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Effective generation for foliated surfaces:
Results and applications

By Calum Spicer at London and Roberto Svaldi at Milano

Abstract. We explore the birational structure and invariants of a foliated surface (X, %)
in terms of the adjoint divisor K¢ + €Ky, 0 < € < 1. We then establish a bound on the auto-
morphism group of an adjoint general type foliated surface (X, ¥), provide a bound on the
degree of a general curve invariant by an algebraically integrable foliation on a surface and
prove that the set of e-adjoint canonical models of foliations of general type and with fixed
volume form a bounded family.

1. Introduction

A central challenge in the study of the birational geometry of varieties is to understand
the behavior of the pluricanonical maps

Pimky: X ——> PHY(X,mKx)

as a function of m € N, for those varieties which admit non-trivial pluricanonical forms.

In this paper, we are interested in studying this question for rank one foliations on surfaces
(X, F). Already for surface foliations, the problem of understanding the maps induced by the
sections of m K ¢ appears to be quite challenging. To remedy this issue, we instead consider
a slight perturbation of this problem: namely, we aim to understand the behavior of the maps

DmKy+nKyx|: X ——> PHO(X,mKg +nKx), m > n>0.

Along the way, we prove several new results on the birational structure of foliations in terms
of the adjoint divisors K¢ + €Ky, 0 < € <« 1. Considering adjoint divisors of this form is
a natural approach to the study of foliated varieties as it allows us to apply classical results on
the positivity of the canonical bundle of varieties that may not hold if one just considers the
canonical bundle of the foliation, cf. [23].
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Among other applications, these new structural results provide bounds on the automor-
phism groups of foliations (Theorem 1.6), bounds on the degree of curves invariant by an
algebraically integrable foliation (Theorem 1.7). Finally, we also prove a boundedness results
for generalizations of surface foliations of general type, which constitutes important progress
towards the construction of a moduli space of this class of foliations (Theorem 1.3).

1.1. Adjoint MMP. Our first main result is the proof of the existence and termina-
tion of the MMP for divisors of the form K¢ + €Ky for 0 < € < 1. While the existence
(and termination) of the MMP for Ky is classical and the MMP for K¢ is well known [20],
it is not a priori clear that the sum of these results automatically implies that one can run
a (K¢ + €Kx)-MMP. Moreover, even assuming that it was possible to run such MMP, it is not
a priori clear how to bound the singularities of the foliation and variety on the minimal model.

Theorem 1.1 (= Theorem 3.1). Let X be a smooth projective surface and ¥ a rank
one foliation with canonical singularities. Then, for any 0 < € < % there exists a birational
morphism ¢: X — Y such that either

(1) Kg + €Ky is nef, where § = @F ; or
(2) there exists amorphism .Y — Z suchthat p(Y/Z) =1 and —(Kg + €Ky ) is f-ample.

Moreover, Y has klt singularities and § has log canonical singularities.
We also prove the existence of e-adjoint canonical models.

Theorem 1.2 (= Corollary 3.4). Notation as in Theorem 1.1. Suppose in addition that
K¢ is big. Then there exists a birational morphism

p:(Y,9) = (Yean, Gean)
such that
(1) Yean is projective;
(@) Kg,, + €Ky,

can can

is an ample Q-Cartier divisor; and

(3) Yecan has kit singularities and 8., has log canonical singularities.

This e-adjoint canonical model must be contrasted with McQuillan’s notion of a canoni-
cal model of a foliation where the underlying space is, a priori, only an algebraic space, and its
projectivity is not known. Our notion of an e-adjoint canonical model should also be compared
with the minimal partial du Val resolution of the canonical model of a surface foliation, see [7].

We are also able to provide a precise statement on the singularities of the underlying
variety which arise in this MMP, see Corollary 3.3. This control on the singularities which
arise in the course of the MMP is one of the key advantages of working with adjoint foliated
divisors rather than simply with the canonical divisor of a foliation.

1.2. Boundedness and effective birationality. Our next main result is a boundedness
result for e-adjoint canonical models of foliations of general type.

Theorem 1.3 (= Theorem 6.1). There exists a universal real constant T > 0 such that
the following statement holds.
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Fix positive real numbers C,0 < € < 1. The set of foliated pairs

Mae.c :={(X,F) | X is a projective kit surface, ¥ is rank one,
(X, ) is an e-adjoint canonical foliated pair, K ¢ is big,
K¢ + €Ky is ample, and (K¢ + €Kx)? < C}

forms a bounded family.

We refer to Section 2.7 for the precise definition of e-adjoint canonical, but we remark
here that it is a natural assumption on the singularities of (X, ). Analogous results for a more
restricted class of foliated pairs have recently appeared also in [8].

The key technical ingredient in the above statement is the following effective birationality
statement which follows from our results on the MMP and some new results of Birkar on
adjoint linear series [2].

Theorem 1.4 (= Corollary 4.8). Let © > 0 be the constant whose existence is established
in Theorem 1.3. Then, for all 0 < € < 1, there exists a positive integer M = M (€) such that
the following statement holds.

Let X be a smooth projective surface and let ¥ be a rank one foliation on X with
canonical singularities. Suppose that K ¢ is big. Then

(1) K¢ + €Ky is big; and
(2) |IM(K# + €Kx)| defines a birational map.

In fact, we are able to prove versions of Theorems 1.1, 1.2, 1.3 and 1.4 which allow for
the presence of a boundary divisor.

Theorem 1.4 also supplies a partial answer to [23, Problem 6.8]. To provide a complete
answer to this problem would require an exact value on the universal constant 7 in Theorem 1.4.

Problem 1. Determine an effective upper bound for 7.

We also remark that, as examples in [17] show, there does not exist a universal M such
that | M K | defines a birational map, so to get an effective birationality statement, the small
perturbation by Ky is necessary.

1.3. Numerical invariants of surface foliations. We are able to provide several appli-
cations of the above results to the study of numerical invariants of foliated surfaces, automor-
phism groups of foliations and to the study of curves invariant by foliations.

Given a big divisor Q-Cartier divisor D, the volume vol(D) is defined to be

h®(mD
vol(D) := lim sup M

By [16, Corollary 2.2.45], we may uniquely extend the volume to a function on R-Cartier
divisors. The volume is a fundamental invariant in birational geometry and, in analogy with the
classical MMP, cf. [14], we expect the set

V, = {vol(X, K#) | ¥ is arank one foliation of general type with canonical
singularities and X is a klt projective variety of dimension 7}
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to be highly structured for each fixed dimension 7. In particular, we expect 'V, to be bounded
away from 0. This is a challenging problem, already for n = 2, but by perturbing K # slightly,
we can verify a related prediction.

Theorem 1.5 (= Theorem 5.2). Let t > 0 be the constant whose existence is established
in Theorem 1.3. Then, for all 0 < € < t, there exists 0 < v(€) such that the following statement
holds.

If X is a smooth projective surface, ¥ is a rank one foliation with canonical singularities
and K g is big, then vol(K¢ + €Kx) > v(e).

In fact, we are able to prove the above statement allowing for a boundary divisor. As
a direct consequence of the above volume bound, we get another bound on the automorphism
group of a foliation of general type.

Theorem 1.6 (= Theorem 5.3). Let t > 0 be the constant whose existence is established
in Theorem 1.3. Then, for all 0 < € < t, there exists 0 < C = C(€) such that the following
statement holds.

If X is a smooth projective surface, ¥ is a rank one foliation with canonical singularities
and K¢ is big, then

#Bir(X, ) < C -vol(Kg + €KY).

In analogy with the classical situation, it would be nice to find a bound which depends
only on vol(K#). See also [9] for similar results in this direction.

We were also able to provide a refinement of the bound that is initially proven in [23],
cf. also [7,13].

Theorem 1.7 (= Theorem 5.1). Let t > 0 be the constant whose existence is established
in Theorem 1.3. Then, for all rational numbers 0 < € < 1, there exists 0 < C = C(€) such that
the following statement holds.

Let X be a smooth projective surface and let ¥ be a rank one foliation on X. Assume
that

(1) K¢ is big,

(2) (X, F) is e-adjoint canonical,

(3) F admits a meromorphic first integral, and

(4) the closure of a general leaf, L, has geometric genus g.

Then, for any nef divisor H,
H-L <gCH (K¢ + €¢Kx).

2. Preliminaries

Throughout, we work over an algebraically closed field k of characteristic 0. We refer to
[4] for basic notions regarding foliations, and we refer to [15] for basic notions regarding the
minimal model program. We will assume throughout that all of our foliations are of rank one.
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2.1. ACC/DCC sets. Given a subset I C R, we say that [ satisfies the ascending
chain condition (resp. descending chain condition), in short, ACC (resp. DCC), provided any
increasing (resp. decreasing) sequence x, € [ is eventually constant.

Given a subset / C [0, 1] and an R-Weil divisor A on a normal variety, we write A € [
to indicate that all the coefficients of A arein /.

We will denote with & the following subset of R:

8§ = {nn:|neN>0}U{l}.

2.2. Pairs and triples. Let X be a normal variety and let ¥ be a foliation on X. Let D
be a R-divisor on X. We may uniquely decompose D = Djny + Dy iny Where the support of
Diny is F -invariant and no component of the support of D,,_iny is F -invariant.

By a (log) pair (X, A), we mean the datum of a variety X and an effective R-divisor A
such that Ky + A is R-Cartier.

By a foliated (log) pair (¥, A) on a variety X, we mean the datum of a foliation & on
X and an effective R-divisor A such that K¢ + A is R-Cartier. When we assume that X is
projective, we shall say that the foliated pair is projective.

By a foliated triple (X, ¥, A), we mean the datum of a variety X, a foliation ¥ on X
and an effective R-divisor A such that both Ky + A and K% + A, i are R-Cartier. If A = 0,
then we will just write (X, ) in place of (X, ¥, A). When we assume that X is projective, we
shall say that the foliated triple is projective.

2.3. Transform of a foliation under a rational map. Let X be a normal variety and let
F be a foliation on X and let ¢: X’ --> X be a dominant rational map. Following [10, § 3.2],
we may define the pulled back foliation, denoted ¢~ %, on X’. In the case where ¢ is birational
and ¢ is a foliation on X’, we will denote by ¢+ ¢ the pullback of § along the birational map
¢~ 1 and refer to it as the transform of € by ¢.

2.4. Foliation singularities. We are typically interested only in the case when A > 0,
although it simplifies some computations to allow A to have negative coefficients.

Given a birational morphism 7: X — X and a foliated pair (¥, A) on X, let F be the
pulled back foliation on X. We may write

Kz =n"(Kg +A)+ ) a(E.F . ME.
where the sum runs over all the prime divisors of X and
me Y _a(E,F,AE = -A.

The rational number a(E, ¥, A) denotes the discrepancy of (¥, A) with respect to E.

Definition 2.1. Let X be a normal variety and let (¥, A) be a foliated pair on X. We
say that (¥, A) is terminal (resp. canonical, klt, log canonical) if a(E, ¥, A) > 0 (resp. > 0,
> —1(F) and |[A| = 0, > —(FE)) for any birational morphism 7: X — X and for any prime
divisor E on X, where

1 if E is not ¥ -invariant,
L(E):=

0 if E is ¥ -invariant.
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Moreover, we say that the foliated pair (¥, A) is log terminal if a(E, ¥, A) > —1(E)
for any birational morphism 77: X — X and for any m-exceptional prime divisor £ on X.

We shall say that a foliated pair (¥, A) on a normal variety X is strictly log canonical
at a point x € X if there exists a geometric valuation £ centered at x such that ((E) = 1 and
a(¥,A, E) = —1. In particular, a strictly log canonical foliated pair is not canonical.

In the next sections, we will also work with the class of F-dlt foliated pairs (¥, A) (in
short, F-dIt pairs). We refer the reader to [6, Definition 3.6] for the definition of this class of
foliated pairs.

Remark 2.2. Elsewhere in the literature, (D) is denoted by €(D). However, in this
paper, we will frequently use € to denote a small positive real number, and so, to avoid confu-
sion, we have adopted this new notation.

Remark 2.3. The quantities ((£) and a(E, ¥, A) are independent of 7. If A = 0, we
will write a(E, ) fora(E, ¥, A).

In the case where ¥ = Ty, no exceptional divisor is invariant, i.e., t(£) = 1, and so this
definition recovers the usual definitions of (log) terminal, (log) canonical, see [15]. In this case,
we will write a(E, X, A) fora(E, Tx, A).

Definition 2.4. Given a pair (X, A) and > 0, we say that (X, A) has 5-lc singularities
provided, for all birational morphisms 7: X’ — X and m-exceptional divisors E, we have

a(E, X,A) > —(1—n).

We say a foliated triple (X, ¥, D), where X is a surface and ¥ has rank one, is foliated
log smooth provided (X, D) has simple normal crossings and ¥ has reduced singularities and
each component of D which is not invariant is everywhere transverse to ¥ . We recall that these
conditions entail that each component of D is disjoint from the singularities of ¥ . By [24], it
is known that every surface foliated triple (X, ¥, D) admits a resolution 77: X’ — X such that

X' .7 'F . 72;'D + E)

is foliated log smooth, where E = exc(mr). We call such a resolution a foliated log resolution.
For a choice of € > 0, we define the e-adjoint log canonical divisor of a triple (X, ¥, A)
to be
Kx,7,0)e = (Kg + Apiny) + €(Kx + A).

We say a triple (X, ¥, A) is adjoint general type (pseudo-effective, etc.) if, for all 0 < € < 1
sufficiently small, we have K(x # A), is big (pseudo-effective, etc.).

Let P € X be a germ of a normal variety and let mt be the maximal ideal of P. Let 0 be
a vector field on X which leaves P invariant. Since d(m) C wm, we get an induced linear map
dp: m/m? — m/m?, which we call the linear part of d at P.

We recall the following characterization found in [20, Fact I.1.8].

Proposition 2.5. Let ¥ be a germ of a rank one foliation on a normal variety P € X,
and suppose that K ¢ is Cartier and that P is ¥ -invariant. Let 0 be a vector field generating
T near P. Then ¥ is log canonical at P if and only if 0y is non-nilpotent.
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2.5. Basic definitions of the MMP. We recall some of the main definitions commonly
used in the Minimal Model Program. Let X be a normal projective variety. We denote by
N1(X) the R-vector space spanned by 1-cycles on X modulo numerical equivalence (e.g. see
[15, Definition 1.16]). We denote by NE(X) C N;(X) the subset of effective 1-cycles

k
[Z a;C; } :
i=1

where a1, ..., ay are positive real numbers and Cy, ..., Cy are curves in X, and we denote
by NE(X) its closure (e.g. see [15, Definition 1.17]). A ray is a 1-dimensional subcone R of
NE(X) and it is called extremal if for any u, v € NE(X) such that ¥ 4+ v € R, we have that
u,v € R.If D is a Q-Cartier Q-divisor on X, then the extremal ray R is said to be D-negative
if D - C < 0 for any curve C such that [C] € R. A projective birational morphism f: X — Y
between normal projective varieties is said to be an extremal contraction if the relative Picard
number p(X/Y) is equal to one. The extremal contraction is called a divisorial contraction if
its exceptional locus is a divisor. Given an extremal ray R C NE(X), an extremal contraction
f:X — Y is said to be associated to R if the locus of R coincides with the exceptional locus

of f.

2.6. Recollection on the foliated MMP. We summarize some basic results on the
existence of the MMP for surface foliations, as well as extending some well-known results
to the case of pairs (¥, A) with log canonical singularities.

Lemma 2.6. Let P € X be a germ of a surface singularity and let ¥ be a rank one
foliation on X which is strictly log canonical at P. Let u: Y — X be any foliated log resolution
which is an isomorphism over X \ P. Then there is exactly one ji-exceptional divisor which is
transverse to =\ F .

Proof. Let v: X’ — X be a foliated log resolution of . Observe that v will extract
every p-exceptional divisor which is transverse to .~ 1% . We may write

k
v*Kg + F = Kg+ ) _Ei.
i=1
where § = v~ 1%, where the E; are the non-¢ invariant exceptional divisors and where F > 0.
By [25, Corollary 2.26], we may run a Kg-MMP over X, call it ¢: X' — X", set H = ¢ §
and let p: X” — X be the induced map. Only curves tangent to § will be contracted by this
MMP, and so no component of Zf;l E; will be contracted.
By foliation adjunction, we see that

(Kg + El/) . El/ >0, where El’ = ¢« Ej,

see [25, Proposition 3.4] (note that in the notation of [25, Proposition 3.4] the restricted folia-
tion Jf; is the foliation by points on E 7 and so Kg,, = 0). In particular, Kz + ) E’ is nef
over X. By the negativity lemma [15, Lemma 3.39], we have ¢+ F =0,andso Kz + ) E]is
numerically trivial over X . Since K g is nef over X, it likewise follows that

—Y B = Ku— (K +Y_Ef)
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is nef over X. Since p has connected fibers, exc(p) = ) E/, and so ) E/ is connected. This
together with the inequalities

k
Os(K;,:ngE{)-E{f(K,;ngZE{)-E;:O
i=1

implies that k = 1, as required. O

Lemma 2.7. Let X be a normal projective surface with a rank one foliation ¥ and
A > 0 such that (¥, A) is log canonical. Suppose that K¢ is Q-Cartier. Let R C NE(X) be
a (K¢ + A)-negative extremal ray and let C C X be an ¥ -invariant curve such that

(1) [C] € R; and
(2) C contains a strictly log canonical singularity of ¥ .

Then X is covered by curves spanning R and p(X) = 1. In particular, K¢ + A is not pseudo-
effective.

Proof. Since (¥, A) is log canonical by [25, Remark 2.12], we know that no component
of A is # -invariant. In particular, A - C > 0. So it follows that K¢ - C < 0.

Let P € C be astrictly log canonical singularity of . If n: C — C is the normalization,
then [5, Proposition 2.16] implies that we may write n* K¢ = K¢ + ©, where ® > 0 and
|®] is supported exactly on the preimage of the non-terminal points of ¥ contained in C. In
particular, since K¢ + © < 0, it follows that, for all other Q € C, Q # P, ¥ isterminal at Q.

To see that C moves, we may freely replace X by a smaller open neighborhood of C
so that ¥ is strictly log canonical at only P. Let f: X’ — X be an F-dIt modification, which
exists by [6, Theorem 1.4]. Thus, K¢/ + E = f*Kg,where ¥/ = f 1% and E is the unique
irreducible f-exceptional divisor which is not % ’-invariant, see Lemma 2.6, which implies that
K¢/ -C’' <0, where C’ is the strict transform of C. Let us observe that (¥’, E) is F-dlt, in
particular log canonical, in a neighborhood of E. But, since ¥’ is non-dicritical, then for any
divisor F centered over a point in a neighborhood of E, a(F, %', E) > «(F) = 0, which in
turn implies that % is terminal in a neighborhood of E. Hence, ¥ is terminal at C' N E. As
(K¢ + E)-C’ <0, then, by adjunction [25, Lemma 8.9], ¥ is terminal at each point of C’.
By Reeb stability [5, Proposition 3.3], C’ moves in family covering X', and hence C moves in
a family covering X.

Finally, we claim that C? > 0. This follows because

(C/)Zzo’ C'-E>0 and f*C=C/+aE+F,

where @ > 0 and F > 0is f-exceptional. Thus, C is a big divisor, and so C, and hence R, is
contained in the interior of NE(X). As R is also an extremal ray of NE(X), then p = 1. m]

Theorem 2.8. Let X be a projective kit surface, let A > 0 and let ¥ be a rank one
foliation such that (¥, A) and (X, A) are log canonical.

Let R C NE(X) be a (K% + A)-negative extremal ray. Then there exists an F -invariant
curve C such that R = R=¢[C] C NE(X).

Moreover, there exists a contraction cgr: X — Y contracting exactly those curves in X
whose numerical classes are contained in R and such that the following conditions holds:
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(1) ifcr: X — Y is birational, then cg contracts only ¥ -invariant curves;
(2) ifcr: X — Y is afiber type contraction, then R is (Kx + A)-negative;

(3) if there is a strictly log canonical singularity of ¥ on C, then p(X) =1, —(K¢ + A)
and —(Kx + A) are ample.

Moreover, in all cases, the relative Picard number of the contraction is 1.
In particular, we may run a (K¢ + A)-MMP.

Proof. By the cone theorem for surface foliations [25, Theorem 6.3 and Remark 6.4],
a (K¢ + A)-negative extremal ray R C NE(X) is spanned by the class of a curve C which is
F -invariant.

Let us consider the case where C2 > 0. By [25, Theorem 6.3], there exists a nef Cartier
divisor Hg such that Hgr - R = 0 and Hpg is positive on every other extremal ray. Since
C? > 0, it follows that Hg cannot be big, i.e., H I% = 0. Arguing as in the proof of [25, Theo-
rem 6.3], using [25, Corollary 2.28], it follows that X is covered by a family of rational curves
tangent to ¥ whose numerical class spans R.

Claim 1. Let X be a general choice of such a curve; then (Kx + A) - X < 0.

Proof of Claim 1. Let p:Y — X be an F-dIt modification, which exists by [6, Theo-
rem 1.4].If¢ = p~'% and A’ = p;'A, then

Kg + A + ) W(E)E; = p*(Kg + A),

1

where E; are the p-exceptional divisors. By construction, ¥ is non-dicritical; hence, it is
induced by a fibration ¥ — B such that ¥’ = p;!¥ is a fiber of ¥ — C. It follows that
Ky - ¥ = Kg - ¥/ = —2. We may write

Ky + A+ ) aiE; = p*(Kx + A),
i
where a; < 1 since (X, A) is log canonical. If ((E;) = 0, then E; N X" = @ since X' is general,
and so E; - ¥’ = 0. Hence,

(ZL(E,’)Ei) Y > (ZaiEi) .3 and

1

0> (Kg +A)-% = (Kg +A’+ZL(E,-)E,~)-E/
i

z(KY+A/+ZaiEi)-Z/=(KX+A)~E. o
i

In view of Claim 1, then the existence of ¢ g is immediate since ¢g can be constructed as
the contraction of a (Ky + (1 — €)A)-negative extremal ray 0 < € < 1, see [15, Theorem 3.7].
Since cg is a fiber type contraction only if C? > 0, then item (2) above also follows at once.

Item (3) follows from Lemma 2.7 and (2).

Now consider the case where C? < 0. In this case, the contraction cg, if it exists, will be
birational and it will only contract C, which proves (1).
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From item (3), we know that ¥ has canonical singularities in a neighborhood of C. We
may apply [20, Section III.1-2] to contract C;; strictly speaking, in [20] an entire chain of ratio-
nal curves is contracted, but the arguments provided work equally well to contract a single K -
negative curve. For the reader’s convenience, we will supply an alternate proof of the existence
of this contraction. By [6, Theorem 11.3], & has non-dicritical singularities in a neighborhood
of C, and so, by [25, Lemma 8.141Y, this implies that (X, A 4+ C) is a log canonical pair.

Claim2. (Kx + A+C)-C <0.

Proof of Claim2. Let p:Y — X be an F-dIt modification, which can be performed
by [6, Theorem 1.4]. Let C’ be the strict transform of C and let A’ = p;1A. We write
(Ky + A"+ C'+ >, Ei) = p*(Kx + A+ C) + )_; b; E;, where the E; are the p-excep-
tional prime divisors and b; > 0. Since ¥ is non-dicritical, then for all i, E; is invariant; thus,
Kg + A" = p*(K¢ + A). Since ¢ is F-dlt, [6, Lemma 3.12] implies that § is terminal at the
singular points of X. We may then apply [25, Lemma 8.9] to conclude that

(Kg-l—A’)-C’z(KY+A’+C’+ZE,-)-C’Z(KX+A+C)-C.
i

Again, here, the cited results are stated for threefolds but apply equally well to surfaces as
explained above. O

We conclude by observing that (X, (1 —€)(A + C)) is kit for all 0 < € and
(Kx+(0—-—e)(A+C)-C <0 for0<e<k,

and so we may contract C by a (Ky + (1 — €)(A + C))-negative extremal contraction, see
[15, Theorem 3.7].

Since all our contractions are (Ky + ©®)-negative contractions for a kit pair (X, ©),
[15, Corollary 3.17] implies that they are of relative Picard number one.

Finally, it is a standard argument to show that the existence of divisorial contractions as
explained above implies the existence of the (K¢ + A)-MMP. O

Remark 2.9. Let notation be as in Theorem 2.8. The above proof shows thatif ) *; C; is
any collection of reduced ¥ -invariant curves such that ¥ has canonical singularities in a neigh-
borhood of ) ; C;, then each step of the Kg-MMP is also a step of the (Kx + A + ) C;)-
MMP. In particular, if (X, A + > C;)isdltand ¢: X — X’ is a run of the (K¢ + A)-MMP,
then (X', ¢« (A + > C;)) is again dlt.

Lemma 2.10. Let X be a normal surface, let D be a reduced Weil divisor and let ¥ be
a rank one foliation on X such that

(1) Kg is Cartier; and
(2) every component of D is ¥ -invariant.

Then there exists a log resolution of (X, D) which only extracts divisors E of foliation discrep-
ancy at most —t(E).

D' Let us observe that both [6, Theorem 11.3] and [25, Lemma 8.14] are stated for threefolds. We can deduce
the analogous statement for rank one foliation on surfaces by applying the results to the threefold X x B, where B
is a smooth curve, and to the foliation 7 1%, where : X x B — X is the projection.
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Proof. The problem is local about any point P € X, so we may freely assume (X, D)
is not log smooth at P and that & is generated by a vector field 0. Since (X, D) is not log
smooth at P, either X or D is singular at P, and so, by [5, Lemma 2.6], P is invariant under 0.
By [3, Lemma 1.1.3], if b: X — X is the blow up in P, then 0 lifts to a vector field 0 on f,
which moreover leaves b~!(P) invariant.

A log resolution of (X, D) may be achieved by repeatedly blowing up centers where
(X, D) is not log smooth, so by applying the above observation and arguing by induction on
the number of blow ups in a log resolution, we may produce a log resolution : X’ — X and
a lift @’ of @ which leaves 7! (P) invariant.

Because 0 leaves 7~ !(P) invariant, we see that if F is a w-exceptional divisor with
((F) = 1, then & vanishes along F. Our first claim then follows by observing that the foliation
discrepancy along a divisor F is exactly —a, where a is the order of vanishing of 0’ along F.

m]

Lemma 2.11. Let P € X be a germ of a normal surface and let ¥ be a rank one

foliation on X. Suppose that ¥ is strictly log canonical at P. Then ¥ is Gorenstein at P.

Proof. Leto: P’ € X' — P € X be the index one cover associated to K¢ with Galois
group G = Z/mZ,let F' = 0~ 1F and let 0 be a vector field defining ¥’. By Lemma 2.20,
we have ¥ is strictly log canonical at P’.

Let m denote the maximal ideal of X’ at P’. Since ¥’ is strictly log canonical by
[21, Fact II1.i.3] (up to renormalizing 0 by a constant in C), we may write the linear part

of 0 as N
0o = meia—xi,

where n1, ..., ny are positive integers and x1, . .., x; € m give a basis of m1/m?.

Let g € G. On one hand, by assumption, we may write g«0 = {09, where { is a primitive
m-th root of unity. On the other hand, from the equality g*(g«0(x)) = 0(g*x) for any x € m,
we see that linear parts of g0 and 0 have the same eigenvalues. It follows that

(ny,....ongy ={Cny, ... Cng},

and so ¢ = 1, i.e., K¢ was Gorenstein to begin with. O

2.7. (e, §)-adjoint log canonical foliated singularities. We wish to measure singulari-
ties of triples (X, ¥, A) in terms of how K(x,# A),e changes under birational transformations.
This idea was initially considered in [23], see Remark 2.13 below, and the approach here is
a natural extension of the ideas introduced there.

Definition 2.12. Let (X, ¥, A) be a foliated triple. Fix ¢ > 0 and § > 0.
We say that (X, ¥, A) is (e, 8)-adjoint log canonical (resp. (€, 8)-adjoint kit) provided
that, for any birational morphism 7: X’ — X, if we write
(Kgr + Ajiny) + €(Kxr + A) = 7% ((Kg + Anin) + €(Kx + A)) + E,
where
 E =) a;E; is m-exceptional, and
o« N :=ga 1A,
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then for all 7,
aj >2(L(Ei) +e)(—=1+9)

(resp., |[A] =0anda; >((E;) + €)(—1 + §)).

When § = 1, we will refer to (e, §)-adjoint log canonical as e-adjoint canonical. When
§ = 0, we will refer to (e, §)-adjoint log canonical as e-adjoint log canonical.

Remark 2.13. In [23], the notion of e-canonical was defined whereby singularities
were measured by considering how the adjoint series K¢ + € N transforms under blow ups.
By re-writing
Ky + €Ny = (1 —€)Kg + €Ky,

then it is immediate to see that if a foliated pair (X, ¥) is f?

then it is also (e, 1)-adjoint log canonical in the sense of Definition 2.12. For various computa-
tions we need to perform, working with K¢ + € Kx seemed preferable to us, hence the slight
change in the definition.

-canonical in the sense of [23],

The following three lemmata are immediate consequences of the definition of (e, §)-ad-
joint log canonical singularities.

Lemma 2.14. Let (X, ¥, A) be a foliated triple and € > 0.

(1) Let 0 <8 <85 €[0,1]. If (X, F, A) is (¢, 8)-adjoint log canonical, then it also (e, §’)-
adjoint log canonical.

(2) Assume that A = 0 and that (X, ¥) is €-adjoint canonical.
(a) If ¥ has canonical singularities, (X, ¥) is € -adjoint canonical for all 0 < €' < €.

(b) If X has canonical singularities, (X, ) is €'-adjoint canonical for all € > e.
Proof.  Follows from a direct computation. m]

Lemma 2.15. Let X be a smooth surface and let 0 < A be a Q-divisor with snc support
such that |A| = 0. Let ¥ be a rank one foliation such that (¥, Ay_iny) is canonical. Let § > 0
be such that all coefficients of A are at most 1 — 6.

Then (X, ¥, A) is (e, 6)-adjoint log canonical for all € > 0.

Proof. Follows from a direct computation. O

Lemma 2.16. Let p: X — Y be a birational morphism between surfaces, let (¥, A) be
a foliated pair on X, where ¥ is of rank one, and let § := p«F . Fixe > 0 and § > 0. Assume
that

(1) the coefficients of A are at most 1 — §;

(2) —K(x,7,A),¢ is p-nef; and

3) (X, F,A)is (¢, §)-adjoint log canonical.
Then (Y, 8, p«A) is (¢, §)-adjoint log canonical.

Proof. This is a direct consequence of the negativity lemma [15, Lemma 3.38]. O
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Our goal for the last part of this subsection is to prove the following generalization of
[23, Proposition 4.9].

Proposition 2.17. Let I C [0, 1] be a subset satisfying the DCC. Then there exists
a positive real number E = E(I) such that the following statement holds.

Let 0 € X be a germ of a kit surface singularity, let ¥ be a rank one foliation on X
and let A > 0 be a divisor with A € I so that (X, ¥, A) is e-adjoint log canonical for some
0<e< E(l). Then (¥, Apiny) is log canonical.

We start by proving three ancillary lemmata that will be used in the proof.

Lemma 2.18. Let 0 be a germ of a vector field on P € C?, and suppose that 0 is singu-
lar at P and the linear part of 0 at P is equal to 0. Let w: X — C? be the blow up at P with
exceptional divisor E and let ¥ be the foliation generated by 0. Then

K,-1g =n"Kg — DE,
where b > ((E) + 1.

Proof. Using notation as in [4, Chapter 1, § 2], let w be a one form with an isolated zero
at P and d(w) = 0. Let a(P) denote the order of vanishing of w at P and let /(P ) denote the
order of vanishing of 7*w along E.

A direct computation shows that /(P) = a(P) when E is invariantand [ (P) = a(P) + 1
when FE is not invariant. Another straightforward calculation shows that the discrepancy of our
blow up is —({(P) — 1) = —(a(P) + «(E) — 1), and by assumption, a(P) > 2, from which
our claim follows. o

Lemma 2.19. For0 <e < % the following holds.
Let ¥ be a rank one foliation on P € C?, and suppose that (C?, F) is e-adjoint log
canonical at P. Then ¥ is log canonical at P.

Proof. Suppose that ¥ is not log canonical at P.
Following the proof of [23, Proposition 4.9] (see also the proof of [4, Theorem 1.1]), we
may find a sequence of at most 3 blow ups b;: (X;, ¥;) — (X;—1, Fi—1) such that

(1) (Xo. %) := (C%, ¥);
(2) b; is a blow up in the singular locus of %;_1; and

(3) on the last blow up, call it b,, we blow up a foliation singularity whose linear part is
equal to O.

Let 7: X,, — C? denote the composition of these blow ups and let E be the exceptional divi-
sor of b,. By Lemma 2.18, a(E, ¥) < —((E) + 1), and a direct computation shows that
a(E, X) < 4. Thus,

a(E,F)+ea(E,X) < —((E)+ 1) + 4e.

For all € < %, we have —(t(E) + 1) + 4e < —(t(E) + €), which in turn implies that
a(E,F)+e€a(E,X) < —(E) +¢€),

contradicting the assumption that (X, ¥) is e-adjoint log canonical. o
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We remark that if € > 0, then an e-adjoint canonical singularity is not necessarily a ca-
nonical foliation singularity, i.e., it could be strictly log canonical. Moreover, if we fix € > 0,
then a terminal singularity of ¥ is not necessarily (€, 1)-adjoint log canonical. Consider for
instance the quotient of (C2, (%)) by the action of Z /mZ given by (x, y) — (Ex, &2 y), where
(m,b) = 1. This will always give a terminal foliation singularity; however, it is not e-adjoint
canonical for € > ﬁ

Lemma 2.20. Let X be a normal variety and let ¥ be a rank one foliation on X.
Let 0: X' — X be a finite morphism, étale in codimension 1, and set ' := o~ YF . Write
A = o*A, and note that A’ . = 0*A,iny. Fixe > 0and § > 0.

n-inv
(1) Suppose that (X, ¥, A) is (e, 8)-adjoint log canonical. Then (X', ¥', A') is (¢, §)-ad-
Jjoint log canonical.

(2) Suppose that (¥', A}, . ) is (log) canonical. Then (¥, Ayiny) is (log) canonical.

Proof. The proof of item (1) and the log canonical case of item (2) is essentially identical
to the proof of [15, Proposition 5.20], making use of the statement of foliated Riemann—
Hurwitz found in [10, Lemma 3.4] which gives us the following adjoint Riemann—-Hurwitz
formula for a finite morphism o: Y — X forall € > O:

Kygowa)e =0 Kxsae+ Y. (rp—1(D)+e)D,
DeDiv(Y)

where § = 0~ 1F and rp is the ramification index of o along D.
We now explain the proof of item (2) in the canonical case. Let f: W — X be a birational
morphism, and consider the following diagram:

w5 w

= b

X —2-5 X,

where W' is the normalization of the main component of W xy X’. Set # := f~'% and
H' =g 1¥' Let E C W be an exceptional divisor, let E/ be a component of t~!(E) and
let r be the ramification index of t along E’. By assumption, ¥’ has canonical singulari-
ties, and so, by [21, Corollary II1.i.4], every g-exceptional divisor is J¢’-invariant. Thus, every
f -exceptional divisor is #-invariant. Doing a calculation analogous to the one in [15, Propo-
sition 5.20] and making use of the foliated Riemann—Hurwitz formula [10, Lemma 3.4] and
noting that ((E”) = 0 gives us

a(E",F',N) =ra(E,¥,A).

Since a(E’, ', A’) > 0, it follows that a(E, ¥, A) > 0 as required. O

Proof of 2.17. Since 0 € X is a klt singularity, it is a quotient singularity, and so, by
Lemma 2.20, we may freely reduce to the case where X = C2. We may also assume, without
loss of generality, that A = Ay, and by taking € < % and applying Lemma 2.19, we may
assume that ¥ is log canonical at 0.

We now proceed by arguing in cases, based on whether or not  is singular at 0.
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Case 1. We assume that ¥ is singular at 0. Since ¥ is log canonical at 0, it suffices to
show that, for € sufficiently small, if (X, ¥, A) is e-adjoint log canonical, then A is disjoint
from O.

So suppose that 0 is in the support of A, let 7: X — C?2 be the blow up at 0 with excep-
tional divisor C, let io be the smallest strictly positive element of 7, let € = 7~!% and let
A =na1A.

Since ¥ is log canonical and singular at 0, we have that the blow up at 0 has foliation
discrepancy equal to —((C), and so Kg + A’ = n*(K¢ + A) + aC, where a < —i(C) — iy,
and Ky + A" = n*(Kc2 + A) + bC, where b < 1 —iy. It follows that

K(X,g,A/),e = jr*(K((cz,gr,A),e) + (a 4+ €b)C,

where a + €¢b < —1(C) —ip + €(1 —ip).
Now (C2, ¥, A) will fail to be e-adjoint log canonical if we have the inequality

C o —e(l —i
—1(C) —ip+€(l —ip) < —(t(C) + €) orequivalently 1(C) +(lg) f( i) -
L €

However, this inequality will hold for all € smaller than some constant depending only on ip.

Case 2. We assume that ¥ is smooth at 0. Let 0 € L be a germ of a leaf through 0, and
observe that the discrepancies of (¥, A) are exactly the log discrepancies of (X, A + L), see
[25, Lemma 8.14] and its proof (again, we remark that the cited lemma is proven for threefolds,
but holds for surfaces as well). Thus, to show that (¥, A) is log canonical, it suffices to show
that (X, A + L) is log canonical.

We now claim that (X, ¥, A) being e-adjoint log canonical implies that (X, A + ﬁL)
is log canonical. Indeed, let 7:Y — X be any birational morphism, and let Ay and Ly
denote the strict transforms of A and L respectively, and let C = >_ C; be the sum of the
m-exceptional divisors with coefficient equal to 1. Note that all the C; are invariant. Thus, by
definition of e-adjoint log canonical and the above observation, we may write

(Ky + Ay + Ly + C) + e(Ky + Ay) = 7*((Kx + A+ L) + €(Kx + M) + > _a;C;.

where a; > —e. Dividing the above equality by 1 + € gives
1 1 a;
Ky + Ay +——(Ly +€) =" (Kx + A+ ——L) 2 a.
Ay Ly + O =Ky + A L) 4 ) G

ll:La; < 1 forall i, so it follows that (X, A 4+ 13zL)

Note that we always have the inequality
is log canonical.

Let A be the log canonical threshold of (X, A) with respect to L. We have just shown
A > ﬁ By the ACC for log canonical thresholds [14, Theorem 1.1], we see that there is
a fixed A¢ depending only on / so thatif A > A¢, then A = 1, in which case (X, A + L) is log
canonical, which implies that (¥, A) is log canonical.

Choose E (1) so that € < E(I) implies

(D) 1z = Ao;
) e < %; and

1(C)+ip—e(1—ip)
3) L(g‘)-i-e .

We therefore see that if € < E (1), then (¥, A) is log canonical. m]

> 1.
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2.8. A general boundedness result.

Lemma 2.21. Fix positive real numbers 1,0. Let X be a projective n-lc variety of
dimension n and let N be an R-divisor on X such that

(1) N is nefand big;
(2) N — Ky is pseudo-effective; and

(3) N = P + E with P integral and pseudo-effective, and E > 0 is effective and all its
non-zero coefficients are at least 6.

Then there exists an m = m(dim(X), n, ) such that, for any m’ > m, ||m’N || defines a bira-
tional map.

Proof. This is [2, Theorem 4.2] O

2.9. Boundedness and foliations. We make note of a simple result on the boundedness
of foliations in families.

We recall that a bounded family of proper normal surfaces is a proper and flat morphism
f:X — T of finite type varieties such that any fiber of f is a normal surface. When T is
smooth (but not necessarily connected), then each connected component of X is normal.

Let X be a normal variety. By a Weil divisorial sheaf X, we mean a sheaf of the form
Ox (K), where K is a Weil divisor on X .

When discussing boundedness for foliated surfaces, we will use the following standard
technical result about families of such pairs.

Lemma 2.22. Let f:X — T be a bounded family of normal surfaces and let K be
a Weil divisorial sheaf on X.
Assume that the following hold:

(1) T is smooth;
2) f:X — T is flat; and
() forallt € T, the restriction K|x, is reflexive.
Then there exists a bounded family of normal surfaces f': X' — T', with T' smooth, and
a rank one foliation ¥ on X' which is tangent to [’ satisfying the following condition.
For all t € T and for any foliation §; on X; of canonical divisor K|x,, there exists

t' € T' such that
X; ~ X;/, ?;|x[, >~ gt'

The lemma follows from hypotheses (1)-(3) and from applying classical results on flat-
ness and base change.
The above result justifies the following definition a bounded family of foliated triples.

Definition 2.23. A bounded family of d-dimensional foliated triples is the datum of a
foliated triple (¥, ¢, I'), where § has rank one, together with a projective morphism f:¥ — T
to a variety of finite type 7" such that

(1) every fiber of f is normal and I" does not contain any fiber of f';
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(2) the singular locus of ¥ intersects every fiber in codimension at least 2;
(3) ¢ C Ty,r;and
(4) forallt € T, (Y;,6;,I';) is a projective foliated triple with dim ¥; = d, where

gt = (glyt)** and Ft = Flyt

We will often use the streamlined notation f: (¥,§,T") — T to denote bounded families
of triples. Given one such bounded family of triples and t € T, we will denote by (¥;, G;, I';)
the projective foliated triple induced on the fiber over the point 7.

We will also say that a collection O of projective d -dimensional foliated triples is bound-
ed (or forms a bounded family) if there exists a bounded family of foliations f:(¥,9.T) - T
such that any triple (X, ¥, A) € D appears as one of the fibers of family given by f.

3. Adjoint MMP

Let X be a smooth projective surface and ¥ a foliation with reduced singularities. Under
this assumption, it is known that we may run either one of a Ky-MMP or a K#-MMP start-
ing at X or at (X, ¥) respectively. The goal of this section is to show that we may also run
a K(x,7,A),e-MMP for € > 0 sufficiently small, see Theorem 3.1. We will show, moreover,
that the singularities that arise in the run of such MMP are relatively mild, cf. Corollary 3.3.

3.1. Running the K(x, % A),-MMP. We start by proving the existence and termina-
tion of the K(x, % A),e-MMP.

Theorem 3.1. Let (X, ¥ ,A) be a projective foliated triple, where X is a surface,
(X, A) is dlt and F is rank one. Fix § > 0. Suppose that A € I N[0, 1 — &], where I C [0, 1]
isaDCC set. Fix0 < € < E(I), where E(I) is as in Proposition 2.17. Suppose that (X, ¥, A)
is (¢, 8)-adjoint log canonical.

Then we may run a K(x,5 A),e-MMP p: X — Y. Moreover, setting

the following properties hold:
(1) (Y, 8,01) is (¢, §)-adjoint log canonical;
(2) (8, I'y.iny) has log canonical singularities and (Y, T') is dlt;
Q) if K(x,7,A),¢ is pseudo-effective, then K(y g 1),e is nef;

4) if K(x,% ,A),¢ is not pseudo-effective, Y admits a fibration f:Y — Z with p(X/Y) =1
and such that —K(y,¢,1),¢ is f-ample.

Proof. First, let us note that Lemma 2.14 (1) implies that (X, ¥, A) is e-adjoint log
canonical; thus, by our choice of €, Proposition 2.17 implies that (¥, A, iny) has log canonical
singularities. We now explain how to run the K(x,# A),e-MMP on X.

If K(x,#,A),e 1s nef, then we immediately stop and define p to be the identity on X; in
this case, properties (1)—(4) are straightforwardly satisfied. Thus, we may and will assume that
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K(x,7,A),e 1s not nef; hence, there exists an extremal ray
Ro C NE(X) suchthat Kx.# a)e-Ro <O0.
Since, by definition, K(x,# A),e = (Kg + Ap.iny) + €(Kx + A), then
either (K¢ + Apiny) - Ro <0, or (Ky +A)- Ry <0O.

We shall consider the two cases separately.

(1) (K¢ 4+ Ajn.ny) - Ro < 0: then Ry is spanned by the class of an # -invariant rational curve
Co, [25, Theorem 6.3]; moreover, Theorem 2.8 shows that R can be contracted.

(i) (Kx + A) - Rp < 0: then Rg can be contracted by the classical version of the Cone and
Contraction Theorem, e.g., [15, Theorem 3.7].

We denote the contraction constructed in (1)/(ii) by p1: X — X;. If both
(K¢ + Apiinv) - Ro <0 and (Ky + A)- Ry <0,

then the contraction p; is independent of the choice of (i)/(ii) because the contracted curves
coincide.

If dim X; < dim X, then we stop and take p to be the identity again. In this case, then
K(x,7 ,A),e 1s not pseudo-effective since R is contained in the cone of movable curves of X,
as the fibers of p; move and their classes all lie in Ryp.

If dim X; = dim X, then p; is birational and we set

F1:=p1xF . A1 = pr£A.

Lemma 2.16 implies that (X1, #1, A1) is (€, §)-adjoint log canonical.
Claim. If p; is birational, then (X1, A1) is dlt and (F1, A1 p-iny) is log canonical.

Proof of the claim. We first deal with the singularities of (X, Aq). If p; is obtained
via (ii), then the conclusion follows at once from the negativity lemma since (X, A) is dlt and
o1 is a (Kx + A)-negative contraction. Hence, we can assume that p; is a (K¢ + Ajyiny)-
negative birational contraction. Denoting by Cy the rational invariant curve contracted by pj,
then ¥ is canonical in a neighborhood of Cy by Lemma 2.7, and the conclusion then follows
from Remark 2.9 since p; is a (Ky + A + Cp)-negative contraction and the pair (X, A + Cp)
is dlt. To show that (F71, A1 n-inv) is log canonical, it suffices to apply Lemma 2.17 since
(X1, #1, Aq) is (€, §)-adjoint log canonical. m]

We may then substitute (X, ¥, A) with (X1, 1, A1) and repeat the above process. We
therefore obtain a sequence of contractions

(3‘1) X =: X, p1 X, 02 Pi X; Pi+1

We set, inductively, ; := pj«F;—1 and A := pj«A;_1. Ateach step, p; contracts an extremal
ray R;j 1 C NE(X;_1) having negative intersection with Kx;,_\,%,_1,A;_1).e- Since X is
a projective surface, X; is projective as well for all j. Since the Picard number of X; decreases
at each step, the above sequence of contractions cannot be infinite. Hence, there exists n € N
such that



Spicer and Svaldi, Effective generation for foliated surfaces 19

(a) either K(x,,,%,,A,),e 1s nef,

(b) or there exists a K(x,,,#,.A,),e-negative extremal ray R, C NE(X},) whose contraction
induces a fibration X, — X, 41 with dim X, > dim X}, 41. Thus, K(x,,,#,,A,),e 18 not
pseudo-effective since R; is spanned by curves that move in X,.

In both cases (a), (b), weset Y := X, and p = py—1 © pp—2 ©0--- 0 p3 © p1, and in case (b), we
set Z := X, 4+1. We are then ready to prove the four statements of the theorem.

(1) The conclusion follows inductively from Lemma 2.16 since, at each step of (3.1), p;
contracts the K(x;_, #;_,,A,_,),e-negative extremal ray R;_j.

(2) As (Y,8,A)is (e, 8)-adjoint log canonical by (1), Lemma 2.14 (1) implies that it is also
€-adjoint log canonical; thus, by our choice of €, Proposition 2.17 implies that (§, I';;iny)
has log canonical singularities. The conclusion on the singularities of (¥, I") follows
applying inductively the same proof as that of the claim.

(3) If K(x,%.,A),e is pseudo-effective, then K(x;,#;,A;),e is also pseudo-effective for all
J =1,....nsince K(x; 7, A,),e 18 the pushforward of K(x,_,,%,_1,A;_),e- Hence, the
sequence of contractions in (3.1) must conclude with case (a) above.

(4) If K(x,#,A),¢ 18 not pseudo-effective, then also K(x;,#;,A),¢ i not pseudo-effective for

all j = 1,...,n by the negativity lemma. Hence, the sequence of contractions in (3.1)
must terminate with (b) above. By [15, Corollary 3.17] and Theorem 2.8, we then have
p(Xn/Xn41) = 1. o

Exactly as in the classical case, the proof of Theorem 3.1 can be adapted to yield a proof
of the following relative version of the statement. The interested reader can find a detailed
explanation of how to reduce from the MMP on a projective variety to the relative case in
[15, §§3.6-3.7].

Corollary 3.2. Let (X, ¥, A) be a foliated triple, where X is a surface, (X, A) is dlt
and ¥ is rank one, and let w: X — S be a projective morphism. Fix § > 0. Suppose that
AelNn0,1—246], where I C[0,1] is a DCC set. Fix 0 < € < E(I), where E(I) is as in
Proposition 2.17. Suppose that (X, ¥, A) is (¢, §)-adjoint log canonical.

Then we may run a K(x,# A),e-MMP relative over S,

X —* Ly

\ /
S
Moreover, setting § := p+F, I := p«A, the following properties hold:
(1) (Y,§,1) is (e, 8)-adjoint log canonical.
(2) (8, Uyoiny) has log canonical singularities and (Y, ') is dlt.
Q) If K(x,7,A),¢ is pseudo-effective over S, then K(y g 1),e is nef over S.

4) If K(x,7,A),e is not pseudo-effective over S, then Y /S admits a fibration f:Y — Z
over S with p(X/Y) = 1 and such that —K(y,g,1),¢ is f-ample.

When running the adjoint MMP, we have precise control of the singularities of the
underlying surface, as the following corollary shows.
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Corollary 3.3. Fix a positive real number § and a DCC set I C [0, 1]. Fix a positive
real number € < E(I), where E(I) is as in Proposition 2.17.

Let (X, ¥, A) be a projective log smooth foliated triple, where X is a surface and ¥ is
rank one. Assume that A € I N[0,1 —38]. Let p: (X, F,A) = (Y, 5,0 := pxA) be a (finite)
sequence of steps of the K(x, % A),e-MMP. Then (Y, ©) has n-lc singularities, where 1 = le—fe

Proof. We argue by induction on the number n of steps of the K(x A ) -MMP that
compose p,

P1 P2 Pn—1 Pn
X()I=X X1 Xn—l Xn=Y, p=pPp0O--+0pP]1.

We denote inductively, F; := p; «Fi—1, Fo :=F, A; :=pi x Ai—1, Ag := A. Since (X,A,F)
is log smooth and A € [0, 1 — §], then (X, A) is 6-lc. As for § > 0,6 > n = 1+e’ the case
n = 0 is trivially settled. Hence, we will assume that n > 0. Moreover, the above observation
implies that it suffices to show that (Y, ®) is n-Ic at all P € Y at which p~! is not an iso-
morphism, i.e., P € p(exc(p)). We fix one such point, and we distinguish two cases based on
whether or not P is a point at which (&, ®_iny) is terminal.

Case 1. P is terminal for (§,©,.ny). Let L be the unique germ of a leaf through P
and let £ be the union of the curves E; contracted by p to P with the reduced structure. The
E; are all ¥ -invariant since § is non-dicritical. Hence, p;lG)n inv = Apnoiny. Moreover, near
every point of E N sing(¥), we know that ¥ admits a holomorphic first integral. Thus, by
[5, Lemma 2.16], Ky + /t),k_l(@n_an + L) + E is p-numerically equivalent to K¢ + Aj_iny
over a sufficiently small neighborhood Up of P € Y. Moreover, ® iy + L > ©, as L is the
unique leaf of ¥ through P. Writing A = p;'® + Y a; E;, then a; < 1 — § by assumption
and K(x,# A),e is p-numerically equivalent over Up to

(Kx + 3" Onoiny + L) + E) + 6(KX +0.'0 + ZaiEi)

1 1+6a
= () (Kx + 1 (7 Onim + L)+ €031 ©) + 3 - £ ).

Since, for all 7,
(P Oniny + L) + €p; ' ©) - E; = (1 + €)(p,,'©) - E;

and the support of L is not contained in E, it follows that, over Up, p coincides with a run of
the (Kx + p3'®@ + 3 1+€a’ E;)-MMP. As (X, p;1©® + Y E;) is log smooth by assumption,

(X, p;1©®) is §-lc by assumptlon and lrjg’ < Hfg_le 9 then
1 1+ e€a; 1 1
Kx +p; 0+ 3 - Er <Ky +p,'0) + (L= n)(Kx + 5,10 + 3 Ei)

for n:= 1 + <. Thus, the pair (Y, ®) is n-lc since it is the outcome of a run of the MMP over
Up for the n-lc pair (X, p; 10 + Y 14 By,

Case 2. P is not terminal for (§,®y.ny). By the inductive hypothesis, we can assume
that (X,—1, Ap—1) is n-lc. Moreover, we can assume that the step p,: X,—1 — Y is the con-
traction of a K(x,_,,%,_1,A,_),e-negative rational curve C,_1 with p,(Cp—1) = P.If py is
a (Kx,_, + A,—1)-negative contraction, then the proof terminates. Hence, we can assume that
pn is a (K, _, + A,—1)-negative contraction. This leads to an immediate following contra-

diction, by the next claim.
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Claim. Ifpy isa (Kg,_, + Ap—1)-negative contraction, (§, Op_iny) is terminal at P.

Proof of the claim. By Lemma 2.7, (¥,—1, Ap—1) is canonical at any point Q € X,,_;
such that p, (Q) = P since pj, is birational. The negativity lemma readily shows that the ter-
minality of (§, ©,_,y) at P follows from the hypothesis of the claim, cf. [15, Lemma 3.38].

|

This concludes the proof. ]

We can also show that (e, §)-adjoint log canonical models exist in the projective category.

Corollary 3.4. Set up as in Theorem 3.1. Suppose in addition that (X, A) is kit and that
K(x,7 ,A),e is big. Let (Y, §,1") be the output of a run of the K(x,% A),e-MMP starting on X.
Then there exists a birational contraction

p (Y’ g’ F) — (Ycan» gcan’ Fcan)
such that
(1) Yean is projective;
(2) K (¥, G, Tean),€ 18 an ample Q-Cartier divisor;

(3) (Ycan, Gcan» Lean) has (€, 8)-adjoint log canonical singularities;

€s
1+€-

(4) Ycan has n-lc singularities where n =

Moreover, Yoy is uniquely determined.

Proof. First, note that (Y, &, I") has (¢, §)-adjoint log canonical singularities.

Let C C Y be a curve with K(y,g, 1), - C = 0. Since K(y,¢.1),¢ is nef and big by con-
struction, then C2? < 0 by the Hodge Index Theorem. There are three possibilities at this
point:

(1) (Kﬁ + 1—‘n-inv) -C <0,
(i) (Ky +T)-C <0,or
(iii) (Kg + Fneiny) - C = (Ky +T)-C =0.

In case (i), (¥, [y.inv) has canonical singularities in a neighborhood of C, as otherwise C would
move, cf. the proof of Theorem 3.1; thus, we may contract C by a (Kg + I';.inv)-negative
contraction. In case (ii), we may contract C by a (Ky + [')-negative contraction. In case (iii),
we perform a (Ky + I' + 1C)-negative contraction for some ¢ > 0 sufficiently small, which
does not constitute a problem since we are assuming that (X, A) is kIt to start with. In any case,
we obtain a morphism p’: Y — Y’ which contracts C to a point. Then (Y, p, g, p.T) is still
(€, 8)-adjoint log canonical, and the argument in Corollary 3.3 works equally well here to show
that Y/ has n-Ic singularities.

Repeating this process, we will eventually terminate in model (Yp, %o, ['g) such that
K(vy,40.T0),e - C > 0 for all curves C, and hence K(y,, g,,ro),e 1S ample. That immediately
implies the final part of the statement of the corollary, as (p o p)*K(y,,€,.T),e realizes the
positive part of the Zariski decomposition of K(x,# ), which is uniquely determined. |

Remark 3.5. Analogously to Corollary 3.2, also Corollary 3.4 has a relative version
with respect to a projective morphism 77: X — S.
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Following the notation of Corollary 3.2, we assume in addition that (X, A) is kit and that
K(x,7,n),e is big over S. Denoting (Y, §,I") be the output of a run of the K(x,# A),e.-MMP
over S, starting from X, there exists a birational contraction p: (Y, 9,T") = (Yean, Gcans Lcan)
such that

(1) Yean is projective over S;
(2) K(v.,,,6ean.Teun),e 18 an ample Q-Cartier divisor over S;

(3) (Ycan, Scan» Lcan) has (€, §)-adjoint log canonical singularities;

(4) Ycan has n-Ic singularities where n = %

Moreover, Ycan/S is uniquely determined.
The last corollary motivates the following definition of an ample model.

Definition 3.6. We say that (Ycan, Gcan» Lcan) 18 the (€, §)-adjoint log canonical model
of (X, ¥, A) (or the e-adjoint canonical model when A = 0).

Corollary 3.4 marks a notable difference with the theory of the MMP for the canoni-
cal divisor of general type foliations with canonical singularities. We recall that the canonical
model of a surface foliation, in the sense of [20], is not necessarily projective, owing to the
presence of cusp type singularities arising from the contraction of elliptic Gorenstein leaves
(e.g.l.s) to points. We emphasize that the e-adjoint canonical model, by contrast, is always
projective and does not contract any e.g.l.s to points.

4. A bound on the pseudo-effective threshold in the big case
The goal of this section is to prove the following.

Theorem 4.1. Fix a DCC set [ C [0, 1]. There exists a positive real number T = t(I)
satisfying the following property.

If (X, ¥, A) is a projective log smooth triple such that X is a surface, ¥ is rank one,
K& + Apiny is bigand A € I, then K(x 7 A),c is big.

4.1. Outline of the proof of Theorem 4.1. We divide the outline of the proof into steps.

Step 0. As a preliminary step, we show that we may freely assume that A has coefficients
in some fixed finite subset J C I (Proposition 4.6).
For ease of exposition, we will assume that A = 0 for the remainder of the proof sketch.

Step 1. Fix some 0 < t < E(I), where E(I) is the constant given by Lemma 2.17. If
K(x,7),z is pseudo-effective, then we are done. Thus, we may assume that K(x, #),; is not
pseudo-effective.

Step 2. Assume for the moment that there exists a bounded family 9t such that, for
every (X, ¥) with K(x,#),. not pseudo-effective, there exist (Z, §) € M and a birational mor-
phism (X, ) — (Z,9). Assume moreover that Z is smooth at all the strictly log canonical
singularities of §.



Spicer and Svaldi, Effective generation for foliated surfaces 23

By boundedness, we may then find a t” (independent of (Z, §)) such that K(z g),’ is
pseudo-effective.

In general, (Z,%) may not be t’-adjoint canonical, and so we cannot lift sections to
(X, ). However, if (Z,§) is not t’-adjoint canonical using some computations from [23], see
Lemma 4.2, we show that the eigenvalues of the singular points of § belong to a finite set. In
particular, it follows that we may resolve the log canonical singularities of & in a bounded way.
Repeating the argument and using Noetherian induction allows us to conclude. This is achieved
in Proposition 4.3.

Step 3. 'We may run an adjoint MMP which terminates in a foliated pair (Z, §), where
Z is a Fano surface with n-Ic singularities, where > 0 depends only on 7 and J . In particular,
(Z,9) belongs to a bounded family. If we can arrange it so that Z is smooth at all strictly log
canonical singularities of ¢, then we are done by Step 2; this is done in Proposition 4.5.

Step 4. Finally, we show that we may modify our family (Z, §) so that the condition that
Z is smooth at all strictly log canonical singularities of ¥ holds (this is done in Lemma 4.4).

4.2. Proof of Theorem 4.1.

Lemma 4.2. Fix positive real numbers €', 8. Then there exists a finite set A C N x N
depending only on €’ such that the following holds.

Let (0 € C?, %) be a germ of a rank one foliation such that ¥ has log canonical singu-
larities, but is not (¢, §)-adjoint log canonical. Then Ty is generated by a vector field of the
Jorm px% + qy%, where (p,q) € A.

Proof. Observe that ¥ is strictly log canonical at 0, and so T is generated by a vector
field of the form px% +q y%, where p, g are positive co-prime integers. Let [u1, ..., uy] be
the continued fraction representation of p/gq.

Next, observe that % is not €’-adjoint canonical. It follows by combining [23, Corol-
lary 4.10] — keeping in mind the slight difference of notations, Remark 2.13 — and [23, Lem-
ma 4.7] that

1 k
o > Zui,
i=1

which implies that & and u; are bounded in terms of €’. Hence, p/q can take on only finitely
many values, depending only on €’. |

Proposition 4.3.  Fix a finite subset J C [0, 1) and a real number € > 0. Let ® be a col-
lection of projective foliated log smooth triples (X, ¥, A) such that X is a surface, ¥ is rank
one, A = Ap.iny, A € J and K¢ + Apiny is big. Suppose that there exists a bounded family
of 2-dimensional foliated triples

(4.1) [ ¥8r)—>T

such that, for all (X, ¥ ,A) € D, there existst € T such that
(1) there exists a contraction t;: X — Y, and §; = 71 F, I't = w4 5 A;

(2) Kx,7,0) e =7, Ky, g,1,),e + Eec, where E¢ > 0;
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(3) Y; isklt, (§;,1;) is log canonical and Kg, + Iy is big;
@) (Y:,1y) is log smooth at all strictly log canonical points of (§;, T'y).

Then there exists a positive real number 19 = to(J, €) such that, for all 0 < " < 1o and all
(X, F,A) € D, Kx,7,a),v is big.

Proof. By boundedness of the family in (4.1) and by (3), there exists 7o < € such that,
forall 0 <s <7pand all t € T, K(y,,¢,,1,),s is big. For a foliated triple (X, ¥,A) € D,
a point # € T as in the assumption of the proposition and A € R>, we define the effective
divisors Ey 4, F ; by

EAJ - Fkat = K(XafaA)aA' - T[*K(y[’gtar‘l)ak’
where we assume that no prime divisor on X appears in the support of both £} ;, F ;. Assump-

tion (2) implies that Fe ; = 0; moreover, if Fz ; = 0, then K(x # a)z, is big.

Claim 1. Fix (X,¥,A) € D andt € T as in the statement of the proposition. Assume
that Fz, ; # 0. Then there exists a strictly log canonical singularity of G, at which (Y;,§;,T';)
is not Ty-adjoint canonical.

Proof. By item (2) and since Fz,; # 0, there must exist a prime divisor C C X that is
m-exceptional and such that, for ac := uc A,

a(C, 5, 1) +€a(C,¥Y;, Ty) > —((C) + €)ac,
a(C, 8, T;) +79a(C,Y;,T;) < —((C) + Tp)ac.

Hence, a(C,§;,I'y) <0 and ((C) = 1, C is a strictly log canonical place of (§;, I';), with

center P on ¥, and a(C, G;,I';) = —1, as otherwise §; would be non-dicritical at P contra-
dicting that a(C, G;,T;) < 0. Moreover, P ¢ supp(I'y) and &, is not Typ-adjoint canonical at P.
o

Consider the following subset Zo C T':

(4.2)  Zo:={t' € T | there exists a strictly log canonical center P" € ¥,/
for §; at which (Y, G/, T'y) is not Tp-adjoint canonical. }

By Lemma 4.2 and item (4) in the hypotheses of the proposition, the eigenvalues of §;/ at
a point P’ € Y, as in (4.2) belong to a finite set; thus, Zo C T is a Zariski closed subset —
with possible equality.

Given (X, ¥, A) € D such that, for the foliated triple (¥, §;, I't) associated to it, we
havet € T \ Zo, then Fz,; = 0 and, forall 0 < s < 7o, K(x,#,A),s is big.

Up to stratifying Zy into a finite disjoint union of locally closed set, we may and will
assume that Zg is the union of finitely many (disjoint) smooth irreducible components. We
denote by f: (¥,€,T) — Zj the restriction of (¥,¢,T) to Zo.

Claim 2. There exists a surjective morphism e: Zy — Zg finite onto its image and
a bounded family of foliated triples fo: (Y°,6°,T°) — Z, such that

(i) for any t' € Z),, there exists a morphism jis:: Zy?, — Ye(sr) which is a foliated log reso-
lution in a neighborhood of any point of Yy at which (Ye(ry. Te(ry) is not To-adjoint
canonical;
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(i) if (X, F, A) corresponds to (Y:,6:,1't), t € Zy as in the statement of the proposition,
then we may assume there exist t' € e~1(t) and a morphism vy X — Y9

t/)
(iii) with the notation of item (ii), then F?, = vy, (Zy?,, ﬁto,, F?,

all log canonical centers of (ﬁto,, Fto/), and thO/ + F?/ is big.

) is To-adjoint canonical at

Moreover,
4.3) K(x,7,A)e = vi K©9.601%.¢ + Eqe.

with Et,e > 0.

Proof. Passing to a stratification into locally closed subsets and a finite cover of Zy, we
may assume that the Zariski closed set S’ defined by

S'i={se¥y| (?7(2, FT(Q) is strictly log canonical at s € ¥ 7y
and (Y7 (5). 97 () Ff(s)) is not Tp-adjoint canonical at s}

is flat over Zo, all fibers of f|s/: S’ — Zg are everywhere reduced and the ratio of the eigen-
values of § 7 (s) at s is constant on the components of S’. The last claim is a simple consequence
of Lemma 4.2. Analogous reasoning shows also that there exists an upper bound on the number
of strictly log canonical singularities of (§,, T';) independent of ¢.

Each of the log canonical foliated surface singularities parametrized by S’ admits a foli-
ated log resolution by a bounded number of blow ups, and the bound on the number of blow ups
depends only on Ty, as shown in Lemma 4.2 and its proof, since such singularities are not Ty-
adjoint canonical. Moreover, as the ratio of the eigenvalues of ?7(3) at s is constant on the
components of S/, we can perform these blow ups in family and, thus, obtain a bounded family
of 2-dimensional triples

¥, ¢, (1);'T) & Y.6.T),

Zo

where 1 is the partial resolution whose construction we just explained and ¢’ := u~1¢. More-
over, possibly passing to a stratification of Zy into locally closed sets, and a finite covering of
the irreducible components of the stratification, we may assume that, for any ¢ € Zy, there
exists a 1-1 correspondence between the irreducible components of the exceptional locus of u
and those of u;, over the irreducible component of Zy containing ¢; moreover, we can assume
that if E’ is a u-exceptional prime divisor, then ¢(E}) = «(E’) for any ¢ contained in the image
of E’. Let us denote by {E1,..., E,} the u-exceptional divisors that are not §’-invariant. We
define W := J U {0}. We define Z(, := |_|(,, .. 4, ewr Zo and e: Z — Zo to be the identity
on each copy of Z contained in Zj. Then we define

.
Y0, 6% 1% := |_| (y’,g’, (wHF'T + ZaiEi).
(ay,....ar)EW?” i=1

The morphism f’ induces a morphism fo: (¥°,6°, ') — Z/, which yields a bounded family
of 2-dimensional foliated triples.
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To prove items (ii)—(iii), let r: X’ — X resolve the indeterminacies of the rational map
X --> Y2 so that
X' F=r"'F A =r]1A)
is foliated log smooth. We denote by v}: X’ — Y2 the induced morphism. If K(x’.#.a%) is
big, then K(x,# ), is big. Moreover, for any 7 > 0, we may write

Kx' 7', =r*Kx,7,0): + G1,

where G; > 0; thus, we are free to replace (X, ¥,A) by (X', ', A’) in the statement of
the proposition. By construction, m;4+A = I';. Since A € J and A’ = r ' A, we then have
(v}, A" — u;ITy) € W, and its support is contained only on ji;-exceptional components that
are not §’-invariant, by the definition of triples in ©; thus, there exists (ay, ...,a,) € W’ such
that v}, A" — ()1 = Y, a; E; ;. This completes the proof of items (ii)—(iii).

We now prove (4.3). Away from vt_l(exc(ut)), this is clear; thus, let ¥ be a connected
component of exc(uy) and let P := u,(X). Since P is a strictly log canonical singularity of &;,
P is not contained in the support of I';. Moreover, by Lemma 2.6, there is exactly one divisor
contained ¥ which is transverse to §2. Hence, in a neighborhood of X, T'? is supported on at
most 1 curve. Since (Y2, 82, T'?) is foliated log smooth in a neighborhood of X, it follows that
(Y2, 62, T?) is in fact e-adjoint canonical for all € > 0. m

By boundedness of Zj, there exists 71 < 7o such that, for all # € Z{, K(y0 g0 r0) 7, is
pseudo-effective. Let Z] C Z be the Zariski closed subset

Zy = {t' € Z| | there exists a strictly log canonical center P' € Zy?,
for 0 at which (Y%, 69, T'9) is not 7; -adjoint canonical}

We may then repeat the above argument with Z7, and we define Z; := e(Z1). Iterating
this process, we produce a decreasing sequence of Zariski closed subsets Z; & Z;_1 of T and
a decreasing sequence of positive real numbers 0 < 7; < 7;—1 such thatif (X, ¥, A) € © and
the corresponding point # € T given by the proposition satisfies t € Z;_1 \ Z;, then we have
that K(x,# ),z 1s big; moreover, the foliated surface triples parametrized by points of Z;
admit a log canonical singularity which is not 7; 1 -adjoint canonical.

This process must eventually terminate since, at each step of the process, we reduce
the number of strictly log canonical singularities on a foliated surface triple appearing in the
fibers of our family. Hence, we must eventually obtain that, for some n > 0, Z, = @ and
Kx,7,n)7,_, is big for all (X, ¥, A) € ©. Hence, we set 7 := Tp—1. m|

Lemma 4.4. Let h:(Z,£,E) — T be a bounded family of 2-dimensional projective
foliated triples (Z;, £, E;). Assume that, for all t € T, B¢ piny = E; and (£, B;) is log
canonical.

Passing to a stratification of T into locally closed sets, and a finite covering of the
irreducible components of the stratification, there exists a bounded family of 2-dimensional
projective foliated triples j:(¥,5,1) — T and a birational morphism over T, g:¥Y — Z,
such that, forallt € T,

(1) gl‘ = g_lit and Ft = g;lgt;

() (Y:,Ty) is log smooth in a neighborhood of g7 (P), where P is a strictly log canonical
point of (£¢, E¢);
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(3) g only extracts divisors of discrepancy (resp. foliation discrepancy) at most O (resp.
equal to —(E));

(4) any foliated log resolution t;: Z; — Z of (Z:, £+, B;) factors as

7[ —)Yl LZ;

T

Proof. Fixt € T and let P € Z; be a point, where (£;, E;) is strictly log canonical.
Thus, P ¢ supp(E;) and £; is strictly log canonical at P. By Lemmata 2.10 and 2.11, there
exists a resolution g;: Y — Z; by blowing up Z; in &£;-invariant centers. These blow ups
only extract divisors of foliation discrepancy equal to —t(E); taking g; to be a minimal log
resolution of Z; around P, g; only extracts divisors of discrepancy at most 0. Thus, items
(2)—(4) are satisfied.

Substituting 7" with a stratification and taking finite covers of components, the mini-
mal resolutions g;:Y; — Z; fit together in family to form a bounded family j:¥ — T of
resolutions g: ¥ — Z such that g|y, = g;. To conclude, it suffices to define § := g &,

1~

=g, &. o

Proposition 4.5. Let J C [0,1) be a finite subset. Let Dy be the set of all triples
(X, F, A) such that

(1) (X, F,A)is a projective foliated log smooth triple, X is a surface, ¥ is rank one,
2) Apoinwy = A € J, and
(3) K# + Aniny is big.

Then there exists 1o = to(J) > 0 such that, for all 0 < € < t and any triple (X, ¥ ,A) € Dy,
Kx,7 ,A),e is big.

Proof. Fix € := min{min; ¢y % E(J)}, cf. Lemma 2.17 for the definition of E(J).
Clearly, €9 < E(J).

Fix (X,¥,A) € ©y.As Jisfiniteand 1 ¢ J, there exists § = §(J) := 1 —max J such
that J/ C [0,1 — 4] and (X, ¥, A) is (e, §)-adjoint log canonical for all € > 0, cf. Lemma 2.15.
If K(x,7,A),¢ 18 pseudo-effective, then there is nothing to show; hence, we may assume that
Kx,7 ,A),e, 18 not pseudo-effective.

Let p: X — Z be arun of the K(x,# A),¢,-MMP which exists and terminates by Theo-
rem 3.1. We set B := p;«A and &£ := p;+«F . By Theorem 3.1, as K(x,#,A),¢, is not pseudo-
effective, Z is endowed with a Mori fiber space structure with respect to K(z, ¢, 5),¢, 1.€.,
there exists a contraction ¥: Z — B withdim Z > dim B, p(Z/B) = 1 and —K(z,¢,5).¢, 15
Y -ample. Moreover, the following properties hold.

(i) Z has n-Ic singularities for 0 < n = 1:950 , see Corollary 3.3. Here we need that 1 ¢ J to
conclude that n > 0.

(i) Kz + E is not pseudo-effective: it is antiample over B.

(iii) K(z,#.8),¢, 1s antiample over B. Hence, it is not pseudo-effective on Z. The same holds
for K¢ + €9Kz.
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(iv) Kx,7,A)e0 = P*K(z,£,8),¢0 + E, where E > 0.
(v) (£, E¢,p-inv) is log canonical.

All of these claims are direct consequences of the negativity lemma and Theorem 3.1, Corol-
lary 3.3. We can also show that the geometry of Z is rather restrictive.

Claim 1. Z is a Fano surface and p(Z) = 1, i.e., dim B = 0.

Proof of Claim 1. If dim B > 0O, then B is a curve. Let F' be a general fiber of y:
F is rational since v is a Mori fiber space. Then F is not £-invariant for the foliation as
(Kg 4+ E) - F > 0 by the bigness of K¢ + E; thus, (K¢ + E) - F > jo, where jo = min J,
and (Kz + E) - FF > —2. Since ¢¢ < ]70 by definition, then K(z ¢,5).¢, - F > 0. On the other
hand, by item (iii), K(z,¢£,%),¢, - I < 0, which leads to the sought contradiction. O

Let ® ¢, Fano be the set of foliated triples (Z, £, E) that appear as final outcomes (i.e.,
Mori fiber spaces) in a run of the K(x,#,A),e,-MMP for (X, ', A) € ®; with K(x,% A).¢
not pseudo-effective. Claim 1 readily implies the following conclusion for O j ¢, Fano-

Claim 2. ;¢ Fano forms a bounded family.

Proof of Claim 2. For any triple (Z, £, E) € Dy rano, (1) above implies that Z is n-Ic
for some fixed n > 0. By [1, Theorem 6.9], n-lc Fano surfaces form a bounded family. Thus,
for any triple (Z, £, E) € D Fano, there exists t = #(n7) € Nxq such that —#Kz is very ample.
Furthermore, (ii)—(iii) imply that

(44) 0<8-(-Kz) <—K}, —B=Kg<—Kz.

Hence, (Z, E) belong to a bounded family as & € J (and J is finite) and deg_, g, & < —1K %
Moreover, thanks to the fact that K¢ is Weil and by (4.4), then the triples (Z, B, Oz(K<¢))
belong to a bounded family. Possibly stratifying 7 into a disjoint union of locally closed subsets
(which does not alter boundedness), we may assume that items (1) and (2) of Lemma 2.22 are
satisfied. By [12, Théoréme 12.2.1 (v)], possibly after further stratification of the base, we may
assume that item (3) holds as well. We may then apply Lemma 2.22 to conclude. O

Given (Z, &£, E) € Dy ey,Fano> by Lemma 4.4, we may find a partial resolution g: Y — Z
together with a morphism 7: X — Y such that

(a) (Y,T) is log smooth near all strictly log canonical singularities of &, where I' := . A
and § = . F;

(b) g only extracts divisors E witha(E,Z,E) <0anda(E, £, E) = —t(E); in particular,
there exists a g-exceptional divisor F' > 0 so that K(y g 1).¢, + F = £ (K(z,£,8),¢):

(¢) (¢,T) islog canonical (this is a direct consequence of item (b)) and K¢ + I is big;
(d) (Y,T)is log smooth at all strictly log canonical singularities of §; and,

(e) if (X,¥F,A) € Dy, then Z is a Mori fiber space obtained from a run of a K(x,# A),eo-
MMP and there exists a contraction 7: X — Y.
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Furthermore, by Lemma 4.4, the collection Dy ¢, Fano,res Of all triples (Y, 9, T") as above is
bounded. Thus, there exists a projective family of foliated triples f: (¥, &y, 'y) — T over
a base of finite type 7" such that §y is tangent to f, and for any triple (¥, §,I") € Dy ¢, Fano,ress
there exist # € 7" and an isomorphism ¥: Y — ¥; with Y. I" = I'; and ¥»§ = Gy ;.

The conclusion of the proof then follows from the next claim.

Claim 3. Tuaking € = €o, we can apply Proposition 4.3 to © = Dy and to the family
f:(¥Y, 8y, I'y) > T.

At this point, we can conclude by defining 79 to be the number that Proposition 4.3
produces in the set-up of Claim 3.

Proof of Claim 3. 1t suffices to show that all the hypotheses (1)—(4) of Proposition 4.3
are satisfied.

Item (1) is (e) above. Item (3) follows from (a) and (c) above. Item (4) is (d) above. Thus,
we are left to show that item (2) holds.

Fix (X, ¥,A) € Dy,andlet (Y,9,I") € Dy ey, Fano,res be a triple obtained as the resolu-
tion of a Mori fiber space outcome of the K(x,# A),e,-MMP. We adopt the same notation as in
the previous part of the proof.

Suppose first that every component of exc(g) is §-invariant. In this case, by (b) above,
(Ky +T)+ F=g"(Kz+ E)and (Kg + ') = g*(Kg + E), where F > 0. In particular,
Kx,7,0) 60 = T K(v,9.T),e0 + E, where E > 0.

So suppose that some component of exc(g) is not §-invariant. Let C be one such compo-
nent and let P = g(C). Note that P is a strictly log canonical singularity of (£, E), and so P is
not contained in the support of &. By Lemma 2.6, C is the unique non-invariant g-exceptional
divisor mapping to P. Thus, in a neighborhood of g~ (P), we see that I is supported on at
most one divisor. Note that, in this neighborhood, the support of I' must be smooth; indeed, we
know that (¥, C) is log canonical, which implies that C is necessarily smooth. It follows that
(¢,T) and (Y, T") have canonical singularities, and so (Y, ¥, ') is e-adjoint canonical for all
€ > 0; in particular, it is €g-adjoint canonical. |

This completes the proof of the proposition. m|

Proposition 4.6. Let I C [0, 1] be a DCC set. Then there exists a finite subset

J C(uUd)\{1}
with the following property.
Let (X, ¥, A) be a projective foliated log smooth triple such that X is a surface, ¥
is rank one, K¢ + A is big and A € I. Then there exists A’ < A with A’ € J such that
K¢ + A is big.

Proof. 1If A = 0, then there is nothing to prove since K # is big in its own right. Hence,
we may assume that A # 0. If K¢ is pseudo-effective, then the result is straightforwardly true.
In fact, since I is a DCC set, then 7 \ {0} admits a minimum; call it i1. It then suffices to take
J = {i1}: indeed, writing A = ), up, Dy the decomposition into prime components, then
for A":=3 4 i1Dg, 0 < A" <A, A" € J and K¢ + A’ is big. Hence, we may assume that
K ¢ is not pseudo-effective.
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We first claim that there exists a finite set J C (/ U &)\ {1} such that if (C,®) is
a log canonical pair on a smooth curve with K¢ + ® ample and ® € I, then there exists
®' < O with ® € J so that K¢ + ©’ is ample. Indeed, by [14, Theorem 1.3], there exists
an m, depending only on I, so that the map induced by |m(K¢ + ©)| = ||[m(Kc + ©)]] is
birational. For all 1 < k < m, we set

Jm min{( US) N [EL )V iprus)n[EL L] £,
1 otherwise.

When (7 U8)N[EL K12 g then min{(J U 8) N [E-L, K1) is well-defined since 7 U 8
satisfies the DCC. Then it suffices to set J := {J; | | <k < m} and observe that J satisfies
all our required properties. When / = {1}, we cannot just work with 7, but we really need to
work with the set (/ U §) \ {1} to guarantee that J C [0, 1).

By [3], ¥ is uniruled; moreover, since # has canonical singularities, then there exists
a morphism X — B inducing F. Let C be a general fiber of X — B, and set ® := A|c.
Thus, we may find A’ < A with A’ € J such that A’|¢c = ©'.

We claim that K¢ + A’ is pseudo-effective, from which we may conclude. To see the
claim, observe that if K¢ + A’ is not pseudo-effective, then X is covered by (K¢ + A’)-
negative rational curves tangent to the foliation, see Theorem 2.8. However, by construction,

K¢ + A’ is positive on a general rational curve tangent to . O

Corollary 4.7. Fix a DCC set I C [0,1]. Let (X, ¥, A) be a projective foliated log
smooth triple such that X is a surface, ¥ is rank one, K¢ + Ay_iny is big and A € 1. Then
there exists a positive real number T = t(I) such that, for all0 < € < t, K(x,#,A),e is big.

Proof. We may assume without loss of generality that A = A, j,y. By Proposition 4.6,
we may assume without loss of generality that there exist a finite subset J C (/ U &) \ {1}
and A’ < A such that A’ € J such that K¢ + A’ is big. We may then conclude by Proposi-
tion 4.5, defining 7 := min(zo(J), E(I)), where to(J) is the positive real number produced
by Proposition 4.5 and £ = E (/) is the positive real number defined in Proposition 2.17. o

Corollary 4.8. Fix a DCC set I C [0, 1]. Then there exists a positive real number
t = t([) such that, for all 0 < € < 1, the following statement holds.

Let (X, % ,A) be a €-adjoint log canonical projective foliated triple such that X is
a surface, K¢ + Ayiny is big and A € 1. Then there exists an integer M = M (€) for which
IMK (x,7.A),| defines a birational map.

Proof. We define t := t(/), where t(/) is the positive real number produced by Corol-
lary 4.7.

Fix 0 < € < t and a projective foliated triple (X, ¥, A) satisfying the hypotheses of the
statement. As € < E (1) by construction, cf. the proof of Corollary 4.7, Proposition 2.17 implies
that (¥, Aj,.iny) is log canonical. Let p: X’ — X be a foliated log resolution of (X, ¥, A) and
let 7' := p~ 1%, exc(p) := Eand I' := p_'A + E. Since

Kz 4+ Thiiny = P*(Kf' + An-inv) + F,

where F > 0, then K¢/ + T'y.iny is big. Moreover, K(x’, %' 1), = p*K(x,7.A),e + G, where
G > 0. Hence, forall m € N, [mK(x’,7'.1).e| = [mKx,7,A),e|, and if, for some m € Nxo,
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|mK(x’,# 1),e| defines a birational map, then the same holds for [m K (x,# a).e|. Therefore, we
are free to replace (X, ¥, A) by (X', ¥/, T'), and thus, we may freely assume that (X, %, A)
is a foliated log smooth triple.

By Proposition 4.6, we may assume without loss of generality that there exist a finite
subset J C (1 US8)\ {l}and A’ < A with A’ € J,and K¢ + A’ is big. Corollary 4.7 in turn
implies that K(x, A’),e is big. Werun a K(x,# A’),e-MMP, p: X — Y, which must terminate
with the ample model Y for K(x,# A’),e, see Corollary 3.4. By Corollary 3.3 and the fact that
J C 0,1 =468]N 1 for some § > 0, Y has n-lc singularities for n := 1€er > 0.

We may then apply Lemma 2.21 to

1
N = gp*K(Xf,A’),e

to conclude since K(x,7 ,A),e = K(x,7,A"),e- O

5. Applications

5.1. Bounding degrees of curves invariant by foliations. The following is an im-
provement on a bound proven in [23, Theorem 5.4].

Theorem 5.1. Let t = t(@) > 0 be the real constant defined within Corollary 4.7.
Then, for all positive rational numbers 0 < € < t, there exists a positive integer C = C(€)
such that the following statement holds.

Let (X, ) be a projective foliated pair such that

(1) X is a surface,

(2) Kg is big,

(3) (X, ¥) is e-adjoint canonical,

(4) F admits a meromorphic first integral, and

(5) the closure of a general leaf, L, has geometric genus g.

Then, for any nef divisor H on X,

H-L<gC(H-(Kg +€Kx)).

Proof. Let p: X' — X be a foliated log resolution of ¥. We define ¥’ = p~'¥ and
L' = p;'L. As ¥ possesses a meromorphic first integral and by (5), we can assume that 5’
is given by a fibration in curves of genus g.

Since (X, ¥) is e-adjoint canonical, K¢+ + €¢Kx» = p*(K¢ + €Kx) + E, where E > 0
and is p-exceptional, and for all m € N,

H°(X',m(Kg' + €Kx)) = H(X,m(Kg + €Kx)).

Moreover, by Corollary 4.8, there exists a positive integer M = M (¢), that is, M independent
of X" and ', such that | M (K ¢ + €Kx)| defines a birational map. Thus,

2
(X', IM(Kg' + €Kx)) > (l; )



32 Spicer and Svaldi, Effective generation for foliated surfaces

Asm(Kg: + €eKx/)|py = m(1 + €) Ky, then for all m > 1,
WO(L'.m(Kg' + eKy)L) <m(1+€)(2g —2) — g + 1.
We therefore have inequalities
h (X' I(Kg' + eKx') — L) = h°(X', [(Kg' + €Kx"))
—h%(L" I(Kg' + €Kx/))

> L
where the latter inequality holds for / > 4gM?. Therefore, there exists
0<D~I(Kg +€Kx)— L'

Since H is nef, then 0 < D - p* H. Hence, taking C(¢) := 4M 2, we obtain the desired result.
D

5.2. Lower bound on adjoint volumes.

Theorem 5.2. Fixa DCC set I C [0,1]. Let T = t(I) > 0 be the real constant defined
within Corollary 4.7. Then, for all 0 < € < t, there exists 0 < v(€) such that the following
statement holds.

If (X, %, A) is an e-adjoint log canonical foliated projective triple, where A € I, X is
a surface and K¢ + A is big, then

Vol(K(x,7,a).e) = v(€).
Proof. This is a direct consequence of Corollary 4.8. O
5.3. Upper bound on automorphism group of foliations.

Theorem 5.3. Let © = t(&) > 0 be the real constant defined within Corollary 4.7.
Then, for all 0 < € < t, there exists C = C(€) such that the following holds.
Let (X, ) be a projective foliated pair such that

(1) X is a surface,

(2) K¢ is big,

3) (X, F) is e-adjoint canonical.
Then

#Bir(X, ) < C - vol(K(x,7),¢)-
Proof. By [22], we know that #Bir(X, ¥) < +o0o. Possibly replacing (X, %) by a
higher model, we may freely assume that (X, ) is log smooth,
Bir(X, ) = Aut(X, ¥) = G,

and that, if Y = X/G and § = ¥ /G, then (Y, 9, A) is log smooth, where

rp—1
A=Y 2—p
- D
D prime

and rp is the ramification index of ¢ over the prime divisor D C Y.
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By Riemann—Hurwitz and foliated Riemann—Hurwitz [10, Lemma 3.4], then
Kx,7): = q"Ky.g.a), forals>0.
Thus,
_ Vol(Kx,5).0)
~ vol(K(y,g,A),1)
1

Set t := t(&8) and C(¢) := 7© for € < 7, where 7(&) and v(¢) are as in Theorem 5.2.
This gives our desired bound. o

6. Boundedness of ample models

In this section, we fix 7 to be t(#), the real number whose existence has been shown in
Corollary 4.7.

Theorem 6.1. Fix positive real numbers C and €, with € < T.
The set M3 ¢ c of foliated pairs (X, ¥) such that

(1) X is a projective kit surface,
(2) ¥ is a rank one foliation on X with K¢ big,
(3) (X, ¥) is an €-adjoint canonical foliated pair,
(4) K¢ + €Ky is ample, and
(5) vol(X, K¢ +€Kx) <C

forms a bounded family.

Proof.  'We shall divide the proof into several steps.

Step 1. Effective birational boundedness. By Corollary 4.8, we know that if (X, ¥) is
one of the pairs in M; ¢ c, then there exists an integer M = M (€) such that the morphism
MK (x,7),e| is birational onto the image.

Let Y be the Zariski closure of the image of X under the induced map. As

VOI(X7 K(X,f),G) S C7

then Y belongs to a bounded family. Let H € |Qy (1)| be a general member.

Step 2. Normalization and boundedness. Letv:Y"V — Y be the normalization of Y and
let H, = v*H. Then also Y" belongs to a bounded family, and we can assume that there
exists a positive integer [ = /(e, C) such that / H, is very ample by Matsusaka’s big theorem
for normal surfaces, see [19, § 3].

Step 3. Relatively ample model. Let (X, (1) be a foliated log resolution of (X, )
with morphism r: X(1) — X . The e-adjoint canonical condition for (X, ¥) implies that

Kxm.gye =r*(Kx,#).e) + E, E > 0and r-exceptional, and
H(X.mKx.7y¢) = HOXW mKxm gmye) forallm e N.
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We note that K &) is pseudo-effective. Indeed, if that was not the case, then & M would
be induced by a fibration in rational curves p: X (1) — B. Given X a general fiber of p, then

(Kgm +eKym) - X ==2(1 +¢),

a contradiction to the pseudo-effectivity of K¢ a) + €Ky ).

By taking XV to be a sufficiently high model of X, we can assume that there exists
amorphism p: X (1) — ¥ which is a resolution of indeterminacies of the rational map X --> Y
constructed in Step 1. As X () is smooth, then it automatically factors through the normaliza-
tion, thus inducing p1: XM — Y. We will denote by Fyv the strict transform of the foliation
on Y. In view of this and by construction, cf. Step 1, then

IMK(x® gy | = pi|Hy|+ F, F >0.
In particular, for any r € R>g,

Vol(X(l), KxW gy ¢ + tpT Hy) < Vol(X(l), (1+ tM)K(X(l)’f’(l))’E)
< (1 +tM)>C.

Let us run the K(x (M #1) .-MMP relatively over YV, which exists by Corollary 3.2,

7

x @ s

YV,

x@

By Remark 3.5, we can pass to the ample model (over Y") for the K(x (), %1y -MMP, that is,
we can assume that X @) satisfies the following conditions:

(i) X@ is p-Ic for some 1 = 7(e) > 0;

(i) (X @ 7 (2)) is €-adjoint canonical, where ¥ @ .= SLF M.
(iii) IMK(x@, @) — p5Hy| # 0;
(iv) Kx@, #@) is ample over Y'”;

V) HOX® mKx® g@) ) = HO(XD, mKxm gy ) for all m € N; moreover, for
any t € R>y,

vol(X@ K(x@ @) + tpiH,) < vol(X(z), (1 +tM)K(x®,5@).¢)
< (1 +tM)>C.

Item (iv) and the Cone Theorem for surface foliations [25, Theorem 6.3] imply that
Kx®,7@)¢ + (1 + [€])7p5 Hy
is ample on X @ Ytem (v) implies that
vol(X @ K(x@ gy + (1 + [e))TpiHy) < (1 + (1 + [€]))TM)>C.
Step 4. Boundedness of intersection numbers. As

Kx® 5@+ (1+ [€])Tps Hy
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is ample, then the same holds for
Kix® 7@y ¢+ ((1+ [€])7 +s)p5 H, foranys € Rxo.

Denoting
f(s) = vol(X P, Kx@ gy + ((1 + [€])7 + 5) p5 Hy),

thenforall0 <s < 1,
6.1) (1+Q+ [DTM)C = f(s)— £(0) = /0 () dx
= [ %‘t [vol(X @, K(x@ 5@y ¢ + ((1 + [€)7 + 1) p3 Hy)] dx
0 =x

N
d
N /0 E‘t:x[(K(X(z),f*@),e + (U4 [eDT + 1) p3 Hy) ] dx

S
= / [2K(x@,5@) - p5Hy +2((1 + [€])7 + x) H] | dx
0
=2((Kg® + eKx@) - p3Hy)s + 2HZ((1 + [€])7)s + H;s>.

As YV is bounded, [ H,, is very ample and H2? < C, cf. Step 2, H? can only take finitely many
values in the positive integers. Likewise, by the push-pull formula, Kx@ - pJ H, = Kyv - H,
can only take finitely many integral values. The boundedness of pJ H? and of Kx® - s Hy,
together with the last line of (6.1), implies that also Kz @ - pJ H, can only take finitely
many values in the positive integers: the positivity of Kz @ - pJ H, follows from the pseudo-
effectivity of K@ and since H, is big and nef. Hence, there exists a finite set

Lt,é = Lt,é(l’e’ C) C N>0 + €N>O + ZN>0

such that
(K(x®,57@) ¢+ tpsHy) - p5Hy € L.

Step 5. A new model. Starting with X @) we now run the K x@-MMP over ¥ and then
pass to the canonical model over YV, which exists by (i) in Step 3,

x» 5 xy@ 37, x3)

\ lpz/
p1 p3
Yl)
Let 3 = slF @) By Step 4 and the push-pull formula, there exists a positive real number
C;. = C'(t,€,C) such that
0 < (K(x®, 53¢+ tp3Hy)- p3H, < C/ .

Hence, there exists a positive real number C;’, = C/ (¢, €, C) such that

2
((K(X(s),f(:i))ae + tp;Hv) : p;HU) < C//
(p;Hv)z — Tt

where the second inequality holds by the Hodge index theorem, i.e., (4%)(B?) < (4 - B)?,
where A is nef divisor.

0 < (Kx® ) e +1piHy)? <
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Step 6. Boundedness of X®). Let us observe that X ) is 5-Ic, by construction. We now
show that X (3 belongs to a bounded family. By the classical version of the Cone Theorem,
[15, Theorem 3.7], Kx 3 + 7p§ H, is ample on X(3); furthermore,

6.2) vol(X® Kx® + 7ptH,)

IA

1
2 vol(X @, Kx® #3) ¢+ Teps Hy) [Kg® is pseudo-effective]
C//

Te €
€2

=

By Bertini’s theorem, taking a general (irreducible) divisor H' € |7lp; H, |, where | = I(¢,C)
is the natural number defined in Step 2, we can ensure that (X ), HT) is n’-lc, n’ := min(n, %);
thus, [11, Theorem 1.3] and (6.2) together imply that

!/

H
VOI(X(3), Kxoe + 7p§HV) = VOl(X(3), Kx3 + T)

belongs to a finite set; finally, by [18, Theorem 6], (X®, H') is bounded. Thus, for any
NS R>Oa

Vol(X(3), K(x®,57®)¢ + 6p3 Hy, + s(Kx® + Tp5 Hy))
< VOl(X(3), (I +5)Kx®,73) ¢+ (6 + 7s)p;‘Hv) [K#® is pseudo-effective]

6+7
< (1+9)? vol(X(3), Kx® g®)¢ + lj—Lir SSP;HV)

S (1 + S)zcé/+7s .
TFs o€
Step 7. Boundedness of ¥ 3. By Step 3, the divisor
Ko, g e + (1 + [€)Tps H
is ample on X @; hence its pushforward
Kx® 73 + (14 [€])7p; Hy

is big and nef on X3,
As in Step 4, we compute the derivative

d
7s vol(X(3), Kx® 7®) ¢+ (14 [€])Tp3 Hy + s(Kx® + Tp3 Hy))

= %(K(XG),@'G)),E + 1+ [d)7p§" H, +s(Kx® + 7p§" Hv))2

= 2(Kx®,7®).¢ + (1 + [e])Tp3 Hy) - (Kx® + Tp} Hy)
+ 25(Kx® + TpiH,)>.
By boundedness and Steps 3-4, there exists a positive real number D = D(e, C) such that
K%s). Kx® - p3H,, Kg® - p5H, all belong to the interval [—D, D]. Repeating the same

argument about the derivative of the volume, as in Step 4, then we can show that there exists
a positive real number D’ = D’(e, C) such that

0< Kg® - (Kx® +7p3H,) <D’
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Since, for any A € N,

2Kx® + Kg® + (2 + [€])7 + A)p3 H,
=Kx® + Kx® 53+ (1+ [e])IpiHy+ (1 —€)Kx® + (7T + A)pi Hy,

big and nef ample

Kawamata—Viehweg vanishing implies that, fori = 1, 2,
H(X®2Kx® + Kg® + (2 + [€])7 + A) p3 Hy) = 0.
As H, is Cartier, then
(X 2Kx0) + Kgo + (2 + [€])7 + A) ps Hy)
is adegree 2 polynomial in A, cf. [13, Theorem 1.6]. Thus, for at least one value of A € {0, 1,2},
[2Kx® + Kg® + (24 [€])7 + A) p3 Hy | # 0.

We fix such value of A. Let I' € 2Kx® + K#® + ((2 + [€])7 + A) p; Hy|; then the argu-
ment from the start of this step shows that there exists a positive real number D" = D" (e, C)
such that

- (Kx® +7piH,) <D".

Hence, the couple (X 3, Supp I') constructed in this step belongs to a bounded family. More-
over, as X 3 itself is bounded, then we can conclude that there is a bounded family parametriz-
ing the pairs (X®, Ox (I’ —2Kx® — (2 + [€])7 + A)p3H,) and

Ox (T —2Kx® — (2 + [e1)7T+ A)p3 Hy) ~ O(Kz®).

The dependence on A here does not constitute an issue since A € {0, 1, 2}; thus, up to working
with a larger family, we can assume that all three possible values of A are considered. Hence,
we have reconstructed the pair (X G, O(K#z®)), where & 3) here is considered as an abstract
Weil divisorial sheaf on X (3),

Finally, we want to reconstruct the foliation in a family. Indeed, the properties we proved
so far imply that there exist a projective morphism

7 x® S F

where T is a quasi-projective variety, and a Weil divisorial sheaf X on X® such that, for any
(X, F)in My ¢ c, there exists r € T such that

(X(3), O(Kg®)) = (985) (9(=7?|5c\;/3>))-

Possibly stratifying T into a disjoint union of locally closed subsets (which does not alter
boundedness), we may assume that items (1) and (2) of Lemma 2.22 are satisfied for the couple
(X3, X ). By [12, Théoréme 12.2.1 (v)], possibly after further stratification of the base, we
may assume that item (3) holds as well for (X, X). We may then apply Lemma 2.22 and
produce a foliated pair (X, Fx3) given by a normal variety X3, a rank 1 foliation Fx®
on X and a projective morphism f3: X3 — T of varieties of finite type such that

e f3:(X (3), Fx®,0) — T is a bounded family of surface foliated pairs; and,

* forany (X, ¥) € My c,thereexistst € T and an isomorphism V/;: Xt(3) — X iden-
tifying # 3 with Fx® | x3, where (X 3, #3)) is the model constructed in Step 5 —
starting from (X, ¥).
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Step 8. Resolutions in families: in this step, we show that then there exists a bounded
Sfamily (fa: X® S T, Fyw) of foliated pairs such that, for any pair (X, ¥) € M3 ¢ c, there
existst € T such that

« X is smooth;
. (X t(4)’ 37t(4)) is €-adjoint canonical; and,
. (Xt(“), 37t(4)) is birational to (X, F).

Continuing with the notation from the end of the previous step, up to passing to a finite
stratification of 7" into locally closed subsets, we can assume that 7" is smooth. By further
stratifying the base T into locally closed subsets and taking resolutions in families, we can
moreover construct a pair ( fg: X @) T, Fx@) such that this gives a family of foliations on
smooth projective surfaces, in the sense of [23, Definition 7.1]. Applying [23, Proposition 7.4]
and further stratifying 7" into locally closed subsets yields a bounded family satisfying the
properties above. In fact, denoting for ¢ € T the restriction of Fx@ to X t(4) by Fx@, then the
following properties hold:

(I) forallt €T, (X§4), Fx@®) is e-adjoint canonical and it is birational to (X§3), 3*‘,(3));
ay x (4), g, T are all smooth and T is finite type;
Step 9. Properties of the family ( f4: X @ > T, Fxw). We define the set W C T as

Wi={tel | (XD, F %) admits a birational morphism
(XP, Fx@) — (X, F) to a foliated pair (X, F) € Mae.c}

Further stratifying 7T into locally closed subsets and possibly discarding some of the
components thus obtained, we can assume that also the following properties hold:

IIm wn T is Zariski dense in each connected component T of T; and,

(IV) forallt € T, K(x@* Fx®),e is big. To prove that this property holds, let us recall that, for
eacht € W, |MK(x(4> Fx®), ¢| induces a birational map: indeed, since (X; ) fx(4)) 18
birational equivalent to an e-adjoint canonical model (X, ¥) € M5 ¢ c, then the con-
clusion follows at once from Corollary 4.8. As W is Zariski dense in each connected
component of 7" and 7T is finite type, by semicontinuity of cohomology groups in family,
we can assume that there exists a Zariski dense open subset W° C W such that, for any
t € W°, the natural restriction map

HO(WO, f*(QX(‘” (MK(X(4),.77x(4)),6)) — HO(X,(“), (9xt(4) (MK(X§4),373¢§4)),€))

is surjective. In particular, this implies that, for 1 € W°, the rational map over 7 given
by fxOx@ (NK(x@® Fy4)),e) is birational along X*), which then proves the claim, as
this is an open condition on 7.

Step 10. Conclusion. Boundedness of ample models Let 77 be an 1rreduc1b1e component
of 7" and let 7y € T be its generic point. Let xl m ) be the fiber over n1 and X ) the extension
of scalars to the algebraic closure k(T}) of k(T}). We denote by ¥ x<4) the mduced foliation on
X,(I ) . By Lemma 2.15, (X ) (?) is e-adjoint canonical and K(xl(‘” x(‘“) ¢ 1s big. Hence,
by Theorem 3.1 and Corollary 3.4, we can run the K x5 Fox), G—MMP

(6.3) xgl‘) =R BN R, B R, 5 LR
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terminating with a projective model (5Cn, ¥ ) defined over k(77) on which K(X,.7%,).c 18
ample and it has e-adjoint canonical singularities. As we have a finite number of objects
involved in defining all varieties, morphisms and foliations involved in (6.3), there exists a finite
field extension k(T') C k' over which the 5C,~, the morphisms g; and the strict transforms F;
of ¥ x(“) are defined. Furthermore, as a line bundle £ is ample over k’ if and only if its exten-
sion of scalars to k(Tl) is ample over k(T1) then, by construction, K(X,,,#x,,).e is defined
over k’ and already ample on that field.

The discussion in the previous paragraph implies that there exists a dominant étale mor-
phism ¢:U — Ty, with k(U) =~ k' and ¢q(U) C Ty open such that there exist families of
foliated surfaces (X,,f,) projective over U together with morphisms g;: X, — X,H and
a commutative diagram of morphisms over U,

(%0,%{)) i> (‘%1,%1) i) (%2,}12) &2 gn_l (‘%n,\%n)
U /

Up to possibly shrinking U, we can assume, by construction and the previous obser-
vations, that

o for all i, the g; are all birational morphisms over U and —(K (% F; ),6) is gj-nef;

e for all i, all fibers of (5C,~, .'?7,) — U are e-adjoint canonical, by the negativity lemma
applied fiber-wise;

* K(X,.,7,),e 1s ample when restricted to any fiber of Xpn — U.

It follows that the fibers of (56,,, .’;fn) — U are e-adjoint canonical models and they are bira-
tional to the corresponding fiber of (560, 37‘0) over the same point on U. By uniqueness of
ample models of e-adjoint canonical foliated pairs, cf. Corollary 3.4, they all yield elements of
M3 ¢,c. By Noetherian induction, it suffices to repeat the procedure of this step a finite number
of times, first on each connected component 77 \ ¢(U) and then on all other connected compo-
nents to 7, to show that every element in M5 ¢ ¢ must appear as a fiber in the (finitely many)
families of surface foliations produced by this process. ]
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