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Nonsingular Finite-Time Event-Triggered Fuzzy
Control for Large-Scale Nonlinear Systems

Peihao Du, Yingnan Pan, Hongyi Li, Senior Member, IEEE and Hak-Keung Lam, Fellow, IEEE

Abstract—This paper investigates the problem of event-based
decentralized adaptive fuzzy output-feedback finite-time control
for the large-scale nonlinear systems. The full-state tracking
error constraints, unmeasured states and external disturbances
are simultaneously considered in the controlled systems. The
unknown auxiliary functions are modelled by using fuzzy logic
systems (FLSs), and a state observer is established to esti-
mate unmeasured states. By taking a new error transformation
method based on prescribed performance functions (PPFs) and
constructing corresponding barrier Lyapunov functions (BLFs),
the predefined system error dynamic performance is ensured.
Then, on the basis of the event-triggered control technique
and the backstepping recursive design technique, a new event-
based adaptive fuzzy nonsingular finite-time control strategy is
proposed, and the ‘“‘singularity” problem existing in backstepping
design procedure is avoided. Moreover, by using the finite-time
stability criterion, it is proven that the proposed control strategy
can ensure the boundedness of the whole system variables and
achieve all the state tracking errors evolve within the predesigned
performance regions in finite time. Finally, the effectiveness of
the proposed control strategy is verified by using some simulation
results.

Index Terms—Decentralized adaptive fuzzy control, finite-time
control, event-triggered control, large-scale nonlinear systems,
full-state tracking error constraints.

I. INTRODUCTION

WING to its practical significance and theoretical chal-

lenge, decentralized control of large-scale nonlinear
systems has received extensive application in the control
community. Previously, decentralized control was prevailingly
focused on a class of nonlinear systems [1] with some matched
conditions. To cope with the control issues of the large-
scale nonlinear interconnected systems without possessing
the matched conditions, many adaptive decentralized control
schemes have been presented in [2]-[7] by fusing some novel
design techniques with neural network (NN) control [8]-[13]
or fuzzy control [14]-[27]. Among them, the state-feedback
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decentralized stabilization problem was solved in [2] for the
interconnected nonlinear system with unmodeled dynamics.
The authors in [3] proposed an adaptive fuzzy decentralized
control method for the nonlinear large-scale system with
actuator faults and unknown dead zones. It is notable that
the controlled system states in [2] and [3] are required to be
measurable. To decrease the conservatism of state-feedback
control, the observer-based decentralized adaptive NN and
fuzzy control schemes in [4] and [5] were presented, respec-
tively. In [6], an observer-based adaptive decentralized fault-
tolerant controller was constructed to stabilize the nonlinear
large-scale system preceded by sensor and actuator faults.

To drive the system trajectories reach steady response from
transient response quickly, massive efforts have been made to
study the finite-time control design of nonlinear systems. O-
riginally, the authors in [28] presented the Lyapunov theory of
finite-time stability for a class of nonlinear systems. Following
the idea of the seminal work, many finite-time stabilization
results [29]-[36] on diverse nonlinear systems have been
consecutively proposed. For example, an adaptive NN finite-
time output feedback control strategy was devised in [29] for
the quantized nonlinear system. Sui et al. [32] raised a finite-
time filter decentralized control approach for the uncertain
nonlinear large-scale systems in nonstrict-feedback structure.
However, the established finite-time controllers in [29]-[33]
cannot avoid the “singularity” problem in the backstepping
control design framework. In view of this problem, the authors
in [34] presented an adaptive finite-time fault-tolerant con-
trol algorithm for the multi-input and multi-output nonlinear
systems. In [35], a finite-time command filter controller was
designed for a class of single input single output (SISO)
nonlinear systems. Although the “singularity” problem caused
by the repeated derivative of virtual controllers have been
discussed in [34] and [35], some matching conditions are
demanded such as the observability of system states and no
effect of external disturbances. Additionally, the restrictive
condition of exponential power term £ in controller are always
required, and the full-state tracking errors cannot be guaran-
teed to remain within the prescribed performance ranges.

On the other hand, the issues of constraints including state
constraint, output constraint and error constraint have also
attracted widespread concern, any transgression of constraints
may result in performance degradations, hazards or system
damages. To guarantee the constraints are never violated,
different types of barrier Lyapunov functions (BLFs) have
been presented in [37]-[40], and further applied to some
practical nonlinear systems such as the robot system [41],
active suspension system [42] and so on. Noting that the
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tracking errors in above references were only constrained
indirectly via the restricted state variables. In [43], the con-
straint was straightway imposed on the output tracking error,
and an error transformation control method based on pre-
scribed performance function (PPFs) was provided for the
feedback linearization nonlinear system. By taking new error
transformation method, the PPFs-based BLFs were established
in [44] and [45] to further meet the requirement of error
performance constraint, and the “singularity” problem arising
from the constrained PPF in [43] was eliminated. However,
when the error transformation mechanisms in [44] and [45]
are combined with finite-time control, there will be some
obstacles, which drives us to adopt a new error transformation
strategy in the backstepping-based finite-time control design.

Nowadays, the savings on computing and communication
resources become particularly significant for the controlled
systems both in theory and practice. Compared with the con-
ventional time-sampling control, event-triggered control [46]—
[52] can effectively reduce the heavy computational burden
and the waste of communication resources. For a category
of uncertain nonlinear systems, Xing et al. in [46] proposed
three event-triggered controller update strategies with the fixed
threshold, the relative threshold and the switching threshold.
In [48], a novel adaptive event-triggered control method was
given for nonstrict-feedback multi-agent systems subject to
unknown disturbances. The adaptive fuzzy event-triggered
control problem in [51] was addressed for the state-constrained
stochastic nonlinear system with actuator faults. It should
be mentioned that the aforesaid control schemes cannot be
directly used in the large-scale nonlinear systems with full-
state tracking error constraints.

Motivated by the aforementioned discussions, a novel event-
based fuzzy adaptive nonsingular finite-time control strategy
is proposed for the error-constrained nonlinear large-scale
systems in this paper. Compared with the existing results, the
main contributions of this paper are summarized as follows.

i) A new PPFs-based error transformation method is given
and first applied to the large-scale nonlinear systems, and
the full system state tracking errors after transformation are
restricted to a positive interval. An observer-based adaptive
event-triggered finite-time controller is constructed such that
the “singularity” problem arising form the repeated differen-
tiation of the finite-time controllers in [29]-[32] cannot be
caused, and the restrictive condition of exponential power
terms in the finite-time controllers can be removed. To de-
crease the conservatism of control strategy, the unmeasurable
state variables and unknown external disturbances are consid-
ered in the researched systems.

ii) In the previous works [43]-[45], the constraints are only
applied to the output tracking errors, the constrained problem
of other state tracking errors is overlooked, and the selected
control systems are some uncomplex SISO nonlinear systems.
This paper is concerned with the problem that full-state
tracking errors are constrained, which is more comprehensive
than the works mentioned above. Additionally, different from
some existing results in [43]-[45], the symmetric BLFs are
constructed to further meet the requirement of state tracking
error constraints, which is also suitable for no constrained

systems, without changing the control structure of the BLFs.

iii) For every subsystem, the number of adaptive param-
eters needed to be estimated online is reduced to two, and
by incorporating BLF technique with event-triggered control
theory, the designed control strategy can guarantee that sys-
tem trajectories possess good transient performance in finite
time, the full-state tracking error constraints are satisfied, and
the computational burden and communication resources are
effectively saved.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. System Description and Basic Assumptions

The following large-scale nonlinear systems comprising N
subsystems are considered:

Tij = ¢ij(Tij) + i1 + Hij () + di (1),
wz,ni — (Zsz,ni ("Lz,ni) + u; + Hz,ni(u) + di,ni (t)» (1)
Yi :xi’l,i: 1,2 .,N, j = 1,2,...,ni —1

where x; = [$i7171'i’2, e 7£C7;_’ni]T € R™, u; € R and Yi € R
are the system state vectors, input vector and output vector for
ith subsystem, respectively. &; j = [z; 1, Ti 2, - - - ,xi,j}T e R,
J=1,2ni, U = [y1,y2, - un]T € RV, ¢y 5(-) denotes
unknown smooth nonlinear function, 7; ;(-) represents the
unknown smooth interconnected term which exists in every
subsystem. d; ;(¢) is the unknown bounded external distur-
bance varying with time ¢. The whole state variables are
unmeasurable except x; 1.

To this end, the following assumptions will be imposed on
the controlled system (1).

Assumption 1: The unknown smooth nonlinear intercon-
nected term H; ; () meets

Pij N

[Hi 5 Z Z alul® )

where A ; is an unknown constant, and p = max{p; ;| i =
1,2, N, j =1,2,. ..,n;}, where p; ; is a known positive
constant.

Assumption 2: External disturbances d; ;(t) (j = 1,...,n;)
satisfy |d; ;(t)| < d; ; with d; ; being a constant. The reference
trajectory y; (¢) and its time derivatives y; . (¢), ..., yfﬁ)( t)
are continuous and bounded.

Lemma 1: [2] Let F (A) be any continuous function speci-
fied on a bounded closed set €25. There is a fuzzy logic system
(FLS) WT'Z(A) for an expected precision € such that

sup |[F (A) —WTEQ)|<e (3)
AEQA
where W = [wy,wy, ..., war]T € RV is the ideal constant

weight vector with A" > 1 being the number of the rules, and
E(A) = [s1(A), s2(A), ..., sar(A )]T/Z s;(A) is the basic
function vector with s;(A) being Gau551an functions, that is

-(A-a)"(A—a)

2 I

si(A) = exp LGN @)

Ti

with ¢; = [§;1, .., Sin,]T being the center vector and 7; being
the Gaussian function width.
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B. Finite-Time Stability

Definition 1: [29] The equilibrium ¢ = 0 of the nonlinear
system ¢ = f() is semi-global practical finite-time stable
(SGPFS), if for all initial values <(tp) = <o hold, then there
exist € > 0 and settling time T'(¢, g0) < oo to make |[¢(¢)]| <
e, forall t > tg+T.

Lemma 2: [30] Assume there exist a positive definite
function V() with scalars C; > 0, 1 > ¢ > 0, and Co > 0, if
the nonlinear system ¢ = f(¢) meets

V(s) < —C1VH(<) +Ca, £ 20, 5)
and define the settling time 7™ as

. 1 - C, 1-¢/¢
T :(1_%[1/ "(c(O))—((l_H)Cl) ] (6)

where V(¢(0) is the initial value of V(), and 0 < x < 1 is any
constant. Then, the system ¢ = f(s) is SGPFS for V¢ > T*.

C. State Observer Design

To estimate unmeasured system state vectors ; 2, . . .
the following observer is established [4]:

- ji,l)» ] = 1723 ey T (7)

where Z; n,4+1 = U;. &;; is the estimate of x; ;, [; ; denotes
the positive design parameter such that

7$’L',’n7;9

Tig = Zijr +lij(win

—li1

A = I (8)

i

~lim, 0... 0

> 0 satisfying

is a strict Hurwitz matrix. Therefore, given matrix Q;
0, there exists the other matrix ®; = &7

AT®, + @4, = —Qi. 9)

Define an observer error vector as

0i =T — I (10)
where JﬁL = [':i:’i,17 . .,i?im,i]T and 0; = [Qi,la ceey QZ‘J”]T with
Qi,j = i’@j — :vz-yj, _] = ]., 2, e n

Based on (1) and (7), the observer error meets
0i = Aioi + dilxq) +Hi(y) + di(t) (11)

where ¢i(z;) = [i1(2in), s Gim, (i), Hiy) =
[Hi,j (g)a ey Hz,m (g)]T’ and dz(t) = [di,l(t)v ey di,m (t)]T'
For observer (7), we first define the Lyapunov function
candidate as follows Vy = Zfil ginI)igi. Then, we can obtain
N
Vo = D {0 (AT @+ ®Ai)0i +20] @

) + o)),

+Hi(9) +
As function ¢;(x;) is unknown, for Ve; o > 0, there is a FLS
WZi,0(Ai0) such that

oi(z;) = WiToEi,O(Ai,O) +6i,0(ANi0)s [10i,0(Ai0)l] < €io
(13)

ilpi(z4)
(12)

where Ajg = z; € Q. Wio = Wiio, -, Wil

= — = — [= = T

Ei0(Aio) = Zio = [Ei105 - Zing0] s dio(Aio) = dio =
T _ 2

[0:,10, -y 0im;0]" and €;0 = \/51‘,10 + .+ Ei,m-O' According

to Young’s inequality, Assumption 1 and the property of
=7 0Zi0 < 1, one has

20 ®;¢i(z;) = 20 ¥, [Wi,TOEi,o(Ai,o) + 0;,0(Ai0)]
< 2ol P 4119417 (05 +€74) (14)
20! ®id;(t) < ||Qz'||2+||<1>|\2||d()\|2 (15)
N n;
207 BiM,i(j) < me%zz A0
=1 j5=1
+\Zi,1|2k) + [l |®4]? (16)

where ©; = max{||W;||? i =
(14)-(16), (12) is rewritten as

) N N p
W o< Y I- AP +oiol + D> Ak
=1

=1 k=1
X (|yi,r**

2F) (17)

1,...,N'}. Combining with

+ |z

2
where A, = pN22k ¥ S ()\’f] ) o = —||@:|2—

3+ Amin (@), and 04,0 = H(I)z||2 (61 + 5i,0)+||©i||2”‘iz’(t)||2-

D. Performance Function and Error Transformation

In this subsection, we will introduce the preliminary knowl-
edge of the error constraint. First, we define the transformation
of coordinates as z; 1 = ;1 — Ys,r, and 2; 5 = T3 ; — o 51,
j=2,..,n, where a; j_1 (j = 2,3,...,n;) are the virtual
control signals to be designed later.

Definition 2: [43] The prescribed performance function
s ;(t) is a smooth strictly decreasing function which meets
limy o0 i j(t) = fijoo > 0, and can be expressed as
pii(t) = (pijo — Mijoo)e ™ + i joo, Where 34 > 0,
i o > 0 and p; joo > 0 are the appropriate constants.

To ensure the transient performance and steady-state bound-
s, the prescribed constraint conditions are described as

—Hpijpij(t) < 2i;(t) < pa;(t) when z;;(0) > 0,
7,LLi7j(t) < ZiJ'(t) < Hhi,j,u,;yj(t) when Z@j(O) <0
where Hrp;j, Hpi; € (0,1] are design parameters, and
the maximum overshoot and undershoot are restricted by

—H i i, (0), Hpi i 5(0) and i 5(0).

Then, a new transformed error dynamic can be defined as
Zw( )
75,5 (t)
Cnrig + (1= O)nnij

where p; ; > 0 is the design parameter, ¢ = 1 if z; ;(¢) > 0,
C =0 if Zi’j(t) < 0, and

ei,j (t) = (18)

Mi,j

+ Pijs
19)

when z; ;(0) > 0,
NLij = i, (t) and mp; 5 =
when Zij (0) <0
Neij = Hpijhi,j(t) and mp; 5 =

—Hupijpi;(t),

— i, (1)
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Considering that p; ; < €;;(0) < 14 p;; = pi ;, based on
the above formulas, the inequality 0 < p; ; < e;; < p;; is
obtained.

In order to ensure the requirement of full-state tracking error
constraints, the following positive definite symmetric barrier
Lyapunov functions (SBLFs) will be used in the backstepping-
based control design procedure, which is constructed as fol-
lows

2
= 167732, =1,..,N, j=1,..n,.
2 pl i€
Remark 1: Noting that the designed error transformation
dynamic (18) and the designed SBLFs (20) are different
from the existing results in [43]-[45]. If the available PPFs-
based error constrained techniques and SBLFs in [43]-[45] are
used in our results, the devised finite-time virtual controllers
and actual controller will cause the “singularity” issue when
e;,; = 0. Therefore, a modified error transformation technique
and SBLFs are developed for such issue. By contrast, the
definitions of (18) and (20) can be combined with greater
control methods, which is more general than the above results.
Moreover, it is clear to see that V; ; is positive definite, and
C"! is continuous in the region pi; < e < pij. Thus, V;;
is a valid Lyapunov function.

Vi j 20)

III. EVENT-TRIGGERED FINITE-TIME CONTROL DESIGN
AND STABILITY ANALYSIS

In this section, a novel adaptive event-triggered finite-time
control strategy will be developed. In the controller design
procedure, the unknown functions £, ;(A; ;) (j = 1,...,n;)
at step j will be modeled by FLSs. We first define unknown
parameter as ©; = max{||W; o|%, [|[Wi,|[%i=1,...,N,j =

Mt ©, is the estimation of ©;, and ©; = ©; — ©,.
Secondly, the other unknown parameter [3; is defined as 3; =
maxi<k<p{Aik + NiAik} BZ is the estimation of 3; and
satisfies (3; — Bi = Bz Then, in the light of the Lemma 1 in
[29], for any initial condition ©;(ty) > 0, Bi(to) > 0 and
Vt > to, we have ©,(t) > 0 and 3;(t) >0

Step 1. Based on the definition of system error z; i, the
time derivative of z; 1 is

Zi1=¢i1+zig+ i1+ 0i2+Hii(y)+din —

Take the following Lyapunov function

I 2 1 a0
E Jr C 4 o;]. (22
=Vt (2 p? 1 e 21riq bi 2r;p z) 22)

Then, the time derivative of V1 is

yi,'w (21)

N
Vi = Vo+ Z {si1lpi1 +zi2+ i1+ 0i2+Hi1(Y)
i1
+diy — Vi — (€01 — pi,1) Mi1]
1 ~ = 1 ~ =
——Bifi — 91'@1'} (23)
Ti,a Ti,b

where s;1 = p7,e,1/(p7, — €21)*n;,1. Based on Assumption

1, one gets

557, n 2lloill* + 275 + 5

sia(zig+0i2+din) < 1 5 ’17 24)

2
511H71( )S Z

-+ ka g + 1zia ) (25)

where Ay = 22kpNZl:1()\f’17i)2. Define the unknown

auxiliary function as

Fii(Ai1) = ¢i1—Gir— (€i1 — pin) i1+ 28i1
1.2
Bi Z |Zi,1|2k

i,1 h—1

(26)

with Ai,l = [13,;717yi7r,y1'7r, 777;7177.],'71]71. Substituting (24)-(26)

into (23), it yields

N N
Z[—(Wz’,o - 1)”92”2] + Z [Si,l(ﬁi,l + 041',1)}

i=1 i=1
N p
+ZZ()\L P )\1 4 k)(|yt 'r| k + |Z 1|2k)
1=1 k=1
N D
+Z< zlez 1|2k /BZZ‘Z’L 1|2k>
=1 k=1
N 2
%2 Sin 1~z
1 - d?
——0,0; + 010+ “) 27)
Tib 2

Because [ i1 includes unknown function ¢; 1, it cannot be
implemented in practice. Thus, from Lemma 1, there is a FLS

wT

125,1(As,1) for given parameter ;1 > 0 such that

Fii= WiTlai,l(Az 1)+ 8i1(Ai1), [0i1 (A1) <eir. (28)
Then, the following inequality can be obtained
o 1 2 —T — a’z%l + 37,2,1 + 812,1
siatkin < ﬁalsi,lgi:i,lzi,l t— (29)

where a; 1 > 0 is the design parameter. Design the virtual
control signal «; ; as
20—1
:i,1€; 1
Qi1 = —Ci1 =5 = 2 —
pii(pfy —el1)?

where ¢; 1 > 0 is the design parameter. Then, combining (29)
and (30), (27) is changed into

1 ~
—T —
ey 51105, 151 (30)
aiq

. N et 22,
Vi < Z —mialloill® = cin g + 2
i=1 e ' (P71 —€71)* 2

1 - Tib A
> 2 =T =
+ 61 5.2 Si,l‘:‘i,l:‘iyl - @1
Tib 2%’,1

p
+ Z()\i,k + Al,i,k)(|yi,r‘2k + |Zi,1|2k)

k=1
1 - P x
+—0i | Tia kB
Ti,a k=1

p
—Bi Z |zi1|?** + 050+ Diy
k=1

(€19
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where m; 1 =m0 — 1 and D;y = 5(e7, +d7 | + a7 ).

Remark 2: Owing to that the tracking error dynamic z;
is transformed as error e; 1 with p; 1 < e;1 < p;1 by some
prescribed constraint conditions, the ‘“singularity” cannot be
caused from the terms e;7" and (p?; — €?,)'~? in (30)
and the time derivatives of them in the next step. To avoid
such problem, this PPFs-based error transformation method is
utilized throughout this paper.

Remark 3: In addition, the values of ¢ in [29]-[35] are
always defined as £ = (25 —1)/(2s+1) (s > 2, se N'") to
keep the “singularity” problem of controllers from occurring.
In this paper, the restrictive condition of ¢ is removed via the
combination of new error transformation technique, ¢ can be
taken any in the interval (0, 1) theoretically. In the subsequent
simulation, the value of ¢ can be chosen as ¢ = 0.99, which
is different from [29].

Step j (j = 2,...,n; — 1). Based on the coordinate
transformation z; ; = &; j—a; j—1 and (10), the time derivative
of z; ; can be obtained

Zij = Zig+1+ g+ lijoin — dhjo (32)
where
G = Tt z 00451}, g + 2231,
s3] 1,j— aAzm s 861
da ,J—1
+T[Qz2+%%1( ¥) + di 1), (33)
Yi
Oa; . 0o i1, .
Tij1 = Z I g, mt1 + —2 1(%‘,2 + ¢i1)

8mz,m ayz

ao‘z,j L, (m)

aaij—l A 4
—5— b+ S (m—1) Yi,r

m=1
j—1
80[1 1
+ Z GTJDTIEZI)

m=1

aal] 1 (m)

(m—1) 77,1
m= 1a
(m 1) Mij=1-

++Z
Mi,j—1

Consider the following Lyapunov function

+

aa?] 1 (m)

vv31+2< ) (34)
2p; g 7]
The time derivative of V; yields
. . N
V, = Va1 + Z {sijlzij+1 +lijoin — (€ij — pij) i
i=1
— dai O i1
+oyj — 8?]7111‘,%91‘,1 - 171]7191
2 Ti,m 00;
(9041' i—
—Yij-1— Byj L0+ Hii(9) + d; 1)] } (35)

where s; j = p; jeij/(P; j — €7 ;)*ni,j- In the light of Young’s

inequality, one gets

aai i—
31 (0i2 +di1)

81 (Zi41 +1lij0in) — iy s
7

5
2 2
< §2.12. sij g | llaill?
= 20,5, 9 1
daij1\* | ol +d;
2 i,j—1 i1
& 36
+52,J< ayz > + 2 , (36)
aaivjfl 5aw 1
Sij ay 7, 1~ Sij Z 3951 N zsz,l
< ZM R(Yirl? + |2ia 2k)+ Dy 2
>~ e [ 7,7 i1 4 ayZ
Ocvi Iloil
2 i,j—1 5
lim 37
7 <m 9 fﬁlm ) + 4 ( )

Define the other unknown auxiliary function f; ;(A; ;) as

Fij(Nig) = =Yijo1—(eij—pij)iig+si;(3;+1)

581‘,]‘ 6041‘7]‘_1 2 1 2
+ 4 ( 28yz +28i,j2’i’j

2

2 da
i,0—1
+54 (Z - li,m> ~ Vi (38)
m=1 axi7m
At Oagj—1 Tip o =T =
lll’ivj = mz_:l 8éz 2a?m i,m an“im
l Tib 00t m—1
- 59 Sig [Siym A
m=2 ga] ’ 661
N
_ri,O@i a ’Aj !
00;
where A;; = [71), 7% Vs 1), 64, &L, 70T with
1 1 j
37 = iyt ,yfjr)] L% = [nzunfl)7~-~7nfﬂ)]T and
1 1 1 1 1
771(]2 )= [771 27771(2)7' 7"71(]2 )] ) 7771(,]) [772’]7771(])] :

From (36)- (38) (35) can be rewritten as

N 2 2
v, < vj,1+z[si,j(;i7j+ai’j)_3aﬁ%
i=1 k k 712
+ZAlzk|y1r| +|le|2) 7

k=1

+loill? + si; (‘I’u - (39)

Ootij1 éi)] .
96,

On the basis of Lemma 1, there exists a FLS W.'E; j(A; ;)
for given parameter ¢; ; > 0 such that

Fig(Nij) =WEE i (Nij) + 055 (Nij), |6i5] < eij. (40)
Then, it follows that
- 1 2 9.2 5 2
sijhis < 3 %7, 87 ;0iE; ;5 + 5%,
-‘1-28 -+ 25 41

where a; ; > 0 is the design parameter. Establish the virtual
control signal oy ; as

201
1i,5€ i,] 1 (__) =T =
2 )2 242 81,5 i, 5=
i i\

Q; 5 = —Cij 5 J (42)

i (P75 —
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where ¢; ; > 0 is the design parameter. In the light of the
formulas (41) and (42), (39) can be changed as

N j 2!
1,m
D | mmisllenll® = 3 cim
m

= m=1 1] b,
]. ~ J ri’b 2 ,_T —_ A
+’I“' @1 ZQGQ Szm 7.m“1m_@7;
i,b m=1 z,m
J 2
0 m—1 A i j+1
+ Z Si,m < i,m = O; ) +—
p
+ Z(Azk +j)\1,i,k)(|yi,r|2k + |Zi,1|2k)
k=1
_ P :
+ @' Ti,aZ|Zi,1|2k — B
Tia k=1
p —
—Bi Z 2i11** + 050 + Dij (43)
k=1
w2he)re T =mij—1—1land D;; = D; 1+ %(5221 + Jzz,j +
a; ;)-

Step n,. The triggering event mechanism is utilized to
update the control input. When the preconceived condition is
triggered, the obtained control input of the relative threshold
strategy largely reduces the communication burden. First, we
define the intermediate control function and virtual control
signal o 5, as

2 (t) = —(14&uw,) [ai,ni tanh (M)
Eiu,y
+; tanh <5"4)] , (44)
eiui
o - e Nin, e?/ml
o b _127% (pz g %,ni)éiz
2 5.2 Si, nL@z’_‘z ng ’_‘i,ni B} (45)
A5 s

,2 .
where s;., = p3 . €in; /(1 —€,.)°Nin,;> and ¢, > 0 is a
design parameter. The event-triggering mechanism is

ui(t) = U;(ti k), Vt € [ti ks tik+1)s (46)

ui(t)| + Gi}s

where e;,,, = %; — u; is the measurement error, 0 < &;,,, < 1,
¢; > 0 is a constant satisfying ¢; > ¢;/(1 — &;4,), and the
control input update time is defined as t; 5, kK € ZT. When
t € [tik, tikt+1), the control input holds as @;(t; ). When
(47) is triggered, the control signal will be updated and it is
marked as @;(¢; z+1). Thus, there exist two functions w; (%)
and w; p(t) with |w; o ()] <1 and |aw; 4(t)| < 1 such that

Ui (t) = (14 w4,0(t)Eiu, Jui(t) + w45 (1) G

Based on the above descriptions, the coordinate transformation
— a pn,—1 and (10), we can get
Ui (t) — @, G

Zimg = O 051 — Gy
1,14 (1+wi7afiui) z,nlgi.l i,m; —1

= inf{t >t ea (0)] > &

i kt1 47

(48)

Zing = Lin;

(49)

where ¢; ,,,—1 is defined as (33) with j = n;. Take the total
Lyapunov function V as

1 €,
Y= an—Vm,l—i—Z 5| (50

pz N z,ni

By using (49), the time derlvatlve of V,, is

: @i bGi
V . = _ S P D b .
i Va 1+Z{”7[1+ww€w) s

+ i n; — (€ing — Ping) Nins + lin; 031
aazn -1 A aaz n; —1
_Tin'— —_— —_ 1m 7
mi—1 Z Oim 9i,1
_ im0 () + di) 51)
81,/1 0i,2 2,1 7,1 .

By invoking the Young’s inequality, one has

Oy, —
—Sin; |:6y1(gz2+7'tz 1( )+dz 1)+lz n; 04, 1:|
587 n, (0,1 ||Q|| 1
< 1,5 T,M; 7 z A ;i
< 1 ( 9y; ) + +Z 1,0,k
2k 2k 2 HQiH
X(|y7«17“‘ + |Zl | ) Sz ,ng T, + 4 9 (52)
n;—1
c aazn7—1
—S8ij Z 02; limoi1
2o © e
aznfl 0i
—_— _— 53
(Z O0Zi.m > + 4 (53)

Due to the fact that s; ,,%;(t) <0, |@;5Ci/ (1 + @i 0 &in;)| <
G/ (1=Eiu)s G > G/ (1=Euy)s [@i,a(t)] < 1, and [ooyp(2)] <
1, then, defining €;,, = 0.2785¢;,, and applying the Lemma
2 existing in [53], we have
Slﬁni’l\ll(t)
1+ wi,agiui o

_ S @G si G tanh
(1+wi,a£iui) T

S’L,mal (t)
1+ §Lu, ’
Sin; gi

Eiui

(54)
) + €iu,s (55)

Sin; Xin; —
—Sin; Qin; < 8in,;Qin, tanh ( + €. (56)

eiqu

Design the other unknown auxiliary function F ; ,,; (Ai n,) as
ﬁi’ni (A’Lﬂh) = Sin; (li’m + 05) - (6i,ni - pimi) 7727nl
58im. [ O i_1 22
_T’L — 1,15 %] 2,15
mi—l T 4 ( 28y1 > + 251,11,

n;—1 2
. aal nlfl
+51 N ( Z 83)1 o 7 m) - \Ijz,n, (57)

where VU, ,,, and A, ,,, are deﬁned as W; ; and A; ; with j =
n;, respectively. Substituting (52)-(57) into (51), it results in

N
V"z: < V”i_l + Z [Simi(ﬁiﬂli + O‘i,m) + ||Q7,||2
1=1
P
+ Z Ak (i [* + 1200 *F)

k=1
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+Si,ni (qjl’nl

a ini—1 A
_ax;1@Z>
00,
d?ﬁl 52

5 +0.2785e,—ui].

(58)

From Lemma 1, there exists a FLS W[,
given positive constant €; ,,, meeting

i Ei,m (Az,nl ) for a

Fi,nz WzTn Ei Mg + 5i,m (Aiﬁm)» |5i,ni‘ < Eimn;- (59)
Then, it follows that
o 1 =T = 1
5i77liFi7"i < E i nl@l ?71, 0, + 50‘%,7”
1 1
+5 50 T 5 (60)

where a;,,, > 0 is the design parameter. By combining with
the formulas of «; ,,, and (60), we can obtain

N 25
Vni < E —Tin; Ql” § :CZJ 6 )Z
=1 J 1,7
n
1 ~ ~ Tib R
s 2 =T —
+—0; | D 551,550 — 6
i,b j=1""1J
80&1,3 1

+zi:5i7j (‘I’i,j ) —&-ZDJ
=2

1 - P x
+—5 (Ti,a Z |zi1|?F — ﬁi) +oi0| (61)
Tia k=1
where 7 n, = Tipi—1—1, Dip, = Di,ng,—l‘*’%( erzzm

a3 )+ 2Eiu; + 2y (Nik + i1 k) (Maxe>o |yz,r| ").
According to the work in [54], we can conclude

Zsi,j (i[/i’j - e lj 161) < 0. (62)
— 00;
=
Construct the adaptive functions as
A " Tib o =T = N
0, = Y, 57 5= ~ 70O (63)
j=1 ,J
B = Ti,aZ|Zi,1|2k—T¢,ch‘~ (64)

On the other hand, according to the definitions of @1 and Bi,
we have

D066, < —ugry il (65)
Tib 2r;p 2rip
Tie 5 5 7"1 ,C T’L ,C
—=BiBs < 62 52 (66)

Substituting (62)-(66) into (61) and further applymg Lemma
2 in [32], one has

N 2 t
Z _%Qz D0, — Zcz (/)21_62])>

=1

Vn, <
o Ti,0 ~2 _ Ti,c
27“i b v 27“17

,0 Tic 2
10 g2 B; ]
27“1‘)1, 27‘1 ,a

ﬁ2+Dzn7+0—10

(67)

where ¢; = minlgjgm{Qeci,j} and y; = 7ri,ni//\max(¢’i) with
T n, satisfying m; ,, > 0. Moreover, applying Lemma 3 in
29, let z=1, u=1—-4, a = QZT(I)Z'QZ‘, 0=1/¢ 1= Eﬁ,
then, the following inequality can be obtained

¢
(0f ®ioi) < (1 =01+ 0] Pigs. (68)
Similarly, the following inequalities hold

1 ¢ 1
02 < (1—-¢ 02, 69
<27“i,b Z) s )t 2rip " (69)

1 ‘ 1
7)< (1-¢ 32. 70
<2ri,a ’ ) B ( ) o 2T1,a ﬁl (70)

By using the above inequalities, one gets

2 4
_ 1 773
g 71 0; zQz Zcz ( l_)l = 620))

¢
1 - 1 -
— Ty 62 —Tie\ 57— 2
0 (27%‘,1) z) " (2%&@)

T
+ (L =0 e(vi+rip+rie) + 5 207
Tib

_ T
+Di,m + L,B? +O'i,0:| . (71)

27“2"0‘
Deﬁne Ci = mini<;<n{V,6G,ri0, 7t and Co =
Z,L 1[.Dznl"’_TL[)('—)Q"‘O'10'|‘2;C 2 (1—6) (’YZ"_TZO"_

27 b
7i.c)]. Then, the inequality (71) can be further rewritten as

V< —C V0. (72)

Then, the above backstepping-based finite-time decentralized
control design can be summarized by the following theorem.

Theorem 1: In terms of the controlled system (1) preceded
by full-state tracking error constraints, if the initial condition
satisfies p; ; < e;;(0) < p;;, Assumptions 1 and 2 also
hold, under the actions of the virtual controllers (30) and
(42), the intermediate control function (44), and the adaptive
laws (63) and (64), then, the researched closed-loop system
will satisfy the following properties: 1) All the closed-loop
signals are SGPFS, and the output tracking error reach to
a small neighborhood of origin in finite time. 2) The full-
state tracking errors are confined to the predefined boundaries
during operation, i.e., 1;,5| holds.

Proof. In order to verify that all the closed-loop signals are
SGPFS, we will start by defining 7% = [1/((1 — £)kCy)] x
V1 (0i(0), €:(0),5i(0), ©:(0)) — (C2/(1 = #)C1))' /] with
0i(0) = [0:,1(0), ..., 0i,n, (0)]7, €i(0) = [ei,1(0), ., €im, 017,
and 0 < k < 1,4 = 1,..., N. Thus, it follows from Lemma
2 that for Vt > T*, V! (@ eis i, éi) < Cy/ ((1— K)Cy) that
implies all the signals in the closed-loop system are SGPFS.

From V* < Cy/ ((1 — k)Cy), the structure of V and the fact
that p; ; <e;; < pij (j=1,...,n;), it follows that

Cy 1/¢
sl < lmaly 20+ 200) (=g ) - )

The above inequality when j = 1 means that the output
tracking error can converge to a small neighborhood of the
origin and remains there after the finite time 7.
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Moreover, we can further obtain from (73)
|zi1] |76,1 — Yir| < Ml (74)
2ij] = & — il <Inijl, J=2,oni (T5)

Therefore, the full-state tracking errors are proved to remain
within the prescribed bounds, i.e., the full-state tracking error
constraints are satisfied. The proof of Theorem 1 is finished.
|

Remark 4: To obtain the relation of |z; ;| < |n; |, 7 =
1,...,n;, the advisable parameter is chosen in (73) such that

¢
inequality Co < [2(1%2;)])] (1 — k)Cy holds.

Remark 5: There is a time t7 > 0 such that ¢; p41 —tix >
t;, Vk € 7. Based on the equation €iu;» WE can get

d . . \:
il = ensign(en,) < [ ()] (76)
From (44), one has
i) = —(1+&u) [an tanh <nn)
€iug
+C¥i,ni éi’niai’ni + Si’nidi:ni
2 [ Si,n; QXi,n,
€iu, cosh (#)
.
=S
+ C 21 M - (77)
Ciu,; cosh ( 76” ’)

Since all the signals are bounded, then, the inequality |i;(t)| <
M, holds with M; being a positive constant. Due to that
Ciu, (ti,k) =0 and limt_ngi,kJrl €iu; (t) = Eiu, |Ul(t)| + (;, thus,
the Zeno behavior is avoided when the lower bound of the
interexecution time ¢} meets ¢t > (&, |ui(t)] + () /M.
Remark 6: The authors in [29]-[35] devised the finite-time
control strategies for different nonlinear systems, respectively.
Noting that all the designed virtual control signals a; (i =
1,...,mn — 1) contain the terms of cizfefl, where 0 < £ < 1
and ¢; > 0 is the design parameter, z; denotes the state
tracking error. In backstepping control design, the virtual
control signals «; are needed to be differentiated repeatedly,
which may cause the control “singularity” problem on account
of that the value of z; is uncertain and the time derivative of
izl s (20 — 1)¢;2272 (20 — 2 < 0). To overcome this
issue, the new error-constrained control method is employed
with the transformation error e; ; being restricted to [p; ;, pi ;).
so the “singularity” problem can be skilfully avoided and the
restrictive condition of ¢ in [29]-[35] is eliminated.

IV. SIMULATION RESULTS

In this section, two simulation examples are given to to test
the availability of the proposed approach.

Example 1: The following numerical large-scale nonlinear
system is considered.

11 =0¢11(F11) + 12+ H11(¥) +di1(2),

T12 = P1,2(T1,2) + ur + Hi2(9) + di2(1),

yl =T1,1, 5 (78)
Eo1 = ¢21(Z21) + 222+ Ho1(Y) +dai(t),

Fo,2 = Pa2(Fa2) + uz + Ho2(¥) + da2(t),

Y2 = T2,1

Yo and g,
o

Fig. 1. System outputs y; and reference signals y; , for ¢ = 1, 2.

where ¢11 = 0.1sin(0.12%,), di1(t) = 0.01sin(1.5¢),
’Hl,l(ﬂ) = —0.06y1y2, ¢172<.’f7172) = 0.37%1711‘?72, d172(t) =
O, 'HLQ(Z?) =0.1 sin(y1 — y%), ¢271 = 0.11.132,1 COS(O.51‘S71),
d271(t) = O.2COS(0.0lt), 7—[2,1@) = *Ol(y% - yg), (,25272 =
0.5m2’1m§72 +0.01/ exp(xa,1 + 22,2), d22(t) =0, Ho2(y) =
0.1y1yo.

In this simulation, the desired reference trajectories are
defined as y; , = sin(0.5¢) and ys , = sin(0.5¢) + 0.5 sin(¢).
All the initial conditions are taken as z; ;(0) = &; ;(0) = 0.1,
©,(0) = B;(0) = 0. The design parameters are a,; = 3,
a; 2 = 2, Cij = 90, Ti0 = 10, Tia = Ti,e = ]., Tib = 25,
Pij = 0.01, { = 0.99, li’1 = 6, l1’2 = 8, l2’2 = 12
€1, = 0.3, ¢ = 0.1, &9y, = 0.1, (& = 0.01, ¢; = 1.2, and
€iu; = 16 (i = 1,2, j = 1,2). The performance functions are
pi1(t) = 1.1exp(—t)+0.04, p1,2(t) = 15exp(—t)+0.6 and
t2,2(t) = 10exp(—t) + 0.4, where the corresponding design
parameters are s»; = 1, Hr;1 = 0.5, Hp; 1 = 0.55, Hp; 2 =
0.95, and Hp;2 = 1 (i = 1,2). The fuzzy membership

functions are defined as y. 7 (i’, 1) = exp[ (X1 + Q) /2]
and pz1 (X;2) = exp[— ( 12+§z) /2], where i = 1,2,
ET) and 771( 1), 251;72 is
and ©;, and ¢; = 2,

l=1,2,..,5, XZ 1 can be chosen as z; 1, ¥
about variables x; 1, Z;,2, yﬁ), 171(21)7 7714(_’2
@=1,a=0,g=-1¢=-2

Figs. 1-5 show the simulation results. Fig. 1 plots the
trajectories of reference signals y;, and system outputs y;
(¢ = 1,2). The curves of states z; ; and state estimations
Z;; (1 = 1,2,j = 1,2) are shown in Fig. 2. The curves
of the full-state tracking errors z;; (1 = 1,2, j = 1,2)
are described in Fig. 3. We know that the full-state tracking
errors remain within the predefined bounds for all ¢ > 0.
Fig. 4 depicts the curves of control inputs u; and us using
event-triggered method or using time-triggered method, which
shows the advantage of cost saving for the event-triggered
controller. In addition, the relevant time intervals of triggering
are depicted in Fig. 5. From these figures, it is obvious that the
control aim can be achieved by the proposed control method.

Example 2: The tripled inverted pendulums [55] are intro-
duced to further test the proposed control strategy. The system
model is described by

[1]:

1= 'HE1+U1+d12()
+ 12 (sinEg cos Ey — sin=j cos Zq) ,
9 = gSln._42+u2+d22()

?r“‘““

[1]:
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——— 721 = = = @2,

-1 -2

-4
o 10 20 30 40 0 10 20
Time(s)

Fig. 2. System states x; ; and estimated states &; ; for 4

30

40

1.5 20
————— Performance bounds ‘ += =" Performance bounds
—— 0 —t
A 10
U B
0.5f; \
\ O =i
0= = = == /
4 !
—os -10
g1 -20
E o 10 20 30 40 "0 10 20 30
& 15 15
14 == Performance bounds 10 ‘ ------ Performance bounds
O — —_—
05f, st
N, A3
o = - op-=-
-0.5 -5
-1 -10
o 10 20 30 40 0 10 20 30

Time(s)

Fig. 3. Errors z; ; for ¢ = j = 1,2 and their performance bounds.

40

500 Event-triggered controller |
- — — — Time-triggered controller
=
& o
E d 200 <

~
E} 200t/ N -
S -500 ol < — = R
-200
) 0.05 0.1 0.15 0.2
o 5 10 15 20 25 30 35
400
Fvent-triggered controller
= 200} — — — Time-triggered controller ||
E
.0 o
—_ 7, -
£ —200 200 , -~ ]
= o ——
o
-400 —200 r ~ ]
) 0.05 0.1
o 5 10 15 20 25 30 35

Time(s)

Fig. 4. Control inputs u1 and us.
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Fig. 5. Time interval of triggering.

35

40

2 o = —_ e — —_
+ 7’;12‘32 (sin 24 cos 21 — sin 2y cos Za)

2 P— —_ F— —_—
+ :ff;;z (sin E3 cos E3 — sin Ep cos Za) ,
=3 = %Sil’l =3+ us + d372(t)

2 . — —_ . — —_
+ 7’;23‘32 (sin 25 cos Zp — sin 23 cos Z3)

where 7 = 1, 2, 3, E; is the pendulum angle position, m; is the
rod mass, [ is the rod length, g is the gravitational acceleration,
d; 2 1s the external disturbance, k;, i = 1, 2, are the connected
spring constants. Define the state vectors as (wiyl,mi’g)T =
(2:,2)7T (i = 1,2,3), then, the above system model can be
expressed as

T =20+ Hia (Y1, y2,y3) +dii(t),
Bio = $sinw; 1 +ui +Hio(y1,y2,y3) + di2(t), (79)
Yyi = 1,1 =1,2,3
where
Hi1 =0, Cim(t) =0,
Hio = B19 (siny, cosya — siny; cosyy
(

’ mq )
k

12
2
a
HZ’Q = 7nlgl2
2

(singyy cosyy — sin ya cos Yo

_|_ k‘ga

P sin y3 cos Y3 — sin ya €OS Yo

)

~— " — —

Hzo = sf;; (sinys cos yo — sinys cos ys
di 2(t) = 0.01sin(1.5¢),
da2(t) = 0.1sin(1.5¢) — 0.1 cos(t),

ds 2(t) = —0.1 cos(1.5¢).

)

Some system parameters are defined as a = 3m, k1 = 1N/m,
ke = 1.2N/m, m; = 0.2kg, mo = 0.4dkg, ms = 0.3kg, [ =
9m, and g = 9.8m/s2. The desired reference trajectories are
defined as y1, = ys3, = sin(0.5¢) and y2, = sin(0.5¢) +
0.5sin(t). All the initial conditions for z; j, #; j, ©; and f;
are taken as 0.1. The design parameters are a3 = 3, az 2 = 2,
C1,1 = €3,1 = 80, Cl2 = C32 = 30, 21 = 60, C22 = 25,
3,0 = 10, T3,a = T3,c = 1, r3p = 2.5, P31 = P32 = 0001,
lin=3,l2="50,l1=1I31=06,1l22=132=30, {1uy =
Eouy, = &3us = 0.1, (1 = (3 =0.01, (2 =0.02, (1 =6, (3=
1.2 and €3,, = 16. The performance functions are 1 1(t) =
1.1exp(—t) + 0.05, p1,2(t) = 15exp(—t) + 0.3, p21(t) =
p31(t) = 1.1exp(—t) +0.1, p22(t) = 10exp(—t) + 0.4, and
w3 2(t) = 15exp(—t) 4+ 0.7, where the corresponding design
parameters are »3 = 1, Hys1 = 0.5, Hpz1 = 0.55, Hrzo =
0.95, and Hp3 2 = 1. Besides, other parameters are the same
as Example 1.

From Figs. 6-8, the availability of the proposed control
strategy can be ensured for the practical system. Additionally,
Fig. 9 shows the difference between the finite-time controller
and infinite-time controller, from which it can be seen that
the convergence rate of z;; under the designed finite-time
controller is faster than the traditional infinite-time one, i.e.,
the presented finite-time controller is effective.

V. CONCLUSIONS

In this paper, a novel observe-based decentralized adaptive
fuzzy event-triggered finite-time control strategy has been
designed for the large-scale nonlinear systems with full-
state tracking error constraints and external disturbances. The
unknown functions have been identified by FLSs. A PPFs-
based error transformation method has been proposed, and
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Fig. 6. System outputs y; and reference signals y; , for i = 1,2.
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Fig. 7. System states x; ; and estimated states Z; ; for i = j = 1,2, 3.
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Fig. 8. Errors z; ; for ¢ = j = 1,2,3 and their performance bounds.
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Fig. 9. Tracking error responses under the finite-time controller (solid line)

and the infinite-time controller (dotted line).

the transformed state tracking errors have been restricted to a
positive interval. Under the action of the new PPFs-based error
transformation method and the SBLFs, the “singularity” prob-
lem caused by the combination of backstepping-based adaptive
fuzzy control and finite time control has been eliminated,
and the requirements of full-state tracking error constraints
have been achieved. Additionally, the restrictive condition
of exponential power term in finite-time controller has been
removed. Integrating with event-triggered control technique
and finite-time control method, the obtained control input
signal of the relative threshold strategy has guaranteed that
all the system signals are bounded, and the full-state tracking
errors can remain within the predesigned performance regions
in finite time. Eventually, the feasibility of the presented
method has been validated via some simulation results.
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