis, see [22| for an introduction.

3. Previous results

Kottwitz describes the mod p points of Shimura varieties of PEL type A and C, at
primes p > 2 of hyperspecial good reduction in [42]. His description of the isogeny
classes is essentially the same, but his classification of the isogeny classes takes a

slightly different form than the one in the Langlands-Rapoport conjecture.

Kisin [38| proves a slightly weaker version of the Langlands-Rapoport conjecture for
abelian type Shimura varieties under the assumption that G, is quasi-split and split
over an unramified extension, and that U, is hyperspecial. An important idea in his
proof is to show that both admissible morphisms and isogeny classes 'come from special
points’. He deduces the former from Satz 5.3 of [47] and the latter is deduced, after a
lengthy dévissage from the abelian type to the Hodge type case, from uniformisation of
isogeny classes (we’ll discuss his strategy for proving uniformisation of isogeny classes

when we discuss our own proof strategy).

In the parahoric case, uniformisation of isogeny classes was proven by Zhou in 73],
under the assumption that Gg, is residually split. We remind the reader that split im-
plies residually split implies quasi-split and that residually split + unramified implies
split.

There is also important work of Reimann [61], which not only proves the Langlands-
Rapoport conjecture for certain quaternionic Shimura varieties but also corrects the

definition of the quasi-motivic Galois gerb given by Langlands-Rapoport.

4. Main results

Let (G, X) be a Shimura datum of abelian type and let p > 2 be a prime such that Gg,
is quasi-split and splits over an unramified extension. Let U, C G(Q,) be a parahoric
subgroup and consider the tower of Shimura varieties {Sh¢ vy, fu» over the reflex field
E with its action of G(A%), where UP varies over compact open subgroups of G(A).
Then by Theorem 0.1 of [37], this tower of Shimura varieties has a G/(A%)-equivariant
extension to a tower of flat normal schemes { y»y, fu» over Og,,,» Where v |pisa
prime of the reflex field F.
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THEOREM 1. Let (G, X) be as above and suppose that (G, X)) has no factors of
type D or that U, is contained in a hyperspecial subgroup.ﬂ Then there is an G(A’})—
equivariant bijection

lim S5 vo0, (F) 2 [ [ lim Io(Q\X,(¢) x X(¢)/U”

up @ Up
respecting the action of Frobenius, where the action of 15(Q) on X,(¢) x XP(¢) is the
natural action conjugated by some 7(¢) € 13%(Ay). Here X,(¢) is the affine Deligne-
Lustzig variety of level U, associated to ¢, see Section |2.1.0.4 The indexing set runs

over conjugacy classes of admissible morphisms Q — G, see Section|[5.2.
As a byproduct of our arguments, we obtain the following result:

THEOREM 2. Let (G, X) be as above and let U, denote a hyperspecial parahoric. As-
sume that G is Q-simple and let Sur,{w} be an Ekedahl-Oort stratum that is not

contained in the basic locus (the smallest Newton stratum). Then
yU,Fp{w} — yU,Fp

induces a bijection on connected components.

Our methods will also prove versions of Theorems [1] and [2| without the assumption
that Gg, splits over an unramified extension, but always under the assumption that
G, is quasi-split. Moreover we prove irreducibility of Kottwitz-Rapoport strata at
Iwahori level. The generalisations of Theorems [I] and [2] are Theorems and
5.4.0.3] respectively, which assume that the Shimura varieties in question are proper
and not of type A. Our proof of Theorem [5.4.0.1| proceeds by reduction to the case of
an very special parahoric. This case is handled by Rong Zhou in Appendix A of [32],
by studying connected components of affine Deligne-Lusztig varieties of very special

level and applying the main results of his earlier paper [73|.

Ekedahl-Oort strata contained in the basic locus are highly reducible, for example the
number of points in the supersingular locus of the modular curve goes to infinity with
p. Similarly the basic locus itself is highly reducible. This means that the theorem
is false for products of Shimura varieties with b basic in one factor and non-basic in
the other; this is where the assumption that G is Q-simple comes from. It can be

3See Appendix B of [50] for a classification of abelian type Shimura varieties into types A, B, C, D®
and DH
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replaced with the assumption that b is Q-non basic, which means that the image of b

in B(G,q,) is basic for any Q-factor G; of G* (this terminology comes from [44]).

It follows from Theorem D of [65] that each Newton stratum contains a minimal EO
stratum, that is, an EO stratum that is a central leaf. Central leaves that are not
contained in the basic locus are expected to be irreducible, this is often referred to as
the ‘discrete part’ of the Hecke-orbit conjecture (c.f. [9,/72]). In a previous version
of my paper [32] I claimed to prove this conjecture, however my proof contained an

error.

Instead the conjecture follows from my joint work [33] with Luciena Xiao Xiao, where
we prove irreducibility of Igusa varieties. Our proof of this irreducibility builds on
Theorem [2, and combines recent work of D’Addezio on monodromy of compatible local
systems with a generalisation of a method of Hida. Our results on the irreducibility of
Igusa varieties were independently obtained by Kret and Shin [44], using completely
different methods. Their proof uses point counting methods, automorphic forms and

harmonic analysis.

REMARK 4.0.1. Theorem [2]was proven for Siegel modular varieties varieties by Ekedahl
and van der Geer [15]. There is also work of Achter [1]| concerning certain GU(1,n—1)
Shimura varieties (his results are stated as irreducibility of Newton strata, but it his

case the Newton strata in question are also Ekedahl-Oort strata).

REMARK 4.0.2. The assumption that (G*d, X*) has no factors of type D™ or that U,
is contained in a hyperspecial subgroup is also present in the statement of Theorem
0.4 of |37] and for the same reason: We can reduce Theorem [I| for (G, X) to the
case of Shimura varieties (H,Y’) of Hodge type with H" simply-connected, except if
(G*) X) has factors of type D™

5. Overview of the proof

Both Kisin and Zhou employ roughly the same strategy, which we will now briefly
sketch: The integral models . of Hodge type Shimura varieties come equipped, by
construction, with finite maps ./ — #as, to Siegel modular varieties. Given a point

z € .7¢(F,), classical Dieudonné theory produces a map

Xp(¢) — yGSp(Fp)
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and it suffices to show that it factors through .#;. A deformation theoretic result
shows that it suffices to prove this result for one point on each connected compo-
nent of X,(¢), and therefore we need to understand these connected components. In
the hyperspecial case, this is done in [10|, and in the parahoric case this is done in
[31], under the assumption that Gg, is residually split. The main obstruction to ex-
tend Zhou’s methods beyond the residually split case, is that we do not understand

connected components of affine Deligne-Lusztig varieties for more general groups.

Our proof of Theorem (1| does not address connected components of affine Deligne-
Lusztig varieties. Instead, we prove the theorem at parahoric level by reducing to
the case of a hyperspecial parahoric, where we can use Kisin’s result. Our argument
makes crucial use of moduli spaces of mixed characteristic shtukas (see [64}/71]) and
the incarnation of special fibers of local models as subvarieties of mized characteristic

affine Grassmannians (see [30]).

We will now give a brief overview of the strategy of our proof: It turns out that it
suffices to work with Hodge type Shimura varieties such that G*® is Q-simple. Let U,
denote a hyperspecial parahoric and let U}, denote an Iwahori subgroup contained in
Uy, then by Section 7 of |73| there is a proper morphism of integral models #1ny7; —
Suru, and we let ShU;, — Shy, be the induced morphism on the perfections of their

special fibers. There is a commutative diagram

ShUI/J E— Shtth;';

(5.0.1) l l

ShUp E— Sht%Up ,

where Sht, y, is the stack of U,-shtukas of type p introduced by Xiao-Zhu [71] (c.f.
Section [2.3] and Section 4 of [64]), with x the inverse [] of the Hodge cocharacter
induced by the Shimura datum. The horizontal morphisms in (1.5.0.1]) are the Hodge
type analogues of the morphism from the moduli space of abelian varieties to the
moduli space of p-divisible groups (or the moduli spaces of Dieudonné-modules, since
we are over a perfect base). If G = GSp, then this diagram is Cartesian and in general
it follows from ‘local uniformisation’ of Sht,, ¢, that Shy, has the correct F, points
if and only if is Cartesian. So our main theorem, in the Hodge type case, is

equivalent to showing that this diagram is Cartesian.

“We will make our precise conventions on the Hodge cocharacter clear in Chapter
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The morphism Sht,, y; — Sht,, v, is representable by perfectly proper algebraic spaces,
and we let SNhUz; be the fiber product of ([1.5.0.1). There is a natural morphism
vt Shyy, — S| hy, given by the universal property of the fiber product. To prove the

main theorem, it suffices to show that ¢ is an isomorphism, which we do in three steps:
e We first show that ¢ : ShU{? — S~hU;) is a closed immersion.

e We then show that S hyy is equidimensional of the same dimension as ShU{0 and

that it has a Kottwitz-Rapoport stratification with the expected properties.

e We conclude by showing that S hy, has the same number of irreducible com-

ponents as Shyy.

It is this last step that requires by far the most work. The second bullet points tells
us that S~hUlg and Shy; are unions of closures of Kottwitz-Rapoport (KR) strata and
therefore it suffices to count irreducible components in each KR stratum separately.
A result of Zhou [73| tells us that ¢ is an isomorphism on basic KR strata, and so it
suffices to analyse irreducible components of nonbasic KR strata. We will show that
the nonbasic KR strata of S~hUzz) are ‘irreducible’, by which we mean that they have
one irreducible component lying over each connected component of Shy, 7 . It follows
from Section 8 of |73|] that the KR strata of Shy, have at least this many irreducible
components, and we conclude that Shy, is isomorphic to Shy, and that KR strata of
ShUZQ are ‘irreducible’. Theorem [2| now follows because every EO stratum is the image
of a KR stratum under the forgetful map. In the introduction to Section [} we will give
a more detailed overview of our connectedness argument. For now, we just mention
that it combines the connectedness argument of |21], the connectedness argument of
[31] and strong approximation. To deal with noncompact Shimura varieties, we make

use of results of Wedhorn-Ziegler [70| and a recent result of Andreatta [2].

6. Outline

We start with some preliminaries in the local representation theory of Gg, such as
Iwahori-Weyl groups, affine Grassmannians and affine Deligne-Lusztig varieties. We

recommend the reader skip Section on the first reading, as it is very technical.

In Chapter |3| we define Galois gerbs and state the Langlands-Rapoport conjecture.
Afterwards, we study how the Langlands-Rapoport conjecture behaves under central
isogenies of Shimura data. This latter part of the chapter is only needed to deduce

the conjecture for abelian type Shimura varieties from the conjecture for Hodge type
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Shimura varieties. Its contents can be summed in one sentence as follows: Every-
thing in Section 3 of |38| generalises to arbitrary quasi-split groups without too much

trouble. We encourage the reader skip this part of the chapter upon first reading.

Chapter [4] is, from the author’s point of view, the most interesting chapter and the
chapter where all the original mathematics happens. The main goal of this Chapter
is to show that we can deduce Theorem [I] for a general parahoric subgroup from the
case of a very special parahoric subgroup, for a Shimura variety of Hodge type. This
chapter contains the connectedness argument sketched above, and from it we deduce
irreducibility for EKOR strata.

Chapter [5] is where we state and prove all the theorems for abelian type Shimura

varieties, mostly following Section 4 of [38|.
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CHAPTER 2

Local Preliminaries

In this chapter we collect definitions and results about representation theoretic objects
associated to a connected reductive group G/Q,. Some of these are of a combinato-
rial nature, such as Iwahori-Weyl groups and Frobenius conjugacy classes, and some
of these are of a geometric nature, such as affine flag varieties and affine Deligne-
Lusztig varieties. The main of the chapter is to introduce moduli "spaces" of mixed

characteristic shtukas and to prove some results about them for later use.

1. Iwahori-Weyl groups

The main reference for this section will be Section 2 of |27| and Section 2 of [73].
Let G be a connected reductive group over Q, and let {u} be a conjugacy class of
homomorphisms Gm,@p — G@p. Let L be the completion of the maximal unramified
extension of Q,, with Frobenius 0. Let S C G, be a maximal L-split torus and let T’
be its centraliser, which is a maximal torus of G' by a theorem of Steinberg. Choose a
o-invariant alcove a in the apartment of the Bruhat-Tits building of G associated to

S over L. We define the relative Weyl group by
Wo = N(L)/T(L)

and the Twahori-Weyl group (or extended affine Weyl group) by
W =N(L)/T(O),

where 7 /O, is the connected component of the identity of the Néron model of T

There is a short exact sequence
0— X,(T); = W — Wy — 0,

where I = Gal(L/L) is the inertia group and X, (7T'); denotes the inertia coinvariants
of the cocharacter lattice of 7. The map X,(T); — W is denoted on elements by
A —= . Let S € W denote the set of simple reflections in the walls of a and let
W, be the subgroup of W generated by S, which we will call the affine Weyl group.
Parahoric subgroups K of G, that contain the Iwahori subgroup corresponding to a,

18
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correspond to subsets K C S such that the subgroup Wx generated by K is finite.
This identification is Frobenius equivariant in the sense that o(fC) corresponds to
o(K). In particular, a subset K C S corresponds to a parahoric subgroup of G if and
only if o(K) = K, note that our fixed Iwahori subgroup corresponds to ) C S. There
are parahoric group schemes G over Oy, associated to subsets K C S as above, and
we have identifications 0*Gx ~ G, (k). In particular, if K is stable under o then Gg
is defined over Z,. The maximal reductive quotient of the special fiber of Gy is a

reductive group over the residue field k of L with Dynkin diagram K.

Parahoric group schemes are the connected component of the identity of so-called
Bruhat-Tits stabiliser group schemes. We will call a parahoric subgroup connected
if it is equal to such a Bruhat-Tits stabiliser group scheme. When working with
(Hodge type) Shimura varieties of parahoric level, we will always assume that the
corresponding parahoric subgroup is connected. This is automatically true if G4 is
simply connected and X, (G, ); is torsion free or if Gg, is unramified and our parahoric

is contained in a hyperspecial subgroup.

A Bruhat-Tits stabiliser group scheme is called special if it is the stabiliser of a special
vertex of the Bruhat-Tits building of G®, and wvery special if it is the stabiliser of a
very special vertex, that is, a special vertex that remains special in the Bruhat-Tits
building of G34.

There is a split short exact sequence
(1.0.1) 0— W, =W = m(G); — 0,

where 71(G) is the algebraic fundamental group of G (c.f. the introduction of [4]).
The affine Weyl group W, has the structure of a Coxeter group, and this can be
used to define a Bruhat order and a notion of length on W, by splitting and
regarding 7 (G); C W as the subset of length zero elements. We can now define the

set of p-admissible elements as
Adm(p) == {w e W : w < t°F for some z € Wy},

where 7 is the image of a dominant representative (with respect to the choice of some
Borel of G over L) of {u} in X, (T");. There is a unique element 7 = 7, € Adm(p) of
length zero and in fact Adm(u) C W,7. For K a o-stable type we define Adm(u)x as
the image of Adm(p) under W — Wi \W /Wy. We write ® Adm(y) for Adm () N5 W,
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where KTV denotes the subset of elements that are of minimal length in their left -
coset.

1.0.1. o-conjugacy classes. There is a Kottwitz homomorphism ke G(L) —
m(G)r, and we write kg for the composition with 7 (G); — m(G)r, where I' =
Gal(Q,/Q,). If we let B(G) denote the set of o-conjugacy classes in G(L), then k¢
induces a functorial map

]{JG : B(G) — 7T1<G)1"
and there is also a functorial map (the Newton map)
ve : B(G) = N(G),

where NV (G) = (X.(T)o/W)''. More canonically, we can describe N (G) as the set of

G(Q,)-conjugacy classes of morphisms v : ]D@p — G@p defined over Q,, where D is the

pro-torus over Q, with character group Q. Moreover, the following diagram commutes

B(G) —— 7(G)r
N(G) — (m(G) @z Q)"

where the right vertical map is the isomorphism

(m1(G) ®z Q)r = (m(G) ®z Q)Fu

defined by averaging over T'-orbits, see p. 162 of [57]. We also recall that the product
(kg, Vg) : B(G) — 7T1<G)p X N(G)

is injective. There is a natural partial order on N'(G) and we can use this to define a
partial order on B(G) by setting [b] < [b'] if ka([b]) = ka([b']) and vy < vy
1.0.2. Admissible o-conjugacy classes. Let ¢ : G — G* be an inner twisting, where

G* is the quasi-split inner form of G. If {u} is a G(Q,)-conjugacy class of morphisms
]D)@p — G@p defined over Q,, then so is {t¢ o p}. This gives us a map

Ny : N(GQ) = N(G7),
which only depends on the G (@p)—conjugacy class of ©. Our conjugacy class {1 o u}

of cocharacters G,, g, — G% has a dominant representative p* € X, (7%), for some
’ P
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choice of maximal torus and Borel 7" C B* defined over Q,. We set

1 * *
T T, > on € X (TG
) ,LL* UGF/FH*

where T« is the stabiliser of p* in I'. We will write 7* for the image of Ny* in N (G*)
and g for the image of y in 7, (G)r.

Nu* =

DEFINITION 1.0.3. We define B(G,{u}) or just B(G, i) as the set [b] € B(G, ) such
that kg ([b]) = ¥ and such that Ny(va([b])) < m*.

1.0.4. Affine Deligne-Lusztig sets. Let K C S be a o-stable type, that is, a subset
such that Wi is finite. Then for b € G(L) we define the affine Deligne-Lusztig set

X, () ={9 € G(L)/Gk(Op) | g bo(g) € | ) Gx(OL)wGx(OL)}.
weAdm(y)

This set has an action of J,(Q,), where J, is the algebraic group over Q, whose

R-points are given by
Jy(R) ={g € G(L &g, R) | g~"'bo(g) = b}.

Moreover, it only depends on the class of b in B(G) as a set with J,(Q,) action, up to
isomorphism. The following nonemptiness result for the sets X, (b)x was conjectured

by Kottwitz and Rapoport and proven by He.

THEOREM 1.0.5 (Theorem 1.1 of [29]). The set X,(b)x is nonempty if and only if
b € B(G,u). Moreover, for K! C K another o-stable type, the natural projection
G(L)/Gk (Or) = G(L)/Gk(OL) induces a Jp(Q,)-equivariant surjection

Xu(b)[(/ — Xu<b)K

We will later see that G(L)/Gx(Op) can be identified with the set of F,-points of a
perfect ind-scheme Grg over F,,, and that there is a closed subscheme of Gry with an

action of J,(Q,) such that its F,-points can be identified with X, (b)x, equivariant for
the action of J,(Q,).

2. Some perfect algebraic geometry

We will use the language of perfect algebraic geometry from Appendix A of |75]. In
this section we will collect some important definitions and results that we will make
use of regularly. Let k be the residue field of L as above, then we call a k-algebra R
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perfect if the map o : R — R defined by r + 7P is an isomorphism. Let Aﬂ?gerf denote
the category of perfect k-algebras, this will be the ‘test category’ on which many of
our geometric objects are defined. If X is a scheme over k, considered as presheaf on
the category of k-algebras, then the restriction of X to the Aff?™" precisely remembers

the perfection

Xperf = lng

of X. There is a well behaved notion of pfp (perfectly of finite presentation) algebraic
spaces as functors on Aﬁ'gerf. One can prove that every pfp (perfectly of finite presen-
tation) algebraic space is in fact the perfection of a (weakly normal) algebraic space of
finite presentation over k, and similarly that every morphism f : X — Y between pfp
algebraic spaces arises from a morphism between algebraic spaces of finite presentation
(this is called a ‘deperfection’). One way to define properness of such morphisms is
by asking that every deperfection of it is proper. The most important notion we need

is that of perfectly smooth morphism:

DEFINITION 2.0.1 (Definition A.18 of |75]). Let f : X — Y be a morphism between
pfp algebraic spaces over k. We say that f is perfectly smooth at x € X if there s
an €tale morphism U — X whose tmage contains x and an étale morphism V — 'Y
whose image contains f(x) such that: The map U — Y factors as U — V — Y and
the morphism h : U — V. factors as an étale morphism b’ : U — V x (A™)P"f followed
by the projection to V. We say that f is perfectly smooth if it is perfectly smooth at
all points v € X.

Appendix A of |71] defines the notion of a perfect algebraic stack: Basically we take
fpqc stacks that have perfectly smooth covers by schemes and diagonals represented
by a perfect algebraic spaces. There is then a well defined notion of pfp (perfectly of

finitely presentation) algebraic stack.

DEFINITION 2.0.2 (Definition A.1.13 of [71]). A morphism f: X — Y of pfp algebraic
stacks s called perfectly smooth if there is a perfectly smooth morphism U — X from
a scheme U such that the composition U — X — Y s perfectly smooth (this makes

sense because U — 'Y is representable).

LEMMA 2.0.3. Perfectly smooth morphisms are stable under composition and base

change.
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PROOF. Standard diagram chase, using the fact that étale morphisms are stable

under composition and base change. U

REMARK 2.0.4. A perfectly smooth morphism f : X — Y has a relative dimension
that is locally constant on Y. This relative dimension is preserved by base change and

‘adds up’ under composition.

LEMMA 2.0.5. Let f : X — Y be a perfectly proper morphism between pfp algebraic

spaces over k that induces a bijection on k-points, then f is an isomorphism.

PROOF. Let f': X’ — Y’ be a proper morphism of locally of finite type algebraic
spaces over k whose perfection gives f. Then the fact that f induces a bijection on
k-points tells us that f’ induces a bijection on k-points and so it is surjective (since
k-points are dense) and universally injective (because our morphisms are locally of
finite type, see [69]). We now deduce that f is a universal homeomorphism because
it is universally injective, universally injective and universally closed. This implies
that f is a separated universal homeomorphism between pfp algebraic spaces, and so

it is an isomorphism by Corollary A.16 of [75]. O

3. Affine flag varieties and moduli spaces of local shtukas

In this section we will quickly recall some definitions from [64,|71}/75] and state some
results. Let G be a connected reductive group over Q, as above and let Gx,G;/Oy be
parahoric group schemes corresponding to types K, J C S. For an object R of Aff fc’erf

we define
Dp = SpecW(R),  Dp = SpecW(R)[1/p],

which are the mixed characteristic analogues of the disk Spec R[[t]] and the punctured
disk Spec R[[t]][1/t]. We consider the following functors on AffP"

h
«Q
=

I
«Q

)
T
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DEFINITION 3.0.1. Let R be an object of Aﬂ'i”f, let € be a Gy -torsor on Dg and let
F be a Gy-torsor on Dgr. A modification

B:E-->F
is an isomorphism of G-torsors

~ F

Dy

b:E

Dy’

Here we mean torsor in the usual sense, i.e., a scheme & — Spec Dy with an action of

G such that the action map
QK XDR£—>5XDR(€
(9, %) = (gz, )

is an isomorphism and such that £ — Spec D has a section fpqc locally on Spec Dp.
Since Gk is a smooth group scheme, this implies that £ — Spec Dg is smooth and
hence has a section étale locally on Spec Dg. In fact, it follows from the proof of
Lemma 1.3 of |75| that £ can be trivialised after an étale cover Spec Dr — Spec Dg

coming from an étale cover Spec R — Spec R.

DEFINITION 3.0.2. We define the (partial) affine flag variety Gryg to be the functor on

Aﬁ’ﬁ”f which sends R to the set of isomorphism classes of modifications
B:E--+EY

where € is an Gi-torsor on Dg and EY is the trivial Gx-torsor on Dg.

THEOREM 3.0.3 (75|, [3]). The functor Gri can be represented by an inductive limit
of perfectly proper perfect schemes, and the transition morphisms in this inductive

limit are closed embeddings. Moreover Gry s the étale sheafification of the sheaf

R LG(R)/L*Gx(R)

DEFINITION 3.0.4. We define the prestack Shtx of Gy -shtukas to be the functor on
Aﬁ'zerf which sends a perfect k-algebra R to the groupoid of modifications

B:0%E --» €&,

where o : Dr — Dpg denotes the Frobenius morphism induced from the relative Frobe-
as a G-bundle

Dy
via the isomorphism o : 0*G — G, coming from the fact that G is defined over Q,.

nius on R and where £ is a Gx-torsor on Dg. Here we consider c*E
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LEMMA 3.0.5 (Lemma 4.1.4 of |64]). We have an isomorphism
LG
Ada’ L+gK ’

where Ad, denotes LG acting on LG via o-conjugation. To be precise let o : LT G —
L*G, (k) be the relative Frobenius morphism, then we let LTGx(R) act on LG(R) via

h-g=(h""go(h)).
Here the quotient notation means quotient stack (in the étale topology or equivalently

the fpqc topology).

ShtK ~ [

4. Forgetful maps

If LTG; C LGk is an inclusion of parahoric subgroups corresponding to an inclusion

of types J C K, then there is a forgetful map
ShtJ — ShtK .

Our goal is to show that these forgetful maps are representable by perfectly proper
algebraic spaces. The basic idea is to show that the fibers are étale locally isomorphic
to partial flag varieties for the maximal reductive quotient of the special fiber of G,
c.f. Proposition 8.7 of |[54]. Let H; be the image of G; in (Gx)™?, it is a parabolic
subgroup of type J C K.

LEMMA 4.0.1. The forgetful map BLTG; — BLTGy is an (Gx)™/Hs-bundle, in

particular it is representable by perfectly proper algebraic spaces.

PROOF. Let R be an object of Aﬂ'zerf and let X be an LTGg torsor on R repre-
sented by a map Spec R — BL1tGg. Then it follows from general nonsense that the

top square in the following diagram of prestacks is Cartesian

X —— %

| l

[X/L7G)] —— [+/L7G,]

l |

Spec R ——— [x/L*Gk].

Lemma 1.3 of |75] tells us that there is an étale cover T" — Spec R such that Xr

is isomorphic to the trivial LTGg torsor, hence [X/LTG,] is étale locally isomorphic
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to [(LTGk)yx /LTG,]. Therefore it suffices to show that the latter is representable by
perfectly proper schemes. Now consider the following commutative diagram of perfect

group schemes

L+g] EE— HJ

l I

LG —=» (Gg)™.
If we could show that this diagram was Cartesian, then it would follow that
[L*Gk/L¥Gs] ~ [(Gr)™/H,]

and the latter is a perfectly proper scheme because it is the perfection of a partial
flag variety. Because both the fiber product of the diagram and L*G; are closed
subschemes of LGy, we just have to check that the underlying topological spaces are
the same. So it suffices to prove that the diagram is Cartesian on K-points for all
algebraically closed fields K of characteristic p, which is Theorem 4.6.33 of [6]. O

COROLLARY 4.0.2. The map Sht; — Shtg is a (Gx)"™/H-bundle, in particular it is

representable by perfectly proper algebraic spaces.

PrROOF. This would be immediate if we could show that the following diagram

were Cartesian
ShtJ _— ShtK
(4.0.1) l l

BL+gJ E— BL+QK.

Given an G shtuka (€, ) € Shtx(R) together with an G;-torsor £ and an isomor-
phism a : & xg, Gk — &, i.e. an element of the fiber product, we want to produce
an G, shtuka. But we can just take (&', 3), because the LG-torsor induced from &’ is
identified with the LG-torsor induced from &£ via a. This gives a map from the fiber
product to Sht;, and one can check that it is an inverse to the map coming from the

universal property. O

5. Relative position
Let £ and &’ be two Gg-torsors over O, together with a modification

p:E--+¢&.
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There is a relative position Inv(3) € Wi \W /Wi attached to 3 as follows: Choosing
isomorphisms £ = £Y and £’ = £° we see that 3 becomes an isomorphism of the trivial
G-torsor over L, i.e., an element of G(L). However, this element is only well defined
up to our choice of trivialisations of £ and &’, and so gives us a well defined double

coset in

Inv(83) € G (Or)\G(L)/Gk(OL).

The Bruhat-Tits decomposition then tells us that
gK(OL)\G(L)/gK<OL) = WK\W/WK

This works verbatim for modifications of L*TGx-bundles over any algebraically closed
field of characteristic p. Now let £ and &’ be two G-torsors over Dp for some R €
Aff Zerf together with a modification

g:E--»¢&.

Given such a modification, we get for each geometric point  of Spec R a relative
position Inv(3), € Wi \W /Wi. We write Inv(3) < w if for all geometric points = we
have Inv(f), < w, where < denotes the Bruhat order on Wi \W /Wy induced from
the Bruhat order on W. We will write Inv(8) = w if Inv(3), = w for all geometric
points x. It follows from the discussion after Remark 3.5 of [31] (c.f. Lemma 1.2.2 of
|75| for the hyperspecial case) that the subspace

Spec R(=X w) C Spec R

consisting of points z such that Inv(3), < w is a closed subscheme, and that the

subscheme Spec(R)(w) where Inv(f), = w is locally closed. There is a stratification
Grx = U Grg (w),
wEWK\VV/WK
where each Grg(w) is locally closed in Grg and it follows from loc. cit. that the

closure of Grg(w) is equal to Grg(<w). Similarly there is a stratification
ShtK = U ShtK(w),
wEWK\VV/WK
defined by a relative position condition on geometric points. We would like to say that

Sht g (w) — Shtg is a "locally closed substack", except we don’t have a good notion

of topological spaces for Shtx and Shtx(w). An alternative definition is to ask that
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for every R € Aﬂ'gerf and every morphism Spec R = X — Shtg, the fiber product
X(U}) =X X Sht g ShtK(w)

is a scheme and the morphism X (w) — X is a locally closed immersion. This fol-
lows from the discussion after Remark 3.5 of [31] (c.f. Lemma 1.2.2 of [75] for the

hyperspecial case) as before. Finally, we define

ShtK“u = U ShtK(w)

weAdm(p)

REMARK 5.0.1 (Remark 5.2.2.(1) of [71]). If G = GL,, and u = w; is the ith fundamen-
tal cocharacter, then Shtg,; can be regarded as the moduli space of p-divisible groups
of height n and dimension n — i. This uses the fact that a modification of GL,, bun-
dles can be thought of as a morphism of vector bundles (or projective modules). The
fact that the modification is of type u then tells us that this is actually a Dieudonné
module corresponding to a p-divisible group of the right height and dimension (using

a result of Gabber about Dieudonné theory over perfect bases).

Since Adm () x is closed in the partial order on W \W /W, the morphism Shtx,, C
Shty is representable by closed immersions. If J C K is another o-stable type then
the following diagram commutes by definition of Adm(u); and Adm(u)g (but it is

not Cartesian!)

Sht(],” — Sht]

(5.0.1) l l

ShtK”u — ShtK.

It follows from Corollary [2.4.0.2f that the forgetful morphism Sht;, — Shtg , is rep-

resentable by perfectly proper algebraic spaces.

6. Restricted local shtukas

In this section we will introduce restricted local shtukas which we will use to state
and prove a technical lemma that will be very important in Chapter @] The reader is

advised to skip this section on the first read-through.

We will quickly recall some of the things we need from Section 4.2 of |64]. Let K C S
a o-stable type and let M2 C LG be the closed subfunctor of LG defined by the
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Cartesian diagram

Mpo™® —— LG

| |

Shtg,, — Shtg .
It follows from that there is an inclusion M}]OC’OO C M}?C’Oo for J C K. Let
B:L Gk — (Gr)™
be the natural map, let
L*g};rdt = ker 3
and let M2 ™ be the image of M under the projection
LG — LG\ LG.

We then define

Shtg?ill) =

Mloc,l—rdt
K
Ada L+gK] .

In the discussion in subsection 4.2.2 of |64] it is shown that the twisted conjugation
action of LTGx on M}?C’l_rdt factors through L™Gy for m > 0, and for such m we
define

Sht%?/’j) =

Mloc,l—rdt
K
Ada ngK] .

It is important to note that an inclusion J C K leads to an inclusion LTG; C LT Gk,
which leads to an inclusion L+g};““ C L+g}*r‘“ (in the ‘wrong’ direction!). This
means that there is no natural forgetful map Sht(Kn?/’}) — ShtSTL’l). There is however a
correspondence between them, which we can use to prove the following lemma (here
we only deal with the case that J = ().

LEMMA 6.0.1. There is a prestack Y such that the following diagram commutes, such
that the left square is Cartesian and such that the map Y — Shténﬁ’bl) 18 perfectly smooth.

Shtg,, 'Y » Sh""

|

Shty, — Sht{"
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Here we need to assume that m > n > 0.

Proor orF LEMMA 2.6.0.1] Consider the inclusion L™Gy C L*TGy, which induces
an inclusion B C (G )™, where B is the image of Gy. In fact the left square in the
following diagram of perfect group schemes is Cartesian (c.f. the proof of Lemma
2.4.0.1)

T~ _
LGy s B y (Gg)red

L*Gx — (G

This gives us an inclusion ker 5 C kera and we consider the following Cartesian

diagram
Mloc,oo -ker ﬁ\Mloc,oo ]
— 0 \ 0
Shtg,, —— |:Ad[, L+g®} ’ Ad, L+Gy
MR o [ker B\MR>]
Shtrcy == [Ada LTGx " | Ad LYKk |

The action of Ad, LGy on ker B\M 2™ factors through L"Gy for n >> 0. The action
of LTGx factors through L™Gg for m > 0 and if we choose m > n > 0 we can
arrange that the action of Ad, LGy factors through the image H of LTGy in L™Gg
and such that H surjects onto L"Gy. We then we get a Cartesian diagram

-ker/B\MQI)OC’OO- . ker,B\Méoc’oo
Ad, LGy ’ Ad, H
-kerﬁ\M}?C’oo- . kerﬁ\M}?c’OO
| Ado LHGk | " | Ads L™Gk
Now we consider the morphism
ker ﬁ\MQl)oc,oo ker Q\Méoc,oo Méoc,lfrdt
Ad, H Ad, H Ad, H
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This is an kera/ker 8 = ker(B — (Gp)™?) = U-torsor, which is perfectly smooth

because U is the perfection of a smooth group scheme. The natural map

Mloc,l—rdt Mloc,l—rdt
My™ 7N M T g
Ad, H Ad, LG, "

is perfectly smooth because it is a gerbe for the smooth group scheme ker(H — L"Gy).

We can now conclude the proof by choosing

ker B\Méoc’oo]

Ad, H

7. Newton stratification

Let £ be an LG-torsor over K, with K an algebraically closed field of characteristic
p, and let § : 0*€ — £ be an isomorphism where ¢ is the absolute Frobenius. After
choosing a basis, we see that 8 can be represented by an element b € G(L) well defined
up to o-conjugacy; hence b gives rise to a o-conjugacy class [bg] € B(G). Recall that
the set B(G) of o-conjugacy classes in LG(K) does not depend on K and moreover
that B(G) is equipped with a partial order (c.f. [57]).

LEMMA 7.0.1. Let R € Aﬁ'ierf, let £ be an LG-torsor over R and let §: 0*E — & be
an isomorphism. Then for by € B(G), the subset

(Spec R)p := {x € Spec R : [bg(x)] < by}

18 closed in Spec R.
PROOF. This is Theorem 3.6 (ii) of [57]. O

This gives us a stratification

Shti := [ J Shtxy,
beB(G)
where Shtg; denotes the locally closed substack of Shtx consisting of modifications
f:0*E --» &€ such that bg(z) = b for all geometric points x. We will write Shty
for the intersection of Shtg , and Shtg, we will later see that this is nonempty if and
only if b € B(G, p).
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8. Affine Deligne-Lusztig varieties and uniformisation

In this section we introduce affine Deligne-Lusztig varieties and relate them to moduli
spaces of shtukas, following Section 4.3 of [64]. Let K be a o-stable type, let b € G(L)
and consider the moduli functor X, (b)x on Aff Zerf sending R to commutative diagrams

of modifications of Gx-bundles on Dg

(8.0.1)

We will sometimes refer to such a diagram as a quasi-isogeny of shtukas from (&1, 51) —
(E%b). Here b is the modification of the trivial Gg-bundle 0*£° ~ £° given by
multiplication by b and J; is required to have relative position < Adm(u)x. We start

with a basic result:

LEMMA 8.0.1. The morphism X, (b)x — Grg which sends a diagram as in (2.8.0.1])

to By : & — EY is a closed immersion.

PROOF. Consider the functor X (b) sending R commutative diagrams of modifica-

tions of Gx-bundles on Dp

(8.0.2)

as before, but now without the condition that (5, has relative position bounded by
Adm(p) k. It follows from the discussion after Remark 3.5 of [31] (c.f. Lemma 1.2.2
of |75| for the hyperspecial case) that X, (b) is a closed subfunctor of X (b) and the

lemma would follow if we could show that the map
f X (b) — Gr K

sending a diagram as in (2.8.0.2) to £y : & — £ is an isomorphism. The map f is an
isomorphism because the map g : Grx — X (b) sending 3y : & — E° to the diagram
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with 8 = B, 'bo* 3, is an inverse to f. O

It follows that X, (b)k is an an inductive limit of perfectly proper perfect schemes,
because Grg is. In particular, topological notions like connected components and
irreducible components make sense for X, (b)x. It should be true that X, (b)x is
actually a perfect scheme that is locally perfectly of finite type although a precise proof
in this level of generality seems to be missing from the literature. It is shown in equal
characteristic in the case of a hyperspecial parahoric in Section 6 of |26, and according
to the proof of Lemma 1.1 of |25| this proof generalises to mixed characteristic. From
there we can deal with Iwahori level ADLV’s for unramified reductive groups using
the forgetful maps, c.f. Corollary 2.5.3 of |74].

If I/ is o-conjugate to b, that is if &' = gbo(g)~* with g € G(L), then X ,(b)x ~ X, (V')

via the map

o8 -y g o*& -1 &

I I I I

| 7" Bo iﬁo = (o908 19 B0
o*E -ty g0 o &0 Yy g0

We note that this map is nothing more than the action of g € LG(F,) on X,(b)x C
Grg via the natural action of LG on Grg. For b = b this induces an action of the
closed subgroup F, C LG on X, (b)k, where F}, is defined as the subfunctor of LG
sending R € Aﬂ?‘gelrf to

Fy(R) = {g € LG(R) | gbo(g)~" = b}.

The F,-points of F} are in bijection with J,(Q,), where .J,/Q, is the algebraic group
over Q, introduced in Section [2.1.0.4]

LEMMA 8.0.2. Consider the morphism ©y : X, (b)x — Shtg , which sends a diagram
as in (2.8.0.1) to (&1, 81). This morphism is Fy-invariant and induces an isomorphism
of groupoids

ShtK,u,b(Fp) = [‘]b(@p)\Xu(b)K<Fp)} .

PROOF. It is clear that the morphism is Fp-invariant since the action of [} on
X, (b)k doesn’t change (&, 1) and in fact for every scheme 7" — Shtg,, either
X, (b)k(T) is empty or the the action of F, on X,(b)x(7T") is simply transitive. In
other words, for the Gj-shtuka (&, 1) over T' determined by 7' — Shtg,, the set
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of quasi-isogenies from (&1, 31) to (£°,b) is either empty or has a simply transitive
action by F,. This uses the fact that F, can be identified with the group scheme of
self quasi-isogenies of (£°,0). If we could show that every such Gx-shtuka admits a
quasi-isogeny fpqc-locally on T, then there would be an isomorphism (c.f. [68] Tag
0497]).

ShtK,u,b ~ [Fb\Xu(b)K] .

To get the statement on Fp—points, we need to show that every Gg-shtuka over Fp in
the Newton stratum determined by b is quasi-isogenous to (£°,b), which is true by

definition of the Newton stratification. O

REMARK 8.0.3. It should in fact be true that Fy(R) ~ J,(Q,) for every perfect F,-
algebra R with Spec R connected, and that the locally profinite group mo(Fy) is iso-
morphic (as a topological group) to J,(Q,). Moreover every Gx should indeed admit,
fpqc locally, a quasi-isogeny to a constant shtuka. Both of these statements follow
from Theorem 1.2.1 of [16], but we don’t need them.


https://stacks.math.columbia.edu/tag/0497
https://stacks.math.columbia.edu/tag/0497

CHAPTER 3

The Langlands-Rapoport conjecture

In this chapter we follow Section 3 of |38] and Sections 8 and 9 of [59]. We will state
the Langlands-Rapoport conjecture for an arbitrary Shimura datum (G, X), a prime
p and a parahoric subgroup U, = Gk(Z,) C G(Q,). Our version of the conjecture
recovers Conjecture 3.3.7 of |38] when U, is hyperspecial and Conjecture 9.2 of |59
when G9° is simply connected. Roughly speaking the conjecture predicts that there
should be a ‘nice’ integral model of our Shimura variety, such that the set of IF,-points
of its special fiber is a disjoint union of isogeny classes of the expected shape, with

the isogeny classes parametrized by certain admissible morphisms Q — &4 of Galois
gerbs. Here 9 is the so-called quasi-motivic Galois gerb, and ¢ = G(Q) x Gal(Q/Q).

After stating the conjecture, we prove that special points (T, X7) C (G, X) give rise
to admissible morphisms. When G(Q,) is quasi-split, we show that every admissible
morphism is conjugate to such a special morphism. Kisin proves this by reducing to
the case where G9° is simply connected and Z2 satisfies the Serre condition, where
it is proven by Langlands-Rapoport (Satz 5.3 of [47]). Since the result of Langlands-
Rapoport assumes that Gg, splits over an unramified extension, we have to do some
work here. The nontrivial input that we need is Corollary 1.1.17 of [36|, which replaces
Lemma 5.11 of [47].

The rest of the chapter is devoted to studying how the conjecture behaves under
central isogenies of Shimura data, which will be used to deduce the conjecture for
Shimura data of abelian type from the conjecture for Shimura data of Hodge type.
Following Sections 3.6 and 3.7 of [38], we formulate a refined version of the conjecture,
in the style of [55]. This refined version implies the original conjecture but makes it
easier to deduce the abelian type case from the Hodge type case. In the last section,
we show that this refined conjecture behaves well with respect to central isogenies of
Shimura data.

35
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Essentially everything that happens in this section comes from Section 3 of [38| with
minor modifications. Where possible, we refer to [38| for the proofs, or we indicate

how to modify the proofs there to work in our setting.

1. Galois gerbs

In this section we define Galois gerbs, define the Dieudonné gerb and study its con-

nections with isocrystals, and introduce the quasi-motivic Galois gerb.

DEFINITION 1.0.1. Let k be a field of characteristic zero (usually a local or global
field) and k an algebraic closure. Let k C k' C k, then a k' /k Galois gerb is a linear

algebraic group G /K’ together with an extension of topological groups

(1.0.1) 0 —— G(K) y & — Gal(k'/k) —— 0

where G(K') is equipped with the discrete topology and Gal(k'/k) with the Krull topol-
oqy, such that:

(1) For every 7 € Gal(k'/k) and every g, € & lifting T, conjugation by g, acts

on G(K') via an automorphism of algebraic groups

™G = G.

(2) There is a finite extension k C K C k' and a continuous group theoretic

section

Gal(k' /K) — @.

EXAMPLE 1.0.2. Let G/k be an algebraic group, and let Gy, be its base change to k'.
Then the semi-direct product G(k") x Gal(k’/k) is a Galois gerb.

REMARK 1.0.3. Conditions (1) and (2) together imply that G/k’ descends to an alge-
braic group G/K and that moreover ¢~* Gal(k’/K) is isomorphic to the semi-direct
product G(k') x Gal(k'/K). We can topologise G(k') x Gal(k'/K) with the prod-
uct of the Zariski and Krull topology, and this induces a topology on & because
¢ ' Gal(k'/K) ~ G(K') x Gal(k'/K) is finite index in &.

REMARK 1.0.4. If G is a commutative linear algebraic group over k, then extensions as
in (3.1.0.1)) are classified by the continuous Galois cohomology group H?(Gal(k'/k), G(K')).
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We will often refer to a Galois gerb (G, &) just by &, and write &2 for G, which we
will call the kernel of &. If k C k' C k" C k and & is an k'/k-gerb, then we can
construct a k”/k gerb by pulling back via Gal(k”/k) — Gal(k’/k) and pushing out
via &2 (k') — &2(K"). In particular, every k'/k Galois gerb gives rise to a k/k-gerb,

which we will just call a Galois gerb over k.

A morphism of k' /k Galois gerbs is a continuous homomorphism of groups f : & — &’
inducing the identity on Gal(k'/k) and a morphism f~ : " — &2 such that f* and
f agree on G(k'). We say that two morphisms fi, fo : & — &' are conjugate if there
is g € G'(K') such that f; = g1 fog. The set of such g € G(K’) is naturally the set of

k points of a k-scheme

LIsom(f1, f2),

and if fi = f = f, then we will denote it by I;. We record the following lemma for
later use:

LEMMA 1.0.5 (Lemma 3.1.2 of [38|). Let G be a linear algebraic group over k, let &'
be a k' [k Galois gerb and let us consider a morphism of k' /k Galois gerbs f : & —
G(K') x Gal(k'/k). Then

(1) The base change I;y of I to k' is naturally isomorphic to the centraliser of
(82 C Gy

(2) The set of maps f': & — G(K') x Gal(k'/k) with f' = f* is in bijection
with the set of continuous cocycles Z*(Gal(k'/k), I;(K')) and [ is conjugate to
[ precisely when the corresponding cocycle is trivial in H*(Gal(k'/k), I;(K')).

We fix an algebraic closure Q of Q and consider Q/Q-Galois gerbs (see 3.1.1 of |38]).
If G/Q is an algebraic group, then we write &4 for the Galois gerb G(Q) x Gal(Q/Q)
and if f : & — &' is a morphism of Galois gerbs then we denote by I; the Q group
scheme of automorphisms of f. We also fix algebraic closures Q, for all places v of Q
together with embeddings Q — Q, and we write C for Q.

Now fix a prime p. For every finite Galois extension Q C L C Q Kisin constructs
(3.1.3 of |38]) a torus QF equipped with cocharacters v(co)’ and v(p)F, defined over
R and Q, respectively, and a morphism Q* — Ry,gG,. Lemma 3.14 of op. cit. tells
us that (QF, v(c0)t, v(p)F) is an initial object in the category of triples (T v, 1)

consisting of a torus 7'/Q which splits over L and cocharacters v, v, defined over R
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and Q, respectively, such that

1
Z ———— trp () = 0.
vty Lo @]

For L C L', these fit into a projective system and we let ) be their inverse limit,
which comes equipped with a morphism ¢ — 1&1 , B1/oGm, with a cocharacter v(c0)
defined over a R and with a fractional cocharacter v(p) : D — Qq,. Here R g means
restriction of scalars and D = 1&1 D,,, where D,, = G,, g, and the transition maps are

given by x — x".

For ¢ # p, we let &, be the trivial Galois gerb Gal(Q,/Q,) and we let &, be the ex-
tension of Gal(C/R) by C* coming from the fundamental class in H?*(Gal(C/R),C*).
In 3.1.6 of [38], Kisin defines a pro-Galois gerb &,, over Q, with kernel ), using local
class field theory. It is induced from a Q)"/Q, pro-Galois gerb ®, which is often called
the Dieudonné gerb, this is the inverse limit of Galois gerbs ©,,, see Section 3.1.6 of

loc. cit.

The quasi-motivic Galois gerb Q, constructed in [61], is a pro-Galois gerb over Q with

kernel (). It comes equipped with morphisms
Co: B, = Qv)

for all places of QQ, where Q(v) is the basechange of Q to Q,, and moreover there is a

morphism ¢ : Q — & RgGom-

Given a torus 7'/Q and a cocharacter p defined over a finite Galois extension L, Kisin

constructs (3.1.10 of [38]) a morphism

% 0 — ®R@/@Gm — ®RL/QGm — Q5T-

Its composition with &, — £ induces a morphism &, — &7 and on kernels a mor-
phism D — Tf, which we can explicitly describe as a fractional cocharacter by the

formula

1
[Ly : Q] Z )

T€Gal(Ly/Qp)

1.0.6. Isocrystals and the Dieudonné gerb. Let G/Q, be a connected reductive
group and let ¢ : ® — &F be a morphism of Q;r/(@p Galois gerbs. Let o €
Gal(Q,"/Q,) be the Frobenius, then there is a distinguished element d, € D that
projects to o in Gal(Q}"/Q,) (c.f. Kisin 3.3.3). This element is characterised by the
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fact that d? maps to p~! in ©,,. Let ¢(d,) = by X 0 in B, then conjugating ¢ by an
element g of G(Q)") gives

bg-14g = g9 bs0(9)

and so we get a well defined element of B(G), which is functorial in G. Given a
morphism ¢ : &, = & of @p /Q, gerbs, we can always find a morphism ¢" : © — &g
such that the induced map &, — & is conjugate to ¢ (this is e.g. Lemma 2.1 of

[47]). Moreover, if g € G(Q,) is an element such that g~'¢g is conjugate to the map
induced by ¢, then g must lie in G(Q}") (Lemma 3.3.4 of [38]). The upshot of this

is that there is a well defined map
hom(&, — &¢)/ ~ — B(G),

which is functorial in G and where ~ denotes conjugation. In [40], the set B(G)
is defined as the set of conjugacy classes of homomorphisms &, — & and it is
mentioned in its introduction that the above map is a bijection. Given ¢ : ® — G4

as above, there is an n > 0 such that ¢ factors through
On Dy — B¢
Then
o (1/p) = ¢(dy)
= (by x 0)"
= bya(by) -+ 0" (by) x .

It now follows from the definition of the Newton map B(G) — X, (T, that v, = —¢*
(see 4.3 of |[41]), the minus sign comes from the fact that d* = 1/p rather than p. Now

if G =T is a torus over Q equipped with a cocharacter p, then there is a morphism

Yuov(p): &, = &r(p)

which gives rise to an element in B(7T') as above. However, there is a tautological map
X (T) — X(T)r ~ B(T),

and these two constructions are related as follows:

LEMMA 1.0.7. The element of B(T) = X.(T)r defined by 1, o v(p) is equal to —fi,
where [i is the image of p in X.(T)r.
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PROOF. This follows from Lemma 2.2.(b) of [41] which states that the functors
T — X.(T)r and T — B(T) are isomorphic, and moreover that a natural isomorphism
between them is determined by what is does on T' = G,,,. For G,,, the lemma follows

from the above result on Newton points because B(G,,) = X.(Gn,)g is injective. [

1.0.8. Strictly monoidal categories. Recall that a crossed module is a homomor-
phism of groups H — H together with an action of H on H which lifts the action of
H on itself by conjugation, such that the action of H on itself via H — Aut(ﬁ[ ) —
Aut(H) is also given by conjugation. The main example that we will need is G*° — G,
where G5 — G9° is the simply connected cover of the derived group of a connected
reductive algebraic group over Q. Kisin writes G for G* and we might sometimes do

this as well.

Given a crossed module H — H we can form a category H / H, whose objects are

given by the objects of H and where
hom(hy, hy) = {h € H : hy = hhy}.

This category is strictly monoidal, with H/H x H/H — H/H induced by multiplica-
tion on objects. We now define & ¢ to be the strict monoidal category corresponding
to the crossed module G (k) — &g. If G4 is simply connected, then this is isomorphic

to G and we encourage the reader to take this as as the main example.

LEMMA 1.0.9 (Lemma 3.2.6 of [38]). The natural morphisms

G(Q) — G*(Q) X Gad /G(Q) G/G(Q)
&g — Ggad X®gad/a ®G/é

are equivalences of strictly monoidal categories.

2. The Langlands-Rapoport conjecture
Let (G, X) be a Shimura datum with reflex field E, let G/Z,) be a parahoric model of

G, and let {u} be the associated conjugacy class of cocharacters of G. To be precise,
we consider the cocharacter py, : Gy, c — G obtained from a choice of h € X given
by

Id x1 h
G, —= G,y X Gy ~ Sgp -5 Ge.
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We call this the Hodge cocharacter u = py, associated to X (changing x by a conjugate
amounts to conjugating j,). We define B(G, X) as the subset of B(Gg,) defined by

B(G An'}).
Kisin defines a morphism (c.f. 3.3.1 of [38])
qb'u‘a_b . D — Q5G/é

When G is simply connected this is the morphism Q — ®ga» coming from the
cocharacter p®, where p is the Hodge cocharacter associated to the Shimura datum.
Moreover Kisin constructs morphisms &, : &, — Q(v) for all v # p (the trivial

morphism when v # 00).

DEFINITION 2.0.1. A morphism ¢ : Q — B¢ is called admissible (w.r.t X ) if

A1 The composite (denoted by ¢z,)

¢
Q > B > &asa

is conjugate isomorphic to v, . (see Section 3.2.1 of |38| for the definition of

conjugate isomorphic functors of strictly monoidal categories).

A2 For v # p, the composite

6, — ) 2 B6(0)
is conjugate to the morphism &, : &, — &4 (v).

A3 The image ¢y, of ¢ in B(G) defined by the composition

#(p)

6:6, 22 Q) Ga(p)

lies in B(G,X).

Our definition is equivalent to the definition in Section 3.3.6 of [38] when G, is quasi-
split and splits over an unramified extension by Theorem [2.1.0.5 and equivalent to

Definition 9.1 of |[59] when G is simply connected. We now define

Xp<¢) = {(gv)v;ﬁp,oo € G(K?) : Int(Q) © fv = d)(v) o Cv}>

where N} is the restricted product of @ for ¢ # p (recall that we've fixed these
algebraic closures). The set X?(¢) is nonempty by axiom A2 and in fact it is a G(A})

torsor.
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Write § = ¢(p) o ¢, and define X,(¢) to be the set of g € G(Q,)/Gx (ZL) such that
gfg~! is induced by a morphism 0y D — & of Q)7 /Q, gerbs satisfying 0" = b, x o
with b, € B(G, X). This has an action of a p"-Frobenius, where r = [Ey : Q,] with

FEy the maximal unramified extension of E,, as follows: We define
®(g) = gbyo(by) -+~ 0" (by)
and note that
Oy = (1 3 0")0;7 (1 % o),

so that bg(g) = 0(by), which is still an element of B(G, X). Lemma 2.1 of [47] tells us
that there is a gg € G(@p) such that g;'fgo is conjugate to a map of Q,'/Q, gerbs
0:9 — &Y. It follows as in Lemma 3.3.4 of [38] that the map g — gog induces a

bijection

Xou(b)r = X,(9),

where we consider both of them as subsets of G(Q,)/Gxk(Z,"), and this bijection is
compatible with the action of ®. Define

(2.0.1) S(6) = lim I,(Q)\X (6)/U™.

where X (¢) = X?(¢) x X,(¢), where the action of I,(Q) C G(Q) is by left multi-
plication on X?(¢) x X,(¢) C G(KI}) x G(Q,)/Gk(Z2r). Note that is not
necessarily in bijection with 7,(Q)\ X (¢) when Milne’s axiom SV5 does not hold, i.e.
when Z;(Q) is not discrete in Zg(Af). However this is not an issue in the Hodge type
case, as this axiom will hold automatically. We are now ready to state the conjecture
of Langlands and Rapoport, in a version that generalises both Conjecture 9.2 of |59|
and Conjecture 3.3.7 of |38|:

CONJECTURE 2.0.2 (Langlands-Rapoport). Let (G, X) and G be as above and let
Up = G(Zy). Consider the tower of Shimura varieties {Shq yru, }uer over the reflex
field E with its action ofG(A?) X Za(Q,), where UP varies over compact open subgroups
of G(A%). Then this tower has a G(A%) x Za(Qy)-equivariant extension to a tower of

flat schemes {yG,UpUp}Up over OE(U). Moreover, there is a bijection

@yUpUp(Fp) = HS(¢)’
ur [¢]
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compatible with the action of G(A%}) x Zq(Q,) and the operator ®, which acts on the
left hand side as the geometric p"-Frobenius. Here ¢ runs over conjugacy classes of

admissible morphisms Q — Gg.

3. Special morphisms

In Section 3.5 of [38], Kisin constructs for every CM extension Q C L C Q a torus
P with character group identified with the group of Weil numbers (modulo roots of
unity) inside L*. For L C L’ there is a morphism PY — P’ and we let P be the
inverse limit, which comes equipped with a map (¢ — P. Pushing out £ along this
map gives rise to the pseudo motivic groupoid B, which is also a pro-Galois gerb. An
admissible morphism Q — & factors through 9B if Z2 satisfies the Serre condition
(Lemma 3.5.7 of |38]), this is automatic if (G, X)) is of Hodge type.

If we assume the Tate conjecture for smooth projective varieties over finite fields, then
the category of representations of B, i.e. the category of morphisms B — &g,
is equivalent to the category of (numerical) pure motives over F,, see [49]. This
makes sense because motives over finite fields are conjecturally determined by ¢-Weil

numbers, which are the characters of P.

Take a CM field L as in the previous paragraph, and let n be a sufficiently divisible
natural number. Then there is an element §,, € P*(Q) such for a ¢ = p™-Weil Number

7, evaluating the character y, of P! associated to 7 on 6, gives

Xr(0n) = am,

L

Moreover these elements satisfy 9, if n | n’ and the are preserved by the maps

PY — P for L ¢ I’ ¢ Q. Given a morphism

¢:{B_>Q§GL7L’

conjecturally corresponding to a motive over Fp defined over F,, the image of d,
in GL,(Qy) should be thought of as Frob,m/» acting on the (-adic realisation of our
motive. Lemma 5.5 of [47] tells us that the collection of elements {d,} is Zariski-dense

in PL.

Let (G, X) be a Shimura datum and let T C G be a torus of G over Q together with an
h:S — Gg in X that factors through Tg; we will call such a pair (T, h) a special point
of (G,X). This gives us a cocharacter ;1 of 7" and hence a morphism 1, : Q — .
It follows as in Lemma 3.5.8 of |38| that the composition of ¢, with &1 — B is an
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admissible morphism (to prove A3, use remark 5.2 of [8].) An admissible morphism
¢ : Q — & is called special if it is conjugate to a morphism induced by T" C G as

above.

THEOREM 3.0.1. Let ¢ : Q — B¢ be an admissible morphism, and suppose that G,

1S quasi-split, then ¢ is special.

PROOF. It follows as in the proof of Theorem 3.5.11 of |38| that we may reduce
to the case that G is simply connected and that Z satisfies the Serre condition, so
that ¢ factors through B for some CM field L. At this point Kisin invokes Satz 5.3
of [47], which proves the result under the assumption that Gg, is quasi-split and split

over an unramified extension, we will indicate how the proof of loc. cit. generalises.

Let 6, be the distinguished elements of PX(Q) discussed in the beginning of this
section, and recall that they are Zariski dense in P* by Lemma 5.5 of [47)].

LEMMA 3.0.2. After conjugating ¢, there is a mazimal torus T C G such that ¢(0,,) €
T(Q) and such that T§% is anisotropic.

PROOF. This is Lemma 5.4 of [47]. O

Let b € B(G) be the o-conjugacy class defined by ¢, which has Newton point

Up = _¢A © V(p)a

where ¢* o v(p) is the fractional cocharacter of G defined by ¢ o (, : &, — &g. It
follows as in Section 4.3.9 of |38| that for sufficiently divisible n we have nv, = v, .
Using our assumption on [b], we can invoke Corollary 1.1.17 of [36] which says that
there is a cocharacter pur € X, (T) N {u} such that

v, = [~Tir] € X.(T)g,

where fi is the Gal(K/Q))-average of u with K/Q, a Galois extension over which

is defined. As usual there is a morphism of Galois gerbs
w/JT (90— Q5T,

which factors through 3 because T satisfies the Serre condition and which, possibly
after enlarging L, factors through 3%.
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LEMMA 3.0.3. We have an equality ¢* = ﬁT.

PROOF. This follows as in the proof of Lemma 5.11 of [47]. O

LEMMA 3.0.4. After possibly conjugating T' and ¢, the cocharacter pr is equal to i,
for some hy : S — Gg factoring through Tk.

PROOF. This follows exactly as in the proof of Lemma 5.12 of [47] (c.f. the proof
of Proposition 1.2.5 of |36]). O

Last we will show that we can conjugate T" and ¢ such that ¢ = 1,,. Because we
already know that ¢* = wﬁT, Lemma 3.1.2 of [38] tells us that for a continuous section
p of Q — Gal(Q/Q) with values p(7) = p, we have

O(pr) =gr ¥ T
wllhT (pT) = kT X T7

with g, = kr;a, and where a, is a cocycle with values in 7. We are going to show
that the class « of a, is trivial in H'(Q, G), represented by v7(v) ™' and then consider
¢ =vpg v and T" = v 1¢v. Indeed, that would show that

v (pe)o = v (g, % 7)o
=v " (kra; x T)v
= (v kor(v) Tt X T
= v hor(v) T (v) X T
=v 'k oxT

= 1/)#/ (p7)7

where 1/ = v hyv, so that v~ '¢v and ¢, are conjugate.

First of all, admissibility tells us that the compositions of ¢ and Y, with &5 —
&/ = Ggav are conjugate, so that the image of our cocycle in trivial in HY(Q, G).
Using the long exact sequence in cohomology associated to 1 — G4 — G — G — 1,
we find that [a,] = a € Im(HY(Q,G) — H'(Q,G). Lemma 5.13 of [47| tells us
that the Hasse principle holds for element in this image (using that G is simply
connected). To be precise, we mean that the composition H1(Q, G4) — HY(Q, G) —
H'(R, Q) is injective. So it suffices to show that the image of « is zero in H'(R, G)



4. CONNECTED COMPONENTS AND A REFINED CONJECTURE 46

and we will in fact show that the image of « is zero in H'(R,T). Lemma 5.14 of
[47] tells us that HY(R,T) C HY(R,G") is injective, where G’ is the anisotropic mod
centre inner form of G, which can be realised as I¢_. But the class of a in H'(R, I¢_)
is zero, because the compositions (,, o ¢ and (, © ¢Hh)T are conjugate since they are
both conjugate to &, by A2. We conclude that the class of a in G is zero, and so by
the above we have found a torus 7" and h : S — Tg such that ¢ =, O

4. Connected components and a refined conjecture

Fix a morphism ¢ : Q — & 5. In Section 3.6 Kisin defines sets X?(¢) and X?(¢)
with product X (¢), analogous to our definitions for morphisms ¢ : Q — &. Our
definition of X?(¢) is the same as his, but we have to slightly modify his definition of
X,(¢) for general groups by recalling that the Kottwitz map lands in 7 (G); instead
of m1(G). Then for an admissible ¢ : Q — Bgaa we define

GQSO H X ab

¢ad=¢g

(G n) = (G 0) /UG (D),

where ¢ is the composition Q — &g — B4 e and where G(Q) % is the inverse image
of G*(Q), in G(Q) acting on 7(G, ¢g) by right multiplication. Define

m(G) = G(Q\G(Af)/G(Zy),

where the bar denotes closure, then arguing as in Lemma 3.6.2 of |[38] we can show
that (G, ¢p) is a m(G)-torsor, keeping in mind that for any parahoric G(Z,) C G(Q,)

we have

m(G)7 = G(Q,)/(G(Qy)9(Z,))

by Lemma 5.18.(i) of |73].

4.0.1. Let T/Q be a torus and let puy be a cocharacter of 7', then there is an
induced morphism ,, : Q — & and in section 3.6.6 of [38] Kisin defines sets
XP(Yuy), Xp(¥p,) with product X (¢,,,.). He then defines

S(wMT) = T(Q)_\X(¢MT)7

where 7'(Q)~ denotes the closure of T(Q) in T'(Ay) and shows (Proposition 3.6.7 of
[38]) that X (¢,,) is a T(A%)/T (Zy)-torsor and that there is a canonical isomorphism

S(Wur) = T@Q)\T(Af)/T(Zp).
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4.0.2. Consider the category .7, whose objects consist of pairs (G, X), where
G/Z is a smooth affine group scheme with G = Gg connected reductive and Gz,
parahoric, and where (G, X) is a Shimura datum. Morphisms in this category are
given by morphisms of group schemes G — G’ over Z,), such that (G, X) — (G', X")
is a morphism of Shimura data. Given an adjoint Shimura datum (H,Y"), we will write
S H,(H,Y) for the subcategory of objects (G, X) such that (G*, X?4) is isomorphic
to (H,Y). For (G,X) an object of our category, we set U, = G(Z,) C G(Q,) and
write

(G, X) = @WO(ShUpUP (©)),
UP
which is a 7(G)-torsor. Let T'/Q be a torus together with a morphism hy : S — Tg with
associated cocharacter pp, = pp. If we are given a morphism i : (T, hr) — (G, X),

then there is an induced morphism
T@)\T(Ap)/T(Zp) = m0(G, X)
and similarly there is an induced morphism

S<qu) - 7T0<G7 ¢0)7
where ¢g = (i 0 ¢,,.)o. The proof of Proposition 3.6.10 of |38] shows that if ¢ is

special, then there is a unique isomorphism of 7(G)-torsors
(4.0.1) Vg : (G, o) ~ (G, X)

that is functorial with respect to morphisms in .%,(G*!, X?d) and is compatible
with the maps S(¢,,.) — m(G, ¢o) induced by special points.

5. The refined conjecture

In this section we will compare admissible morphisms for (G, X)) and admissible mor-
phisms for the adjoint Shimura datum (G*3, X#4) | following Section 3.4 of |38]. We
will fix an admissible morphism ¢q : Q — &gaa throughout this section. From now
on we will assume that G, is quasi-split, which implies that every admis-

sible morphism is special.

We will write G24(Q)* for G*(Q) N G*(R)*, where the latter is the connected com-
ponent of the identity in the real topology. Finally, we define G(@)i as the inverse
image of G*(Q)* in G(Q) and G(Q), as the inverse image of G*(Q)* in G(Q).
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PROPOSITION 5.0.1 (Proposition 3.4.11 of [38]). Let ¢g : Q — Bgaa be an admissible
morphism. The set of admissible morphisms ¢ : Q — B¢ lifting ¢ is naturally a
G(@)i/G(Q)JF—torsor, and in particular nonempty. Moreover if we fix such a ¢, then
the set of admissible ¢’ that lift ¢o and are conjugate to ¢ is naturally a torsor for

Iy, (@)i/%(@), where 14, (@)ﬁr is the inverse image of 14,(Q) C G*(Q) in G(Q).

PROOF. The proof is essentially the same as the proof of Proposition 3.4.11 of
[38]. O

5.0.2. Fix ¢ as above. Then I, (@)fiF acts by left multiplication on the disjoint

union

(5.0.1) I xe
prd=gy
and we set
S(G, o) = lim I, (@%\ [ X(0)/K”,
K» p*d=¢o

where K? runs over compact open subgroups of G(A%}). Given 7 € I 39(Ay) we define

S-(¢) = lim I, (Q)\X (¢)/ K"
S-(G, ¢o) = lim I (@%\ [ X(9)/K7,
K® =gy

where the action of I,(Q) on X (¢), respectively the action of I, (Q)% on (3.5.0.1)), is
twisted by 7.

LEMMA 5.0.3 (Corollary 3.4.16 of [38]). The natural map

H ST((b) - ST<G7 ¢0)

[¢],[6*4]=[g0]

is a bijection, where on the left hand side [¢] runs over conjugacy classes of admissible

morphisms ¢ : Q — B¢ lifting ¢y.

PRrROOF. This is essentially immediate from Proposition [3.5] since

SH(G, o) = I, (@FEN\ [T S-(0) = ] S-(¢)

$*d=¢o [¢],¢d
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because the set of ¢ in a single conjugacy class [¢] is in bijection with I, (@)i /15(Q).
O

Our parahoric model G defines parahoric models G4 and G4 of G and G4, as in
Section 4.6.1 of [37]. Let Z, be the ring of integers of Q, and write Q(Z(p))?F for the
preimage of G*4(Z,))* in G(Q). The following lemma is proven as in [38|.

LEMMA 5.0.4 (Lemma 3.7.2 of [38]). There is an action of Q(Z(YD))’?F on

1T x

¢*d=gyg
which induces an of G* Z))* on S, (G, o).

5.0.5.  We now have an action of G*!(Z,))" and of G(A%) on the sets S(G, ),
which are compatible with the morphisms G(Z,))+ C G(Q)+ — G(A}) and G(Z,)) 1 —
G*(Z )™, this will induce an action of

A(G) = G(A}) %6z, G (L))"

on S; (G, ¢p). For the definition of *, see Section 3.7.3 of [38]. Intuitively, this is just
a group that captures the action of G(A%}) and G*(Z,)", taking into account that
G(Zy))+ maps to both of them. We also introduce

A(G) = G(Ag) *a@), G*(Q)F
°=G(Q)] *e. G(QT
°:=G(Zw))} %0z 9 (L),

where the superscript — denotes closure. Let us point out that there are natural maps
A(G) - 7(G, X)
AG) = 7(G, X)

with A(G)° contained in the kernel of the first map and A(G)° equal to the kernel

of the second map. There are natural projections X(¢) — X(¢,;) which induce an
A(G)-equivariant map (c.f. Lemma 3.7.4 of [38])

Cca . ST(G, gbo) — 7T(G, qbo)

This map is surjective, but the proof of loc. cit. does not generalise. Instead, it will
follow from the fact that X,(¢) — X,(¢,,) is surjective, which is Lemma 6.1 of [31].

We now state the refined conjecture:
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CONJECTURE 5.0.6. Let (G, X) be a Shimura datum and let G/Zy,) be a model of G
over Ly such that its base change to Z, is parahoric and let U, = G(Z,). Consider
the tower of Shimura varieties {ShG,UpUP}Up over the reflex field E with its action
of G(AY) x Zg(Q,), where UP waries over compact open subgroups of G(A%). Then
this tower has a G(A%) x Zg(Qy)-equivariant extension to a tower of flat schemes
{Favru, yuw over Og,,,- Moreover, the action of A(G) on the generic fibre extends
to the integral model. Furthermore there is an A(G) X Za(Q,)-equivariant bijection

fitting into a commutative diagram
[y S(G.60) — lim, i, (F,)

| |

s 7(G. ¢0) e, (G, X).

compatible with the action of the operator ®, which acts on the left hand side as the
geometric p"-Frobenius. Here [¢g] runs over conjugacy classes of admissible morphisms
Q — Bgaa. We remind the reader that the set S(G, ¢o) is the same as the set S(G, ¢o)r
forT=1.

REMARK 5.0.7. Conjecture follows immediately from Conjecture |3.5.0.6| using
Lemma 3.4.16 of [38]. It follows as in Remark 3.7.10 of [38] that proving an A(G)-
equivariant bijection is enough if Z4(Q) - Zg(Z,) = Zc(Q,). Indeed, in this case it
follows as in loc. cit. that Zg(Q,) acts trivially on both sides of the conjectured
isomorphism. In general, it is unclear to us how to construct an action of Z5(Q,) on

the Kisin-Pappas integral models of Shimura varieties.

6. Connected components 11

In this section we will build a theory of ‘connected Shimura varieties’ for the sets
S+(G, @), following Section 3.8 of [38]|. Let h : (G,X) — (G2, X) be a surjective
morphism of Shimura data that induces an isomorphism on derived groups. If G is a
parahoric model of G, then h defines a parahoric model G, of G5 as in 1.1.3 of [37]. Let
X* C X be a connected component, and consider the full subcategory . 5,(X )
of .7, consisting of objects (H,Y’) such that X* C Y. Then for an object (G, X)
of S ,(X*) we can consider the map

mo(X) = 7(G, X) El—) (G, ¢o),
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the image of X under this map is a point y € 7(G, ¢). Here ¥ is the map .
Let h: (G, X) — (G2, X) be a surjective morphism in ..5¢, that induces an isomor-
phism on derived groups. Define S, (G, ¢o)" and S, (G2, ¢o)" to be the inverse image
of y respectively ys in m(G, ¢g) respectively w(Ga, ¢p).

LEMMA 6.0.1 (c.f. Lemma 3.8.2 of [38]). The natural map S,(G, ¢o)™ — S;(Ga, do)™

18 a biyjection.

PrROOF. Consider the commutative diagram

SA(G, ¢o) —= S-(Ga, do)

| |

(G, ¢o) —— m(Ga, ¢o),

which is equivariant for the action of A(G) via A(G) — A(G2). The bottom horizontal
map can be identified (using our choice of y,y,) with the map 7(G) — 7(Gs). It
suffices to show that h='(S,(Gg, ¢o)") — S, (Ga, ¢o) T is surjective, and that the fibers
map bijectively to the fibers of 7(G) — 7(G2). Both of these statements can be proven
as in the proof of Lemma 3.8.2 of [38| (but the stronger statement that ker(A(G) —
A(G2)) acts transitively on the fibers does not follow, because 3.7.5 of [38| does not
hold). O

Consider the action of (®) C Gal(Q}"/Q,r), where Q- is the maximal unramified

extension contained in E,. Then (@) acts on S-(G, ¢o) for any 7, and we let
(G, d0) C A(G) x (®)

be the stabiliser of S-(G, ¢p)*. In then follows as in the proof of Lemma 3.8.5 of |38]
that the group &(G, ¢o) is an extension of (®) by A(G)° and depends only on G4 X+
and the integer r. Here we have to keep in mind that we only know injectivity (rather
than bijectivity) of

AG)NAG) = G(Z)) \G(AY) = GQN\G(Ay)/G(Zp) ~ 7(G),

which is enough for the conclusion.

LEMMA 6.0.2 (Lemma 3.8.8 of [38]). There is a natural isomorphism

A(G) *ag)e 65 (G, do) ~ A(G) x (®).
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Moreover, there is a natural isomorphism

ST(G> ¢0) = H[‘A(g) X S‘I‘(G7 ¢0)+8]/‘A(g)07

seES

equivariant for the action of A(G) x (®), where A(G) acts on the right hand via left

multiplication on itself and S C w(QG) is a set of coset representatives for the inclusion

A(G)\NA(G) — 7(G).

PROOF. The action of A(G) on S-(G, ¢o) gives us a map
[A(G) x S-(G. ¢0) ]/ A(G)° = S:(G, o),
which is injective because A(G)° is the stabiliser of S; (G, ¢o)* in A(G). This map is

not necessarily surjective, because the right hand side surjects onto m(G, ¢) and the

left hand side might not. Using the point y, we can identify the image of the left hand
side in 7(G, ¢g) with

A(G)/AG)° C m(G)

and the result follows. O

LEMMA 6.0.3. Let f : (G,X) — (G2, X) be a surjective map with kernel Z C Zg
and let G — Gy be the induced map on parahoric models. Suppose that there is an
isomorphism Zg ~ Ry 9Gyp,.

(1) Then

(6.0.1) Sr(Ga, d0) = S-(G, ¢0)/Z(A%) ~ [A(Gs) x S:(G, ¢o)]/A(G).

(2) There is a natural isomorphism

&y (G2) = A(G2)” *a(9) &, (9),

(8) The natural map of sets with &7 (Ga) action

ST(GQ,%)+ ~ [A(G2)° X ST(Q7¢0)+]/A(Q)O»

is an isomorphism if L/Q is Galois.
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(4) There is an A(G2) X (®) equivariant isomorphism
S:(Ga, d0) =~ [[IA(G2) x S-(G, ¢0) 41/ AG)°,

jeJ

where J C w(G2) runs over a set of coset representatives for the inclusion

A(G)\A(G2) = 7(Ga).

PROOF. The proof of the first part follows as in the proof of Lemma 3.8.10 of 38|,
except that we need to modify the argument showing surjectivity of the map on affine
Deligne-Lusztig varieties. The map Grg — Grg, induces an isomorphism Y =~ Y,
between a connected component Y in the source and a connected component Y5 in

the target (c.f. Section 4.2 of |31]). Moreover, it induces an isomorphism
Xu()ax NY = Xy, (b2) a6 N Y2,

and so it suffices to check that connected components of Grg, that intersect with
X, (b2)a,.g are in the image of connected components of Gry that intersect X,,(b)¢ x.

In other words, we want to show that
m(G)] = m(Ga)]
is surjective, which follows by considering the following diagram:

G(Qp) — G2(Qp>

| |

1 (G)] —— m(G2)f

Indeed, the top horizontal arrow is surjective because Z is an induced torus, and the

vertical arrrows are surjective by the result of Section 7.7 of |[43]. The isomorphism

S(G, do)/Z(A}) ~ [A(Ga) x S-(G, ¢0)]/A(G)

similarly follows as in the proof of Lemma 3.8.10 of [38|. The proof (2) is the same

as the proof of (2) in loc. cit. and moreover gives us an &) (G§)-equivariant map

[A(G2)° x S-(G, d0) "]/ AG)” = S:(Ga, o)™

To prove (3), it suffices to prove that this map is a bijection. It is injective by the
second isomorphism of (3.6.0.1)) and so it suffices to prove surjectivity. From (i) we
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get that the natural map

FTHS(Ga,y o)) = S7(Ga, o)™

is surjective, and so it suffices to show that f~1(S, (G2, ¢o)T) surjects onto the preimage
of yo in (G, ¢p). If we identify (G, ¢pg) — 7(Ga, ¢) with 7(G) — 7(G3) using y and

Y2, it comes down to showing that
(6.0.2) Z(A}) = ker(n(G) — m(Ga)) = Z(Q) " \Z(Ay)/Z(Zy)

is surjective, where Z is the kernel of G — G,. It follows from Proposition 2.4.12 of
[39| that Z is in fact the connected Néron model of Z, and that G — G, is surjective

(here we use that Z is an induced torus). Moreover Remark 8.3 of [12]| shows that

Z(Q)Z(Z,) = Z(Q,) (using the fact that L/Q is Galois). It follows that (3.6.0.2)
is surjective. Part (4) of the lemma follows from Lemma [3.6.0.2] and the fact that

A(G)° — A(Gy)° is surjective because Z is an induced torus. O

The following analogue of Corollary 3.8.12 of [38] now follows:

COROLLARY 6.0.4. Suppose that G — Gde" is a central isogeny which induces an

isomorphism of adjoint Shimura data. Then there is an isomorphism of sets with

A(Ga) x (P) action
Sr(Ga, do) =~ [JIA(G) x S:(G o)1/ AG)°,

jed

where J ranges over a set of coset representatives for

A(G)\A(G2) — 7(Go)

PROOF. The proof is the same as the proof of Corollary 3.8.12 of |38|. O

REMARK 6.0.5. There is a bijection
m(Gy) =~ A(G2)*\A(G2)G2(Zp) ~ A(G)\A(G2)G(Zy),

which will be useful later when we compare with Lemma 4.6.13 of |37].



CHAPTER 4

Main result for Hodge type Shimura varieties

1. Main results

The main goal of this Chapter is to show that we can deduce Theorem (1] for a general
parahoric subgroup from the case of a very special parahoric subgroup. Let (G, X) be
a Shimura datum of Hodge type with reflex field E and conjugacy class of cocharacters
i (here we take the inverse of yy, from the last section). Let p > 2 be a prime number
such that G = G, is quasi-split and splits over a tamely ramified extension and such
that p does not divide #m (G9r).

We will work with Shimura varieties of parahoric level at p and we will always assume
that the parahoric subgroups are equal to Bruhat-Tits stabiliser group schemes; we
will call such parahoric subgroups connected. We need this assumption because all the
results in |73| use this assumption, and it is automatically satisfied either if G4 is
simply connected and X, (G*"); is torsion-free or if Gg, is unramified and the parahoric

is contained in a hyperspecial parahoricE]

Let UP C G(A%) be a sufficiently small compact open subgroup and let U, = G (Z,) C
G(Q,) be a connected parahoric subgroup corresponding to a o-stable type K C S.
Then there is a smooth projective scheme Shy;/ Spec E, which is the Shimura variety
associated to all the above data. Choose a place v|p of E, then Kisin and Pappas
(Theorem 0.1 of [37]) construct a flat integral model .k /Op, together with an action
of G(A%) by Hecke operators.

Write G2 ~ G x --- x G,, with the G; simple over Q,, this gives a corresponding
Qp D

decomposition J2 = J,; X -+ X Jy,,, where b € B(G, X) is the unique basic element

(because .J, is an inner form of Gg, ). Recall that we call .J,; of compact type if J;;(Q,)

is compact in the metric topology.

"When we deal with abelian type Shimura varieties later, we will always reduce to one of these two
cases using Lemma 4.6.22 of [37], which is always possible unless (G®4, X24) has factors of of type
DY,

55
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THEOREM 1.0.1. Suppose that there is a connected very special parahoric subgroup U,
corresponding to a o-stable type K and a (®) x G(A%)-equivariant bijection

(1.0.1) ]_[1¢ )\ G(AR) x X,,(b)c /U,

where [¢] runs over conjugacy classes of admissible morphisms Q — &¢. Now let U,
be any connected parahoric subgroup, corresponding to a o-stable type J. Suppose that
G s Q-simple, that for 1 < i < n the group Jy; is not of compact type, and that
either Shy is proper or that Conjecture holds. Then there is a (®) x G(A})-

equivariant bijection

~ TT16(0)\ 68 x X, 00,70
indezed by the same set of isogeny classes as (4.1.0.1]).

REMARK 1.0.2. Kisin and Pappas do not construct an action of Z5(Q,) on their inte-

gral models, so we cannot say anything about Z;(Q,)-equivariance of this bijection.

REMARK 1.0.3. The assumption on the groups J,; is automatic when G is not of type
A, because the only groups of compact type over Q, are of type A and J; is an inner
form of G.

Along the way, we will prove the following version of Theorem [2}

THEOREM 1.0.4. Let (G, X) as above and suppose that G is Q-simple, that for
1 <14 <n the group Jy; is not of compact type, and that either Shy is proper or that

Congecture holds. Let w € X Adm(u) and let Fwr, w} be the corresponding
FEkedahl-Kottwitz-Oort-Rapoport (EKOR) stratum. Suppose that it is not contained in

the basic locus, then

yK,Fp{w} — yK,E,

imduces a bijection on connected components.

REMARK 1.0.5. Conjecture predicts that irreducible components of closures
of EKOR strata in yK,Eﬂ with K very special, intersect the unique 0-dimensional
EKOR stratum. The conjecture follows from Proposition 6.20 of 70|, combined with
Theorem 1.2 of [2], when K is hyperspecial.
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My paper [|32] was written before Theorem 1.2 of [2| was available. In that paper, I
prove conjecture [£.7.0.5 for many nonproper Hodge type cases with K hyperspecial,
using a trick from [17] to make the arguments from |70] unconditional (my argument

also involves proving condition 6.4.2 of [17], strengthening the main results of that

paper).

REMARK 1.0.6. Theorem generalises Theorem 7.4 of [21], which discusses
Siegel modular varieties with Iwahori level structure. Our proof partly generalises
the proof of [21]|, but with one crucial difference. They use the results of [15] at
hyperspecial level to deduce their results, by studying the fibers of the forgetful map.
We will instead deduce the results at arbitrary parahoric level from the results at

Iwahori level.

Let us now sketch the arguments that prove Theorem [1.1.0.1} By the arguments in
Section 7 of [73], it suffices to handle the case that U, is an Iwahori subgroup. We
will study the forgetful map 7 — Z 5 , whose perfection fits in a commutative

diagram of pre-stacks on the category of perfect k-algebras:

Shgﬂ) E— Shtgﬂ)”u

| |

ShG,K _— ShtK# .

It will follow from Lemma[2.8.0.2]that Theorem[£.1.0.1holds if and only if this diagram
is Cartesian. We let SAhG7@ be the fiber product of this diagram, which is a pfp algebraic
space by Corollary [2.4.0.2) and consider the induced map ¢ : Shgg — SAhG,@. We will
show that i is a closed immersion in Section [4.3] using results of [73]. In Section
we will construct a perfect local model diagram for SAhG,@, compatible with the local
model diagram of Sh¢ g. The local model diagram tells us that both Shg g and SAhG7@
are the union of closures of maximal KR strata, which we will denote by Sh¢ g(<w)
and SAhG7@(§ w), and that KR strata are equidimensional of the correct dimension.
This gives us equidimensionality of SAhGV@ and so it suffices to prove that SAth and
She g have the same number of irreducible components. The map ¢ : Shgg — SAhG7@
is compatible with KR stratifications, therefore we can count irreducible components
in the closure of each maximal KR stratum separately. We will distinguish between
KR strata that are completely contained in the basic locus and KR strata that are

not (nonbasic KR strata). If a KR stratum is completely contained in the basic locus,
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then so is its closure, because the basic locus is closed. It follows from 73| that
L Shgm — SAhG,@

is an isomorphism over the basic locus, hence we can focus our efforts on nonbasic
KR strata. We know that every KR stratum surjects onto m(Sheg k) (by Section 8 of
|73|), which gives a lower bound for the number of irreducible components of nonbasic
KR strata. If Shgg(< w) is not contained in the basic locus, we will show that the
number of irreducible components of SAhG,@(S w) is equal to the number of connected
components of Shg g . This shows that SAhQ@ and Shg g have the same number of

irreducible components.

To prove this ‘irreducibility’ of SAhQ@(g w), we will argue as follows: The local model
diagram tells us that connected components of SAhGM(S w) are irreducible, so that
it suffices to count connected components. Recall that the indexing set of the KR
stratification is Adm(u) € W, where W is the Iwahori-Weyl group and Adm(x) C

W,r. Write w = v7 and let v = s1 - - - s,, be a reduced expression of v, then we define
Y, = Shgg(si7) U+ U Shap(seT) U She (),

which is the union of all KR strata in Shgg(< w) of dimension at most one. A
technical argument, which requires either properness or Conjecture 4.7.0.5 and which
generalises the proof of Theorem 6.4 of [21], shows that every connected component of
She g(<w) intersects Yy, which means that it is enough to understand the connected
components of Y,,. Our assumption that J#4 has no compact factors will then tell us
that Y, is contained in the basic locus (this will follow from Proposition 5.6 of [20]).

We now proceed in two steps:

e We show that the basic locus of SAhC,g@ has the same number of connected
components as Shg . This uses strong approximation for I3°, where ¢ is
the basic isogeny class, and the results of [31]. Since (I3°)r is compact and
(I3 )a, = J;°, we have to use the assumption that (most of ) the J,; are not

of compact type in order to apply strong approximation.

e Now it remains to show that Y,, has the same number of connected compo-
nents as the basic locus of SAhG,@. This is now a local problem, and we reduce
it to the connectedness of the Bruhat-Tits building of J2¢ using Proposition

2Here we work with connected components of Shg, i rather than Shg g for technical reasons. It

will follow from our arguments that the natural map Shg ¢ — Shg x induces a bijection connected
components, but this is not clear a priori.
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5.4 of |20] and results from [28] and [19]. Our arguments are essentially
equivalent to the connectedness argument given in Section 6 of He-Zhou [31],

although our perspective is different.

2. Local models and shtukas

2.1. Local models. Theorem 0.4 of [37] tells us that .#x/Op, sits in a local
model diagram

—_—

Sk
q
™
K M};CKW
where 7 is a Gg-torsor and ¢ is smooth of relative dimension equal to dimG. We

let She i denote the perfection of the geometric special fiber of .7, which is a pfp

scheme.

2.2. Shtukas. In order to construct a shtuka over Shg i, we will need to go into
the details of the construction of .. First we choose a Hodge-embedding (G, X) —
(GSp, S%) and a parahoric P’ of GSp such that P'(Z,) NG = Gx(Z,). Then we get a

finite morphism
<EﬂK - yp/(GSp, Si)?

where the latter is a moduli theoretic integral model of a Siegel modular variety with
parahoric level P’ at p. This induces a finite morphism on the perfections of geometric

special fibers

She x — Shasp,pr

and in particular a family of abelian varieties A over Shg k. Given z € Shg k(F,),
Kisin and Pappas construct tensors s, o, in Dieudonné-module D(A,) of abelian va-
riety A, such that the stabiliser of the s, in GL(D(A),) is isomorphic to Gk (see
Section 6.3 of [73]). This means that we can upgrade the Dieudonné module of A, to

a Gx-shtuka over F,, and this gives a map (see Section 8 of [73]).
(221) ShG’K(Fp) — ShtK“u<Fp).

It is a result of Hamacher-Kim (Proposition 1 of |24], see Proposition 4.4.1 of [64])
that that there is actually a morphism Shg x — Shtg , inducing (4.2.2.1)) on Fp—points.
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It follows from the discussion after Theorem 4.4.3. of [64] that the perfection of the

loc

special fiber of Mg% , can be identified with a closed subscheme of the affine flag

variety for LTGg. To be precise it is isomorphic to
M©e = U Grg(w),
weAdm(p) i

and under this isomorphism the right action of L*Gx on M, which factors through
EK, is identified with the G action on the perfection of M, }?f] - Furthermore, Theorem
4.4.3. of loc. cit. tells us that the perfectly smooth map Shg x — [M'¢/G k] induced

from the local model diagram fits in a commutative diagram

ShG,K E— Shtg-rf;)

~ |

[MIOC/GKL

and that the map Shg x — Shtggf) is perfectly smooth.

3. Change of parahoric

Theorem 7.1 of [73] tells us that for J C K there is a morphism .%; — ., which
induces the obvious forgetful morphism on generic fibers. Moreover it follows from

Section 7.4 of op. cit. that the following diagram commutes

ShGJ _— ShtJ7M

| |

ShG,K E— ShtK“u .

As explained in the introduction to this section, our goal is to show that this diagram
is Cartesian. Now (and in the rest of this section) let K be a type corresponding
to a very special parahoric such that the assumptions of Theorem hold with
U, = Gk(Z,). Let J = 0 be the fixed Iwahori subgroup and define SAhG,@ via the

following Cartesian diagram

Shgy — Shtg,

| |

ShG,K E— ShtK# .

Corollary[2.4.0.2[tells us that SAhG7@ is a perfect algebraic space which is perfectly proper
over Sh¢ k. The universal property of SAhGM gives us a morphism Shg g — SAhquy, which
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is proper because it is a morphism of perfect algebraic spaces that are perfectly proper

over Shg k-

PROPOSITION 3.0.1. The morphism ¢ : Shgg — SAhG,@ induced by the universal prop-

erty of SAhG,@ 15 a closed immersion.

PRrROOF. It suffices to prove that it is injective on k-points by Lemma [2.2.0.5|since
Shgg — SAhG,@ is a morphism of perfectly proper Shq k-algebraic spaces and therefore
perfectly proper. There is a commutative diagram (c.f. 8.1.1 of [73])

Fo(G, X) — Fp(GSp, SF)

| |

cSﬁK(CJa‘XV) — yp’(GSp7 Si)a

where .5(GSp, S*), .5 (GSp, S*) are moduli theoretic integral models of a Siegel
modular variety with parahoric levels P and P’ respectively at p, the right vertical map
is the canonical forgetful map and the horizontal maps are finite. Taking geometric
special fibers, perfecting and adding morphisms to moduli spaces of shtukas, we get a

commutative cube

ShG’@ E— SAhG,@ > ShtG’@,ﬂ

T

> ShtGSp,P,V

Shasp,p

She k

~

Shte. .

. I

Shasp,pr » Shtasp,pru -

Here v is the cocharacter of GSp corresponding to the Shimura datum S*, and
Shgspp, Shasp pr are the perfections of the geometric special fibers of #5(GSp, S*)
and .%p(GSp, S*) respectively. It suffices to show that the dotted arrow in the dia-
gram exists, because Corollary 6.3 of [73| tells us that a point € Sh¢ ¢ is determined
by its image in Shgg,p and the tensors in the Dieudonné module of its p-divisible
group, which are determined by the image of x in Shtgp,. The existence of the

dotted arrow follows from the following claim: U
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CramM 3.0.2. The front face of the cube, i.e., the square involving Shggp, », Shtasp p.1,
Shasppr and Shtgsp pr, is Cartesian.

PRrROOF. This follows from the moduli interpretation of the four objects in the
front face of the cube. Indeed the Shimura varieties of level P’ parametrises chains
Ag — Ay — -+ = A, of abelian varieties, where the maps are p-power isogenies of
fixed degree, and the Shimura variety of P similarly parametrises such chains Ay —
A — -+ — A, with m > n. E| The moduli spaces of shtukas parametrises the
same kind of chains, but then of p-divisible groups. Since an isogeny A — B of
abelian varieties is uniquely determined by the abelian variety A and the isogeny of

p-divisible groups A[p>] — B[p], the diagram is indeed Cartesian. O

4. A local model diagram

Recall that we have defined a perfect algebraic space SAhG,@ via the Cartesian diagram

SAhGI) —_— Shtq)vu

| |

ShG,K E— ShtK“u .

In this subsection we will show that the singularities of SAhq@ are controlled by the
local model of Shgp. More precisely we will show that closures of KR strata are
equidimensional and locally integral, by relating SAh(w to the perfection of the local

model. The local model diagram of She ¢ is encoded in a perfectly smooth morphism
Sheg — Shtg,, — Shtf" = [M" /Gy

There is an obvious analogue of this morphism for SAhgy), and it suffices to show that

this is also perfectly smooth.

PROPOSITION 4.0.1. The morphism SAhG"@ — Shty , — [Ml"c/gg)] 1s perfectly smooth.

30f course the degrees of the isogenies are such that the forgetful map makes sense.
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PRrROOF. Lemma [2.6.0.1] proves that there is a pre-stack Y such that the following

diagram commutes

(n,1)
O,

Shgg — Shtg,, Y » Sht

L

Shg x —— Shtg, — Sht(K"?j).
Moreover it says that the middle square is Cartesian and that the map ¥ — Shtgi;l) is
perfectly smooth. It follows that the rectangle containing SAth, She i, Y, Shtg};}) is
Cartesian. Theorem 4.4.3 of [64] tells us that the map Shg x — Shtg??,’}) is perfectly
smooth, and because perfectly smooth morphisms are preserved under base change
we deduce that the map SAhG@ — Y is perfectly smooth and hence the map SAhG@ —
Shtg;;l) is perfectly smooth. Proposition 4.2.5 of [64] tells us that

Shty — [M"/Gy]

is perfectly smooth, concluding the proof. O

COROLLARY 4.0.2. The perfect scheme SAhG7@ 15 equidimensional of the same dimension
as Shg g, and closures SAhG,@(S w) of KR strata are locally integral (complete local rings

at closed points are integral) of dimension l(w).
PROOF. The morphism Shg g — [M'>¢/Gy] is (by definition) the same as a dia-
gram

She g

AN

SAhG’Q) Mloc’

where s : SAhG7@ — SAhG7@ is a Gy-torsor. If we add the local model diagram for Shg g
to the diagram then we get

t/

S~hG7@ —> S:hqq)

N

ShG,@ —> Shgﬂ) Mloc,
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where s’ is an Gg-torsor. Proposition tells us that ¢ is perfectly smooth and
Theorem 4.4.3. of |64] tells us that ¢’ is perfectly smooth. Since closed immersions
have relative dimension zero, it follows that ¢ and ¢’ have the same relative dimension,
which is constant because M!°° is connected. This also implies that the dimensions
of KR strata and their closures are the same for SAhc;’@ and Shg . The integrality of
complete local rings follows from the local model diagram in a standard way, because

it can be checked on a (perfectly) smooth cover. O

5. Connected components of the basic locus

In this section we will work with the basic locus of the Shimura variety at Iwahori level,
we will always assume that our chosen Iwahori subgroup is a connected parahoric. In
this section we will show, using Rapoport-Zink uniformisation, that the basic locus of
She g has the same number of connected components as Sh¢ x under the assumption

that for 1 <7 <n the group J,; is not of compact type.

Recall that the connected components of our Shimura variety in characteristic zero
have the following description (c.f. [13] 2.1.3):

mo(Shyg) = G(Q): \G(Ay)/U,

where G(Q)+ = G(Q)NG(R) with G(R) the inverse image of the identity component
(in the real topology) of G*(R) under the natural map G(R) — G*(R). Corollary
4.1.11 of [48] tells us that []

To(Shgg) = mo(Shy )
and we will show that the natural map
Shgﬁ)?b — ShG,K

induces a bijection on connected components, where Sh¢ g, denotes the basic locus
(the smallest Newton stratum). The main ingredient in the proof will be strong

approximation and Rapoport Zink-uniformisation of the basic locus:

THEOREM 5.0.1 (Zhou). Let X, (b)y be the parahoric affine Deligne-Lusztig variety
with b € B(G, X) the unique basic element. Then there is an isomorphism of perfect

4The proof in loc. cit. seems to implicitly assume that .7 F, is geometrically normal, which is true

in this case because K is very special (c.f. the proof of Proposition 4.6.28 of [37]). We therefore
avoid using the result for the Shimura variety at Iwahori level.
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schemes
HQ\X,(b)g x G(AY)/UP ~ Shgy(b),

where I/Q is an inner form of G which acts on G(A%) via an isomorphism G(A%) ~
I(A%}) and acts on X, (b)p via an isomorphism Iy, = J,(Q,). Moreover, the group

I(R) is compact mod centre.

PROOF. Once we show that the basic locus contains a unique isogeny class, the
result follows on the level of F,-points follows from Proposition 7.7 of [73] as in the
proof of Corollary [4.5.0.3] To get the statement on the level of perfect schemes, one
can argue as in the proof of Lemma 7.2.12 of |71]. O

PROPOSITION 5.0.2. The basic locus Shgg(b) contains a unique isogeny class.

Our proof is similar to the proof of Corollary 7.2.16 of |71] and Proposition 6.11 of
[52].

PROOF. Suppose that Sh¢ g, contains a unique isogeny class, then we would get

an isomorphism
Sha kp =~ T(Q\X,(0)k x G(A?)

by the above reasoning. On the level of Fp-points it would follow that
She0,(Fp) = HQ)\X,.(0)o(F,) x G(AF)

by the Cartesian diagram of basic loci

SAhG,(Z),b(Fp) — Sht@,u(_p> E— [Jb(Qp)\Xu@)@(Fp)]
ShG,K,b(Fp) B ShtK,u(Fp) —_— [Jb(@p)\qu)K(Fp)} :

But we already know that the Fp—points of isogeny classes in Sh¢ g, are also of this
form, and therefore Sh¢ g, cannot contain more than one isogeny class. As a corollary
we find that She ¢(F,) = Sheg(F,) and therefore She g ~ Shgg is an isomorphism of

perfect schemes. So it remains to prove that Shg g contains a unique isogeny class.

For this we are going to use results and notions from Chapter[5|about Shimura varieties

at very special level, these do not depend on any previous results in this thesis until
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now. It follows from Theorem [5.2.0.1| that isogeny classes in Sh¢g x are parametrised
by conjugacy classes of admissible morphisms Q — &4. Because (G, X) is of Hodge

type such morphisms factor through 98 and in fact through B for some finite CM
field L C Q.

Given ¢ : PBX — B¢ we obtain a Kottwitz triple t = (70, (V2)exzp, 0). Kottwitz triples
are defined precisely in Section [5.1]and the Kottwitz triple associated to an admissible
morphism ¢ is defined at the end of that section. For example 79 € G(Q) is, up to
G(Q)-conjugacy), given by ¢*(d,), where 6, € PL(Q) is the distinguished elements
discussed in Section (3.3, There are only finitely many conjugacy classes of admissible
morphisms ¢ with the same equivalence class of Kottwitz triple t, the fibers of this
map are in bijection with the set Ill;(Q,I) C H'(Q,I) where I = I, = I;.

The Kottwitz triple t = (Yo, (7¢)exp, §) associated to ¢ is basic precisely when the
o-conjugacy of J is the basic element in B(G, X). After replacing § by a o-conjugate,
it follows from Section 4 of [41] that there is an s € Z> such that

00 (0) -+ 0" (0) = (sw)(m),

where v, is the Newton cocharacter of b, which is central since b is basic. So it follows
that

5o (8)---o*1(9)

is central for some s € Zsq. Since 7 is conjugate to do(d)---o*7'(8) in G(Q,) by
definition, it follows that -y, is central in G(Q). Therefore the group I associated to
the Kottwitz triple is an inner form of GG. It follows from the definition that the group
[T (Q, I) is trivial and so that there is a unique conjugacy class of admissible ¢ with

equivalence class of Kottwitz triples given by (Yo, (7¢)ezp, 6)-

It remains to explain why there is only one equivalence class of Kottwitz triples coming
from such ¢ with ¢ basic. The image of v, in G**(Q) is uniquely determined (up to
torsion) by the admissibility of ¢, using axiom A1l in Definition [3.2.0.1] and the kernel
of

Z6(Q) = G™(Q)

is given by Zgaer(Q), which is also torsion. It follows that if we have two Kottwitz

triples (Yo, (Ve)ezps 9)s (Vs (V2)ep, 0) coming from two admissible morphisms ¢, ¢', that
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then 7, '74 is torsion which means that the Kottwitz triples are equivalent by defi-
nition, see Definition [5.1.0.1 We conclude that there is a unique conjugacy class of
admissible morphisms corresponding to basic isogeny classes, and hence by Theorem
that the basic locus contains a unique isogeny class. ]

COROLLARY 5.0.3. The morphism ¢ : Shg g — SAhG7@ s an isomorphism over the basic

locus.

Assume from now on that G2¢ is Q-simple. Let p : G5 — G be the simply
connected cover. Then the classification of abelian type Shimura data in Appendix B
of [50] tells us that G* is isomorphic to

G* ~ Resp/q H,

where F'/Q is a totally real field and H/F is a connected reductive group that is
absolutely simple. This implies that

I’° ~ RG‘SF/Q I’I/7

with H’ an inner form of H. This gives us product decompositions

= 11 m=Tlor o =]
i=1 i=1

OrDplp
n n n
sc ! sc ad __ ad __
O ) 0 | (e | (|
OrOplp i=1 i=1 i=1

We are now ready to state the main result of this Section:

PROPOSITION 5.0.4. Suppose that there exists an 1 < j < n such that u is noncentral

on G;’d and such that I;C(@p) 1s not compact. Then the natural map
Shgﬂ),b — ShG7K

induces a bijection on connected components.

REMARK 5.0.5. The result is false for the modular curve because the supersingular
locus is highly reducible. In this case I*° is SLy (D), where D is the unique quaternion
algebra over Q that is ramified precisely at infinity and p. The group /%°(Q,) is a
unit ball in the unique nonsplit quaternion algebra over Q,, hence compact, so the

assumptions are also not satisfied.
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Recall that G**(R) is connected and so p(G*(Q)) C G(Q);. Strong approximation

for G*°, using the fact that G has no compact factors, tells us that

GQ)\G(A))/U = GQ)\G(Ay)/UG*(Ay).

In order to compare this with the connected components of the basic locus, we need
to understand what happens at p and what happens at infinity; the former is covered

by the following lemma:

LEMMA 5.0.6. There is a natural isomorphism

CQ) o
W— I(G)I'

PROOF. Recall that we have the Kottwitz homomorphism k¢ : G(L) — m(G);
with kernel given by (see Lemma 17 of the appendix of [54])

G*(L)-T(Or) = G*(L)G;(0r),

where 7T is the connected Néron model of a standard torus 17" of G. If we restrict l;:G

to G(Q,) we find that the kernel is given by (because T (Z,) C U,)
G*(Q)G(Zy).

The result now follows from the fact that G(Q,) surjects onto m;(G)7, which is Lemma
5.18 (i) of [73]. O

We are going to use this lemma, in combination with the natural map
Xﬂ(b>J — Wl(G)?v

which induces a map mo(X,(b);) — 7 (G)7. The main results of |[31] describe the

fibers of this map: First of all, from section 6.1 of op. cit. we get a Cartesian diagram

X)) —— Xu(0)F

| |

m(G)] —— m(G*)].

The product decomposition

n

Gad _ H G?d

i=1
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induces a product decomposition

and
m(G*)] = Hﬂl(G?d)}’
i=1

Moreover Theorem 6.3 of |31] tells us that
(501) 70 (Xﬂ(b)f}i) — Wl(Gi)CIr

is a bijection when 4 is noncentral in G39. When f is central in G2¢, then X, (b)3] is

discrete and J,,;(Q,) = G;(Q,)-equivariantly isomorphic to
Gi(@p)

Gi.(Zy)

Moreover, in this case, the map (4.5.0.1)) is given by the natural map
Gi(Qp) . Gi<Qp)
gi,J(Zp) gi,J(Zp)GzS‘C (@p)

In particular G$°(Q,) = I°(Q,) acts transitively on the fibers.

= m (G39)T.

PROOF OF PROPOSITION [4.5.0.4l Zhou’s proof in Section 8 of |73| shows that
She g surjects onto m(She k), hence it suffices to show that the number of connected
components are the same. By assumption we can choose 1 < j < n such that p is
noncentral on G49. Strong approximation for H (Theorem 7.12 of [56]), away from

the p-adic place of F' corresponding to j, gives us
(5.0.2) HQ)\ (mol(X, (b)) x G(AL)) JUP =
HQ)\ (mo(Xu(b)s) x G(AD)) /UPG*(AR) [ [ 1:(@,).
i#]
By the discussion above, [],; I;°(Q,) acts transitively on the fibers of
mo(Xpu(b)s) = m(G)7,
from which we conclude that (4.5.0.2)) is in bijection with
(503) HQ\(m(G)f x G(AD) [U7G (A1)

- 1Q
A

\(m(G)7 x G(A}))/UPG™(A}),
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where the last equality follows from the fact that I°¢(Q) acts trivially on the left hand

side. Applying Proposition we see that (4.5.0.3)) equals

G(Q), e ) e o G@)s

where the second equality follows from Lemma[4.5.0.6| Now we unwind again and use
strong approximation for G to deduce that (4.5.0.4)) equals

GQ)\G(Ay)/UG*(Af) = G(Q)1\G(Af)/U,

which is exactly equal to my(Shy) =~ m(Shep). O

(5.0.4) \G(Af)/UG*(Ay),

PROPOSITION 5.0.7 (Borovoi). There is a canonical isomorphism of abelian groups

Q) _ GQ)-
Q) — G+(Q)

PRrROOF. The following proof has been reproduced with permission from Mikhail

Borovoi’s Mathoverflow answer |5], we would like to thank him for his excellent answer.

We denote K (G) = G(Q)+/pG*(Q). We compute K(G); see the corollary below. It
is clear from the corollary that K(G) is canonically isomorphic to K (I). Corollary
1 on page 121 of 56| tells us that I*(R) is connected and therefore I(Q) = I(Q),

which implies the lemma. We will use Section 3 of [4].

We consider the crossed module (G — G) and the hypercohomology
Hy,(Q,G) == H(Q,G* — G),

where G is in degree 0; see [4]. By definition HY (Q,G) is a group. We consider
the abelian crossed module (7% — Z), where Z = Z(G) and Z*¢ = Z(G*). The

morphism of crossed modules
(2> = 7)) — (G* — Q)

is a quasi-isomorphism, and hence it induces a bijection on hypercohomology, permit-
ting us to identify HY (Q,G) with the abelian group H°(Q, Z% — Z). We conclude
that H?, (Q,G) is naturally an abelian group and that it does not change under inner

twisting of G.

The short exact sequence

1-1-G) = (G*=G)—= (G —=1)—=1
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(where (G% — 1) is not a crossed module) induces a hypercohomology exact sequence
G*(Q) = G(Q) = Hy,(Q.G) — HY(Q.G¥),
where
ab’: G(Q) — Hy,(Q,G)
is the abelianization map. This permits us to identify G(Q)/pG*(Q) with the kernel
ker[H,(Q, G) — H'(Q,G™)],

which is a subgroup of the abelian group H9 (Q, G). This kernel might change under

inner twisting of G, because H'(Q, G°) changes under inner twisting.
By definition, G(R) = Z(R) - pG**(R), and hence
G(R)+/pG*(R) = ab"(Z(R)) C ker[H],(R, G) — H' (R, G*)].
We see that K (G) := G(Q), /pG*(Q) can be identified with the preimage of ab’(Z(R)) C
HO,(R, G) in ker[H,(Q, G) > H'(Q, G*)].

LEMMA 5.0.8. The preimage of ab’(Z(R)) € H% (R, G) inker[HO (Q, G) — H'(Q, G*)]
coincides with the preimage of ab’(Z(R)) in HO(Q, G).

PROOF. Let £ € HY (Q, Q) lie in the preimage of

ab’(Z(R)) C ker[HY, (R, G) — H*(R,G*)].

Then the image of £ in H'(R, G*°) is trivial, and therefore, the image of £ in H'(Q, G*)

lies in the kernel of the localization map
HY(Q,G*) — H'(R,G™).

By the Hasse principle for simply connected groups, this kernel is trivial. Thus the
image of ¢ in H'(Q, G*) is trivial, and hence ¢ lies in the preimage of ab’(Z(R)) in
ker[HY,(Q, G) — H'Y(Q, G*)], as required. O

COROLLARY 5.0.9. The abelianization map ab®: G(Q) — HY (Q, G) with kernel pG*¢(Q)
induces a canonical isomorphism between the abelian groups K(G) := G(Q)+/pG*(Q)
and the preimage of ab’(Z(R)) C HY (R, G) in HY,(Q,G).

We see that K(G) only depends on Z and Z%¢ — Z and therefore is the same for all

inner forms. O
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6. Connected components of unions of one-dimensional KR strata

In this section we will refine the results of the previous section, and show that certain
unions of one-dimensional KR strata in the basic locus have the same number of
connected components as the basic locus. It is good to point out that He and Zhou
prove the results we used in the last section by studying these kinds of unions of
one-dimensional KR strata, so in some sense these sections are in the wrong order.

However our proof takes a slightly different perspective, which I prefer.

Let us put ourselves in the same situation as before, and let

denote the set of simple reflections of the Iwahori-Weyl group of GGg, coming from the

product decomposition

n

ag, =1l

i=1
In the rest of this section we fix a nonempty (!) subset A C S such that A-7 C Adm(u),
which we will later specialise to be the set of simple reflections in the support of an

element w € W, such that wr € Adm(p). From now we will specialise to the case
J =0, and define

Shé g = | Sheo(s7) U Shep(r)

seA

LEMMA 6.0.1. Suppose that for all 1 <1 <n that J,; = ]ﬁép 1s not of compact type.
Then Shé@ is contained in the basic locus of She .

PROOF. Proposition 5.6 of |20] tells us that Shgg(s7) is contained in the basic
locus if and only if WSuppg(s) is finite, where
Supp, (s) = U(TJ)"S.
nez
Choose 1 < ¢ < n such that s € §;, then by the above s7 is basic if and only if
Supp,(s) does not contain a connected component of S;. But since o acts transitively

on the connected components of S;, that happens if and only if

Supp, (s) # S;.
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If Supp,(s) = S;, then (7o) acts transitively on S;, which happens if and only if
Jpi(Qp) is compact. Indeed, the action of 0/ = 70 on S corresponds to the action of
Frobenius on the inner form 724 of G2 and such an action can only be transitive if
G2 is of type A and if I#4(Q,) is compact. But I24(Q,) = J,,;(Q,) is not compact by

assumption. O

We now state the main result of this section:

PROPOSITION 6.0.2. Suppose that for all 1 < i < n the group Jy; is not of compact
type. Moreover assume that there is an 1 < j < n such that Supp,(ANS,;) = S;.

Then Shé’@ — She k induces a bijection on connected components.

We start by collecting some notation before we will state our main local result, to
simplify notation we will write Xy for X,(b)g. For s € A we will write Xy(s) for the
locally closed subset of X,(b)y corresponding to s7 € Adm(u), their union will be
denoted by Xy(A). There are obvious analogues when we replace G by G*, which
will be denoted by adding the superscript ad. The decomposition

SZSlH"'HSn

induces A = Ay [[---]] An- This allows us to define
Xoi(Ai)™

for 1 <14 < n, using the product decomposition

n
d | | d
Xg - X&7i'
=1

The following Lemma is implicit in Section 6 of |31].

LEMMA 6.0.3. Choose 1 < j <n such that Supp,(4;) =S;, then
Xji(A) = X
induces a bijection on connected components.
PROOF. The fact that AN'S; # () implies that x is nontrivial on G*;d and so (by
Theorem 6.3 of |31])

7T0<X83») ~ Wl(G?d)?.



6. CONNECTED COMPONENTS OF UNIONS OF ONE-DIMENSIONAL KR STRATA 74
So it now suffices to prove that the natural map
mo(X70(A4)) = m(G5)7
0X235.0 — M\ T

is a bijection, it is a surjection by because it is equivariance under the action of the

twisted centraliser.

Let s € Aj and let K, C S; be the To-orbit of s, then the assumption that 7o does
not act transitively on S; (because 1 J"?‘d is not of compact type) tells us that WKS is
finite. It follows from Theorem 4.8 of |28| and its proof that the image of X ;‘%(S ST)
under the forgetful map X*§ — X4 is given by X?% (7). Moreover, the fibers of the

projection map

X;%(S ST) — X;d (1)

are classical Deligne-Lusztig varieties

Y(<s) C (T3%,)/ B,
where I;‘}(S is the group scheme over Z, associated to the (70)-stable type K, C S;
for the group I and B is a Borel subgroup (the image of Z%j). Since {s} C K is
not contained in a proper (7o)-stable subset of K, by construction, Theorem 1.1 of
[19] tells us that Y (s) is connected. Theorem 3.5 of [28] tells us that 124(Q,) acts
transitively on X% (7), which gives an identification

ad
(6.0.1) mo (X2 (< s7)) = 134(Qp)

L, (Zp)’
where I} i, (Z,) is the parahoric subgroup of 1*4(Q,) corresponding to K. Similarly,

we can identify

5(Qp)
ad ~ 7,0 p
(6.0.2) X2(7) )

Moreover, the map
X;%(T) ~ WO(X;%(T)) — o (X;%(S 37'))

is given by the natural map
14Q) | YD)
L(Zy)  I3%,(Zy)
coming from the inclusion Z;p C Z;g,. Define a graph I' with vertices given by
(4.6.0.2), with edges given by (4.6.0.1) and with two vertices x,y connected by the

B
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edge f(z) if B(x) = B(y). We are going to show that the connected components of
this graph are in bijection with m (G3%)7.

If H is any connected reductive group over Q, and H/Z, is a parahoric model, then

there is a bijection

HQ,) HE,)  HE)

g Y

H(Zp) — H(Zyp)  H(Qy)

where H is the Bruhat-Tits stabiliser group scheme of which H is the identity compo-
nent. This means that F(Z,) is the stabiliser in H(Q,) of a simplex of the Bruhat-Tits
building of H2. Moreover there is a natural isomorphism

H(Z,)

H(Zy)
It follows that (4.6.0.2)) is a product of ﬂl(G?d)? and the set of alcoves in the aforemen-
tioned building, and (4.6.0.1) is a product of 1 (G49)7 and the set of codimension one

facets of type K . Moreover, the vertices corresponding to two alcoves are connected

~ wl(Gj.‘d)‘}.

by an edge if and only if the (closures of the) alcoves intersect in a codimension one

facet.

The fact that Supp,(A4;) = S; tells us A; contains an element in every (7o)-orbit, so
that the subsets K, for s € A, are precisely the orbits of simple reflections in S under
7o. It is clear that these correspond to all parahoric subgroups of 3¢ that strictly
contain the Iwahori subgroup and do not contain any other parahoric subgroups. In
other words, these correspond to codimension one facets of the building. This means
that T is isomorphic to the product of 1 (G39)7 and the adjacency graph for the set
of alcoves in the building. Since the adjacency graph for alcoves in the building is
connected, it follows that 7o(I") = 1 (G39)7. O

PROOF OF PROPOSITION [4.6.0.2] As before it follows from Zhou’s proof of axiom
5 in Section 8 of [73| that Shé@ surjects onto mo(She ), hence it suffices to show that
the number of connected components are the same. Lemma [4.6.0.1| tells us that Shé@

is contained in the basic locus and so it is isomorphic to

I(Q)\Xo(4) x I(A7)/U.
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As in the previous section there is a Cartesian diagram

mo(Xg(A)) —— mo(Xo(A))™
|

m(ﬁ);’ —— m(G*)T.
Let 1 < j < n be such that Supp,(ANS;) = S; (which exists by assumption), then
Lemma [£.6.0.3 tells us that

mo(Xj0(A)™) = m (G537
is a bijection. For all 1 < i <n with ¢ # j, we will show that the fibers of
(6.0.3) To(Xi0(A)*) = m(G3)7

are not too big, so that they can be dealt with using strong approximation. The
inclusion

Xig(T)™ = X;9(A)™
induces a surjection on m,, because every curve in X;y(A)* intersects X;¢(7)*d by
Theorem 4.1 of [31]. Recall from the proof of Lemma [4.6.0.3| that

19(Qp)
Xi,@(T)ad - 1a £ )
I3(Z,y)

which means that the fibers of (4.6.0.3) receive a surjection from the fibers of

14(Qy)
I33(Zy)

As in the previous section, these fibers are acted on transitively by I7°(Q,) which
implies that the fibers of

mo(Xo(A)) = m(G)T

are acted on transitively by [[,; [;°(Qp). The rest of the proof is the same as the
proof of Proposition {4.5.0.4} using the fact that [5°(Q,) is not compact. O

7. Connectedness of closures of KR strata

In this section we will show that for nonbasic w € Adm(u), the KR stratum SAhG,@(S w)
is ‘connected’, by which we mean that it has the same number of connected components

as Shg x. Recall that we have assumed that G* is Q-simple.
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THEOREM 7.0.1. Suppose that G is Q-simple, that for 1 < i < n the group Jy; is not
of compact type, and that either Shy is proper or that Conjecture [{.7.0.5 holds. Then
for w nonbasic, the scheme SAhG"@(S w) has the same number of connected components

as Shg k-
COROLLARY 7.0.2. The closed immersion SAhgﬂ) — Shq g s an isomorphism.

PROOF OF COROLLARY ILZ.0.21 We know that Shgy is a union of She (< w)
for w € Adm(p) of maximal length, therefore it is enough to prove that She p(<
w) — Shgg(< w) is an isomorphism for nonbasic w (since Shgg < Shgy is an
isomorphism over the basic locus by Corollary and the basic locus is closed).
Because Shgg(< w) and SAhG,@(S w) are locally integral and equidimensional of the
same dimension by the local model diagram, it suffices to prove that they have the

same number of connected components. But we know that
Shep(<w) — mo(She k)

is surjective (this is true for w = 7 by the arguments in Section 8 of [73|, and the
general case follows from the proof of Theorem 4.1 of |27]). The closed immersion
She (< w) — She,g(<w) implies that (the last equality follows from Theorem |4.7.0.1)

|mo(Shep(<w))| < |mo(Shap(<w))| = |m0(She k)|,

hence we are done. O

PROOF OF THEOREM [4.7.0.1] Our proof is a generalisation of the connectedness
argument of Section 7 of [21]. Write w = vr and let v = s;---5, be a reduced

expression of v, then we define
Y, = Shgy(s17) U+ U Shgg(s,7) U Sha(r),

which is the union of all KR strata in SAhG,@(g w) of dimension at most one. It then

suffices to prove the following two results, because of the inequalities
[mo(She (< w))| = |mo(She,x )|
and (these follow from Proposition and Lemma respectively)
[mo(Shap(<w)| < [mo(Ya)| = [mo(Sha, k).
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PROPOSITION 7.0.3. Suppose that Conjecture[].7.0.5 holds or that Shy; is proper. Let
SAhG7@(§ w) be the closure of a KR stratum of SAhGV@ and let Z be a connected component
of SAhG,@(S w), then Z intersects Y.

LEMMA 7.0.4. Under the assumptions of Theorem the closed subscheme Y,

has the same number of connected components as Shq k.

CONJECTURE 7.0.5. Let V' be an irreducible component of the closure of an EKOR

stratum in She k, then V intersects the unique 0-dimensional EKOR stratum She x{7}.

REMARK 7.0.6. The conjecture follows from Proposition 6.20 of |70], combined with
Theorem 1.2 of [2], when K is hyperspecial.

PROOF OF LEMMA [4.7.0.4] In order to show that Y,, — Sh¢ i induces a bijection

on connected components, it suffices to prove that
A = Supp(w)
satisfies the assumptions of Proposition . Proposition 5.6 of [20] tells us that
w is nonbasic if and only if
I/T/Sulwf,(W)

is infinite, which only happens if there is an 1 < j < n such that S; C Supp, (w). The
assumptions of Theorem [4.7.0.1f tell us that J,;(Q,) is not compact and so we may

apply £.6.0.2 O
8. Proof of the main technical result

In this section we prove Proposition |4.7.0.3] we start by proving a lemma:

LEMMA 8.0.1. Proposition holds for Z if there exists a KR stratum Shg ()

such that Z N Shgg(x) is nonempty, such that Sheg(x) is proper and such that for
every ' < x the KR stratum SAhgﬁ(;)(x’) is quasi-affine.

PROOF. Let Shgg(z) as in the statement of the lemma. Then there is an 2/ < z
of minimal length such that SAhC;,@(x’ )N Z # (), and it suffices to prove that this length

is equal to zero. The minimality tells us that

(8.0.1) She (') N Z = Shgg(<a') N Z,
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since SAhG,@(S ')\ SAhQ@(x’ ) is a union of KR strata associated to z” of length strictly
smaller than 2. Next, we note that Z N Shg g(z') is a union of connected components
of She; ¢(z'), because She ¢(z') C She p(<w) and so connected components of She g(z)
are either disjoint from Z or contained in Z. Since SAhQ@(x’ ) is quasi-affine, we find that
Sheg(2') N Z is quasi-affine. Moreover implies that Shgg(z') N Z C Shg ()
is closed, hence proper. Therefore, SAhG,@(:c’ ) N Z is zero-dimensional, and since it is a

union of connected components of SAhG,@(x’ ), we find that 2’ has length zero. OJ

PROOF OF PROPOSITION [4.7.0.3] The proof of Proposition 6.11 of [27] tells us
that the image of SAhgﬂ(w) under the forgetful map = : SAhG,@ — Sh¢ i 1s a union of
EKOR strata. To elaborate, the paper |27] postulates a set of axioms for Shimura
varieties of parahoric level (now known as the He-Rapoport axioms) and deduces
various consequences from them. The scheme SAhG7@ together with its forgetful map
to Shg k satisfies these axioms by construction, and therefore we can use the results
proven from them. For this particular result, we remark that KR strata and EO strata
on SAhQ@ and Shq gk respectively are defined as the inverse images of KR strata and
EO strata in Shty, and Shtg , respectively. Therefore it suffices to prove that the
forgetful map

Sht@# — ShtK’M

sends KR strata to unions of EO strata, and this is what is proven in Proposition
6.11 of |27]. To be precise, they prove the result on the level of E,—points, but this is
enough for our purposes since locally closed subsets of Sh¢ x are determined by their
Fp—points.

It follows that the image of Sheg(< w) is a union of closures of EKOR strata (by
properness of 7), and w(Z) is a union of irreducible components of closures of EKOR
strata, Conjecture tells us that 7(Z) intersects the zero-dimensional EKOR
stratum Shg {7}, and therefore Z intersects 7~ '(Shg {7}). The inverse image of
71 (She, {7}) is proper because Shg {7} is finite and 7 is proper. It follows from
Section 6.4 of [27] (as explained before) that this inverse image is a union of closures
of KR strata. This means that the assumptions of Lemma |4.8.0.1 would be satisfied

if we knew quasi-affineness of KR strata.

If Shy is proper, then Corollary 4.1.7 of [48] tells us that She x is proper. It follows
from this that SAhG&) is proper, and therefore by Lemma [4.8.0.1] it is enough to show

that KR strata in SAhG,@ are quasi-affine in this case.
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Theorem 3.5.9 of [64] proves that KR strata in Shg g are quasi-affine, which is not
enough for our purposes. Our proof that KR strata in SAth) are quasi-affine in fact

gives an alternative proof of their result.

LEMMA 8.0.2. The morphism f : SAhG,@ — Shasp,p constructed in the proof of Propo-

sition s finite.

PROOF. By the proof of Proposition 4.3.0.1] there is commutative diagram

Shep —'— Shasp.p

l L
f/
ShGJ( E— ShGSp{P’
with f’ finite. It suffices to show that f is quasi-finite, since its source and target are

proper over Shgg, p. We will show that for € Shg x(F,) with image y = f'(z) the

map

fiB7H(z) = ol (y)

is injective, which implies the quasi-finiteness. Indeed this implies that z € a~!(y)
has at most one pre-image in 37!(x), and there are only finitely many possible z for

which f7!(z) can map to a~*(y) by quasi-finiteness of f’.

To prove this injectivity on fibers we return to the commutative cube from the proof
Proposition [£.3.0.1], which we reproduce below for convenience.

SAhG7Q) > ShtG’@,#
B Shasp,p » Shtasp,p.v

ShG,K > ShtG,K,M
ShGSp”p/ > Sht(;sp,plﬂ, .

Since the square involving the four objects with subscript G and the square involving

the four objects with subscript GSp are Cartesian (by the moduli description, see
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Claim [4.3.0.2)), the statement on fibers can instead be proven for the square

Shtq@uu —_— Sht(;spp,,,

| |

ShtG,K,M E— ShtGSp,P’J/ .

Moreover, since the spaces of shtukas of type u respectively v sit inside the spaces of
all shtukas, we can reduce to showing the statement (injectivity of the map on fibers)

for

ShtGJz) E— Sht(;sp"p

| |

ShtG7K E— Sht(;sp,p/ .

Recall from the proof of Corollary [2.4.0.2 the Cartesian diagrams (equation ([2.4.0.1)

ShtG,(Z) — ShtG,K ShtGSpJD — Sht(;spjp/
BL*Gy —— BL" (k. BLtTP — BL*P’

which fit into a commutative cube that we will not draw. This reduces the problem

to showing the injectivity statement for the diagram

BL*Gy — BL*P

| !

BL"Gx —— BLTP,
which comes down to showing injectivity of the map of partial flag varieties
LtGx  LTP
— .
L+Gy LTP
Finally, this is true because the intersection of LTP with LG is equal to LTGy by

construction (see Section 8 of |73| for the construction) and therefore the intersection
of LTP with LTGy is also equal to LTGy. O

We can assume that P is an Iwahori subgroup, because all that is needed in Section
7 of |73] is that P(Z,) N G(Q,) = Gy(Z,). Moreover, the image of Gy(Z,) in GSp(Q,)
is automatically contained in an Iwahori subgroup. Indeed, consider the following
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diagram of perfect group schemes over F,

where Py is an Iwahori subgroup and B is a Borel subgroup of (P)*d. The square is
Cartesian by ((1.5.0.1) and the dotted arrow exists because the special fiber of Gy is

solvable and therefore lands inside a Borel subgroup of (P)d.

The morphism f : SAhG,@ — Shggp,p is compatible with the maps Shty , — Shtasp vp,v,
and we claim that this implies that f is compatible with KR stratifications. If we start
with a modification 5 : & — &' of Gy torsors over Fp of relative position A, then there
is an f(A) such that the induced modification of P-torsors has relative position f(\).
Indeed, the double coset

Go(Or)AGy(Or) C G(L)
is mapped to a unique double coset
P(OL)f(M)P(Or) C GSp(L).

Theorem 5.4 of |21] tells us that Shgg, p(v) is quasi-affine, and because f is a finite
morphism, we find that f~!(Shgspp(v)) is quasi-affine. It follows that SAhqu)(w) is

quasi-affine, because it is locally closed in something quasi-affine. [l

9. Proofs of the main results for Hodge type Shimura varieties

In this section we will deduce Theorem [4.1.0.1] and Theorem [4.1.0.4] from [4.7.0.2]

PROOF OF THEOREM [4.1.0.1l We will first prove Theorem [4.1.0.1) when J = 0,

i.e., at Iwahori level. Theorem [£.7.0.1] gives us a Cartesian diagram

Shca@ —_— Sht@#

(9.0.1) l l

Sth E— ShtK#
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which in turn gives us a Cartesian diagram on the level of k-points. The assumption
that the theorem holds for Shg  tells us that

ShGK HI¢ XXp( )/Up,

where X,(¢) = X, (bs)k (F,) is the set of F,-points of an affine Deligne-Lusztig variety.
Moreover, Lemma [2.8.0.2 tells us that
Shtr,(Fp) = [T [r(@)\ X, (bs)x (Fy)]

beB(G,X)

Sht@,u(Fp)Z H [Jb,Q)(@p)\Xu(b¢)®(Fp)]

beB(G,X)

and the bottom morphism in (£.9.0.1) is given by projection to X, (bs)x(F,). We
conclude that

She o (F. H[qs (b)o x Sh () /U”.

If J C Sis an arbitrary o-stable type, then the result for Sh¢ ; follows from Proposition
7.6 and Proposition 7.7 of |73| (assumption 6.18 of loc. cit. is Theorem [4.1.0.1| for
Sheyg). O

PROOF OF THEOREM [4.1.0.4] Let J C S be a o-stable type and consider the
forgetful map 7 : Shg g — She ;. It is good to keep in mind throughout this proof that
7 induces a bijection on connected components because every connected component
of Shgg = Shgy intersects She gy, and mo(Shegy) — mo(Shak) is a bijection. If

w € 7 Adm(p) is nonbasic then we know that
Shg,qj (w) — ShG’@

induces a bijection on connected components. It follows from the proof of Proposition
6.11 of |27] that Sh¢ g(w) surjects onto the EKOR stratum She ;{w} (c.f. Proposition
6.11 of [27]) and it follows that

ShGJ{’LU} — ShG’]

induces a bijection on connected components, keeping in mind the above remark about

forgetful maps. If w € Adm(u)” and She ;(w) is the corresponding KR stratum, then

ShGJ(w) — ShGJ
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induces a bijection on connected components, because there is an dense open EKOR
stratum Sh¢g s{v} C Sheg, j(w) for which this holds. O



CHAPTER 5

Main results for abelian type Shimura varieties

In this Chapter we will discuss Kottwitz triples, prove our main theorem in the Hodge

type case and end by deducing our main theorems in the abelian type case.

1. Kottwitz triples

Let (G, X) be a Shimura datum of Hodge type and let G/Z,) be a parahoric model
of G of type K.

DEFINITION 1.0.1 (See 4.3.1 of [38|). Let r > 1, set Ko = FrW (k) where k = F,r. A
Kottwitz triple t of level r is a triple (7o, (Ve)ezp, 0) where

e v € G(Q), defined up to conjugacy in G(Q).
o (W)isp € GAY)
e 0 € G(Ky), defined up to o-conjugacy by elements of G(W (k)).
These triples are required to satisfy the following conditions
(i) 7o is conjugate to (Ye)ezy in G(AY).
(it) o is conjugate to v, == 60(d)--- 0”16 in G(Q,).
(i1i) The image of v in G(R) is elliptic.

There is also a condition (iv), that will take some time to explain. First of all given
such a triple t, we can define groups Iy, for finite primes €. If £ # p, then I, is the
centraliser of v, € G(Qy) and if | = p then we define

Lyw(R) = {g € GW(K) ®z, R) : g~ 'da(g) = 6}.

We moreover let Iy, be the centraliser of vy in G, then I/, @ Qg is an inner form of

Lk for all p. Given a Kottwitz triple (o, (Ve)ezp, 0) of level v and a positive integer

m it is straightforward to see that (7", (V7" )ezp, 0) is a Kottwitz triple of level rm.

Moreover it is clear that Iy, C o and Iy, C Ly, where I = Fprm. It turns out
85
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that for m sufficiently large, the groups stabilise giving rise to groups Iy and I, for all
l. Condition (iv) is now the following:

(v) There is an inner twisting I of Iy such that I ®gR is anisotropic mod center,

and such that I ®qg Q >~ I, and such that the following diagram commutes

Iy ®g Qe —=— I, ®q, Q/

]0@@@ — ]®Q@

To be precise, we can choose inner twistings such that the above diagram
commutes. Finally we consider the smallest equivalence relation on the set
of Kottwitz triples of varying levels v such that (Yo, (71)ezp, 0) s equivalent
to (00", (V™) estp, 0) and we define a Kottwitz triple to be an equivalence class

under this relation.
REMARK 1.1. The element 7, is determined up to G(Q)-conjugacy by (1), and 6.

Given a Kottwitz triple t = (o, (7¢)exzp, 9), we let I ar = I A?(t) denote the centraliser
of (7})exp for n > 0 and we set I, =1 ay X Ip. condition (iv) somehow tells us that
there is an isomorphism ¢ : [ ®g Ay ~ I,. The quadruple t = (o, (Ve)ezp, 0,¢) is
called a refined Kottwitz triple.

1.2. Equivalences of Kottwitz triples. Let t and t' be Kottwitz triples, then
we say that t is equivalent to t and write t ~ t if there are representatives t =
(Yo, (Ve)etp, 0) and ¥ = (7, (7))ep, 0') of the same level r such that: The elements
Ye)ep and 7p) sz, are conjugate in G(A%) and 6 is o-conjugate to &' in G(W (F,-)[1/p]).

If t = (0, (7¢)ep, 9, ¢) is & refined Kottwitz triple, then there is a set

S(t) = I(Q)\Xu(d)x x G(A})
with an action of Zg(Q,) x (®) x G(A%). Recall from Section 4.3.2 of [38] that if
t' ~ t then we can transport the refinement ¢ to a refinement ' of t' and obtain an
equivariant bijection

S(t) ~ S(¥).

Let ¢ : Q — B¢ be an admissible morphism, then ¢ factors through ¢ : BL — &g

because Zg satisfies the Serre condition. Moreover, there is a morphism of Q1'/Q,
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gerbs 0 : ® — G such that its inflation to a map @p/(@p—gerbs is conjugate to ¢. We
then define a Kottwitz triple t(¢) by

70 = ¢(0n) = Y

d=0(dy).
It follows from Section 4.5 of [38] that this is indeed a Kottwitz triple with I ~ I,.
Moreover, Lemma 4.5.2 of loc. cit. tells us that there is a (®) x G(A%)-equivariant

isomorphism

X(6) = X, (0) x G(AD).

1.3. Admissible morphisms with the same Kottwitz triple. Because we
are going to work with Kottwitz triples in the proof, we need to determine the fibers
of

{ Admissible ¢ : Q — &} /conjugacy — {triples}/ ~ .

Recall first of all from Lemma that the set of conjugacy classes of (not necessar-
ily admissible) morphisms ¢’ : Q — & with the same ¢*, and thus the same Kottwitz
triple, is in bijection with H'(Q, I,). We would like to express the admissibility of
such a (conjugacy class of) ¢’ in terms of conditions on the associated cohomology
class. Kisin defines a certain Tate-Shafarevich group Il(Q, I) C H*(Q, I) and shows
that (Proposition 4.5.7 of |38]) that if the fiber of

(1.3.1) { Admissible ¢ : Q — &} /conjugacy — {triples}/ ~

over a triple t is nonempty, then it is a IIlg(Q, I)-torsor. A cohomology class a €
HY(Q, 1) lies in HIg(Q, I) if it satisfies the following conditions:

e It is in the kernel of H*(Q,I) — [], H'(Q,, I), where the product runs over
all finite places of Q.

e It is in the kernel of the map H'(Q,I) — H' (R, I).
e It is in the kernel of the map
ker (H'(Q,I) = H'(R,I)) = ker (H'(Q,G) —» H'(R,G))

defined in Section 4.4 of [38|.

1.4. Kottwitz triples associated to special morphisms. If 7" is a torus over

Q together with a cocharacter p, then there is a morphism v, : Q — &p. If T
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satisfies the Serre condition, then this factors through a ¢ : 8 — &1 and in fact
through ¢ : BX — &, for some sufficiently large L and we can define a Kottwitz triple
t(T, ) for T by

Since ¢ : P¥ — T is defined over Q, it follows that vy € T(Q) for n > 0. Now
suppose that ¢ : " C G such that p = py, for some hy : S — Gg factoring through
Tr, then T satisfies the Serre condition by 4.3.9 of [38]|. Furthermore there is an

equivalence of Kottwitz triples

(T, p) ~ t(i o ty),

where 7.(Y0, (Ve)izp, 9) = (i(70), (i(72) )esp, 3(9)). This is basically just saying that the
construction of Kottwitz triples associated to an admissible morphism is functorial
with respect to morphisms of Shimura data, in the special case that the source is a

torus.

2. Mod p-points on Shimura varieties of Hodge type

Let (G, X) be a Shimura variety of Hodge type and let p > 2 be a prime such that
G, is quasi-split and splits over a tamely ramified extension, such that p does not
divide #m(G9) and such that all parahorics of G are connected. Let U? C G (A%)
be a sufficiently small compact open subgroup and let U = U?U, with U, = G(Z,),
where G is a connected parahoric model of G. We let .7y be the Kisin-Pappas integral
model of the Shimura variety Shy»y,.. Let b € B(G, X) be the unique basic element.

THEOREM 2.0.1.

(i) Suppose that G is a connected very special parahoric, then there is an G(Az}) X

(D) -equivariant bijection
Favov,(Fp) = [ Srio)(9),
@
where ¢ runs over conjugacy classes of admissible morphisms Q — . Here

the element T(¢g) € I;d(Af) only depends on the conjugacy class of ¢q, the
composition of Q — &g with Bg — Bgaa.
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(ii) Suppose that G is Q-simple, that J, has no compact type factors and that
Shy; is proper or that Conjecture holds. Then the same conclusion as
in (i) holds.

REMARK 2.0.2. We would like to point out that the first part of the theorem (for
very special parahorics) is essentially due to Rong Zhou; it follows immediately from
Appendix A of |32] and |73| and the argument in Section 4 of [38§].

3. Proof of the Langlands-Rapoport conjecture for Hodge type Shimura

varieties

In this section we will prove Theorem [5.2.0.1} following Section 4 of [38]|. Because the
arguments are so similar to the arguments in loc. cit., we will not give many details.
The strategy of the proof can be summed up by the following diagram (we use the

Kisin-Pappas integral models for Shimura varieties of abelian type)

{Admissible morphisms} /conjugacy

I \

{special points} » {Kottwitz triples}/ ~

l ........... e .

{Isogeny classes}.

The dotted arrow will be constructed by lifting an isogeny class to a special points,
taking the associated Kottwitz triple, and then checking that the result does not
depend on the choice of lift.

PROOF OF THEOREM [5.2.0.1] It follows from Theorem [3.3.0.1 that all admissible
morphisms are special and it follows from part (2) of Theorem A.4.5 of [32] that all
isogeny classes come from special points. To go from isogeny classes to Kottwitz triples,
we choose a special point landing in the isogeny class and then take the Kottwitz triple
associated to that special point, which will be independent of the choice of special point
up to equivalence as in 4.4.6 of [38|. Moreover, it follows as in loc. cit. that we can

twist isogeny classes by elements of IIIZ(Q, /) E] and the fibers of the map

{Isogeny classes} — {Kottwitz triples}/ ~

IThis is the same as I (Q, I) except that we don’t impose any conditions at the finite places.
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are either empty or Il (Q, I)-torsors (Proposition 4.4.13 of loc. cit.). We can now
conclude that there is a bijection between isogeny classes and admissible morphisms,
keeping in mind , so it suffices to deal with the uniformisation of isogeny
classes. Part (1) of Theorem A.4.5 of |[32] combined with Theorem tells us

that under our assumptions isogeny classes .# C .#;(F,) have the following shape
I = IQN\X,(b)k x G(A})/U?,

and moreover this identification is (®) x G(A%)-equivariant. Recall that there is an
action of A(G) on .7 (F,). It follows as in the proof of Proposition 4.4.14 of |38] that
the stabiliser of .# is given by A(G)! C A(G), where

(A9))" = G(A}) *¢z,), G(Zy)}
and where G*(Z,)! is the kernel of
G*(Zp)y — H'(Q, Zg) — H'(Q, ).

Similarly, it follows as in Lemma 4.3.5 of loc. cit. that the stabiliser of S, (¢) C
S-(G, ¢o) under the action of A(G) is given by (A(G))!. Let (T, hr,i) be a special
point mapping to .# and let ¢ be an admissible morphism conjugate to i o Vpy,, - We

we now write
SH=J M
heGad(Q)+

where [h] is the class of h in IIIF(Q, ). As in [38], the theorem can be deduced from
the following proposition: O

PROPOSITION 3.0.1 (c.f. Proposition 4.6.2 of |38]). Let ¢ be as above, then there is
an (®) x A(G)-equivariant bijection £ : Sy ~ S, (G, ¢g) for some T = 7(¢g) fitting in

a commutative diagram

Ty —— S.(G, bo)

= |

(G, X) 25 7(G, ¢y).

Moreover, each .#M is taken isomorphically to S, (¢!").

PROOF. The proof is the same as the proof in loc. cit., except that we need the
fact that J,(Q,) — m1(G)7 is surjective. In the unramified case, this is Corollary 2.5.12
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of [10] and we adapt their proof: Let T be the centraliser of a maximal split torus of

G, this is a maximal torus since Gg, is quasi-split. The short exact sequence
0= X.(T%) - X (T) - m(G) =0
defining 7 (G) induces a short exact sequence
0 — Xu(T™)r = Xu(T)1 = m(G)1 — 0,

because X, (71°°); is torsion-free since X,(7%°) is an induced Galois module by 4.4.16
of |[7]. Taking the long exact sequence in cohomology for the Frobenius action we see

that the surjectivity of X,(T)7 — m1(G)9 is equivalent to the injectivity of
X*(TSC)F — )(*(T‘)F7

where T" is now the full Galois group. This injectivity follows because X,(7%)r is
torsion free since X, (7°°) is an induced Galois module. Finally the map X,.(7)7 —
m1(G)9 factors through m (M) — m1(G)J and since w1 (M) ~ 7 (Jp), we are done. [

4. Main results for abelian type Shimura varieties

Let (G, X) be a Shimura datum of abelian type and let p > 2 be a prime such that
Go

a parahoric subgroup and consider the tower of Shimura varieties {Shg y»u, }u» over

, 1s quasi-split and splits over a tamely ramified extension. Let U, C G(Q,) be
E with its action of G(A%), where U? varies over compact open subgroups of G(A%).
Then by Theorem 0.1 of [37], this tower of Shimura varieties has a G(A%)-equivariant
extension to a tower of flat normal schemes {¢ y»y, fur over Og,,,» where v | pis a
prime of the reflex field F. Let u’' be the dominant representative of the conjugacy
class {u;'} where py, is the Hodge cocharacter associated to X and let p = o(y/).
Let b € B(G, X) be the unique basic o-conjugacy class, and let J,/Q, be its twisted
centraliser. Consider the following sets of hypotheses on (G, X) and U,,.

(T1) The parahoric subgroup U, is very special.

(T2) The group J2 has no factors that are of compact type and either Shy is
proper or Conjecture[4.7.0.5 holds for an auxiliary Hodge type Shimura datum

of very special level.

(T3) The Shimura datum (G, X) admits an auxiliary Hodge type Shimura datum
that is of PEL type A with Gg, unramified.
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We need one more technical assumption which has to do with being able to reduce to

the case of a Hodge type Shimura variety with a connected parahoric.

(P1) All factors of (G*4, X24) that are of type D split over an unramified extension
(at p), and for those factors the parahoric subgroup U, = G;(Z,) is contained

in an hyperspecial subgroup.

THEOREM 4.0.1. Suppose that (G, X) and U, satisfy (T3) or that they satisfy (P1)
and either (T1) or (T2). Then there is an G(A%) x (®)-equivariant bijection

(4.0.1) Sauru, (Fyp) = H Sr(60)(9),
2

where ¢ runs over conjugacy classes of admissible morphisms Q — Bq. The theorem
in the (T1) case is essentially due to Rong Zhou and the theorem in the (T3) case is
essentially due to Kottwitz |38].

REMARK 4.0.2. As in Theorem 4.1.0.1} we do not construct an action of Z5(Q,) on
the left hand side. However if G splits over a metacyclic extension, then Z;(Q,) acts

trivially on the right hand side of (5.4.0.1)) (see Remark [3.5.0.7/and Remark 3.7.10.(2)
of [38]), and so we get a Z¢(Q,)-equivariant statement for free.

THEOREM 4.0.3. Let (G, X) be as above, let U, denote an arbitrary parahoric and
suppose that G is Q-simple and that (P1) and (T2) hold. Let w € ¥ Adm(u) and
let Sz, {w} be the corresponding EKOR stratum, where K is the type of U, (c.f.

Section @ Suppose that it is not contained in the basic locus, then
yU,Fp{w} — 7 uF,

iduces a bijection on connected components.

Theorem [I] is a special case of Theorem [5.4.0.1] because Conjecture [4.7.0.5] holds for
unramified groups by Proposition 6.20 of [70|, combined with Theorem 1.2 of [2] and
because all type A Shimura varieties admit auxiliary Hodge type data of PEL type
(see Appendix B of [50] and Proposition 1.4 of [67]). By the same reasoning, Theorem
is a special case of Theorem [5.4.0.3], except that we have to prove irreducibility of

nonbasic Ekedahl-Oort strata for unramified PEL type Shimura varieties of type A.
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PROOF OF THEOREM [2 FOR SHIMURA VARIETIES OF PEL TYPE A. Let Shqg x{w}

denote the nonbasic EO stratum that we are trying to show is ‘connected’. By Propo-
sition 4.4 of |72], it suffices to prove that the prime-to-> Hecke operators coming from

G*¢ act transitively on the fibers of

7o(She k{w}) = mo(She k),

where Y is a finite set of primes including p. There is a Hecke-equivariant and finite

¢tale surjective map Shg g(w) — She g{w}, so it suffices to show the same statement

for mo(Sheg(w)) = mo(Sheg(<w)). Proposition [4.7.0.3| (see Remark [4.7.0.6) tells us

that each connected component Sh¢ g(<w) intersects Sheg (7). The closure relations
then give us a surjective map Shgg(7) — mo(Sheg(<w), hence it is enough to show

that the prime-to-> Hecke operators act transitively on the fibers of
She,o(T) — mo(Sheg) = mo(She, k).

Rapoport-Zink uniformisation (Theorem 4.5.0.1)) and the discussion in Section tells
us that there is a commutative diagram

She () —— I(Q\G(A}) x L&) /v

Jb,@(Zp)

| L

~ G(AR)
m0(Shao) — IQ\gwepy X T3/ U

Jo,0(Zp) I35 (Qp
Weak approximation (Theorem 7.8 of [56|) tells us that I*°(Q) is dense

B(@) x [T e,

pALED
which means that G*°(A¥) acts transitively on the fibers of £. O
5. Proofs

Theorem [5.4.0.3| follows from Theorem [4.1.0.4], because it can be checked on connected
components of Shimura varieties. To be precise, EKOR strata on abelian type Shimura
varieties are constructed from the EKOR strata on a single connected component of

an auxiliary Hodge type Shimura variety, see Section 5.4 of |64].

PROOF OF THEOREM [5.4.0.1] Theorem [5.4.0.1}in the (T1) and (T2) cases follows
by the following chain of reasoning: As in [38], it suffices to show that the 7-version of
Conjecture holds for an auxiliary Hodge type Shimura datum, using Corollary
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3.6.0.4) Remark and Lemma 4.6.13 of [37]. We can take this auxiliary Hodge
type datum to be a product of quasi-simple groups that all satisfy the assumptions of
Theorem by Lemma 4.6.22 of [37]. [To see that we can choose the parahoric to
be connected in type D"-cases, use the argument in the proof of part (5) of Theorem

4.6.23 of op. cit. which relies on the assumption (P1)].

Theorem [5.2.0.1] tells us that the 7-version of Conjecture[3.5.0.6/holds for each of these
groups, and it is not hard to see that this implies that it holds for their product.

In the (T3) case, we first reduce from the abelian type to the Hodge type case as
above. In our situation, these Hodge type Shimura varieties can be chosen to be of
PEL type by Appendix B of [50| in combination with Proposition 1.4 of [67], and we
consider the Rapoport-Zink integral models. These are flat and normal by the main
theorem of [18|, and they come with tautological closed embeddings (for sufficiently
small level away from p) into Siegel modular varieties of parahoric level. It follows
that they are isomorphic to the (normalisation) of the Zariski closure of their generic
fibre in the Siegel modular variety, and one can argue as in Section 7 of 73| that these

models are isomorphic to the Kisin-Pappas integral models.

It follows from Proposition 4.4 of [30] that the I, points of Rapoport-Zink spaces of
parahoric level agree with the Fp—points of the corresponding affine Deligne-Lusztig
variety. It follows from the moduli description (c.f. Section 6 of |58|) that we can
produce maps from the set of Fp points of our Rapoport-Zink space into the set of
F,-points of our Shimura variety. To be precise, assumption 6.18 of [73] is satisfied

and then Proposition 9.1.(i) gives us uniformisation of isogeny classes. U
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